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Abstract

For arbitrarily small values of € > 0, we formulate and analyse the Maxwell system of equa-
tions of electromagnetism on e-periodic sets S C R3. Assuming that a family of Borel measures
i, such that supp(u®) = S¢, is obtained by e-contraction of a fixed 1-periodic measure p, and for
right-hand sides f¢ € L?(R?,duf), we prove order-sharp norm-resolvent convergence estimates
for the solutions of the system. Our analysis includes the case of periodic “singular structures”,
when p is supported by lower-dimensional manifolds. The estimates are obtained by combining
several new tools we develop for analysing the Floquet decomposition of an elliptic differential
operator on functions from Sobolev spaces with respect to a periodic Borel measure. These tools
include a generalisation of the classical Helmholtz decomposition for L? functions, an associated
Poincaré-type inequality, uniform with respect to the parameter of the Floquet decomposition,
and an appropriate asymptotic expansion inspired by the classical power series. Our technique
does not involve any spectral analysis and does not rely on the existing approaches, such as
Bloch wave homogenisation or the spectral germ method.

Keywords Homogenisation - Norm-resolvent estimates - Periodic measures - Singular struc-
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1 Introduction

The operator-theoretic perspective on partial differential equations (PDE) with multiple scales has
proved effective for obtaining sharp convergence results for problems of periodic homogenisation,
see e.g. [b4] 166] 13 14, 70, 23, [63] for related developments in the “whole-space” setting, i.e. when
the spatial domain is periodic is invariant with respect to shifts by the elements of a periodic lattice
in R, d > 2.

The techniques developed in the above works have highlighted a variety of different new ways
to interpret the process homogenisation, e.g. via the singular-value decomposition of operator re-
solvents or by extending the classical perturbation series to PDE families that involve an additional
length-scale parameter. However, a common strand in all of them is the idea that homogenisation
corresponds is a “long-wave” asymptotic regime [I1, Chapter 4], governed by the behaviour of the
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related differential operators near the bottom of its spectrum. It seems natural to enquire whether
this rationale can be extended to arbitrary periodic (Borel) measures, providing useful order-sharp
approximations for periodic “structures”.

In our earlier work [24] we addressed the above question for the case of a scalar elliptic problem

—V-A(/e)Vutu=f,  feL?®R%du), >0, (1.1)

where the e-periodic measure ;i is obtained by e-scaling from a fixed periodic measure in R?,
and the matrix-function A is uniformly positive definite. As a starting point of our approach, we
considered the PDE family obtained from (LI)) by the Floquet transform (see [23], [71]), in some
sense replacing the macroscopic variable by an additional parameter 6 (“quasimomentum”), akin
to the Fourier dual variable for PDE with constant coefficients. The strategy for the analysis of
the family thus obtained was to use an asymptotic approximation for the solution in powers of ¢,
carefully analyse the homogenisation corrector as a function of € and 6, and obtain an estimate for
the remainder that is uniform with respect to 8. The key technical tool for the proof of remainder
estimates was a Poincaré-type inequality in an appropriate Sobolev space of quasiperiodic functions,
conditioned by the fact that we deal with an arbitrary measure. Equipped with this new machinery,
in the present paper we set out to tackle a vector problem, in particular the system of Maxwell
equations, which is of interest in applications to electromagnetism. In the case when u® is the
Lebesgue measure, operator-norm estimates for the Maxwell system have been obtained, using the
spectral approach, in [I3] (for the “non-magnetic” case with no currents, as an application of the
spectral germ technique introduced in the paper), [56] (for magnetic field and induction in the
presence of currents), [15] (for the full system in the non-magnetic case), and [57] (for the general
Lebesgue measure case).

A research programme similar to the above, although outside the context of thin structures
and using a different analytical approach, has been pursued by Birman, Suslina, and subsequently
by Suslina and her students, starting with [13, [14]. At the heart of their technique is the notion
of a spectral germ for a class of operator pencils, which quantifies the leading order of frequency
dispersion of waves in a heterogeneous medium near the bottom of the spectrum of the associated
differential operator with periodic coefficients. Complemented with the study of a Cauchy integral
for a suitable operator-valued function of the spectral parameter, the analysis of the spectral germ
allows one to obtain sharp operator-norm estimates for the resolvents in the direct integral repre-
senting the original operator via the standard Floquet-Bloch-Gelfand decomposition (parametrised
by the quasimomentum x, as we mention above), see e.g. [45] for the background on Floquet
theory.

Before proceeding to an extended summary of our results, we give an overview of existing
literature on homogenisation methods that uses a version of the Floquet transform as a starting
point. We should emphasise that this is the only crossover point of the approach of the present
paper with this existing work: we do not use the spectral method, and the centrepieces of our
analysis are a Helmholtz-type decomposition for vector fields, see Section Ml and a related Poincaré-
type inequality (Assumption below), which we postulate and show to hold for some specific
classes of singular measures, see Appendix B. Of course, the Poincaré inequality by itself provides
information on the spectra of the operators involved, however we do not pursue this link and do not
require it for the proof of the operator-norm convergence estimates. Instead, we develop a new tool
for proving the estimates, namely asymptotic expansions that are uniform in the quasimomentum,
see Section [6l These are particularly effective in addressing the currently open problem of obtaining



operator-norm estimates for the full system of Maxwell equations, the subject of our forthcoming
paper [25].

The existing works based on the applying the Floquet transform (equivalently, Bloch transform,
Gelfand transform) to the original PDE are focussed around two cognate approaches to homogeni-
sation, namely the so-called Bloch-wave homogenisation method and the operator germ technique
mentioned above. Both stem from the idea that the macroscopic behaviour of PDE with periodic
rapidly oscillating coefficients is related to the behaviour of the associated operator near the bottom
of its spectrum — an idea that goes back to [11] in the mathematical literature and some 30 years
earlier [21I] in physics — complemented with an appropriate perturbation analysis aimed at obtain-
ing convergence estimates. The Bloch wave method has been more popular in the applied analysis
community, aiming at the derivation of asymptotic models for heterogeneous media, however yield-
ing weaker convergence statements than the analysis of the spectral projections of the operators
entering the direct fibre decomposition and the study of an associated “spectral germ” at the left
edge of the spectrum. It can be argued, however, that from the point of view of quantitative error
control in applications, the operator-norm analysis is preferable. This is especially important for
the development of new tools for tackling problems in the currently intensive area of metamateri-
als, where resonant behaviour on the microscale necessitates operator-norm analysis, while formal
approaches yield results for which only strong (and in some cases only weak) convergence can be
established rigorously, see e.g. [64] 65 [55].

Among papers on Bloch-wave homogenisation, we should mention several works that have set a
foundation for the method and established strong resolvent convergence in the classical setting of a
scalar elliptic second-order PDE [2] (11 [5, 3], 32} 34. [38], leading to the analysis of the high-frequency
spectrum, still in the framework of strong convergence [9]. Subsequently, the approach was applied
to address the Stokes equation [3], [6], the heat equation [20], [52] and the above-cited earlier work
[66], the system of equations of elasticity [39], and fluid-solid interactions [30} 8, [4]. In the context
of hyperbolic problems, the Bloch wave method naturally leads to dispersive effective equations
[53, 36l 46 [7], by picking up higher-order terms in the Bloch wave expansion. On the analytic side,
the Bloch wave approach has been developed in the direction of the treatment of bounded domains
[33], the analysis of a class formulations in terms of arbitrary Borel measures [18] [19], and bounds
on effective properties [17].

Simultaneously, the spectral germ method, initiated by [I3], has proved fruitful in obtaining
operator-norm and energy estimates for a number of related problems: boundary-value operators
[60] 62], parabolic semigroups [58], [59] [50], hyperbolic groups [16], 49, 16 48, [49], perforated domains
[63]. Two further technical milestones for the progress along this avenue are boundary-layer analysis
for bounded domains (as in [60, [62]) and two-parametric operator-norm estimates [61]. It seems
natural to conjecture that similar developments could be pursued in the context of arbitrary Borel
measures, using the technique of the present paper, which we postpone to future publications.

An overview of the existing approaches to obtaining operator-norm estimates would not be
complete without mentioning also the works [41], [42] [44] that use, respectively, the method of
periodic unfolding and the analysis of boundary integral representations, as well as the paper [70]
cited above, based on the analysis of the homogenisation corrector via “Steklov smoothing”, and the
recent papers [26} 27], which employ an analysis of appropriate Dirichlet-to-Neumann (or Poincaré-
Steklov) operators. The methods of these works could also be considered in the context of thin and
singular structures, however we refrain from pursuing the related discussion here.

We now turn to the description of our approach and its application to the system of Maxwell



equations. Before proceeding to a more detailed description of the problem setup, we note that
some ideas of the present paper (uniform Poincaré inequality and uniform asymptotic expansions
for the fibre operators) have been implemented for norm-resolvent analysis of the behaviour of thin
plates in the context of three-dimensional linearised elasticity [29], and that the benefit of operator-
norm estimates for quantitative analysis of the full time-dependent system of Maxwell equations
has been recently demonstrated in [37] (albeit under the assumption of constant permeability of
the medium).

Consider a Q-periodic Borel measure z on R3, where Q = [0,1)3, such that 1(Q) = 1. For each
e > 0 we define the “c-scaling” of u, i.e. the e-periodic measure p° given by uf(B) = e3u(e 1 B)
for all Borel sets B C R3, so that u! = u. Henceforth, we denote by C§°(R?) the space of infinitely
smooth functions with compact support on R? and by L?(R?, du®) the space of functions with values
in C3 that are square integrable over R? with respect to the measure u®. Throughout the paper,
for vectors a,b € C* we denote by a - b their standard (sesquilinear) Euclidean inner product, and
define all function spaces over the field C.

We aim at analysing the long-scale properties of periodic structures described by the measures
uf, in the context of the Maxwell system of equations of electromagnetism, see e.g. [43], [22]. More
precisely, in what follows we study the asymptotic behaviour, as ¢ — 0, of the solutions u® to the
vector problems

curl (A(-/e) curlu®) +u® = f°, fe e L*(R3, duf), (1.2)

where A is a real-valued p-measurable matrix function, assumed to be Q-periodic, symmetric,
bounded and uniformly positive definite. The right-hand sides f¢ are assumed to be divergence-
free, in the sense that

/ fE-Vedus =0  Voe CPR?), Ve>0. (1.3)
R3

For example, the case when f¢ = f for all ¢ > 0, where f is a continuous function with compact
support, is included in the above setup.

Equation (L2]) is the resolvent form of the Maxwell system in the absence of external currents,
see Appendix of the present paper in addition to the above-cited monographs by Jackson and
Cessenat. In the equation (L3]), the unknown function u® represents the divergence-free magnetic
field H¢, the matrix A stands the inverse of the relative dielectric permittivity of the medium,
and the relative magnetic permeability is set to unity (so the medium is “non-magnetic”), see
Appendix for details. The right-hand sides f¢ in (I.2)) play an auxiliary réle in relation to the actual
electromagnetic setup: they do not appear in the original Maxwell system but are introduced in this
article for purposes of the resolvent analysis of the “reduced” Maxwell operator on the left-hand
side of (I.2l).

Our goal is to prove order O(e) operator-norm estimates for the difference between u® and the
solution uj = of an appropriate “homogenised equation”, which is derived as part of the proof and
has the form

curl(Ahom curlufy, ) + Mbomge - — fe (1.4)

Here, AP™ is a constant matrix representing the effective (“homogenised”) properties of the
medium, for each ¢ the vector-function f¢ is the same as in (L.2]) and M"™ is the pseudo-differential

operator with symbol M aheom, which is defined in our main statement (see Theorem below), i.e.,

(Mbomy)(z) = ﬁ /R3 /RS exp(f - (z — y)) ME™u(y)dyus (y)do, x € R3, u € L*(R3, duf).



In other words, we aim at finding a matrix A"™ for which there exists C' > 0, independent of ¢
and f¢, such tha

Hua - uiom“Lz(R37d“5) < C€||fEHL2(R3,du5) Ve € (07 1] (15)

Clearly, a matrix AP™ with this property is unique. A similar result is obtained in [I3, Chapter
7.3] for the case when p is the Lebesgue measure, using perturbation analysis of the operators in
([L2) near the bottom of the spectrum of the operator associated with (L2]). Our approach here
is based on asymptotic expansions for solutions to weak formulations, rather than the analysis of
spectral properties.

Solutions of (L2 are understood as pairs (uf, curlu) in the space H!

curl(R?’, duf) defined as the
closure of the set

o 3
{(9,curlg), ¢ € [C5°(R?)]"}
in the direct sum L%(R3,du®) @ L?(R3,duf). We say that (uf,curluf) is a solution to (L2) if

\ A(-/e) curlu® - curl p du® + /3 u® - pdu® = /3 [ pdu® Yo € [CﬁO(R?’)]?’. (1.6)
R R R

Clearly, the set of test functions in the identity (LG]) can be equivalently replaced by the space
H! (R3,duf). Then that for each € > 0 the left-hand side of (IL€) defines an equivalent inner
product on H Clurl(]R?’, duf), while its right-hand side can be treated as a linear bounded functional
on the same. The existence and uniqueness of u® satisfying the integral identity (I.6]) is then a
consequence of the classical Riesz representation theorem for linear functionals in a Hilbert space.

In what follows we study the resolvent of the operator A° with domain

dom(A%) = {u e L*(R®,dpf) : 3 curlu € L*(R?,dy) such that

A(-/e) curlu - curl o dp® +/ u-pdu® = / fredu® Vo€ [C’SO(R?’)]?’ (1.7)
R3 R3 R3

for some f € L*(R3,duf), divf = 0},

defined by the formula A*u = f — u, where f € L?(R3,dyf), divf = 0, and v € dom(A®) are
linked? as in (LT). Notice that, in general, for a given u € L*(R3, duf) there may be more than one
element (u,curlu) € H! (R3, duf). However, for each u € dom(A°%) there exists exactly one curlu
such that (L.7) holds, which is a consequence of the uniqueness of solution to the integral identity

(@.8).
Clearly, the operator A° is symmetric. Furthermore, similarly to [24] we infer that dom(.A%) is
dense in

{u e L*(R% dpf) : divu = 0}.

Note that the e-dependence of the homogenised solution g, is due to the e-dependence of the right-hand side
f¢ and the operator MI™. In the case when y is the Lebesgue measure, M!™ is the identity operator, and the
e-dependence of uf,,, is entirely due to the e-dependence of the right-hand side f*.

2Tt is not difficult to show that for each u € dom(A®) there exists only one f with the property described in (7).



Indeed, by the definition of dom(A®), see (L7), if f € L%(R3,duf), divf = 0 and u,v € dom(A?)
are such that A°u +u = f and A®v + v = u, one has

[t = [ 5w,
R3 R3

This identity entails that if f is orthogonal to dom(.A%), then v = 0 and so f = 0. It follows
from the definition of A® that its defect numbers are zero, hence it is self-adjoint. Analogously,
we define the operator A"™ associated with the problem ([4)), so that (IT4) holds if and only if
uiom _ (Ahom + I)_lfa.

All integrals and differential operators below, unless indicated otherwise, are understood ap-
propriately with respect to the measure pu. Throughout the paper we use the notation e, for the
exponent exp(ix - y), y € Q, k € [, 7)3, and a similar notation ey for the exponent exp(if - z),
r € R3, 0 cel[—m )3 We denote by Cy the set of @-periodic functions in C>(R3), and curl ¢,
curl(e,¢) curl(e.g¢) are the classical curls of smooth vector functions ¢, e, ec9¢p. Finally, we de-
note by L?(Q, du) the space of C3-valued functions that are square integrable over @ with respect
to the measure pu.

The structure of the paper is as follows. In order to formulate the system of Maxwell equations
in the setting of singular periodic structures, we introduce the notion of weak differentiability for
functions that are square integrable with respect to a general Borel measure. In our approach to
this task we follow the works [67], [68] and [69]. In Section [2] we define the Sobolev spaces with
respect to an arbitrary Borel measure and highlight some of their properties. In Section B we intro-
duce a suitable version of the classical Floquet transform and write a direct integral representation
for the resolvents of the operators A® in terms of the resolvents of operators in L?(Q, du), which
are equivalently represented by the problems ([3.2]) depending on the fibre parameter 6 (“quasimo-
mentum”). In Section Ml we extend the classical Helmholtz decomposition to the case of functions
in L?(Q, du) and introduce an appropriate generalisation of the Poincaré inequality, which we sub-
sequently demonstrate to be sufficient for the norm-resolvent asymptotic analysis of the problems
B2). Section Bl and Section [6] cover the proof of our main results, Theorem and Theorem [5.4]
This involves the analysis of a suitable asymptotic representation for the (parameter-dependent)
solution to ([3:2) and a proof, based on our new quantitative tools, of remainder estimates for the
difference between the solution and the leading-order term of the asymptotics. As in terms of the
original “physical” Maxwell system our main result is formulated for the magnetic component of
the electromagnetic field, in Section [7] we discuss how this translates to similar statements for the
electric field and displacement. Finally, in Appendix we discuss in more detail how the equation
(L2]) emerges from the dimensional analysis of the equations of electromagnetism. A reader wishing
to get a better idea of the physical underpinnings of our analysis, may wish to inspect this appendix
first.

2 Sobolev spaces of quasiperiodic functions

The aim of this section is to describe the functional analytic framework for our study of the
problem (L2]). As a particular case of the notion of “weak differentiability” of square-integrable
vector functions with respect an arbitrary Borel measure, we introduce a suitable generalisation of
the classical curl operator. In what follows, u is an arbitrary Q-periodic Borel measure.



Definition 2.1. The space H&url is defined as the closure of the set

{(¢,curlg), ¢ € [CFT*} (2.1)
in the product L?(Q, du; C3) x L2(Q, du; C?).

Elements of the closure () are pairs (u,v), where u,v € L?(Q, du), such that
I{pn} C [C’;f’]g : / |pn — ul?dp =50 / | curl ¢, — v[2dp =30 (2.2)
Q Q

The elementd v in ([22) is referred to as a curl of u with respect to u. We will often use the notation
curl u without indicating the measure p explicitly, assuming that it is clear from the context what
the measure is.

We now extend to the vector setting (see e.g. [24] for the scalar case) the definition of the
Sobolev space of quasiperiodic functions with respect to the measure pu.

Definition 2.2. For each r € [—7,7)3 =: Q', the space Hclurl,/i is defined as the closure of the set
(c¢f. (21)) ,

{(eﬁ¢,curl(en¢)) 19 € [CF] } (2.3)
with respect the standard norm in L*(Q, du)®L*(Q,dw). For (u,v) € H! we denote by curl(e,u)

curl,k?
the second element v in the pair, which we sometimes refer to as a “k-curl of u.” We will continue

using the notation H' . (see Definition[Z1) for the space H} with k = 0.

curl,k

Note that there may be different elements in H!

curl,k
curl, and a vector function w obtained as the limit in L2(Q, dp) of curl(e,¢y,) for

a sequence {¢p} C [C;f]?’ converging to zero in L?(Q, du), the element (u,v + w) is also in H}

curl,k*

In addition, H (}urlﬁ and H 3ur1,0 are related by a one-to-one map. Indeed, for any (u,v) € H, (}url,n’
1

the pair (€.u, €:(v — ik x u)) is an element of H_ |,

with the same first component. Indeed, for
any pair (u,v) € H!

which follows from

curl ¢, = curl(éexpn) = €, curl(esdn) — ik X ¢y,

for all sequences {¢,} C [C;f]?’ such that e,¢, — 0, curl(exd,) — 0 in L*(Q,dp) as n — oo.
Conversely, for all (@,v) € H! , one has v = e.(v — ik X u) for some (u,v) € Hclurm.

We say that F' € L?(Q,du) is divergence-free (more precisely, div.-free), or solenoidal, and
write €,div(e,F) = 0, if

/ exF - V(end)du=0 Ve CF. (2.4)
Q

Now suppose that A is a py-measurable, p-essentially bounded, symmetric, pointwise positive real-
valued matrix function such that A~! is p-essentially bounded. For each x € @’ we analyse the

3For a general measure p, a vector u € L? (Q,du) has multiple curls with respect to p. In particular, any vector
g € L*(Q, du) with the property

3 {pu} C [CF Q) - /Q |bnlPdp "5 0, /Q g — curl ¢ [2dp "2 0

is a curl with respect to p of the zero vector, i.e. a “curl of zero”.



operator A,, with domain (c¢f. (L))

dom(A,) = {u € L*(Q,dp) : 3 curl(equ) € L*(Q, dp) such that

/ Acurl(egu) - curl(esp) du —I—/
Q

Qu-god,u:/QF'god,u Vo € [C’;f]g (2.5)

for some F € L*(Q,du), ediv(e F) = 0},

defined by the formula A,u = F —u, where F € L?(Q,dp) and u € dom(A,) are linked as in (Z.5)).
By an argument similar to the case of A%, the domain dom(.A) is dense in

{ue L*(Q,dy) : g, div(esu) = 0},

and Ay is self-adjoint.

3 Floquet transform

In this section we define, similarly to the scalar case discussed in [24], a representation for functions
in L?(R3, du®) that is unitarily equivalent to Gelfand transform [40]. In the paper [71], properties
of the Gelfand transform with respect to the arbitrary periodic Borel measure p have been studied
and their applications to spectral analysis of elliptic PDE have been discussed. Here we describe
its “Floquet version”, which is unitary equivalent via a multiplication by the function e, (whose
L? norm is clearly unity).

Definition 3.1. For e > 0 and u € [C{°(R?)]3, the e-Floquet transform F.u is the function

2\ 3/2
(Feu)(y,0) = <;—7T> Z u(ey + en) exp(—ien - 6), yeQ, 0celQ =c-m )
nezs

Note for a given u € [C§°(R?)]3, the function Fou = Fou(y, ) is ef-quasiperiodic on Q as a
function of y and e~ 'Q’-periodic as a function of #. The mapping F. preserves the norm and can
be extended to an isometry

LA(R?,dpf) — L*(Q x 7 'Q',dp x db),

for which we keep the same notation F. and the term “c-Floquet transform”. By an argument
similar to that given in [24] Section 3|, the mapping F. is shown to be unitaryH for all € > 0, and
its inverse is given by the formula

(Flg)(a) = (2m) " / g<£,9>d9, rER Vge L(Q x e'Q,du x db),
*1@/

c 3

where for each 6 € e~ 1Q’ the function g € L?(Q x e71Q’, du x df) is extended as a #-quasiperiodic
function to the whole of R? so that

9(2,0) = G(z,0) exp(iz - 0), =z € R?, g(-,0) Q-periodic.

4Note that in [24], Section 3], the scalar version of the transform we denote here by F. was introduced as a product
of two unitary transforms, one of which was labelled by F. while the other was a unitary rescaling.



As a result of applying the transform F. to the operator A. of the problem (LZ)), we obtain the
following representation for the resolvent of A..

Proposition 3.2. For each ¢ > 0, the following unitary equivalence between the resolvent of the
operator A and the direct integral of the family of resolvents for A.g, 0 € e71Q’, holds:

&)
(A° + I)_l = ]:6_1 </ 0 659(6_2A59 + I)_IEEQ d@)]‘},
=10/

where €9, e.g9 represent the operators of multiplication by €.9, e-q, respectively.

Sketch of the proof. The argument is similar to that given in [23], [24] for the scalar case. We
consider the solution (uf,curlu®) € H] , of the problem ([2) with f¢ € [C§°(R3)]3. We then

u.
introduce the “periodic amplitude” of its e-Floquet transform

2\ 3/2
uf(y) == e Feul(y) = <§_7r> Z u(ey +en)exp(—i(ey +en)-0), yeQ. (3.1)
nezs

By approximating ug with smooth functions, it is straightforward to see that if, for each choice of
curl u®, we write

2\ 3/2
curl(ezpup)(y) = 5<2E—7T> Z curlu®(ey + en) exp(—ien - 6), Yy € Q,
nez3

then (e us, curl(equs)) € H} 1.x(Q@, dp). Furthermore,

u

6_2/ A curl(ecpug) - curl(ecg¢p) d,u+/ el - ecpp dp
Q Q
(3.2)
z/QeaeF-eaesodu Vo € [0;0]3,

where F' := eF.f. It is verified directly that F' is solenoidal, ¢f. (2.4]). By the density of
f € [CS(R)]? in L2(R3,du) (see e.g. [47, Chapter 9]), we obtain the claim. O

In what follows, we study the asymptotic behaviour, as ¢ — 0, of the solutions uj to the
problems
e %9 curl (A curl(esgug)) + ug = F e>0, Hee '@, (3.3)

for all solenoidal F' € L?(Q,du). For each right-hand side F, problem (3.3 is understood in the
sense of the identity ([B2). We will show that u§ is e-close with respect to the norm of L?(Q, du),
uniformly in 6 € e7'Q’ to the constant vector cp solving the “homogenised” equation associated

with B3):
0 x AP0 x ¢§) + M = / Fdu, 6ece '@, (3.4)
Q

where the matrices Ahom pArhom ¢ [—7 7)3, will be defined in Section [l (see, in particular, the
formula (5.6]).) Note that by setting ¢ = 1 in (2.4)) one infers that

9'/qu:O.
Q

We will use this observation in the proof (Section [6]) of the estimate stated in the main result,
Theorem [5.4]



4 Quasiperiodic Helmholtz decomposition

In the asymptotic analysis of systems of Maxwell equations, the Helmholtz (or Weyl, or Hodge)
decomposition [22, Chapter 2|, [35, Chapter 9], [51], Section 3.7] for square-integrable functions
proves useful. It provides a convenient geometric interpretation of the degeneracy in the problem,
namely the fact that the differential expression vanishes on the infinite-dimensional space of gra-
dients of H? functions, which suggests representing the relevant L? space as an orthogonal sum
of curl-free functions with zero mean, divergence-free functions with zero mean and constants. In
the present work we require a special version of the decomposition, which takes into account the
quasiperiodicity of the functions involved and also incorporates a class of periodic Borel measures
for the underlying L? space.

Before formulating the next proposition, we recall that, similarly to the construction of Section
@ the notions of a gradient of a quasiperiodic L? function with respect to the measure y and the
associated Sobolev spaces H.! of k-quasiperiodic functions, x € @', as well as the Sobolev space
of periodic functions HY,, with respect to the measure p can be defined. In particular, for each

k € [—m,m)% =: @', the space H! is defined as the closure of the set (cf. (Z3))

{(ex9, V(ewo)) : ¢ € CF}

with respect the standard norm in L2(Q,du) ® L?*(Q, du), where L2(Q, dp) is the space of C-valued
functions on @ that are square integrable with respect to the measure u (so that L?(Q,du) =
[L2(Q,dp)]3.) For (u,v) € H}, we denote by V(e,u) the second element v in the pair and use the
notation H # for the space H} with x = 0. We do not dwell on these definitions further and instead
refer the reader to [24].

Denote by C;f:o the set of infinitely smooth @-periodic functions with zero mean over @), and

by H;;&,o the subspace of H;E consisting of functions with zero mean over (). A key ingredient of
our generalisation of the Helmholtz decomposition is the following construction.

Proposition 4.1. Suppose that u € L*(Q,dy). The problem
. A(ex®y) = ex diviegu), (4.1)

understood in the sense that
/ V(ex®y) - V(exyp) du = / ext - Vegp) du Vi € C%o, (4.2)
Q Q

has a unique solution ®,, € H#,o-

Proof. Considering the sesquilinear form on the left-hand side of ([4.2)), the existence and uniqueness
of solution ®,, follows from the Lax-Millgram theorem, see e.g. [11]. Indeed, the continuity of the
form is obtained by setting V(e u) = e (iku + Vu) for all scalar functions u € H# The coercivity
is a consequence of the k-uniform Poincaré inequality proved in [24] in the scalar setting. O

Using the above statement, for each u € L?(Q, du) we write

u = 174—/ u+e€,V(esDy), (4.3)
Q
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where the function u satisfies the following conditions on its divergence and mean:

P div(e,i <a+ /Q u>> =0, (4.4)
/Q (u+2.V(ex®u)) = 0. (4.5)

The uniqueness part of Proposition [Z.1] implies that there is a unique function ®,, with zero mean
such that (3] holds, and hence u is also defined uniquely.
In what follows we make the following assumption about the measure pu.

Assumption 4.2. There exists Cp > 0 such that for all k € Q' and (exu,curl(esu)) € H! the

curl,k
following Poincaré-type inequality holds:

< C]pchrl(e,.C (4.6)

U — / u—=2e,V(e,®y)+ | € V(ex®y)
Q Q

L2(Q,dp) U)HLZ(deU).

Remark 4.3. For each fived (e u,curl(e,u)) € H} denote

curl K’
u:=u—=e,V(iesPy),

and notice that curl(e,u) is one of the k-curls of the function u thus defined, since zero is one of
the k-curls of €,V (ex®y). Then one has €,div (exu) = 0, and ({{.0) takes the form

u—/u
Q

It can be shown that the following periodic measures satisfy Assumption (and, equivalently,
the Poincaré inequality (4.7])):
(a) Consider a finite set {P; }évzl of planes each of which is orthogonal to one of the coordinate

< Cp chrl(enu
L2(Q,dp)

(4.7)

) HL?(Q,du)

axes and such that (U;-V:ﬂ?j) N @ is non-empty and connected. Define the measure 1 on @ by the
formula
w(B)=N"! Z |P; N Bly for all Borel B C Q,
J

where | - |2 represents the 2-dimensional Lebesgue measure, i.e. |P; N By is the area of P; N B.
In other words, p is the two-dimensional Hausdorff measure on (Ué\f:le) N @, normalised by N =
2 1PN QL.

(b) The suitably normalised two-dimensional Hausdorff measure on the intersection with @ of
a rigid rotation in R3 of the union U;V:ﬂ?j described in a.

(¢) The suitably normalised two-dimensional Hausdorff measure on a finite union of sets from
the class described in b, under the condition that the union is connected.

(d) The (three-dimensional) Lebesgue measure on Q.

(e) Consider a finite set {,uj}jj‘/il of measures satisfying any of the conditions a, b, d, such that
the union of the supports S; := supp(u;), j = 1,..., M, is connected. Define the measure u by the

formula v
> j=14(S; N B)
S ni(S))

(Note that c is a particular case of e.)

w(B) =

for all Borel B C Q.
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5 Asymptotic approximation for u;

and write u € H!

In what follows, we often drop the second component vectors in H! | or H! curl?

cur curl,k
and u € H! curl,k

b

meaning “the first component u of an element of H! el and “the first component

u of an element of H! curl » Tespectively.

In order to write an asymptotlc expansion for the solution wuy of [3.3]), we consider the following
“cell problem” (cf. [28]) for a matrix-valued function N :

curl(Acurl N) = — curl A, div N =0, / N =0, (5.1)

where (curl A);; = €, Agj; (and similarly (curl ]/\7)2j = Eilkﬁkj,l) and (div N)Z = ]/\\Ts@s, i,7=1,2,3,
where (eijk)?j w—1 is the Levi-Civita tensor.
The first equation in (5.0J) is understood in the sense of the integral identity

/ Acurl N curl p = —/ Acurlp Yo € [C’;f’]g. (5.2)
Q Q

Proposition 5.1. There exists a unique matriz-valued function N with columns in H Clurl that solves
E.I).

Proof. Tt follows from Assumption with kK = 0 that the skew-symmetric sesquilinear form

/Acurlu-curlv, uvechrlﬂ{u:divu:O,/u:O},
Q Q

is coercive. Noting also that it is also clearly continuous, the claim follows by the Riesz represen-
tation theorem. O

In terms of the family of #-parametrised problems (3.3)) out main result is stated as follows.

Theorem 5.2. For each » € Q', denote by ¥, the vector with components in H;# o that solves
€.div(V(e,Vy) + e.l) = 0. (5.3)
The following estimate holds for the solutions to [B.3]) with a constant C > 0 independent of ¢, 6, F':

Huz - (€€€V(659\Pe€) + I)Cg

< .
L2(Q.dp) — CE”F”LQ(Q,du)? (5 4)

where c is the vector solution of the homogenised problem (B.4), that is
5 = c5(F) = (AF™ + ME™) / F. (5.5)

Here ngom is the matriz-valued quadratic form given by the first term on the left-hand side of
equation ([3.4)), where

Abom / Alcurl N + 1), (5.6)
Q
and for each r € [—m,7)3, the matriz MI™ is given by

pMbom / (€aV(eny) + T)dp.
Q
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Remark 5.3. For each 0 € R? the matriz ngom can be written as
(AF™)ij = AP epirersiOcbs, 0,5 =1,2,3,
where, as above, (eijk)?,j,kzl is the Levi-Civita tensor.

Combined with Proposition B.2] the uniform estimate (5.4]) yields the following result, an-
nounced in Introduction, cf. (LH).

Theorem 5.4. There exists C > 0, independent of ¢ and the choice of f¢ € L*(R3,duf), such that
4" = Uhom ll L2 @3 due) < CEllf L2 ape) (5.7)

where u® are the solutions of the original problem (L2), and ug,, is the solution of the homogenised
equation (L4).

Proof. Throughout the proof we shall drop the superscript € in f¢ for brevity. For each element
of the sequence f = f¢ € L?(R3,duf), consider the Q-periodic function f§ := e.oF.f, c¢f. BJ), so
that

/fgdu:f(e,e), 0cc'Q, where f(0,e):= (27?)_3/2/ Sofdus, 0€R3
Q R3

For each 6 € e~'Q’, consider the solution ug to the problem (3.3]) with F' = f;. Using Proposition
B:2] we can write the difference between the solutions u® and u; to (L2) and (L4]), respectively,
as

’LLE _uiom — (Ae —I—I)_lf— (Ahom —I—I)_lf
= Fleg(e 2 Acg+ )75 — (AM™ 4+ )7 = Folegug — (AM™ + 1)L f
= (Flecpuy — Folepcy) + (Fotecoch — (AM™ + 1)1 f). (5.8)

For the first term F_ 1659’&2 -F- 165962, we can use the Theorem [5.2], since F. and the multiplication
by e.g are unitary operators. The second term in (B.8) can be written as

Folep@bom 4 1)-1F(0, ) — (2m) 32 / co(@Bo™ 4+ 1)1 F(9, )d6
R?)

eo(AR™ + 1)L f(8, s)d@)

= (2m)73/2 (/ eo(AB™ + 1)1 F(0,€)db —
5—1Q/ R3

— _(2m)32 / co(@Bom 4+ 1)1F(9, £)db.
R3\E*1Q’

It follows that there exists C' > 0 such that

2
[ - uiomHLz(mdus) < Cel| fll 23 ape) + ”(Ahom)—lg”—lﬂi ) Hf(”E)HLQ(R3)
2
= <C€+ [[(Abom)—T || =12 _|_€2> 11 E2 3 due)
which implies the claim. O
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For each 0 € ¢~ 1Q’, we define
Ny = N+ ag, ap e C33, curl Ny := curlf\?, (5.9)

where the matrix-valued function N solves (5I)), and the matrix ag is chosen so that
/ 0% A6 x Ng(0 x ) =0 Ve e R, (5.10)
Q

In what follows we show that such a choice is possible. We first prove an auxiliary proposition.
Proposition 5.5. There exists a unique matriz ag € R3*3 such that

agh = 0, apgl-0=0 VY(eOt:={CeR:(-0=0}, (5.11)
and

/ 0 x A(6 x ag() :_/ 0 x A(9x N¢)  V(eot (5.12)
Q Q

Proof. For any orthogonal basis {e1, e3 } of O+, the identity (5.12)) is equivalent to a linear system
for the representation of the matrix ag in the basis {8/|0|,ei, e} of R3. This system is uniquely
solvable, subject to the conditions (B.I1]), for any right-hand side if and only if the only solution to
the related homogeneous system is zero. The latter is easily verified, by noticing that if

/HXA(HxaQC):O V¢ e oL,
Q

then, in particular,

</QA>(9><a9g).(9Xa0C):Q

from which we infer, due to the fact that A is positive definite, that 6 x ag( = 0, and therefore
ag¢ = 0 by the second condition in (B.I1]). Taking into account the first condition in (B.I1I), we
obtain ag = 0, as required. O

Furthermore, we invoke the following simple observation.
Lemma 5.6. The following characterisation for O+ holds:
Ot ={f xc:ceR?}.

Proof. The inclusion {# x ¢ : ¢ € R3} C ©% is trivial. The opposite inclusion follows from the
observation that 6 x ¢ = 0 if and only if ¢ € R? is parallel to 6, equivalently orthogonal to ©-L.
Therefore, for each ¢ € ©F, the problem 6 x ¢ = ¢ has a unique solution ¢ € R3, as required. O

Using the above lemma, we write the identity (5.12]) in an equivalent form:
/9><A(0><a9(9><c)):—/9><A(0><N(6><c)) Ve € C3, (5.13)
Q Q
which is the identity (5.10) we require.
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Notice that that Ny is bounded in L?(Q, du), uniformly in 6. Indeed, from (5.13) we have

/A‘@XGQ(QXC)F:—/A(@XN(@XC))-(@XCL@(@XC)).
Q Q

Using the positive-definiteness of A and the conditions (B.11]), it follows that

|ag(6 x c ) < HN(@XC Ve e C3,

)HLQ(Q,du )HLZ(Q,du)

which, combined with another use of the first equation in (5.I1), yields a uniform estimate for ag.
Together with (5.9) this immediately implies the claimed L2-bound for Nj.

In order to prove Theorem [5.2] we introduce a decomposition for the vector function ug, mo-
tivated by a formal asymptotic expansion in powers of . Before proceeding, we note that in the
formulae of this section, for all # € e 1Q’ and ¢y defined by (5.5), we also consider e.ocj as an
element of H! by setting

curl,e@>

curl(esgcp) = iceq(0 X cg), (5.14)
which is consistent with Definitions 2.1] and Now, for each € > 0, # € e Q’, we write
up == Uj + 25, (5.15)
where
U = (€59V(659‘1159) + I)c‘; + ieuél) + %R, uél) := Np(0 x cg). (5.16)
The coefficient R§ in front of £2 in (5.16)) is defined to be an element of H] , _, solving the problem

cur

€-0 curl(Acurl(egR5)) + &2 /Q Ry dup + €2€€9V(e€9<1)35)

= F—¢c%y curl(A curl(eagc@) —ie e curl(A curl(eaguél))) — (€59V(659\If€9) + I) o
=F 40 x A(0 x ) + 0 x Acurl(Ng(0 x c3))

+eurl(A(6 x uS)) +ie6 x A(6 x ul)) — (2.0V (ecoWog) + ) = H5,
(5.17)
where (e.g® R V(e.p® Rg)) € Hl, is defined from R§ by Proposition {1 and the expression Hj is

treated as an element of the dual space (HZ ,)*. In what follows, the value of the functional Hj

on ¢ € H Clurl (recalling that we drop the mention of the second component curl¢) is denoted by
("3, #). The problem (5.I7) is understood in the sense of the integral identity

/ Acurl(e.pRp) - curl(ecpp) +E2/ Ry / @
Q Q Q
(5.18)
+e [ 2V (eatig) o = (Hire) Vo< OF

where, in accordance with the above convention, [C;f]?’ is treated as a subset of H} ;. The second
equality in (517 is verified by taking ¢ € [C;f’]?’ and noticing that

<F — e %, curl(A curl(eagcg)) —ie ey curl(A curl(egguél))) — (EEQV(eag\I’EQ) + I) ey, <,0>
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:/QF-QD—/QAcurl(Ng(iﬁxcg)) -(i@xgo)—/QA(iﬁxcg)-(iHXgp)

— i/ A(if x u(gl)) ~curl p — is/ A(if x u((,l)) (i x @) — / (ecoV(ecgWep) + I)cg - o,
Q Q Q
where we use the fact that, due to the second equality in (5.9) and by virtue of N solving (G510,
the function Ny satisfies the equation

curl(A curl Np) = — curl 4,

understood in the sense of the integral identity (5.2]) with N replaced by Ny.

Proposition 5.7. For each ¢ > 0 and 6 € e~'Q’, there exists a unique solution R, € H! . to the

cu
problem (B.17)).
Proof. We use the Helmholtz decomposition (£3]) for the test function ¢ in (5.I8]). As the vectors

€0V (e0Prs ), 5+/Q<P

are orthogonal in L?(Q, dy), the third term on the left-hand side of (5.I8]) can be written as

/QEEGV(659(I)R§) ’CPZ/QéeeV(ese)q)Rg) ’ <@+/Q<P+559V(659<I>¢)> Z/Qv(ese)q)Rg) -V(eo®y,).

Hence the claim follows from the Lax-Millgram Theorem applied to the bilinear form
beg(u,v) = / A curl(egu) - curl(eqv) —|-€2/ u/ v+52/ V(ec9®y) - V(e ®y), u,v € HL ),
Q Q Q Q

where ®,,, @, are defined as in ([@.1]). Indeed the form is bounded and the coercivity is a consequence
of the Poincaré inequality (4.0)). O

In order to prove the estimates for Rj claimed in Theorem [6.1] below, we will use the Poincaré
inequality (4.6]). To this end, we notice that

(H3, Rg) = (M5, B5), (5.19)

where Ez is defined as in the decomposition (£3]). The equation (5.19) follows from the following
two properties of Hy. First, we observe that by the definition of Hj, see the expression in the
middle line of (5.17)), one has

<’H§,E€9V(eag<p)> =0 Yo € H;&,
in view of the equation (5.3)) for U,y and since €.9div(e,F) = 0. In particular,
<7‘[§,§59V(659(I)u)> =0 (520)

for all functions ®,, that solve (A1) for some u € H 71# Furthermore, the functional Hj vanishes on
constant vector functions:

(H5,d)y =0  VdeC> (5.21)
This is a consequence of the equation (3.4]) solved by cj, taking into account the condition (E.10).
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6 Proof of Theorem [5.2: asymptotic estimate for R; as ¢ — 0

Theorem 6.1. There exists C > 0 such that for all e > 0, € e 'Q’, the solution Ry to the
problem (5.17)) satisfies the estimates

HRE - / RZ - Esev(eeG@Rg) +/ §€9V(659@R2) < CHFHLZ(Q,du)v (61)
Q Q L2(Q,dp)
< Ce Y F 2 (@uap): (6.2)
L*(Q.dp)

H/QR5+559V(€50@R§) _/Qéz-:Gv(eeGCI)RZ)

Proof. Suppose that ¢, € [C;f]?’ converging to R§ in L?(Q,du) are such that
curl(ecgdn) =3 curl(esgRS) in L*(Q,dp)

and use ¢, as test functions in the integral identity for (B.I7):

/ Acurl(epRp) - curl(ecgdy,) + &?2/ Ry - / On + 62/ E€9V(e€9<I>R§) O = <’H§, (bn). (6.3)
Q Q Q Q
Invoking the the properties (5.20) and (5.21), we write the right-hand side of (€3] as follows:
(M5, n) =<H§,¢n —/ Rj — eV (ecoPrz) + /QEEQV(650¢R5)>-
Q
Furthermore, using the identity (c¢f. (B.14))
curl <¢n — / Ry — 559V(659¢R2) + /QEEQV(eagq)RZ)>
Q
= EE@{ curl (659 <¢n — / Ry — €59V(659<I>R§) + /QEEQV(eagfl)Rg))) (6.4)
Q
— ieeq90 X <¢n — / Ry — §€9V(€€9(I)R§) +/ §€9V(659@R§)> },
Q Q

we rewrite (6.3) as
/ Acurl(espRp) - curl(ecopn) + 62/ R - / On + 62/ EEQV(%@(I)R;) - Op
Q Q Q Q
_ / (F+6x A8 x c5) +6 x Alcurl No(6 x )) — (0¥ (€cpWes) + 1)c5)
Q
: <¢n —/ Rj — 2.9V (ec0®r:) +/ @N(ew%g))
Q Q
+/ ecoA(0 x uf)) - curl (650 <¢n - /QRg — 2.0V (ecoPrs) + /Qéaev(eaebez)))
Q
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In the last identity we pass to the limit as n — oo and use the assumptions made about the
convergence of the sequence {¢, }. Applying the decomposition (&3] to the function Rj, due to the
property (45]), the second term on the left-hand side of the resulting equality is

2
[ |y
Q Q
Furthermore, due to the orthogonality between
§€9V(€€9(I)R§), Ng + / Rtf’
Q

see Section [, the third term on the left-hand side is

2

/Eeev(eszCI)Rg) ’R§=/|V(659¢Rg)
Q Q

Hence, we obtain

2

/ Acurl(esRS) - curl(egRS) + €2
Q

2
/R; +€2/‘V(€59@Rg)
Q Q

— / <F+ 0 x A6 x ¢§) + 0 x Acurl(Ny(6 x c5))
Q (6.5)
— (B-0V(ec0Vep) + I)C‘é) : <E§ + /Qéeev(ed’q’f%é))

+/ €€9A(9 X uél)) . curl<e€9 <§g + / §€9V(€€9(I)R§)>>,
Q Q

where ]Aég is the first term in the Helmholtz decomposition (@3] for Rj. Note that the last term on
the right-hand side of (6.5 equals

/ ecoA (0 x u(gl)) . curl(eegﬁg), (6.6)
Q

due to the condition (B.I0)).
In order to study the expression (6.6]), for each ¢ > 0, § € e~1Q’, consider & € H 1 . that solves

€. curl (A curl(esp&5)) + g2 / & + %4V (eegtﬁgg) = e.gcurl(e.gA(f x u((,l))). (6.7)
Q

The existence and uniqueness of such £ follow from the same argument as the one used in Propo-
sition 5.7l Furthermore, using £ as a test function in the integral identity for (6.7]), we obtain the
uniform estimate

chrl(eaefg)HLz(Q,du) < CHFHLQ(Q,du)' (68)
Next, testing (6.7]) with
3:%—4%—@w%%9
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we write the last term in (6.3]) as

/ eagA(G X uél)) - curl (eagég) = / A curl(ez&p) - curl (eggﬁg)
Q Q

w2 [ [ Bive [ wa¥leats) B
Q Q Q
At the same time, we have
/65./ fge:/gs./ <R§—/ Rz—éeGV(esG@R§)> :_/gg./gegv(eggmg), (6.10)
Q Q Q Q Q A 0
and

/EwV(eEg(I)gg) EZ :/€59V(659<I>55) . <~§+/ RZ) —/@EQV(eagq)gg) / RZ
Q Q Q Q Q
:—/€€9V(659<I>55) / Ry,
Q Q

where for the second equality we use the fact that (see (4.4]))

€cp div{eag <E§ + / R§> } = 0.
Q
Combining (6.9)), (610), (6.11]) yields

/ eco A (0 x u((,l)) - curl (eegﬁg) = / Acurl(ezpp) - curl (eg(,f{g) (6.12)
Q Q

—52/ §§'/€sev(€ee@R3) —62/€eev(€€9®5g)-/ R;.
Q Q Q Q

We would like to rewrite the expression on the right-hand side of (6.12]) using & as a test
function in the integral identity (5.I8]). As we mentioned earlier, for a general measure pu, the curl
of an arbitrary function in H Clurl is not uniquely defined. However, for the solution &j to (6.7) there
exists a natural choice of curl(e.p&j;). Indeed, consider sequences {¢n}, {¢n} C [C’;f]g converging

to & in L%(Q, du), so that

(6.11)

curl(ecgpn) — curl(ecpg) curl(ecg,) — curl(e-&p) as n — 0o.

The difference curl(ecg¢py,) — curl(ept),) converges to zero, and hence so does curl ¢, — curl,.
Henceforth we denote by curl&§ the common L?-limit of curl ¢,, for sequences {¢,,} C [C;f]?’ with
the above properties. The unique choice of curl§; as above allows us to write

/ Acurl(esgRS) - curl(engés) + 2 / R / € 1 &2 / oV (cco®rs ) - 65 = (H5.5).
Q Q Q Q

Furthermore, applying the decomposition (3] to & and using ® Ry € H;# o as a test function for
with © = & (noting that, as C°, is dense in HJ, , the test functions ¢ in can be taken
6 #,0 #,0
in H#’O), we obtain

/Qéz-:Gv(esG(I)RZ) &5 = /Qéz-:Gv(esG(I)RZ) -2V (ecpPez) = /Qv(eee‘PRg) -V (eco®es ).
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By recalling also the properties (5.20), (521)) of Hj, the above implies

[ AculieaRy) curlieas) +<* [ Ry [ G+ [ Vieati) Vicaty)
Q Q Q Q

= (M5.6) = (M5.8),
and therefore
/ Acurl(es&5) - curl(e-oRj) +€2/ & / Ry —|—E2/ V(ecoPes) - V(eco®re) = ( e.E5). (6.13)
Q Q Q Q

We now rewrite the equation (6.12) using (6.13]), as follows:

/QGEQA(HX’LLE)D) curl (ezoR5) = (H5.65)

{/ Acurl(es&p) - curl(egg/R‘f) +e /fg /R9+E /Qe{_;gV(egetﬁgs)-/QRZ} (6.14)

—€ {/ & /eaev ecoPr:) /eaev(eaeq)gg) 'Eaev(eaeq)zzg)}-

The second term on the right-hand side of the last equation vanishes, by using the function iden-
tically equal to the vector
[,
Q

as a test function in the integral formulation for (6.7) and noting that

/ 65914(9 X uél)) 'cur]<eag/ Rg) = ig/ RZ / 0 x A(9 > uél)) =0,
@ Q Q Q

in view of (5.I4) and (.I0). The third term on the right-hand side of (6.I4]) also vanishes, by
using e.9V (e P Ry) as a test function in the integral formulation for (6.7) and taking advantage of
the fact that when ®ps is approximated in L?(Q, dp) with smooth functions ¢,,, the corresponding
expressions curl(V(e.p¢y,)) vanish for all n.

Returning to (6.5)—(6.6]), we thus obtain

2
/RZ

= / (F + 6 x A(f x ) + 0 x Acurl(Ng(6 x c§)) (6.15)
Q

/ Acurl(esgR5) - curl(ecpR) + €
Q

+E2/Q|V(659(I>R§) 2

— (2-0V (€0 Peo) +I)62) : <§§ +/Q€aev(eee<1>1%z)> + (M5, &)

To complete setting the stage for the estimates (6.]), (6.2]), it remains to estimate the second
term on the right-hand side of (6.I5]) by the L? norm of the function F' in (5.I7), which we do next.
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Lemma 6.2. The last term on the right-hand side of (613 is bounded uniformly in € and 6:
(H5,65)| < CllFllr2Q,dp)s € > 0.

Proof. Tt follows by the definition of H, see (5.17)), that

&) - |

(F +60 x A(0 x c§) + 0 x A(curl Ng(6 x c))
Q

— (€:0V(ecoWeo) + I)ch + i x A(H x ué”)) L&
+/ A(6 x u(gl)) -curlgg.
Q
Recalling the formula (5.14]), we write (¢f. (6.4))

curlgg = Eagcurl(eaggg) —igfh x £~§,

and thus

(H5.G5) = [ (F40x 46 % 65) + 0 x Alcurl No(o x 65)) — (eeoV(ecaen) +1)c5) -
N (6.16)
+/ ecoA(f x uél)) -curl(e-p&5),
Q

/ eegA(H X u((,l)) -curl<e€9/ §§> = i&?/ 0 x A(9 X u((,l)) / & =0,
Q Q Q Q

by the condition (5.10).
Applying the Holder inequality to the right-hand side of the equation (6.10]), using the Poincaré
inequality (4.6]) for £, and taking into the account the estimate (G.8]) yields the claim. O

since

Combining Lemma [6.2] the Poincaré inequality (4.6]) with © = Rj, and the Holder inequality
for the first term on the right-hand side of the equation (6I5]), we obtain the uniform bound

chrl(engg)HLQ(Q’du) < ClFr2(q,dpu)- (6.17)

Finally, the estimate (6I7) combined with (48], applied to u = Rj again, implies the estimate
(©1). The same bound, Lemma [6.2] and the equation (6.15]) imply the estimate (6.2)). O

Corollary 6.3. There exists C' > 0 such that the following estimate holds for all €, 6 and F :

|05 = (@09 (cco¥en) + 1)

< Ce||F .
L2(Qup) — | ||L2(Q,d,u)
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6.1 Conclusion of proof: convergence estimate for z;

Proposition 6.4. There exists C > 0 such that the function z; in (5.I5) satisfies the estimates

1261l L2(@,ap) < CellFl L2 (6.18)

||curl(e<pz5)|| < C€2||F||L2(Q’du), (6.19)

L2(Q,dp)
foralle >0,0 ce'Q', F e L*(Q,du).
Proof. The function z5 € H} ,, see (5.15]), (5.16]), solves the problem

e % curl(A curl(eqpzf)) + 2§ = —isuél) — &°R;, (6.20)

understood in the weak sense. Using zj as a test function in the integral formulation of (6.20), we
obtain

5_2/ Acurl(ezpzg) - curl(e-p25) +/ 25| = —ia/ uél) 25 — 52/ RS-z (6.21)
Q Q Q Q
Using the estimate
[R5 < Ce M Fll2(Q.dp)-
which follows from (G.1]), ([G2]), the elliptic estimate for the equation
E€9A(659®R5) = €9 div (eeng)

and then the observation that

~§ _ {Rz _/QR§—§59V(659(I)R§) —l—/QEe@V(eEg(I)RE)} —/QEEQV(eeg(I)Rz),

we infer from (6.1]) that B
|1R5|| < Ce M IF Il L2(0,dp)- (6.22)

Now, applying the Hoélder inequality to each term on the right-hand side of (6.21]), the formula
(53], and finally the estimate ([6.22]), we obtain (6.18]).

The estimate ([6.19) follows immediately from (6.21), by using the uniform positive-definiteness
of the matrix A, applying once again the Holder inequality to each term on its right-hand side,

and using the estimate (6.18)) we have just obtained as well as the estimates for u(gl), ﬁg that we
derived in our proof of (G.IF]). O

Combining Corollary and Proposition [6.4] we obtain (5.4]), since

Hu§ - (Eaev(eeﬁqjae) + 1)02

o S il + U7 — oV (ecoWen) + 1)

12(Q.d L2(Q,dp)’

which concludes the proof of Theorem
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7 Estimates for the electric field and displacement

In what follows, we refer to the non-dimensional version of the Maxwell system in the frequency
domain (cf. the system (A9) with z = 1):

ul curl ¢ +iH® = 0,
v
(7.1)
o curl H¢ — iE°¢ = @Ja,
n n
where 79, vy are the permittivity and permeability of vacuum, n = n(-/¢), v = v(-/¢) are the (e-
periodic) permittivity and permeability of the medium, and E¢, H¢, J¢ are dimensionless quantities,
which we henceforth refer to as the “magnetic field”, “electric field”, and “current density”.

As mentioned in the introduction, Theorem concerns the Maxwell system in the non-

magnetic case (¥ = 1) and without external currents: formally replacing (0, (no/n)J¢) on the
right-hand side of (7.I]) by (—if*,0), we obtain

curl B¢ +1H® = —if¢,
(7.2)

A(-/e) curl H® —iE*° =0,

where the coefficient matrix A stands for the inverse relative dielectric permittivity 79/n. By elim-
inating E° from (.2)), we obtain (cf. (L2))

curl(A(-/e) carl H®) — H® = f°. (7.3)
The equation (7.3]) describes the actual physical behaviour of the magnetic field, and is therefore
set “on the spectrum”, so A = —1 in the “resolvent” formulation

curl(A(-/e) curl u®) + M = f°. (7.4)

where the solution u® represents the magnetic field H®. In order to study the above problem
quantitatively (aiming eventually at the behaviour of original time-dependent system), we allow
the parameter A to take any complex values in the complement of the negative half-line, and as our
estimates are valid uniformly in any compact subset as long as they are established for one specific
value of A, we set A = 1 to obtain the equation ([L2]). This new resolvent formulation corresponds
to the following analogue of (7.2]) “away from the spectrum”:

curl B¢ + H® = f€,
(7.5)

A(-/e) curl H® — E* = 0.

In our discussion of (7.5]), we continue referring to E°, H® as the electric and magnetic field, in line
with the existing literature on the subject of norm-resolvent estimates in homogenisation, see for
example [15].

In view of the above discussion, the estimate (5.7]) holds for the magnetic field H¢ and magnetic
induction B¢ (which coincide in the context of the formulation (7.1])). We complete the analysis by
establishing an operator-norm estimate for the electric displacement D® = A(-/e) "L E®.
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As in Section [3] starting from (7.2]) one obtains the following Gelfand-transformed system:

e le curl(AesgDy) + Hy = F, (7:6)
e ey curl(e.gHy) = Dy, .

where Hj coincides with uj defined in ([B.3), and Dj := €, F.D°. Recall that F' is div.y-free, and
so are the fields Dj, Hj. Substituting (5.16]) into the second line of (Z.G)) yields

Dj = e &g curl ez <(EEQV(659\I'59) + 1) +eNy(i0 x c§) + e’ Rj + z§>
= (curl N + I)(if x ) +e(i0 x Np(i0 x ¢§) + =g curl(e-oRj)) + €~ e curl(ecpz§),

where ¢ solves (0.0)), N solves (510), and Ny is defined in (5.3), R is the solution of (.IT), and 2§
solves ([6:20)). As a consequence of the estimates (6.17)), (6.19]), we obtain the following result.

Theorem 7.1. There exists a constant C > 0 independent of 0, € and F' such that
HDZ — (curl N + I)(i0 x cg)HLz(Q’du) < EC”F”Lz(QdM).

Similarly to Theorem [5.4], we then obtain the following estimates for the original fields on R3.

Theorem 7.2. There exists C > 0, independent of ¢ and the choice of f& € L*(R3,du¢), such that

HDE - DﬁomHLQ(RS,duE) < €C||f€||L2(R3,du5)7 (77)
where
1 (T —1
€ . d _ hom hom € €
Dy () = 7(2@3/2 {curlN({_:) +I} curl /RS /R3 eo(z —y) (Ag™™ + MP™) " f°(y)dps (y)db,
z € R3.

Remark 7.3. Contrary to the estimate ([B.7) for the magnetic field u® (and, hence, magnetic
induction), the estimate (L) for the electric displacement D° (and hence a similar estimate for
the field B = A(-/e)DF®) contains an oscillatory term, corresponding to the so-called “order-zero
corrector” [56], [57]. In the case when y is the Lebesque measure, the matriz curl N (in the case
of the electric field, the matriz A(curl N + I)(A™)~1 — T) has zero mean over Q. This recovers
the classical result concerning the weak convergence D® — INDflom — 0 (similarly E* — E‘ﬁom — 0 for
EE = AmDeE ) as e — 0, where

hom hom
{Cu”(Ah"mﬁﬁom) + Ui = /%,

€ ~€ —
curlug,  — D =0.

hom

8 Further developments of the method

1. One physically relevant setting is the one where the magnetic permeability is still unitary, but
the system has external currents. In this case, it is convenient to write it in the form (cf. (ZH))

{CUFI(A('/E)Da) +H® =0,

(8.1)
curl H¢ — Df = ¢°,
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where ¢g° represents the divergence-free current density, and the magnetic field and H¢ and electric
displacement D are sought to be divergence-free. This is, in some sense, an intermediate case
between the one analysed in the present paper and the general case with non-unitary magnetic
permeability.

Following [57], it is convenient to set AY2D¢ =: D= in (8I]), so the system is equivalent to

AY? curl curl(A?Df) + DF = — A2 g7, div(A~1/2D%) = 0. (8.2)

Furthermore, as in [57], we define an operator of the problem (§2) by the quadratic form
0. (w,w) = / (curl(A1/2w) -curl(AY?w) + |diV(A_1/2w)‘2>d,u€,
R3

with domain
dom(v.) = {w € L2(R3,dpf) : curl(AY?w) € L2(R3, dpf), div(A™?w) e LQ(R?’,d,uE)}.

2. In the general setting with variable permittivity and permeability, the Maxwell system has the
form
curl(A(-/e)D?) + B® = f¢, (8.3)
curl(ﬁ(-/e)Ba) — Df = ¢°,
with periodic matrices A~! (inverse of the relative permittivity), At (inverse of the relative per-
meability). In the equation ([83]), B¢ represents magnetic induction, and f¢, ¢° are divergence-free
L? functions. In what follows, we write A, A in place of A(-/¢), A(/¢), respectively, and without
loss of generality assume thatﬁ g =0.
As in the previous remark, following [57] and labelling AY2Be —: B¢, the system is written
equivalently as

A2 curl (A curl(gl/zBE)) +B° = —AY?fe, div(g_l/zl’j’e) = 0. (8.4)

The operator of the problem (84)) is defined by the quadratic form
bo(u,u) = / <A curl(AY2w) - curl(AY?w) + ‘div(g_l/zw)F)d/f,
R3

with domain

dom(b.) = {u € L*(R3,dpf) : curl(AY?u) € L2(R®, dpf), div(A~Y?u) € L*(R3, dp)}.
3. In both above cases, we represent L%(R3,duf) as an orthogonal sum of the “solenoidal” and
“potential” subspaces

L2 (Rgad,ufe) - {u S Lz(Rg,dﬂe) : diV(A_l/zu) = 0}7

sol

2
Lpot

(R3,dpf) ={A712Vv : Vo € L(R3, d)}

and prove an appropriate version of the Helmholtz decomposition and Poincaré inequality (cf. Sec-
tion M) for quasiperiodic functions, following an application of the Floquet transform to L?(R3, duf),
as in Section [3l This allows us to pursue an asymptotic procedure similar to the one we describe in

Sections BH6] of the present paper. We shall present the related argument in a future publication.

5This also corresponds to the physical form of the Maxwell system, where f¢ is the current density and ¢ = 0.
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Appendix A: Non-dimensionalisation of the Maxwell system

The system of Maxwell equations describing electromagnetic phenomena in R3 is given by (see e.g.
[22], [43])
curl E = —0;B,

curlH = 9,D + 7,
divD =p, divB =0,

where E and H are the electric and magnetic fields, D is the electric displacement and B is the
magnetic induction, J is the current density and p the charge density. In the present work we
assume that p = 0.

The fields E and D, B and H are linked by the constitutive relations

D=7+E B=pxH, (A.1)

where the convolutions are taken with respect the time ¢. In (A.Tl), the 7(x,t) is the dielectric
permittivity and 7(z,t) is the magnetic permeability, which are ingeneral time-dependent. We
consider the case when (A1) are local in time so 7(z,t) = n(z)d(t) and v(x,t) = v(x)d(t). The
resulting Maxwell system is

curl E = —vo,H,

curl HH = no,E + 7, (A.2)
divE =0, divH=0.
Formally applying the Fourier transform in time to the system (A.2]) leads to its version with
harmonic time dependence of J E, H :

j — ei“’tJ, E = eith’ H = eith’

where w plays the role of the frequency. For a given current density amplitude J, the vector (E, H)

satisfies
vlcurl E = —iwH,

n~teurl H = iwE +n~1J, (A.3)
divE =0, divH =0.

In order to study the system of Maxwell equations from the mathematical point of view, we
write it in a dimensionless way. Following the idea developed in [10, Chapter 1] we define

H=¢H, E=1E, (A.4)

where ¢, 1 are some fixed values with the same dimensions as the magnetic and electric fields,
and H, E are the corresponding dimensionless vectors representing the magnetic and electric fields.
Starting from (A.3), it is sufficient to do the dimensional analysis for the homogeneous system,
where J = 0. Using (A4), the second line of (A.3)) takes the form

77_13 curl H = iwkE. (A.5)
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Denote by 19 and vy are the permittivity and permeability of the vacuum. Combining the first
two equations in (A.3]), we infer that the dimensions of \/7y/vy are the same as those of ¢ /1.
Henceforth we choose ¢, ¥ so that ¢/¢ = /n9/vo. Multiplying both sides of (A5 by /7o one has

-1
<Q> curl H = iw/vono F.
1o

Assuming a periodic spatial dependence of 7, v, we write the first equation in (A.3)) as

-1
{#(%) } curl, H = iy/ugnoF, (A.6)
0

where d is the period. Note that w = 27¢/A, where ¢ and A are the wave speed and wavelength in
vacuum. Introduce the non-dimensional parameter Z = 2wz /), so (A.6) becomes

2 [ n x -1 ~  27cy ~
—q — l=H = E.
T ()| e =S

Noting that ¢,/vgng = 1 and rescaling y = ¥ /e, where € := 27d/\ we obtain

{%(y)}_l curly H = i=~F. (A7)

Similarly, we carry out the dimensional analysis for the second equation in (A.3)), which yields

1%

(2} e, e il (A8)

140] ™

The non-dimensional form of the Maxwell system equations now follows (c¢f. (Z.1I), for which

z=1): B B
< 0 Acurl) (H) L <H> _ <Af> | (A9)
—Acurl 0 B E —Ag

where for brevity we have removed the tilde from the dimensionless fields and displacements. Here
z = \/(2md) is the dimensionless parameter that appearing in (A7), (A.8), A = n/mno is the inverse
of the relative permittivity and A := v/i is the inverse of the relative permeability. Furthermore, g
is a divergence-free function representing the external currents of the system, and f is a divergence-
free auxiliary function.

In the spirit of the works [12]. [13], one can consider the Maxwell operator 9t given by the

differential expression N
0 Acurl
—Acurl 0

dom(M) = {(H,E) € L*(R*) & L*(R?) :

acting on

divH =0, divE =0, Acurl H € L*(R®), Acurl E € L*(R%)},
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where L?(R3) is the space of C3-valued functions on R? that are square-integrable with respect to
the Lebesgue measure.

Convergence estimates similar to those stated in Theorems 5.2 B4l [71] and are proved
under the assumption that —iz € K N p(9M), where K C R? is compact and p(9M) is the resolvent
set of M. In particular, z = —i corresponds to A = 1 in the formulation (7.4), which is obtained
from (A.9) by setting assuming that the medium is non-magnetic, i.e., v = 1y and setting the
second component of the right-hand side to zero.

Appendix B: Validity of (4.6]) for some singular measures

Here we show that Assumption holds for the measures from the class (a) described at the end
of Section Ml and hence for the classes (b), (¢). The validity of Assumption for the Lebesgue
measure (example (d)) is shown easily via an argument based on the Fourier series, see e.g. [2§].

Consider a finite set {P; }évzl of (two-dimensional) planes in R, such that each plane is orthog-
onal to one of the coordinate axes. Define the measure p on @ by the formula

N
u(B)=N"'3"|P;nB|; for all Borel B C Q, (B.1)
j=1

where | - |; represents the 2-dimensional Lebesgue measure. In what follows (see Section [B.3.3)), we
will use the assumption that (U;-Vzlpj) N @ is non-empty and connected. For each 7 =1,..., N, we
also consider the measure y; defined by

pi(B) :=|P; N B|; for all Borel B C Q,
so that = N~! Z;Vzl wj, see (B)).

B.1 Curls of zero for a measure supported by a plane

In this section we fix j € {1,... N}. In line with Definition 2.2} we say that v € L*(Q,du;) is a
k-curl of zero with respect to the measure p; if there exists a sequence {¢,} C [C;f]s such that

/ |pn|?dp; =370 / |curl(e. ) — U!zd,uj =20,
Q Q

Without loss of generality, we can assume in what follows that the plane P; passes through zero
and is orthogonal to the xz3 direction.

Proposition 8.1. For each k € Q', the set of k-curls of zero with respect to the measure p;
coincides with

L3(Q, dpj) ® LA(Q, dpj) @ {0},
where (see Section[f]) L2(Q,du;) is the space of C-valued functions on Q that are square integrable
with respect to the measure p;.

Proof. For given functions &1, & € L2(Q, duj), consider sequences of smooth @Q-periodic functions,
independent of x3,

(€W =" (@1 29), neN}, j=1,2
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such that
n) n—oo . .
eV g i LAQ.dyy),  j=1.2

Suppose also that functions o = a(x3), f = B(x3) of the single variable x3 are infinitely smooth
and 1-periodic, and that their Taylor expansions at zero have the form z3 + O(x%) Define

Blws)es” (w1, 22)
on(r) = | —a(es)e™ (z1,20) | o= (21,22,73)€Q, neN (B.2)
0

Then {¢,} C [C;f]g and by a direct calculation one has, for all n € N,

(o (z3) — ikga(x3)) gn) (21, 2)

e, curl(exdp) (w1, x2, 13) = (ﬂ'(azg) + i/ig,@(xg))fén) (21, 72) ,
—a(as)(O1 +ir1)€l" (21, 72) — B(ws) (D2 + i) (w1, 2)

where 0; is the operator of differentiation with respect to the variable x;, j = 1,2. Due of the
assumptions on «, 3, one has

/ 6u2di; =0 Vn,
Q

and
e, curl(e,dp) sy (&1,&,0)7 in L2(Q,dﬂj)-

It follows that L2(Q,du;) & L2(Q, du;) & {0} is contained in the set of curls of zero.
On the other hand, any vector of the form

(070753)1—7 53 € Lg(Q)d“]))

is orthogonal to all k-cirls of zero. Indeed, for any sequence £§n) = &gn) (1, x2) of infinitely smooth
z3-independent functions converging to &3 in L2(Q, duj) and any sequence of vector functions

o = (67 6 6iN T € [C5)®,  neN,

such that
/ |6 Pdp; =30,
Q

one has (due to the fact that the integration by parts is carried out with respect to the variables
x1, T2 in the plane P;)

/Q((ag +i/€2)¢§n) — (61 —I—i/ﬁ) gn))@d,uj = /Q(¢2(61 + ilil)fén) —@1(82 + i/iQ)fén))d,Uj =0. (B.3)

It follows from (B.3)) that if curl(e,¢™) — v as n — oo, then &3 is orthogonal to vz in L2(Q, dpj),
and therefore (0,0,&3)" is orthogonal to v in L2(Q,duj). Therefore, the set of k-curls of zero is
contained in L2(Q,du;) & L2(Q,du;) ® {0}. This concludes the proof of the claim that these two
sets coincide. O
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B.2 Approximation in H! , (Q,du) by smooth functions

curl,k

He we prove the following auxiliary statement, which will allow us to establish ([£.7]) by first showing
that it holds for infinitely smooth functions.

Lemma 8.2. Suppose that (u,v) € Hclurlﬁ
)

(Q,dp), where the function u is solenoidal (see Section

e.div(esu) =0,

and curl(e,u) is pointwise orthogonal to the support of measure . Then there exists a sequence
{¢n} C [C;f]?’ such that

(eﬁ¢n,curl(eﬁ¢n)) noee (u,v) in L*(Q,du) ® L*(Q,dy) (B.4)
and the following two properties hold:
e.div(egdn) =0 (B.5)

in the sense of (24) with F = ¢y, and the vector curl(eyy) is pointwise orthogonal to supp(u)
(excluding the lines of intersection of the planes P;, j =1,...,N.)

Proof. According to Definition 222] there exists a sequence {gn,n e N} C [C;f’]?’ approximating

(u,v) in the sense that (B.4) holds with ¢,, replaced by <;~5n, however one does not necessarily have
€.div(esdp) = 0. In order to “correct” the sequence {¢y,}, for each n consider the solution w,, € H 71#
(see e.g. Section []) to the elliptic problem

—Aw, = div(e,dn) (B.6)

understood in the weak sense with respect to the measure y :
/ Vwy, - Vodu = —/ e n - Vdpu Vo e CF. (B.7)
Q Q

The problem (B.7) has a unique solution (w,, Vw,) € H#, which has the property that Vw, is
orthogonal to all gradients of zero [67] with respect to the measure p : indeed, setting ¢ = ¢,

j €N, in (B.1), where

/ ;2 =% 0, / Ve —ofdp’23 0 ve LXQ,dp),
Q Q

and passing in the obtained identity to the limit as j — oo yields

/an'vd,u:O,
Q

as claimed. Following an argument similar to that given in [67, Section 3.1], see also [68, Section
4], it is shown that the set of gradients of zero is a closed subspace of L?(Q,du) consisting of
vector functions that, when restricted to the plane P;, j = 1,..., N, are pointwise orthogonal to it.
Furthermore, it is straightforward to show that for each n the function w, is infinitely smooth on

30



Q NPj, e.g. by deducing the decay properties of the coefficients of its Fourier series with respect

to x1, xo in terms of the decay properties, as n — oo, of the Fourier coefficients of q~5n

For each n € N, we consider an infinitely smooth function w,, on @ that for each j € {1,..., N}
coincides with w, on @ N P; and has zero gradient in the variables orthogonal to P;. (Such a
smooth extension from (U;V:ﬂ?j) N Q@ to @ can be obtained in a standard way by an appropriate
partition of unity on @), carrying out standard extensions in corner, edge, and face regions, and
using appropriate mollifiers.) Clearly, on supp(i) one has

curl(ex(€:Vwy)) = curl (Vi,) = curl (Vw,) = 0. (B.8)

Furthermore, writing (B.7) in the form (where we take advantage of u being solenoidal)
/ Vwy, - Vodu = / ex(u — an) -Vdpu Vo € C3F,
Q Q

setting ¢ = w,, and using the fact that the right-hand side of the result goes to zero as n — 0, we
obtain

/ |V@n|2d,u = / IV, [2dp =5 0.

Q Q

Combining this observation with (B.8)) and (B.6]), we conclude that the functions
(/b\n = gn + €, Vwn, n €N,

are smooth and have the convergence properties
/ ‘(/b\n — u!zdu e 0, / !curl(e,{(gn) — v!zd,u e 0,
Q Q

and e,y is solenoidal for each n € N, as required in (B4), (BF).

In order to fulfil the second property claimed in the lemma, we construct a further “correction”
to the sequence {¢,}, which does not affect the properties (B.4), (BA). For each j € {1,... N},
consider the rotation R; in R3 such that the plane R;P;j passes through zero and is orthogonal to
the x3 direction. To simplify the notation, we fix j and assume, as in Section [B.I] that R; = I.

Under the above convention, notice that the projection of curl(e,.iqASn) onto the plane P;, re-
stricted to the set P; N Q (i.e. the support of ;) is a smooth function

Y = ex(($a)1(@1,22), (Wn)a(ar, @2),0) T, (@1,22) € [0,1)°.
where, using the notation én = ((¢n)1, (Bn)2, (dn)3),
()1 = (52 + 02)($n)3 — (K + 35)(Pn)2) ], _o»
(n)2 = ((ir3 + 03)(dn)1 — (iK1 + O1)(Bn)3) . o
Consider the vector (¢f. (B.2)
B(xs)(Yn)1 (21, 2)

bn(z) = | —alws)Wn)a(z1,22) |, o= (z1,22,23) €Q, neN,
0
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where the functions @ = a(x3), 8 = [(x3) of the single variable x5 are infinitely smooth and
I-periodic, and that their Taylor expansions at zero have the form z3 + O(z2). Similarly to the
argument in the proof of Proposition [B.8] we notice that curl(eﬁzb\n) = 1, now viewed as a function
on the whole of Q.AFurthermore, the vector {b\n is trivially solenoidal, as the vector {b\n vanishes on
P;NQ, and curl(e,,) — 0in L?(Q, du) as n — oo, due to the assumption of pointwise orthogonality
of curl(e,u) to P; N Q.

The above construction is repeated for each j € {1,..., N}, now taking into account that it
will be preceded by the rotation R;. Relabel by 127(1] ) the elements of the constructed sequence 1Z
As a result, the sequence

N
bn=tn—> RjUY, neN
j=1
satisfies all the required conditions. O
B.3 Poincaré inequality

In this section we carry out the proof of the Poincaré-type inequality (cf. (7))

we [
Q

for functions u satisfying €,div (exu) = 0, in the case of the measure u defined by (B.I)).
Notice that in the inequality (B.9) we can assume, without loss of generality, that the vector
curl(e,u) is orthogonal to P; at almost every point of P; N Q. Indeed, one can write

<Cp chrl(e,&) H
L2(Q,dp;)

(B.9)

L2(Q,duj)

curl(e,u) = wy + wa,

where ws is the projection of curl(e,ut) onto the subspace of L?(Q,du) consisting of k-curls of zero,
wy is another value of the s-curl of u, so that w; and wo are orthogonal in the sense of L?(Q, dpu).
As we showed in Section Bl in the case of the measure p; k-curls of zero are parallel to P; at
each point, so w; is pointwise parallel to P; and ws is pointwise orthogonal to P;. In what follows
we can therefore assume that curl(e,u) is orthogonal to P;. This will allow us, in particular, to use
Lemma

We first prove an auxiliary proposition reflecting the vectorial nature of the inequality (B.9),
due to the presence of the operator curl and then combine it with the “scalar” Poincaré inequality
applied to each component of the vector u.

Having proved (7)) with the measure p replaced by f;, we will then show, in Section [B.3.3]
that it holds for p as well (possibly with a larger constant Cp), using the assumption that the the
set

(Uévzlpj) nQ = U_g'V::L(,Pj NnQ)

is connected.

B.3.1 The norm of the transversal curl is the norm of the tangential gradient

Here we fix j € {1,...,N} and, as in Section [B.I] assume that the plane P; passes through zero
and is orthogonal to the x3 direction. For x € Q' and a function ¢ € [C’;f]g, we denote by V(e,d)
the pointwise orthogonal projection of the V(e,¢) onto the (x1,z2)-plane.
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Proposition 8.3. Suppose that a vector function ¢ € [C;f’]?’ is solenoidal, i.e. (cf. (BA))
e.div(esp) =0 (B.10)

and that the vector curl(e. ) is pointwise parallel to x3 at each point of P;NQ. Then, for all k € @',
one has

= 2 2
|‘v(e“¢)HL2(Q,dpj) = |‘Curl(e’i¢)|‘L2(Q,duj)’
Proof. We we expand the function ¢ into the standard Fourier series:
o(x) = Z exp(27il - )¢, x € Q, qeC? ez’ (B.11)
lez?

and notice that

curl(e,p) () = iex Z exp(i2nl - z) (¢ % (k +27l)), z€Q,
lez?

where the series converges in the norm of L?(Q), with respect to the Lebesgue measure on Q. Since
curl(e,¢) is pointwise orthogonal to P;, it follows that for each I € Z? the vector ¢; x (k + 27l) is
orthogonal to Pj, i.e. it is parallel to the x3 direction.

For each x € @, we denote (1, z2) =: T. and, similarly, for each value k € Q' of the quasimomen-
tum, we denote K := (k1,K2). Finally, for each “multi-index” I € 73, we consider the “sub-index”
l:= (I1,12) € Z2. We write finite truncations of (B.I1)) in the form (K € N)

oK () = Z crexp(2ril - z) = Z Z s exp(27ri(7, l3) - (z,23)), z€Q. (B.12)

<K <K |ls|<K-|f]

In the remainder of this section, for brevity, we omit the summation ranges for Z l3, which are the
same as in (B.12) throughout. From (B.I12]) one has

.
/Q\igp;-e + Vor | du; = > <Z{c@3) ® (% + 27, kg + 27l3) }>
=\
X (Z{E@m:’)) ® (7% + 27rl~, K3 + 27Tm3) })

1
m3

(B.13)

Rearranging the product under the external summation in (B.13]) yields@
. 2
/|1cp/£ + V(bK‘ dp;
Q

= Z Z {C(ma) . C(zm3)}{(% + 27l k3 + 2ls) - (R + 27l kg + 2mmg) }.
l

7 lsms

In order to manipulate the above expression into a convenient form, we notice two properties
of the Fourier series for ¢, due to the assumptions that it is solenoidal (see (B.I0)) and that its

SRecall that by a - b we denote the sesquilinear inner product of a,b € C3.
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k-curl is orthogonal to P; (i.e. parallel to the xg-direction). In terms of the Fourier coefficients ¢,
the first condition can be written as follows:

Z exp(i(p- T+ l323)) c(p 1) - exp(—i(f T+ max3)) (kK + o7l kg + 2mm3)dp;

Q Dil3

= /(0 e Z exp(ip - T)c1y) - exp(—il - 7) (% + 271, k3 4 2mms)dT (B.14)
pils

—Zc” /{+27rl K3 + 2mms) Vie Z?, ms € Z,
which is obtained by setting

p(x) = exp(—il - T +maxs), z€Q, 1eZ? myel,

as the test function for (BI0).
Similarly, the second condition takes the form

= / Zexp(iﬁ- T) () * (R + 27D, k3 + 27l3)) - exp(—il - z)a,

Q Dil3

(B.15)
—Z( Caiy ¥ (A+2nl g +2mls)) ra VIEZ? ae (0,1)%

Using standard formulae of vector calculus, we write, for each [ € Z2, ms € Z,
3 (c@g) w (R + 2ml, ks + 27713)) : (c(zm3) x (R + 27, kg + 27Tm3)>
l3
_ Z ) { R+ 2l Ky + 2mm3) X (c(mg) x (% + 2nl, k3 + 27Tl3))}
_Zc { R+ 2nl,0) x < City) X(%+2WZ/€3+27113)>}
gy { (015 + 2mmg) x ; (e * (& +2mL ks + 2715) ) §
:
_ Z { (7 + 271, 0) x < ey ¥ (7 + 27, n3+27rl3))}
- ;({c@a) gy} (B + 270, 0) - (7 + 271, 0)}
;

ey (21l s+ 2mms) (e, - (R o+ 21,0} )

= Z{C(m3> Gy HLF+ 2rl) - (R + 2nl)}
I3

34



{Zc” /£+27rl K3 + 2mmg }{c /€+27Tl 0)}

= Z{C(mg) . C(T,mg)}{(% +2xl) - (R + 2ml) }.
I3
Here, for the third equality we use the fact that by (B.IH), the vector

Z (C(T,ls) x (K + 27Tl~, K3 + 27Tl3)>
I3
is orthogonal to the (z1,x2)-plane and hence parallel to the vector (0, k34 27mg), and for the sixth
equality we use (B.14]). It follows that

/Q|V(€n¢)|2dﬂj = Kli_lzloo/Qh(PH + Vo | du;

= lim Z Z {{C(T,ls) x (k4 27Tl~, K3 + 27Tlg)} . {C(T,mg) x (K + 27Tl~, K3 + 27Tm3)}

K—oo “ ~
<K |Is|<K-|l
Ims| <K —|l]

+ {C(Zh) . C(zm3)}(l€3 + 27‘(’[3) . (Hg + 27‘(‘m3)}

= lim {/Q|(m+v) X ¢K\2duj+/Q|(i/<3+53)¢f<|2dﬂj}

K—o0

- Iggnoo{ /Q Jeurl(enic) dss + /Q |ag<eﬁ¢K>|2duj} - /Q Jeurl(ex) [Py + /Q 05 (ex) 2y,

and therefore

= 2 2 2 2
HV(GH‘JS)HB(Q@%) = HV(EH‘JS)HB(Q@%) - H83(e“¢)HL2(Q,duj) = “Curl(eﬁ‘ls)“L?(Q,duj)’

as required. O

B.3.2 “Scalar” Poincaré inequality for a single plane

We continue working with a fixed j € {1,..., N} and assume, without loss of generality, that the
plane P; passes through zero and is orthogonal to the z3-direction. For a function ¢ € C3°, we

denote by %@(:E) € R?, x € Q, the (pointwise) projection of its gradient onto the (z1, x2)-plane.
We write

x —/ ¢dpy = Z Cl~eXp(27Til~' T), TE€ 0,1)%, geC, le 72\ {0},
@ 1€z2\{0}

and notice that, for each % € [~ 7)2, one has, assuming ¢ is non-constant on PiNQ,

(/ ‘¢ o,

-1 U
d,uj> /Q|i<p?5+v¢| dpj
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1,mez2\{0} 1,mez2\{0}

where _
1, I=m,
0 otherwise.

o = / exp(27ri(7— m) - 2)dT = {
(0,1)?

It follows that

(o

and hence

2 -1 -1
) [JiereSoldn = (3 tal) (X labRe2i) 2 2

lEZz\{O} l,mEZZ\{O}
/Q‘ /(;? 7

where 6(6,4;5) is the “tangential” gradient introduced at the beginning of Section B.3.1l If the
function ¢ is constant on P; N @, the inequality (B.16]) is satisfied trivially. Note also that an
inequality of the same for as (B.I6) has thus been established for vector functions ¢ € [Cy]?, by
applying it component-wise and adding the inequalities obtained for the individual components.
Below we discuss the vector case, for which the Poincaré inequality for any of the measures p;,
j=1,...,N, looks the same as (B.16]), where ¢ is now a smooth vector function.

2
dpy < 772V () |20 (B.16)

B.3.3 Connectivity argument

For the measure p = Zﬁvzl pjand ¢ € [C’;f]g, we denote by V(e,.¢) the (component-wise) tangential
gradient of ¢ at points of supp(u), i.e. the orthogonal projection of V(e,;¢$) onto supp(u).

Suppose that for j,k € {1,..., N} the planes P; and P}, intersect and fix a point o € P; N
Pr N Q. For any k € @, any function ¢ € [C;f]?’, and all z € P;NQ, y € P, NQ, one has

1
e (2)6(z) — en(y)By) = /0 V(end) (o + Hz — aje))dt - (z — )
(B.17)

1
N /0 V(erd) (agi + tly — o)) dt - (y — ai).

Multiplying both sides of (BIT) by e.(y)~' = ex(—y) and integrating over y € @ with respect to
the measure py (recalling that supp(ug) = Pr N Q) yields

1
! — V(e oy T —
x(2)9(2) /Q e~y /Q ¢dukg¢§< /0 ¥ (en) (g + (e — )|t -

+ W(em)HLQ(Q’dMJ Vo € P;NQ.

Furthermore, multiplying both sides of (B.IS) by e.(z)~! and integrating over = € @ with respect
to the measure p; yields

/Q bl — /Q ddpie < V([ (€x0)| 20y + V(x| i0pmy) < V2IT (06| 12 g
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By interchanging k and j if necessary, we thus obtain

‘ /Q bus; - /Q b

Next, notice that since (U;-V:ﬂ?j) N Q is connected by assumption, for each pair of planes in the
union there is a “path” from one plane to the other involving at most N planes, such that any
“adjacent” planes in the path intersect. It follows that for all pairs j, k the following bound holds:

< V2|V ()| 12 0.

| | = [ o) < VENF (00012 g0 (B.19)
Finally, using (B.19) and standard arithmetic inequalities, we obtain
N 2
/‘¢_ =Z/‘<z>—/ dn; = /'qb ZN—l/wuk dny
Q oJe = Q
N N N N 2
:Z/ ZN‘1<¢—/ (bduk) dﬂjSZZN_l/'<¢_/ (bduk) dp;
j=17Qlp=1 Q j=1 k=1 Q Q

dpi;

i:j o '¢> | s+ ( | odns— | qsduk)

Syt {ffo fpon

=1k=1

IA
DO

du] + 2N?||V(exo) HL2 (©.d) }

<

N

22{/& b

=1

2

dpj + 2N?||V (e, o) HLZ(Q i) }

<.

IA

ZZ{ 2||V (ex9) HL2(Q duy) T 2N2‘|6(6R¢)H;(Q’d“)}

j=1
< 2(n72 4 2N?) ||V (en) Hm(Q dp)’

Combining the above bound and the result of Proposition B3] applied for each j = 1,..., N, we

obtain )
/Q'¢— ¢| du < Op\\curl(em)ui?(@dm, (B.20)

with
Cp =2(77% +2N?), (B.21)

which we note depends on N only.
According to the result of Section [B.2] the pair (u,curl(esu)) is approximated by functions
¢n € [CF]? satisfying the conditions of Proposition B3, i.e. such that (cf. )

[ entn- Ve du=0  wecg
Q
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and curl(e, ¢, ) is pointwise orthogonal to supp(u), where the approximation is understood in the

sense that (c¢f. (B.4))
(extn, curl(exdn)) =3 (u,curl(ew)) in L*(Q,du) & L*(Q, dp).

Writing the bound (B20Q) with ¢ = ¢,, where {¢,} C [CF’]® is the approximating sequence
for u as described above, and passing to the limit as n — oo yields the inequality (£7]) with the
constant Cp given by (B.21)).
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