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Bilinear forms of Kahlerian twistor spinors

Umit Ertenﬁ
TED University, Ziya Gékalp Caddesi, No:48, 06420,
Kolej Cankaya, Ankara, Turkey

Generalization of twistor spinors to Kéhler manifolds which are called K&hlerian twistor spinors
are considered. We find the differential equation satisfied by the bilinear forms of Kéhlerian twistor
spinors. We show that the bilinear form equation reduces to K&hlerian conformal Killing-Yano
equation under special conditions. We also investigate the special cases of holomorphic and anti-
holomorphic Kéahlerian twistor spinors and the bilinear forms of alternative definitions for Kéahlerian
twistor spinors.

I. INTRODUCTION

On an n-dimensional Riemannian spin manifold M™, a special class of spinors which are in the kernel of the twistor
operator can exist and these are called twistor spinors @—B] They are solutions of the twistor equation

1 ~
Vx = gX-piﬁ

for any vector field X and its metric dual X. Here, v is the spinor, /) is the Dirac operator and . denotes the
Clifford multiplication. Because of the conformal covariance of the twistor equation, twistor spinors are related to
the conformal symmetries of the manifold [2,16-§]. On the other hand, Kéhler spin manifolds do not admit nontrivial
twistor spinors ﬂg, ] However, one can define a generalization of twistor spinors to Kéahler spin manifolds. By
considering the decomposition of the spinor bundle into the eigenbundles of the Kéhler form on a Kéhler manifold,
one can define a Kéahlerian twistor operator and the spinors in the kernel of this Kéhlerian twistor operator are called
Kahlerian twistor spinors ﬂﬂ] Kahlerian twistor equation for a spinor 1 of type 7 on a Kahler manifold M?™ is
written as

m — 2r
(r+1)(m—-r+1)

m+ 2
8(r+1)(m—r+1)

Vxt = (X. DY+ JX. DY) + < i(JX. Py — X.PCp).

where J is the complex structure and D¢ is the conjugate Dirac operator defined in (20). The manifolds admitting
nontrivial Kéhlerian twistor spinors are investigated in ] Special types of Kéhlerian twistor spinors are also defined
previously in ﬂﬂ, |E] Moreover, Kahlerian Killing spinors as the limiting cases of the eigenvalues of the Dirac operator
on compact Kéhler manifolds can also be defined as the special cases of Kéhlerian twistor spinors ﬂﬂ, @]

From a spin invariant inner product defined on the space of spinors, one can define a squaring map which is used
in the construction of differential forms from spinors. These different degree differential forms are called bilinear
forms of spinors. For a twistor spinor on a Riemannian manifold, the bilinear forms are related to the conformal
hidden symmetries of the manifold. Bilinear forms of twistor spinors correspond to conformal Killing-Yano (CKY)
forms which are antisymmetric generalizations of conformal Killing vector fields to higher degree differential forms
ﬂa, 16, ] So, the bilinear p-forms w of a twistor spinor satisfy the following CKY equation on M™

1 ~
ixdw — ——X N\ dw

v =
X n—p+1

+1

where d and ¢ are exterior derivative and co-derivative operators, i x is the interior derivative or contraction operator
with respect to X and A denotes the wedge product. In this paper, we investigate the construction of bilinear forms
for Kéahlerian twistor spinors. We show that the bilinear forms of Kéhlerian twistor spinors satisfy a more general
differential equation given in Theorem 1 which can reduce to the Kéhlerian CKY equation in some special cases.
Properties of Kéhlerian CKY forms are studied in [18]. Moreover, we also consider the bilinear forms of holomorphic
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and anti-holomorphic Kéhlerian twistor spinors and also the special Kéhlerian twistor spinor definitions of [12] and
[13].

The paper is organized as follows. In Section II, we give the basic definitions and operators on Kahler manifolds.
One can find more details on Kéhler manifolds in [19]. Section IIT includes the spin geometry of Kéhler manifolds
and the definitions of Kéhlerian twistor spinors. In Section IV, we construct the bilinear forms of Riemannian and
Kahlerian twistor spinors and prove the theorem for the bilinear form equation of Kéhlerian twistor spinors. Section
V includes the special cases of holomorphic and anti-holomorphic Kéhlerian twistor spinors and the special definitions
of |12] and [13].

II. OPERATORS ON KAHLER MANIFOLDS

Let us consider a n = 2m dimensional Kihler manifold (M?™,g,J) with a Riemannian metric g and a complex
structure J satisfying J? = —I where I is the identity. Hence, J is integrable and satisfies VxJ = 0 for any vector
field X, namely the Nijenhuis tensor N of J vanishes. g and .J have the relation g(JX, JY) = g(X,Y) for any vector
fields X and Y.

The complex structure J induces a splitting on the complexified tangent bundle TM® = TM @ C;

TM®=TM"&TM".
Here, TM™ corresponds to +i eigenspace of J and M~ corresponds to —i eigenspace of J. For any X € TMC, we
have X = Xt 4+ X~ and XT € TM™ and X~ € TM ™ are defined as follows
L 1 . _ 1 .
X =§(X—ZJX) , X =§(X+2JX).

Then, we can define an orthonormal basis {X,, JX,} for TM® with a = 1,2, ..., m. Similarly, the above splitting also
induce a splitting on the cotangent bundle T*M® = T*M ® C and we can define an orthonormal basis {e?, Je®} on
the cotangent bundle with a = 1,2, ..., m. We have the following relations between the frame and coframe basis;

e"(Xp) = g(X*, Xp) =6y
Je'(JXp) = g(JX, JXp) = g(X*, X)) = &y
e'(JXp) = g(X,JXp) = —g(J X, Xp)
Je'(Xp) = g(JX Xp) = —g(X?, T Xy)

where dj denotes the Kronecker delta.
The above splitting of tangent and cotangent bundles can also be generalized to complex tensor bundles on M. In
particular, for the exterior bundle AMC© = AM ®p C, we have the following splitting;

AMC= @ APMT @AM
ptg=r
The elements of AP2MC := APM* @ A?M~ are called as the forms of type (p,q). So, a complex r-form is a sum of

(p, q)-forms with p + g = r.
A closed (1,1)-form Q which is written in terms of coframe basis as

1
Q= Ze* AJe, (1)

is called the Kéahler 2-form of M and satisfies d€2 = 0 where d is the exterior derivative operator. It can also be
written in terms of the metric as Q(X,Y) := g(JX,Y) for any vector fields X and Y. The exterior derivative of a
(p, q)-form is written as a sum of (p + 1,¢) and (p,q + 1)-forms. So, the exterior derivative operator d acts as

d: APIMC —5 APTLaprC g AP+l pfC
Similarly, the coderivative operator § acts as

§: APIMC — APTLINC g AP VT,



On the other hand, the interior derivative operator ix with respect to a vector field X and i;x with respect to a
vector field JX correspond to contractions of (p, ¢)-forms with respect to these vector fields and act as follows

ix @ APIME — APTLapC
igx t APIMC — APa—1pfC
and they satisfy the following relations;
iyx = Jix ) Jigx = —ix. (2)

For zero torsion, the exterior derivative and coderivative operators can be written in terms of the covariant derivative
Vx with respect to a vector field X as follows;

d = ¢*AVy, (3)
5 - —iXaVXa. (4)

By using the Kéahler form Q given in (1), we can also define two operators acting on (p, ¢)-forms on M. These are
the wedge product and contraction of a (p, ¢)-form « with  and defined as follows;

1
La = Q/\a:§e“/\Jea/\a (5)

1
Ao = iqa = iiJXaiXaa (6)

and they act as

L @ APIMC — APTLati €
A 2 APAMC — AP LT

If a (p, ¢)-form « is in the kernel of the operator A, that is Aa = 0, then « is called as a primitive form.
The complex structure J can also be stated as a derivation on the space of (p, ¢)-forms acting as

J o APAMC s APTLaFLC
For any o € AP4MC_ it can be written as
Ja = Je* Nix,« (7)
and it has the property
JaAnB)=JaNB+aNnIB (8)
where 8 € AP9MC. Moreover, J commutes with both the operators L and A;
[J,A] =0=[J, L] (9)
The operator A commutes with the interior derivative operations ix and i;x;
lix,A]=0 lisx,A]=0 (10)
and the commutation relations between the operator L and the interior derivative operations are given by
lix,L]=JXA ,  ligx,L]=—XA (11)

where the 1-form X is the metric dual of the vector field X.
The generalizations of the operators d and ¢ given in (3) and (4) to include the complex structure J can also be
constructed in the following way;

d° = Je" AVy, (12)
0°¢ = —iyxaVx, (13)

and the commutation relations between the operators d, d°, § and 6¢ and the operators L and A are given as follows;

[L,d] =0=[L,d , [A,0] =0=[A, ] (14)

(L6 =d° , [L,69=—d , [Ad=-0 , [Ad]=0. (15)



III. KAHLERIAN TWISTOR SPINORS

Let the Kihler manifold M?™ admits a spin structure and ¥M denotes the spinor bundle on M. The complex
volume form on M?™ is defined by

2€ = imHei.Jei (16)
i=1

where . denotes the Clifford multiplication. Since the dimension of M is even, z* has +1 and -1 eigenvalues and the
spinor bundle XM splits into a direct sum of spaces containing different eigenvalue eigenspinors of z€;

SM=Y"M®&X M.

The Kéhler form € given in (1) can be written in terms of Clifford multiplication as

1
0= 56“.Jea (17)
and under the action of €2, the spinor bundle XM splits into different eigenbundles of 2;
SM =@M (18)
r=0

where each ¥, M is the eigenbundle of Q corresponding to the eigenvalue i(2r — m). The rank of each eigenbundle is
given by ranke (X, M) = (T) The elements of XM are called Kéhlerian spinors of type r. The eigenbundles of the
complex volume form zC also splits into the eigenbundles of Q and we have

YTM = @ >-M , forr even
0<r<2m

SM= @ =M , forrodd
0<r<2m

The Levi-Civita connection V defined on AM® can be induced on the spinor bundle £ M and it preserves the above
splitting of the spinor bundle. The Dirac operator on XM is defined as follows;

D :=e"Vy, (19)

and the conjugate Dirac operator is given by
pe = Je* Vx,. (20)
Both are square roots of the Laplacian and have the property 2 = (J0¢)%. Moreover, one can also define the operators
pr=s@-ip) . D =iD+ip) (1)

and we have P = DT + P~ and P° = i(P" — P~). The Dirac operator J) acts on the subbundle ¥, M as
DM -—%, \M&Y. 1M

The metric duals of the vector fields X and X~ defined in Section II also act on the subbundle ¥,,M and their
action change the subbundles as follows;

Xty MCs, M , X SMCX. M.

In general, the Clifford multiplication of a 1-form with an element of 3, M gives an element of ¥, 1M & X, 1 M.
We define special types of spinors satisfying some differential equations in terms of V, ) and P°.

Definition 1. Let M be a n-dimensional Riemannian spin manifold and ¢ € XM is a spinor field on M. If ¢
satisfies the following equation for all vector fields X € TM and their metric duals X € T*M

Vi = 1 X.py, (22)

then 1 is called as a Riemannian twistor spinor.



In the case of Kahler manifolds, the definition of twistor spinors can be generalized as follows;

Definition 2. Let (M?*™, g, J) be a 2m-dimensional Kdhler manifold. If ) € X, M is a spinor of type v and satisfies
the following equalities

1 > _
1 S

for all X = XT 4+ X~ € TMC, then 1 is called as a Kdhlerian twistor spinor. The defining equations above can be
combined into a single equation for Kdhlerian twistor spinors as in the following form

m — 2r
(r+1H)(m—-r+1)

m+ 2

Vxy = 8(r+1)(m—r+1)

(X. DY+ JX. DY) + < i(JX. P — X.PCp). (25)

From the equations (23) and (24), some special types of Kéhlerian twistor spinors can also be defined;

Definition 3. If a Kdhlerian twistor spinor 1) is in the kernel of the operator DT, that is P = 0, then it is called
as a holomorphic Kdhlerian twistor spinor and is parallel with respect to all X~ € TM~. Similarly, if a Kdhlerian
twistor spinor v is in the kernel of the operator P~ , that is P~y = 0, then it is called as an anti-holomorphic
Kahlerian twistor spinor and is parallel with respect to all X+ € TMT.

Special cases of Definition 2 are considered as the definition of Kahlerian twistor spinors in the literature. By
considering any real numbers a and b and taking the first term on the right hand side of (25), one can write the
equality

Vxth = aX. DY+ bJX. DY (26)
which is the definition of Kéhlerian twistor spinors given by Hijazi [13]. If we choose the real numbers a = b = ﬁ
for 0 <r <m — 2, we have
1 -~ ~
Vx¢ = E(X.pw + JX. DY) (27)

and this is the definition of Kéhlerian twistor spinors given by Kirchberg [12]. If we choose a =  and b = 0 in (26),
then we obtain the Riemannian twistor equation given in (22).

For a Kéhler manifold M?2™, if m is even and the type of the Kéhlerian twistor spinor is r = 5, then the Kahlerian
twistor equations (23) and (24) reduce to

Vxt = o (R P, 29)

If M?™ is a compact Kihler spin manifold of positive constant scalar curvature, then (28) does not have a non-trivial
solution and there are no Kéhlerian twistor spinors of middle dimension type [11]. For a connected Kéhler spin
manifold M?™, the dimension of the space of Kihlerian twistor spinors of type r, which is denoted by KT(r), is

bounded by [11]
dim(KT(r)) < <T) + <TT1) " (TT1>'

The classification of manifolds admitting Kéhlerian twistor spinors are investigated in [11]. For a compact K&hlerian
spin manifold M?2™ of positive constant scalar curvature, a Kéhlerian twistor spinor ¢ € ¥, M of type r is an anti-
holomorphic Kahlerian twistor spinor if » < % or a holomorphic Kéhlerian twistor spinor if » > %. As a special case,
weakly Bochner flat manifolds admit Kéahlerian twistor spinors [11].

IV. BILINEAR FORMS
For a spinor ¢ € ¥ M, a dual spinor 1 € £*M can be defined by using the spin invariant inner product (, ) on
M. For ¢y, € ¥M

S*MxSM — F
00— P(9) = (¥, 9)



where F is the division algebra on which the Clifford algebra is defined. The tensor product of spinors and dual
spinors XM ® ¥*M acts on XM by the Clifford multiplication. For ¢, ¢,k € ¥M and ¢ € ¥*M, we have

(¥d).k = (¢, k)Y (29)

where we denote 1) ® ¢ = 1¥¢. So, the elements of M ® X*M can be regarded as linear transformations on ¥M and
hence they can be identified with the elements of the Clifford bundle CI(M). Then, for an orthonormal basis {e®},
we can write ¢ as a sum of different degree differential forms as follows

wa - (¢’ d]) + (¢’ ea.¢)e“ + (¢7 eba~¢)e“b + ...
+(9, €qy...aza, Y)W + L+ (_1)Ln/2J (¢, 2.0)z (30)

where e*192:% = ™ A €% A ... A e?, n is the dimension of the manifold and z is the volume form. If we choose
1 = ¢, each term on the right hand side of (30) are called spinor bilinears of ¢ and the p-form bilinear is defined as

(VP)p = (¥, €a,...azar )€™ 9207 (31)
The inner product (, ) is said to have J involution with the following equality
(6, w1) = (w7.0,4) (32)

for any inhomogeneous Clifford form w and J can be &, €%, &n and &n* with € and 1 acts on a p-form a as a® =
(—=1)P/2lq and @ = (—1)Pa where | | is the floor function taking the integral part of the argument and * is the
complex conjugation. Moreover, for any Clifford forms a and 3, we have (a.3)¢ = ¢.af.

Proposition 1. For a Riemannian twistor spinor 1 € XM on a n-dimensional spin manifold M which satisfies (22),
all the p-form bilinears (Y1), satisfies the following conformal Killing-Yano (CKY) equation

X(ww)p = - XA 6(1/’@)10 (33)

for all vector fields X € TM and their metric duals XeT*M.

The proof of the proposition can be found in [16]. CKY forms correspond to antisymmetric generalizations of
conformal Killing vector fields to higher degree differential forms.

On a Kahler manifold M?2™, the tensor product of spinors and dual spinors can also be written as a sum of different
degree differential forms. Because of the decomposition of the exterior bundle given in Section II, the sum is written
in terms of (p, ¢)-forms. For a spinor ¢ € ¥ M and its dual ¢ € ¥*M, we have the following decomposition

Y = (P, ) + (¥, eqh)e® + (1, Jeq.h)Je® + (1, (ep A eq).1h)e® A e®
+(1h, (ep A Jeg).ah)Je A el + (1, (Jey A Jeg).ah)Je® A Jeb + ..
+ (¥, (€ay Ao Aeay AJeb, Ao A Jep, ) ab) e Ao A JeP Ae™ A Ae™ + ... (34)
+(1, (qy, Ao Nea, Ndey, Ao A Jep,)ap)JeP A A Jebm Ae® AL A e,

So, we can define the (p, ¢)-form bilinears of a spinor ¢ as
(V) (pg) = (U, (€ay Ao Ay Adep, A A Jew,) ) Je™ Ao A Jebs Ae™ A Ae. (35)

Theorem 1. For a Kdihlerian twistor spinor 1 € XM of type r on a 2m-dimensional Kdhlerian spin manifold M?>™
which satisfies (25), the (p, q)-form bilinears (1/)1/)) (p.q) Satisfies the following equation

1

P <d(1/@)(p,q) —2Lopg-1) — 2Jﬁ(p,q+1))

VXa(d}E)(p,q) = pt

_7m — T 1€a N <5(1/)E)(p)q) — Joz(p7q_1) — 2Aﬂ(p7q+1)>

I s
T (d W) ) +2LYp-1,0) — 2Ju<p+1,q>) (36)

1

m-—q+1 Jea (60(1&@)(?#) ~ V1.9 — 2A/‘(p+1,q)) .



Here, the forms cp q—1), Bp,q+1)> Vp—1,q) WA fi(pt1,q) are defined as follows

where

and

Qp,g—1) = (kA'HB)

(p.g—1)
Bipgr) = (kC+1D) (p,g+1)
Vip-1,q9) = (kB —1A) (r—1.0)
Bty = (KD — lc)(p+1,q)
A = @°WY) = 2Je" AWV x, 1)
B = dWi) = 2" A (V1)
C = W) - 2i,x WV x, )
D = dyy) - 2ixs(¥Vx, )
o m+ 2 [ m —2r
8(r+1)(m—r+1) ’ C8(r+1)(m—r+1)

Proof. First we calculate the covariant derivative of the (p, ¢)-form bilinears (wﬂ)(pﬁq) of a Kéahlerian twistor spinor
¥ satisfying (25). Since the covariant derivative V is compatible with the spin invariant inner product (, ), we can

write

and from (25), we have

Ve, (00) ) = k[«ea.pwm

vXa (w@)(p,q) = ((VXJ/))E) (p,q) + (vaa¢) (p,q
v T ((Jea.p‘%/;)a) o T (Vea V) o T (WJea- D) (p7q)]
+l |:((Jeap¢>a) (p,a) ((ea-pcﬁl)@) (,9) + (1/}J€ap1/}) (,9) (1/)6a pCU)) :|

where we have used the definitions of k and [ given in (45).

identites

ea.®Vx, 0 = Vx,1.e" e
S b
= Vx,v.e’.e,

From the equalities (29) and (32), we can write the

which is true for all choices of 7. Similar identites can also be obtained for the terms including Je, basis. By using
these identites and the definitions of ) and P° given in (19) and (20), we obtain

VXa(d}E)(p,q) = k|:(ea

e’. (VXb 1/’)@) (,9) +

(Jea.Jeb.(Vde))E)( (¢vxb¢ e ea)(p

P,q)

+1 [(Jea.eb.(vxbw)w) — (eq-Te"(Vx, 1)) (r.a)
and from the identity (Vx, 1)1 = Vx, (1)) — ¥V x, 1, we can write
Vx, (%) (pg) { ea-€” Vi, (¥0)) o = (ca”¥Vx,0) , o+ (Jea-Je" Vix, (¥1))

—(Jea- T WV, 8) +(¢be¢-eb-ea)(p,q)+(¢be‘/’-‘7€b-*]ea)<pvq>}

— (Jea.eb.wvxbw)(pyq) - (ea.Jeb'VXb (d’%))

(p,q) (p,q)

+1 |:(Jea.eb.VXb (1@))

+(€a.J€b.'l/JVwa) (p q) + (I/JVXbQ/J.eb.Jea) (p)q) - (vabw'Jeb'ea)(p7q):| :

+ (¢be¢.Jeb.Jea)(p7q)}

+ (Q/JVwa.eb.Jea)(pyq) - (¢be1/1-J€b-€a) (p,q):|



For any Clifford form w, one can write the Clifford product of a 1-form e® and w in terms of wedge product and
interior product as follows

e'w = e Nw+ixew
we® = e ANw" —ixaw". (46)
From this property, we can write the identites

WV, 0" a) ) — (ae® WVX,D) 0 = —2ea A" A(WVXD) (0 = 2ix,0x0 (WY XY) () n 0

(p.9)
(vVx,¥.Jeb. Te,) >.a) — (Jeq.Je" wvxbw)(p o = —2Jeq A Je’ A (¥V x, 1)) (pa—2) ~ 200X, JXb(vabw)(m 12
(WVx, e Jea) , o — (Jea” ¥Vx, D) o = =2Jea N A (WYX, D)y ) = 200x,0x0 (WYX 0) 4y )
~(WVx, 0. Je" ea) , o — (€ade" WVX, D) = 2ea AT A (UVx,Y) (y o qy F 2ixaExe (UVxY) (g o)

So, from these identities and the definitions of ¢ = €.V x, and ¢° = Je*.Vx, acting on Clifford forms, the covariant
derivative of (11)(p,q) is written as

vXa ("/JE)(;D,Q) =k {(ea-d(iﬂ@)(pyq) —2e4 N\ eb A (¢be¢) (r—2,q) 2iXaiXb (vabw) (p+2,q)
+(J€adc(¢¢)) 2Jea A Je A (vabw) —2) - 22'JXaiJXb (¢be¢) (p,q+2)]
[(Jea dW0) g~ 2Tea N AN (UVx,0) (o) = 200, 0x0 (VVX,D) 4y i)

~(ent WD) 0+ 260 AT N GTRD) gy + 2500 (0T 1)

and by using (46) again, we finally obtain

Vx, W) g = k {ea A (W) = 2¢° A (VY x, ) ) ix, (d9) = 2ixe (WYX, 0)) (110

(p—1,q

Flew N () = 206 N TRD) )+, (F6T) = 2000 0TRD) 1 |

(p,g—1)

+ i, (dWP) = 2ix0 (VX D)) oy

p,q—1)

—ix, (¢ () — 2iJXb(vabw))(p+1yq):| . (47)

+1 {Jea A (W) = 2€" A (V1))

—€q A (dc(iﬁw) - 2J6b A (¢VX5¢))

(p—1,9)

Now, by using the equalities (3), (4), (12) and (13), we can calculate the action of the operators d, J, d® and ¢¢ on the
bilinears (¢¢)(,.q). Because of the antisymmetry of the wedge product, we have e A e, = 0 and from the property
e Nix,Qp,q) = PO(p,q) for any (p,q)-form «, we obtain

dW) g = € A Vx, (00) ()
k |:(p + 1)((11(1/}@) - 2Z.Xl’ (1/}VX1;¢)) (p+1,9) +e A Jeq A (f(lba) - 2‘]eb A (1/}VXb¢))(p7q_1)

+e* Nigx, (d° () — 2iJXb(¢VXb¢))(p7q+l)

+l |:ea A Jea A (d(i/fa) - 2eb A (1/’be¢)) (p,q—1) + e’ A iJXa (d(i/fw) - 22'Xb (1/1be¢)) (p,q+1)
—(p+1)(¢ W) — Qi,JXbWVXbW)(HLq)
= -+ 1) (F0T) ~ 20006T%D) ~ 10T - 20 (6Tx0))

(p+1,9)

et A Jeq A (k(gma) —2Je" A (WVx,1)) + L(d(p) — 2" A (wvx‘bw))

(p,g—1)

et Ay, (k(d”(W) 90 (T ) + LT 2@'Xb<w—vxbw>>) | (48)

(p,q+1)



In a similar way, by considering the equalities Je® A Je, = 0 and Je® Aijx,q(pq) = qQ(p,q), We can find

dc(dja)(p,q) = Je A vXa (¢E)(;D,q)
(@+1) (k(dcw@) 2% (BT D)) + LT — 2iXb<¢—vxb¢>>))

(p,q+1)

+Je" Aeq A (k(d(zﬂ) —2e" A (YVx,¥)) — U (W) — 2" A <wvx‘bw>))

(p—1,9)

et ni, <k(¢(W> 2 (W) — () 2z'Jwa—vxb¢>)> | (49)

(p+1,9)

We also have the identities ixaix, = 0, ixa(Jeq) = 0 and ixa(eq Ay q)) = (M — p)ayp gy By using them, we find

S(WY) () = —ixeVx, (¥¥) ;.0
— (m—p+ 1)( (D) — 26" A (BT )) + LW — 27" w—vxbw»))

(p—1,9)

+Je Nix, (k(d%w@ —2Je" A (YVx,¥)) + L(d(Wrp) — 2€” A <wvx‘bw>))

(p,g—1)

+ixaijx, (k(dc(d@) — 2iyx0(VV x,0)) + (W) — 2ixb(¢vxb¢))) : (50)

(p,q+1)

Similarly, from the identities ijx.isx, =0, iyxa(eqa) = 0 and ijxa(Jeqs A a(pq)) = (M — @)y, q), We obtain

(W) (pg) = —tuxeVx, (V0)p.g)
— g+ 1) (k(dc(d@) 27 A WTRD)) + LT — 26 A <w—vxb¢>>))

(p,q—1)

e Nigx, (k(d(zﬂ) —2e" A (YVx,¥)) — L(d° (W) — 2" A <wvx‘bw>))

(p—1,9)

+igxaeix, ( — k(d(pp) = 2ixe (W x, ) + L(d° (1) — 2iJXb(¢VXb¢))> - (51)

(p+1,q)

The next step in the proof consists of the contractions of d(¢¥))(p,q) and d°(Y¥))(,q) given in (48) and (49) with the
vector fields X, and JX, respectively and the wedge products of §(¥1)), ) and 0¢(¥1)(,,q) given in (50) and (51)
with the 1-forms e, and Je, respectively. If we contract d(wﬂ)(p)q) with X,, we find from (48)

ix, dWP) g = (0+1)ix, <k () = 2ixs(YV x,0)) — U (Y¥) — 2i 0 (YV x, 1/1))>

(p+1,q)
2, 2 (D) - 276 A (0T D) +1(00657) — 265 w—vxbw)))( )]
+2i5x, (k(dc(d@) — 2iyx0(YV x,0)) + L) — 2ixb(¢vxb¢)))( : (52)
p,g+1

where we have used the definitions of L and J given in (5) and (7), the identity i;x, = Jix, and the commutator
relations in (11). Similarly, by contracting d°(¢¢)(, q) With JX,, we obtain from (49)

17X, W) (pg = (g4 1)isx, <k(dc(W) —2i5x0 (VVx,0)) + L)) — 2ixb(¢vxb¢))>

(p,q+1)

Caigx {L (k(clwm 2c A V) — L) — 27¢" A (6T, 1/1_))>( j
p—1,q

Coix, (k(d(zﬂ) 2 (D)) — (W) 2mb<w—vxbw>)) | (53)

(p+1,9)
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By taking the wedge product of e, with 5(1#@)(]07(1), we find from (50)

o NSWT) gy = (m—p+1) < () — 268 A (BT D)) + UEWT) — 27¢ A w—vxb‘w))

(p—1,9)

+eq A J(k(&(@) —2Je" A (YVx, ) + L(d(Wrp) — 2€” A <wvx‘bw>))

(p,g—1)

+2eq A A (k(dc(wﬁ) = 2ix0(YV x,9)) + U (WD) — 2ixb(¢be¢))) (54)

(p,q+1)

where we have used the definitons of J and A given in (7) and (6). Similarly, we can also find the wedge product of
Jeq with 6°(¢1))p,q) from (51) as

Jea N&()(pgy = —(m—q+1)Jeq A (k(d°<wﬂ>—2JebA<wvx‘bw>)+l(d<w>—2ebA<wvx‘bw>))

(p,g—1)

+Jeq A J<k(¢<w> —2e" A (YVx,¥)) — L (W) — 2Je" A (wxbzu)))

(p—1,9)

+2Je, A A( — k(d(p) — 2ixe (vVx, ) + U(d° (V1) — Qi,JXb(wvxbw))) - (55)

(p+1,9)

Hence, by considering the definitions oy 41y, Bp.q+1)> Vp—1,q) a0d fpt1,q) given in (37)-(40) and (41)-(44) and
comparing the equality obtained in (47) with the equalities (52)-(55), we finally find the following equation

_ 1 _
Vi, W) = ST (d(#”/f)(p,q) —2Lagpg-1) — 2Jﬂ(p,q+1)>
Cm— p+ 16'1 A (5(1#@)(?#1) —Jap,g-1) — 2A6(p7q+1))
1 oo
+q X (d (V) (p.q) + 2L (p-1,9) — 2JM(?+1¢1)>
1 .

Tm—gt1 /€ <5 @) ) = IVp-1.9) — 2/\#(;)+1,q)> (56)

which proves the theorem. O

V. SPECIAL CASES

Bilinear form equation (56) for Kéhlerian twistor spinors reduces to a more simple form for special cases of Kirch-
berg’s and Hijazi’s Kahlerian twistor spinors given in (27) and (26), respectively.

Corollary 1. Bilinears forms of Kirchberg’s Kdhlerian twistor spinors given in (27) satisfy the equation (56) with
k= 4— and 1 = 0 in the definitions (37)-(40). Similarly, bilinear forms of Hijazi’s Kdhlerian twistor spinors given in
(26) satisfy the equation (56) with the following new definitions

Gpgt = b(dﬂ(@)—zJebA(w—va)) (57)
(p,q—1)
Bparty = b(dc W) —mJXb(wvxbw)) (58)
(p,q+1)
ot = a(dww ot vaxbw)) (59)
(p—1,9)
Hp+1,9) = a(d 1/”/1 — 2ixb 1/)VX¢,7»/1)) (60)
(p,q—1)

where a and b are constants given in (26).
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We can also determine the bilinear form equations of holomorphic and anti-holomorphic Kéahlerian twistor spinors
of type 7.

Theorem 2. If ) is a holomorphic Kdihlerian twistor spinor of type r on a Kdhlerian spin manifold M?™ then the
bilinear forms (Y), satisfy the equation (56) with the new definitions of
1
k=—-l=— - 61
16(m —r+1) (61)
Similarly, if ¢ is an_anti-holomorphic Kdhlerian twistor spinor of type v on a Kdhlerian spin manifold M?™ then
the bilinear forms (Y1), satisfy the equation (56) with the new definitions of

1
k=l= ——. 62
16(r +1) (62)
Proof. If ¢ is a Kéahlerian twistor spinor of type r, then it satisfies
m+ 2 = = m —2r > >
Vxip = X. JX.p¢ i(JX. — X. D). 63
x¥ 8(T+1)(m—r+1)( po+ pw)+8(r+1)(m—r+1)l( Dy - X.P%) (63)
By considering the definitions
X=Xt+X" , JX =i(XT - X7)
and
p=pt+p- , DpP=ip"-D),
one can write the above equation in the following form
1 . 1 =
Vxp=————X".PpTy — X—.ptp. 64
xY Am—r+1) by A(r+1) by (64)
If 1 is holomorphic, then we have Pt = 0 and (64) transforms into
1 ~
\Y = ——X".p~
XYy 4(m—r+1) by
1 ~ ~ ~ ~
= —(X. X DY —iJX. X.pe
16(m_r+1)( Py +iX.PY —iJ X D+ TX.PY) (65)

1
where we have used X+ = 2(X —iJX) and P~ = 5@ +iP°). So, (65) is exactly in the same form with Kéhlerian

twistor equation for k = —[ = a0 and the bilinears (z/JE)p satisfy exactly the same equation for these new

1
T6(m—r+1)
values of k£ and [.
Similarly, if ) is anti-holomorphic, then we have P~ = 0 and (64) transforms into

1

Vxtp = —X . p+
XY 4(r+1) Py
1 ~ ~ ~ ~
= ——(X. —iX.p° i J X JX. D). 66
16(r+1)( Py —iX. P +iJ X DY+ TX. ) (66)
So, (66) is also exactly in the same form with Kéhlerian twistor equation for k =1 = m and the bilinears (1)),
satisfy exactly the same equation for these new values of k and [. O

We obtain another special case for the bilinear forms of Kéhlerian twistor spinors when some constraints on o, 4—1),
Bp.a+1)> Vp—1,q) ad fh(pt1,q) given in (37)-(40) are satisfied.

Proposition 2. For a Kdhlerian twistor spinor 1 of type r, if the forms e q—1), Bp.g+1)r Vp—1,q) WA f(pt1,q)
defined in (37)-(40) satisfy the following conditions

Lag,q-1) = =JBp,q+1) ) Japg-1) = —2MB(p.g+1)
Lyp—1,9) = JH(p+1,9) : TV p-1,9) = —2Mi(p+1,9)5 (67)

then the bilinear forms (Y1), of ¢ satisfy the Kihlerian CKY equation.
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Proof. One can easily see from (36) that if the conditions (67) are satisfied, then the bilinear forms (1¢)),, satisfy the
following equation

\% b)), = ix, d(Y)y, — —————eq A S(P1h
56y = —ix, Ay = ———rea AB(WT),
1, dE (V) — ————=Jeq N 6° (i 68
+q T 1/%a (V1)p m—g+1 € () (68)
which is the Kéahlerian generalization of the CKY equation given in (33). O
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