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ABSTRACT

Starting from the Jordan algebraic interpretation of the “Magic Star” embedding within the exceptional sequence
of simple Lie algebras, we exploit the so-called spin factor embedding of rank-3 Jordan algebras and its consequences
on the Jordan algebraic Lie symmetries, in order to provide another perspective on the origin of the Fxceptional
Periodicity (EP) and its “Magic Star” structure. We also highlight some properties of the special class of Vinberg’s
rank-3 (dubbed ezceptional) T-algebras, appearing on the tips of the “Magic Star” projection of EP(-generalized,
finite-dimensional, exceptional) algebras.

Presented by A.M. at the 32nd International Colloquium on Group Theoretical Methods in Physics,
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I. THE MAGIC STAR AND THE EXCEPTIONAL SEQUENCE

Given a finite-dimensional exceptional Lie algebra, the so-called “Magic Star” projection (depicted! in Fig. [1)) of
the corresponding root lattice onto a plane determined by an as root sub-lattice has been introduced by Mukai® [2],
and later investigated in depth in [3] (see also [4]), with a different approach exploiting Jordan Pairs [5]; in the case
of eg, it has been also recalled in another contribution to Group32 Proceedings [I].

Jq

Figure 1: The “Magic Star” of finite-dimensional exceptional Lie algebras [2, B]. J3 denotes a simple Jordan algebra of rank-3,
parametrized by ¢ = dimp A = 1,2,4,8 for A = R, C,H, O, corresponding to f1, es, e7, es, respectively. In the case of go
(corresponding to ¢ = —2/3), the Jordan algebra is trivially the identity element : J3_2/3 =1:=diag(1,1,1).

Here, we focus on the properties of the corresponding (not necessarily maximal, generally non-symmetric) “Magic
Star” embedding®

qconf (J%) D as @ strg (J3), (L.1)

and on its real forms related to a Jordan-algebraic interpretations.
Over C, for all finite-dimensional exceptional Lie algebras (and some classical Lie algebras) the branching corre-
sponding to ([.1]) reads as follows [3, 4] :

qconf (J1) = a; @ stro (J§) ® 3 x J4 @ 3 x J4. (1.2)
By suitably varying the parameter ¢, the sequence given in Table [[] is obtained. The sequence
{qconf (Jg)}q:84 21,0,—2/3,—1 is usually named exceptional sequence (or exceptional series; cfr. e.g.[8]), with the
addition of an a; corresponding to ¢ = —4/3 (which we disregard?, because it is irrelevant for our treatment).

I Note the slight change of notation with respect to [I], in which also the equivalent notation ¢ (Cayley numbers) was used for octonions
0.

2 Mukai used the name “go decomposition” to denote the Magic Star structure of exceptional Lie algebras.

3 We briefly recall that, in the context of supergravity, the “Magic Star” embedding has been discussed in [6] (where it was named
Jordan pairs’ embedding), and later identified as the D = 5 case of the so-called super-Ehlers embedding in [7]. In [6] the “Magic Star”
embedding for (suitable real forms of) orthogonal Lie algebras was discussed, as well.

4 On the other hand, we add a bg corresponding to ¢ = —1/3, which is absent in the treatment e.g. of [§].
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Table I: The exceptional sequence

J? denotes the rank-3 Jordan algebra (cfr. e.g. [9], and Refs. therein) associated to the parameter ¢; such a
Jordan algebra is simple for ¢ = 8,4,2,1 and —2/3 [10], and for ¢ = 8,4, 2, 1 the parameter ¢ has the meaning of real
dimension of the division algebra A on which the corresponding Jordan algebra is realized as the algebra of Hermitian
matrices : ¢ = dimg A = 8,4,2,1 for A = O, H,C,R, resp., and Ji = J& = H3(A) in these cases. Also, it should
be remarked that for ¢ = 8,4,2,1 qconf (J%) and strg (J) respectively span the fourth and second row/column
of the Freudenthal-Rosenberg-Tits Magic Square [I1} 12]. Moreover®, J9 = C @ C @ C is the completely factorized
(triality symmetric) rank-3 Jordan algebra, and J5 3 =CceCandJ 3 23 = C are its partial and total degenerations,
respectively. qconf (J1) and strq (J3) stand for the quasi-conformal Lie algebra resp. the reduced structure Lie
algebra of the rank-3 Jordan algebra Ji (cfr. e.g. [13,[14]).

Over R (as we shall consider throughout the present paper), there are two non-compact real forms of the above
“enlarged” exceptional sequence {gconf (J3)} 4=8.4,2,1,0,—1/3,—2/3,—1 which enjoy an immediate Jordan-algebraic inter-
pretation; they are reported in Tables[[T|and Table [[TI] In both these cases, the real form of the as defining the plane
onto which the Magic Star projection is defined is maximally non-compact (i.e., split), and the following branching
(non-compact, real form of ) correspondingly holds:

qconf (J%) =sly g @ stro (J3) @3 x J§ @ 3" x JY'. (L.3)
q g8 | 4 2 1 0 [—1/3[-2/3] -1
qconf (Jg) 98(8) e7(7) e6(6) f4(4> S04,4 |S04,3 g2<2) 5137]1@
Stro(Jg) €6(6) sler |slar @ slsr|slsr|RER| R (%] -

Table II: The maximally non-compact (split) real form of the exceptional sequence. In this case, for ¢ = 8,4,2,1, J4 = J?S =
Hs(As), where A, is the split form of A = O, H, C, R, respectively.

q 8 1 2 T | 0 [-1/3[-2/3] —1

qconf(Jg) €g(—24) [€7(=5)| ©6(2) f4(4) 804,4 |S04,3 | 82(2) sl3 r

StI‘Q(Jg) €6(—26) sug (Slg’c)R Sl3,R RepR| R %) —

Table III: Another (non-split) non-compact real form of the exceptional sequence

II. THE SPIN-FACTOR EMBEDDING AND THE EXCEPTIONAL PERIODICITY

Let us now consider the following (maximal) algebraic embeddings (¢ = 8,4,2,1):

J3 O RIS, (IL.1)
Jir O RaJye, (IL.2)
5 Note that the ¢ = —1 case is a limiting case, included for completeness’ sake. In fact, in such a case there is no corresponding rank-3

Jordan algebra, and so the corresponding reduced structure symmetry is ill defined.



realized as® (r; € R, A; € A or A, i =1,2,3)

T1 A1 ZQ T1 A1 0
=4 r Ay |~ J' =4 rn 0 |cRal;.
A2 A3 T3 0 0 T3

By noticing that r; and 72 can be associated to lightcone degrees of freedom,
=Ty +x_, roi=ry —x_,
it can be proved that (cfr. e.g. [I5])

A .
J2 ~ rl,q+1a

As
Jyr o~ I‘q/2+1,q/2+1a

(I1.3)

(IL4)

(IL5)
(IL.6)

where T'y o471 and T'g/o41 4/241 Tespectively are (g 4 2)-dimensional spin factors with Lorentzian and split (Kleinian)

signature, respectively; thus, we will dub (IL.1))-(IL.2)) the spin-factor embeddings.

Let us now restrict to consider the embedding (II.1)) for A = Q, i.e. for ¢ = 8, and let us analyze its consequences

at the level of the symmetry algebras of its L.h.s. and r.h.s. :
1. at the level of the Lie algebra of derivations det, it holds that”

o o f4(—52) O™ sog;
det (J3> O™ der (R & J2> &
52 = 36 @ 16,

where 16 is the real spinor irrepr. of sog.

2. at the level of the reduced structure Lie algebra strg, it holds that
€6(—26) 0" 8091 & R;

strg (JS’) 5™ strg (R @ JS’) o! 78=16_, @ (458 1),5 16,
or
78 =16_1 ® (453 1), & 161,

where 16 and 16’ are the Majorana-Weyl (MW) spinors of sog 1; the indeterminacy denoted by “or”
on the spinor polarization [16].

3. at the level of the conformal Lie algebra conf, it holds that
er(—25) "% 8010,2 @ sla R;

0 m,s 0
conf <J3> ™% conf (R@Jz) < 133 = (78.1) & (1.3) @ ((32(/)’2)) ,

(IL.7)

(IL.8)

depends

(11.9)

where 32 is the MW spinor of so1¢ 2, and the possible priming (denoting spinorial conjugation) depends on the
choice of the spinor polarization [16]. By further branching the sls g, one gets the following 5-grading of contact

type :

e7(—25) O 8010,2 B R;

133 =15 ® 32"} @ (s0102 ®R), @ 32! @ 1..

6 The bar denotes the conjugation in A or in As.
3 ”»”

7 The upper scripts “m” and “s” respectively denote the maximality and symmetricity of the embedding under consideration.

(I1.10)



4. at the level of the quasi-conformal Lie algebra qconf, it holds that

€g(—24) O"® 8012,4;
qeonf (J?) D"™* qeonf (R @ Jg) & (I1.11)
248 = 120 & 128,

where 128 is the MW spinor of so12 4, and again the possible priming (denoting spinorial conjugation) depends
on the choice of the spinor polarization [I6]. By further branching the sojz 4, one gets the following 5-grading
of “extended Poincaré” type [17]:

€g(—24) D 50113 D R;

14 5@ 64’,1 ©® (501173 ©® R)O @ 64; & 149; (I1.12)
248 = or
14 ,©64 ;@ (so11 3O R), @ 64 @ 145,

where 64 is the MW spinor of so11 3 and, again, there is some indeterminacy depending on the spinor polarization
[16].

By exploiting Bott periodicity for the spinor irreprs., one can formally define the “Exceptional Periodicity generaliza-
tions” [1,[18] of the real forms of exceptional Lie algebras det (J?) = f4—52), stro (Jg) = €g(—26), conf (J?) = e7(_25)
and qconf (J?) = eg(—24) (or, more briefly, the following real forms of Exceptional Periodicity algebras), as follows®

(n € NU{0} throughout?) :

1. Exceptional periodization of level det :

fi?z52) ‘= S0948n D w509+3na (1113)

where sy, 5, = 274" is the real spinor of s0gs,.

2. Exceptional periodization of level sty :
eg(L)—Qﬁ) = ¢é09+3n,,1,—1 ® (509“"8"71 S5 R)O S 1/}5094.3”,1,17 (1114)

where Ysoq, 5, , = 24741 is the MW spinor of S0948n,1-
3. Exceptional periodization of level conf :

eg?)_gs) i= (80104802 DSl R(2,R)) ® (Vsorgisn.s»2) =

(I1.15)
12 ® Ysoig sm0,—1 D (801048n,2 D Slar(2,R))) © Ysoygss,.0,1 @ 12,
where Ysog 5,0 = 25747 is the MW spinor of S010+8n,2-
4. Exceptional periodization of level gconf :
e(n) :— SO @ ,(/)
8(—24) = °912+8n.4 SO1248n,4
(I1.16)
= (14 + 811)_2 @ déolprsmg,—l ©® (5011-"—8”73 & R)o @ 1/)50114—871‘3,1 D (14 + 811)2 ’
where Vsoin, 5,4 = 2747 and Vsor148n3 = 26+41 yespectively denote the MW spinors of SO1248n,4 and of

SO011+8n,3-

8 In the EP generalization, for simplicity’s sake, we assume to have chosen a spinor polarization, so as to remove the a priori indeterminacy
in the vector space grading structure of the EP algebras.

9 Note that the index n used here is actually n — 1, where n is the index used in [I] and [I8]. In other words, the exceptional Lie algebras
(trivial level of EP) are obtained for n = 0 in the present paper, whereas they are obtained for n =1 in [I] and [I8].



So far, ([I.13)-(II.14) is just a bunch of definitions, exploiting Bott periodicity. On C, in [18] (see also [1]) the
rigorous definitions of EP algebras fin), eén), egn) and eén) was dealt with by introducing the generalized roots and by
defining the commutations relations of the corresponding generators with (a suitably generalized) Kac’s asymmetry
function [I9] [20]. Here, we would like to recall that EP algebras are not simply non-reductive, spinorial extensions
of Lie algebras, but rather they are characterized by a non-translational (i.e., non-Abelian) nature of their spinorial
sector; this implies that they are Lie algebras only for n = 0, i.e. at the trivial level of EP, whereas for n > 1 they are
not Lie algebras, because the Jacobi identity is violated in the spinorial sector itself [18].

The above treatment on R, based on the EP generalization of the symmetry Lie algebras of J (g), allowed to determine
some of the real forms of the EP algebras fin), eén), e(7n) and eén). The other (compact and non-compact) real forms
can be analogously!® defined e.g. by considering Jg’s; we plan to deal with a rigorous definition of the real forms of
EP algebras, through the generalized roots and the definition of suitable involutions in the corresponding EP lattice
[18], in a forthcoming investigation.

The crucial result, which all the above construction and the corresponding construction in the EP lattice non-trivial,
is the following [I8]: there exists an'! ay projection of the EP algebras (namely, of the corresponding EP lattice),
such that a Magic Star structure persists, with suitable generalizations of rank-3 Jordan algebras JI (given by rank-3
T-algebras of special type [22]) occurring on the tips of the persisting Magic Star! The resulting, EP-generalized Magic
Star is depicted in Fig.

[ ] [ ]

T?(’;,H
T;,n A T??n

q,n
° 8o(e) °

T:;q.n T 3(],"

Tg,:i
[ ] [ ]

10 Apart from the EP-generalization finl5 (I1.13) of the compact real form fy(_52), the EP-generalized non-compact real forms eé?)_%)

2
1| e(7?)_25) I1.15) and eé?)_m) , albeit being well defined, are characterized by a threefold degree of arbitrariness. Indeed,
at the n-th level of EP, we understood to enlarge by 8n only the spacelike dimensions in the (s, t)-signature of the reductive, pseudo-
orthogonal part of the aforementioned EP algebras, thus obtaining sog48n,1, S010+8n,2 and so1248n,4 (and then so1148y,3), resp. in
n n n
eé(izs)’ e(7()725) 5(5(124)'
(cfr. e.g. [21]), thus at the n-th level of EP, the implementation of Bott (i.e., mod(8n)) periodicity could also be made by increasing by
8n only the timelike dimensions, or also by increasing by 4n both spacelike and timelike dimensions. In the former case, one would obtain

(n)

S09,148n, 5010,24+8n and s012 448, (and then so11,348,) resp. in eé?i%y e77(1725) and egﬁM), whereas in the latter case one would

and e Nevertheless, the conjugation and reality properties of spinors depend only on D = s+t and on p :=s—t

obtain s09{4n,14+4n, SO10+4n,24+4n and S01244n 4+4n (and then soi144yn,344n) resp. in eé?)726), e(77(l)725) and 92?124). Such a threefold
degeneracy of the implementation of Bott periodicity (yielding spinors with the same dimensions, reality properties and conjugation
properties) can in principle be applied at any level of EP, also in a different way from the way it was implemented at the previous level;
this allows to span a large variery of (s, t)-signatures in the sos ; reductive part of the non-compact real forms of EP algebras.

11 Such a projection is not unique; as for the Magic Star of Lie algebras, depicted in Figure [1| also for the Magic Star of EP algebras,
depicted in Figure |2} there are four possible equivalent projections.



Figure 2: The “Magic Star” of EP-generalized, finite-dimensional exceptional Lie algebras [I8]. T%™ denotes a T-algebra of
rank-3 and of special type [22], parametrized by ¢ = dimg A = 1,2,4,8 for A = R, C, H, O, and n € NU{0}, corresponding to fi"),

eé"), e(7")7 eé"), respectively. The smallest exceptional Lie algebra gz (corresponding to ¢ = —2/3) cannot be EP-generalized,

because it does not enjoy a spin factor embedding, and because J;2/3 =10

III. VINBERG’S T-ALGEBRAS IN EP : A GLIMPSE

In the treatment of previous Section, we fixed ¢ = 8 and dealt with the EP-generalization of the Lie algebras
which are symmetries of the corresponding rank-3 simple Jordan algebra J?. Actually, due to the symmetry of the
Freudenthal-Rosenberg-Tits Magic Square [I1, [I2] (over C), the der, strp, conf and qconf Lie symmetries (sitting
in fourth row of the Magic Square) also corresponds to the fourth column of the Magic Square itself, and thus to
qg = 1,2,4,8, respectively. Such a correspondence, pointed out in the caption of Fig. will be exploited in the
treatment below.

Concerning the EP-generalized real forms treated in the previous Section, namely egg? ne e(77(L125), eggl%) and

f4(?252) (corresponding to ¢ = 8,4,2,1, respectively), the 3 x 3 matrix algebras T%" occurring on the tips of the

EP-generalized Magic Star depicted in Fig. [2] are of the following form :

7'1 VSOq+8n wSOq+8n

/
T2 @bsoq+gn ’ (III'l)
T3

Tg’n = V

SOg+8n

Dsogren V'sogren
where Vg .o, = (@ + 8n,1) and 50,5, = <2q/2+4"_1, Fund (Sq)) are representations of soq4g, ® Sy, with
S, = triy ©sop = @,502,5u2, D for ¢ =1,2,4,8 (ie., for R,CH,O, resp.) (111.2)
being the coset algebra of the triality symmetry triy of A [23]:
trip : = {(A, B,C)|A(ay) = B(x)y + 2C(y), A, B,C € soa, z,y € A}
= @,505%, 50393 sog for A =R,C,H,0Q
modded by the norm preserving symmetry sopof A :
S04 = S0, = @&,509,504,s0g for A =R, C,H,O. (111.3)
Fund (S;) denotes the smallest non-trivial representation of the simple Lie algebra S, (if any) :
Fund (S;) = —,2,2,— for ¢ =1,2,4,8, (I11.4)
with real dimension
fund, := dimg Fund (S;) =1,2,2,1 for ¢ = 1,2,4,8. (I11.5)
Thus, the total real dimension of T9" is
dimg(T$™) = g + 3+ 8n + fund,219/2H4n+oa1, (I11.6)

where the square brackets denote the integer part.

T4™ ([II.1) is a rank-3 T-algebra, introduced by Vinberg as a generalization of cubic Jordan algebras in the study
of homogeneous convex cones [22]. In particular, T3" is a rank-3 T-algebra of special type; it is dubbed ezceptional
T-algebra in Sec. 4.3 of [I]. Such algebras, slightly generalized, also occur in the study of homogeneous non-symmetric
real special manifolds!?, which are non-compact Riemannian spaces occurring as (vector multiplets’) scalar manifolds
of N = 2 Maxwell-Einstein supergravity theories in D = s +t = 4 + 1 space-time dimensions [25].

12 And, of course, in their images under R-map and c-map (cfr. e.g. [24], and Refs. therein).



It is immediate to check that triality is broken in T3" whenever n is positive; in fact, triality holds whenever

dimR V = dimR 1[)
q+8n = fund, - 2l4/2+4n=1+0.. (I11.7)

n=0:T¥" =Ji.

Interestingly, a kind of weaker (or generalized) form of triality exists for'® soo4 : this corresponds to ¢ = 8 and n = 2,
i.e. to the second non-trivial level of EP over Q. In this case, Sg = &, and from definition (III.1)) Tg’Q reads as follows

77"1 V5024 w5024 1 24 2048
T3 = Veoss 1™ Yo, |=| 24 1 2048 | of soy. (11L.8)
Vsoss Vsoss T3 2048 2048 1

Remarkably, there exists an irreducible representation of sosy whose dimension is exactly the difference between the
dimensions of the semispinor (2048) and of the vector (24) of soy4 : this is the 3-form representation A*24 = 2024.
Thus, one could argue the existence of an “augmented” T-algebra

B o Ve, @A, Yson 1 24 ¢ 2024 2048
T3 = | Vios, ® Nson, B fons | = | 2492024 1 2048 | of soo, (I11.9)
¥ WG s 2048 2048 1
S024 S024

exhibiting a manifest triality, albeit with a reducible nature of the bosonic representations. It would be interesting
to investigate the properties of “augmented” T-algebras of the type . However, it is here worth stressing that
triality is rigorously holding only for the trivial level of EP, i.e. for n = 0. For instance, when n = 0 and g) = §, one
obtains the well known case of so(8) triality among the off-diagonal blocks of the Albert algebra J§ = J3 (o; € O,
T € R):

1 01 02 1 81) 85
T0=30> |61 03 | =8 1 8. |, (I11.10)
09 03 T3 8 8. 1

where 8,, 8, and 8, are the vector, semispinor and conjugate semispinor of trig = sog, respectively.
For what concerns the invariant structures of the special class of rank-3 T-algebras defined in (IIL.1f), let us define
(bL=0,1,...,q+ 1+ 8n)
Vﬂ = (7"177'23Vsoq+8n) )
which, by recalling (I1.4), is recognized to be a vector in a (¢ + 2 + 8n)-dimensional space, with Lorentzian signature
(s,t) = (¢ + 1+ 8n,1); also, let us denote the corresponding spinor of so4+148,,1 (Which is chiral for ¢ = 2,4, 8), of
real dimension fund, - 29/2+4n+%a1 by wed (where a = 1,...,2[9/2+4n 401 and A = 1, fund,). Then, an invariant

structure constructed with the corresponding T-algebra T3 is formally given by the “determinant” of such a 3 x 3
Hermitian matrix, defining the cubic norm N of T9™ itself :

1
N(T5") = v [rsv“V” + 755‘11“\1/@1/”} , (ITL.11)

where 7, is the symmetric bilinear invariant of the q 4 2 4 8n irrepr. V of soq41485,1 and vgﬁ are the gamma

matrices of S04414s5,,1. Consequently, as for the Jordan algebras, one can classify the elements of T3" depending on
their rank, defined as follows [I§]:

rank-3 : N # 0;
rank-2 : N = 0; (II1.12)
rank-1 : ON = 0.

In the /' = 2 Maxwell-Einstein supergravity theories in D = s+t = 4 4 1 space-time dimensions based on T9" [25],
the Bekenstein-Hawking entropy Spg of the extremal black holes simply reads

SBH :7T\/|N|. (11113)

13 This was communicated to us by Eric Weinstein during an informal discussion in 2016.
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