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ABSTRACT. In this paper we consider a conjecture formulated by the second author in occasion of
the 1998 ICM in Berlin ([Dub98]). This conjecture states the equivalence, for a Fano variety X,
of the semisimplicity condition for the quantum cohomology QH*®(X) with the existence condition
of full exceptional collections in the derived category of coherent sheaves D?(X). Furthermore,
in its quantitative formulation, the conjecture also prescribes an explicit relationship between the
monodromy data of QH®(X) and characteristic classes of both X and objects of the exceptional
collections. In this paper we reformulate a refinement of [Dub98], which corrects the ansatz of
[Dub13] for what concerns the conjectural expression of the central connection matrix. We clarify
the precise relationship between the refined conjecture presented in this paper and I'-conjecture II
of S. Galkin, V. Golyshev and H. Iritani ([GGI16, GI15]). Through an explicit computation of the
monodromy data and a detailed analysis of the action of the braid group on both the monodromy
data and the set of exceptional collections, we prove the validity of our refined conjecture for all
complex Grassmannians G(r, k). From these results, it is outlined an explicit description of the
“geography” of the exceptional collections realizable at points of the small quantum cohomology
of Grassmannians, i.e. corresponding to the monodromy data at these points. In particular, it is
proved that Kapranov’s exceptional collection appears at points of the small quantum cohomology
only for Grassmannians of small dimension (namely, less or equal than 2). Finally, a property of
quasi-periodicity of the Stokes matrices of complex Grassmannians, along the locus of the small
quantum cohomology, is described.
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1. INTRODUCTION

In this paper we consider the conjecture formulated by the second author in occasion of the 1998
ICM in Berlin [Dub98]. The primary and genuine aim of the conjecture was a characterization of
smooth projective Fano varieties having semisimple quantum cohomology and the computation of the
monodromy data of the corresponding semisimple Frobenius manifolds in algebro-geometric terms.

The original version of the conjecture can be described in two different parts, a qualitative and a
quantitative one. In the first qualitative part, for a smooth projective Fano variety X, the semisim-
plicity condition of the quantum cohomology QH*®(X) is conjectured to be equivalent to existence of
a full exceptional collection in D?(X), the derived category of coherent sheaves on X. It consists of an
ordered collection € = (E1,..., E,) of objects in D’(X) satisfying the semi-orthogonality conditions

}IOIII.(E’Z‘7 Ez) = (C,
Hom'(Ej7Ei) =0, lfj > 1.
Furthermore, in order to be full, the collection € must generate the category D’(X) as a triangulated
one. The second quantitative (and maybe the most important) part of the conjecture predicates an
analytic and explicit relationship between the monodromy data of the quantum cohomology QH*®(X)
and algebro-geometric data of the objects of €. Such a relationship is based on the analytic theory of

Frobenius manifolds, as introduced and extensively developed in [Dub98, Dub96, Dub99] and further
refined in [CDG17b] in order to include semisimple coalescence points.
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The core of this analytic theory consists of a local identification of the semisimple part of a Frobe-
nius manifold (in this paper QH*(X)) with the space of parameters of isomonodromic deformations
of differential operators with rational coefficients of the form

Az ) = % - (U + iV(u)) , (1.1)

the matrix U = diag(uq, .. ., u,) being a diagonal matrix and V (u) antisymmetric. The entries of U,
which define a system of canonical coordinates at semisimple points of the Frobenius manifold (the
canonical coordinates, see Section 2.4), are the parameters of deformation of the family of differential
operators. The dependence of V on the parameters u is such that the system AY = 0 admits
fundamental matrix solutions Y (z,u) with monodromy data independent of small deformations of
u (this is the Isomonodromicity Property described in Theorems 2.11, 2.25, 2.26). The geometrical
condition which implies the isomonodromicity of the deformation (1.1) is the flatness of the extended
deformed connection V associated with the Frobenius manifold QH®(X) (sce Section 2.3).

Through such a description, some local invariants of the Frobenius structure called monodromy
data are introduced (and defined up to some non-canonical choices, as summarized in Section 2.5),
namely the Stokes and central connection matrices (S, C). Vice versa, knowing the monodromy data
(S, C) one can reconstruct, by solving certain Riemann-Hilbert problem, the local structure of the
semisimple Frobenius manifold (see below for the details). The analytic continuation of the local
Frobenius structure can be completely described in terms of an action of the braid group on the
monodromy data.

Let us briefly recall the definition of the monodromy data. In correspondence with a point p in
QH*(X), with canonical coordinates u = (u1,...,u,), we consider three solutions Yies /right/0(%, %)
of the differential system A(z,u)Y (z,u) = 0. The solutions Yief; /rignt (2, %) are uniquely determined
by their asymptotic expansion

Yleft/right(za u) ~ F(z,u) exp(2U),
for |z| — oo in sectors of R := m (the universal cover) with angular opening greater than m,
respectively containing the two half-planes
gt (@) :={z € R: ¢ —m <arg z < ¢}, Ie(d) ={z€eR:p<arg z<o¢+r}, ¢el0;2n]
Here F(z,u) is a formal series satisfying

F(z,u) = Z Fn(wz", Fy=1, F(-zu)"- F(z,u)=1.
m>0
The solution Yy(z,u) is a fundamental matrix in Levelt form
Yo(z,u) = ¥(u)(1+ O(z))2"2", (1.2)

where U(u)is a matrix describing a change of frames in the holomorphic tangent bundle of QH*(X),
namely

B o o\ % 9
i zi:‘l/m(U) N <8ui’ 8u,> Bu. (1.3)

so that it takes V(u) to the diagonal form pu; (1 + O(z)) stands for a convergent Taylor expansion at
z =0, and R is a nilpotent matrix. Among the fundamental matrices in Levelt form, we select the
so called enumerative-topological solution Yiop(z,u), see below, because of its important geometrical
interpretation. Indeed, Yiop(2,u) admits an expansion given by a generating function of genus 0
Gromov-Witten invariants of X with their gravitational descendants. If (T, ), is a fixed homogeneous
basis of H*(X,C), and (¢t*)_, are the flat coordinates with respect to the Poincaré metric 7,

n(vy,ve) ::/ vy Uve, wy,v2 € H*(X,C),
X
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then

Yiop(2,u) = W(u) - Ziop(2, t(w)),
Ziop(2,1) == Oop(2,1) - 227,

where

deg T, — dimc X
2

Moreover, ©yop(2,t) is a convergent Taylor series in variable z

@top(Zt,\—(S’Y‘FZ Z Z Z )\knﬂa'tal...tak ~Zn+1,

n=0 \ k=0 BERM(X) a1,....Q%

4 € Ende(H*(X,C)), u(Th) =

‘Th, R=c(X)U. (1.4)

with ¢-dependent coefficients, defined by

k

P ko = Zn‘h /7 (L))" UeviTyUeviTs U H eviioTa;,
[e3 > Mo.pr2(X,B)]virt =1

where £; is the 1-st tautological cotangent bundle on the Deligne-Mumford stack Mo r+2(X, 3) of
stable maps of genus 0, with degree 5 and (k+ 2)-punctures and target space X. As explained above,
the topological-enumerative solution is an element of a class of solutions of A(z,u)Y = 0 in Levelt
form: all other such solutions are parametrized by the points of an algebraic group, in this paper!
denoted by Co(X) (see Sections 2.3 for precise definitions), and they are given by

Y()(Z,U)A, A ECO(X), (15)

where Y, has been fixed, for example choosing Yy = Yiop.
The Stokes and central connection matrices (S, C') are defined through the equations

Yiight (2, 1) = Yo(2,0)C,  Yiew(2,u) = Yiigns (2, w)S, for all z € R.

The Isomonodromicity property guarantees that the matrices (S, C'), seen as functions of the parame-
ters u (i.e. of the point of QH*®(X)), are constant in open regions of the Frobenius manifold QH*(X),
called £-chambers (here £ stands for an oriented line in the complex plane with slope ¢ € [0; 27[; see
Definition 2.19). The values of these numerical invariants in different chambers can be related through
the action of the braid group B,, on the pair (S,C) (see Section 2.5).

The quantitative part of the conjecture mentioned above gives an exact prescription of these
invariants in terms of characteristic classes of the objects of an exceptional collection €.

In [Dub98] the Stokes matrix S, computed at any point p € QH*(X) (with respect to any choice
of orthonormalized idempotents of Section 2.4, any oriented line ¢ in the complex plane of slope
¢ € |0; 27|, and a suitable order of canonical coordinates, the ¢-lexicographical one; see Section 2.5 for
details) was conjectured to be equal to the Gram matrix of the Grothendieck—Euler—Poincaré product

X(E,F):= Y (-1)"dim¢ Hom"(E, F), E,F € Ob(D"(X)),
i
associated with some exceptional collection €. For what concerns the central connection matrix C,
the original formulation of the conjecture did not completely identify its geometrical counterpart in
Db(X). The only observation appearing in [Dub98] is an ansatz for the general structure of the
central connection matrix, namely

C:C/'CH,

n the notations of [CDG17b], such a group would be denoted by Co(n, i1, R), where 1 denotes the Poincaré metric on
H*(X,C), u is the grading operator, and R denotes the endomorphism of H*®(X,C) of U-multiplication by ¢1(X).
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where C” is a matrix whose column entries are the components of the graded Chern character Ch(Ey)
of the objects of &, namely
rkE,
Ch(Ey) := Z exp(2midy ), d¢,;’s being the Chern roots of Ey,
h=1
and where C’ is a matrix only required to commute with the operator of classical U-multiplication
a(X)u(-): H*(X,C) —» H*(X,C).

1.1. Refinement of the conjecture. After the partial and incomplete formulation of the conjecture
in [Dub98], a crucial insight for its refinement was suggested by L. Katzarkov, M. Kontsevich and T.
Pantev in [KKP08]. In the context of a non-commutative Hodge theoretical extension of Homological
Mirror Symmetry, the authors of [KKPO0S8] firstly recognized in the entries of the central connection
matrix for Projective Spaces P¢ (briefly shown in [Dub98], without details about their computation)
the components of a characteristic class of P¢, obtained by applying the F. Hirzebruch’s construction
of multiplicative genera ([Hir78]) to the Taylor expansion of a I'-function (see below for more details).
The same characteristic class was the main ingredient used by Katzarkov, Kontsevich and Pantev
for defining a rational structure on the A-model nc-Hodge structure associated with a compact
symplectic manifold (X,w).

Recently, the necessity for a deeper understanding and refinement of the conjecture of [Dub98] has
increased. In such a direction, two main contributions require to be mentioned?.

(1) In [Dubl3], the second author suggested that the column entries of the central connection
matrix C' should be equal to the components of the characteristic classes

1
(2m)®
E; being objects of an exceptional collection.

(2) Almost contemporarily to [Dub13], in the papers [GGI16] and [GI15] S. Galkin, V. Golyshev
and H. Iritani proposed a set of conjectures, called I'-conjectures (I and II) describing the
exponential asymptotic behaviour of flat sections of the quantum connection (namely, the
extended deformed connection V defined on QH *(X) mentioned above). It is claimed that
I'-conjecture IT refines the conjecture of [Dub98], and it identifies the column entries of the
central connection matrix, defined as above, with the components of the characteristic classes

1
(2m)*

E; being objects of an exceptional collection.

I'; UCh(E;), d=dimcX, (1.6)

't UCh(E;), d=dimcX, (1.7)

Here, f)i( denote the characteristic classes® of X associated with the Taylor power series, centered at
t =0, of the functions I'(1 & ¢) through the construction described by F. Hirzebruch ([Hir78]):
dimg X
Iy = I'(1+4;), 0, are the Chern roots of T'X,
j=1

F(l—t):exlo{'yt—l—z:C(nn)t"}:1_|_»yt_|_...7
n=2

In the very recent and interesting paper [TV18], it is proved that the I'-classes prescribe the leading terms of the
asymptotic expansions of solutions of the equivariant quantum differential equations for the cotangent bundles of partial
flag varieties. We believe that further investigations are needed for connecting the results of the present work with the
ones presented in [T'V18] in the equivariant case. See also Remark 5.6.

3Cu]riously enough, when we started to address the problem of looking for the compatibility of both proposals in
[Dub13],[GGI16, GI15], we were further confused by an evident typo in [KKPO08]. In the last sentence of the proof of
Proposition 3.1, the series defining the I'-class is said to be the Taylor series of I'(1 + t), although in the rhs of the
subsequent formula it appears the Taylor series of I'(1 — ¢t).
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where v denotes the Fuler—-Mascheroni constant, and ¢ the Riemann zeta function. As observed
in [KKP08] (see Remark 3.3 of loc. cit.), the ['*-classes (and/or their U-multiplicative inverses)
previously appeared in the literature in several contexts such as in the work [Kon99] on deformation
quantization, in mirror symmetry for Calabi-Yau varieties [1.ib99], in the description of the nc-motives
of the Landau—Ginzburg model of a toric Fano [Gol01, Gol07]. Furthermore, the I'-characteristic class
of X naturally appears in the study of the S'-equivariant geometry of the free loop space £X, and
consequently in Givental’s equivariant Floer Theory (see [Lu08], [Iri09], [Giv95] and [GI15]).

Our explicit computations for the simple case of G(2,4), described in Section 6 of [CDG17b],
suggested that both proposals of the conjecture formulated in [Dub13] and [GGI16, GI15] require
some refinements and/or clarifications, at least as far as the central connection matrix C' is concerned.
Indeed, Theorem 6.2 of [CDG17b] proves that the central connection matrix for G(2,4) can be of
both forms (1.6) and (1.7), which belong to the same Cy(G(2,4))-orbit, if computed with respect to
two different solutions Yy(z,u) in Levelt form (1.2) at z = 0, related by the action (1.5), none of the
two coinciding with the topological-enumerative one®.

In this paper, strong evidences are given in favor of the following general conjecture, which refines
the last part of the conjecture in [Dub98], and which we prove for G(r, k).

Conjecture 1.1 (cf. Conjecture 5.2). Let X be a smooth Fano variety of Hodge—Tate type, i.e. for
which®
(X)) =0, ifp#q.

(1) The quantum cohomology QH®(X) is semisimple if and only if there exists a full exceptional
collection in the derived category of coherent sheaves D°(X).

(2) If QH®(X) is semisimple, then for any oriented line ¢ (of slope ¢ € [0;27[) in the complex
plane there is a correspondence between (-chambers of QH®(X) and founded helices, i.e.
helices with a marked foundation &, = (Ey, ..., E,) in the derived category D’(X).

(8) The monodromy data of the system (1.1), computed in a C-chamber y, being (u, ..., u)
in the lexicographical order, are related to the following geometric data of the corresponding
exceptional collection € = (E,...,E,) (the marked foundation):

(a) the Stokes matriz is equal to the inverse of the Gram matriz of the Grothendieck—
Poincaré—Euler product on Ko(X)c := Ko(X) ®zC, computed with respect to the excep-
tional basis ([Es]),

(b) the Central Connection matriz C, defined by Yrignt(z,u) = Yiop(2z,u)C, coincides with
the matriz associated with the C-linear morphism

d
Iy : Ko(X)c — H*(X,C): E — ﬁf} U exp(—icy (X)) U Ch(E),
)2
where d = dime X, and d is the residue class d (mod 2). The matriz is computed with
respect to the exceptional basis ([E;])7_, and any pre-fized basis (Ty,)2%_, in cohomology
(see Section 2.1).

In Section 5 we also show that the identifications between the monodromy data and the geometry
of the derived category can be further enriched, according to the following result.

4This will be proved to hold true for any even dimensional smooth projective variety X. For odd dimensional varieties
one has an extra factor v/—1. See point (1) of Theorem 1.3 below.

5Here hP4(X) := dimc H1(X, Qg()7 with QZ;( the sheaf of holomorphic p-forms on X, denotes the (p, ¢)-Hodge number
of X.
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Theorem 1.2 (cf. Theorem 5.9). Let X be a smooth Fano variety of Hodge—Tate type for which Con-
jecture 1.1 holds true. Then, all admissible operations with the monodromy data have a geometrical
counterpart in the derived category D°(X), as summarized in Table 1 at the end of this Introduction.
In particular, we have the following:

(1)
(2)

(3)

(4)

Mutations of the monodromy data (S,C) (see Def. 2.33) correspond to mutations of the
exceptional basis (see Def. 3.14).

Different choices of branches of the square roots in (1.3), and hence of the V-matriz, corre-
spond to shifts of objects of the exceptional collections. This reflects on an action of (Z/27Z)™
on the objects of the exceptional basis.

The monodromy data (S, C’(’“)) computed with respect to other fundamental matrixz solutions

}/lgf?/right of system (1.1), having the prescribed asymptotic expansion in rotated sectors

k T
}/i((eft)/right(z’t) ~ vaormal(zvt)a Z € 62 kHleft/right(¢)v |Z| — 00, ke Za

uniformly in t, are associated as in points (3a)-(3b) of Conjecture 1.1, with different foun-
dations of the heliz, related to the marked one by an iterated application of the Serre functor
(wx ® —)[dim¢ X]: D*(X) — Db(X).

The group Co(X) is isomorphic to a subgroup of the identity component of the isometry group
Isomg (Ko (X)c, x): more precisely, the morphism

Co(X) — Tsome(Ko(X)c, x)o: A () o Ao Iy

defines a monomorphism. In particular, Co(X) is abelian.

Let us briefly summarize and clarify the exact relationships of I'-conjecture II of S. Galkin, V.
Golyshev and H. Iritani ([GGI16, GI15]) with our Conjecture 1.1. As mentioned above, the proposed
formula (1.7) cannot be a compatible refinement of the original conjecture of [Dub98], essentially due
to several different choices of normalizations, done in [GGI16], not completely standard in the theory
of Frobenius manifolds. Let us underline the main differences:

(1)

(2)

in [GGIL6] another (flat) extended deformed connection, that we denote VECI, is consid-
ered on the Frobenius structure QH®(X) (see Section 5.6 for the precise definition). This
connection can be identified with ¥ only up to an identification of the spectral parameters®
A=z

Despite this possible identification, the differential-geometrical meaning of the isomonodromic
problem attached to QH*(X) in [GGI16, GI15] is different from ours: it is defined as a flatness
condition for a wvector field rather than for a differential form (the differential of a deformed
flat coordinate). This implies that the isomonodromic system discussed in [GGI16, GI15]
can be identified with the differential system (1.1) above only up to an identification of the
spectral parameters given by

A =eFmiyL (1.8)

6 We denote by z and A our spectral parameter and the one in [GGI16], respectively.
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More precisely, the equation (5.7) 7

Vacy et _
BN

is identified via (1.8) with the equation
AW -YEC) =0,
with 9
y GG _ (yGGLay  yGGI _ Ny GGLa 9 o posmore(x
(G0 YO = IO S € X TQH (X)),

where 7: C* x QH*(X) — QH*(X).

(3) Furthermore, the solution Y;$%'(\) with respect to which the central connection matrix
is computed in [GGI16, GI15] is analogous to our topological-enumerative solution, but it
does not coincide with its specialization under the identification (1.8). Namely, the solution
Y.SGL()) is in a different Levelt form, at 0 € QH®(X) being equal to

top
thglg}l()\) _ @top(_)\_lv O)A—;L)\cl(X)U_
= @top(_/\*l7 O)eﬂFiW gheTimen(X) —p p,—(er(X)U—)

polynomial in z

In particular, notice that the exponent —(c;(X)U) has exactly the opposite sign of the “nat-
ural” one appearing in (1.4), usually considered for any good Frobenius manifolds and which,
in the case of quantum cohomologies, comes from the classical limit point (see Proposition
2.2 and Corollary 2.1 of [Dub99] and Remark 2.12).

By keeping track of all these discrepancies, in Section 5.6 we give detailed proves of the following
results.

Theorem 1.3 (cf. Proposition 5.18 and Theorem 5.19). Let X be a smooth projective variety of
Hodge—Tate type for which point (3.b) of Conjecture 1.1 holds true. Namely, let the central connection
matriz C (computed with respect to some choice of the V-matriz and of an oriented line £) be the
matriz associated with the morphism Iy, and some exceptional collection € = (E1,...,E,). Then:

(1) There exist matrices Ay € Co(X) such that the central connection matriz computed with
respect to the solution Yiop, A+ (and with respect to the same choices of U and £) has as
columns the components of the characteristic classes

‘d
VA ~
——T% UCh(E)).
71X UCH(ED
In particular, if X has even dimension d, the central connection matriz can be put in both of
the forms (1.6)-(1.7), i.e. the ones predicted by [Dubl3] and by T'-conjecture II.

(2) The validity of point (3.b) of Conjecture 1.1 is equivalent to T'-conjecture 11 for the system
VESly =,
X

considered in [GGI16]. More precisely, through the identification (1.8), the central connection
matriz CSCL, computed with respect to the same choice of the V-matriz and of the oriented

"For the convenience of the reader, when we discuss the relationship of our results with those of [GGI16, GI15], if we
want to keep the notations of S. Galkin, V. Golyshev and H. Iritani, not always coinciding with ours, we use an upper-
script GGI. So, e.g. the matrix YGC! has as columns the components of vector fields with respect to the coordinated
vectors 6%’ whereas the column-entries of our matrix Y are always intended to be components with respect to the
orthonormalized idempotent vectors (see Section 2.4)

(ﬁ_zyéa
K Au; Ou; Ou;
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line £, and with respect to the analogue of the topological solution Ytgfl

Levelt form) has as columns the components of the characteristic classes
Ef, ifx=emiz1

(M) (not in natural

1 -~
—— T} UCKh(E;), Ej:= ,
(271')2 K:—l(E,Zk)’ Zf/\ — 6—7712,—1

where € = (E*

.., ET) denotes the geometrical dual exceptional collection,

E,;k = R%WZDX (E'L'a 0X)7

and k := (— @ wx)[dim¢ X] denotes the Serre functor.

1.2. Results for complex Projective Spaces. In Section 6, we focus on the case of complex
Projective Spaces ]P’(’ffl. There we prove the validity of Conjecture 1.1, we explicitly compute the
central connection matrix at points of the small quantum cohomology, and we carry out a detailed
analysis of the braid group action on the monodromy data and on the corresponding exceptional
collections. In particular we complete the study initiated by the third author in [Guz99], where point
(3a) of Conjecture 1.1 was proved. Let us summarize the main results obtained.

Theorem 1.4 (c¢f. Theorem 6.7, Corollary 6.11). Conjecture 1.1 is true for all complex Projective
Spaces P(]éfl, k > 2. More precisely, the central connection matrixz computed at 0 € QH‘(IP’f;l) with
respect to an oriented line £ of slope ¢ €]0; 7| coincides with the matriz associated with the morphism

Ty Ko(PEi 1) — H*(PE1 C)

computed with respect to the exceptional bases obtained by projecting on the Kg-group suitable shifts
of the following exceptional collections:

CASE k EVEN:
(O (;),/\1T<§—1>,(’)<§+1>,/\3T(§—2),...,(9(k—1),/\k1T>;

CASE k ODD:

(0(’“;1>,o(k;1>,/\27<k2_3>,0<k2+3>,/\47(k;5),...,O(k—1),/\k_1’r).

Here, we denote by O and T the structural and the tangent sheaf of Péfl respectively, and more in
general by N\ T(q) the tensor product
(A7) @0

To the best of our knowledge, the above result is the first explicit description of the exceptional
collections that actually arise from the numerical values of the monodromy data as described by the
original conjecture of [Dub98]. We remark that the exceptional collections appearing in Theorem 1.4
are in the same By-orbit of the Beilinson exceptional collection B := (O,...,O(k — 1)). Hence, it
is worthwhile to understand for which Projective Spaces there exists suitable choices of signs for the
U-matrix, and oriented lines ¢ for which the monodromy data computed along the small quantum
locus H 2(IP’(’§:71, C) are associated with the Beilinson exceptional collection 8. The following result
gives us the answer.
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Theorem 1.5 (cf. Theorem 6.12, Corollary 6.16). The Beilinson exceptional collection B is associ-

ated with the monodromy data computed in a chamber of the small quantum cohomology if and only
ifk=2,3.

Potentially, Theorem 1.4 can give us information about some region of the big quantum cohomology
of complex Projective Spaces: if we were able to solve the Riemann—-Hilbert problem associated with
the monodromy data corresponding to 9B, this could lead us to an explicit representation of the
analytic continuation of the genus 0 Gromov—Witten potential of Pé_l.

In order to prove Theorem 1.5, a careful analysis of the hidden symmetries of the Stokes phenome-
non is carried on. By using symmetries of the regular polygons (which represent the spectrum of the
operator U along the small quantum locus), and studying properties of all Stokes factors computed
in [Guz99], we obtain the following result.

Theorem 1.6 (cf. Theorem 6.15). The monodromy data computed at any point of the small quantum
cohomology of ]P’(]é_l with k > 2, with respect to any choice of an oriented line £, are obtained from
those computed at 0 € QH'(IP(]E_l) with respect to a line of slope ¢ €|0; L[ by acting with a braid of
the form
W1, kW2 kW1, kW2 E - - -
where®
o if k is even we set

k k1
IT Bicvir wor =[] Bicrai
i—2 im

W1k =
=3
i even i odd
o if k is odd we set
k k—1
Wik = H Bi—14, wak = H [B—n 5
i=3 i=2

i odd i even

The corresponding exceptional collections are obtained (up to shifts) by acting with the above braids
on the collections of Theorem 1.4.
Moreover, if we denote by Spr—1(p, ¢) the Stokes matriz computed at a point p € HQ(}P’ffl, C), with
(o}

respect to a line £(¢) of slope ¢ € R, and in the L-lexicographical order, then the following facts hold.
(1) If o denotes the generator of Hz(]P’(’éfl, C), then the Stokes matriz SPé—l(tU, @), with t € C,
is a function of Tm(t) + k¢. We will write this as
SIPE—I(tJ, @) = S]P,;gﬂ(lm(t) + ko), teC.

(2) The Stokes matrix satisfies the quasi-periodicity condition

271
S]P‘g—l(pa }) ~ Spg—l (pa o+ k) )

where A ~ B means that the matrices A, B are in the same (Z/2Z)"-orbit.
(8) The entries

Iy
S]P,k71(p, ¢)j7j+1 and S]P,k—l (p,¢+ )
c c k /..
J,i+1
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differ by some signs for all p € HQ(]P’(’Efl, C), ¢ R and for any j =1,...k—1. In particular,
the (k — 1)-tuple

(‘SP’E’l(p7¢)l,2 S]P,;Ccfl(p7¢)2,3

does mot depend on p and ¢, and it is equal to
k k
o \e_1) )

Finally, we also obtained some results concerning the group CO(]P’("é_l)7 refining point (3) of Theorem
1.2.

5 P

St (. D)1,

Theorem 1.7 (cf. Theorem 6.3, Corollary 6.4). Let for brevity P := ]P’(’é_l. The group Co(P) is an
abelian unipotent algebraic group of dimension [g] In particular, the exponential map defines an
isomorphism
CG(P)=Ca---aC.
—_———
[£] copies

With respect to the basis (1,0,...,0*~1) of H*(P,C), the group Co(P) is described as follows

k—1
CQ(P) =< Ce GL(k,(C) C = ZaiJi, ag =1, 2a9, + Z (—1)iaiaj =0, 2<2n<k-—1,,
i=0 itj=2m

1<ij
where the matriz J; is defined by
(Ji)ab = ia—b-
In particular, Co(P) is isomorphic to the identity component of the isometry group Isome (Ko (P)c, X)-

1.3. Results for complex Grassmannians. As an application of the abelian-nonabelian corre-
spondence, described for the specific case of complex Grassmannians in Sections 7.1 for classical
cohomology and in Section 7.2 for the quantum cohomology, in Section 7.3 we explicitly compute the
monodromy data of QH®(G(r, k)) at points of the small quantum cohomology, deducing them from
the corresponding monodromy data for the Projective Space P(’é_l. Notice that for almost complex
Grassmannians G(r, k), the points of their small quantum cohomologies are semisimple coalescence
points (i.e. points at which the Frobenius algebra is semisimple but with some coalescing canonical
coordinates u;’s; see [Cot16]). At these points of the Frobenius manifold, the monodromy data are
still well defined, and locally constant, thanks to the main results of [CDG17a] and [CDG17h].

In the following statement, we denote by A" A the r-th exterior power of a matrix A € Mj(C)
(also called r-th compound matriz of A), namely the matrix of all  x r minors of A, ordered in the
lexicographical order. Let us summarize the main results.

Theorem 1.8 (cf. Theorem 7.17, Corollary 7.13, Theorem 7.24). Let ¢ be an oriented line of slope
¢ €]0; £, admissible’ at both points

p = toy € H*(G(r,k),C) and p:=(t+ (r— 1)mi)o € H*(PE™!,C),

8Here f3,_1,; denotes one of the generator of the braid group B;,. By identifying B, with the mapping class group of a
punctured disk (the punctures being the canonical coordinates u;’s), the element 3;_1 ; corresponds to the elementary
transformation given by a counterclockwise rotations of u;_1 wrt u;.
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o and o1 being the Schubert classes generating the second cohomology groups of P(]éfl and G(r, k)
respectively. For a suitable choice of signs of the W-matrices, the monodromy data of G(r,k) are
given by

T k T .
Seem®:8) = N\ Spe1(,8), Coppy =10 (N Cpas (8, 9) ) em =070,

In particular, Conjecture 1.1 holds true for the Grassmannian G(r,k). The exceptional collections
associated with the above monodromy data are (modulo shifts) in the B,,-orbit of the twisted Kapranov
exceptional collection

('8 ©.2),, Z:=det (/\25V> ,

where S* denotes the A-th Schur functor and S the tautological bundle on G(r,k). Furthermore, the
Stokes matriz satisfies the following conditions:

(1) it has the following functional form
Se(rk) (to1,¢) = Sg(rk) (Imt + ko);

(2) it is quasi-periodic along the small quantum locus, in the sense that

2mi
S(G(7',k) (pa ¢) ~ SG(T,k) (pa ¢+ k?) )

where A ~ B means that the matrices A and B are in the same orbit under the action of
k
(z/22));

(3) the upper-diagonal entries

i
Se(rk) (P 9)j+1.  SG(rk) <P, ¢+ k>
J,j+1
differ by some signs, and

60y e Bhgasal € { (1 )oeons (1) fU 01

Corollary 1.9 (cf. Corollary 7.25). The Kapranov exceptional collection (SPSY),, twisted by a
suitable line bundle, is associated with the monodromy data of G(r, k) at points of the small quantum
locus if and only if (r, k) = (1,2), (1, 3),(2,3). In this cases the line bundle is trivial and the Kapranov

collection coincides with the Beilinson one'°.

1.4. Plan of the paper. In Section 2 we recall basic notions in Gromov-Witten and quantum
cohomology theories for smooth projective varieties. We describe the Frobenius structure naturally
defined on QH*(X), and we briefly summarize the analytic theory of semisimple Frobenius manifolds,
their isomonodromic description and the main properties of their monodromy local invariants.

In Section 3, for completeness and convenience of the reader, we review the general theory of Helices
in triangulated categories as developed by the Moscow School of Algebraic Geometry (see [Rud90],
[GKO04]). We recall basic notions and properties of exceptional objects, exceptional collections and
more general semiorthogonal decomposition in a K-linear triangulated category 2, and we define their

9An oriented line ¢ will be said to be admissible at a point p € QH*®(X) if it does not contain any of the Stokes rays

ONotice that G(2,3) = P((C3)¥) 2 P2 by duality.
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mutations under the action of the braid group. After recalling the properties of admissibility of full
triangulated subcategories and of saturatedness of &, the problem of existence of Serre functors is
also discussed. We finally introduce the notions of dual exceptional collections and of heliz generated
by an exceptional collection.

In Section 4 we focus on unimodular Mukai lattice structures, introduced and studied by A.L. Goro-
dentsev ([Gor94b, Gor94al). Particular attention is given to the case of exceptional Mukai lattices,
i.e. those admitting an exceptional basis, an important example being furnished by the Grothendieck
group Ko(2) of a K-linear triangulated category Z admitting a full exceptional collection. The
mutations of exceptional bases under the action of the braid group, the canonical operator and the
isometry group Isom(V, (-, -)) are introduced and described. Furthemore, the complete isometric clas-
sification of Mukai spaces due to Gorodentsev is outlined (Theorem 4.22 and Theorem 4.23). We also
consider the geometrical case of the Grothendieck group of a smooth projective variety X admitting
a full exceptional collection in D?(X). We briefly recall that the existence of such a collection im-
plies a motivic decomposition of X, and hence strong constraints are deduced on its geometry and
topology. Finally, results on the isometric classification of the Grothendieck groups Ko (X ) ®z C with
non-degenerate Euler—Poincaré form are presented.

In Section 5 we review the original version of the conjecture of [Dub98]. This conjecture states
the equivalence of the condition of semisimplicity of the quantum cohomology of a Fano variety X
with the condition of existence of a full exceptional collection in D°(X), and it also prescribes the
monodromy data (5, C) in geometric terms with respect to the objects of the exceptional collection.
After reviewing the results available in the literature partially confirming the conjecture, we formulate
a refined and complete version of the conjecture (Conjecture 1.1/5.2), including a prescription also
for the central connection matrix C'. We also explain how heuristically the conjecture should follow
from M. Kontsevich’s proposal of Homological Mirror Symmetry. Finally, we describe the precise
relationships between Conjecture (5.2) with I-conjecture IT of S. Galkin, V. Golyshev and H. Iritani.

In Section 6 we prove validity of Conjecture 5.2 for all complex Projective Spaces }P’(]E_l. After
computing the topological-enumerative solution for the system of deformed flat coordinates, we show
that the group CO(IP’(’E_l), which describes the ambiguity in the choice of a solution in the Levelt form
at z = 0, is isomorphic to the identity component of the isometry group Isomgc(Ky (IP(IE*l), x(+,))o-
Hence, we compute the central connection matrix at the point 0 € QH*® (P(lé_l) w.r.t a line ¢ of slope
0 < ¢ < %. By completing the braid analysis developed in [Guz99], we recognize in the computed
monodromy data the geometric information, as prescribed by the Conjecture 5.2, associated with
an explicit mutations of the Beilinson exceptional collection (see Theorem 6.7 and Corollary 6.11).
After studying in detail the ¢-chamber decomposition along the small quantum locus, a property
of quasi-periodicity of Stokes matrix is shown (Theorem 6.15). From this property, we deduce that
the only Projective Space for which the monodromy data are the ones associated with the Beilinson
collection are IP’(IC and IP’% (Corollary 6.16). For all other Projective Spaces the data corresponding to
the Beilinson exceptional collection can be computed in chambers of the big quantum cohomology,
by means of the action of the braid group.

In Section 7, using the (Quantum) Abelian/Non-abelian correspondence of [BCFKO05, BCFKO8,
CFKSO08], we prove validity of Conjecture 1.1/5.2 for Grassmannians by using the results of the pre-
vious Section. In particular, we show that the monodromy data computed at the points of the small
quantum cohomology, with respect to an oriented line ¢ in the complex plane, are the prescribed
geometric data associated with an exceptional collection which can be mutated into the Kapranov
exceptional collection twisted by a line bundle (Theorem 7.17).

1.5. Acknowledgements. We would like to thank P. Belmans, M. Bertola, U. Bruzzo, S. Cecotti,
B. Fantechi, S. Galkin, V. Golyshev, V. Gorbounov, C. Hertling, H. Iritani, A. Its, M. Kontsevich,
C. Korff, C. Sabbah, F. Sala, M. Smirnov, J. Stoppa, I. Strachan, A. Varchenko, D. Yang for several
comments and very useful discussions. The first author is grateful to the Max-Planck-Institut fiir
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TABLE 1. Identifications enriching the Conjecture of [Dub98]

Frobenius Manifolds QH*(X)

|

Derived category D?(X)

|

Grothendieck group Ky (X)¢

|

Stokes matrix S

inverse of the Gram matrix
Gij = x(Ei, Ej)
for an exceptional basis ([E;]);

Central connection matrix C'

matrix associated with the morphism
Oy : Ko(X)c — H*(X,C)

action of the braid group
B,, on the monodromy data

action of B,, on
the set of exceptional collections

action of B,, on
exceptional bases

action of the group
(Z/2Z)*™ on the monodromy data

shifts of exceptional collections

projected shifts, i.e. change of signs,
of exceptional bases

action of the group
Co(X) on the monodromy data

action of a subgroup
of autoequivalences
Aut(D(X))
on the set of exceptional collections

action of a subgroup of
the identity component of
ISOm(C(KO (X)(C, X)
on the set of exceptional bases

complete ccw rotation of the line /£,
action of the generator of the center Z(1,),
action of the matrix My € Co(X),
My = exp(2mip) exp(2miR),
on the monodromy data

action of the Serre functor
(wx ® —)[dime X]
on the set of exceptional collections

action of the canonical operator
K: Ko(X)(c — Ko(X)(C
on the set of exceptional bases

SHILATIVA ONVA A0 ADOTOWOHOD WNINVND NI SHUNLONYLS XITHH

ar
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2. GROMOV-WITTEN THEORY AND QUANTUM COHOMOLOGY

2.1. Notations and preliminaries. Let X be a smooth projective complex variety. In order not
to deal with Frobenius superstructures, we will suppose'! that the variety X has vanishing odd
cohomology, i.e. H**1(X,C) = 0 for 0 < k. Let us fix a homogeneous basis (T7,...,Ty) of
H*(X,C) =, H*(X,C) such that

e T} =1 is the unity of the cohomology ring;

o Ty,...,T, span H*(X,C).
We will denote by n: H*(X,C) x H*(X,C) — C the Poincaré metric

w60 [ guc
and in particular

Nap ::/ TQUTﬂ.
X

If 3 € H2(X;Z)/torsion, we denote by M, (X, ) the Kontsevich-Manin moduli stack of n-
pointed, genus g stable maps with target X of degree 3, which parametrizes equivalence classes of
pairs ((Cy,x); f), where:

e (Cy,x) is an n-pointed algebraic curve of genus g, with at most nodal singularities and with
n marked points x = (z1,...,%,), and f: C; — X is a morphism such that f.[Cy] = 8. Two
pairs ((Cy,x); f) and ((Cy,x'); f') are defined to be equivalent if there exists a bianalytic
map ¢: Cy — Cf such that p(z;) = 2}, foralli =1,...,n, and f' = po f.

e The morphisms f are required to be stable: if f is constant on some irreducible component
of Cy, then that component as a pointed curve should admit only a finite number of auto-
morphisms (in other words, it must have at least 3 distinguished points, i.e. points that are
either nodes or marked ones).

We will denote by ev;: My ,(X,5) = X: ((Cy,%x); f) = f(z;) the naturally defined evaluation
map, and by ¢; € H%(M, (X, 3); Q) the Chern classes of tautological cotangent line bundles

Li= Myn(X,B),  Lil(cymp) = Ti,Cor 1= ca(Li).
Using the construction of [BF97] of a virtual fundamental class [Mg (X, 8)]"™ in the Chow ring

CHy( Mgy (X, B)), and of degree equal to the expected dimension

(My(X, B € CHp (WX, ). D= (1= g)(dime X =3) +n+ [ a(X)
B
a good theory of intersection is allowed on the Kontsevich-Manin moduli stack.
We can thus define the Gromov—Witten invariants (with descendants) of genus g, with n marked
points and of degree B of X as the integrals (whose values are rational numbers)

<Td1715-~'a7-dn7n>x, B /7 ev’f(’%)ud)gia (21)
o My (X BV 1;[1 '

vi € H*(X,C), d; €N, i=1,...,n.
Since by effectiveness (for an axiomatic treatment of the Gromov—Witten invariants we follow [Man99],
[KM94] and [CK99]) the integral is non-vanishing only for effective classes § € Eff(X) C Hy(X;Z),
the generating function of rational numbers (2.1), called total descendent potential (or also gravita-
tional Gromov-Witten potential, or even Free Energy) of genus g is defined as the formal series

o0 B
I, (7, Q) == Z Z F(’Y - "V>g,n’ﬁ’ (22)
n=0 BeEff(X) n times

Ty our purposes, this is not a restrictive condition, as the reader can see in Theorem 2.5.
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where we have introduced (infinitely many) coordinates t := (t*?), ,

'yzZta’prTa, a=1,...,N, peN,
a,p

and formal parameters

[ Lt

Q=@ - Q" ", Qs are elements of the Novikov ring A := ClQ2, ..., Q]

The free energy ]_-;( € Aft] can be seen as a function on the large phase-space, and restricting the
free energy to the small phase space (naturally identified with H*(X,C)),

N X
F‘;}X(l‘fl,o7 - 7{; 70) = f:q (t)|ta,p:07 p>0,
one obtains the generating function of the Gromov—Witten invariants of genus g.

2.2. Quantum cohomology and its semisimplicity. By the Divisor Axiom, the genus 0 Gromov—
Witten potential F;X(t), can be seen as an element of the ring C[t!, Qaet’, ..., Quet’ 1T+ . AN
in what follows we will be interested in cases in which F;® is the expansion of an analytic function,
ie.

E{’e(:{H,QQJQP..,Qrér¢r+ﬂ..th}.

Without loss of generality, we can put Q2 = - -+ = @, = 1, and F5*(¢) defines an analytic function in
an open neighborhood D C H*(X,C) of the point'?

t'=0, i=1,r+1,...,N, (2.3)

Ret! = —0o, i=2,...,r. (2.4)

The function F5¥ is a solution of WDVV equations (for a proof see [KM94], [Man99], [CK99]), and thus
it defines an analytic Frobenius manifold structure on D ([Dub92, Dub96, Dub98, Dub99, CDG17h]),
characterised by the following objects:
e the flat metric is given by the Poincaré metric 7;
e the unity vector field is Ty = 1, using the canonical identifications of tangent spaces with
cohomology
T,D = H*(X,C): O — Ty;

e the Euler vector field is
al 1
E:=c(X)+ ;_1 <1 ~3 degTQ) tT,. (2.5)

More precisely, by the Point Mapping Axiom, the Gromov—Witten potential can be decomposed into
a classical term and a quantum correction as follows

FOX (’7) = Fclassical + Fquantum (26)
0o N
1 1 o
= E/X’y?’—l-z Z ﬁ<7a"'77>§,k,ﬁa where*y:Zt T,. (2.7)
k=0 BeEff(X)\{0} & times a=1

Consequently, the product on the algebra (T, D, 0,) at a point p defined by
PEX

Too Ty=S" —2 0
°rth < DD o

n°Ts, peD, (2.8)
p

s

12This means that there exist two positive real numbers €, C' such that FOX (t) is convergent and analytic on the open
set

[t <e, i=1,7+1,...,N,

Ret' < —C, i=2,...,r
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defines a deformation of the classical cohomological U-product. The associativity of o, is equivalent
to validity of the WDVV equations

PBFE 10 PF K 10 D3FEX
oteotPoty ' otdote ot OtrotPoty ! Ao oteot’
and it is easily seen that

PEX
ototegrs 1P
the variable ¢! appearing only in the classical term of F;X. Hence, the resulting algebras (1,D,0,)
are Frobenius, in the sense of the following

Definition 2.1. Let K be a field'?, and let (4, *, 1) be a finite dimensional associative, commutative
and unital K-algebra, endowed with a non-degenerate symmetric bilinear form n: A x A — K. We
say that (A, x,1,n) defines a Frobenius algebra if the following conditions are satisfied

n(v*u,w) =nlv,uxw), u,v,we A.
Furthermore, the Gromov-Witten potential F;X satisfies also the quasi-homogeneity condition
LpF = (3 —dime X) - F;* plus at most quadratic terms.

Definition 2.2. The Frobenius manifold structure defined on the domain of convergence D of the
Gromov—Witten potential Fy¥, solution of the WDVV problem, is called Quantum Cohomology of
X, and denoted by QH*(X). By the expression small quantum cohomology of X (or small quantum
locus) we denote the Frobenius structure attached to points in DN H?(X,C). In case of convergence,
the potential F5* (and hence the whole Frobenius structure) can be maximally analytically continued
to an unramified covering of an open subdomain of H*(X,C). We refer to this global Frobenius
structure as the big quantum cohomology of X, and it will be still denoted by QH*(X).

Although no general results guarantee the convergence of the Gromov—Witten potential F5* for a
generic smooth projective variety X, for some classes of varieties it is known that the sum defining
F$X at points of the small quantum cohomology (at which ¢! = ¢"*1 = ... = ¥ = () is finite. This
is the case for

e Fano varieties,
e varieties admitting a transitive action of a semisimple Lie group.

For the proof see [CK99]. Notice that for these varieties the small quantum locus coincides with the
whole space H2(X,C). Conjecturally, for Calabi-Yau manifolds the series defining F5* is convergent
in a neighborhood of the classical limit point (see [CK99], [KM94]).

Remark 2.3. In literature, the name small quantum cohomology of X is usually reserved to the family
of Frobenius algebras parametrized either by points of H?(X,C)/(2miH?*(X,Z)), or by points of
H?(X,C), through the uniformization ¢; = exp(¢*). In this paper we adopt the second convention,
since we want to develop a detailed analysis on the dependence of a set of local invariants of the
Frobenius manifold structure (the so called monodromy data) on the parameters t'’s. See for example
Section 6.8 and Section 7.7.

In this paper we will focus on smooth projective varieties X whose (big) quantum cohomology is
a semisimple Frobenius manifold.

Definition 2.4. A smooth projective variety X admits semisimple quantum cohomology if there
exists an open dense subset of points p € QH*(X) at which the associated algebra (T,QH*(X),0,)
satisfies the following equivalent conditions:

(1) it is semisimple,

(2) it has vanishing Jacobson ideal,

(3) it is without nilpotents,

13We are interested in the case K = C.
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(4) it is isomorphic as C-algebra to CV (with component-wise multiplication).

A point p € QH*(X) whose associated Frobenius algebra is semisimple will be called a semisimple
point, for short.

Notice that the classical Frobenius cohomological algebra (H*(X, C),U), corresponding to the limit
point (2.3)-(2.4), is not semisimple, if dim X # 0, since it clearly contains nilpotent elements. By
quantum deformation of the U-product, it may happen that the semisimplicity condition is satisfied.
The problem of characterizing smooth projective varieties with semisimple quantum cohomology is far
from being solved. The following result shows that the assumption on X considered above, of having
odd-vanishing cohomology H°d4(X,C) 22 0, is a necessary condition in order to have semisimplicity
of the quantum cohomology QH*(X).

Theorem 2.5 ([HMT09]). If X is a smooth projective variety whose quantum cohomology QH®(X)
is a semisimple analytic Frobenius manifold, then X is of Hodge—Tate type'*, i.e.

hP(X) =0, ifp#aq
In particular, X is with odd-vanishing cohomology.

For some classes of varieties, such as some Fano threefolds [Cio04], toric varieties [Iri07], and some
homogeneous spaces [CMP10], it has been proved that points of the small quantum cohomology are all
semisimple. Ordinary complex Grassmannians are among these varieties. More general homogeneous
spaces may have non-semisimple small quantum cohomology ([CMP10], [CP11], [GMS15]). Some
sufficient conditions for other Fano varieties are given in [Perl4].

Remark 2.6. Remarkably, under the assumptions of convergence of the genus 0 Gromov—Witten
potential F¥ and semisimplicity of the quantum cohomology QH®(X), it can be shown ([CI15]) that
there exist two real positive constants C, e such that, for any g > 0, the power series (2.2) defining
the genus g total descendant potential ]—"gX is convergent on the infinite-dimensional polydisc

|ta,p|<5% fora=1,...,N,and p € N,

|Qi| <e fori=2,...,m.

2.3. Extended deformed connection and topological solution. The study and the classification
of semisimple Frobenius manifolds have been introduced and extensively developed in [Dub96, Dub98,
Dub99] and further refined in [CDG17b]. One of the main objects catching the main properties of
the general theory of Frobenius manifolds is the so called extended deformed connection V. Starting
from the flat Levi-Civita connection V of the metric 1 defined on the holomorphic tangent bundle
TQH®*(X), whose flat coordinates are (t*)2_,, let us define the family of connections V(*), with
z € C, as follows

VAY :=V,Y 4220V, (2.9)
for any vector fields Y, Z. The associativity of the quantum product together with the fact that the
quantum product is induced by the potential F;* through equation (2.8) are equivalent to the flatness
of the connections V) for any z € C. The family {V(z)}zem ca be further rigidified into a unique
connection V defined on the pull-backed bundle 7*TQH?® (X), where m: C* x QH®*(X) —» QH*(X)
is the canonical projection. Let us introduce the (1,1)-tensors U, pn € T(End(TQH*(X))) defined by

o 2—dim(cX

UY):=FEoY, plY): 5

Y —VyE, Y eDl(TQH*(X)), (2.10)

14Here, hP4(X) denotes the (p,q)-Hodge number of X, namely
hP9(X) := dimg¢ HY(X,Q%),

where Qg( is the sheaf of holomorphic p-forms on X.
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and let us pull-back on 7*TQH?®(X) all the tensors n,U, 1, and denote them by the same symbols.
The Levi-Civita connection V can be lifted on 7*TQH*(X) in such a way that
Vo, Y =0

for any section Y of the inverse image sheaf 7717, where 7 := I'(—, TQH® (X)) is the tangent sheaf
of QH*(X). Thus, we can define the extended deformed connection V as follows

VY :=V,Y +2Z0Y,
_ 1
Vo.Y : = VoY +UY) = Zu(Y),

for any section Y of the pull-back sheaf 7*.7. Remarkably, the whole connection v is flat ( see
[Dub96, Dub99, CDG17b]). This implies existence of functions ¢t = #(t,z), called deformed flat
coordinates, such that

PN 0

Vdt =0, d:= —dt®.
Given independent functions (¢, ...,#") as above, we have a system of V-flat coordinates (2,11, ..., tN)

on the product C* x QH*(X). The V-flatness condition can be rewritten in terms of the n-gradients
as follows

D¢ = 2CaC, (2.11)
0.¢ = <u " iu) ¢, (2.12)

where we set

ot
_ _ 1 NN\T a _ af YV
(Ca)g_czéﬁv C_(Caac ) I C _77 8t5

Notice that, because of the commutativity of the Frobenius algebras, and the compatibility of the
product with the metric 7, the following properties hold for the operators U, i appearing in equation
(2.12):

Utn=nd, p"n+nu=0.

N

Furthermore, in flat coordinates (t*);_; of V, the (1,1)-tensor y is in diagonal form

. 1 .
M:dlag(ula"'auN)a Mazi(degTa_dlmCX)‘
In order to describe fundamental solutions of the differential system (2.11)-(2.12) let us introduce the
following definitions. Let (V. 7, 1) be the datum of

(1) a N-dimensional complex vector space V,
(2) a symmetric non-degenerate bilinear form n: V x V — C,
(3) a diagonalizable endomorphism g € End(V) which is n-antisymmetric

n(pa,b) +n(a,ub) =0, for all a,b e V.
Definition 2.7 ([Dub99, Dub04]). Let (V,n,u) as above. An endomorphism A € End(V) is u-

nilpotent if

AV, C @ Vipatm for any po € spec(p),
m>1

and where we introduced the family (Vy)aec of subspaces of V' defined by
Vyi={veV:u) =v}.
In particular such an operator is nilpotent in the usual sense. A p-nilpotent operator A can be

uniquely decomposed in components A, € End(V), k > 1, such that

AV, C Vi for any pe € spec(p), A= ZA’“'
k>1
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Definition 2.8 ([Dub99, CDG17b]). Let (V,n, 1) as above. Let us define on V' a new non-degenerate
bilinear form {-,-} by the equation

{a,b} =17 (e”“a, b) , foralla,beV.

We define the (1, u)-parabolic orthogonal group, denoted by G(n, u), as the complex Lie group of all
{-, - }-isometries G € GL(V) of the form

Gz]lv+A

with A a p-nilpotent operator. Its Lie algebra g(n, 1) coincides with the set of all y-nilpotent operators
R which are also {-, -}-skew-symmetric in the sense that

{Rz,y} + {z, Ry} = 0.
In particular, any such operator R commutes with the operator 2™,

Definition 2.9. If (Vi,71,p1) and (Va, 19, u2) are two triples satisfying the properties (1),(2),(3)
above, we call a morphism of triples f: (Vi,n1, 1) — (Va,n2, te) the datum of a linear morphism
f: Vi — Vo compatible with both the metrics and the operators p’s in the following sense:

771(3779) :772(f(x)7f(y))v z,y € V1,

fopr=paof.

The notion of isomorphism of triples naturally follows.

Given a smooth projective complex variety X, we can canonically associate an isomorphism class
of triples [(V,n, )] to its quantum cohomology QH*®(X). Such a class is called spectrum of QH®*(X)
in the terminology of Frobenius manifolds theory (see [Dub99, Dub04, CDG17b]). At each point
p € QH*(X), we have a triple (T,QH*(X),n,, 1tp) satisfying all the properties above. All these
triples are (non-canonically) isomorphic. Indeed, using the Levi-Civita connection V, we can identify
all tangent spaces T,QH*(X) by parallel transport. Such an identification is not canonical, since it
depends on the paths connecting two points.

Definition 2.10 ([Dub99, CDG17b]). Let X be a smooth projective complex variety, and let
[(V,n, )] be the spectrum of QH*(X). By abuse of notation, we will denote the group of orthog-
onal parabolic operators associated with (V,n,u) (and its Lie algebra) simply by G(X) (by g(X),
respectively).

Theorem 2.11 ([Dub96, Dub99, CDG17b]). Let X be a smooth projective variety, for which the
Gromov-Witten potential F5< is convergent, and whose quantum cohomology QH®(X) is not neces-
sarily semisimple.
(1) The differential system (2.11)-(2.12) admits analytic fundamental matriz solutions of the form
Z(t,z) = B(t, 2) 2" 2%,
where
D(t,2) = Z@k(t)zk, Bo=1, O, —2)"nd(t,2) =1,
keN
and where the matriz R independent of t is the matriz associated with an endomorphism in
9(X) and computed with respect to the basis (T,)N_; of H*(X,C). A solution of such a form
will be said to be in Levelt form at z = 0. The series ® converges in C, because z = 0 is a
Fuchsian singularity of the system (2.12).
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(2) Solutions of (2.11)-(2.12) in Levelt form at z = 0 are not unique. Given two of them

Z(t,2) = B(t, 2)z"2%,  Z(t,2) = B¢, 2)2" 2",

there exists a unique matriz G associated with an endomorphism in G(X) (and with respect
to the fized basis (To)N_, ) such that

Z(t,z) =Z(t,2) - G,
R=G ' R-G, ®(tz) =d(z2)- Paz),
where
Po(z):=2*-G-z7#
=1+ 241 +22A0+ ... (finite sum),

the matrices (Ag)r>1 being the components of (G — 1).
(8) The operator of classical U-multiplication
a(X)u(-): H*(X,C) —» H*(X,C)

is a p-nilpotent, {-,-}-skew-symmetric endomorphism, i.e. an element of g(X).

Remark 2.12. The choice of the exponent R as in point (3) of Theorem 2.11 is a canonical one,
naturally induced by the reduction of system (2.11)-(2.12) at the classical limit point (2.3)-(2.4). Tt
is a general feature of all good Frobenius manifolds, i.e. with good analytical properties in the sense
of [Dub96, Dub99], namely whose potential F'(¢) is an analytic perturbation of a cubic term

1
P(t) = —capt™t°t + > A o(t") exp(k-t'),
6
k,£>0
where k, ¢ are multi-indices, and the coordinates (t*))_, are subdivided in two classes (¢',¢”) with
degt’ = 0 and degt” # 0, the degree of the coordinate ¢’ being defined as the constant (1 — gg) in

the expression for the Euler vector field
E = 20;((1 — qu)t* +74) %, ro 7 0 only if g, = 1.

Under the assumption of convergence of the Gromov-Witten potential, quantum cohomologies of
smooth projective varieties are within this class of Frobenius manifolds, as it is manifested from
the structure of the Gromov—Witten potential (see equations (2.5), (2.6)-(2.7)). For this class of
Frobenius manifolds it can be shown that the exponent R of point (3) in Theorem 2.11 can be chosen
to be the limit U of the tensor U at the classical point

Re(t') = —oo, t"=0.
Sometimes, we will refer to such a choice of Levelt form as the natural Levelt form.

Definition 2.13 ([CDG17b]). Let X be a smooth projective variety. We define the group Co(X) as
the isotropy subgroup of the operator ¢;(X) U (—) € End(H*(X,C)) under the adjoint action

Ad: G(X) = Aut(g(X)): G— G- (—)- G~
In the notations of the paper [CDG17b], such a group is denoted by Co(n, u, ¢1(X) U (—)).

It is clear from Theorem 2.11 that, even for a fixed R, solutions in Levelt form at z = 0 are not
unique, having a freedom in choice of the series ®.
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Corollary 2.14 ([CDG17b]). Under the same assumptions of Theorem 2.11, solutions of the differ-
ential system (2.11)-(2.12) in Levelt form at z = 0, and with specified exponent R = ¢ (X)U (—), are
not unique. They are parametrized by the group Co(X): given two of them,

Z(t,2) = B(t, 2)z*2%,  Z(t,2) = B(t, 2)2" 2",

there exists a unique element G € Co(X) such that

or equivalently _
D(t,z) = O(t, 2) - Pa(z),
where Pg(z) :=zH -G - 27+

This freedom in the choice of solutions in Levelt forms at z = 0 is a typical phenomenon of
all resonant Frobenius manifolds'® (see [CDG17b]). Although quantum cohomologies are Frobenius
manifolds of this type, the following result shows that in this enumerative-geometrical case a canonical
choice can be done.

Proposition 2.15 ([Dub96, Dub99, CDG17b], [GGIL6]). For any smooth projective variety X, the
system of differential equation (2.11)-(2.12) admits the following solution

ZtOP(z t) = ®t0p(z t) . Z”zcl(X)U(—)

Otop(2,1)] —57+Z >y “"ﬁ"‘-tal...t“k-z"“,

k,n=0 BEEMF(X) 1,...,00k
k

)\knﬁa. Zne'y/ c1(L£1)" U eviTh U evsTe UHe UiyoTa;,
(Mo, kt2(X,B)]virt j=1

whose coefficients are Gromov—Witten invariants of X with gravitational descendants. Furthermore,
if X is a Fano manifold, among all solutions

d(t, z)z“zcl(x)u(_)

in Levelt form at z = 0, the topological-enumerative solution above is the unique one for which the
product

H(t,z) = 27" ®(t, 2)z"
computed at points of the small quantum cohomology (i.e. t* =0 unlessi=2,...7),

-7}

2.4. Idempotent vielbein and V-matrix. Let us introduce the following definition.

(1) is holomorphic at z =0,
(2) and moreover

Definition 2.16. The bifurcation set Bx C QH®(X) is defined as the set of points at which the
spectrum of U (p), i.e. the operator of quantum multiplication by the Euler vector field (see equation
(2.10)), is not simple. The caustic Kx is defined as the set of points p € QH®*(X) at which the
associated Frobenius algebra is not semisimple.

15A Frobenius manifold is called resonant if there exist at least two eigenvalues of p whose difference is a non-zero
integer.
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Theorem 2.17 ([Dub92, Dub96, Dub99, CDG17b]). Let 2 C QH®*(X) \ Kx be a simply connected

open set. It is possible to label the eigenvalues {ui}fv:l of U(p) at any p € Q in such a way that an
N-tuple (uq,...,un) of single-valued and holomorphic functions is well-defined on . Furthermore,
such functions can be used as a system of local coordinates (called canonical) on Q: at any p € Q the

N
coordinate vector fields {%} coincide with the idempotents vector fields of the Frobenius algebra
i)i=1
(Tp2, 0p,1p), t.e.

0 0 0 g 0
= 055> v | T ) B
aui ° 8Ui J Bui " (8’(1,1 8uj> Zf’L 7& J
Definition 2.18. Let Q@ C QH*(X) \ Kx be a simply connected open subset on which an ordering
of canonical coordinates (uq,...,uy) has been fixed. Let us define at any point p € Q a system of
normalized idempotent vector fields
1 0
filp = ——— , i=1,...,N, (2.13)
P

F) P 2 (91,61

where a determination of the square roots has been chosen in such a way that f; are (necessarily
single-valued and) holomorphic on Q. We define on Q the matrix ¥ through the equation

0
@ = Z\Ijiafi-

2.5. Monodromy data as local moduli. Once an ordering of canonical coordinates and a deter-
mination of the matrix ¥ has been fixed on a simply-connected open subset Q C QH*(X) \ Kx, the
system (2.11)-(2.12) can be rewritten in the idempotent vielbein. If Y := ¥Z, then we have

d.Y = (U + iv) Y, (2.15)

where 0; := aiw, (E)nk = 6indix, Vi := 0,0 - U1 U := diag(uy, ..., uy) with u; := u;(p), p € Q, and
V := .y ¥~ The general theory developed in [Dub96, Dub98, Dub99], extended and refined in
[CDG17a, CDG17b], provides local invariants of the Frobenius structure defined on Q H*(X) through
the study of the monodromy of (2.12), or equivalently (2.15).

Since at z = oo the system (2.12) admits an irregular singularity (a singularity of second kind), in
order to describe the Stokes phenomenon let us fix an oriented line ¢ in the complex plane. We recall
the following definitions, following the general description given in [CDG17b].

Definition 2.19. An oriented line ¢ in the complex plane will be said to be admissible at a point
p € QH*(X) if £ does not contain any Stokes ray at p, i.e. any ray

An open connected component of the set of points p € QH®(X) satisfying

(1) the canonical coordinates (u;(p))XY.; are pairwise distinct,
(2) the line ¢ is admissible at p.

will be called an ¢-chamber, and will be denoted by €.

Remark 2.20. Note that the definition above is well-posed since it does not depend on the choice
either of the order of canonical coordinates or of a branch of the WU-matrix. The topology of an
f-chamber €, can be non trivial, e.g. it can be non-simply-connected. Despite of this, it can be
shown (see [CDG17b]) that on any ¢-chamber canonical coordinates can be coherently labeled so that
they define a system of holomorphic and single-valued functions on 2, as well as a single-valued
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determination of a branch of the W-matrix is possible. This follows from the fact that for any z € €,
the inclusions

Q1 S QH(X)\Kx L QH*(X),

induce morphisms in homotopy

Q) L (QHY(X)\ Kx,2) s (QH®(X), 2),
such that im(i,) Nker(j.) = {0}.

Theorem 2.21 ([Dub99, CDG17a, CDG17b]). Let Q C QH®*(X)\ Kx be a simply-connected subset
with a fized ordering of canonical coordinates u: Q@ — CN:p — (u1(p),...,un(p)), and a fived
holomorphic branch of the W-matriz. The following facts hold true on a suitable restriction of €2,

(1) The system of differential equations (2.14)-(2.15) admits a unique formal solution of the form
}/}ormal(za u) = F(Z, u) exp(zU)
F(w)
F(z,u) = Z —m Fo=1, F(—zu)T- F(z,u) =1,
m>0
where the functions Fy,’s are holomorphic on u(€2).

(2) Let £ be an oriented line of slope ¢ € [0; 2w in the complex plane. For any k € Z, there exist
two solutions Ylgfct)/right of the system (2.14)-(2.15), analytic and single-valued on R X u(2)
and uniquely characterized by the asymptotic expansion

Yiilfgt)/right (Za ’LL) ~ vaormal(zy ’LL), |Z| — 00, Z€ 627Tikchft/right(¢)a
uniformly on any compact subset of u(2), and where
ILight(¢) : = {z € R: ¢ — 7 < arg z < ¢},
Mege(¢p) i ={z€R: p<arg z< d+m}.
(8) For any u € u(QY), for any k € Z we have that

k ki 0
Yvr(igzlt/left (62 g & u) = Yvr(igzlt/left (Z, u)7 z€R.

Remark 2.22. The precise meaning of the asymptotic relation in (2) of Theorem 2.21 is the following:
VK € u(), Vh €N, V8 C ™ Mg et (¢), 3Cy 5 > 0: if 2 € S\ {0} then

Y(k) ( ) ( U( )) “— Fm(u) CK h,S
su : c(2,u) -exp(—zU(u)) — E =
uelg right /left P — om |Z|h

Here S denotes any unbounded closed sector of R with vertex at 0.

Definition 2.23. Let p € QH*(X) \ Lx be a semisimple point and fix an ordering of canonical
coordinates u(p) = (u1(p),...,un(p)) and a branch of the matrix ¥(p). If the oriented line ¢ of slope

¢ € [0; 27| is admissible at p, we define the matrices (S®*), S(_k), C¥))}.cz through the equations

Y (z,ulp)) = Y (2, u(p)S®), zeR,

right
k T k k
Y (€2, u(p) = Vi (2, u(p) S, z e R,
Y oulp) = Yolz,ulp)C®, 2R

Here,
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o the functions iflilgg/right (z,u) denote the solutions of (2.14)-(2.15) described in Theorem 2.21,

and defined on R x u(f2) for a sufficiently small open simply-connected neighborhood of p;
e the function Yy(z,u) is a solution of (2.14)-(2.15) of the form

Yo(z,u(p)) = ¥(p) - Z(2,t(p)),

where Z(z,t) = ®(z,t)z#2® is a solution of (2.11)-(2.12) in Levelt form at z = 0. We will

say that also the solution Yj is in Levelt form at z = 0.
The matrices

§:=50 5 =59 ¢.=c®

are respectively called Stokes and Central Connection matrices of QH®(X) at the point p (with
respect to the fixed ordering of canonical coordinates, the fixed branch of the W-matrix, the fixed
oriented line ¢, the fixed solution Yy in Levelt form at z = 0).

The following Theorems summarize the main properties of (S, S_,C).

Theorem 2.24. [Dub99, CDG17b] Let p € QH*(X) \ Kx be a semisimple point. For

e any fized ordering of canonical coordinates at p,

any choice of branch of the V-matriz at p,

e any oriented line £ of slope ¢ € [0; 2] admissible at p,
e and any solution Yy in Levelt form at z = 0,

the Stokes matrices S, S_ and the central connection matrix C at p satisfy the following properties:

(1) the whole family of matrices (S(k),SSk),C(k))kez can be reconstructed from the triple
(S,5_,C). Namely, for all k € Z

k _
s® =5 s®=g c®=pm5*c,
where My = exp(2mip) exp(2miR).
(2) For allk € Z and all z € R

Y8 (€22, u(p)) = Y (2, ulp) S 871,

right right
legfct)(CQWizvu<p)) = Yrgglt(z,u(p)) S—tS_.
(3) We have that
S_ =57,

Sy=1, i=1,...,N,
S;j can be # 0 with i # j only if u; # u; and R;; C e ().
(4) CSTS—IC—l — MO — eQwiue27riR;
(5) S = C—le—‘n'z:Re—'Triun—l(CT)—l;
(6) ST — C_1€7TZR67””77_1(CT)_1.

Theorem 2.25. [Dub99, CDG17b] Let £ be an oriented line in the complex plane, of slope ¢ € [0; 27|,
and let Qp be an L-chamber of QH®(X). Let
o u: Qy — CN\ {diagonals} be a single-valued and holomorphic function, which defines a
coherent ordering of canonical coordinates on €y,
o U: Qy— GL(N,C) be a single-valued determination of the U-matriz on Cy,
o Yy be a solution of (2.14)-(2.15) in Levelt form at z = 0.

Then, the corresponding Stokes and central connection matrices (S, S_,C) are constant on €.
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Theorem 2.26. [CDG17b] Let p € Bx \ Kx be a semisimple coalescing point of QH®*(X), and
let ¢ be an oriented line admissible at p. Let Q@ C QH®*(X) \ Kx be an open simply connected
neighborhood of p, on which an ordering u: Q — CN of canonical coordinates and a holomorphic
branch ¥: Q — GL(N,C) of the ¥-matriz have been fized. If Q is sufficiently small, the monodromy
data (S, S—,C) computed at p are the same computed at any other point of Q at which ¢ is admissible.
In particular, they are the same data computed'® in any (-chamber with non-empty intersection with
Q.

Definition 2.27. Let p € QH*(X) \ Kx be a semisimple point of the Frobenius manifold QH*(X).
We call monodromy data (or monodromy local moduli) of QH®(X) at p the tuple (u, R, S,C), where
e the tensor p is the grading operator defined by equation (2.10),
e the matrix R is the matrix associated with the operator ¢ (X)U(—): H*(X,C) — H*(X,C)
with respect to the fixed basis (T,)2_,
o the Stokes and central connection matrices (S, C) are defined as in Definition 2.23.

The monodromy data define local invariants of the Frobenius structure, as described in Theorems
2.11, 2.25, 2.26.

As explained in the previous paragraphs, the definition of the monodromy data (5, C) is subordi-
nate to many non-canonical choices, namely:

(1) the choice of an oriented line £(¢) = {z = pe'®, p € R} in the complex plane, with slope
¢ € [0;27;

(2) the choice of a point in the fiber II7!(1) of the universal cover II: R — C*, in order to fix
the sheet with principal value of the argument arg z in the interval [0; 27];

(3) the choice of an ordering of canonical coordinates on each ¢-chamber €y;

(4) the choice of the signs of the square roots (2.13) defining the normalized idempotent vielbein
(f)X,, and hence the matrix ¥ on each /-chamber Qy;

(5) the choice of a solution Yj in the Levelt form corresponding to the same exponent R.

A detailed analysis of the effects of different choices on the numerical values of the data (.5, C) has
been developed in [CDG17b]: in particular, the freedom in the choices (1)-(5) above can be quantified
through the action of suitable groups on the set of Stokes and Central Connection matrices. Here,
we briefly summarize the main results, and we refer the reader to [CDG17b] for more details.

Theorem 2.28. [CDG17b] Let p € QH*(X)\Kx be a semisimple point, and let (S, C) be the Stokes
and Central Connection matrices computed at p with respect to some choices of normalizations (2)-(5)
above. All other possible values of the data (S,C) corresponding to different choices can be obtained
through the actions of the following groups.

e Action of the symmetric group Sy : the permutation T corresponding to the re-ordering
(U1, unN) = (Ur(1)y -+ o5 Ur(N))
acts on the monodromy data as follows
S+ PSP™', Cw— CP™', Pj:=6;0).
e Action of the group (Z/27Z)N: different choices of signs in equations (2.13) correspond to

transformations
S—ISI, Cw— CI,

where I is a diagonal matriz with entries £1.

16Here, the ordering of the canonical coordinates and the holomorphic branch of ¥ on any ¢-chamber are the ones
prolonged from €.
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e Action of the group Co(X): a different choice Yo — YoG, with G € Co(X), of the solution in
Levelt form at z = 0 acts on the monodromy data as

S— S, C—GlcC.

e Action of the Galois group Deck(Il) = Z: different choices of a base point in the fiber II=1(1),
namely of the principal determination of the argument argz, correspond to the transforma-
tions

S8, Cw My"C, kez,

where My = exp(2mip) exp(2miR).

Definition 2.29 (Triangular order). Let p € QH®*(X) \ Kx be a semisimple point, and let S be
the Stokes matrix computed at p with respect to some admissible oriented line ¢. We say that
(u1(p), ...,un(p)) are in triangular order with respect to the line ¢ whenever S is upper triangular.

Notice that the triangularity of an ordering of canonical coordinates only depends on the choice of
the oriented line ¢, according to point (3) of Theorem 2.24. In general, triangular orders of canonical
coordinates at a semisimple point p are not unique!”. Among all possible triangular orderings of the
canonical coordinates, a particularly convenient one is the lexicographical order w.r.t an admissible
line ¢(¢), defined as follows.

Definition 2.30 (Lexicographical order). Let p € QH®*(X)\ Kx be a semisimple point, and let ¢ be
an admissible oriented line. Let us consider the rays starting from the points ui(p),...,un(p) in the
complex plane

LJ = {uj(p)+pez(%_¢)p€R+}7 j:17"'ana
and for any complex number zq let us define the oriented line
L. = {zo + peii‘ﬁ: p e R}

where the orientation is induced by R. In this way we have a natural total order < on the points of
L, 4. We can choose zy, with |zo| sufficiently large, so that the intersections L; N L,, o =: {p;} are
non-empty. The canonical coordinates u;(p)’s are in the ¢-lexicographical order if

P1 Xp2 2p3 =2 DN
The definition does not depend on the choice of zg € C, with |zo| sufficiently large.
Definition 2.31. If ¢ has been chosen and (uq,...,u,) are in lexicographical order as in Definition

2.30, we say that the monodromy data S and C' computed with respect to the above ¢ at the above
point u are monodromy data in lexicographical order.

Remark 2.32. Observe that if uq, ..., uyN are in the lexicographical order with respect to the admissible
line ¢(¢), then:
(1) the Stokes matrix is in upper triangular form;
(2) the nearest Stokes rays to the positive half-line pr(¢;.(¢)) are of the form
R;iv1 C ege (), Rj ;1 C ILight(9),
where 1 <i< N—-1land2<j<N.

In general, condition (1) alone does not imply that the canonical coordinates are in the lexico-
graphical order: it does if and only if the number of nonzero entries of the Stokes matrix .S is maximal
(and equal to W) (see [CDG17D] for further details).

At this point, we can finally describe

"This is the case for a semisimple coalescing point p, and for the points of all £-chambers intersecting a sufficiently
small neighborhood of p.



HELIX STRUCTURES IN QUANTUM COHOMOLOGY OF FANO VARIETIES 29

(1) how the monodromy data (S, C), computed at a semisimple point p € QH®(X) \ Bx, change
when the oriented line ¢, admissible at p, changes direction ¢;

(2) or, dually, how the values of the pair (S, C) computed in different ¢-chambers, for some fixed
choice of the line ¢, are related to each other.

In both cases, this is described by the action of the braid group By . Recall that this group is generated
by N elementary braids 12, 823, ..., Bnv—1,~ with the relations
Bii+1Bjj+1 = Bjj+1Bii+1 fori+1# 5,5 +1#4,
Biiv1Bit1,i+2B8i41 = Biv1i+20ii+18i+1,i+2-
Definition 2.33. Let p € QH*(X) \ Bx be a semisimple point. Let £ be an oriented line admissible
at p, and let (S,C) be the monodromy data computed at p with respect to the line £ and in the

{-lexicographical order. For any elementary braid £;;11 € By let us define the transformed set of
matrices (SPui+1, CPii+1) through the equations

Gt = AP (8) § AP (S), P 1= O (AP 210
where
(Aﬁi’iJrl(S))hh:l’ A=l N h#iit],
(Aﬁi‘i+1(5’))i+1’i+1 = —Si,i+1,
(Aﬁi’iJrl(S))i,ile = (Aﬁi'iﬂ(s))wrl,i =L

For a generic braid 8, which is a product of m elementary braids 8 = 3;, i,+1 - - - Bi,, i,,+1, the action
is

S 8P = AP(S)-S-AP(S)T, Cw CP:=C- (A7), (2.17)
where

Aﬁ(S) _ Aﬁim,ierl (Sﬁi.,nil,i"L,1+l> C Aﬂiz,i2+1 (Sﬁil,i1+1) . Aﬁz‘l,i1+1 (S)

This defines an action (on the right) of the braid group on the set of the data (S, C'). Notice that the
triangularity of the Stokes matrices is preserved. In the paper, we will often call mutations of S and
C any of the matrices S?, C” obtained by the action above of the braid group.

Theorem 2.34. [Dub96, Dub99, CDG17b] Let p € QH®*(X)\ Bx be a semisimple point. Let £ be an
oriented line admissible at p, and let (Siex, Clex) be the monodromy data computed at p with respect
to the line ¢ and in the {-lexicographical order. Without loss of generality, we can suppose that the
Stokes rays are all distinct'®.

(1) Let us consider a point p' € QH®*(X) \ Bx in another {-chamber, and let us consider a path
v:[0,1] = QH*(X) with 4(0) = p and (1) = p'. If along ~ the only Stokes ray*® R; ;i1(t),
with t € [0,1], crosses the line £ in the clockwise direction, or equivalently the eigenvalue
u;(t) rotates in the counter-clockwise direction with respect to the eigenvalue w;1(t), then the
monodromy data at p' in the £-lexicographical order are given by

(B, ).
If along v more Stokes rays cross £ (or, equivalently, more eigenvalues w;’s rotate with re-
spect to each other) then the resulting monodromy data are obtained from the composition of
elementary braids transformations as in (2.17).

(2) Let us consider a counter-clockwise rotation of the line ¢ into another oriented line ¢' ad-
missible at p. If, during the rotation, the line £ crosses only the Stokes ray R; i1, then the
values of the monodromy data (S|, Cl,.) computed at p with respect to the line £’ and in the
V' -lexicographical order are given by

Sllcx _ Sﬂi,i+17 Cllcx _ CBi,iJrl.

lex lex
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If during the rotation the line £ crosses more Stokes rays, then the resulting data are obtained
from the composition of elementary braids transformations as in (2.17).

Corollary 2.35. [CDG17b] The braid corresponding to a complete counter-clockwise 27 -rotation of
l s

(B12Bas3 - .- Bn—1.n)Y,
and its acts on the monodromy data as follows:

o trivially on Stokes matrices,
e the central connection matrixz is transformed as C +— MO_IC’.

2.5.1. Inverse Problem for Frobenius manifolds. The monodromy data (u,R,S,C), defined as in
the previous paragraphs, can be interpreted as local moduli for the semisimple Frobenius manifold
structures. Let us briefly recall how they define a sort of coordinate system in the space of solutions of
WDVYV equations, and how the Frobenius structure can be locally reconstructed from their knowledge.

The starting point of this observation is the following. Assume we are already given a semisimple
Frobenius manifold, i.e. (for the interests of this paper) a quantum cohomology of a smooth projective
variety X. Let

%@w=<23mwf>wﬁ,¢mn:wmmmﬁﬂ7¢wn=ww
p=0

be a solution of the system (2.15) in Levelt form. Then the following parametric formulae hold true,
provided that Hfil ¢i1,0(u) # O

N
Nap = Y Dia0(u)digo(w), (2.18)
i=1
0 K0
51 = ; o (2.19)
Y9
E= ;u% (2.20)
N
ta(w) =Y diao(Wdini(u), ta:=nast’, (2.21)
=1

n N
F(t(u) = % {tatﬁ Z¢ia,o(u) Pipa(u) — Z (di,1(u)pin 2(u) + ¢i1,3(u)¢i1,0(u))} : (2:22)
i=1 i=1
This means that from the knowledge of the only matrices ¢g(u), d1(u), p2(u), d3(u) we are able to
locally reconstruct the Frobenius manifold structure. The crucial point is that these matrices can be
reconstructed from the only datum of (i, R, S, C') attached to a chamber, through a Riemann-Hilbert
boundary value problem (RH b.v.p.).

Assume indeed that, conversely, we are given the datum of (u, R, S, C), of a fixed point u® =

(ugo), e ug\?)) € CY and an admissible oriented line ¢ such that

181f this is not the case, we can choose another point in the same ¢-chamber (so that the corresponding monodromy
data (Slex, Clex) are the same) with this property.
9Here the labeling of the Stokes rays R; ;+1(t) is the one prolonged from the initial point at ¢t = 0.
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e properties (3),(4),(5),(6) of Theorem 2.24 are satisfied?’,
(0) (0) Sy
o u;  Fu; fori#j.
Let D be a sufficiently small disc in the complex plane with center z = 0, and denote by

e Pr and P;, the external parts of D on the right and on the left, respectively, of the oriented
line /,

e 7, and /_ the parts of £, and /_, respectively, on the common border of Pg and P,

e 0Dpg and 0Dy, the parts of 0D which border Pr and P, respectively.

l
P, 0D +

0Dpg

Pr

FicURE 1. Boundary for the Riemann-Hilbert problem.

Consider now the following

Problem. Find a piecewise analytic function ®(z) defined in C with

(I)R(Z), z € Pg,
<I>(z): (IDL(Z), z € Pr,
(I)O(Z)v z € Da

such that the following conditions are satisfied:
O € O(Pr) NCO(Pr), ®p € O(PL)NC(PL), @€ O(D)NC(D),

r(z2) = Pr(2)e?VSe2V, zely,
( eV SsTe=2U  » ¢ ‘_,

VO By 2 € 0Dp,

2Ug—1C—1z=Ry=1 2 € 9Dy,

1)

2)

3)

4) (130(2’
5) e

6) ®1/r(z) = 1if 2 — oo in P,k (uniformly in closed sub-sectors).

PR

Theorem 2.36 ([Mal83, Mal91],[Miw81], [Dub99]). If the RH b.v.p. above has a solution for the
point u®), then
(1) the solution is unique,
(2) it admits a unique solution for all u in a sufficiently small neighborhood of u(?), analytically
depending on u.
The solution analytically continues to a meromorphic function on the universal cover of CN \ A,

where
A = {uG(CN:ui:uj, forsomei;éj}.

20Here we assume that 7 is already known. If this is not the case, then only points (3) and (4) of Theorem 2.24 must
be satisfied. The metric n can thus be reconstructued through equation (2.18).
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The poles of the analytic continuation are along a hypersurface © in CV \ A (the Malgrange’s
divisor), along which the RH b.v.p. is not solvable. Given a solution ® of the above Riemann-Hilbert
b.v.p. we can construct both the system (2.14)-(2.15) and three of its solutions, by setting

Y r(z,u) == ®p r(z,u)e”Y, Yo(z,u) = ®o(z,u)ztz".

Indeed, from the asymptotic expansions
1 1
(I)L/R(Z):I]_+ZF1+O<22), zZ — 00, ZGPL/R,

and the convergent Taylor series representation
(oo}
Dy(z) = Z(Z)pzp, z =0,
p=0

we deduce that

8YL/R B 1 1
G Y r=U+ S UI+0 (zg> ; (2.23)
oYy ., _ 1 _
(9720 Yy t= > (¢0N¢0 '+0 (Z)) ) (2.24)
oYrL/r . _ 1
8ui Yy g = 2Ei + [F1, E] + O <z> : (2.25)
0% y—1 _ 9%0 41
9u, Yy = ou, oo+ O(2), (2.26)

and from the independence of the matrices S, C w.r.t. both z and u, we conclude that the r.h.s’s of
(2.23)-(2.24), and of (2.25)-(2.26) respectively, are equal. Hence, the functions Y7, /g, Yo are solutions
of the system of equations

N LBV () e 1= 9%
Go =GB+ VY. Vilu) = [F(u). B] = FF

%= (U+ im)) Y, V() = [Fi(u),U] = goudy ™.

—1
(ZSO bl

Then using the formulae (2.18)-(2.22) the Frobenius structure can be reconstructed. More precisely,
we have the following

Theorem 2.37. [Dub96, Dub98, Dub99] If the RH b.v.p. above admits solution for u(®), and if

N

H di1,0(u®) #0,

i=1
then the formulae (2.18)-(2.22) define an analytic Frobenius structure on a sufficiently small neigh-
borhood of the point u(®).

Remark 2.38. Notice that if we want to interpret the monodromy data (u, R, S,C) as a system of
coordinates on the space of solutions of WDVV equations, we have to keep track of the freedom and
ambiguities up to which they are defined. For example, according to Theorem 2.11, the 4-tuples

(1, R,S,C), and (n,G™'RG,S,GC), G € G(X)

allow us to locally reconstruct the same ¢-chamber of the quantum cohomology QH*®(X) through the
parametric formulae (2.18)-(2.22).
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Remark 2.39. In the very interesting paper [Sabl18], C. Sabbah addressed the problem of extending
the validity of both Theorem 2.36 and of Theorem 2.37 in order to allow u(®) to be a semisimple
coalescing point, i.e. with

(0) = u; ), for some 7 # j.

It is proved that if the RH b.v.p. is solvable at u(®, and if the corresponding matrix
Vo = go(u®) - - o (@)~

satisfies the following conditions:

(1) it is of the form

Vo= [FlaUO]a Uo := dlag(u§0)77ug\?))7

(2) and it admits an eigenvector with non-zero components w.r.t. the standard basis of CV,
then the RH b.v.p. is solvable in a sufficiently small neighborhood of u(?), analytically continues
to a meromorphic function on the universal cover of the complement of a hypersurface © in CV.
Consequently, in the spirit of [CDG17b], we have that the monodromy data define a sistem of local
moduli for the Frobenius structure also at semisimple coalescing points.

The analytic continuation of the Frobenius structure can be obtained by changing the given mon-
odromy data (u, R, S,C) to those associated with another chamber, by the action of the braid group,
and then solving again the Riemann-Hilbert problem with the new data.

In [Guz01] the above formulae have been used to construct in closed form the solution F'(t) of the
WDVYV equations for N = 3 in some relevant cases:

e Using the five algebraic solutions of the Painlevé VI equation, the three polynomial solutions
of the WDVV equations are obtained, corresponding to the Frobenius structure on the orbit
space of Coxeter groups, plus two algebraic solutions.

e Using the Painlevé VI transcendent associated with the monodromy data of the quantum
cohomology or IF’(QC, the Kontsevich’s solution of the WDVV equations is obtained which
generates the numbers Nj of rational curves ]P’(%: — ]P’(% of degree k passing through 3k — 1
generic points. Namely

1 2
F tl t2 t3 _ - t3 tl t2 t3 3k—1 _kt

This procedure shows that the Ni’s can be computed as an apphcation of the isomonodromic
deformation approach to Frobenius manifolds.
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3. HELIX THEORY IN TRIANGULATED CATEGORIES

In this Section we recall basic facts about exceptional objects and collections, more general
semiorthogonal decompositions in triangulated categories as well as about the operations of mu-
tations naturally defined on these objects. Without claim to completeness and originality, our aim is
to give a summary, self-contained as much as possible, of the so-called Helix theory in triangulated
categories as developed in algebraic geometry literature ([GR87], [Rud90], [BK89], [GK04] and refer-
ences therein). Particular emphasis will be given to results stressing analogies and similarities with
certain aspects of the analytic theory of Frobenius manifolds explained in the previous Sections. In
order to reach the widest audience as possible (we think of the mathematicians working on integrable
systems, asymptotic analysis, ordinary differential equations in complex domains, isomonodromic de-
formations theory, etc.), for the convenience of the reader we also have included proofs of the main
results that will be used in the subsequent part of the paper. The experienced reader can easily skip
several subsections.

3.1. Prerequisites. We only assume the reader to be comfortable with the notions of derived and
triangulated categories. The main reference, to which we will refer for these basics definitions and the
labeling of the axioms (e.g. the axioms TRi with ¢ = 1,...,4), is [GMO03]. Other useful and complete
references are [BBHR09] and [Huy06]. In what follows we use the notations & for a triangulated
category, and we denote its shift (or translation) functor by [1]: 2 — 2. As usual, we denote by
[n]: 2 — 2 the subsequent n compositions of the shift functor [1].

3.2. Notations and preliminaries. Let K be a field*!. We denote by GrVectiz™ the category of
finite dimensional Z-graded vector spaces: in what follows we will denote the p-th degree of V* by
GrP(V*) or VP. GrVect;z™ is a triangulated category, the shift being defined by

GrP(V*[k]) := GrPTF(V*), pk ez,
and we also have operations of tensor product and dualization with the usual gradations

Gr* (Ve aW*):= P Gr'(V) @G/ (W),  GrP((V*)):= (G "(V*"))".
i+j=p

The category GrVect™ is equivalent to the bounded derived category of finite dimensional K-vector
spaces, denoted by D’(KK): the equivalence is realized by the functors

®: GrVectz™ — D*(K): V* = @D(Gr'V*®)[—i], with zero differentials,
i€’
H*: D*(K) — GrVectz™: F* s H*(F*).
Let 2 be a triangulated category. We will assume that Z is a K-linear category of finite type (or
Hom-finite), i.e. that
Hom*(X,Y) := €D Hom'(X,Y)
i€Z
is a finite dimensional graded K-vector space for all X, Y € Ob(2), and where we posed Hom'(X,Y) :=
Hom(X, Y[i]) for any i € Z. Sometimes, it will be useful to consider the category 2 to be 2°(K)-

enriched, by identifying the graded vector spaces Hom®(X,Y") with the associated complex through
the equivalence ® above.

Definition 3.1. Let V* be a finite dimensional graded K-vector space and X be an object in a
K-linear triangulated category 2. We define the tensor product V*® X, an object of &, as a solution
of a universal problem, by requiring

Hom*(Y,V*® X) =V*®Hom* (Y, X) VY € Ob(2).

21Here we work on a general ground field K but, starting from Section 4.5 we will specialize to the case K = C.
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Such a universal problem admits a solution: the tensor product can be constructed as

Ve X =@V e Xx[-i,

where
Vi X[—i] = X[-i]® - & X[-i].

dimg V¢ times

Remark 3.2. We can define an analogous operation of tensor product — ® —: DY(K) x 2 — 2 by
composition with the cohomology functor in the first entry:

H®x1lg —®—

DY(K) x 2 GrVectg™ X I ——— 9.

In this way, the object F'* ® X depends only on the quasi-isomorphism class of F'°.
Lemma 3.3. If V* € Ob(GrVectz™), X € Ob(2) and if j,k € Z, then
Vele X[k = (VC @ X)lj+k, (V[ =(V*)"[-j].

Proof. For the first equality it is easy to see that the r.h.s. solves the universal problem which defines
the Lh.s.. The second equality can be trivially deduced by a direct comparison of the gradings. [

Definition 3.4. If 2 and & are two K-linear triangulated categories, a covariant exact functor
F: 2 — & is called linear if
FV*eX)=V*® F(X)
for any graded vector space V'*® and any object X. Analogously, a contravariant functor F': Z°P — &
is linear if it satisfies
FV*@X)=(V*)"® F(X)
for any graded vector space V*® and any object X.
So, in particular, the bifunctor Hom®(—, —): 2 x 2°° — GrVect;* is bilinear:
Hom*(W*@ X, V*®Y)=(W*)"® V* ® Hom*(X,Y)

for any X, Y € Ob(2) and any graded vector spaces V* and W*. Thus, for any X,V € Ob(2), we
have the identifications

End(Hom*®(X,Y)) = Hom®(Hom*(X,Y) ® X,Y) = Hom®*(X, Hom*(X,Y)* ® V).
Hence, the identity morphism id: Hom®(X,Y) — Hom®(X,Y") induces two canonical morphisms
J(X,Y): Hom*(X,)Y)® X =Y,
J«(X,Y): X - Hom*(X,Y) " ®Y.
Proposition 3.5. Let E € Ob(9) be a generic object. Let us define the functors
Pp:D'(K)— Z: V'V R E,
®%: 2 — DY(K): X — Hom*(X, E)*,
dY: 2 — DY(K): X +— Hom®(E, X).
We have the adjunctions @3 4 @5 CIJ!E.

Proof. This is a simple check of the definition of adjoint functors. Notice that the unity of the
adjunction ®} 4 ®g and counity of the adjunction &g - <I>3E are given by the morphisms j,(—, E)
and j*(F, —) respectively. O

Definition 3.6 (Generated triangulated subcategory). If Q@ C Ob(Z), we denote by (€2) the smallest
full triangulated subcategory of & containing all objects of Q.
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Definition 3.7. If A, B C Ob(2) we define the set
AxB:={X €Ob(2): A— X — B — A[l], for some A€ A, Be€ B}.
Notice by the octahedral axiom (TR4) that the operation * is associative.

The subcategory () is obtained by taking the closure with respect to shifts and cones. More
precisely, we have the following

Proposition 3.8. Let O C Ob(Z), and let us define
O ={X[n: XeQneZ}, Q:=Qr*---x0Q.
—_——

r times
Then
@@= o
reN*

3.3. Exceptional Objects and Mutations. Let & be a K-linear triangulated category.

Definition 3.9 (Exceptional Object, Pair and Collection). An object E € Ob(2) is called exceptional
if Hom®(E, E) is a 1-dimensional K-algebra generated by the identity morphism.
An ordered pair (E1, Es) of exceptional objects of 2 is called exceptional or semiorthogonal if

HOIIl. (EQ, El) =0.

More in general, an ordered collection (E1, Fa, .. ., E}) of exceptional objects of 2 is called exceptional
or semiorthogonal if

Hom®(E;, E;) =0 whenever i < j.
An exceptional collection is said to be full if it generates 2, i.e. any full triangulated subcategory
containing all objects F; is equivalent to & via the inclusion functor.

Proposition 3.10 ([Bon89]). Let E € Ob(2) be a generic object. Then E is exceptional if and only
if the functor

dp:DYK) = Z: VP = V'QFE
is fully faithful. In particular, the category (E) = Im ®g is equivalent to the category D°(K).

Proof. Using the notations of Proposition 3.5, ® g is fully faithful if and only if the natural transfor-
mation @ Pp < Ipe(xy is a natural isomorphism. This holds if and only if Hom®*(E, E) = K. O

Remark 3.11. Given an exceptional collection in 2, there are several operations generating other such
collections. Indeed, the group Aut(Z) of isomorphism classes of auto-equivalences of the category
9 acts on the set of exceptional collections: the element ¥ € Aut(2) acts in the obvious way, by
associating with the exceptional collection € := (E4,..., E,) the collection V& := (VEy,...,VE,).
Analogously, the additive group Z™ acts on the sets of exceptional collection of length n by shifts:
if & := (E,...,E,) is an exceptional collection, then also €[k| := (Ei[k1], Ea[ks], ..., Enlky]) is
exceptional for any (ki,...,k,) € Z". The actions of both Aut(Z) and Z" preserve the fullness of
an exceptional collection.

In what follows, we are going to define a nontrivial action of the braid group B, on the set of (full)
exceptional collections of length n.

Definition 3.12 (Orthogonal complements). Let o/ be a full triangulated subcategory of 2. We
introduce two full triangulated subcategories +./ and o7+ defined by

Lo/ = {X € Ob(2): Hom(X,A) =0 for all A € Ob()},
A+ = {X € Ob(2): Hom(A,X) =0 for all A€ Ob(</)}.
These subcategories are called respectively left and right orthogonals to & in 9.
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Remark 3.13. Tt is easy to see that, if & = (F) is the smallest triangulated subcategory containing
an object E € Ob(2), the following characterization of the orthogonal complements +(E) and (F)~*
holds:

YE)= YE, where *E :={X € Ob(2): Hom®*(X,E) =0},

(E)* = E*+, where E* := {X € Ob(2): Hom*(E,X) =0}.
Definition 3.14 (Mutations of objects). Let E € Ob(Z2) be an exceptional object. For any X €
Ob(2) we can define two new objects

LpX € Ob(E1), RpgX € Ob(*E)
called respectively left and right mutations of X with respect to E. These two objects are defined as
the cones
Lg(X) := Cone (@Eq)!E(X) — X), Rg(X):=Cone(X = ®pd5(X))[-1],

where the functors ®g, ¢}, <I>!E are the ones introduced in Proposition 3.5. We thus have the distin-
guished triangles

LpX[-1] — Hom*(E, X)® E ——+ X ——LpX (3.1)
RpX —— X~ Hom* (X, E)* ® E —— Ry X[1] (3.2)

extending the canonical morphisms j*(E, X) and j. (X, E).

By applying the functor Hom®(E, —) to (3.1), and the functor Hom®(—, E) to (3.2), and using the
fact that E is exceptional, we obtain the orthogonality relations

Hom®(E,LgX) =0, Hom®(RgX,F)=0. (3.3)

Remark 3.15. Our definitions of LgX and RgX differ from the original ones given in [GK04] by a
shift operator. In particular,

e what here we denote LgX, in [GKO04] is Lg X[1],

e and our RgX in [GKO04] is RgX[-1].
The reason of such a choice will be explained later. In what follows we will reformulate some results
of [GK04], adapted to our definition, and we leave to the reader the small modifications of some
proofs.

In general, the third term in a distinguished triangle is not canonically defined by the other two
terms. In this case, however, the objects Lg X and Rg X are unique up to unique isomorphism because
of the orthogonality relations. Indeed, let us assume that we have the two following distinguished
triangles??

Hom®(E, X) ® S (Hom*(E, X) ® E) [1]
.
Hom*(E,X)® E LgX (Hom*(E, X) ® E) [1]

Then, by axiom TR3 of triangulated category there exists a morphism h: S — L X, which necessarily
is an isomorphism (the other two vertical maps being the identities). We want to show that h is
unique. Let us apply the functor Hom®(—,LgX) to the first line of the diagram: recalling that the
shift functor T' = (—)[1] is an auto-equivalence, and using the orthogonality relations (3.3) we obtain

Hom® ((Hom®*(E, X) ® F)[1],LgX) = Hom® (Hom*(F, X) ® E,LgX[-1])
= Hom*(F, X)* ® Hom®(E,Lg X[—1])
=0.

22Here we use the axiom TR2 of triangulated category.
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So we get the long exact sequence
...——0——Hom*(S,LgX) —— Hom*(X,LgX) —— ...

Since a o j* = 0, there exists h € Hom®(S,LgX) as above, which must be unique by injectivity.

Analogously one shows that Rz X is unique up to a unique isomorphism. Notice, in particular, that
LgE =RgFE =0.
Moreover, as a consequence of axiom TR1, we necessarily have that

LgX =X forall X € B+, (3.4)

RpX =X forall X € LE, (3.5)

which means that the operations Lg, Rg are projections onto the subcategories E+ and +E. Some
other useful properties of these projections are summarized in the following

Proposition 3.16 ([GK04]). Let 2 be a K-linear triangulated category, and E an exceptional object.
(1) For any object X € Ob(2) and any pair of integer k,{ € Z we have

Leg (X[€]) = (LeX) [, Rgp (X[]) = (RgX) [£].
(2) If E' € Ob(+E), E” € Ob(E+) and X € Ob(2), the following bifunctor isomorphisms hold

Hom*®(E', X) = Hom*(E',RgX) = Hom*(E’,LgX) = Hom(LgE', LX), (3.6)
Hom®(X, E) = Hom® (L X, E”) = Hom*(RpX, E") = Hom(Rp X, R5E"). (3.7)
(3) The functors
g XoRsX 1o
g XoLeX oy

are respectively the right adjoint functor to the inclusion ~E ——— 2 | and the left adjoint

functor to the inclusion E+ —— @ .
(4) The following identities hold

LEORE :]LE, REOLE:RE.
(5) The restrictions
Lg|lig: *E — E* and Rg|lg.: EX - 1FE

are functors inverse to each other, establishing an isomorphism between these two subcate-
gories.
(6) The following isomorphism holds functorially on X and E

Hom®(Lg X[—1], E)* = Hom®*(E,RpX).

Proof. Let us prove (1). Applying Lemma 3.3 we have that
Hom® (E[k], X[(]) ® E[k] = (Hom®(E, X) ® E) (],
and that
Hom® (X[(], E[K])* ® E[k] = (Hom®(X, E)* ® E) [(].
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Moreover, it is easily seen that the following diagrams are commutative:

7« (X[€], E[K]) 3" (B[], X[4)

X[f] ————— Hom * @ E[k] Hom*( E[K] X1
J (X, )] 7 (B,X)(1
(Hom®( *Q E) [ (Hom(E, X) @ X)|
Thus, applying the shift functor (—)[ﬂ to (3.1), (3.2) we obtain
. (-1)*5 14
LgX[¢( - 1] —— (Hom®*(E,X)® E)[/ X1 LgX[],

(=1)%j.[4]

RpX|[(] X[4 (Hom®* (X, E)* @ E)[f] —— RpX[( +1].

Recalling now that, by the axiom TR1 of triangulated category, one can change the sign of any two
morphisms in a distinguished triangle, we conclude. For points (2),(3),(4),(5),(6) we refer to [GK04],
where the reader can find and easily adapt the proofs by keeping track of the difference of shiftings
in the definition of left and right mutations. O

Definition 3.17. If (E1, Es) is an exceptional pair, we define its left and right mutations to be the
pairs
L(El,Eg) = (LElEQ,El) and R(El,EQ) = (EQ,REQEl)

respectively.

Proposition 3.18. The pairs L(E1, Es),R(E1, Es) are exceptional. Moreover, L,R act on the set of
exceptional pairs as inverse transformations:

]LOR(E:[,EQ) = (El,Eg) and ROL(El,EQ) = (El,EQ).

Proof. The first statement follows from the orthogonality relations (3.3). From relations (3.4),(3.5)
we have that

RElEg = E2 and LEQEI = El,
so that, by Proposition (3.16), we deduce
HOm.(LElEQ[fl],El)* = HOm.(El,RE1E2> = HOIIl.(El, EQ),
HOHI.(EQ,RE2E1[1]) = H0m°(LE2E1, El)* = Hom'(El, EQ)*
It follows that the triangles

LEIEQ[—H e HOIII.(El,EQ) X E1 e E2 *}]LElEQ

Lg, Es[—1] —— Hom®* (L g, Es[—1], E1)* ® By —— Rp,Lg, BFs —— Lg, E»
can be canonically identified, i.e. R o L(E}, E2) = (E1, Fa). Similarly the other identity follows. O
For a more general exceptional sequence, we give the following
Definition 3.19. Let (Ey,..., Ex) be an exceptional collection in Z. For 1 < i < k we define
L,(Ey,...,Ex) = (Eo,...,.Lg, Ei,Ei_1,...,Ey),
R;(Eo,...,Ex) := (Fo,...,Fi,Rg,Ei_1,..., E).
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Proposition 3.20 ([BK89]). The mutations preserve the exceptionality and satisfy

L;R; = R,L; = Id (3.8)
Li+1LiLi+1 = LZLZ+1LZ fOT’ 1<i<k. (310)

So the braid group Bii1 acts by the mutations on exceptional objects of length (k + 1).

Proof. The fact that exceptionality is preserved, and the first two relations (3.8),(3.9) follow from
the previous results. The only non-trivial relation is (3.10). Let (A, B,C) be an exceptional triple.
We have to show the commutativity of the diagram

(A,B,C)

/ \
(]LABvA’C) (AaLBCa B)
L{ Pl
(LB, L4C, A) (LL5C, A, B)
]Ll ]L2

(L, BLAC,LaB, A)
So we have to prove that

Lp,BLaC =L4sLgC.
Applying the exact linear functor L 4|1 4 to the canonical triangle

LgC[-1] = Hom*(B,C)® B — C — LpC,
and recalling that Hom® (B, C') = Hom® (L B,L.4C) by Proposition (3.16) we find the triangle
LALBC[—l] — HOIn.(ILAB7 LAC) QLaB —- LAC — LaLEC.
O

Remark 3.21. In the previous exposition, we have followed the main references on the subject and
we have defined a left action of the braid group on the set of eceptional collections in a K-linear
triangulated category &. In what follows, in order to establish a perfect correspondence between Helix
theory and the theory of local monodromy invariants for quantum cohomologies of Fano manifolds,
it will be convenient to consider the braid group B,,1 as acting on the right on the set of exceptional

collections of length n + 1: if we denote by 8; ;41 with 1 < i < n the generators of the braid group,
satisfying the relations

Bii+18j+1 = Bjj+1Biiv1, i —Jl > 1,

Biit1Bit1,i+2B85,i41 = Biv1,i+28i,i+18i+1,i+25

and if &€ = (Ey,..., E,) is an exceptional collection, we will define

gl =1, ¢.
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3.4. Semiorthogonal decompositions, admissible subcategories, and mutations functors.
Let 2 be a K-linear triangulated category. In this section we introduce some definitions generalizing
the ones of (full) exceptional collection and of left/right mutations with respect to them.

Definition 3.22 ([BK89, BO95, BO02]). A sequence &, ..., 9, of full triangulated subcategories
of 7 is said to be semiorthogonal if
gfigdf for all i < j.

A semiorthogonal sequence &, ..., .97, is said to define a semiorthogonal decomposition of 2 if one
of the following equivalent conditions holds:

(1) 2 is generated by the o7, i.e. 2 = ()" ;

(2) for any X € Ob(2) there exists a chain of morphisms

0=X,, — X1 —. *>X24>X14>X07

2RV,

An
with A; € Ob(%).

The equivalence of (1), (2) immediately follows from Proposition 3.8. The chain of morphisms of
point (2) is usually called a filtration of the object X.

Definition 3.23 (Filtrations and Postnikov systems). Given an object X € Ob(2), we call filtration
of X, the datum of a set of objects {X;}.", and a chain of morphisms

O:X"L—)Xm_l . C . € —)X():X
These morphisms induce on the cones a family of arrows in the opposite direction, which fit into the
diagram
O Xn 4>Xn 1

ARy

L4 L<
02 2 o1

where ;11 0 §; = 0, the bottom triangles are commutative, and the top triangles are distinguished
(dashed arrows have degree 1). This diagram is called (right) Postnikov system (or (right) Postnikov
tower), and the object X is called the canonical convolution of the Postnikov system.

Proposition 3.24. The Postnikov system induced by a semiorthogonal decomposition is functorial,
i.e. given X, X' € Ob(2) and a morphism f: X — X' there exists a unique prolongation to their
Postnikov systems:

A, As Ay
or I X1 X, = | \Xﬁ | \X
J 1 1

Al Al A Jf
¢ X4 4 \X{* \X’

In particular, the Postnikov system of an object X is unique up to a unique isomorphism.

Proof. Since Xy € (o, ...,%,), we have that Hom®(X;, A7) = 0: thus we have the isomorphisms
Hom(X7, X7) = Hom(X;, X’) and Hom(A;, A]) = Hom(X, A]). Consequently there exists a unique
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morphism of distinguished triangles from X; - X — A; — X;[1] to X{ —» X' — A} — X{[1] which
fits into the diagram. By induction one concludes. O

Remark 3.25. Let ®: 9 — of be a covariant cohomological functor with values in an abelian category
o, and set ®4(X) := ®(X|[q]) for any object X € Ob(Z), ¢ € Z. Given an object X € Ob(2), there
exists a spectral sequence converging to ®*(X). Let us realize X as the canonical convolution of a
Postnikov system, as in Definition 3.23, and delete the Xy = X term:

0=X, Xn-1 Xo X1
/?. / r,vv / /ﬁ_ / 'f‘_
L, < - L% R 5 Lo < 5 L4

By applying the functor ® to this diagram we obtain a bigraded exact couple (D, E, 1, j, k)

where EY'? := ®9(L,y41), D" := ®9(X,,), and the morphism 4, j, k have degree (—1,1),(0,0),(1,0)
respectively. We thus obtain a spectral sequence (E}"?,dy := kj) which can be shown to converge to
®Pt9(X). For further details see [GMO03], Ex. 1I1.7.3c and Ex. IV.2.2a.

Let us now introduce the strictly related notion of admissibility of a subcategory.

Definition 3.26 ([Bon89, BK89]). A full triangulated subcategory o7 of Z is called
e left admissible if the inclusion functor i: & — & admits a left adjoint functor
"D — A
e right admissible if the inclusion functor i: &/ — 2 admits a right adjoint functor i': 2 — ;
e admissible if it is both left and right admissible.
Lemma 3.27 ([Bong9]). Let o7, 2 be two full triangulated subcategories of 2.
(1) Let 9 = (o, PB) be a semiorthogonal decomposition of 9. Then of is left admissible and &
is right admissible.
(2) Conwversely, if o is left admissible and & is right admissible, then (<, +o/) and (B*,B)
are semiorthogonal decompositions of 9.
Proof. For any object X € Ob(2) there exists a distinguished triangle
B— X — A— B[],

with A € Ob(«) and B € Ob(%). By Proposition 3.24, such a distinguished triangle is unique up
to unique isomorphism. So, for point (1), the associations
it(X) = A, iyx(X)=5,
are well defined and are respectively left/right adjoint functors to the inlcusions i, ig. For point
(2), given any object X € Ob(Z2), by the properties of adjoint functors we have two morphisms
X —igit)(X), igig(X)— X.
By completing them to a distinguished triangle, and using the semiorthogonality condition, it is easily
seen that the completing objects are respectively in +.o7 and %+. O
Corollary 3.28 ([Bon&9]). If @A, ..., 9, is a semiorthogonal sequence of full triangulated subcate-
gories of 9 such that
o o, ..., are left admissible,
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o i1, ..., 9, are right admissible,
then
(.o iy G, ) OV i1,y D) Hiin, ., )
is a semiorthogonal decompositon.
Corollary 3.29. If (¢, ..., ) is a semiorthogonal sequence of full admissible triangulated subcat-
egories of 9, then the following are equivalent
(1) 9 =(h,...,o,) is a semiorthogonal decomposition,
(2) My ;- =0,
(3) My oty =0.
Definition 3.30 (Mutations functors). Let & be a full triangulated subcategory of 2.
e Let us assume that & is left admissible. Then, we define a functor Ry : 2 — 2, called right
mutation functor with respect to of as follows: for any X € Ob(2) we define
Ry (X) := Cone (X — ii* (X)) [-1],
where i: &/ — 2 is the inclusion functor and ¢* is its left adjoint.
e Let us assume that &7 is right admissible. Then, we define a functor Lo : 2 — 2, called left
mutation functor with respect to of as follows: for any X € Ob(2) we define
Lo (X) := Cone (ii'(X) = X),

where i: o/ — 2 is the inclusion functor and 7' is its right adjoint.

Proposition 3.31. Let (Ei,...,Ex) be an exceptional collection in 9. Then the subcategory
(En, ..., Ey) is admissible, and moreover
R(E1,...,Ek> = REk (o} RE}c—l © ooo@® REla
L<E11~~7Ek> =Lg, oLg,0---0oLg,.

In particular, the r.h.s. depend only on (Ey,...,E), and not on the exceptional collection
(E1,...,Eyg).

Proof. Let us proceed by induction on the length k of the exceptional collection. If k = 1, then the
statement is obvious for the results of the previous Section. Let us assume that it is true for all
exceptional collections of length & — 1. Then, we have two distinguished triangles

R<E17.,'Ek71>X—>X—)F, WithFGOb<E1,...,Ek_1>,
RE;@R<E1,A..E;C,1>X — R(EhmE’PmX — F/, with F’ ¢ Ob<Ek>

We can fit these triangles into a bigger diagram which, by the octahedral axiom TR4, has exact
column and rows:

RE}CR<E17,,,E,€71>X*>X7 _ ‘)F"
\
l ‘
1
R(El,...Ek71>X )‘( 1‘:‘
v v
P »0- =+ P

Here the upper-left square is commutative. Focusing on the right column, we have that F €
Ob(E1,...,Ex_1), F' € Ob(E}), and consequently I’ € Ob(E},...,Ey), being the subcategory
triangulated, and thus closed by taking cones. The association X — F” define a left adjoint for
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the inclusion (E1,...,Ey) — 2, and (E4,..., Ey) is left admissible. A similar argument shows that
(Eq,...,Eyg) is right admissible. O

Proposition 3.32. Let o/ be an admissible full triangulated subcategory of 2.
(1) Both functors Lo, Ry are vanishing if restricted to < .
(2) For any X € Ob(Z) we have that L (X) € Ob(«/+) and Ry (X) € Ob(+<7).
(3) The restricted functors Loy|i o, Rey| 1 induce mutually inverse equivalences o/ — o/+ and
o+ — Lof | respectively.
(4) If U € Aut(2) is an auto-equivalence of 9, then

\I/O]LQ{ZL‘I,(Q{)O\I/, \I/ORQ{ZR\I,(W)O\I/.

3.5. Saturatedness and Serre Functors.

Definition 3.33 ([BK89]). A triangulated K-linear category 2 is saturated if and only if any (co-
variant/contravariant) cohomological functor of finite type, i.e. any functor

F: 9 — Vectg™, F: 2°° — Vectg™
such that

e [ takes distinguished triangles into exact sequences,

o > .y dimg F(A[i]) < oo for any object A € Ob(2),
is representable. This is equivalent to the requirement that any exact functor ®: ¥ — Db(K) is
representable, the category 2 being D°(K)-enriched by seeing Hom®(X,Y) as a complex with trivial
differentials.

The following results describe how the properties of admissibility and saturatedness interact with
one other.

Proposition 3.34. Let 2 be a K-linear triangulated category.
(1) If 9 is saturated, and & C P is left (or right) admissible, then < is saturated.
(2) If & is a saturated category, imbedded in 9 as a full triangulated subcategory, then < is
admissible.
(3) If 2 = (e, ...,9,) is a semiorthogonal decomposition, and 9 is saturated, then each < is
admissible.

Proof. For a proof of the points (1) and (2), see [Bon89], [BK89] and [Kuz07]. For the point (3) let
us proceed by induction on the length of the semiorthogonal decomposition. Since 2 = (-, .o7,),
by point Lemma 3.27 it follows that .7, is right admissible, and <7;- left admissible. Hence .27, and
A+ are saturated (by (1)), and admissible (by (2)). A simple inductive argument completes the
proof. O

Proposition 3.35. Let Z be a K-linear triangulated category.
(1) Let < be an admissible subcategory of 9. Suppose that both </ and </+ are saturated. Then
also 2 is saturated.
(2) Let 9 = (A, ..., 9,) be a given semiorthogonal decomposition. Then P is saturated if and
only if each <7 is saturated.
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Proof. For a proof of point (1) see [BK89]. For point (2), let us suppose that & is saturated. Then by
(3) and (1) of Proposition 3.34, we have that each 7 is saturated. Vice versa, an inductive argument
completes the proof, using (1). O

Definition 3.36 ([BK89]). A Serre functor in a K-linear category of finite type Z is a K-linear
auto-equivalence k: ¥ — 2 such that there exist bi-functorial isomorphisms of K-vector spaces

na.p: Hom(A, B) —— Hom(B, k(A))*
for any two objects A, B € Ob(2).

If 2 is a K-linear triangulated category for which there exists a Serre functor, then it is automat-
ically compatible with the triangulated structure.

Proposition 3.37 ([BK89]). Any Serre functor on a triangulated K-linear category is exact, i.e.
e it commutes with shift operators,
e it takes distinguished triangles into distinguished triangles.
Moreover, we have that
(1) the category P has a Serre functor if and only if all functors Hom(X, —)*, Hom(—, X)*, for

any object X € Ob(2), are representable.
(2) Any two Serre functors k1 and ko are connected by a canonical functor isomorphism.

Because of the previous Proposition, it is clear that any Hom-finite saturated category admits a
Serre functor, since the functors Hom (X, —)*, Hom(—, X)* are cohomological of finite type, for any
object X € Ob(2).

Proposition 3.38 ([BK89]). Let Z be a triangulated Hom-finite K-linear category admitting a full
exceptional collection € = (Ey, ..., E,). Then 2 is saturated, and hence it has a Serre functor.

Proof. By Proposition 3.35, we already know that & is saturated if and only if each subcategory
generated by an FE; is saturated. It is easily seen that the category generated by an exceptional
object E is saturated: an exact functor ®: 2 — D’(K) is represented by ®(E)* if ® is covariant,
®(E) otherwise. O

3.6. Dual Exceptional Collections and Helices. In the subsequent subsections we will always as-
sume that the K-linear triangulated category 2 admits a full exceptional collection € := (Ey, E1, ..., E,).

3.6.1. Left and Right Dual Fxceptional Collections. Starting from the full exceptional collection & :=
(Eo, E1,..., E,), we can define other two collections

V@:: (VE(),VEl,...,VEn), @\/ = (E(\)/,EI/,,E;L/),

called respectively left and right dual collections, defined by iterated mutations

ka = REnREnfl .. -REnkaFlEnfka
El\c/ = ]LEO]LEl .. ~H4E,,L,k,1En—k'
for k = 0,1,...,n. Adopting the conventions of Remark 3.21, we can define the dual exceptional

collections through the action of the braids
Ve=e" 5= (0 By - B Bz B Brtin) - B
¢V :=¢%  Bi=(Buntt,Ba—tm---sB12) Brantts Bacim - 523) - - Bront1-
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Notice that we have

0 ifh=0,...,n—k—1, by definition of left mutation

Hom®(Ej,, EY)={ K ifh=n—k, (3.11)

o

ifh=n—k+1,...,n, Dby iteration of (3.6)
0 ifh=0,...,n—k—1, by iteration of (3.7)

Hom®(VEy, Ep) =K ifh=n—k, (3.12)

0 ifh=n—k+1,...,n, Dby definition of right mutation

where the graded vector space K is concentrated in degree 0. In other words, we have that

e Hom“(E},, E}/) vanishes except for o = 0 and h = n — k (in which case it is K),
e Hom® (Y Ey, E},) vanishes except for « =0 and h =n — k (in which case it is K).

These orthogonality relations actually define the left and right dual collections uniquely up to unique
isomorphisms: this is a consequence of Yoneda Lemma, as the following results shows.

Proposition 3.39 ([GKO04]). If 2 is a K-linear triangulated category generated by the exceptional
collection (Fy, ..., E,), then for any k =0,1,... ,n we have that:

e the object ¥V Ey, represents the covariant functor
X — Hom®*(E,_,Lg,_,,, ---Lg,X);
e the object E) represents the contravariant functor
X — Hom*(E,_i,Lg, .., ---Lg,X)".
In particular, for any object X € Ob(Z), we get the functorial isomorphisms
Hom* (Y Ex, X) = Hom® (X, E))*.

Proof. Observing that Lg, ...Lg, X = 0 for any object X, since it is an object of the subcategory
(Eo, ..., Epn)t = 2+ =0, and applying the functors Hom® (¥ Ej, —) and Hom®(—, E}Y) to the triangle

Hom®(Ep,Lg, ., ... Lg,X)® Ep — Lg,,, ... Lg, X — L, ...Lg, X
starting from h = 0 up to h = n — k — 1, we iteratively obtain
Hom®(VEy,Lg, ...Lg,X) =Hom*(Lg, ...Lg, X, E)) =0
for any h € {0,...,n — k}. So, at the step h = n — k, applying Hom® (¥ Ej, —), we get
Hom*(YEy, X) = Hom*(YEy,Lg, ,.,...Lg, X) (by iteration of (3.6))
=Hom*(E,_,Lg, ,,, - -Lg,X)® Hom* (Y Ex, B, 1)
= Hom®(E,_y,Lg, ,,,...Lg,X)

because of orthogonality relations (3.12). Analogously, applying Hom®(—, E}Y) to the same triangle,
we get

Hom*(X, E)) = Hom®*(Lg, ., ...Lg, X, EY) (by iteration of (3.7))
= Hom'(En_k, LEnikJrl . LEnX)* X Hom'(En_k, El\c/)
= Hom’(En,k,LEn_Hl .. LE,LX>*

because of orthogonality relations (3.11). O
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3.6.2. Geometrical Dual Ezceptional Collection. In the geometric case, i.e. the case in which the tri-
angulated category is the derived category of coherent sheaves D?(X) of a smooth complex projective
variety X, then we can introduce a third notion of geometrical dual exceptional collection. Given an
object E®* € Ob(D?(X)), we define its dual to be the object

(E.)* = R%Mnéx (.E.7 OX),

where R #2m g  (E®,—): DT(QCoh(X)) — DT (QCoh(X)) denotes the right derived functor of the
left exact functor

Aoy (E®,—): KT(QCoh(X)) — K*+(QCoh(X)),

Aoy (E®,L%) i= [ [ Homox (EP,LPV),  with df := fodg + (1) dc o f.
p

Because of the smoothness assumption on the variety X, each object E® € Ob(D?(X)) is isomorphic
to a bounded complex of locally free sheaves. Consequently, we have that

(1) (E*)* is a well defined object of D*(X),
(2) each object is reflexive, i.e. (E®)** = E°.
Using the reflexivity property, the following definition is well posed.

Definition 3.40. Let € = (Ey,...,E,) be a full exceptional collection in D’(X). We define the
geometrical dual exceptional collection €* as the collection

¢ = (EX,... E}).
3.6.3. Helices. Following [GK04], we introduce the

Definition 3.41 (Helix). If (Ey,...,E,) is a full exceptional collection, we call heliz the infinite
collection (FE;);ez defined by the iterated mutations

Ei+n+1 :REiJrn...RE E; Ei,n,1 :LE,F" LEL

i1

E;, icZ.

-1
Such a helix is said to be of period n+1, and any family of n+1 consecutive objects (F;, Eiy1, ..., Eitn)
is called heliz foundation. The braid group B,,+1 acts on the set of helices of period n + 1: the mu-
tations functors L;, R; act on the helix by replacing all the pairs

(Ei—14k(n+1)s Bitkntn)), with k € Z

with their left /right mutations. In this way, the mutation of a helix is still a helix.

Proposition 3.42 ([GKO04]). Let (Ei—n—1,...,E;—1) and (E;, ..., E;1y,) be two consequent founda-
tions of an heliz in a K-ilnear triangulated category 2. For any object X € Ob(2) the following
functorial isomorphisms hold:

Hom®(F;, X) = Hom* (X, E;—,—1)". (3.13)
In particular, we deduce the periodicity condition
Hom' (E,L, EJ) = HOHI. (Eifnfly Ej,nfl). (314)

Proof. Notice that, if we consider two consecutive foundations of a helix of period n + 1, i.e.
Eiopty. i Ei1y, Es ... Eiin,
the collection (Fp,. .., F},), defined by the relations
Fr:i=Lg, ...Lg, , Fink=Rg_,...Rg_ Ei 1,
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is at the same time right dual collection of (E, . .., E;y,) and left dual collection of (E;_,—1, ..., E;_1).
Thus, by Proposition 3.39, we deduce that for any object X € Ob(Z) it holds the functorial isomor-
phism

Hom®(E;, X) = Hom®*(X, F;_,,—1)".
Applying it to X = E;, we obtain

Hom®(E;, Ej) = Hom®(Ej, Ei—p—1)";
analogously we have

Hom®(E;, X) = Hom*(X,E;_,,_1)",
and dualizing we get

Hom®(E;, X)* = Hom®* (X, E;_,_1).

If we take X = E;_,,_1 in the last isomorphism, we finally obtain the periodicity condition

HOHI. (E“ E]) = Hom' (Ei—n—la Ej—n—l)-

O

We already know, by Proposition 3.38, that the category 2 admits a Serre functor k: 2 — 2

(unique up to a canonical isomorphism): from the result above we deduce that if € := (Ey,..., E,)
is an exceptional collection, then

K:(EZ) = Ei—’l’b—la 7/ E Z7

for any exceptional object of the helix generated by &. Remarkably, the knowledge of the action of
k on such a helix is enough to reconstruct its action on the whole category 2.

Corollary 3.43 ([GKO04]). The action on the set of full exceptional collections €’s (of length n+1)
of the central element of the braid group Bj+1

B2 = (Bunt1Bn-t1m - - B23B12)" T, B:= Bunt1 Bt ---»512) Bant1s Boeim - B23) - Bt

can be extended to a Serre functor k of the category 9.

Proof. We have to show that given an object X € Ob(2), the image x(X) is uniquely determined by
the images of the objects of an exceptional collection (Fy, ..., E,). Let us consider X as the canonical
convolution of the Postnikov system whose associated complex is

0— VO. R Ey — Vl. QE — - — Vn. ® FE, — 0, Vk. = HOm.(REk71 ... Rg, X, Ek)*
The differentials are given by an element of

B Hom' (Vy ® Ep, Vo, ® Epyr) = @D Hom™ *(Vy, Viryy) @ Hom* (B, Epya).
14 b,

By (3.14), the same element defines differentials of the complex
0=-VegR®E 1 > V'Q®E_, > - > Vi®E_1 —0,
whose canonical convolution defines an object x(X). In order to show that
Hom* (Y, X) = Hom*®(k(X),Y)",

we use the procedure described in Remark 3.25 for both the linear covariant cohomological functors
Hom®(Y, —) and Hom®(x(—),Y)*. The first one is computed through the spectral sequence whose
first sheet is

EPY = Hom!(Y, V) ® E,) = @ V, * @ Hom (Y, E,),
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and for the second one we have
EP =PV, @ (Hom " *(E,_pn-1,Y)) .

By (3.13) one concludes. O

3.6.4. m-Blocks. Following B.V. Karpov and D.Y. Nogin ([KN98, Kar90]) we introduce the definition
of m-blocks as a particular class of exceptional collections.

Definition 3.44 ([KN98]). If 2 is a triangulated K-linear category of finite type, and if & =
(Eq,...,Ey) is an exceptional collection, we will say that & is a block if
Hom®(E;, E;) =0 whenever i # j.
More in general, an m-block is an exceptional collection
(¢1,...,€n) = (E11,.. ., E1ay, B0y o ooy By o ooy By o -+, Brna,,, )
such that all subcollections €; = (Eji, ..., Fja;) are blocks. We will call type of the m-block & the

m-tuple (a1,..., ).

A close notion of levelled exceptional collection has been introduced by L. Hille in [Hil95]. The
following result is an immediate consequence of the vanishing condition defining an m-block.

Proposition 3.45. Let € be an m-block exceptional collection of type (ax,...,qm). The left/right
mutations of two objects in a same block &; act just as permutations. More concretely, if En, Epq1
are objects in a same block of an m-block exceptional collection

Qf::(El,...,...,Eh,Eh+1,... a~~~7En)7

same block

then

same block
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4. NON-SYMMETRIC ORTHOGONAL GEOMETRY OF MUKAI LATTICES

In this Section, companion of the previous one, we discuss properties of classes of the exceptional
objects of a triangulated category & in its Grothendieck group Ky(Z), the exceptional bases. This
can be interpreted as a sort of linearization procedure, translating objects of an abstract category into
elements of a more elementary algebraic structure (a lattice or vector space), more suitable for explicit
computations. In particular, we summarize the main points of the geometry of lattices endowed with
unimodular bilinear non-symmetric forms, the so-called Mukai lattices, introduced and extensively
studied by A. L. Gorodentsev [Gor94a, Gor94b].

4.1. Grothendieck Group and Mukai Lattices. Let Z be a (small) triangulated category. Let
us denote by [Z] the set of isomorphism classes of objects of 2.

Definition 4.1. The Grothendieck group Ko(2) is the group defined as the quotient of the free
abelian group generated by [2] over the following Fuler relations:

whenever there is a triangle in &

A B c Al1l.

This group is the solution of the following universal problem: to find an abelian group X and a
function [—]: [9] = X such that, given a function ¢: (9] — G, with values in an abelian group G,
and preserving the Euler relations, there exists a unique group homomorphism p: X — G making the
following diagram commutative

A triangulated functor F': 2 — &' induces a group homomorphism between Ky(2) and Ko(2'),
by sending [E] to [F(E)]. If 2 is K-linear, we can naturally define the so called Grothendieck—Euler—
Poincaré pairing

X(E,F):= Y (~1)"dimg Hom'(E, F),
for any objects E, F € Ob 2.

Remark 4.2. Let us write some useful identities valid in Grothendieck groups. First of all, note that
[0] = 0. Moreover, from the distinguished triangle A - A & B — B — A[1] we have

[Ae B] = [4]+ B,

whereas from A — 0 — A[1] — A[1] we deduce that [A[1]] = —[A].

Lemma 4.3. If E € Ob 2 is an exceptional object, then for any object X € Ob 2 the following
identities hold in the Grothendieck group Ko(2):

[LeX] = [X] - x(B, X) - [E],
[RpX] = [X] - x(X, E) - [E].
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Proof. From the distinguished triangle defining Ly X we have
[LgX] =[X]— [Hom®*(F, X)® E]

_ [X] _ @E[*’L‘]@dimK Homi(E,X)]

~x] - <Z<—1>idimKHomi<E,X>> £].

Analogously, we have

[RpX] = [X] — [Hom®(X, B)* @ E]

= [X]- |EPE-i® dimudHomi(X,E))*}

%

=[X] - <Z(1)idimﬂ< Hom ~*(X, E)) [E].

O

Let us assume that Z admits a full exceptional collection (Ey, ..., Ey,): it then follows that Ky (2)
is freely generated by ([Eo],...,[Eys]). In this case (Ko(2), x(-,-)) admits a structure of exceptional
unimodular Mukat lattice:

Definition 4.4 (Mukai Lattice). A unimodular Mukai lattice is a finitely generated free Z-module V'
endowed with a unimodular bilinear (not necessarily symmetric) form (-,-): V x V — Z. An element
e € V will be said to be exceptional if (e,e) = 1. A Z-basis € := (eo,...,e,) of the Mukai lattice is
called exceptional if

(ei,e;) =1 foralli, (ej,e;)=0 forj>i.
In other words, the Gram matrix must be of the upper triangular form

1

0 1 *
0 0 1
00 o0 ... 1

A Mukai lattice is called exceptional if it admits an exceptional basis.

It is thus clear that the projection on Ky(2) of a full exceptional collection in & is an exceptional
basis.

Definition 4.5 (Mutations of exceptional bases). Let (V,{-,-)) be an exceptional Mukai lattice of

rank n+ 1. If € := (e, ..., e,) is an exceptional basis we define for any 1 <i<n
Lie := (€0, .-, Le, 1 €ir€i-1,--yen), e, €i:=e; —(ei_1,€:) - €1,
Rie := (eo,... e, Reei-1,...,en), Reeiqr:=ei1—(ei—1,6e) - e

In particular, we still get exceptional basis, called left and right mutations of €. It is easy to see that
this defines an action?® of the braid group B,, on the set of exceptional bases of V.

Note that, accordingly to Lemma 4.3, the projection on the Grothendieck group of the mutation of
a full exceptional collection (Fy, ..., E,) coincides with the corresponding mutation of the exceptional
basis ([EOL LR [En])

23In what follows we will use the same conventions and notations of Remark 3.21 for the action of the braid group on
the set of exceptional bases of a Mukai lattice.



52 G. coTTI®), B. DUBROVIN®) | D. GUZZETTI()

Definition 4.6 (Left and right dual exceptional bases). Given an exceptional basis € = (eg, ..., ep)
of an exceptional Mukai lattice (V, (-, -)), we define two other exceptional bases

Ve=(Yep,..., e,) and &' =(ef,...,e))

e n

called respectively left and right dual exceptional bases defined through the action of the braids
’ —1,5-1 -1 —1 -1 -1 -1
Ver=el, Bi= (Br2 Baz - - n,n+1)(512 Bag - n—1,n) P

5\/ = Eﬁv ﬂ = (ﬁn,n+17 ﬂn—l,n s 7512)(67»,n+17 671,—1,n ) 523) cee 5n,n+1~

Notice, in particular that we have the following orthogonality relations

len,el) = Ohm—t, (’exyen)=0nn_rk. (4.1)

Proposition 4.7. Ife = (eq,...,e,) is an exceptional basis of (V,{-,-)), and G is the Gram matriz
of (-,-) with respect to €, i.e.

G = (eh,ek> 0<h,k<n,
then the Gram matriz

o with respect to the exceptional basis L;e is given by H' - G - H*, where

H’L'

the entry —Gi_1; being in the position (i —1,i —1);
o with respect to the exceptional basis R;e is given by K' -G - K*, where

1

D 0 1
K= 1 —Gi—1y4 ’

the entry —Gi_1,; being in the position (i,1);
o with respect to both the right and left dual exceptional basis €V and Ve is given by

Jear e g

where J is the anti-diagonal matrix

J =
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Proof. Lemma 4.3 implies that

(Lic)k = Y (H')jea, (Riche =) (K')fea,

a a

from which the first two points immediately follow. If we define a matrix X such that
ey = Z Xhe,,
a

then the orthogonality relations (4.1) imply that
G- X =1,
so that the Gram matrix with respect to the basis ¢V is given by
Gt nt.gGct-n=J-¢1-I
The computations for the basis Ve are identical, and are left as an exercise for the reader. O

4.1.1. Geometrical Dual Exceptional Basis. In the case of the derived category D’(X) of a smooth
projective variety, we can also introduce the following notion.

Definition 4.8. Let ¢ = (Ey,...,E,) be a full exceptional collection in D°(X). We define the
geometrical dual of the projected exceptional basis [€] := ([Eo], ..., [Ey]) as the basis

(€] == ([ER], - -, [Eo))-

Notice that, because of the properness of X, the exceptionality of the basis [€*] can be deduced
also from Grothendieck-Hirzebruch-Riemann—Roch Theorem: for any E®, F* € Ob(D%(X)) one has

X(E®, F*) = /X ch(E**)ch(F*)td(X), (4.2)

where
x(E®,F*) := Z(—l)’dimc Homp, ) (E®, F*),

td(X) := H T}W, d; Chern roots of T'X,
Jj=1
and for a complex of locally free sheaves L*®
ch(L®) := Y (~1)'ch(L’).

Using (4.2) and the reflexivity property, we deduce that x([E]], [E}]) = x([E;], [Ei]) = 0.

Proposition 4.9. Let € = (Ey,..., E,) be a full exceptional collection in D*(X). If G is the Gram
matriz associated with the exceptional basis [€] of (Ko(X),x(:,-)), then the Gram matriz associated
with the geometrical dual basis [€*] is given by

J-@" e ]

where J is the anti-diagonal matriz
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4.2. Isometries and canonical operator. In the previous section, we have seen that in any trian-
gulated category Z also the group Aut(2) of isomorphism classes of auto-equivalences acts on the
set of full exceptional collections. This action projects onto the Grothendieck group Ko(%) through
the actions of isometries preserving the Grothendieck—Euler—Poincaré form, and hence acting on the
set of exceptional bases.

Definition 4.10 (Isometries). Given two Mukai lattices (Vi,(-,-)1), (Va,(:,)2), any Z-linear map
¢: Vi — V5 such that
<1’,y>1 = <¢($),Qj)(y)>2, z,yeW
is called isometry for the Mukai structures. If ¢ is invertible, then we will say that the Mukai
structures (V1, (-, )1), (Va, (-, -)2) are isometrically isomorphic.
The set of all Z-linear isometric automorphisms ¢: V' — V of a Mukai lattice (V, (-,-)) is denoted
by Isomz(V, (-,-)), or simply Isomy if no confusion arises.

Since Serre functors are prototypical and important auto-equivalences in K-linear triangulated
categories, their projections on the Grothendieck group play a particularly important role.

Definition 4.11 (Canonical operator). Given a Mukai lattice (V, (-,)), we call canonical operator
the unique Z-linear operator x: V' — V satisfying the property
(z,y) = (y, r(x)), z,yeV.
Although Serre functors do not always exist in K-linear triangulated categories, at the level of
Mukai structures this existence problem always admits a solution.

Definition 4.12 (Left and right correlations). Given a Mukai lattice (V,(-,-)) there are two well
defined operators between V and its dual V* := Homy(V, Z), called respectively left and right corre-
lations:

ANV oV (z,),

p: Vo>V ().
Because of the unimodularity of the pairing (-, -), both left and right correlations A, p define isomor-
phisms of abelian groups.

Proposition 4.13 ([Gor94a, Gor94b]). Let (V,(-,-)) be a Mukai lattice.

(1) There exists a unique canonical operator k: V. — V, and it is defined in terms of left and
right canonical correlations as the composition

ploXV V.

(2) Given any basis (e1, ..., ey) (not necessarily exceptional) of V', with respect to which the Gram
matriz of the pairing (-,-) is G, then the matriz associated with the canonical operator k is
given by

k=G 1.GT.
Proof. An exercise for the reader. O

4.3. Adjoint operators and canonical algebra. Let us consider a Mukai lattice (V, (-, -)).

Definition 4.14 (Left and right adjoint operators). Let ¢ € Endz(V). We define two new operators
V¢ and ¢V called respectively left and right adjoint to ¢ through the following identities:

(Yo(x),y) = (z.6(y)),
(6(),y) = (z,0"(v)),

for any z,y € V. Fixed a (non-necessarily exceptional) basis (eg,...,e,) of V, in terms of matrix
representation we have

V¢ZG_T'¢T'GT7 ¢VZG_1'¢T'G-
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Because of the non-symmetry of the pairing (-, -), in general one has V¢ # ¢V.

Definition 4.15 (Canonical algebra). An endomorphism ¢ € Endz (V) is called reflexive if Vop = ¢V.
The subalgebra A C Endz (V) of all reflexive operators of V' is called canonical algebra.

The proofs of the following Proposition is straightforward, and is left as an exercise for the reader.
Proposition 4.16 ([Gor94a, Gor94b]). Let ¢ € Endz(V). The following conditions are equivalent:
(1) Vo =09,
(2) =0,
(3) ="V 9,
(4) ¢r = Kg.

Hence, the canonical algebra A coincides with the center Z(k) of the canonical operator.

Proposition 4.17 ([Gor94a, Gor94b]). The following sets are contained in the canonical algebra A:
(1) AT :={¢ € Endz(V): V¢ = ¢V = ¢}, whose elements are called self-adjoint operators;
(2) A= :={¢p € Endg(V): V¢ = ¢V = —¢}, whose elements are called anti-self-adjoint operators;
(3) Tsom(V, (,-)) = {¢ € Autz(V): Vo = ¢V = ¢~ }.
Given any field K, we can extend scalars from Z to K, by considering the vector space V ®g
K endowed with the non-symmetric bilinear form (-,-), extended by K-bilinearity. All previous
definitions (and notations) can be trivially adapted to this extension of scalars.

Proposition 4.18 ([Gor94a, Gor94b]). If K is a field of characteristic not equal to 2, then the
following direct sum of K-vector spaces holds

Ax = A & A
Proposition 4.19 ([Gor94a, Gor94b]). The Lie algebra of the complex Lie group Isomc is equal to
Ag.
4.4. Isometric classification of Mukai structures. The following Proposition underlines the
importance of the canonical operator for the isometric classification of Mukai structures.

Proposition 4.20 ([Gor94a, Gor94b, Gorl6]). Let V be a free Z-module of finite rank, and let
(-y )1, (+ )2 two non-symmetric unimodular bilinear forms defining two Mukai lattice structures on
V.

(1) The two Mukai structures share the same canonical operator if and only if there exists an
invertible operator 1 € A?f 3 N A?f Y2 and such that

(z,9)1 = (z,%(y))2, =z, yeV.

(2) If K is an algebraically closed field of characteristic zero, the two Mukai vector spaces (V ®z
K, (-,;-)1) and (V ®z K, (-,-)2) are isometrically isomorphic if and only if there exists an
isomorphism ¢ € Autg(V ®z K) such that

¢ o K| = Ko 0 .

Proof. If A1, A2 and p1, p2 denote respectively the left and right correlations for the two Mukai struc-
tures on V', then the operator ¢ := p2_1p1 = )\2_1/\1 satisfies all properties of point (1). Indeed, since
k= py A1 = py t A2, we have that

Vi = (p3 ' p1)(pr A1) = p3 ' A1 = (p3 " A2) (A3 ' A1) = kb,

(z,9y)2 = [p1(y)](x) = (z,y)1, z,yeV.
For point (2), if the two structures are isometric then existence of an isomorphism ¢ intertwining
the canonical operators is clear. Hence, let us suppose to have two different Mukai structures on the
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same vector space V ®z K sharing the same canonical operator. By point (1), we deduce existence
of a self-dual isomorhism ¢ € Autg(V ®z K) such that

<$,y>1 = <(E,’(/J(y)>2, $7y€V®Z K.

The field K being algebraically closed, a polynomial p € K[X] can be constructed in such a way
that the operator a := p(v)) satisfies a? = 1 (see Lemma 16.2 of [Gorl6]). Such an operator « is
self-adjoint, since

a’ =p)" =p@") =p) = q,
and it clearly satisfies the condition («a(z), a(y))e = (z,y)1. O

In particular, Proposition 4.20 implies that a non-degenerate non-symmetric bilinear form over
algebraically closed field of characteristic zero is uniquely determinated by Jordan normal form of its
canonical operator.

Definition 4.21. Given a Mukai lattice (V, (-, -)), and an algebraically closed field K of characteristic
zero, the Mukai space (V ®z K, (-,-)) will be called decomposable, if there exist two subspaces U,V
such that

(1) VezK=UaV,

(2) the restrictions (-,-) to U and V are nondegenerate,

(3) U and V are bi-orthogonal, namely (u,v) = (v,u) =0 for all wu € U and v € V.

The space will be called indecomposable if it is not decomposable.

The following result gives a complete classification of all indecomposable Mukai structures over an
algebraically closed field K of characteristic zero.

Theorem 4.22 ([Gor94a, Gor94b, Gorl6]). Let (V,(-,-)) be a Mukai lattice, and let K be an alge-
braically closed field of characteristic zero. If (V ®zK, (-, -)) is indecomposable, then it is isometrically
isomorphic to one of the following Mukai spaces.

(1) Space of type U,: consider the coordinate space K™ endowed with the non-degenerate bilinear
form whose Gram matriz with respect to the standard basis is

1
-1 1
1 -1

(~)»=2 (~1)»-8
(_l)nfl (_1)7172
In this case, by Proposition 4.13, we have that the canonical operator is of the form
k=G 1. GT=(-1)"114+M, M*1#£0, M"=0,

and its Jordan form is

Tn((=1)"71) =
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(2) Space of type W,,(\) with X # (=1)""1: consider the coordinate space K®" endowed with the
non-degenerate bilinear form whose Gram matriz with respect to the standard basis is

Al

Al
A

In this case, by Proposition 4.13 the canonical operator is of the form
_ J,(A)L 0
_ 1. T _ n
k=G G ( 0 Jn(A)T g
and its Jordan form consists of two n x n blocks with nonzero inverse eigenvalues.
The two types of space Uy, W,,(\) with A # (—1)"~! are not isometrically isomorphic.

Together with Theorem 4.22, the following result gives a complete classification of all Mukai spaces
over algebraically closed field of characteristic zero.

Theorem 4.23 ([Mal63] Chapter VI-VII, [Gor94a, Gor94b]). Let (V,(-,-)) is a vector space over
an algebraically closed field K of characteristic zero endowed with a non-degenerate bilinear form. If
f € End(V) is an isometry, then V splits as a bi-orthogonal direct sum of subspaces Vy, where

(1) for A= =1, V) is the root space
Vi = @ ker (f = A1),

neN
and the restriction of (-,-) on V) is non-degenerate;
(2) for X\ # %1, the space V is the sum of isotropic root subspaces

(@ ker (f — /\]l)"> @ (@ ker (f — Alﬂ)”> ;

neN neN

and the restriction of (-,-) on V) defines a non-degenerate pairing between these two subspaces.

4.5. Geometric case: the derived category D’(X). In previous sections, we have treated the
general case of a K-linear triangulated category 2. Now we consider the case of the bounded derived
category of coherent sheaves on a projective complex variety X. In order to work with a Hom-finite
derived category, we assume that X is smooth: in this way each object is a perfect compler, i.e. locally
quasi-isomorphic to a bounded complex of locally free sheaves of finite rank on X.

The condition of existence of a full exceptional collection in D’(X) imposes strict conditions on
the topology and the geometry of X. The key property is a result of motivic decomposition for the
rational Chow motive of X. We refer the reader to Appendix A for basic notions on Chow motives.

Definition 4.24. Let X be a smooth projective variety over C. We will say that the rational Chow
motive of X, denoted by h(X)g € CHM(C)q, is discrete (or of Lefschetz type) if it is polynomial in
the Lefschetz motive L, i.e. if it admits a decomposition as a direct sum

b(X)o = L, a;€{0,...,dime X},
=1

where by convention LY := h(Spec(C))g. The integer n will be called length of the motive h(X)q.
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Theorem 4.25 ([GO13], [MT15al], [BB12]). If X is a smooth projective variety over C with an
exceptional collection in D°(X), then the rational Chow motive h(X)q is discrete.

There exist many proofs in the literature of this fact, all differing in techniques. In [GO13] the
statement was proved using K-motives. In [MT15a] (see also [MT15b]) a more general statement was
proved (assuming that X is a smooth proper Deligne-Mumford stack over Spec(KK), for a perfect field
K) using the connection between Chow and non-commutative motives discovered by M. Kontsevich
(see [Tabl3]). In the case of smooth projective varieties, we can deduce Theorem 4.25 easily follows
from the following result, essentially due to S. Kimura.

Theorem 4.26 ([Kim09]). Let X be a smooth projective variety over C. The following conditions
are equivalent:

(1) the Grothendieck group Ko(X)q is a finite dimensional Q-vector space;
(2) the rational Chow motive of X is discrete.

Furthermore, if these conditions hold true, the length of h(X)q coincides with dimg Ko(X)g.

Proof. The proof of the fact that (1) implies (2) follows from the main result of [Kim09]. Conversely,
if

n

h(X)Qg@L(gai, aie{O,...,dich},
i=1
using the properties of the Lefschetz motive . we deduce that

CH"(X)q = Homcpw(c), (L%, 5(X)g)

&= @ HomCHM(C)Q (]L®T7 L®ai) = @N(T)v

i=1
where N(r) := card {i: a; = r}. Since the Chern character ch: Ky(X)g - CH*(X)g is an isomor-
phism (not preserving the gradation), we conclude that Ko(X)g is finite dimensional. O

Corollary 4.27 ([MT15a], [GKMS13]). Let X be a smooth projective variety over C such that Ko(X)
is free of finite rank. Then:

(1) X is of Hodge—Tate type, i.e. h?*4(X) =0 if p # q.

(2) The cycle maps ¢ : CH"(X)g — H?*"(X,Q) are isomorphisms.

(8) The forgetful morphism Ko(X)g — K (X?")qg is an isomorphism.

(4) Pic(X) is free of finite rank and cy: Pic(X) — H*(X,Z) is an isomorphism.

(5) Hi(X,Z) = 0.

Proof. Since the Grothendieck group Ko(X) is free and of finite rank, the conditions (1), (2) of
Theorem 4.26 hold true. By the universal property of the Chow motives, any Weil cohomological
functor H*® with values in GrVectg™ factorizes through CHM(C)g: hence, using the same notation
of Theorem 4.26 and its proof, we have

H*(X) %éPP(L)@“%
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and consequently
Q,i=2
H?>(X) = QN since H¥(L) =
0, otherwise.
By taking the Hodge realization of the rational Chow motive h(X)g, we deduce point (1). Point
(2) follows from the fact that im(c%) € H™"(X) and that CH"(X)g and H?"(X;Q) have the same
dimension N (r). Statement (3) follows from the commutative diagram

Ko(X)g—— 4+ CH*(X)q

| |

o n ch*°P ° an
Ko™ (X*) g ————— Hp(X*™ Q)

and from (2). Here the vertical arrows denote the natural forgetful morphisms, ch denotes the Chern
character as defined in [Ful98], and ch®P denotes the topological version of the Chern character. As
shown in [GKMS13], the freeness of K((X) implies that Pic(X) is free. From the exponential long
exact sequence we have that

HY(X,0x) — Pic(X) —— H'(X,Z) — H?(X,0x),

and by point (1) we have that h%1(X) = h%2(X) = 0. Hence the first Chern class map is an
isomoprhism. It follows that Pic(X) is of finite rank. For the last statement, by the Universal
Coefficient Theorem we have a (non-canonical) isomorphism

H2(X,Z) = 27X @ Hy (X, Z)"",

and by (4) we deduce that H;(X,Z) is a finitely generated torsion-free abelian group, and hence free.
By point (1) we have that h1:%(X) = 0. O

Corollary 4.28 ([MT15a], [Kuz16)). If X is a smooth projective variety over C such that D?(X)
admits a full exceptional collection, then X is of Hodge—Tate type, and the length of the collection is
equal to »_ hPP(X).

Remark 4.29. The proof of Corollary 4.28 which appears in [Kuz16] is not based on motivic de-
composition techniques, rather on an additivity property of Hochschild homology ([Kuz09]). If X
admits a semiorthogonal decomposition (&%) ; of D’(X), then Hochschild homology admits the
decomposition

HH,(X) é HH, (). (4.3)
=1

Using the following properties of Hochschild homology
e HH,(Spec(K)) 2 K (Example 1.17 of [Kuz16]),
e and Hochschild-Kostant-Rosenberg Theorem
HHW(X)2 @) HI(X, %),
q—p=k

by Proposition 3.10 and the decomposition (4.3) one easily concludes.

The following result shows that, in the isometric classification of Mukai structures, for all va-
rieties X the vector spaces (Ko(X)c,x(+,+)) correspond just to one of the possible cases, namely
bi-orthogonal sums of U, -type spaces. It is based on the dévissage property of coherent sheaves on
X (see e.g. [Shal3], Section 11.6.3.3 and [CG10], Section 5.9).
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Proposition 4.30 ([CG10]). Let X be a smooth projective variety over C, and let E be a rank d
vector bundle on X. The endomorphism

PE: Ko(X)C — Ko(X)(c: [9] — [ﬁ & (E —d- Ox)]
is nilpotent. In particular,

dime X+1 _
YE =0.

Corollary 4.31. Let X be a smooth projective variety over C. The canonical morphism k: Ko(X)c —
Ko(X)c is of the form
k= (=1)4meX 1 4 M, with M nilpotent.
Hence, the Mukai vector space (Ko(X)c, X) s isomorphic to a direct sums of irreducible Mukai spaces
of type U,,. In particular, a necessary condition for the irreducibility of (Ko(X)c,Xx) is that
dimce X

Bj(X)=dimc X +1 (mod 2).

3=0

Proof. The canonical morphism x is defined by x([Z]) = (=1)4mcX[# ® wx]. By Proposition 4.30,
the morphism & + (—1)4me X+11 is nilpotent. The last two statements follow from the classification
of indecomposable Mukai spaces, Theorem 4.22, and from Theorem 4.23. O

Hence, in the isometric classification, the case of Projective Spaces is of particular importance as
the following results show.

Theorem 4.32 ([Gor94a, Gor94b]). The Mukai spaces (Ko(P*~1)c,x) are indecomposable of type
Uy. Their isometry group

Isomc (Ko (PE")c, x)
has two connected components. The identity component is a unipotent abelian algebraic group of
dimension®* [£]

2]

Notice indeed that the necessary condition of Corollary 4.31 is satisfied in the case of complex
Projective Spaces. From Corollary 4.31 and Theorem 4.32, we deduce the following result.

Corollary 4.33. Let X be a smooth projective variety. The identity component of the isometry group
Isome (Ko (X)c, X)o

is unipotent and abelian.

24Here [z] denotes the integer part of x € R.
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5. THE MAIN CONJECTURE

In the occasion of the 1998 ICM in Berlin, the second author formulated a conjecture relating two
apparently different and unrelated aspects of the geometry of Fano varieties, namely their enumerative
geometry (quantum cohomology) and their derived category of coherent sheaves.

5.1. Original version of the Conjecture and known results. Let us recall the original statement
of the Conjecture formulated by the second author.

Conjecture 5.1 ([Dub98]). Let X be a Fano variety.
(1) The quantum cohomology QH®(X) is semisimple if and only if the category D°(X) admits a

full exceptional collection (En,...,E,).

(2) The Stokes matriz S, computed with respect to a fized oriented line ¢ admissible for the system

(2.15) and in the lexicographical order with respect to ¢, is equal to the Gram matriz of the
Grothendieck—Euler—Poincaré product with respect to a full exceptional collection in D*(X),

Sij = X(Ei, Ej).

i

(8) The central connection matriz, connecting the solution Yr(glt of Theorem 2.21 with the

topological-enumerative solution Yiop := W - Zyop, of Proposition 2.15, is of the form
O — Ol . C/l
where the columns of C"' are the components of the Chern characters ch(E;), and the matriz

C' represents an endomorphism of H®(X,C) commuting with ¢1(X) U (=): H*(X,C) —
H*(X,C).

Over the years, the Conjecture 5.1 has been partially verified in specific cases by several authors,
as follows.

(1)

In [Guz99] the third author proved point (2) of Conjecture 5.1 for projective spaces. He
performed a detailed analysis of the action of the braid group on the set of monodromy data.
By this action, the Stokes matrix computed at a point of the small quantum cohomology was
transformed into a Stokes matrix (associated with another chamber of the manifold) which
coincides with the inverse of the Gram matrix x(E;, E;), where {E; = O(j — 1) ;?:1 is the
Beilinson exceptional collection. See also Remark 5.5.

The results of [Guz99] were recovered by S. Tanabé in [Tan04], who showed how to calculate
the Stokes matrices of quantum cohomologies of projective spaces in terms of a certain hy-
pergeometric group. Furthermore, in [CMvdP15], J. A. Cruz Morales and M. Van der Put
showed another method to obtain the same results of [Guz99] for projective spaces, and also
for the case of weighted projective spaces, using multisummation techniques.

In [Ued05a] K. Ueda extended the results of [Guz99] to all complex Grassmannians. His proof
relies on a conjecture of K. Hori and C. Vafa ([HV00]), rigorously proved by A. Bertram, I.
Ciocan-Fontanine, and B. Kim ([BCFKO05]), relating quantum cohomology of Grassmannians
with quantum cohomology of projective spaces. The analysis of the action of the braid group
is not treated. Note that in [Ued05a] the phenomenon of coalescence for the isomonodromic
system (2.15) is not recognised: a priori, the monodromy data at points of small quantum
cohomology of Grassmannians with coalescence could be not well defined. A rigorous analysis
of this point has been developed in [CDG17a], and adapted to the geometry of Frobenius
manifolds in [CDG17b].

In [Ued05b] K. Ueda proved point (2) of Conjecture 5.1 for cubic surfaces, using a toric
degeneration of the surfaces and A. Givental’s mirror results ([Giv98]).
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(5) In [BMO04] A. Bayer and Yu. I. Manin proved point (1) of Conjecture 5.1 for all del Pezzo
surfaces.

(6) Out of the 106 deformation classes of smooth Fano threefolds (see [Isk77, Isk78], [MMS&6,
MMO03]), only 59 satisfy the condition of vanishing odd cohomology, necessary for the semisim-
plicity of the quantum cohomology. In [Cio04, Cio05], G. Ciolli proved validity of point (1)
of Conjecture 5.1 for 36 out of these 59 families.

(7) A. Bayer proved in [Bay04] that the family of varieties for which point (1) of Conjecture
5.1 holds true is closed under blow-ups at any number of points. Furthermore, Bayer also
suggested to drop any reference to the condition of being Fano in the statement of Conjecture
5.1. No explicit result is available in the non-Fano case for points (2)-(3) of Conjecture 5.1.
We plan to address this problem in a future publication [Cot].

(8) The results of Y. Kawamata [Kaw06, Kaw13, Kaw16] confirm validity of point (1) of Conjec-
ture 5.1 for projective toric manifolds.

(9) In [Gol09] V. Golyshev proved validity of point (2) of Conjecture 5.1 for minimal Fano three-
folds, i.e. with minimal cohomology

H*TY(X,7)=0, H*(X,7)=7Z.

(10) In [IT13], K. Iwaki and A. Takahashi proved validity of point (2) of Conjecture 5.1 for a class
of orbifold projective lines P} whose quantum cohomology is known to be semisimple, being
isomorphic to the Frobenius manifold constructed from the theory of primitive forms for the
polynomial fa(z1,z2,x3) := 2{* + 252 + 253* — x12223. Their proof is based on Kontsevich’s
Homological Mirror Symmetry, an equivalence of triangulated categories between D°(PL) and
the directed Fukaya category DFuk(C3, f4). See Section 5.5 for more details.

(11) In [Pecl3] C. Pech showed that the (small) quantum cohomology of odd symplectic Grass-
mannians of lines IG(2,2n + 1) is semisimple. These results, together with the results of A.
Kutznetsov [Kuz08] adpated, mutatis mutandis, to the odd case, confirm the validity of the
point (1) of Conjecture 5.1.

(12) In [GMS15], S. Galkin, A. Mellit and M. Smirnov proved validity of point (1) of Conjecture 5.1
for the symplectic isotropic Grassmannian IG(2,6). The importance of this result is due to
the fact that it underlines the need of considering the whole big quantum cohomology for the
formulation of the conjecture, the small quantum locus being contained in the caustic (recall
Definition 2.16). This result has been generalized for all symplectic isotropic Grassmannian
IG(n,2n): on the one hand it is known that these Grassmannians admit full exceptional
collections ([Kuz08], [Sam07]), on the other hand it has been proved by N. Perrin that their
(big) quantum cohomology is generically semisimple (see [Perl4]). See also [CMMPS17].

5.2. Relationships with Zaslow’s Conjecture for solutions of ¢t*-equations. Speculations on
some relationships between monodromy phenomena of differential equations and objects in derived
categories already appeared in the literature some years before Conjecture 5.1. In this regard, it is
particularly worth mentioning the inspiring paper [Zas96] by E. Zaslow.

Together with the system of linear differential equations (2.12), associated with any semisimple
Frobenius manifold there is a second isomonodromic problem, formulated in [Dub93], and arising from
the work of S. Cecotti and C. Vafa on topological-antitopological fusion (JCV91]). From an analytical
point of view, the tt*-equations can be interpreted as the isomonodromicity conditions of a linear
differential equation on ]P% with two irreqular singularities (of Poincaré rank 1) at both z = 0 and
z = 0o (see equation 2.18 of [Dub93]). In order to suitably describe the monodromy of their solutions
it is then necessary to introduce Stokes matrices and a central connection matrix. For an extended
analytical asymptotical study of certain cases of tt*-equations, reduced to the Toda lattice (with
opposite sign), we refer the reader to the detailed papers [GIL15a, GIL15b, GIL17], [GL12, GL14].

Remarkably, Cecotti and Vafa predicted existence of solutions of the tt*-equations for which the
corresponding Stokes matrices have integer entries. Basing on this fact, a classification of two-
dimensional N = 2 supersymmetric field theories was subsequently developed ([CV93]). From a
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physical point of view, indeed, given a N = 2 massive theory (i.e. whose “chiral ring” is a semisimple
Frobenius algebra) the entries of the Stokes matrices can be interpreted as the numbers of solitons of
minimal energy (Bogomolnyi solitons) between the vacua states in the infrared limit. The idea of the
classification is based on the information about the number of vacua states and of solitons between
them. See Section 4 and 6 of [CV93] for further details.

Basing on a previous observation of M. Kontsevich, in [Zas96] E. Zaslow conjectured a similar
relationship between the Stokes phenomenon arising from the ¢t*-isomonodromic problem attached
to the topological o-model with target a Kdhler manifold X and the Gram matrices associated with
objects of (full) exceptional collections in the derived categories of coherent sheaves D°(X). This is
strictly related to Conjecture 5.1, because the Stokes matrices of both the system (2.12) and of the
tt*-problem are believed to be equal. Such an equality was already conjectured by C. Vafa?®. For the
tt*-Toda case, in the papers [GL12], [GIL17], the two systems of differential equations (very different
from an analytical point of view!) are shown to be related through an Iwasawa factorization of loop
groups (see Chapter 12 of [Gue97]), and the equality of Stokes data for the tt*-Toda equations is
proved (in [GIL17] details are worked out for the 4 x 4 system, while in [GH18] for the n x n case).
We expect that the Iwasawa factorisation method of [GIL17] may equally work in order to prove
the equality of Stokes matrices in the general case, not only for the tt*-Toda equations. A similar
approach was already used by A. Bobenko and A. Its in [BI95], where the reader can find explicit
formulae relating the monodromy data of (the linear system associated with) Painlevé III and its
data associated by the approach of J. Dorfmeister, F. Pedit, and H. Wu ([DPW98]), based on the
Iwasawa decomposition of a twisted loop group of SL(2,C). To the best of our knowledge, these are
the only references in which such a relationships between the two Stokes phenomena is discussed with
some analytical details.

5.3. Gamma classes, graded Chern character, and morphisms ﬂ)i(. Let X be a smooth
projective variety of (complex) dimension d with odd-vanishing cohomology, V' be a complex vector
bundle of rank r on X, and let d1,...,d, be the Chern roots of the bundle V, so that

Ck(v)zak(éla“'v(sr‘)v 1§k§7’

where oy, is the k-th elementary symmetric polynomial. Starting from the Taylor series expansion of
the functions I'(1 +¢) near ¢t = 0, and applying the Hirzebruch’s construction of characteristic classes,
we can define two characteristic classes T+ (V) € H*(X,C) by

I H I(1+ ;).
j=1

In particular we will denote by I'* (X) the characteristic class r= (TX).

For any object E € ObD*(X) we define a graded version of (the Grothendieck’s definition of) the
Chern character: being X smooth, the object F is isomorphic in D(X) to a (bounded) complex of
locally free sheaves F'*. We thus define

Ch(E) := Y (~1)/ Ch(FV),
j
where
Ch(F7) := Z e*™ @ the ay,’s being the Chern roots of FV.
h

The definition is well posed, since it can be easily shown to be independent of the bounded complex
F'® of locally free sheaves.

25Private communication to the second author.
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Let us now define two morphisms 1% : Ko(X) — H*(X,C) given by
id
(2m)?

where d € {0, 1} is the residue class d mod(2).

I (E) = T'*(X) Uexp(dmic; (X)) U Ch(E),

5.4. Refined statement of the Conjecture.

Conjecture 5.2. Let X be a smooth Fano variety of Hodge—Tate type, namely such that h»1(X) =0

for any p # q.

(1) The quantum cohomology QH?®(X) is semisimple if and only if there exists a full exceptional
collection in the derived category of coherent sheaves D°(X).

(2) If QH®(X) is semisimple, then for any oriented line ¢ (of slope ¢ € [0;2x[) in the complex
plane there is a correspondence between £-chambers and founded helices, i.e. helices with a
marked foundation, in the derived category D°(X).

(8) The monodromy data computed in a £-chamber Qy, in the lexicographical order, are related
to the following geometric data of the corresponding exceptional collection €y = (Ey, ..., E,)
(the marked foundation):

(a) the Stokes matriz is equal to the inverse of the Gram matriz of the Grothendieck-
Poincaré-Euler product on K(X)c, computed with respect to the exceptional basis
([Ez])?:l

Sit = x(Ei, By);

(b) the Central Connection matriz C' = C©), connecting the solution Yr(igflt of Theorem 2.21
with the topological-enumerative solution Yiop = V¥ - Ziop of Proposition 2.15, coincides
with the matriz associated with the C-linear morphism

:d
Iy Ko(X)c — H*(X,C): E — (;ﬁf; U exp(—mici (X)) U Ch(E),
T)2
where d = dime X, and d is the residue class d (mod 2). The matriz is computed with
respect to the exceptional basis ([E;])'_; and any pre-fized basis (Ty)a in cohomology
(see Section 2.1).

Remark 5.3. Let X be a smooth projective variety with semisimple quantum cohomology. From
the original Conjecture 5.1, in [Dub98] it was conjectured that there exists an atlas of QH®*(X)
whose charts, denoted Fr(S,C), are expected to be in one-to-one correspondence with exceptional
collections in D¥(X). Point (2) of Conjecture 5.2 clarifies this. In order to have such a correspondence,
each of the charts discussed in [Dub98] should cover a single ¢-chamber. The correspondence with
exceptional collections is not one-to-one, since two foundations of the same helix, obtained one from
another by iterated applications of the Serre functor (or its inverse), are associated with monodromy

data computed with respect to other solutions Yle? Jright of Theorem 2.21. In other words, the choice
of the foundation of the helix corresponds to the choice of the branch of the logarithmic factors

221 (V) of Yy (2).

Remark 5.4. The Main Theorem of [CDG17b] implies a constraint on the kind of exceptional col-
lections associated with the monodromy data in a neighborhood of a semisimple coalescing point of
the quantum cohomology. If the eigenvalues u;’s coalesce, at some semisimple point to € QH®*(X),
to s < n values Aq,..., A\ with multiplicities p1,...,ps (with p; + -+ + ps = n, here n is the sum of
the Betti numbers of X, equivalently, it is the dimension of QH*®(X) as a Frobenius manifold), then
the corresponding monodromy data can be expressed in terms of Gram matrices and characteristic
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classes of objects of a full s-block exceptional collection of type (p1,...,ps) (see Definition 3.44). Let
U, (to) be a polydisc centered at tg, of poly-radius €; suffciently small as in the statement of Theorem
4.1 of [CDG17b]. Once we fix

e an oriented line £,
e a continuous labeling of canonical coordinates on U, (to),
e a continuous branch of the W-matrix on U, (to),

the monodromy invariants (S, C') computed in each ¢-chamber intersecting U, (o) are constant and
the same, being equal to the ones computable at the semisimple coalescence point ;. Notice that on
U, (to) we have [, p;! possible £-triangular orders (Definition 2.29), each of which is ¢-lexicographical
in exactly one ¢-chamber intersecting U, (o). By Proposition 3.45 the exceptional collections attached
to these /-chambers, as in Conjecture 5.2, differ just by a permutation of the objects of each single
block.

Remark 5.5. One of the main differences between the statements of Conjecture 5.1 and Conjecture
5.2 is the point concerning the Stokes matrix S. The identification of S with the inverse of the Gram
matrix is forced by the Grothendieck—Hirzebruch-Riemann-Roch Theorem and the constraints of
monodromy data, as it will be evident from Proposition 5.7 and Corollary 5.8. However, in case
of projective spaces, the necessity of considering the inverse of the Gram matrix is not evident. In
[Guz99], an explicit braid was constructed relating the Stokes matrix S computed at a point of
the small quantum cohomology, to another Stokes matrix S° (associated with another /-chamber).
The latter was proved to coincide with the inverse of the Gram matrix of the Beilinson exceptional
collection B = (O())*=}. Then, using the identity

(ST =PSTP, B = B12(B23B12)(Bs4B23512) - - - (Br—1,k - - - Br2), P§ = 601814k

where S is any k x k Stokes matrix (see [Zas96]), together with the numerical coincidence

k—1+0b—
PGTP =@, for Gu = x(O(a—1),0(b—1)) = ( , * “), 1<ab<k,
—a
it was proved that G (or equivalently S) and its inverse are in the same orbit under the action of the
braid group. In other words, the result of [Guz99] says that there is an ¢-chamber where the Stokes
matrix coincides with the Gram matrix of the Beilinson exceptional collection ‘B.

For a generic smooth projective variety X the following questions naturally arise.

Problem 1. If point (3.a) of Conjecture 5.2 holds true, so that S™! = G with G Gram matrix of
x computed with respect to an exceptional basis e, does the Stokes matrix S = G~! coincide with
the Gram matrix of another exceptional basis £'?

Problem 1.bis. Given a full exceptional collection & in D°(X) with associated Gram matrix G,
does it exist another exceptional collection & with associated Gram matrix G~1?

Problems 1 and 1.bis admit affermative solutions. By Proposition 4.7 and Proposition 4.9 it imme-
diately follows that the Gram matrix corresponding to both (€*) and v (&*) is equal to G=1. This
guarantees, for example, that for all other cases of smooth projective varieties for which point (2) of
Conjecture 5.1 was proved (e.g. [Ued05b, Ued05a], [Gol09]), point (3.a) of Conjecture 5.2 holds true.
We still do not know the answer to the following question.

Problem 2. If Problems 1/1.bis admit affermative solutions, are /€ and &’/€’ in the same orbit
under the action of the braid group?

Finally, let us notice that the solutions &’/& to Problem 1 and 1.bis have been explicitly con-
structed basing on the geometrical nature of the triangulated category under consideration, for which
a further duality operation is available (Section 3.6.2 and Section 4.1.1). In a more general context,
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we do not know the answer to the following question.

Problem 3. Let & be a full exceptional collection in a triangulated category & with associated
Gram matrix G. Does there exist another full exceptional collection ¢ in 2 with Gram matrix G~1?
If yes, are € and € in the same orbit under the action of the braid group?

Remark 5.6. During the final revision of the present work, a very interesting paper [TV18] by V.
Tarasov and A. Varchenko appeared®®. The main focus of [TV 18] is the study of equivariant quantum
cohomologies of the cotangent bundles T F) of partial flag varieties F,, with A € Z];[O such that
|A| = n, parametrizing chains of subspaces -

0=FyCF C---CFy_1CFy=C"

with dim F;/F;_1 = \; for i = 1,..., N. The varieties T*F) being not projective, a good definition
of their quantum cohomology is available only in the equivariant case, QH$(T*Fy). Here the torus
T is defined as T := A x C*, where A C GL,,(C) denotes the subgroup of diagonal matrices which
acts on C™, and hence on T*F), whereas C* acts by multiplication in each fiber. The quantum
multiplication by divisors on QHY(T*F),) is described in [MO12], and an analogue family of the
deformed connections (2.9) is defined (see also [BMO11]): in the notations of [TV18]

Vi“;fz = nqiﬁ—q — Dj*q, i=1,...,N,
K3
where
o (q1,...,qn) € (C*)V represent the parameters of deformation corresponding to the small

equivariant quantum cohomology,
o Dixg: QHN(T*Fy) — QHY(T*F)) denotes the operators of quantum multiplication by the
divisors

Ai
Di Z:Z’yid‘, ’iil,...,N,
j=1

where {v; ; }?;1 is the set of Chern roots of the vector bundle F; on F) with fiber F;/F;_1,
e r € C* denotes the spectral parameter of deformation of the flat connection (analogue to our
parameter z).

The system of equations defining flat sections of V' " are called equivariant quantum differential

equations of T*Fy. Among other results, Tarasov and Varchenko proved that the leading term of the
asymptotic expansion of g-hypergeometric solutions of this system of equations can be written as the
equivariant I'-class of T*F, multiplied by exponentials of the equivariant first Chern classes of the
vector bundles F;’s, namely the characteristic classes
N
= . B;
I‘E’,«'*}-A U H exp (mi(A\; — n)er(Ej)) qjl( 2
j=1
See Appendix B of [TV18] for more details. The study of relationships between Conjecture 5.2 and
the work of [TV18] in the equivariant setting will be the object of a future research project.

Proposition 5.7. Let X be a smooth projective variety of complex dimension d.
(1) Let E,F € ObD"(X). Then

1 () U 5 (F) = T2 Ta(x) U Cn(E) U Ch(F) U e ),

26The first author thank A. Varchenko for very useful and instructive discussions.
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where Td(X) € H*(X,C) is the graded Todd characteristic class
4 2mis
j=1

where 61, ...,0q are the Chern roots of the tangent bundle T X .
(2) Let us naturally identify the tangent bundle TQH®(X) with H*(X,C). Then for any E €

ObD*(X) we have

eIy (B)) = i' D% ("),

where p € End(H*(X,C)) is the grading operator defined in (2.10).

(3) If u is the grading operator defined as before, E, F € ObD®(X) then

/ e—i‘rr,u(ﬂg:((E)) U€i7r01(X) U ﬂ;t((F) = X(E,F).
X

Proof. From the well known relation

s
I'(z)I'(1—2) =
()T ?) sin(mz)
we get
2miz inx
Thus,

I (BE)U Iy (F) = (=17 |d| 205 —ims; | Ch(E) U Ch(F)
X X - (27T)d 1— e—27‘ri5j € ?
j=1

and we conclude the proof of (1) since ¢1(X) =}, 6;. For (2) notice that if ¢ € H*(X,C), ¢ = 3_ ¢,
with ¢, € H?*’(X,C) then

e TH(g) =i (—1)Pdy, (5.1)

and one easily concludes. For the last point (3), we can apply (1),(2) and the Grothendieck—
Hirzebruch-Riemann-Roch Theorem as follows

[ ey vem o U ) -
X

i / oL (E*)uem™ Xy i (F) = (by (2))
B X
(71)d2-d * —
@ /XTd(X) UCh(E*) U Ch(F) = (by (1))
(-1)?

i(2mi)x(E,F)  (by GHRR).

Corollary 5.8. Let X be a Fano smooth projective variety for which points (3b) of the Conjecture
5.2 holds true. Then also point (3a) holds true.
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Proof. The Stokes and central connection matrices must satisfy the constraint, which is equivalent to
(efiwyC)TneinC — Sfl7

with R = ¢1(X) U (—). By point (3) of Proposition 5.7 we conclude. O

Theorem 5.9. Let X be a smooth Fano variety of Hodge—Tate type for which Conjecture 5.2 holds
true. Then, all admissible operations on the monodromy data have a geometrical counterpart in the
derived category D*(X), as summarized in Table 1 at the end of the Introduction. In particular, we
have the following:
(1) Mutations of the monodromy data (S,C) correspond to mutations of the exceptional basis.
(2) The monodromy data computed with respect to other solutions Yiilfct)/righw ie. (S,CH),
are associated, as in the points (3a)-(3b) of Conjecture 5.2, with different foundations
of the heliz, related to the marked one by an iterated application of the Serre functor
(wx ® —)[dim¢ X]: DY(X) — D°(X).
(3) The group Co(X) is isomorphic to a subgroup of the identity component of the isometry group
Isomc(x): more precisely, the morphism

Co(X) — Tsome(x)o: A+ (IIz) ™ 0 Ao Ilx (5.2)

defines a monomorphism. In particular, Co(X) is abelian.

Proof. Claim (1) immediately follows from the definition of the action of the braid group on the
monodromy data, and on the exceptional bases (Proposition 4.7). For claim (2), recall that the pairs
of monodromy data (S, C*®)) are related one to another by a power of the generator of the center of
the braid group, as in Corollary 2.35. Hence one concludes by Corollary 3.43. Point (3) follows from
the identification of S with the inverse of the Gram matrix, from the constraint (5) of Theorem 2.24,
and from the definition of Co(X): indeed, if A € Co(X), then

(CrAC)TS Y (C7AC) = CTATC TS e AC
_ C«TAT,qeﬂ'i,ueﬂiRAC«
_ CTATneﬂ'iuAeﬂiRC
_ CTneTriueTriRC
=5

Moreover, since Co(X) is unipotent (and since we are working in characteristic zero) it is connected
([DGT70], Prop. IV.2.4.1). From Corollary 4.33, we deduce that Co(X) is abelian. O

Remark 5.10. From Corollary 2.35, Corollary 4.31 and point (2) of Theorem 5.9, it follows that
all eigenvalues of the monodromy matrix My are equal to (—1)4™cX: indeed the inverse matrix
M; ' € Cy(X) corresponds to the canonical operator & € Isomg(x)o. Notice that for a smooth
projective variety with odd-vanishing cohomology, this can also be obtained directly from the identity
My = exp(2mip) exp(2miR), with R = ¢, (X)U (—): H*(X,C) — H*(X,C).

From this simple fact, one can also deduce validity of several Diophantine constraints on the entries
of the Stokes matrices S, computed in any ¢-chambers of QH*(X) with respect to any line ¢. Indeed,
if we set

N

ps(t) :=det(tly — STS™1) = ij(S)tj, where N := Z hP (X)),
7=0
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from the identity p(t) = (t — (—1)4mecX)N "we deduce the constraints (polynomial in the entries of
S)

. (N )
p;(S) = (_1)(dlln‘vX+1)(N J) (j)’ j=0,...,N.

Ps (1) = (;}V)Nps(th

so that py_;(S) = (—1)Vp;(S). Furthermore, since py(S) = (—1)dime X+DN "we deduce that

e if N is odd, then necessarily dimc X must be even,
N

e the number of independent Diophantine constraints is [3].

As discussed in Section 5 of [Bon04], p1(S),... ,p[%](S) actually define algebraically independent
polynomials in the entries of S, and they freely generate the algebra of polynomial functions defined
on the space of matrices S invariant under the action of both By and (Z/2Z)" .

In the case N = 3, necessarily dim¢ X must be even, and all the Diophantine constraints reduce

Since det S = 1, we have that

to
a® + b + ¢ = abe, (5.3)
where
1 a b
S=10 1 ¢
0 0 1

By reducing equation (5.3) modulo 3, all integer solutions of equation (5.3) are of the form
a=3xr, b=3y, c=3z,
where (z,y, z) are integer solutions of the Markov equation
22 +y? + 2% = 3ayz.

It is well known that all integer solutions of the Markov equation are equivalent (up to the action of
braid group Bs) to the triple (1,1,1). We refer the reader to the monograph [Aigl3] for a modern
survey of properties of Markov numbers and related open problems.

In the case N = 4, for the Stokes matrix

1 a b c
s=|o ¢ ¢ ik (5.4)
0 0 01
the Diophantine constraints reduce to
a®> + 02+ +d?+ e+ f2—abd — ace — bef — def + acdf = 4(1 — (—1)4imeX), (5.5)
(af —be +cd)? = 8(1 — (—1)dime Xy, (5.6)

The polynomials in the lhs of (5.5)-(5.6) are generators of the algebra of polynomial functions on
the space of matrices (5.4) which are invariant under the action of both the braid group B4 and of
(Z/27Z)*. In the case of surfaces (dimc X = 2), in the preprint [dTdVVdB16], it is shown that a
solution (5.4) of equations (5.5)-(5.6) is equivalent (modulo the action of By and (Z/2Z)*) to exactly
one of the following solutions

1 2 2 4 1 n 2n n
01 0 2 01 3 3
001 2 oo 1 3| mEN
00 0 1 00 0 1
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The first solution corresponds to P! x P! (for which the Conjecture (5.2) holds true, as shown in
Proposition 5.11): it is the Gram matrix of the full exceptional collection

(0,0(1,0),0(0,1),0(1,1)).

For the second family of solutions, for n = 0 and n = 1 we obtain the Gram matrices of full
exceptional collections respectively in P2 [] pt, and the blow-up of P? at one point. Remarkably, for
all other values of n it is believed that these matrices cannot be realized as Gram matrices of full
exceptional collections on a smooth projective variety, although they arise in Grothendieck groups of
non-commutative surfaces (see e.g. [dTdVP15] for n = 2, [BP18] for the case n > 2, and [BPVdBI18]
for a comparison of their constructions).

Proposition 5.11. The class of Fano variety for which Conjecture 5.2 holds true is closed under
finite products.

Proof. Let X,Y be Fano varieties for which Conjecture 5.2 holds true, an let us define the canonical
projections

If X,Y have semisimple quantum cohomology, then also the tensor product of Frobenius manifolds
QH*(X xY)=QH*(X)® QH*(Y) is semisimple. Furthermore, if (Ey,...,E,) and (Fo, ..., Fn)
are full exceptional collections in D°(X) and D?(Y), respectively, then the collection (FE; X Fi) i),
indexed by all pairs (i, 5), is a full exceptional collection for D*(X x Y) (see e.g. [Kuzl1]). Here we
set
EXF :=n]E®mn;F.

The order of the objects is intended to be the lexicographical one on the pairs (i,5). Using the
identities

%y = mT% UmTE,

(X xY)=njc1(X)+m5c1(Y),
dim(X xY) =dim X + dimY,
and recalling that if M, M’ are two semisimple Frobenius manifolds we have that
Smem = Su @Sy, Cugnr = Cu @ Cure

(see [Dub99], Lemma 4.10), we easily conclude. O

5.5. Relations with Kontsevich’s Homological Mirror Symmetry. The validity of the Con-
jecture 5.2, at least of its points (1) and (3a), can be heuristically deduced from M. Kontsevich’s
idea of Homological Mirror Symmetry ([Kon95, Kon98]). More precisely, Conjecture 5.2 establishes
an explicit relationship between two different geometrical aspects of the same Fano manifold X, the
symplectic one (the A-side) and the complex one (the B-side), which can be connected through the
study of an object mirror dual to X.

Although Mirror Symmetry phenomena were originally studied in the case of Calabi—Yau varieties,
several mirror conjectural correspondences have been generalized also to the Fano setting by the works
of A. Givental ([Giv95, Giv97, Giv98]), M. Kontsevich ([Kon98]), K. Hori and C. Vafa ([HV00]). If
X is a Fano manifold satisfying the semisimplicity condition of Conjecture 5.2 then its mirror dual
is conjectured to be a pair (V, f) (the Landau—Ginzburg model), where
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e V is a non-compact Kéhler manifold (whose symplectic form will be denoted by w),
e and f: V — C is a holomorphic function which defines a Lefschetz fibration, i.e. f admits
only isolated non-degenerate critical points {p1,...,p,}, with only A;-type singularities (i.e.
Morse-type), and whose fibers are symplectic submanifolds of V.
With such an object one can associate two different categories, codifying respectively symplectic
and complex geometrical properties of the the pair (V, f). Let us briefly recall their constructions.
The symplectic geometry, also called A-side or Landau—Ginzburg A-model, is described by a Fukaya-
type Aso-category, originally introduced by M. Kontsevich and later by K. Hori, and whose explicit
and rigorous construction has been formalized by P. Seidel ([Sei01b, Sei0la, Sei02]). On the fibration
f:V — C one can consider a symplectic transport, by considering as horizontal spaces the symplectic
orthogonal complement of vertical subspaces, i.e.

H, = (kerdf,)™, peV.

For a fixed regular value zy € C, by choosing n paths 7; connecting zy with the critical values®”
z; := f(p;) for i = 1,...,n, so that one can symplectically transport along the arc ; the vanishing
cycles at p;. In this way one obtains a Lagrangian disc D; C V fibered above «; (such a disc is called
the Lefschetz thimble over v;), and whose boundary is a Lagrangian sphere L; in the fiber f=1(2).
Assuming genericity conditions, in particular that all the paths intersect each other only at zy and
that all Lagrangian spheres intersect transversally in f~1(zg), one can introduce the so called directed

Fukaya category of (f,{vi})-
Definition 5.12 ([Sei01b, Sei0la]). The directed Fukaya category Fuk(V, f,{7;}) is defined as the

Aso-category whose objects are the Lagrangian spheres Lq,..., L, and whose morphisms are given
> CF*(L;, Lj;C) = CILinLil - if 4 < 3,
Hom(L;, L;) := ¢ C-1d, if i =7,
0, it i > j,

where the Floer cochain complex CF*®(L;, Lj; C) with complex coefficients, the differential m;, the
composition mso and all other higher degree products my’s are defined in terms of Floer Lagrangian
(co)homology in the fiber f~1(zp).

The directed Fukaya category is unique up to quasi-isomorphism, and the derived category DFuk(V, f)
only depends on f: V — C ([Sei0lb], Corollary 6.5). Furthermore, the objects (L1, ..., L,) define
a full exceptional collection of DFuk(V, f), and to different choices of paths {v;} (actually inside
the same Hurwtiz equivalence class) there correspond different choices of full exceptional collections,
related one to another by operations called mutations (not totally coinciding with the ones discussed
in Section 3). For more details the reader can consult the cited references.

The second category associated with the pair (V] f), encoding its complex geometrical aspects, is
the so called triangulated category of singularities defined by D. Orlov ([Orl04, Orl09]). If YV is an
algebraic variety over C, in what follows we denote by PBerf(Y) the full triangulated subcategory of
DY(X) formed by perfect complexes, i.e. objects locally isomorphic to a bounded complex of coherent
sheaves of finite type: in particular, if Y is smooth, then Perf(Y) = Db(Y).

Definition 5.13 ([Orl04, Orl09]). We define the triangulated category of singularities of (V, f) a:
the disjoint union

smg V f H Dsmg V.= f_l(z)v
zeC
where we introduced the quotient category,

Daing (V2) 1= D(V2) /PBerf(V2).

2TWe assume that the critical values, and the paths are numbered in clockwise order around the regular value zg.
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Such a quotient is defined by localizing the category D°(V,) with respect to the class of morphisms
s embedding into an exact triangle

X —=5Y Z X[1], with Z € Ob(Berf(V,)).

In particular, note that Dging(V>) is non-trivial only at the critical values z1,..., 2, of f.

The crucial point in our discussion is the following homological formulation of Mirror Symmetry
in the Fano case.

Conjecture 5.14 (Homological Mirror Symmetry, [Kon98]). Let X be a Fano variety. There exist
equivalences of triangulated categories as follows:

A-MODEL B-MODEL
Fuk(X) D' (X)

It is believed that the net of equivalences described above could be recast in terms of isomorphy of
Frobenius manifolds structures, associated with X and (V f), respectively. More precisely, we have
that

e the Frobenius manifold related to the symplectic geometry of X (the A-side) is the quantum
cohomology QH*(X);

e the Frobenius manifold associated with (V] f), and encoding information about its complex
geometrical aspects (the B-side), is the Frobenius manifold structure defined on the space
of miniversal unfoldings of f. The general construction is well-defined thanks to the works
of A. Douai and C. Sabbah [DS03, DS04, Sab08], C. Hertling [Her02, Her03] and also of
S. Barannikov’s construction of Frobenius structures arising from semi-infinite variations of
Hodge structures ([Bar00]). These efforts can be seen as a generalization of the construction
of K. Saito [Sai83], who considered the case of germs of functions defined on C™.

The A-model and B-model of the Landau-Ginzburg mirror (V, f) are conjectured to numerically
related in the following way:

Conjecture 5.15. The Stokes matriz of the B-model Frobenius manifold associated with (V, f) equals
the Gram matriz of the Grothendieck—FEuler—Poincaré product x(-,-) product on DFuk(V, f).

Putting together Conjecture 5.15 and Conjectures 5.14, it is clear that points (1) and (3.a) of
Conjecture 5.2 should (heuristically) follow.

Remark 5.16. In a recent preprint [KS18], A. Kuznetsov and M. Smirnov formulated an intriguing
conjecture, probably very close to Conjecture 5.2. Their work focuses on the case of a complex Fano
variety X of Picard rank one and index m (i.e. —Kx = mH for the ample generator H of Pic(X)).
It is conjectured that a necessary condition for the semisimplicity of the small quantum cohomology
in QH*(X) is existence of a full Lefschetz collection, i.e. an exceptional collection of the form

(E1,Ea,...,Er; E1(H),...,Er,(H);...; E1((m—1)H),...,E ((m—-1)H)),
— ———

) Tm—1

starting block

where 79 > 1 > --+ > T,,_1 > 0, which is minimal with respect to the partial order on the set of
Lefschetz collections defined by inclusion of the starting blocks, and whose residual category
(E1,Eo,...,E.. _s...;Ei((m = V)H),...,E. _ ((m—1)H))*

is generated by a completely orthogonal exceptional collection.
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Kuznetsov and Smirnov also suggest that the structure of the residual category can be deduced from
HMS Conjecture 5.14, as exposed in the previous paragraphs. Namely, it is expected the existence of a
m -equivariant®® Landau-Ginzburg model (V, f) for X, i.e. with a pi,,,-action on V and f equivariant
with respect to the standard u,,-action on C. Consequently, the nonzero critical values of f can
be partitioned into a number of free y,,-orbits. Under the equivalence DFuk(V, f) = D?(X), it is
expected that

e the objects of the rectangular subcollection

(E1,Es,...,E S Ei((m=1H),...,E, _,(m—-1)H))

Tm—17""

are generated by the thimbles associated with critical points of f with nonzero critical values;

e the residual category is generated by thimbles associated with critical points over 0 € C. By
semisimplicity, the critical points of f are isolated and simple: the corresponding vanishing
cycles and their symplectic transport do not intersect neither over a neighborhood of 0 nor
over a neighborhood of the chosen regular point in C. From this, the complete orthogonality
of the corresponding exceptional objects in DFuk(V, f) follows.

In [KS18] the validity of this conjecture for complex Grassmannians G(r, k) is also shown, with r
a prime number, under the assumption of completeness of Fonarev’s collection (a Lefschetz collection
introduced in [Fon13]). The validity of the completeness assumption is proved for r = 3.

We believe that further investigations are needed, in order to understand any contingent rela-
tionship between the Conjecture of [KS18] and Conjecture 5.2. In particular, we believe that, after
identifying the set of critical values of f with the spectrum of the operator U, it has to be clarified
whether the conjecture of Kuznetsov and Smirnov can be justified through the study of the Stokes
phenomenon of the equations (2.11)-(2.12) at semisimple points of the small quantum cohomology in
either the discriminant locus (defined by [], u; = 0) or the coalescence locus (i.e. u; = u; for some
i # j), or their intersection. Furthermore, we also wonder about relationships (if any) between the
minimal Lefschetz collection of [KS18] and the m-block exceptional collections of Remark 5.4.

5.6. Galkin-Golyshev-Iritani I'-Conjecture II and its relationship with Conjecture 5.2.
Few months after the beginning of our research project, two very interesting papers by S. Galkin, V.
Golyshev and H. Iritani appeared ([GGI16, GI15]). In loc. cit., the authors proposed two conjectures,
called I"-conjectures, describing the exponential asymptotics of flat sections for an extended deformed
connection, that for clarity we will denote VCGI, This connection is defined on the pull-back of the
tangent bundle TQH*(X) along the natural projection 7: C* x QH®*(X) — QH*(X), in an analogous
way to our connection v (Section 2.3), although with a difference along the tangential direction of
the spectral parameter A € C*, namely

~ 0 1
aal
= A~ N T(x )
BN 0 1 1
car_ ¢ L 1
Va Toax T ad e

The two connections @,@GGI can be identified by setting A = 2~!'. Despite this difference, since

Galkin, Golyshev and Iritani focused their attention on flat vector fields, rather than flat differentials
defining deformed flat coordinates, the isomonodromic linear differential system considered in [GGI16,
GI15], namely

@j%GIY =0, YeD(®TQH*(X)), (5.7)
is exactly the same as the one considered in the present paper, i.e.

Va&=0, ¢eT(x"T"QH*(X)), (5.8)

28Here m denotes the group of m-th roots of unity.
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provided we set A = —z~1. Clearly, in order to obtain solutions of (5.8), or equivalently of its gauge
equivalent form (2.11)-(2.12), starting from solutions of (5.7) one has to specify a sign (%) in the
identification formula

A=eFmml N zeR. (5.9)
The two choices lead to two solutions of (5.8), differing from each other by a right multiplication
by the monodromy matrix Moﬂ. In this way, the monodromy and Stokes phenomenon of solutions
of (5.7) can be described analogously to our equation (5.8), by introducing a Stokes matrix and a
central connection matrix that, for clarity we will denote by (SGSI, CGGI). More precisely, let us fix
an admissible direction ¢ for the system (5.7), and let us denote by

GGI GGI
Yieft,dﬂ }/righmqb’

the solutions of the system (5.7) of asymptotic expansion
1
T H1 + O(N)) exp (—)\U> , U =diag(uy,...,u,),

respectively in the sectors
p<argA<o+m, o¢—m<argl <.

The corresponding Stokes and central connection matrices, as defined in [GGI16], are defined by the

equations
GGI GGI @GCI
Yright,qﬁ = Yleft,qﬁ S¢ )
GGI GGI ~GCI
Y;ight,¢ =Yy C¢ .
The central connection matrix C%Cl is apparently defined in an analogous way to our matrix C: it

is computed with respect to to the solution of (5.7) given at the point 0 € QH*(X) by

YEGIN) = Opop(—A"HATHA (KL (5.10)
where Oyop(2) = Oyop(2,0) is the series given in Proposition 2.15 (see Section 2.3 of [GGIL6]).
Conjecture 5.17 (I-Conjecture 11, [GGI16]). Let X be a Fano variety with semisimple quantum
cohomology. The entries of the columns of the central connection matriz CSS (computed at 0 €

QH*(X), with respect to an admissible line, and a branch of the V-matriz) are the components (with
respect to a prefized basis of H*(X,C)) of the characteristic classes

1
(271')%

for an exceptional collection (Ey,...,E,).

't UCK(E,;), d=dimcX,

We want now to show the equivalence of point (3b) of Conjecture 5.2 with Conjecture 5.17, by
pointing out a few subtleties. Let us focus on the power-logarithmic term of the solution (5.10),
namely A~#\(X)Y, Using the identification (5.9), and point (4) of Lemma 2.1 of [CDG17b], we have
the following identity:

(eiiﬂzfl)fﬂ(eiiwzfl)R _ Zueq:iwusze:I:in
= ph it eFimnetink (5.11)
N~———
Ky
R denoting the operator ¢;(X) U (—). Thus, using the identification of variables (5.9), the solution
(5.10) is equal to
@top(z)z”zRKi.

The matrix K4 responsible for the difference between the predicted forms of the central connection
matrix of both Conjecture 5.2 and Conjecture 5.17 is an element of the (1, u) parabolic orthogonal
group G(X) (it follows from point (4) of Lemma 2.1 of [CDG17b]), but it is not an element of Co(X).
This means that the solution (5.10), under the identification of the systems (5.7) and (5.8), is not a
solution in the natural Levelt form at z = 0, i.e. the one dictated by the limit of system (5.8) at the
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classical limit point (2.3)-(2.4). In order to understand to which adjoint orbit in g(X) it corresponds
the choice done in [GGI16], let us factor the power-logarithmic term AP (XU a5 follows

(ej:iﬂzfl)fu(eiiwzfl)l% — eq:iwuzuej:iﬂszR

_ e:FiTru Zueii‘n'RZ—u Z,uZ—R
—
polynomial in z
= TP sinn(2) 227, (5.12)
where we used for P the notations of Theorem 2.11, point (2). By combining (5.11) and (5.12), we
have
MBKL = eTHP Linr(2) 2H2 7 E

Thus, the Levelt form chosen in [GGI16] has exponent —R, the opposite to the natural one usually
used for “good” Frobenius manifolds.

Now there is a further subtlety, which apparently could create an incompatibility of Conjecture
5.2 and Conjecture 5.17.

Proposition 5.18. Let X be a smooth projective variety for which Conjecture 5.2 holds true. In
particular let the central connection matriz C' (computed with respect to some choice of U and of an
oriented line) be equal to the matriz associated with the morphism Iy and with some exceptional
collection € = (En,...,E,). Then there exists another choice of the fundamental solution of equation
(5.8) in natural Levelt form at z = 0, obtained from the topological-enumerative solution by multipli-
cation to the right by an element of Co(X), with respect to which the central connection matriz has
entries given by the components of

’I:d

_T'f UCh(E;), d=dimc¢X.
(2m)2

Proof. Let f(t) € C[t] be a formal power series of the form

fey=1+0@), f0f)=1, ft):=Ff(-1)

and let us introduce the corresponding characteristic class by applying the Hirzebruch construction
([Hir78])

d
Af = H f(0;), 9;’s Chern roots of T'X.
j=1

We claim that A\yU: H*(X,C) — H*(X,C) is an element of Cy(X). Indeed it is clearly of the form
ApU (=) =1gex,c) +4, Ais pnilpotent,

and it is a {-,-}-isometry as the following computation shows:

{AfUa,Afub}:/ e A\ UalUAUD
X

:/XAquer“”‘(a)ub

= /Xe”"(a) Ub
= {a,b}.
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Finally, because of the commutativity of H*(X,C) the operator Ay U (—) commutes with the mul-
tiplication by the first Chern class ¢;(X) U (=), and consequently it is an element of Co(X). The
statement follows from the choices

respectively. O

So, if we consider an even dimensional Fano variety X, we would have to handle two different fun-
damental solutions (only one of which is in natural Levelt form at z = 0) such that the corresponding
central connection matrices are both of the type described by Conjecture 5.17. Despite the apparent
incompatibility, this is due to a difference in the exceptional collections considered.

Theorem 5.19. Point (3b) of Conjecture 5.2 and Conjecture 5.17 are equivalent. More precisely,
if the central connection matriz C_yior of the system (5.8) is of the form prescribed by point (3.b)
of Conjecture 5.2 for some exceptional collection &, then the central connection matrix CgGI of the
system (5.7) is of the form prescribed by T'-conjecture 11 for the dual exceptional collection E*.

Proof. If we identify the systems (5.7) and (5.8) by by A = e™ 27!, then we have the identifications
Yicieis(A) = Yieto,—(2),

r?g%tl,gb()\) = Yiight,—¢42x(2),

and we thus obtain the identity

GG
C_gpan = K CG (5.13)
If the entries of the columns of C’gGI are the components of the characteristic classes
1

—— Tt UCh(E),
pRTEIE)
as predicted by Conjecture 5.17 for an exceptional collection (E;);, then from identities (5.1), (5.13)
we deduce that the entries of the columns of C'_4, 2, are the components of
d
— ' _T% UCh(E]) Uexp(—micy (X)), E|=E].
(2m)2
Analogously, if we identify the systems (5.7) and (5.8) by A = e
identifications

—Te

271, then we have the following

YIS&C?;(/\) = Yieft,—qb—Qﬂ—(Z),

Yt 0(A) = Yiighe,—(2)-
Consequently, we have that
C_y=K_Cg9. (5.14)
Notice that equations (5.13)- (5.14) are coherent with Corollary 2.35, because of the identity K K~' =

My (easily seen using again point (4) of Lemma 2.1 of [CDG17b]). Tt follows that the entries of the
columns of C_g4 are the components of

,l:d
(2m)*

where £k = (wx ® —)[dim¢ X] denotes the Serre functor. O

'y UCh(E)) Uexp(—mici (X)), (B} = B},
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In conclusion, we would like to alert the reader to some delicate points in the reconstruction
procedure of the Frobenius structure on QH®(X), through an inverse problem starting from its
monodromy data as described in Section 2.5. Indeed, despite the equivalence described in Theorem
5.19 above, the slogan “TI'-conjecture II refines the conjecture of [Dub98]” could potentially lead to
wrong results, if misunderstood or interpreted ad litteram, because of different choices of Levelt forms
w.r.t. the natural ones usually chosen in the theory of Frobenius manifolds.

So, for example, if we consider a smooth projective variety X, and we want to locally reconstruct
the Frobenius structure of some ¢-chambers of QH*®(X), we could set at least six different RH b.v.p.’s
as in Section 2.5.1 (at a fixed point u(®) = (u:(lo)7 . ,ug\?)) € CV) associated with data (u, R, S, C),
where

(I) either R = ¢1(X)U, and the columns of C' being the components of the characteristic classes

id
d
2

IS UCh(E;) Ue (X))
(2m)

(IT) or R = ¢1(X)U, and the columns of C being the components of the characteristic classes

id
(2m)%
(III) or R = —c1(X)U, and the columns of C being the components of the characteristic classes
1 -
—— T3 UCh(E)),

4
2

' UCh(E,),

(27

where (Ej,...,EN) is an exceptional collection, and the matrix S can be computed in each case
through the constraint (5) of Theorem 2.24. Proposition 5.18 and Theorem 5.19 guarantee that if
one of the above RH b.v.p’s is solvable at u(?), then all of them are solvable, and their solutions can
be used for the reconstruction of the Frobenius structure (see also Remark 2.38). Nevertheless, the
solutions ® = (O, Dgr, Pg) have different enumerative meaning: the coefficient of the solution @y,
for example, are Gromov-Witten invariants with descendants (namely the series ¥ - Oy,p, using the
notation of Proposition 2.15) only in case [I], whereas in case [II] and [III] they are related to them
only up to the action of the group Co(X).

Remark 5.20. Basing on I'-conjecture II of S. Galkin, V. Golyshev and H. iritani, in the recent
paper [SS17], F. Sanda and Y. Shamoto formulated an analogue of Conjecture 5.1 (1)-(2), called by
the authors Dubrovin type conjecture, concerning the case of Fano manifolds with non-necessarily
semisimple quantum cohomology. In such a case, it is conjectured that the role played by exceptional
collections should be played by more general semiorthogonal decompositions of the derived categories.
We plan to address this case, with some explicit examples, in a future publication [CS].
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6. PROOF OF THE MAIN CONJECTURE FOR PROJECTIVE SPACES

6.1. Notations and preliminaries. In what follows

e the symbol P will stand for PL ', k > 2;
e we denote by o the generator of the 2-nd cohomology group H?(PP,C), so that

H*(P,C) =~

We also assume that o is normalized so that

/01%1 =1.
P

In this way o coincides with the hyperplane class, so that ¢ (P) = ko.

The flat coordinates t',...,t* for the quantum cohomology of P are the coordinates with respect
to the homogeneous base
k—l)

2
(1,0,0%,...,0 ,

the matrix of Poincaré metric being constant

g 0
Nap =1\ 725 = Oa+B,k+1-

ot oth
Observe that the unity vector field is e = %, and the Euler vector field is
0 0
E= 1— g )t — + k—, =h—-1 forh=1,... k.
gﬁ;( Go) Dia + oz I or

If ¢ is a column vector whose components are the components of the gradient of a deformed flat

= (¢~ 1)k _,, then it must satisfy the system

i k
coordinate, w.r.t the frame (%) =11

a=1 "

0o =2CoC¢, a=1,...,k,

0,¢ = (U+ 1u) C.
z

If we restrict to the locus of small quantum cohomology, i.e. to the points (0,¢2,0,...,0), the system
above reduces to the system
82(: = ZCQC, (61)
1
0. = (u+2n)c (62)
where at the point (0,¢2,0,...,0)
0 kq
B 1 k-1 k-3 k=3 k-1
U= k0 =, Co=-U, p=diag|—"—— A
. ) q €, 2 A ) M 1ag 2 ) 2 ) ) 9 ) )
k0

The Stokes data of the system
d¢ 1
—=(U+- . 6.3
- ( + Zu) ¢ (6.3)
have been computed in [Guz99]. Below, we review the main steps of [Guz99], and we complement
them with the computation of the topological solution, of Cy(PP) and of the central connection matrix.

The eigenvalues of the matrix ¢(0,¢2,0,...,0) are

27i(h—1)
k

up = ke q% h=1,...,k,
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and let us compute the corresponding eigenvectors z1,...,z. The equations for z;, = (z},. .. ,xﬁ)
read

¢ 041
kxhzuhxh+ , =1, k-1,
k 1
kqxry = upxy,.

. im(h—1) .
By choosing :Uﬁ — , we get all the entries

U k—¢ k—¢ . _(h—1)
$€L = (?h) xﬁ :qTe(l_QZ)lﬂ- k h7€: 17"'7k'

Since the norm of the eigenvector zy, is

n(xn,xn) = kg' v
we find (choosing signs of square roots) the orthogonal vectors f1,..., fx
fi= Rt 020 Iy

Thus the matrix ¥ is given by
—1

U=\ filfel.--|fk

Instead of working with the differential equation (6.3), in [Guz99] the following gauge equivalent
system of differential equations for £(z,t?) := n - ((z,t?) is considered

0a€ = 205 €, (6.4)
0.6 = (uT - iu) 3 (6.5)

Now, the entries of the column vector ¢ are the components of the differential of a deformed flat
coordinate.
A simple computation shows that with the following substitution

1 k1 g gae
£o(z,1?) = as1% 7 motlgaTle (4, 12),
for any o =1,2,...,k and where 9 := 2L, the system (6.4)-(6.5) is equivalent to the equations
9P — (kz2)kq® =0,

o5d — 2Fqd = 0.

The compatibility of these equations implies the following functional dependence of ® on (z,t?):
B2, 2) = B(q* 2).

Thus, the study of the system (6.5), restricted to the point t? = 0, is equivalent to the study of the
generalized hypergeometric equation

D (2) — (k2)*®(2) = 0, (6.6)
where ¥ := zd—dz. Given a solution @ of (6.6), the corresponding solution of equation (6.5) is given by
E= ka1,12%7a+119a71(1)(2) . (6.7)

1 ik

a2 2 UF T (2)
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6.2. Computation of the Topological-Enumerative Solution. In this section, we use the char-
acterization of the topologcal-enumerative solution described in Proposition 2.15.

Lemma 6.1. The formal* series ®(z) € H*(P,C)[log z][2]

B(z) = "8 Y T f(n)*, f(n) € Clo]/(0")
n=0

satisfies equation
9F®(2) — (k2)*®(2) =0,

if and only if the coefficients f(n) satisfy the following difference equation
(0 +n)f(n) = fn—1), n>1.
Proof. Observe that

P _ ko log(z) 70' kn
9P(2) = ze zz:: —|—Zf Yknztn
_ kekolog(z) Z(O_ + n)f(n)zkn
n=0

By an inductive argument one can easily show that

1904(1)( ) L% ko log(z Z O'—|—7’l kn.
n=0

So, using the fact that o* = 0, we have that
IED(2) = (k2)*®(2),
if and only if
(c+n)ff(n)=f(n—1) foralln>1.

Proposition 6.2. (1) For any fixed value f(0) € H*(P,C), the corresponding formal solution of
(6.6) is given by

2 (& (klog z)Pt »

®(z) = f(0) - Z Z 7“@(2) g,
=\ O

where, for 0 <1 <k — 1, we have introduced the notation

> (=) (k= 1+ h,
=Y 12, anr =001, amii= Y 11 (-k+)hj ( b J) : (6.8)
n=0 J

hattha=t \j=1 7
0<h; <k—1

Representing ®(z) = S2F L ®i(2)0* 7, we deduce that each component

1=

= l<:logz’“ZZ

k—1i—1)!

M

———a(?)

1=0
is a convergent solution of (6.6).

29The components of the series ®(z) w.r.t. the basis (¢°,..., O‘k) are actually convergent, according to Theorem 2.11.
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(2) Another representation of the solution is given by the formula

_ ko log z S F(*O’ — n)k +kmin kn
®(z) = f(0)e Z o) e z
n=0

for any choice of the sign (%).
(8) Moreover, if f(0) = 1, the fundamental solution Z of (6.5) given by

z%@l(z) e z%q)k(z)
= — 1 ﬂ704%.~1 a—1 1 b70¢J-r1 a—1
Eo(2) Fo=TZ 2 97 1®1(2) ... gasTz 2 91Dy (2)
& )
e izt 19’“ 1o, (2) kk—l,lleﬂk’hI)k(z)
is of the form
=) = M), 0y (7 =T 4T T (1
n=0 X BeEf(P)\{0}
with <Tna'y,a’\>]§’2’3 o= /7 Y Uevi(o")U evi(o?).
[Mo,2(X,8)]vix

Proof. From the identity
(1 +U)—1 =l—0c4+02—... 4 (_1)k—10k—1’

one easily shows that if n > 1, then
. h
kK ok (D" (k—=1+h\ ,
As a consequence, we have that
k—1
Fn) =" f(0)a' o,
1=0

where the numbers «,,; € Q are defined as in (6.8). It follows that

oo k—1
(I)(Z) _ f(O)ekalogz Z Z f(O)(TlOén,len
n=0 (=0
k—1 m co k—1
= f(0) (Z (kk;ilz) m) (Z > oozt )
m=0 n=0 (=0
k—1 m k—1
~ £(0) (Z (o ) am> ( az(2)0l>
m=0 : =0
k—1 p
B (klog z)P~! e
= f(0) pz;; (; D) i ))

This proves point (1). For the second point, observe that also the functions

F(_U — n)k e:i:kﬂin

fr(n) = F(—O’)k

Ul

)\azn-&-l,

81

(6.9)
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satisfy the relation

(0 +n)*fr(n) = fe(n—1).

For the last claim, if we write the solution Zg in the form
Eo(2) = 27 *A(2)n2", R=c(P)U(—): H*(P,C) — H*(P,C),
by Proposition 2.15 it is sufficient to prove that A(z) is holomorphic in z = 0 and A(0) = 1. From

the identity
Z _ Zko Z f kn
we obtain for 1 < a < k the relation
a—2 e’}
-1
ﬁa_l@(z) — zka {(ko_)a—l + Z <a )ka_lo'p Z f(n)na—l—pzkn} ,
— p —
p=0 n=0
and by definition of A(z) we have the identity
1 a—2 a 1 o)
1 a—1 - a—1 a—1-p _kn
ZA o= L {Uw) 23 (") o 3 st }

This shows that A(z) is holomorphic in z = 0, and furthermore that A(0) = 1. O

6.3. Computation of the group Cy(P). Let us introduce the k x k matrices J;, i > 0, defined by
(Ji)ab = 61‘,0,71)-

Theorem 6.3. The group Co(PP) is an abelian unipotent algebraic group of dimension [g] In partic-
ular, the exponential map defines an isomorphism

CP)2Co---aC.
[£] copies

With respect to the basis (1,0,...,0*~1) of H*(P,C), the group Co(P) is described as follows

k—1
Co(P) =< Ce GL(k,(C) O = ZaiJi, ag =1, 2a9, + Z (—1)iaiaj =0, 2<2n<k-—-1

i=0 i+j=2n
1<¢,5

Proof. If C € Cy(P), in order to have that P(z) := z#2C2z=%z7# is a polynomial in z, where R is
the operator of classical multiplication by the first Chern class ¢;(IP), the matrix C' must be of the

form
k—1

C=ZaiJi, a():l.
i=0
We have that C' € Cy(P) if and only if

(ICZI( 1),z JT> <Za2J>

i=0
The L.h.s is equal to

2k—2

k—1 k—1
N+ Y azndi+y (Ve S n+ Y| Y (D nd; | 2
i=1 i=1 h=2

i+j=h
1<i,j<k—1
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and using the relations

nJi = JIn, (6.10)
(JiJj)ab = 5i+j,afb = (JiJrj)ab, (6.11)
Jpo=0 if h>k, (6.12)

we obtain the equation

k—1
Z 20,2'nJ; + Z Z (—l)ia,'aj 2", = 0.

1<i<k—1 h=2 i+j=h
i even 1<i,j<k—1

So, we have the following constraints on the constants «;’s:
2009 — a% =0,
2004 — 200103 + a% =0,

20 — 2015 + 20004 — a§ =0,

200, + »_ (—1)'a; =0, 2<2n<k-—1.

i+j=2n
1<4,j

The Lie algebra of the group is

k—1
ao(P) = {c €gl(k,C): C =) i, Qeven = o} :
i=0
which is abelian by (6.11), coherently with Theorem 5.9. In characteristic zero the structure of
unipotent abelian group is well-known: in particular, the exponential map defines an isomorphism of

groups (see [DG70], Ch. IV.2.4 Proposition 4.1). O

The following result immediately follows from Theorem 5.9 and Theorem 4.32.
Corollary 6.4. The groups Co(IP) and the identity component Isome (Ko(P)c, x)o are isomorphic.

Remarkably, notice that the equations obtained above for the group Cy(IP) essentially coincide with
those obtained by A. Gorodentsev for Isomg (Ko (P)c, x)o in [Gor94a, Gor94h).

6.4. Computation of the Central Connection Matrix. Using the labeling of the canonical

coordinates ug, . ..,u, introduced in the section 6.1, we introduce the corresponding Stokes’ rays:
R, := {Z:_Zp(ui'r—uis)u p>0}
At a generic point of the small quantum cohomology (0,t2,0,...,0), we have

1 _ 2mi(r—1)

o . _ 2mi(s—1)
—i(uy — ;) = —ikq™ ¥ (e o o—e % )

=2t sin (s ) oo (1| - 49 ).

So if 1 <7 < s < k the Stokes’ rays at a generic point (0,¢2,0,...,0) are

Rrs—{z:z—pexp <z [?Z(ws)%f)b}, (6.13)
Rar = —Rys.
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. Ris = Ra3

k even

Ficure 2. Configuration of Stokes rays for k£ odd and k even.

Since we want compute the central connection matrix at > = 0 we have to fix an admissible line:
following [Guz99] we choose a line £ with slope 0 < ¢ < T.

Proposition 6.5 ([Guz99]). Let

k+1 [y T(—s)kzrds, k even
(2m)

1 [y D(—s)Femms2k4ds,  k odd

where A is a straight line going from —c —i0o to —c + 0o, ¢ > 0. Fiz a line £ with slope 0 < e < .

Then, for k even, the fundamental solution =g, having asymptotic expansion

1
E=nv! (]l + O (z)) U onIlp,

is constructed by means of (6.7) from the following basis of solutions of (6.6)

(=1)5+1ma Skt =2e g )h(}kl)g(ze—i‘fr+(a+h—1)2gl) if1

[SIE

DR(2) =
27i

(71)117%*19 (Ze k (O‘fgfl)) Zf§+1 SOZSk

For k odd, he fundamental solution ZEg is constructed with the basis

(— ) azk+1 2a( )h(Z)g <Z€2;€n(a7ﬂ+h)) ifl1<a<kl

DR(2) =

(_1)04—%‘9 (2’6227;(&_%)> ’Lf % +1 <a< k.
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In [Guz99], the above basis of solutions is collected into a row vector, which in transposed form
looks as follows. For k even,

where the entry corresponding to g(z) is the n(k) := (% 4 1)-th one.

For k odd,
(15" (g (ze F D) = (g (5~ F D) o4 (g (2 B )
g (ze 4:1) S ar (ze_ 271»”) + (g)g(z) - 59 (zegzi) + %y (ze%”)
—g (27 ) + (o) - (g (=F)
Ba(e)T = )

and the entry corresponding to g(z) is the n(k) := %L-th one.

Now we compute the entries of the central connection matrix. We will denote by @i, (%) the
solution of Proposition 6.2 corresponding to the choice f(0) = 1. The computations will be done in
cases, depending on the parity of k.

CASE k EVEN: If 1 < o < £, we have that
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s=n

o omi(—1)8+1-e M2 X k e e
(PR(Z) = —% Z Z(_l)h(h> res (F(—s)kzk e( +h 5 1)2 )dS

0
i(—1 k_ [es} )
_ 7 ); Z Z(_l)h (z) J‘)ibo (F(—’U} _ n)kzk(w+n)€(o¢+h—§—1)27r2(w+n)> dw

k (=0 —n)kzkle+tn) & _E_1)on
(1 — (a+h 1)27ic
) [ (- e

{(@top(z) Uetmi7) UT~(P) U Ch(O(a + h — 1))} .

Il
~
|
—_
N
F‘ NIES
-
gk
—
|
—_
—
>

Il

~
INAN
A=
El I NIE
”‘L |
Q
>
+
=

|
(]
Q

—~

\
—_
S~—
>
7N\
>
~_
'ﬁ\

omi(—1)o 51 & |
@y (z) = - LT ros (st sbsclat-2s) g

(em)F s
_ ’((;))j_ 2 res (p(_w _ n)kzk<w+n)e<a—§—1)2m‘<w+n)) dw
e B (R s
— ’((;))a_ /P {(@top(z) Ue ki) YT~ (P) U Ch(O(ar — 1))} .

2mi(~ %7(100 ~ k—irs ks 2mi ktl g

TR Y Y ©) res (D(cs)teimabegrisle 5 ) g
n=0 h=0

k=1_ 4 oo k+1 2a

<—1> z

= k—l

/—\

) res oy n)ke zﬂ(w+n)zk(w+n)e2wi(w+n)(a7%+h)) dw

nO h=0

— ;—a i k+i:2a h k 0 - n)k F(]. _ )k —in(o+n) Jk(o+n) 27ri(a+n)(a7%+h)
= k . b (o o)e z e
n=0 =

) P
_ <—1>’“§1_;“122a<-1>h(§) [{@unz e ) U @ UCHOG@ +h- 1)}

( k+1 —a o k+1 2a k‘ o n)k ) )
= Z Z h (h) ( U)k P(l _ J)ke—kzw(a-‘rn) Zk(o-l—n)eQTrw'(a-i-h—l))
n=0 =
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Ifk%qulgagkwehave

« 27”’( 1)0(_% = k _—ims ks Zﬂis(a—ﬂ)
D%(z) = T o, Z res (F(—s) e " e 2 )ds
2m)="d T
_k-1 o0
_ (_1)04 2 Z res F(—’LU—?’L) —im(w+n) k(w+n) 27rz(w+n)( ) dw
(27r) b w=0
oz—— )k
Z/( —k(a+7z)7ri2k(a+7z)l—\(1 _O_)ke27ri(o+n)(a—1))
k41
1) _ p . .
:( ) k_: Z/( —0 7’L e—k7z7rtzk(o+7z)€—kz7rar(1_O_)k:e27mo(a—1))
2m) =

- EE [{@w@ues) vt @ucioe- ).

The form @, (2) U e *™ corresponds to the choice of another fundamental basis 2, in Levelt
form at z = 0, related to (6.9) by the right multiplication by a matrix:

1
—kmi 1
e |

k:7r.7,k1 .

We claim that such a matrix is an element of the group Co(IP) (see the previous section). Indeed if

(=kmi)™

Qm 1= !
m.

then, for 2 < 2n < k — 1, we have that

\2n 2n—1 n
200, + Z azaj = (_(];:LZ))' 24 Z (=1)7 (2‘ > =0.

i+j=2n
14,5

6.5. Reduction to Beilinson Form. Let us recall that the canonical coordinates can always be
reordered so that the corresponding Stokes matrix is upper triangular (the lexicographical order w.r.t
the line ¢). For the case of quantum cohomology of projective spaces, and for the choice of an
admissible line £ with slope 0 < € < 7, such an order is the one described in the left part of Figure
3. The matrices P associated with this permutations are [Guz99)
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FIGURE 3. Action of the braid § found by the third author in [Guz99]: in the figure
above we draw the case k = 7, below the case k = 8. Notice that the braid 5 puts the
canonical coordinates in counterclockwise order starting from the point kexp (%)
in the complex plane.

e for k even

o = O
SO o=
SO OO
[l e M)
— o O

= O
oD e
OO DD e
o =

where the 1 on the first row in on the g + 1-th column;
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e for k odd
0 1
0 0 1
01 0 0O
0 0 0 01
pP— 01 00 O0O0O0
1 0
0 0 0 1
10 0 0
where the 1 on the first row in os the %—th column.
After such a renumeration of uy,...,u,, as a consequence of the computations of the preceding

section, the central connection matrix (computed wrt Eg as in (6.9)) is, for k even
Clox = ——— | £0° o' +m® ... a1 |- A,

where:

e ]I’ is a column vector whose components are the components of the characteristic classes

~

I'7(P) U Ch(O(j)) U exp(—mic1 (P));

e the sign (+) is chosen if & — 1 is even, (—) if £ — 1 is odd;
e the matrix Ay is the £ x £ matrix

0 0 0 0 O 0o o0 o0 0 1

* * *
00 0 1 0 * * *
o1 0 (% o x x *

A= @ oo () o . . o
o0 1 (5 o * * *

: * * *
* * *
* * *
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where the 1 of the first column is on the (£ + 1)-th row.

Analogously, if k is odd then the central connection matrix in the lexicographical order is

1 . : . .
Clex = ——— | £1° o' +m* ... +01 ] Ay,
em)= | . . . .

where:
e 17 is as before;
e the sign (+) is chosen if £51 is even, (—) if £51 is odd;
e the matrix Ay is the £ x k£ matrix
00 0 0 O 0 0 0 0 1

—_
[en)}
—
—
~—
S
—~
[
~—

* * *
00 0 0 1 0 * * %
o0 1 0% o. * * *
ro (% o (% o. * * *

A=to 1 B o (! o i x |
oo o 1 (% o x x *
00 0 0 0 1 * * %

* * *
* * *
* * x

k+1
2

Proposition 6.6 ([Guz99]). The action of the braid
B = (Br—5k—4Bk—6,k—5 - - - B12) (Br—6,k—58k—7.k—6 - - - B23) (Be—7.k—6 - - . B34) - - -
o Br_g k1 (Be-sk—2Bk-ak-3 - P12)

where the 1 of the first column is in the -th row.

for k even, and
B = (Br—sk—aBr—6,k—5 - - $12) (Br—6,k—50k—7,k—6 - - - $23) (Be—7,k—6 - - - B34) - - -
o (Brgs 51 Bis 53 )(Pr—sk—20k—ak-3- - Pi2)
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for k odd, is represented by the multiplication of the matrix

00 0 0 0 0o 0 0 0 1 0
o 0o 1 0o (M o
Lo () 0o () o0
D o G o (5 o
* * *
0 0 0 1 0 * x x
o1 0 () o x * x
1 (lf) 0 (g) 0 * * *
Asy=10 o 1 (5 o * * *
ST . . .
* * *
* * *
() 0 () 0 (Ey) o
0 1 (5) 0 (L) o
0 0 0 1 () o
0o 0 0 0 0 1
00 0 0 0 0o 0 0 0 0 0

for k even, and

91
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for k odd. Under the action of this braid, the Stokes matriz becomes

P ——

AN NN T
— N m
2 e e e |

Lo e ok

~— — — —

NN
L e N N

—— — —

T~
e~

—
~ N A
~—— —

N
k2k11

~—
—
X~
~
—
(\
|
«Q
N
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Observe that, in both cases k even/odd, we obtain that

1 0 ...
1 0o ...
A(4%(8) ! = b
Indeed, observe that
0 0/0 1
0 =
Ay = X and A°(S) =

*
0 ... 0|1 =«

The matrix (6.14) is the matrix corresponding to the braid

B = Br—1,kBr—2,k-1--- P12,

that is
AP (5P).
This is easily seen from the fact that
1 1
1 1
0 1 1
1 1
1
1
1
1
1
0 0 1
1 0 =
0 1 xro
1

93

(6.14)
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and that AP1P2(S) = AP2(SP1)AP1(S). As a consequence, we have that

—_
o
* % X =

AP (8P) =

*
1 =
and the entries * are exactly those of the k-th column of A%#i+1(S#), from the top to the bottom,

namely
k
_Slﬁ’k - (k — 1)

k
_Szﬁ,k = <k B 2)
k
_Slffl,k = <1>

We have thus obtained the following

Theorem 6.7. Consider the central connection matriz for the quantum cohomology of ]P’é“fl, con-
necting the fundamental matriz solution Zg from Proposition 6.5 with the solution ¢ in (6.9) and
set it in the lexicographical form Cley. After the action of the braid

BB := (Br—5k—4Bk—6k—5 - - - $12)(Bk—6,k—58k—7,k—6 - - - B23) (Bk—7,k—6 - - - B34) - - -
3c ~B§72,§71(5k73,k72ﬁk74,k73 oo B12) (Br—1,8Bk—2,k—1 - - - P12)
for k even, and
BB = (Br—5k—4Bk—6k—5 - - - $12)(Bk—6 k—58k—7,k—6 - - - B23) (Bk—7k—6 - - - B34) - - -
- (Brzz w1 B 5)(Bh—sk—2Bk—ak-3- - B12) (Br-1kBr—2.k-1 - P12)

for k odd, the central connection matriz is

7

Clez = W +1° Fmat +n® ... Faokt|,
7r . . . .
for k even, and
1 : : : :
Clien = F +1° Fmat +m® ... Faokt|,
7r z . . . .

for k odd. Here

e I’ is a column vector whose components are the components of the characteristic classes

~

I'™(P) U Ch(O(j)) U exp(—mic1 (P));
e if k is even, the sign (+) is chosen zf% — 1 is even, (—) zf% — 1 is odd;
e if k is odd, the sign (+) is chosen if % is even, (=) if % is odd.
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The corresponding Stokes matriz (using the identity (5) of Theorem 2.24) is in the canonical form

k
sij:<. ,>7 ’L<j
t=17

(—1)* 'diag(1,—1,1,—1,...,1,—1)

After the conjugation by

if k is even, or by
k—1
(-1) = diag(1,—-1,1,-1,...,1,-1,1)
if k is odd, the central connection matrix is in the canonical form

Clem = (2 ;ﬁ .ZIO .Z[l I[z e I[kil 9
71— 2 . . . .
for k even, and
1 :0 :1 :2 1;—1
Cleg = F pil 1 pit R | 5
ﬂ— 2 . . . .

for k odd. The corresponding Stokes matrixz is in the form
ok
iy = -1 ) ) B
sy =0 F )iy
Namely, it is the inverse of the Gram matriz x(O(i —1),0(j — 1)) with i, =1,..., k.

Remark 6.8. Notice that, the braid § found by the third author in [Guz99] puts the canonical
coordinates in cyclic counterclockwise order (see Figure 3). If we further act with the above braid 3/,
then the canonical coordinates dispose in cyclic counterclockwise order starting from the point k in
the complex plane (see Figure 4).

6.6. Mutations of the Exceptional Collections.

Lemma 6.9. The computed braid can be rewritten as the product

BB’ = B12(BsaB23512)(B56845 34823 512) - - - (Br—1,kBk—2,6—1 - - - B12)
for k even,

BB = (B23612)(BasP3aP23P12) - - - (Br—1,kBr—2,k-1- .- P12)
for k odd.

Proof. Consider the case k even. The only thing that we have to prove is that the braid
(Br—5,k—4Br—6,k—5 - - - B12) (Br—6,k—5Bk—7,k—6 - - - $23) (Br—7,k—6 - - - B34) - - - B gk (6.15)

is equal to

B12(B3aB23B12) - - - (Br—sk—a---P12)
Note that the braid above ends with the product
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FIGURE 4. Action of the braid § found by the third author in [Guz99], followed
by the action of the remaining braid 8’ determined above: in the figure above we
draw the case k = 7, below the case k& = 8. Notice that the braid g puts the
canonical coordinates in counterclockwise order starting from the point kexp (%)
in the complex plane, and the braid 3’ rearrange them in counterclockwise order
starting from the point k of the complex plane.

By the “Yang-Baxter” braid equations

Biit1Bit1,i+284,i+1 = Bit1,i+2B84,i+18i+1,i+2, (6.16)
this product is equal to
--~Bg73,3725372,371%73,;72

Because of commutation relations, we can shift the first term on the left till we find

which is equal to
...,@g_47%_3ﬁ%_37§_2ﬂ§_47%_3....

Again, starting from the first term, we can shift it on the left (until the commutation law allows),
then use Yang—Baxter relations. Continuing this procedure, at the end we have eliminated the last
term of (6.15), and we obtain a new first term:

B12(Br—5,k—aBk—6,k—5 - - - B12) (Br—6,k—58k—7,k—6 - - - £23) (Br—7,k—6 - - - B34) - . -
- (ﬂ%_l,gﬂ%_zﬁ_lﬂg_g,g—ﬁ'

2
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Now we continue the procedure of elimination of the last braid: we start from its first term, i.e.
6%—1,%7 we shift it on the left, use Yang- Baxter relations, and so on, till we find

B12834(Br—5,k—aBk—6,k—5 - - - $12) (Br—6,k—58k—7,k—6 - - - 323) (Be—7,k—6 - - - B34) - - -

Applying again the same procedure, before for g E_gk_q, and after for 8§ k_gk g, We have eliminated
the last braid and we obtain

B12(B34523B12) (Br—5,k—aBr—6,k—5 - - - B12) (Br—6,k—58k—7,k—6 - - - £23) (Br—7,k—6 - - - B34) - . -

Iterating the same procedure, one obtains the braid

B12(B34P823B12) (P56 845834 623612) - - - (Br—1,6Pk—2,k—1 - - - B12).

The case k odd is analogous, and we left the details to the reader. O

Example 6.10. Consider for example k = 12. We have that

BB = (BrsBe7B56015034823612) (867856 845 534323) (B56 545 834) Bas-

'(/89,107 s 612)(611,12 s 512)-

We have to rearrange the first 4 braids. Let us apply the procedure described above:

(Br8B67 856 845834823 812) (Be7 856 S5 834523 ) (B56 345 834) Bas =
(BrsB67 856 845834823 512) (Bo7 856 845 834823 ) (Bs6 731 845) T34 =
(Br8B67 856 845 834823 812) (Be7 856 845731 823) 131 (Bs6 Ba5 B34)
(Br8B67 856 Ba5 834823 812) (Be7 856 85 523 834) P23 (P56 P45 834) =
( ) )
( )

B8 Be7 056 Bas 834523 812) B23 (Be7 Bs6 Sas 34/523) (56 845834
B8 867056 845834 51223) B12(Be7 856 845 834823 ) (P56 a5 P34) =
B12(B78 867856 845834823 812) (Be7 P56 Bas P34 823 ) (Bs6 S5 534) -
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Now we continue by eliminating the last braid, starting from its first term:

Bi2(BrsBe7 856845034823 B12) (B67 856 Ba5 834823 ) (56 Bas F34)
B2 (B8 Be7 856845034 823 B12) (B67 356 Ba5 356 834523) (Bas P34)
B2 (B8 P67 856 a5 334523 B12) (B67 845 856 F15 834523 (Bas P34)
B12(B78B67 856 845 B34B45B23B12) (Bo7 B56 B45 834523) (Ba5 334)
( )

)

)

)

)
Bi2(BrsBe7B56 731845731 B23B12) (Be7 856 815 834523 ) (Bas B34
Bui2931(BrsBe7 P56 Ba5 834823 512) (Be7 856 S5 834523 ) (Bas B34
B12B34(Brs P67 856 Bas B3aB2sBi2) (Ber Bs6 Bas B34823) (P15 834
B12834(BrsBo7 856845834823 512) (B67 56 345 534 345 F23) B3a =

B12B34(Br8B67 856 Ba5 834823 512) (Be7 856 34 P45 334 P23) B34

B12B34(BrsBe7 856 Ba5 34823 834812) (Be7 56 Ba5834/323) B3a =
B12834(BrsB67 856845 723834 725 $12) (Be7 B56 f45 034 323) B34 =

)

)

)
B12834/%23(Brs BerBs6 845834 823 12) (Be7 856 45 334 323) B3a =
B12334 823 (Brs Be7 856 b5 B34323512) (Be7 856 Bas 334 P23) B34
B12834B23(Brs Bo7 856 815834523 812) (Be7 856 B4 523 334) P2z =

( )
(

B12834523(B78 B67 56 845 834 823 812) B23(Be7 856 845034 P23) =
B12834523(B78B67 5684583412 823) 512 (Be7 P56 84534 823) =
B12(B34P23/712)(Brs o7 856045 P34 823 512) (Be7 56 Sas B34/523) -

At the final step, we have to eliminate the last braid, always starting from its first term:

Bi2(B34B23512)(Brs Be7 56 845834323 812) (P67 856 P45 334 P23) =
Bi2(B34B23812) (B8 B67 856 067845834 823 812) (Bs6 84534 523)
Bi2(B34B23812) (B8 B56 867556 84534023 812 ) (B56 84534 323)
Br2(B34B23812) Bs6 (878 867856 845834023 512 ) (B56 845 834 523)
Bi2(B34823512) Bs6 (878 Bo7 56 845834 823 512 ) (F56 545 834 523)
Bi2(B34P23812) Bs6 (Brs Bo7 556845356 B34 823 B12) (Bas B34 523)
( )Bs6( )
( ) )
( ) )
( ) )
( ) )
( )

B12(B34B23B812) Bs6 (BrsBer 15561715 B34 P23 12) (Bas F34 523
Bi2(B34B23812) B56/7 15 (B8 Be7 856 Bas B34 523 B12) (Bas B34 P23
B12(B34B23B812) Bs6 Ba5 (BrsBer 56 Bas B34 B23 B12) (Ba5 P34 523
Bi2(B34823512) B56 845 (Brs Bo7 856 Fas B34 845 B23512) (B34 P23
Bi2(B34B23812) B56 845334 (Brs Be7 856 a5 34523 812) (B34 P23
Bi2(B34B23812) B56 845 B34 (Brs Be7 856 Ba5 534823 B12) (731 823) =
B12(B34B23812) Bs6 845834 (Brs Bo7 856 845 721 P23 /731 812) B2z =
Bi2(B34823812) B56 845 B34 (B8 Be7 856 Bas 23 834323 812) P23
B12(B34323B12) B56 545 834523 (Brs Be7 B56 a5 34523 F12) B2z =
Br2(B34B23B12) B56 845334823 (Brs Be7 856 Ba5 834523 812) P2z =
Br2(B34B23512) B56 845834823 (Brs Be7 856 45834712 823) 12 =
B12(B34823812) (Bs6845 034823 712) (Br8 Be7 856 B45 834523 812) -
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In what follows we will denote by T the tangent sheaf of P, by €2 the cotangent sheaf, and we will
use the shorthands

N T = (N'T)eom, Aaw:=(A\"2)eom.

The following formulae, due to R. Bott ([Bot57], [OSS11], [DG88]), will be useful:

(k-&-n;p-&-l) (i-t»;)’ q=0, k> p—1,
P 1, g=n—p, k=-n-1,
dime 11 (P2 \"T(k)) = (6.17)
(G, a=n k<-n-p-1,
0, otherwise,
My (), q=0, 0<p<n, k>p,
p 17 kZO, qu:pgna
dime HY (P, A" F) = (6.18)
(_EZP)(ZZl)a g=n, 0<p<n, kE<p-n,
0, otherwise.

Consider Beilinson’s exceptional collection B := (0,0(1),0(2),...,0(k — 1)) in D*(P), with
P =P(V) (dim¢c V = k), and the well known Euler exact sequence, together with its exterior powers

0 o Ve O(1) T 0, (6.19)
0 T ANV eOo@2) NT 0,
0— AT — A"'Veom) N'T 0,
0— AN 2T — A" Ve ork-1) O(k) 0.

By Bott formulae (6.17)-(6.18), we deduce that both Hom®(O(h), A" T) and Hom® (/\h_1 T, O(h))

are concentrated in degree 0 and they have the same dimension (Z) Hence, the short exact sequences
(6.19), together with the identifications

/\h V = Hom* ((’)(h), /\h T) = (Hom*)¥ </\h_1 T, O(h)) ,

allow us to explicitly compute successive right mutations of the sheaf O: namely, denoting by o;; the
inverse braid B_l for 0 < h <k —1 we have

i
h
Riow)...om)0 = (/\ T) [—h].

Being the sheaf O(j) locally free, the functor O(j) ® (—) preserves the short exact sequences (6.19);
moreover, observing that

Hom(O(1),O(m)) = Hom(O(l 4+ n), O(m + n))
for all [,m,n € Z, we deduce that for j <h < k-1

Rio@+1),...0m00) = ( " T(J')) [j — h].
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Corollary 6.11. The central connection and the Stokes matrices of the quantum cohomology of P(]E_l,
computed at 0 € QH*(P) and with respect to a line £ with slope 0 < € < T, corresponds (modulo action
of (ZJ27,)*) to the exceptional collections

(O(S),/\IT<§1>,O<;€+1>,/\3T(§2>,...,(9(k1),/\k17'>

for k even, and

(O(kgl),O(k—gl),A2T<T>,O<T>,A4T(T>,...,O(k—l),/\k_lT)

for k odd.

Proof. From Theorem 6.7 and from Lemma 6.9, we have that the monodromy data computed at 0
with respect to the line £ correspond to the exceptional collection

B, 0= (B Ba - Bl - (B Bas Bax Bis Bz )(Bra Bas Bax )iz
for k even, and to
B, 0= (8 B - Bili) - Bz Bas Bai Bis ) (Bra' Bzs))
for k odd. Using the previous observations, one obtains the collections above. O

6.7. Monodromy data along the small quantum cohomology, and some results on the big

quantum cohomology.

From Corollary 6.11, we are able to determine the monodromy data at any point of the small quantum

cohomology with respect to any line ¢, together with the corresponding full exceptional collections.
The small quantum cohomology is identified with the set of points (0,¢2,0,...,0), which can be

represented in the t2-plane. Fixed ¢, by formula (6.13) we see that when t? varies, then some Stokes

rays cross £ whenever

St = k¢ +mm, meL. (6.20)

Thus, the t?-plane is divided into horizontal strips, whose boundary lines are (6.20). These strips are
the intersection of the small quantum cohomology with ¢-chambers.

By the Isomonodromy Theorem 2.25, the monodromy data are constant in each horizontal strip.
The data in different strips are related by a braid, as follows. Passing from one strip Ci(¢) to an
adjacent one Ca(f), one Stokes ray crosses ¢, so the monodromy data change by a braid, determined
by u;, u; associated with the ray crossing £, as in Section 2.5.

Up to now we have fixed a line £ and considered the data in these “static” strips (which, remember,
corresponds to “static” ¢-chambers). If instead we let £ rotate, say by increasing its slope ¢, then the
(-strips glide over the t2-plane, according to equation (6.20). Consider a point t? € C;(¢), and let the
line ¢ vary by increasing its slope by A¢. Let ¢/ be the admissible line after the rotation. Then, the
strip C1(¢) moves towards J(#2) — —oo, so that, at the end of the rotation, ¢? belongs to another
strip, say Ca(¢') = Ca(£) — ¢ for some positive constant ¢ = kA¢. This process leads to the same braid
actions obtained from the point of view described in the previous paragraph.

In conclusion, if we know the data at a point of the small quantum cohomology with respect to
some line ¢, then we can reconstruct the data at any other point with respect to any other line.

Starting from 0 € QH*(IP) with a line £ of slope 0 < ¢ < 7, we let increase ¢, so that the line ¢

rotates counter-clockwise. From the configuration of the Stokes rays, it is easily seen that the first
crossing between ¢ and Stokes rays is described as follows:
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’ H Slex \ Exceptional Collection \ Braid ‘
1 3 -3
0<3¢p+3(t") < 01 -3 (01),02), \>T) id
0 0 1
1 -3 —6
T <36+ () < 21 0 1 3 (0(1), AT, 0(2)) Wi
0 0 1
1 3 3
21 < 3¢—|—<\}(t1) <3 01 3 (00(1).0(2)) w1,3W2,3
00 1
1 3 -6
3T < 30+ %(tl) <Am 01 -3 (O, Q(Q), O(l)) W1,3W2,3W1,3
00 1
1 -3 -3
dr<36+3(tHy <57 [0 1 3 (/\2 Q(2),0, 0(1>) (w1.3002.3)?
0 0 1
1 -3
o < 3¢ + %(tl) < 671 0 1 -3 (/\2 Q(?), Q(l), O) (w1’3w2,3)2w1,3
0 0 1
1 3 -3
6m < 3¢+ S(tY) < 7 01 -3 (/\2 Q(1), A2 9(2),0) (w1 .3w2.3)°
00 1

TABLE 2. In this table we represent all possible Stokes matrices along the small
quantum cohomology of P%, in the ¢-lexicographical order for a line £ of slope ¢. We
also write the corresponding (modulo shifts) exceptional collections associated with
the monodromy data. Notice that the Beilinson exceptional collection 8 appears
along the small quantum locus: it is obtained from the one of Corollary 6.11 by
applying the braids wy swa 3.

e if k > 4is even, the line { firstly crosses % Stokes rays (which coincide) and the corresponding
braid is

k
W1k = H ﬂifl,iQ
i=2

1 even

o if £k > 3 is odd, then the line ¢ firstly crosses % Stokes rays (which coincide) and the
corresponding braid is

k
Wy = H Bi—1,-
3

1=
i odd
The second crossing is:

o if k > 4 is even, the line ¢ secondly cross g — 1 Stokes rays (which coincide) and the corre-
sponding braid is

k-1
wa i 1= H Bi—1,i3
i=3

i odd
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e if £ > 3 is odd, then the line ¢ firstly cross % Stokes rays (which coincide) and the corre-
sponding braid is

k=1
Wk 1= H Bi—1,i-
=2

i even
Furthermore, using symmetries of regular polygons, it is easy to see that the braids corresponding to
subsequent crossings are alternatively wy j and ws j: in this ways, if we let £ rotate counterclockwise,
and we have N crossings in total, the resulting acting braid is the composition
W1,kW2 kW1, kW2,k - - -

with NV braids w in total. Notice that after a complete rotation of ¢, the resulting braid is

(w1,kw2,k)k7

which, accordingly to Corollary 2.35 and using the “Yang—Baxter” braid relations (6.16), is easily
seen to be the central element (812, ..., Bk_1%)F, .

Theorem 6.12. The braids of Lemma 6.9, i.e.
BB" = Br2(B34B23512)(B56845034823512) - - - (Be—1,kBk—2,k-1 - - - P12)

for k even,
BB = (B23B12)(BasP3aB23B12) - - - (Bk—1,kBk—2,k-1 - - - P12)

for k odd, which take the monodromy data computed at 0 € QH'(]P’(’éfl) (with respect to a line of
slope 0 < ¢ < %) to the data corresponding to the Beilinson’s exceptional collection, are of the form

W1, kW2 kW1 kW2 E - - -

if and only if k = 2 or k = 3. Thus, they do not correspond to analytic continuation along paths in
the small quantum cohomology for k > 4.

Proof. For k = 2,3 we have already shown that the braids 55’ are
wi2 = P12 and wi3ws 3 = PasfPi2
respectively. So, let us suppose that k > 4 and that 83’ can be expressed as a product
W1,kW2, kW1 kW2 K - - - - (6.21)

Let us start from the following observation: if a generic braid can be represented as a product of
positive powers of elementary braids /3; ; 41, then any other of its factorizations in positive powers of
elementary braids must consist of the same numbers of factors (this follows immediately from the
relations defining the braid group B,,). Thus, the product (6.21) should be a product of

K2 -1
factors for k odd.

i\ 2
(2> factors for k even,

We firstly consider the case k even: we are supposing existence of a number n € N* such that the
product (6.21) contains n times the braid w;  and n or n — 1 times the braid wy ;. So, we must have

L S
T2 —\2
for some n € N* and m € {n — 1,n}, so that

k=(n+m)+ %(4(n+m)2 — 16m)2. (6.22)



HELIX STRUCTURES IN QUANTUM COHOMOLOGY OF FANO VARIETIES

B12834P56 4 /" Basbis 5

FIGURE 5. Here we represent the action of the braids wy g,wa for 2 < k < 6. In
the left column the reader can find the canonical coordinates in the ¢-lexicographical
order for £ of slope ¢ €]0; Z[. In the central column we represent the action of the
braid wy , whereas in the right column the consecutive action of the braid ws .

As a necessary condition we have that
4(n+m)? —16m, withm € {n—1,n}

must be the square of some integer. Since

e for m = n the number 16(n? — n) is a perfect square only for n = 1,
e for m = n — 1 the number 16(n — 1)? + 4 is a perfect square only for n = 1,

103
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according to (6.22) the only possible value of k is k = 2. Analogously, for the case k > 3 and odd, if
we suppose that it exists a number n € N* such that the product (6.21) contains n times the braid
w1, and n or n — 1 times the braid ws i, we necessarily must have
k-1 k-1 k2-1
y My T T
k+1

=ntm=-—, with m € {n —1,n}.

Thus, for any odd number £ > 3, we have found a composition of n times w; , and n or n — 1 times
wa,; whose length equals the length of 55’. In particular, we have that

n with m € {n —1,n}

o if £ =4n — 1 then w; ; and wy , appear the same number n = m of times;

o if £ = 4n — 3 then w; , appears n times and wo ;; appears m = n — 1 times.
Notice in particular that for k = 3 we are in the first case, according to what said at the beginning
of the proof. We want now to show that k = 3 is the only case in which the braid we have found is
actually 53’.

FIGURE 6. Configuration of the canonical coordinates, for k odd (k = 3,5,7,9) after
the action of the candidate braid w; gwaf .... Notice that the final arrangement of
the canonical coordinates is (..., lh, S

n-t

For this, notice that the braid S8’ takes the canonical coordinates in an ordered cyclic disposition
(u1,us,...,ux) starting from 1 and going counter-clockwise along the regular k-gon formed by the
canonical coordinates: we will denote this arrangement by the k-tuple (1,2,3,...,k). Instead, the
product of w’s we have found takes the canonical coordinates in another configuration: for example,
the canonical coordinate u; is not taken in the first position but in the n-th in both cases k = 4n —1
or k = 4n — 3: the corresponding k-tuple is of the form

()1,

"nith’

Again we find that the only admissible case is n = 1, and so k = 3. This completes the proof. 0

6.8. Symmetries and Quasi-Periodicity of Stokes matrices along the small quantum locus.
In this section we describe an interesting property of quasi-periodicity of the Stokes matrices computed
at a point of the small quantum cohomology of P with respect to all possible admissible lines £.
Because of the discussion at the beginning of the previous section, we can do the computation at any
point, say, to fix ideas, at 0 € QH*(P).

For this let us introduce, following [Guz99], a new labelling of Stokes rays which is useful in order
to describe the Stokes factors in which the matrix S factorizes. Let us fix an admissible line ¢ in C of
direction ¢ and choose an admissible direction arg z = 7 in the universal cover R (namely, ¢ —7 =0
mod 27), which projects onto /.. We label the Stokes rays in R as follows: the rays are labelled
in counter-clockwise order (i.e. increasing the value of the argument) starting from the first one in
II;ight which will be Rg. In this way

Ro, - ,Rk_1 C Hright7
Rkn ey R2]q71 g 1_[left-
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The labeling is then extended to all integers, increasing the index in counter-clockwise direction, so

to obtain a whole family {R;},.,. For the choice of ¢ with slope 0 < ¢ < T we have that

the ray Ry projects onto Ry,

the ray Iy projects onto R; 1,

where we do not use the lexicographical labelling but the original one (see equation (6.13)). If we
denote by .#; the sector in R bounded by R;_; and R; i, then .#; has angular width of 7 + 7 and

—_

consequently there exists a unique solution =; of the system (6.5) with the asymptotic expansion
NV~ Ysormal (2, u) on ;. We define the Stokes factors to be the connection matrices K; such that

Ejn1 =E5K;, jEL
In this way we have that
S=KoKy...Kp oK 1. (6.23)

Moreover, notice that the first row of =;(z) is equal to 2T ®;(z), where ®;(z) is a row vector whose
entries form a basis of independent solutions of equation (6.6). Therefore, we have that

Q1= ;K.
Notice that if

1 1 1 6% 2mi 1 6%(k_1) 2mi (1
F(Z) = (\/Ezkgl eXp(k‘Z), ﬁﬁ eXp(ke k Z), ey ﬁz,k? eXp(ke ke (k 1)2)

is the row vector whose entries are the first term of the asymptotic expansions of an actual basis of
solution ®(z) of the equation (6.6), it is easily seen that

-1 0
As a consequence, if ®,,(z) is the unique genuine solution of the hypergeometric equation such that
P, (2)~F(z2) z—00 z€.7p,

then

27 2mi

D, 10(zeF )~ F(ze® ) =F(2)Tp 2z € S,
so that

2mi

D, io(zeF

Tt ~F(2) 2€ S

By uniqueness, this implies that

27i
k

B, o(ze ) Tpt =®,,(2) zeR.
We deduce from this identity the following properties of the Stokes factors.
Lemma 6.13 ([Guz99]). For any m,q € Z the following identity holds

Kuyoq =Ty K, TE.
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Proof. We have from the definitions of the K;’s that

®,011(2) = B (2) Ky = ®ryo(ze )T Ko
2mi _ —
=®,,13(zeF )Km}s-zTFle

=@, 1 ()Tr K, Ty Ko

Hence, K10 =15 1KmTl}ﬂ. A simple inductive argument completes the proof. O
From this one can deduce the following

Theorem 6.14 ([Guz99]). Let £ be an admissible line, and let us enumerate the rays as described
above, and introduce the corresponding Stokes factors K;’s. The Stokes matriz of the system (6.5),
and equivalently of the hypergeometric equation (6.6), for k > 3, is given by

k E .
(KOKlTI;l)gTI? =T2 (TI,?lKk_gKk_l)%, k even
S =

k—1

1 k=1 k=1 :
(I((),Kvlfz—gl)ICT,K'()TF2 = TF2 kal(TFilKk,Qkal) 2, k odd.
Moreover, the two Stokes factors Ki_o and Ky_1 are given by:
e for k even we have
k
(Kk—2)2,1 = —<

1)7 (Kk—2)jj=1forj=1,...k

k

7 —3

(Kk—2)jk—j+3 = (2 5

)forjz?),...,k—i—l

) k . k
(Kk:71>j,j =1 for] = 1, .. .,k7 (kal)j)k7j+2 = (2(] B 1)> for] = 2, ey 5
and all other entries of Ki_o, K1 are zero.
e for k odd we have
k .
(Kr—2)21 = —(1>, (Kr—2)jj=1forj=1,...)k
k . k+1
(Kk—2)jk—j+3 = <2j _ 3) forj=3,...,—5—
. k , k+1
(Kk'fl)j,j =1 fOT’j = ]., . .7]6, (kal)j$k;7j+2 = (2(] . 1)> fOT’j = 2, ey T

and all other entries of Ki_o, K1 are zero.

The above theorem was a crucial step introduced in [Guz99] in order to explicitly compute the
Stokes matrices and prove point (3a) of Conjecture 5.2. With this results, we can now summarize
the symmetries and quasi-periodicity relations of the Stokes matrices

Theorem 6.15. Let p be a point of the small quantum cohomology of ]P)(’é_l, let £ be an admissible
line at p, and denote by S’p(f)lex the Stokes matriz computed at p, with respect to the line £ and in
the {-lexicographical order. Then the entries of the matrices

2mi

S,(0)' and Sp(e * £)'T

differ just by some signs. Moreover, also the entries

i lex

(So(0)j541 and  (Sp(e¥0)

JJ+1
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differ by some signs for any i =1,...,k — 1. Thus, in particular the (k — 1)-tuple
(|01 5] | (850 -+ | (550 1]

does not depend on p and £. In particular, it is equal to
k k
1)oke_1) )

Proof. We restrict to the case k even, the case k odd being analogous. In order to prove the theorem,
it sufficies to compute monodromy data at p = 0 € QH®*(P). For brevity, we will omit the index
p = 0 from the Stokes matrix S,(¢). So, if we fix an admissible line ¢, and if S(¢)!** is the Stokes
matrix in the lexicographical form, then

g)lex _ (S(g)lex)“’l“& or (S(()lex)w2w1 )

I

27mi

S(e’®

In order to put

S(E) = K()Kl A Kk;72Kk71,
of formula (6.23) in lexicographical order, we act by conjugation S'**(¢) = PS(¢)P~!, with a unique
permutation matrix P corresponding to the ¢-lexicographical order. We have

2mi

S(e k f) = KQKB...KkKk+17

and according to Lemma 6.13

k
2

_k k
Kp =Ty KoTf, Ky =Ty KT,
Thus,
i k k
S(eF ) = T2 (T K Kji1)
§ (poiget Ak
=T (T3 T KoK Ty )
_ Nk R4
= T (KoK Tp )3 T2
=T:'S(O)Tp.

If we want to put the matrix S (e% ¢) in the lexicographical form, we have to conjugate it by a suitable
permutation matrix ) (corresponding to the lexicographical order with respect to the rotated line
27

ew L):
SEF Ol =Q-S(eF ). Q!
= (QTz") - S(0) - (QT") ™"
By definition of T, we clearly have that
QT = JP,
where P; is a permutation matrix and J is a matrix of the form diag(=+1,...,+1) (in particular, there

will be k — 1 times entries (—1)’s and just one entry (+1), as in the matrix 75 "'). Consequently, we
have that

2mi

JTIS(e o)l T =P - S() - Py,
and since the lhs is upper triangular we conclude that P = P, by uniqueness of the lexicographical
order. This proves the first statement.
For the second statement, it is sufficient to prove it just for the choice of £ with slope 0 < ¢ < .
From the explicit expressions for the Stokes factors Kj_o and Kj_; of the previous Theorem, after
some computations, one finds that the entries in the first upper-diagonals of the matrix S(¢)!** are
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- M)+ O -6

i.e. along the diagonals we have the general form

1. *(zn,k—l> _(2nk—1) (k—an) + (kil) (an—l) (};) - (2]2)
1 (5 22n) -(%)

1 _(Zn]il)

1

forn=1,...,% — 1. Since the Stokes matrix S(eT 0)** is equal to (S(£)!x)¥1 = A1 . G(£)lex . Awr,
where

1
L)
0 1
Ao = L(3) ,
0 1
L)
we find that
%i lex _ k . ﬁ _
(S(e 2 )21+1,2i+2 N (21' + 1) 1=0 2 !
and
(SEF0/=), = (SO gy = (SO )iy iy (SO

:(wa(ﬁ)_<;)+<%fJ<f>
:_<£)

fori=1,..., % — 1. This completes the proof. 0
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Corollary 6.16. The Beilinson exceptional collection B corresponds to the monodromy data com-
puted at some point of the small quantum cohomology of P(’éfl if and only if k =2, 3.

Proof. Note that the inverse of the Gram matrix of the Grothendieck—Euler—Poincaré product, which
would coincide with the Stokes matrix, has the following entries on the upper diagonal:
(—=k,—k,...,—k,—k).
O

Remark 6.17. Note that the Corollary above cannot be deduced from Theorems 6.7 and 6.12. The
reason is that a priori the subgroup of By of braids fixing up to shifts the Beilinson exceptional
collection ‘B

{B € By: Bh = Bm]}, m:=(m,....,my) € zF,
could be non-trivial. In general, it is still an open problem to study transitiveness and freeness of the
braid group action on the set of exceptional collections. See [GK04] fur further details.
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7. PROOF OF THE MAIN CONJECTURE FOR (GRASSMANNIANS

In what follows

r, k will be natural numbers such that 0 < r < k.

We will denote by P the complex projective space IP(’EV;I;

G will be the complex Grassmannian G(r, k) of r-planes in C¥;
II will denote the cartesian product

Px.-.xP.
—_————

T times

o € H*(P,C) will be the generator of the cohomology of P, normalized so that

/ak_l =1.
P

We will denote the power o”, with h € N, by oy,.

As an immediate generalization of the case of complex projective spaces, the Frobenius algebra
structure defined by the (small) quantum cohomology of complex Grassmannians has been one of
the first examples extensively studied both in physics [Vaf91, Wit95] and mathematical literature
[ST97, Ber97, Buc03]. Here, we show how the validity of Conjecture 5.2 for all complex Grassmannians
can be directly deduced from the explicit results for projective spaces obtained in the previous Section.
We also show validity of a property of quasi-periodicity of the Stokes matrices along points of the
small quantum cohomology, analogous to the one described in Theorem 6.15. The main tool is an
identification of the classical/quantum cohomology of the Grassmannian G with an exterior power of
the classical/quantum cohomology of P. Such an identification has been described in the literature
from many perspectives, and we briefly summarize it both in the classical and in the quantum case.

7.1. Results on the Classical Cohomology of G. The complex Grassmannian G can be seen
as a symplectic quotient. Let us consider the complex vector space Hom(C",C*) endowed with its
standard symplectic structure: if we introduce on Hom(C", C*) coordinates aij = x5 + v/ —1y,j, for
1<i<kand1<j<r, then the standard symplectic structure is

w = dem A\ dy”
g
Let us consider the action of U(r) on Hom(C",C*) defined by g - A := Ao g~': this action is
Hamiltonian and a moment map s (,): Hom(C",CF) — u(r) is given by
ey (A) == ATA - 1.
Since the subset Ma(lr)(()) is the set of unitary r-frames in C*, we have clearly the identification

G = Hom(C",C*) J U(r) :== ua(lr) (0)/U(r).

If T C U(r) is the subgroup of diagonal matrices, then T = U(1)*" is a maximal torus. Denoting by
pr: Hom(C™,C*) — u(1)*" the composition of p () and the canonical projection u(r) — u(1)*",
we have that up'(0) is the set of matrices A € My ,.(C) whose columns have unit length. Hence, we
have
IT = Hom(C",C*) J/ T := pugp*(0)/T.
Moreover, the quotient
uih ) (0)/T

can be identified with the flag manifold F := F1(1,2,...,7,k) (for the identification we have to choose
a Hermitian metric on C¥, e.g. the standard one, compatible with the standard symplectic structure).
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Because of the inclusion ua(lr) (0) € ug'(0), we have the following quotient diagram:
FC 11
|
G

where p is the canonical projecton, and ¢ the inclusion. Note that in this way there is also a natural
rational map “taking the span”

M--->G: (b1,...,0.) — span{fy,... L.},

whose domain is the image of . On the manifold II we have r canonical line bundles, denoted £;
for j = 1,...,r, defined as the pull-back of the bundle O(1) on the j-th factor P. If we denote
U1 C Yy C --- C Y, the tautological bundles over F, we have that

Ly = (B;/B;-1)".

Denoting with the same symbol z; the Chern class ¢1(£;) on II and its pull-back ¢1(¢*£;) = t*c1(£:)
on [F, we have

C ey Ty ..
H*(II,C) =< H*(P,C)®" = M (by Kiinneth Theorem),
T
Clxy, ...,z
H*(F,C) = —— 1
*0) (hk—rg1y oo hi)
where h; stands for the j-th complete symmetric polynomial in z1, ..., z,. Since the classes z1,...,z,
are the Chern roots of the dual of the tautological bundle ,, we also have
Clei,...,er Clzy,...,zx]%*
i (G,0) 2 Clen o] oy Clove o™
<hn—k+la-~-ahn> <hn—k+17~-- ahn>
where the e;’s are the elementary symmetric polynomials in xy, ..., x,. This is the classical represen-

tation of the cohomology ring of the Grassmannian G with generators the Chern classes of the dual
of the tautological vector bundle S, and relations generated by the Segre classes of S.

From this presentation of algebras, it is clear that any cohomology class of G can be lifted to a
cohomology class of II: we will say that 4 € H*(II,C) is the lift of v € H*(G, C) if p*y = ¢*4. The
following integration formula allow us to express the cohomology pairings on H*(G,C) in terms of
the cohomology pairings on H*(II, C).

Theorem 7.1 ([Mar00]). If v € H*(G,C) admits the lift ¥ € H*(II,C), then

_1&) ~
/sz( r? /H’YUH A?, (7.1)

A= H (SL‘Z‘ - {L‘j).

1<i<j<r

where

Corollary 7.2 ([ES89]). The linear morphism
¥: H*(G,C) —» H*(IL,C): v —» 4Ung A
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is injective, and its image is the subspace of antisymmetric part of H®(II,C) with respect to the
S,.-action. Moreover

9(a Ug B) = 9(a) Un § = & Un 9(8).

Proof. If ¥(y) = 0, then

0
[aur =50 [ausyu@us=o
G r 11

for all v/ € H*(G,C). Then v = 0. Being clear that ¥(v) is antisymmetric, observe that any
antisymmetric class is of the form 4 U A with 4 symmetric in z1,...,2,. The last statement follows
from the fact that the lift of a cup product is the cup product of the lifts. O

We can identify the antisymmetric part of H*(II,C) = H*(P,C)®" with A" H*(P,C), using the
identifications 14, j illustrated in the following diagram

H*(P,C)®" ——— N\ H*(P,C)

e

[H @T)eren

where

T H.(P,C)®T—>/\TH.(P7(C): 0&1®"'®ar'_>061/\"'/\a7‘a

i: /\ H*(P,C) — [H*(P,C)®"]™™: a3 A+ Ay Z £(p)ap) ®@ -+ @ ay(y,
pEG,

together with its inverse

1
—ap NN\

ji [H*(P,C)*"]*™ — \ H*(P,C): 01 @+ @ ap > .

The Poincaré pairing ¢* on H*(P,C) induces a metric ¢®% on H*(P,C)®" and a metric ¢"F on
N H*(P,C) given by

g®P(a1 R Q1@ R fy) 1= HgP(ai, Bi),
i=1

g Flag A~ Nag, B A--- A By) == det (gP(ai’ﬂj))lgi,jgr .

Using the identifications above, when g®¥ is restricted on the subspace [H*®(P,C)®"]*"* it coincides
with 7lg"* on A" H*(P,C). From the integration formula (7.1), we deduce the following result.

Corollary 7.3. The isomorphism
jov: (H'(©,C),6°%) » (A ®.C),(-)0)g)

s an isometry.
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An additive basis of H*(G,C) is given by the Schubert classes (Poincaré-dual to the Schubert

cycles), given in terms of z1,...,z, by the Schur polynomials
A +r—1 Ao+1r—2 .
x}\ s x)\ s :v}\
1Tr— 2TTr— I3
x5 x5 NP 4
det
1.)\14’7‘71 x?2+T72 x?,.
ox = r—1 r—2
Ty X Ty , 1
T— T
To Ty 1
det
.,L.T—l xr—Q 1

where ) is a partition whose corresponding Young diagram is contained in in a r X (k — r) rectangle.
The lift of each Schubert class to H®*(II,C) is the Schur polynomial in x1,...,x, (indeed each z; in
the Schur polynomial has exponent at most k — r < k). Thus, under the identification above, the
class jod(oy) is ox, 41 A= Aoy, € N H®*(P,C), o being the generator of H?(P,C).

Using the Kiinneth isomorphism H*(II,C) = H*(P,C)®", the cup product Uy is expressed in
terms of Up as follows:

(Saierent)n (Sate o) - Xt ve e o
i J 2

If v € H*(II,C)®", then v Uy (—): H*(II,C) — H*(II,C) leaves invariant the subspace of anty-
symmetric classes. Thus, v Uy (—) induces an endomorphism A, € End (A" H*(P,C)) that acts on
decomposable elements o = a1 A - - - A« as follows

Ay(a) = j(yUni(a)) = % Z e(p) (Vi Up apy) A+ A (75 Up apr)), (7.2)

where 4 € H*(P, C) are such that
Y=Y @@

As an example, in the following Proposition we reformulate in A" H*(P,C) the classical Pieri
formula, expressing the multiplication by a special Schubert class oy in H*(G, C)

oeUg oy = Zam
v

where the sum is on all partitions v which belong to the set 1 ® ¢ (the set of partitions obtained by
adding ¢ boxes to u, at most one per column) and which are contained in the rectangle r x (k — r),
in terms of the multiplication by o, = (¢)* € H*(P,C). We also make explicit the operation of
multiplication by the classes p, € H®*(G, C) defined in terms of the special Schubert classes by

r

g, —1)! ‘
Do = — Z o+ tn ) H(—Ui)”l , £=0,...,k—1,

ni!...n,! 4
ni+2ng+-+rn,.=~£ i=1

ni,...,np>0

because of the nice form of their lifts 5, € H*(II, C).

Proposition 7.4. If 0, € H*(G,C) is a Schubert class then
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o the product oy Ug 0, with a special Schubert class o, is given by

. 1 A
jod(oeUg o) = ] Yo > N i Y oun |5
C\ it tie=£ pe6, j=1

D1 yeeeybp >

o the product p, Ug 0y, 15 given by

T
jod(peUg ou) = Zam—&-r—l A A(Optr—i Upog) Ao Aoy,
i=1

Proof. From Corollary (7.2) we have
o Ug O’u) =0y Unp 19(0#)
If v = &4 is the lift of the special Schubert class oy € H*(G, C), then

oo = he(x1,...,2,) = E 04 @+ & 04,y
i1+t =L
i1 yeeeyir 20

and using (7.2) we easily conclude. Analogously, we have that
ﬁéZZ{L’f:Zl@...@ o0 R ® 1,
i=1 i=1 i-th

and

,
Am(a):Zal/\~-~/\(05U[p>ozi)/\~-~/\ar.
i=1

Corollary 7.5. For any z € C*, any t>01 € H?(G,C), and any Schubert class oy € H*(G,C), the
following identity holds:

=jod (Z (IOi!Z)k ((t20'1)k U U)\)>

k=0
=jo 19(zt2‘71 Uoy).
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Proposition 7.6. If u¥ € End(H*(P,C)) and u® denotes the grading operator for the Projective
Space and the Grassmannian respectively, defined as in (2.10), then for all Schubert classes oy €
H*(G,C) the following identities hold:

jod(uoy) ZUA1+T 1A /\MPUAj+r—j/\"'/\U/\M

T
joﬁ(zﬂGO')\): /\Z#PU)\j+r_]‘, z e C*.
j=1

Proof. For the first identity notice that

k—1
(jod)” ZUA1+T 1A (A +T.72>0Aj+r—j/\"‘/\0>\r

" r(r+1 k—1)r

g Z/\ 7770)
= 1%(0n).

For the second identity, we have that

.
P P
— HXj4r—j
N onrmg = N7 on
/ A

r
= exp IOg Z:u’)\ +r—j | ° /\ OXj+r—j
=jod (Z'M‘O')\) .

7.2. Quantum cohomology of G as exterior power of the quantum cohomology of P. The
identification in the classical cohomology setting of H*(G,C) with the exterior power A" H*(P,C)
explained in the previous section, has been extended also to the quantum case from many different
perspectives.

The validity of this identification was already clear to physicists: it can be found already in
Appendix A of [CV93], in the description of the o-model of G as “equivalent up to D-terms” to a
&,-quotient of a tensor product of o-models of P. Moreover, a similar relationship is outlined also in
Appendix A of [HV00].

It was only with the paper [BCFKO05] that two different proofs of this identification for small
quantum cohomologies were given, the first one using localization and Grothendieck Quot schemes
techinques, the second one being based on some explicit identities relating 3-points genus 0 Gromov—
Witten invariants of G and P deduced from Vafa—Intriligator residue formula.

Subsequently, these results were extended to a more general situation in [BCFKO08]: generalizing
the conjecture by K. Hori and C. Vafa, the authors conjectured similar relationships between the

O
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Gromov—-Witten theory in genus 0 of a non-abelian symplectic (or GIT, if you prefer) quotient X /G
with that of the corresponding abelian quotient®’ X /T. These conjectures were shown to hold true for
partial flag varieties. Subsequently, in [CFKSO08], the relationships described in [BCFK05, BCFKO08]
are summarized and extended in order to re-interpret them as identifications of Frobenius structures.
In [KS08] two new tensorial operations of (germs of) Frobenius manifolds are introduced (symmetric
and exterior powers): the quantum cohomology of G is described as r-th exterior power of the
quantum cohomology®! of P.

Contemporarily to the works mentioned above, in [Gat05b, Gat05a] L. Gatto described a new point
of view for studying, in a greatly unified way, both classical and small quantum Schubert calculus.
The surprisingly simple Gatto’s realization of Schubert calculus is based on the properties of Hasse—
Schmidt derivations on the exterior algebra of a free module. Let A be a commutative ring, and let
M be a free A-module of countable infinte rank. The A-modules A M and (A M) [t] are endowed

with two natural A-algebras structures, the second one being defined through

(Z O[iti> A Zﬁjtj = Z Z a; N\ ﬁj th.
i J

h \it+j=h

Definition 7.7. An A-module morphism D: A M — (A M) [t] is called a Hasse-Schmidt derivation
if it is an A-algebra homomorphism. i.e. such that

D(aAB)=D(a) AD(B), foralla,Be [\ M (7.3)

A Hasse—Schmidt derivation can be expanded in series with respect to the indeterminate ¢, D =
Y iso Dit' with D; € Enda(A M) called components of D. If € := (g;);>1 is a basis for the A-
free module M, the unique Hasse-Schmidt derivation S such that S (g) = Y50 €itjt' is called the
(€)-Schubert derivation. -

From the Schubert derivation & on A M, L. Gatto was able to reconstruct both the classical
(A = C) and small quantum (A = CJ[q]) Schubert calculus for G for all (r, k), with 0 < r < k, at once.
For a fixed k, if we denote by My, the A-submodule of M generated by (e1,...,¢ex), then the classical
(resp. small quantum) cohomology of G can be realized (for all » with 0 < r < k) as a quotient
of the same commutative ring of endomorphisms of the exterior algebra of M. By varying k, one
can realizes the totality of these rings as a quotient of the same ring of derivations on /A M. Notice
that we can recover the abelian/non-abelian correspondence for Grassmannians by indentifying the
module M}, with the classical/small quantum cohomology ring of P*~1.

Remarkably, in these realizations of the Schubert calculus, the content of the classical/small quan-
tum Pieri rule is encoded in the single equation (7.3), while classical/small quantum Giambelli can
be deduced from it through simple algebraic manipulations evoking a formal integration by parts
procedure.

In subsequent works of D. Laksov and A. Thorup ([LT07, LT09]) the results of Gatto were further
extended in order to deal with more general Grassmann bundles and equivariant cohomology (see
also [Lak08]). The point of view of Laksov and Thorup is quite different, being based on the fact
that A" My can be endowed with a structure of module over the ring of symmetric polynomials with
coefficients in A. Their results were re-interpreted by L. Gatto and T. Santiago ([GS09, GS10]) in
terms of Hasse-Schmidt derivations, in a more unified framework. For further details, and many
more applications of this formalism, we refer the reader to the monograph [GS16].

SOHere, X is assumed to be a smooth projective variety wth a linearized action of a complex reductive group G, while
T denotes a maximal torus.

31More precisely, the germ of QH®(G) at a point of small quantum cohomology is identified with the germ of QH*®(P)
at a shifted point of the small quantum cohomology. See Theorem 7.8 below.
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The following isomorphism of the (small) quantum cohomology algebra of Grassmannians at a
point to; = logq € H%(G, C) is well-known (see [Wit95], [ST97], [Ber97], [Buc03] for example)
Clry,- .., 2% [q]
<hk,7~+1, R A (—1)T71q> ’
while for the (small) quantum cohomology algebra of II, being equal to the r-fold tensor product of
the quantum cohomology algebra of P (see [Kau99], [Dub99], [Man99]), we have

QHj, .4, (II) =

QH(G) =

Clz1, ..y xe][qr, - - ar)

(2% —q1,..., 2k —q.)
Following [BCFKO05], and interpreting now the parameters ¢’s just as formal parameters, if we denote
by W;(H) the quotient of QHS  , (II) obtained by substituing ¢; = (—1)"~'¢, and denoting the
canonical projection by

,,,,,

we can extend by linearity the morphisms 1, j of the previous section to morphisms

U: QHy (G) — QH (1),

i [emm]™ - (/\ H*(P, «:)) @c Clg).

Notice that the image under 9 of any Schubert class o is equal to the classical product &y Uy A, the
exponents of z;’s in the product oy (z) HKj (x; — x;) being less than k; as a consequence, the image

of ¥ is equal to the antisymmetric part with respect to the natural &, action (permuting the x;’s)

an

(@)™ = (e (m o) wc i)

The following result, is a quantum generalization of Corollary 7.2.

Theorem 7.8 ([BCFKO05]). For any Schubert classes ox,0, € H*(G,C) we have

Vox *#6,q o) = [0(0)) *1mq1,... 0, 5>\]q 0

Using the identification j, we can deduce from the previous result the following generalization of
Proposition 7.4.

Corollary 7.9. If o, € H*(G,C) is a Schubert class then
30 E(Uﬂ *G,q pz) = Z Opy+r—1 JANEERWAN Opui4r—i ¥p,(—1)r—1¢ OF JANEERWAN O, (74)
i=1

From this identity, it immediately follows that:

(1) At the point p = t>01 € H*(G,C) of the small quantum cohomology of G, the eigenvalues of
the operator

US .= ¢1(G) x, (-): H*(G,C) — H*(G,C)
are given by the sums
Uiy o Fu,, 1<0<--<0, <k,

where uy, ..., uy are the eigenvalues of the corresponding operator U for projective spaces at
the point p := t?c1 + (r — 1)mioy € H*(P,C), i.e.

Uz = c1(P) #(_1yr—14 (—): H*(P,C) — H*(P,C).
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(2) The spectrum spec(Z/{f’) is not simple if and only if the pair (r,k) is such that
Pl(k) S T S k‘ — Pl(k'),
where Py (k) denotes the smallest prime divisor of k.
(8) If my,..., 7, denote the idempotents of the small quantum cohomology of the projective space
P at the point p := t?cy + (r — 1)mioy € H*(P,C), then
e the idempotents of the small quantum cohomology of G at p = t>0y € H*(G; : C) are
Go®) ™t (ser-my), wpi=wy A--- AT,
with 1 < i1 < --- <1, <k, and where
1 gP(ﬂilﬂo—T’—l) e gP(W’ilﬂo—O)
g™ (7, 7r)
g]P(Wi,,,)Urfl) gp(m,,,,ao)

e the normalized idempotents are given by

Gon) ™ (i) 11), fr=

I

g"B(my,mp)3

Proof. Equation (7.4) is an immediate consequence of Theorem 7.8; from this equality and from the
value of the first Chern class ¢;(G) = koy, one obtains point (1). For a proof of point (2), see [Cot16].
The semisimplicity of the small quantum cohomology of the Grassmannian G is well known (see
[Abr00], [CMP10]), so that existence of the idempotent vectors is guaranteed. By Theorem 7.8 we
deduce that the image of the idempotents aq, ..., ar) of the small quantum cohomology of G under

T

the map jo®d are scalar multiples of w; := i, Ao Am, with 1 <4y < -+ <4, <k, ie. are of the form
sy - 7, for some constants »; € C*. Using Corollary 7.3, from the equality ¢®(as, ;) = ¢%(as, 1),
we find that necessarily

%? 'QAP(WIJTI) =y 'QAP(WI,UTA A= Nog),

and one concludes. By normalization, one obtains the expression for normalized idempotents. O

7.3. Computation of the fundamental systems of solutions and monodromy data. In what
follows, if V' denotes a complex vector space and ¢ € Endc(V), we denote by A"¢ € Endc(A” V) its
r-exterior power: if a basis (v1,...,v,) of V is fixed, and if A denotes the matrix associated with ¢,
then the matrix A" A associated with A"¢ is the one obtained by taking the r x r minors of A. The
entries are disposed according to a pre-fixed ordering of the induced basis (v;; A+ AV, )1<iy<-<in<n
of \" V.

Proposition 7.10. Let ZF(z,t?) be a solution of the system of differential equations (6.1)-(6.2), i.e.

%Zﬂ”(z,ﬁ) =205t 28 (2,t?), CE(t?) := (0)ohs,, (7.5)
%zﬂ’(z,ﬂ) . (uﬂ”(ﬂ) + i,ﬁ’) ZP(2,12). (7.6)

Then, the r-exterior power

Z8(z,82) = \ (Z°(=, € + (r — 1)mi)) (7.7)
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defines a solution of the system corresponding to the Grassmannian G, namely

2 I8t = AP, () = 1)k, (8)
%Z (2,t%) = (uG(t2) + 1u )ZG(z,tQ). (7.9)

Furthermore, if Z%(z,t%) is in Levelt form at z = 0, then also (7.7) is in Levelt form at z = 0.

Proof. Let us notice that

(ZIP’)E‘I1 e (ZP)g:
@(ZG)}% . =3 det | Xpe(ZR), . XP(ZR)G, . X(z,t%) = 2C5.
z,t a=1¢=1 . .
Pya, Pya,
(Z )/81 e (Z )/Br (z,t24mi(r—1))

By Corollary 7.9, the r.h.s. is easily seen to be equal to
(€5 (1) 7% (2,1%)) 5

Analogously, we have that

2By (2D
E(ZG);; -, =Y det | Wi (ZP)g, ... Wi (ZP)f, ,
25 a=1 (=1 . .
IP; Qo IP e 7%
(Z )ﬁl U (Z )ﬁr (z,t24mi(r—1))

where we set W (z,t?) = (UF(t?) + 14F). Using Proposition 7.6 and Corollary 7.9, one identifies the

r.h.s. with
1 A
KUG(F) + MG> -ZG(z,tQ)] .
z B

For the last statement, notice that if

then using the generalized Cauchy-Binet identity for the minors of a product, and invoking Corollary
7.3, Corollary 7.5 and Proposition 7.6, one obtains that

Z8(2,82) = D(z, )" 22OV F(—2, 2)T0CD(2,82) = %, B(z,2) = /\T ®(z, 12 + mi(r — 1)).
This concludes the proof. O

Corollary 7.11. Let leop(z,tQ) be the restriction to the small quantum locus of the topological-

enumerative solution of P. Then, the topological-enumerative solution of G, restricted to the small
quantum cohomology is given by

tOp (2,t%) = (/\ top (%5 t2 4+ mi(r — 1))) s g=rdle=lpal(=)
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Proof. According to Proposition 2.15, we have
Zip(2,1%) = O (2,1)2# 2110,

and OF

top 18 characterized by the fact that

2T Oy (2, 17)2 = exp(t +ZA 2, A € gl(k,C).

Hence, from Proposition 7.10, we deduce that

(/\ mp (2, 8% + wi(r — 1))) = H(z,t2)zuf’201(G>U(*)7

where
P H(z t2)z“ —exp((t +mi(r—1)o1 U(—)) + E Alz ‘ Al Eg[<<k>,(€>,
r

by Proposition 7.6 and Corollary 7.5. Using Proposition 2.15, we conclude. d

Let us consider a fixed choice ¥ (#2) of the ¥-matrix for P along points 20 € H?(P, C) of the small
quantum cohomology. By point (3) of Corollary 7.9, a choice of the U-matrix for the Grassmannian
G is given by the r-exterior power

VE(e?) = i) \" (2 + mi(r — 1), 201 € H(G,C). (7.10)

If we set YF/C .= WP/G . ZP/G we can consider the corresponding systems of differential equations
(2.14)-(2.15). The following results establish the relationship between the solutions of these differential
systems, and their Stokes phenomena.

Proposition 7.12. Let ¢ be an oriented line in the complex plane, with slope ¢ € [0; 27, admissible
at both points

p:=t2o; € H*(G,C), p:= (t?>+wi(r —1))o € H*(P,C).
Let us denote by YfIE/G (z,u) the formal solutions of the differential systems (2.14)-(2.15) associated

rmal
with the quantum cohomology of P and G, respectively. If Ylgft)/li/git(z, u) denote the solutions of these

systems, uniquely characterized by the asymptotic expansion
k),P/G G 2mik
Yit(aft)/ri{ght( ) vam{mal(’z?u% |Z| — 00, z€e™ chft/right(¢)7

uniformly in w, then we have the following identifications:
T
}/}E);rmal(z7u(p)) = /\ Y—fIcP:rmal(ZVu(p))?

Yigrft/right(’%u(p)) - /\ Yizft/right(z3u(ﬁ))'

Proof. The claim immediately follows from identity (7.10), Proposition 7.10, and from the simple
observation that

/\T exp(zUY(p)) | 1+ Z — A || =exp(zU%(p)) | 1+ Z A'

h>1 h>1
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Corollary 7.13. If ¢ is an oriented line in the complex plane, with slope ¢ € [0; 27|, admissible at
both points
p:=t?o, € H*(G,C), p:= (t* +xi(r—1))o € H*(P,C),
and if
S (p;0), CBF(p;6),  SE(p;0), CPE(p;0)
denote the Stokes and Central connection matrices of P, and G respectively, computed at a point p,
and p respectively, with respect to the oriented line £, then the following identities hold true:

SSi) = N S @:0), COCi0) =im@ (AT COF () - e,

7.4. Reduction to (twisted) Kapranov Form.

Proposition 7.14. Let (V,(-,-)) be a Mukai lattice of rank k, and define a Mukai structure on the
free Z-module \"V by setting

<ala CVJ>/\T = det (<O‘ih,,0‘j/z>)1§h’e§r s
where ay =, A+ Aoy, with1 <43 <--- <14, <k, and analogously oy denote two decomposable

elements. If (g;); and (£;); are two exceptional bases of V' related by the action of a braid in By, then
the exceptional bases (er)r and (Er)r of A"V, obtained by the lexicographical ordering, are in the same

orbit with respect to the action of braids in B(k) and (Z/2Z)X(§).

Proof. Tt clearly suffices to prove the statement for two exceptional bases of V' related by the action
of an elementary braid. Let us assume, for example, that the exceptional bases of V

(617---7€i;€i+1a---75k)a (51,...,€i+175i,€i+2,...,Ek), 51’ ZZREWA&“

are related by the action of the elementary braid o;;41. Let us now consider the exceptional bases
of A"V obtained by the lexicographical ordering. The elements of the second basis can be classified
into three different types:

(1) those of the form e; with ¢j, ¢ {g;11,&} forallh=1,...,r,

(2) those of the form (- Agip1 AEA..L),

(3) and those of the form
-1 T
</\ sja> NE N < A sja> , (7.11)
a=1 a=0+1

Using the definition R, &; := €; — (€4, &i41)€i41, it is evident that for the elements of the class (2)
the following identity holds:

for some /.

"'/\€i+1/\<€~i/\"'="'/\€i+1/\€i/\"'Z—('~'/\€i/\z’:‘i+1/\...).

Consequently, they are the opposites of elements of the first exceptional basis. For the elements of the
class (3), notice that all the elements between the first one of the type (7.11), and the corresponding
one obtained by replacing &; with €;1, are of the form

£—1 r
</\ Eha> N€Eir1 N\ ( /\ Eha> )
a=1 a={+1
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with j, = hy fora € {1,...,6—1}U{€+1,...,n}, and jo11 < hyy1, for some n € {{+1,...,7}.
The scalar product of these elements with the first element (7.11) is given by the determinant

Dy | D\
det( 0 [ D, > =0,
since the matrices Dy, D3 are upper triangular, diag(D;) = (1,...,1,(g;4+1,&;)) and D3 has at least

one zero element on the diagonal (at least (D3)n+1,n41 = 0). Hence, we can successively mutate the
first element (7.11) on the left, till we obtain the following configuration of an exceptional basis:

-1 r -1 r
..,</\Eja>/\€i+1/\</\ Eja>,</\€ja>/\éi/\</\ Eja)""
a=1 a=/0+1 a=1 a=/0+1

Ait1 A,

At this point, notice that

-1 r
/L = Ai+l — <Ai,Ai+1>/\rAi+1, Al = </\ 6ja,> /\81' A < /\ Eja.) ,

a=1 a=/(+1

since (A;, Aj+1)™" = (g4,€;+1). The procedure continues and iterates with the new first term of the
type (7.11). At the end of the procedure, one obtaines a factor decomposition of the braids taking
the second exceptional basis into the first one (modulo signs for elements of the class (2)). Notice
that elements of the class (1) do not mutate.

Example 7.15. An example will clarify the procedure. Let us consider the case (r, k) = (3,6) and
let (1,...,e6) be an exceptional basis of V. Through the action of the braid o235 we obtain a new
exceptional collection

(51753752754755786)~
By the lexicographical ordering, from the first basis we obtain the exceptional basis

€123, €124, €125, €126; €134, €135, €136, €145, €146, €156, €234, €235, €236, €245, (7.12)
€246, €256, €345, €346, €356, €456-
Analogously, from the second basis we obtain the exceptional one
€133, €134, €135, €136, €134, €135y €136> €145, €146, €156, €3345 €355, €336s €345, (7.13)
€346, €356, €345; €3461 €3567 £456-
We want to determine the transformation which transform (7.13) into (7.12). In red we have colored
elements of the class (2), in blue the elements of the class (3). Black elements are in class (1).
Notice that red elements are just the opposite of the corresponding elements in (7.12) obtained by
the exchange (3 — 2,2 — 3). Let us now start with the first blue element, i.e. £,5,: we have that
(e135:€134) = 0,  (€136,€134) = 0.
Hence, by acting on (7.13) with the braid S45034, we obtain
—€123, €134, €134, €135, €1365- - -

Acting now with the braid (23, we obtain
—€123, €124, €134, €135, €136 - -
We can continue with the next blue element, i.e. €35, till we obtain the sequence

—€123, €124, €125, €134, €135, €136, €136y - -

By iterating the mutation procedure of the next blue elements, we arrive at the exceptional basis
(7.12) (modulo signs of the red elements).
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Lemma 7.16 ([GGI16]). The following identity holds true:

(j o 0) [fg U Ch(S“SV)} = (2m)~(B) g=mitr—Den /\ I UCh(O(un + 7 — h)).
h=1

Proof. As in Section 7.1, denote by z1, ..., x, the Chern roots of the bundle SV on G. Starting from
the generalized Euler sequence

0—+8S—0%F —-9—0,

and applying to it the tensor product SY ®—, in the Grothendieck group Ko(G) we obtain the identity
[TG] = [SY @ Q] = k[SY] - [§¥ @ S].

Hence, by the multiplicative property of the fi—classes, we obtain

H 1:‘:1’1
I( 1:|:xZ:th)

Notice that

T

H T+ Tap) = H (1 +z; Tap)T(1Fa+ap)

ih=1 i<h

B 2mi(z; — xp)

H emi zlfx;,) — emi(zh—x;)

i<h

e emi(zitan)
= (271—2)(2) H((EZ - xh) H eQ‘n’iri _ 627rixh,
i<h i<h
. (T Ty — Tp (r—1)mi
- (27”)(2) (H e27ri;ri _ e27riwh> e’ 7”01’
i<h

where for the last equality we used the fact that {x; + x5}, , are the Chern roots of N> SV, so that

H eTri(JCH‘?fh) = exp <7TZ Z T;+ xh)

i<h i<h

s (e (°5))
= exp (mi(r — D)er(SY)).

We have thus obtained the formula

—~ ” . 2mix; _ p2mixp
% = (2mi)~ () e=mir=D 11 % []ra+z)* (7.14)
i<h v i=1

At this point, if we recall that the Chern character defines a morphism of rings, from the definition
of Schur polynomials, we obtain the identity

det(BZﬂ'imi(pthrfh))i,h
H'<h e2miz; _ o2mizy, . (715)

Ch(StSY) =

The claim follows from equations (7.14) and (7.15). O
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Theorem 7.17. The central connection matriz, in the lexicographical order, of QH®*(G), computed
at t = 0 with respect to an admissible oriented line ¢ is the matriz associated with the morphism
I Ko(G) ® C — H*(G,C) with respect to an exceptional basis of the Grothendieck group Ko(G),
related by suitable mutations and elements of 7 to the twisted Kapranov basis

(8"8¥ © 2]),, &= det (/\2 5V> :

In particular, the Conjecture 5.2 holds true.

Proof. If C' is the matrix associated with the morphism /I, with respect to

e the Beilinson basis ([O],...,[O(k — 1)]) of Ky(P) ® C,
e the basis (1,0,...,0" 1) of H*(P,C),
then by Corollary 7.5 and Lemma 7.16 it follows that the matrix

i~() (/\’“ C’) erilr=1)o1U(-) (7.16)

is the matrix associated®® with II; with respect to

o the twisted Kapranov basis ([S*SY ® Z7]),,,
e the induced Schubert basis (0,,),.

The line bundle .% is uniquely determined by its first Chern class ¢1 (%) = (r — 1)o7y, by point (4) of
Corollary 4.27 (or even because G is Fano). Thus, by Corollary 5.8, it follows that the association
(A Ko@), AxF) = (Ko(©),x%): \[O(un +7 = )] = 88" 0 2],
h=1
defines an isomorphism of Mukai lattices. By Proposition 7.14, the claim follows. O

7.5. Geometry of the Affine Grassmannian and classical/quantum Satake correspon-
dence. In the quantum setting, the abelian/non-abelian correspondence for Grassmannians admits
a further interpretation, discussed by V. Golyshev and L. Manivel in [GM11], as the simplest man-
ifestation of quantum corrections to the geometric Satake correspondence due to A. Beilinson, V.
Drinfeld, G. Lusztig, V. Ginzburg, I. Mirkovich and K. Vilonen (see [BD96], [Lus83], [Gin90, Gin95]
and [MV00, MVO07]).

7.5.1. Langlands Duality. For any connected split reductive algebraic group G over C, it is well defined
a companion group GV, called Langlands dual of G, whose geometry controls the representation theory
of G. The definition of such a dual group GV is based on the bijection between isomorphisms classes of
reductive groups and their root data, a concept introduced by M. Demazure and slightly generalizing
the one of root system (we refer the reader to [CG10], [Spr79, Spr09], [Gin90, Gin95], [GP11] for more
details). Let us introduce the following group-theoretical data associated with G: let T be a maximal
torus®? in G, and let
X*(T) := Hom(T,C*), X.(T):=Hom(C*,T)
be respectively the weight and coweight lattices, and let

® C X*(T), @Y C X,.(T)

r

32Note that the numerical factor i (2) in (7.16) can be exactly identified with id where d = r(k —r), since r =
r2 (mod 2).

330ne can also work with the abstract Cartan T of G, defined as the quotient of a Borel subgroup B C G by its
unipotent radical (for different choices of B such quotients are canonically isomorphic). In order to identify T with a
maximal torus in GG, an explicit embedding must be given.
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be respectively the finite sets of roots and coroots (see e.g. [Spr79] for the precise definition). The
quadruple (X*(T), X, (T), ®, ®V) will be called the root datum of G. The choice of a Borel subgroup B
containing T determines a set of positive roots @+ C & (and consequently of positive coroots, dominant
weights and dominant coweights). The Langlands dual group GV is defined (up to isomorphism) as
the reductive group whose root datum is the dual one (X.(T), X*(T), ®V, ®).

This definition of the Langlands dual group GV is completely based on the combinatorial content
of the root datum, and it relies on the theorem of classification of reductive groups. Following V.
Ginzburg ([Gin90, Gin95]), who based on an idea of V. Drinfeld and previous results of G. Lusztig, we
can look for A«an intrinsic new construction of GV which does not appeal to root systems, maximal
tori, etc.A», that we briefly summarize in the subsequent paragraphs.

7.5.2. The affine Grassmannian 9rg. One of the main objects in the construction of Ginzburg is the
affine Grassmannian ¥rg associated with the group G, a space which admits a natural structure of
an ind-scheme, i.e. a direct limit of closed embeddings of schemes of increasing dimension. Such an
object can be considered as an algebraic analogue of the loop group defined in the topological setting
(see e.g. [PS86]). Here we are going to describe three different ways for defining this object, and we
refer the reader to [Gin90, Gin95], [BDI6], for more detailed descriptions and proofs. See also [BLI4].
If G is an algebraic group as above and R is a C-algebra, as usual we denote by G(R) the group (over
C) of R-valued points of G.

(1) The affine Grassmannian ¥r¢ is defined as the coset space
Yrq = G(K)/G(0O), (7.17)

where for brevity we set K := C((z)), and O := C[z]. Notice that the set G(O) admits a
structure of a group scheme, and G(K) an ind-scheme structure. From this definition, it is
clear that a natural left action of G(O) is defined on ¥rg.

(2) A second definition of ¥rq is a polynomial analogue of the previous one. If we define

LG :=G(C[z7Y,2]), LG :=G(C[z]),
then the affine Grassmannian can be defined as
Yrq = LG/LTG. (7.18)

The natural inclusion
LG/L+G - G(K)/G(0O)

is indeed not only injective, but actually an LG-equivariant isomorphism. From this definition
it is clear we have a left action of LTG on ¥rg. Any G(O)-orbit of ¥rg is the image of a
single LT G-orbit in LG/LTG (see [Gin95], Proposition 1.2.4).

(3) Thirdly, the affine Grassmannian ¥rg can be defined in a topological setting as the group of
based polynomials loops

OG. = {f: S' = G., f polynomial , f(1)= 1},

where G, denotes the maximal compact subgroup in G. Given such a map f, it extends
uniquely to a polynomial map f: C* — G such that f(z) = f(z), where in the rhs the conju-
gation denotes the involutive automorphism of G whose differential is the Cartan involution
o: g — g with g. as (+1)-eigenspace. In this way we obtain an inclusion QG. — LG, together
with an Iwasawa decomposition

LG=Q-L*G, QG.NLTG=/{1},

which allows to identify ¥rq with QG. (see e.g. Chapter 8 of [PS86], and also [Nad04]). In
particular, such an identification induce a topological group structure on ¥rg: we will denote
by m: 9rg x Yrg — 9re the multiplication induced from QG..
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The affine Grassmannian ¥rq admits a filtration

Yr1 CY9ry CY9r3C ..., Yrg= &)ngri,
1
where each ¢r; is a finite-dimensional projective variety and the inclusions are projective embeddings.
Each variety ¢r; is G(O)-stable, and the action of G(O) on ¥r; actually factors through a finite-
dimensional algebraic group.
Since any coweight A € X, (T) can be tautologically seen as a C[z~!, z]-point of G, it determines a
coset LTG -\ C LG, and hence a point®* of ¥rg. The L+ G-orbit of this point in ¥r¢ will be denoted
by Oy. Let us summarize some results about the nature of these orbits.

e All L*G-orbits in ¥rq are of the form O, for a coweight A € X, (T).

e Two orbits Oy, O, are equal if and only if A,  are in the same orbit with respect to the action
of W, the Weyl group of the pair (G, T). Hence, we can parametrize the L™ G-orbits in ¥rg
with the dominant coweights A\ € X, (T),. The dimension of O, is given by

1
dim Oy = (2p,\), p:= 3 Z a.

acd

e The closure of O, is equal to
Ox=J Oy,
H<A
where < denotes the partial ordering on the set of dominant coweights defined as follows:
w < \if and only if A — y is a sum of simple coroots with non-negative coefficients. Typically
O, is singular, and its smooth locus is O.

e Notice that the minimal elements with respect to the partial order < are the minuscule
coweights, i.e. the coweights p # 0 such that (o, u) < 1 for every positive root o € ®7.
Hence the orbit Oy is closed if and only if A is a minuscule weight. Consequently, O is
smooth if A is minuscule. In such a case, we have that

Ox=0x=G/P,

where P) is the parabolic subgroup of G associated with A. Notice that this class of minus-
cule varieties consists of the classical Grassmannians G(r, k), of orthogonal Grassmannians
OG(n,2n), even dimensional quadrics Q2" the Cayley plane QP? = E/Q; and the Freuden-
thal variety F7/Q7. A basic reference of this subject is [LMS79].

Usually, the orbits Oy are called Schubert cells, and their closure Oy are called (spherical) Schubert
varieties of the affine Grassmannian ¥rq.

7.5.3. Classical Geometric Satake Correspondence. Given a complex algebraic variety X, recall that
a (Whitney) stratification of X is given by a filtration

X:XnQanlg"'QXO;

where X; are closed subvarieties such that for each j the locally closed subvariety X; \ X;_; is either
empty or non-singular and of complex dimension j. The connected components of the loci X; \ X;_1
are the strata of the stratification and are required to satisfy two conditions, known as Whitney
conditions. See [Whi65] for precise formulations of these conditions. We refer the reader also to
[KWO06] for more properties and details on stratified spaces. We will denote by S the set of strata of
a given Whitney stratification of X.

Definition 7.18. Let X be a complex algebraic variety equipped with a (Whitney) stratification S,
defined by the filtration

X=X,2Xp12---2Xo, X;\X;_1€8.

341 the third topological definition, A induces a map S' — T — K, where K is the maximal compact subgroup
containing T. Hence, A can be seen as a point of ).
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We will say that a sheaf (of C-vector spaces) .7 is S-constructible if F|x,\x,_, are locally constant
sheaves of finite rank. A complex of sheaves .#*® will be said to be cohomologically S-constructible
if it is bounded and its cohomology sheaves H'(Z*) are constructible. The derived S-constructible
category, denoted by D%(X), is defined as the full subcategory of complexes in D°(Shc(X)) which are
cohomologically S-constructible. If Y C X is a locally closed subset which is the union of strata in S
then, by abuse of notation, we denote by D%(Y') the category D4-(Y), where T :={A € S: ACY}.

Let us denote by S the stratification induced on ¥rg by the G(O)-orbits, and let us denote by
D%(%r;) the derived S-constructible categories of C-sheaves of the sets ¥r;. The closed embedding
4r; < Yr; with i < j induces an embedding of categories D%(¥r;) — DY%(%r;). We define the
derived category of the affine Grassmannian ¥rg through a direct limit

Dg(g’l“g) = hgpg(gh)

Particular objects of D%(¥rg) are the intersection cohomology sheaves of the Schubert varieties Oy
of ¥rg, whose hypercohomology give the intersection cohomology groups of Oy: for any dominant
coweight A € X,(T), let us denote by IC*(O,) the intersection cohomology sheaf of the Schubert
variety Oy, extended to 0 to the whole ¥rg. We refer the reader to [KWO06] for complete definitions.

Definition 7.19. The category of perverse sheaves on 9r¢, denoted by P(4rq), is defined as the full
subcategory of D%(¥r¢) generated by the objects isomorphic to finite sums of intersection cohomology
sheaves 1C*(O,) of Schubert varieties.

Using the topological group structure m: ¥rg x 9rq — 9rg, we can define on Dg(%rg) a
convolution product by setting

A®B:=m.(AXB), A,B € Obj(D%(%rc)).

Theorem 7.20 ([Gin95]).

(1) The category P(9rc) is closed with respect to convolution product. In particular (P(9rg), ®)
is a semisimple rigid tensor category.
(2) The cohomology functor H®: P(¥Yrq) — Vectc is exact and fully faithfull.

Conditions (1) and (2) above allow us to apply one of the main results of P. Deligne and J.S. Milne
(Theorem 2.11 of [DMOSS82]), which shows that the category P(¥rq) of perverse sheaves on ¥r¢ is
a neutral Tannakian category, i.e. isomorphic to the category of finite dimensional representations
of an affine group scheme G* (see also [SR72]). This realizes the intrinsic characterization of the
Langlands dual group GV mentioned at the beginning of this Section.

Corollary 7.21 ([Gin95], [MV00, MVO07]). There exists a reductive group G* whose category Repe(G*)
of finite-dimensional C-representations is equivalent (as tensor category) to the category of perverse
sheaves P(9rq):
(P(@rc), ®) = (Repe(GT), ®).

Such an equivalence identifies IC*(Oy) with the irreducible representation Vy\ of G* with extreme
weight A € X.(T)1. The (hyper)-cohomology functor H®: P(9ra) — Vectc, under this equivalence,
goes to the forgetful functor Reps(G*) — Vectc. Furthermore, the group G* is isomorphic to the
Langlands dual group GV .

In the case G is a semisimple and simply-connected complex Lie group, assumption that will be
valid in the rest of this Section, a further more explicit description of the singular cohomology of
Schubert varieties is available. In what follows we denote by Ul[a] the universal enveloping algebra of
a Lie algebra a; if V' is an a-module, for any subset S C V we set

Ann[a; S]:={u € Ua: u(s) =0, for all s € S}.

Theorem 7.22. Let e € gV be a principal nilpotent in the Lie algebra of the Langlands dual group
of G, and let (g¥)¢ be its centralizer. If X € X, (T) is an anti-dominant coweight, let us denote by Vy
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an irreducible finite dimensional gV -representation with lowest weight X\, and let vy € V5 be a lowest
weight vector. Then we have the following isomorphism of graded algebras

N Ul(g")°]
H*(0,,C) 2 ———~—-—.

(Or O = Kanl(g¥)e: 00
Remark 7.23. The gradings on both the gV-module V) of Corollary 7.21 and on the rhs of the
isomorphism of Theorem 7.22 are defined as follows. By Jacobson-Morozov Theorem, the given
principal nilpotent element e € g¥ can be completed to a sly-triple (e, h, f). Hence, h € g¥ is a

semisimple regular element that has integral eigenvalues in any finite dimensional g¥-module. In
Corollary 7.21, the gradation on V) is then defined by the eigenvalues of h, i.e.

Vi =P Vak(h), Var(h):={veV:h-v=k-v}.
keZ

(7.19)

In Theorem 7.22, notice that the centralizer (g¥)¢ C gV is ad(h)-stable. The eigenvalue-gradation of
(g")¢ is then induced on U[(g")¢]: since the ideal Ann[(¢g¥)% v,] is graded, the quotient in the rhs of
(7.19) is a finite dimensional graded algebra.

7.5.4. Quantum cohomology and the affine Grassmannian. Relations between the (small) quantum
cohomology ring of homogeneous varieties G/P, with G simply-connected and semisimple and P a
parabolic subgroup, and the (co)homology of the affine Grassmannian ¥rg have been established in
literature from several points of view.

A first description of these relationships can be found in [Kos96, Kos97]. In these papers, basing on
his previous work on the Toda lattice [Kos79], B. Kostant described the (small) quantum cohomology
of complete flag manifolds associated with G' (i.e. G/B with B a Borel subgroup) as rings of rational
functions on a unipotent algebraic group, whose Lie algebra is exactly the centralizer (g¥)¢ discussed
in the previous paragraph. Crucial, in [Kos97], is the role played by the contemporary (and mostly
unpublished) work of D. Peterson. Firstly, in his theory of geometric realization of the (small)
quantum cohomology of homogeneous spaces G/ P, Peterson recognized a precise relationship with the
affine Schubert calculus. Namely, Peterson claimed the possibility of identifying the small quantum
ring QH*(G/P) with a quotient, after localization, of the homology ring H.(¥rg) of the affine
Grassmannian, giving also an explicit map of Schubert classes. In this way, all three-points genus 0
Gromov—Witten invariants of G/P can be identified with structural constant of the affine Schubert
calculus. Such an identification was proved to hold by T. Lam and M. Shimozono in the equivariant
setting: see [LS10] and [LLM™14]. See also [Rie03] for precise statements and proofs of Peterson
description of quantum cohomology of partial flag manifolds G/P (in type A) as coordinate rings of
strata of a single variety (the so-called Peterson variety).

In the paper [GM11], V. Golyshev and L. Manivel addressed the problem of a quantum counterpart
of the classical geometric Satake correspondence described in the previous paragraph (Corollary
7.21). Focusing on Dynkin types A and D (the types preserved by the Langlands duality), the
authors showed that a result analogous to the Ginzburg’s one (Theorem 7.22) holds true for quantum
cohomology of minuscule Grassmannians, where the previous role of the principal nilpotent element
e is now played by a cyclic element (defined by adding a quantum correction to e; see loc. cit. for
precise definitions and details).

More precisely, by identifying the minuscule Grassmannians G/ P with a Schubert variety in ¥rq,
it is shown that the (small) quantum cohomology of G/P admits a module structure over the Lie
algebra of the Langlands dual group GV (called Satake structure), interacting with a second module
structure over the algebra of symmetric functions (called Schubert structure). It is shown that the
class of primitive elements in H®*(G/P), i.e. the classes x such that the U-product operator = U
(—): H*(G/P) — H*(G/P) can be expressed as the action of elements of (gV)¢, is preserved by the
quantum corrections. This means that the small quantum product zo(—): QH*(G/P) - QH*(G/P)
can be described by the action of elements of a Cartan subalgebra of gV, defined as the centralizer of a
cyclic element. Furthermore, very explicit formulae of the quantum corrections for multiplication by
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some special classes are given in types A, D and also for the Cayley plane and the Freudenthal variety,
the exceptional minuscule spaces of type Eg and E7 respectively (see Theorem 1bis of [GMI11]).
Equation (7.4) furnishes an example of the quantum corrections of Golyshev and Manivel for the
primitive elements py for the Grassmannians G(r, k) of type A. As V. Golyshev and L. Manivel
noticed, an extension of the geometric Satake correspondence for more general Schubert varieties in
Yrg presents some foundational problems: namely, a definition of a good quantum analogue of the
intersection cohomology for non-smooth varieties is missing.

Proposition 7.10, Corollary 7.11, Proposition 7.12 and Corollary 7.13 should be regarded as a
manifestation of the quantum Satake correspondence at the level of solutions of the isomonodromic
systems attached to the Frobenius structures of QH*(P) and QH*(G), and also of the corresponding
monodromy invariants (S, C'). As underlined by Corollary 7.13 and Theorem 4.8 and Lemma 4.10 of
[Dub99], the monodromy invariants of semisimple Frobenius manifolds are particularly well-behaved
with respect to their tensorial operations introduced in [Kau99] and [KS08]. A more systematic study
of the properties of the monodromy invariants with respect to more general tensorial operations of
Frobenius manifolds should be the object of future investigations. To the best knowledge of the
authors, the study of manifestations of the geometric Satake correspondence at the level of derived
categories with emphasis on their (full) exceptional collections (and not just of their projections on
the Ky-groups, as done e.g. in Proposition 7.14) is still missing from the literature.

7.6. Reinterpretation of the results for G(2,4). In this section we use the results obtained above
in order to re-obtain the results of the computations of [CDG17b], developed in a different and more
straightforward way, for the Grassmannian G(2,4). This allows us to understand the geometrical
meaning of the numerical values of the entries of the central connection matrix C as well as for the
(at that time) “mysterious” matrix A of Theorem 6.2 of [CDG17b].
According to Section 6.5, the central connection matrix computed at the point p = 0 of QH*(P3),
s

with respect to an admissible line £ of slope 0 < ¢ < 7 (and already put in the {-lexicographical

order), and with respect to the topological solution of Proposition 6.2 has the following columns

- 2\@;3/2
s _ vy
P e
(Clei (P)) = i(24v272 +v/27) ;
- 1273/2
_ i(V2¢(3)+8V273+v2yn?)

3mw3/2

__ 3
2+/273/2
R —6iv+7
Pz V2m3/2
(Clex (p)) = —24i+/272+8v2y1—3i/2n> ]
47‘r3/2
—48i\/27°424v2~2 1 —18iv2y72 —/273 —6iv/2¢ (3)

6m3/2

i
2/273/2
i(2y+im)
CIPE( )) = V/2r3/2
lex\P 3 24iv/2~% —24+/2yr—5iV/2n> J
1273/2 .
16iv/27% —24v2~2 1 —10iv 2y 2 +/27° +2iv/2¢(3)
6m3/2

i
2\/§ﬂ3/2
5 ivV2y—V27
Clp)) = e
lex\P = 24i+/272 — 48/ 2y —23i1/ 27>
1273/2
8iﬁfy3724ﬂ'y27r723i7{/§77r2+7\/§7r3+7;ﬁ<(3)
3m3/2
The corresponding central connection matrix at the point p = mio of the small quantum locus of P%
is obtained by the action of the braid

w14 = P12834,
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as described in Section 6.7. Its columns are the following:

i
gﬁﬂa/z
2iy+m
C,IP?C (A) o V2m3/2
lex\P 1 - 24z\f’y +24\f77r 5iv/2m2 ’
3/2
16iv/2~° +24V/2y% 7 — 10sz —/27342iv/2¢(3)

6m3/2

2
2y
P2 73/
(Clex(p)>2 = '(24\[7 +\[ﬂ'2) )
13/2
(WC(3)+8fW +v2vyn?)

373/2

3
2/273/2
3 —3iV2y+V27
Clex () Tou
lex\P 3 - —241fw +16f’y7r iv2m2 ’
372
724zfv +24\f’y T— 31f77T +5\[ﬂ'3731\f£( )

373/2

[
24/273/2
73 1(2y+im)
C (A _ \/§ 3/2
<Clex(p))4 - 24iv/2+2 —24\?’7# 5iv/2m>
3/2
16iv/2v3 —24v/2y%mn— 101f»yw +v27m342iv/2¢(3)

67r3/2

According to Corollary 7.13, the central connection matrix for the Grassmannian G(2,4) at the point
t2 = 0 of QH*(G, C) with respect to the same line ¢ (and already in ¢-lexicographical order) is given
by

2 ) = (/\ CE (9) ) (7.20)

where
1 0 0 0 0 0
i 1 0 0 0 0
o —sz M 1 0 0 0
—% 7Ti2 0 1 0 0
—Zg 773 7Ti2 7Ti2 1 0
I e T

is the matrix representing the endomorphism
H*(G(2,4),C) — H*(G(2,:4),C): v = " Uw.

We explicitly show the result of the multiplication (7.20) by columns:

1

472
'Y
48775—0—71'
G(2,4 T 24n2
(Cle)(( )(0)) 1 48’)/45 +7'r s

—<(3)+167 47?2

37{'24 4 2_2
—192~v¢(3)+768y* —n" 496"
14472
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5

An?
10~ i
5, 2 2
240y +48iym+17w
G(2,4) 2477
<Clex (0)>2 = 240+2 +48w7r+177r ,
160~°+48i? 7r+34’y7r —3im®—10¢(3)

61
3840~v*+153677" 7r+1632*y27r2—288177r —297* —960~¢(3)—96i7¢(3)
14472

1

—4vy—im

272
7487 724i'y7r+57r
G(2,4) 127
(Clex (0)> = M :

127
—64~° —48iy 2 — 4w —3im34+4¢(3)

6
— — 1Y T —96y T — ywo 4T+ +4827w
768v%—768iv3 7T —96~42 7> 144'7 34wt 41924¢(3)+48iw¢(3
7272

__1
272
—4721'77

—487 — 24m/7r T

(Cﬁi2’4)(0)) L w :

—64~° —48iy 2w — 4'77r —3im34+4¢(3)

67
—768~v% —768iv3m— 96727r2—1441'y7r +724192v¢(3)+48iw¢ (3)
7272

1
472
2711&

2 272 2
4842 +A8iyT—11m
G(2,4) 2472
- 48~y 448iymr—11m )
C'lex (0) = 2 2
3 2 2472 2 3
327°+48iy T —22y7= —3im” —2¢(3)

672
768v%+1536iv3 1 —1056~% 72 —288iym> 42371 —192~¢(3) —96i7((3)
14472

1
An2

L
48’y2+96ifyfr—477r2

G(2,4) 2472
(Clex (0)) = 48774 96ivm—4Tn?

6 3 2 2471'2 2 3
16+ +48iy2m—ATym2 —15in® —((3)

) 32
768~v*4+3072i7> 14512212 — 28801y 7> +671 7% —192+¢(3) —192i7¢ (3)
14472

The reader can recognize, up to irrelevant signs of three columns (due to different choices of branches
of the matrix ¥), a perfect matching with the entries of the central connection matrix exhibited in

Appendix A of [CDGI17b].
In Section 6 of [CDG17b] it was underlined the difference between the computed central connection

matrix CG(2 4 (0) and the one originally predicted in [Dub13]: it was shown that the central connection

matrix C’G(2 4)(0) above has the form

lex
CECD ) =A1Xx

lex

where the matrix X is such that

1~
ZXK ox = 2FG(24 U Ch(E,),
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for an explicit mutation (Fy), of the Kapranov exceptional collection. By explicit computation, it was
found that the difference A is given by the matrix associated with the U-multiplication by exp(2mioy):

A: H*(G(2,4),C) — H*(G(2,4),C): v+ 2™ Un.

At this point, we are also able to understand what is the geometrical meaning of the entries of the
matrix A (or, better to say, of A~!) appearing in Theorem 6.2 of [CDG17b]: indeed, since
Ch(det 8Y) = exp(2mio1), c1(G(2,4)) = 4oy,
we can identity the operator A~1 with
H*(G(2,4),C) — H*(G(2,4),C): v — e~ ™ (C24) | Ch(det SY) Uw.

In other words, the contribution of the characteristic classes Ch(det SV) and e~ (G(2:4)
by the Conjecture 5.2, are hidden in the entries of the matrix A.

Finally, as a further verification of our computations, let us show how to re-obtain the braids,

, prescribed

which put the monodromy data C’S)((QA) (0), SE}?A) (0) into the (twisted) Kapranov form, by applying
the results of Proposition 7.14. For doing this, let us notice that the braid which transforms the data
associated with the Beilison collection B = (O, 0(1),0(2),0(3)) on P} into the monodromy data
P2 oPE A
Clex(p)7 Sle;((p) 18 L L L L L L
(Br2 Bas Bsa )Bra Pr2Bsa = Bra Bag -
Lemma 6.9 wi,4

Let us now consider a Mukai lattice V' of rank 4 and let (e1,e9,e3,24) be an exceptional basis. The
braid 8y;' transforms this basis into

(€2a £1,€3, 54)'
. . . 2 . .
If we consider on the Mukai lattice A"V the exceptional basis
(€12,€13,€14,€23,€24,€34), and (€1, €23, €24, €13, €14, €34),

by applying the argument of Proposition 7.14 we immediately see that the second collection can be
transformed into the first one (up to a sign) by the braid

B34323B45. (7.21)

Analogously, starting from the two exceptional bases (€1, €2,¢3,£4) and (€1, €3,€5,€4), we obtain the
two exceptional bases

(€12,€13,€14,€23,€24,€34), and  (€13,€15,€14,E33,E34,E34)-

The second basis is transformed into the first one (up to a sign) by the braid

B12Bs56- (7.22)

By taking the product of (7.22) and (7.21), we obtain the braid /3128568354523 045-

This braid differs from the one of the paper [CDG17b] just by an irrelevant factor fs34, which
coincides with a mere permutation of the central objects of the 5-block. This shows the complete
agreement between the previous results of [CDG17b] and those presented in this paper.

7.7. Symmetries and Quasi-Periodicity of the Stokes matrices along the small quantum
locus. We conclude this Section with the following result, concerning the symmetries and quasi-
periodicity properties of the Stokes matrix S of QH*(G) computed at points of the small quantum
cohomology. It is an immediate consequence of the analogous properties of the Stokes matrix for
QH*(P) and of Corollary 7.13.

Theorem 7.24. The Stokes matriz Sg(r i) (p, ), computed at a point p > H?(G, C) with respect to an
admissible line £ of slope ¢ € R and in the l-lexicographical order, satisfies the following conditions:
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(1) it has the following functional form
Sc(r,k) (tor, ¢) = S(Imt + k¢);

(2) it is quasi-periodic along the small quantum locus, in the sense that

274,
S(r,k) (Py ) ~ Sg(r,k) (IL o+ k) 3
where A ~ B means that the matrices A and B are in the same orbit under the action of
k
(Z/QZ)(T). Moreover, we have that
SG(r,k) (pv ¢) = S(G(r,k) (pv (b + 27”’) >

(3) the upper-diagonal entries
m
S6(rk) (P 9)j5+1s  SG(rk) (p, o+ k)
J.Jt+l

differ for some signs, and we have that
k k
1SG(rk) (D5 @)j,5+1] € {(1> Jeaag (k: - 1)} U {0}.

From this Theorem, Corollary 6.16, Proposition 5.7 and from Lemma 7.16, we finally deduce the
following result.

Corollary 7.25. The Kapranov exceptional collection (S*SV)x, twisted by a suitable line bundle,
is associated with the monodromy data of G(r,k) at points of the small quantum locus if and only
if (r,k) = (1,2),(1,3),(2,3). In this cases, the line bundle is trivial, and the Kapranov collection
coincides with the Beilinson one>®.

35Notice that G(2,3) 2 P((C?)¥) =2 P2 by duality.
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APPENDIX A. BASIC NOTIONS ON PURE MOTIVES

In this Appendix we briefly recall basic notions and properties of Chow motives, referring the
interested reader to [Sch94], [And04], [MNP13] for more detailed and complete introductions to this
vast and fascinating topic. Let F,K be two fields. Let us denote by Vk the category of smooth
projective varieties®® over K. For any X € Ob(Vk) and d € Z, let us denote

(1) by Z4(X) the group of d-cycles of X, i.e. the free abelian group generated by irreducible
subvarieties of X of codimension d;
(2) by CHY(X) := Z%(X)/ ~pas the d-codimensional Chow group of X (where ~y,; denotes the
rational equivalence of cycles),
(3) by CHY(X)g := CHY(X) @z F and CH*(X)p := @, CH*(X)p.
If X,Y € Ob(Vk) with X irreducible and of pure dimension d, and r € Z, we define the group of
correspondences of degree r from X to'Y as
Corr”(X,Y) := CH™ (X x Y)p.
For X :=[] X;, with X; irreducible, we set
Corr"(X,Y) := @ Corr"(X;,Y).
Given a third object Z € Ob(Vk), and s € Z we can define the composition of correspondences as
follows
Corr” (X,Y) ® Corr®(Y, Z) —— Corr" (X, Z)
f®gr————————(mx2): (Xy [ 75 29)
where mxy/y z/xz denote the projections from the triple product X x Y x Z to the product of two

spaces, and where the intersection product is performed in CH®*(X XY x Z)p. At this point we can
define the category CHM(K)r of the rational Chow motives over K as the category

e whose objects are triples (X,p,m) where X € Ob(Vk), m € Z and p € Cort®(X, X) is a
projector, i.e. an idempotent wrt the composition product of correspondences;
e morphisms from (X, p,m) to (Y, q,n) are defined as elements of the set
go Cort" " ™(X,Y) op,
and composition of morphisms comes from composition of correspondences.

There is a naturally defined contravariant functor h(-)g: V¥ — CHM(K)p, which on the objects is
defined as

b(X)]F = (X7 1dX7 0)7
and which associates to a morphism f: X — Y the correspondence h(f)r := [F}F} e Cor’(Y, X)

given by (the rational equivalence class of) the transpose of its graph I'y C X x Y.
Three natural operations are defined on CHM (K)g:

e given two objects (X, p,m), (Y, q,m), we define their direct sum as
(X,p,m) @ (V,q,m) == (X [[Vipllg.m),

where II denotes the disjoint union. For the definition of the general case (X,p, m), (Y, q,n)
with m # n see [Sch94].
e given two objects (X, p,m), (Y, q,m), we define their tensor product as

(X,p,m)® (Y,q,n) == (X xY,px g,m+n).

The motive of a point h(pt)r := (Spec(K),id, 0) coincides with the unit motive, denoted by
1.

36Here by wvariety over K we mean a reduced K-scheme. In particular, we do not assume it to be irreducible.
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e Given an object (X, p, m) we define its dual as
(X7p7 m)\/ = (X7pTa d— m)7
in the case X is of pure dimension d, and which acts on morphisms as the transposition of
correspondences.

These operations make CHM(K)g a F-linear, pseudo-abelian®’, rigid tensor category (see [And04]).

The motive L := (Spec(K),id,—1) is called Lefschetz motive. From the above definitions, it
immediately follows that for all smooth projective varieties X € Ob (Vk) the following canonical
isomorphism holds true

CHT(X)F =~ HOHlCHl\/[(]K)]F(HA@T7 h(X)]F) (Al)
A.0.1. Universality of Chow Motives. Let (T,L, H, (trx)x, (¢%)r,x) be the datum of

(1) a F-linear, pseudo-abelian, rigid tensor category T;
(2) a ®-invertible object L € Ob(T);
(3) a monoidal functor H: Vg — T such that the diagram

P! — Spec(K) = {0} — P*

induces the decomposition
HPFY =1¢L;
(4) for all X € Ob(Vk) of pure dimension d, a morphism
tryx: H(X) — L&,

such that

(a) trxxy =trx @ try,

(b) it identifies the dual object H(X)Y with H(X)®L®(=% in the sense that the evaluation®®
is given by

(trx oid)o(ux oid) L&®d ® LO(d) ~ 1,

H(X)® H(X)®L2d

where the morphism px is induced by the diagonal map dx: X — X x X
(5) for all X € Ob(Vk), a family of F-linear morphisms

c: CH™(X)p — Homp (1, H(X) @ L),
such that
(a) they are contravariant in X,
(b) they satisfy the identity %,y =3 . ., cx ®c¥,
(¢) they are normalized so that, when X is of pure dimension d, the morphism
CH*(X)g — End(1),
obtained by composition of c‘)i( and trx coincides with the degree morphism on the
0-cycles of X.
The prototypical example is given by taking
e the category CHM(K)p,
e as invertible object the Lefschetz motive L,
e the functor h(-)r: Vg¥ — CHM(K)g,
e as morphisms try the correspondences, denoted Ty, defined by the graph

[[x] € Corr’ (X, Spec(K))
of the structural moprhisms X — Spec(K);

37An additive category C is called pseudo-abelian (or Karoubian) if for all all objects X € Ob(C) all projectors
p € Home (X, X), pop = p, have a kernel.

38Since any object of a rigid tensor category is reflexive, i.e. X = XVV the coevaluation map is simply given by the
transpose of the evaluation map.
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e as morphisms ¢’ the isomorphisms of equation (A.1), denoted ~%.

Theorem A.1 (Universality of Chow Motives). The 5-tuple (CHM(K)r, L, b()r, (Trx)x, (V% )r.x)
is universal among all other 5-tuples (T,L, H, (trx)x, (% )r,x) verifying points (1)-(5) above. This
means that any functor H: Vg’ — T as above factorizes through H(-)r: there exists a realization
wpg : CHM(K)r — T which makes commutative the diagram

h()r

St —

H

Moreover, we have that L = wy (L), wy oTrx = trx owy and the morphisms ¢’y are induced by wpy .

7= C?rl"\/'e(z];oo’+ (category of finite dimensional graded F-vector spaces with only non-negative
degrees), the functors H: V¥ — T as above, such that

Gri (WH(L)) - 07 i 7é 07 27
are called Weil cohomology functors. Examples are Betti and (algebraic) de Rham realizations (if
char(K) = 0), crystalline cohomology (if char(K) = p) or étale cohomology (both char(K) = 0 and
char(K) = p). See [And04] for further details.

If F =Q,K = C we can consider 7 = HSg the category of Q-Hodge structures, whose objects are
finite dimensional Q-vector spaces V' whose complexification V¢ admits a decomposition

Vo= P VP9, such that V77 = Vi,

P,q€EZ

Such a category is a neutral Tannakian category over Q (see [SR72]). Hodge theory defines a canon-
ical rational Hodge structure on the rational Betti cohomology Hp(X,Q) of any complex smooth
projective variety X. Hence, the Betti cohomology functor can be enriched to a functor with values
in HSg, and the corresponding realization on CHM(C)q is called the Hodge realization.
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APPENDIX B. TABULATION OF STOKES MATRICES FOR G(r, k) FOR SMALL k

In this appendix we tabulate all the Stokes matrices computed along the small quantum cohomology
of Grassmannians G(r, k) for £ < 5, with respect to an oriented line of slope ¢ € R, and for a suitable
choice of the branch of the U-matrix. From these tables, the quasi-periodicity properties proved in
Section 6.8 and Section 7.7 are evident. The matrices are obtained in the following way: the matrix
S for PE™ with 0 < Tm(t) + k¢ < 7 is the one computed by the third author in [Guz99]. The other
Stokes matrices of IP’ffl are obtained through an action of the braids wy ,ws ; described in Section
6.7. The Stokes matrices for G(r, k) are obtained by applying Corollary 7.13. Colors keep track of the
shifts of the quantum Satake identification: a matrix in the r-th column is the r-th exterior power of
the matrix in the first column and of the same color.

TABLE 3. Case k = 2

Pg
1 2
O<Im(t)+2¢<m (0 1)

7 <Im(t) +2¢ < 27 <(1) _12>

TABLE 4. Case k =3

PZ G(2,3)
1 3 -3 1 3 -3
O0<Im(t)+3p<m 0 1 -3 01 -3
0 0 1 0 0 1
1 -3 —6 1 3 6
7 < Im(t) + 3¢ < 27 0 1 3 01 3
0 0 1 0 0 1
1 3 3 1 -3 3
27 < Im(t) + 3¢ < 37 01 3 0 1 3
( 0 0 1 0 0 1
1 3 —6 1 3 —6
3m <Im(t) + 3¢ < 4w 0 1 -3 01 -3
0 0 1 0 0 1
1 -3 -3
4 < Im(t) + 3¢ < 5w 0 1
0 O 1
1 -3 -6
S < Im(t) + 3¢ < 67 0 1 3
0 0 1
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TABLE 5. Case k =4
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Im(t) + 5¢ PE G(2,5)
1 10 =5 —-15 -5 10 40 75 325 —50
0 1 —10 —45 —5 50 225 435 1990 —325
00 1 5 0 -5 -25 —45 —225 40
(1) f __150 :3? 18 o0 o0 1 0 0 -5 0 —45 15
0] 00 1 10 _5 00 0 0 1 -10 —45 —95 —435 75
’ 00 o0 1 s o0 0 o0 0 1 5 10 5 -10
00 o o0 1 oo o o o0 0o 1 0 10 -5
oo o o0 0 0 0 1 5 =5
o0 0o 0 0 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 —10 —95 —40 —45 —435 —185 75 50 175
0 1 10 5 5 50 25 —10 —10 -50
. o 0 1 5 0 5 25 -5 -25 -185
(1) n ’1465 i55 _3155 o0 0 1 0 0 5 0 -5 —40
Jm2n 00 1 10 us o 0o o o 1 10 5 -5 -10 =75
’ o0 o 1 = 0o 0 0 0 0 1 5 —10 —50 —435
00 o0 o0 1 o0 0 0 0 0 1 0 -10 -95
o0 0 0 0 0 0 1 5 45
o0 0 0 0 0 0O 0 1 10
0.0 0 0 0 0 0 0 0 1
1 10 5 —-15 -5 —10 40 -75 325 50
0 1 10 —45 —5 —50 225 —435 1990 325
0 0 1 -5 0 -5 25 —45 225 40
(1) 51’ __150 :‘9“5) ;118 o0 0o 1 o0 0 -5 0 —45 -15
27 3| 00 1 10 s 00 0 0 1 10 —45 95 —435 -75
’ 00 0 1 s o0 0 0 0 1 -5 10 -5 -10
00 o0 o0 1 oo 0 0o 0 0 1 0 10 5
o0 0 0 0 0 0 1 -5 -5
00 0 0 0 0 0 0 110
000 0 0 0 0 0 0 1
1 -5 —45 —15 35
0 1 10 5 -15
|37; 4] 0 0 1 10 —45
00 0 1 =5
o0 0 o0 1
1 -10 =5 15 —5 —10 40 75 —325 —50
0 1 10 -45 5 50 —225 —435 1990 325
0 0 1 -5 0 5 =25 —45 225 40
0o 0 0 1L 0 0 5 0 —45 -15
4 5] 0 0 0 0 1 10 -45 -95 435 75
’ o 0 0o 0 0 1 =5 —10 50 10
o0 0 0 0 0 1 0 -10 =5
o0 0 0 0 0 0 1 -5 -5
0o 0 0 0 0 0 0 0 110
0O 0 0 0 0 0 0 0 0 1
TABLE 6. Case k =5 (first part)
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TABLE 7. Case k =5 (second part)
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Tm(t) + 5¢ PL G(2,5)
1 10 —95 —40 —45 435 185 75 50 —175
0 1 -10 -5 -5 50 25 10 10 —50
e 00 1 5 0 -5 -25 -5 -25 185
(1) | :‘118 :15" ‘fj o0 0 1 0 0 -5 0 -5 40
Jsm: 61 C0 1 00 0 0 1 -10 -5 -5 —10 75
’ Co 0 1 - 00 0 0 0 1 5 10 50 —435
co 0 0 . o0 0 0 0 0 1 0 10 -9
00 0 0 0 0 0 1 5 —45
o0 0o 0 0 0 0 0 1 —10
00 0 0 0 0 0 0 0 1
1 —10 -5 15 5 10 —40 —75 325 50
0 1 10 —45 —5 —50 225 435 —1990 —325
. : 0 0 1 =5 0 =5 25 45 —225 —40
(1) I _435 _1:0 o 0 0 1 0 0 -5 0 45 15
Y6 7 o 0 s 0 0 0 0 1 10 —45 —95 435 75
’ o o 1 s o 0 0 0 0 1 -5 —-10 50 10
S0 o0 o . o 0 0o 0 0O 0O 1 0 -10 -5
o 0 0o 0 0O 0O 0 1 -5 =5
o 0 0 0 0 0 0 0 1 10
0O 0 0 0 0 0 0 0 0 1
1 —10 95 40 —45 435 185 —75 —50 175
0 1 -1 -5 5 =50 —25 10 10 =50
Ls a1 ss 0 0 5.0 5 25 =5 -2 18
v 0 0 10 0 5 0 -5 40
R 0 0 1 10 s 00 0 0 1 10 -5 5 10 -7
’ o o0 o0 1 s 00 0 0 0 1 5 -10 -50 435
o o0 o o . 00 0 0 0 0 1 0 -0 9
o 0 0 0 0 0 0 1 5 —45
o 0 0 0 0O 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 10 5 15 —5 10 —40 75 —325 50
0 1 —10 45 -5 50 —225 435 —1990 325
. : 00 1 =5 0 -5 25 —45 225 —40
(1) — 32 13 o0 0 1 0 0 -5 0 45 15
T R 00 0 0 1 -10 45 95 435 75
’ S0 0 - 00 0 0 0 1 -5 10 -5 10
S0 0o o0 0 0 0 0O 1 0 10 -5
o0 0 0o 0 0O 0 1 -5 5
0o 0 0 0 0 0 0 0 1 10
00 0 0 0 0 0 0 0 1
1 —10 —95 40 —45 —435 185 75 —50 —175
0 1 10 -5 5 50 -25 —10 10 50
- - o 0 1 -5 0 5 -2 -5 25 18
O 1 A S S T S AL R
. <4
|9; 10m] 8 8 (1) *110 f; o 0 0 0 0 1 -5 —10 50 435
S0 0 o o 0 o0 0 0O 0 1 0 -10 -9
o 0 o0 0 0O 0 0 1 -5 -—45
o 0 0 0 0O 0 0 0 1 10
0o 0 0 0 0 0 0 0 0 1
TABLE 8. Case k = 5 (third part)
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Im(t) + 5¢ G(3,5) G(4,5)
1 10 —45 —95 435 75 40 —185 —50 175
0 1 -5 —10 50 10 5 —25 —10 50
0 0 1 0 -10 -5 0 5 10 —75 T
0 0 0 1 -5 -5 -5 25 25 —185 0L 0 s s
157; 67[ 000 0 L1000 =5 =50 435 00 1 —10 —45
’ 0 0 0 0 0 1 0 0 -5 45 00 | .
0 0 0 0 0 0 1 -5 =5 40 00 o ) |
0 0 0 0 0 0 0 1 10 —95
00 0 0 0 0 0 0 1 —10
0 0 0 0 0 0 0 0 0 1
1 -10 =5 5 10 —-75 15 40 —325 50
0 1 5 —10 —50 435 —45 —225 1990 —325
0O 0 1 0 —10 95 0 —45 435 75
0 0 0 1 5 —45 5 25 225 40 Lo 40, -1
o 0 0 0 1 -10 0 5 =50 10 Sl
167; 77| o 0 1 10 -5
0O 0 0 0 0 1 0 0 5 -5 000 L
0O 0 0 0 0 0 1 5 —45 15 000 0 )
0O 0 0 0 0 0 0 1 -10 5
0 0 0 0 0 0 0 0 1 -10
0O 0 0 0 0 0 0 0 1
1 —10 45 -95 435 —75 40 —185 50 175
0 1 -5 10 -50 10 -5 25 —10 —50
o 0 1 o0 10 -5 0 -5 10 75
o 0 o 1 -5 5 -5 25 —25 —185 é _15 _1‘(1)5 i55 _3155
O 0 0 0 1 —-10 0 -5 50 435
[7m; & 0O 0 0 0 0 0 0 —5 —45 0 0 1 —10 45
0 0 0 1 5
O 0 0 0 0 1 -5 5 40 00 0 0 |
0O 0 0 0 0 0 0 1 —10 -95
O 0 0 0 0 0 0 0 1 10
O 0 0 0 0 0 0 0 0 1
1 10 -5 -5 10 75 —15 40 325 —50
0 1 -5 —10 50 435 —45 225 1990 -—325
0 0 1 0 -10 -95 0 —45 -435 75
0 0 0 1 -5 —45 5 —25 —225 40 Lo =0 —d0 15
0 1 —10 —95 40
I8 9] 00 0 0 1 10 0 5 50  —10 00 1 10 -5
00 0 0 0 1 0 0 5 -5 00 0 s
00 0 0 0 0 1 =5 —45 15 00 0 01
00 0 0 0 0 0 1 10 -5
00 0 0 0 0 0 0 1 -10
0 0 0 0 0 0 0 0 0 1
1 —10 —-45 —95 —435 75 40 185 —50 —175
0 1 5 10 50 —10 -5 —-25 10 50
0 0 1 0 0w -5 0 -5 10 75
o 0 o0 1 5 -5 -5 —25 25 185 (1) i ‘118 __155 j’g
o 107 0 0 0 0 1 -10 0 -5 50 435 0 0 1 —10 —45
’ 0 0 0 0 0 1 0 0 -5 —45 00 0 1 5
0 0 0 0 0 0 1 5 =5 —40 00 0 0 |
0 0 0 0 0 0o 0 1 -10 -95
0 0 0 0 0 0 0 0 1 10
0 0 0 0 0 0 0 0 0 1
TABLE 9. Case k =5 (fourth part)




[Abr00]
[Aig13]
[And04]
[Bar00]
[Bay04]
[BB12]

[BBHRO09)

[BCFKO5]
[BCFKO8]
[BD96]
[Ber97]
[BF97]
[BI95)]
[BK8Y]
[BLO4]
[BMO04]
[BMO11]
[BO9S]
[BO02
[Bong9]
[Bon04]

[Bot57]
[BP18]

[BPVdB18]

[Buc03]
[CDG17a]

[CDG17b)
[CFKS08]
[CG10]
[C115]

[Cio04]
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