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ABSTRACT

We investigate the holographic entanglement entropy of deformed conformal field theories

which are dual to a cutoff AdS space. The holographic entanglement entropy evaluated on a

three-dimensional Poincare AdS space with a finite cutoff can be reinterpreted as that of the

dual field theory deformed by either a boost or T T̄ deformation. For the boost case, we show

that, although it trivially acts on the underlying theory, it nontrivially affects the entanglement

entropy due to the length contraction. For a three-dimensional AdS, we show that the effect

of the boost transformation can be reinterpreted as the rescaling of the energy scale, similar to

the T T̄ deformation. Under the boost and T T̄ deformation, the c-function of the entanglement

entropy exactly shows the features expected by the Zamoldchikov’s c-theorem. The deformed

theory is always stationary at a UV fixed point and monotonically flows to another CFT in the

IR fixed point. We also show that the holographic entanglement entropy in a Poincare cutoff

AdS space can reproduce the exact same result of the T T̄ deformed theory on a two-dimensional

sphere.
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1 Introduction

In the last decade, considerable attention has been paid to the entanglement entropy for fig-

uring out a variety of quantum feature for strongly interacting systems. When describing a

quantum phase transition appearing at zero temperature, the entanglement entropy may play

a central role as an order parameter representing such a phase transition [1]. The entanglement

entropy is also one of the good measures detecting the quantum correlation between quantum

states. Despite a well-established definition, in general, it is a formidable task to calculate the

entanglement entropy for interacting quantum field theories (QFT). Based on the AdS/CFT

correspondence [2–5], it has been conjectured that the quantum entanglement entropy of a

conformal field theory (CFT) can be understood by calculating the area of the minimal surface

extended to the dual bulk geometry [6–13]. This holographic method has been widely used to

clarify a variety of quantum features even for strongly interacting systems.

Recently, it has been shown that a two-dimensional CFT deformed by an irrelevant T T̄

deformation is solvable due to its integrable structure [14, 15]. This integrable quantum field

theory can be taken into account as an effective field theory with a finite ultraviolet (UV)

cutoff. Further, its dual gravity theory was investigated in Ref. [16]. The holographic dual

of a T T̄ deformation was identified with a one-dimensional higher AdS geometry cutting the

asymptotic region off and placing a dual QFT on the AdS boundary located at a finite distance.

This proposition has passed several quantitative checks by comparing the results of both QFT

and its dual gravity [17–27]. Moreover, the generalization of the T T̄ deformation to a higher

dimensional theory has been studied [28–31].

As mentioned before, the dual of the T T̄ deformed two-dimensional CFT is dual to the

three-dimensional cutoff AdS space. From the holography point of view, cutting the asymptotic

region off is regarded as shifting the AdS boundary from infinity to a finite distance with an

appropriate Dirichlet boundary condition. This radial evolution of the dual gravity can be

described by the Hamilton-Jacobi equation in which the Hamilton constraint is associated with

the renormalization group (RG) flow equation of the dual QFT [32–36]. Intriguingly, it has

been shown that the RG flow equation of the T T̄ deformed theory is perfectly matched to the

Hamilton-Jacobi equation of the dual gravity with a finite cutoff [16,25].

In this work, we investigate how the boost and scale transformation affect the entanglement

entropy of a CFT. Intriguingly, we found that the entanglement entropy of a boosted system

for a two-dimensional QFT can lead to the similar effect to the T T̄ deformation and that the

dual gravity is again described by a three-dimensional cutoff AdS space. At first glance, the

boost and scale transformations look trivial because they are just elements of the conformal

symmetry group. However, it is not true for the entanglement entropy, even though the un-

derlying theory is conformal. The reason is as follows. In order to define the entanglement
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entropy, we first divide a total system into two subsystems by taking an appropriate entangling

surface. Then, the quantum entanglement between states of two subsystems is described by

the entanglement entropy across the entangling surface. In this case, although the boost and

scale transformation act trivially on the underlying theory, their action on the entanglement

entropy becomes nontrivial because the boost and scale transformation are not well-defined

local transformations in the subsystem bounded by the fixed entangling surface. In addition,

the boost transformation generally leads to the length contraction which can change the size

and shape of the entangling surface. Due to these reasons, it would be interesting to study how

the entanglement entropy is affected by the boost transformation.

Intriguingly, we have found that the boost transformation in the boundary direction in

the three-dimensional AdS space can be reinterpreted by rescaling the radial coordinate. Re-

membering that the dual two-dimensional CFT is defined at the AdS boundary, rescaling the

radial coordinate is equivalent to moving the AdS boundary located at an infinity to a finite

distance. This is very similar to the T T̄ deformation described above. Applying the holo-

graphic entanglement entropy formula, we found that the c-function and its RG flow of the

boosted entanglement entropy show very similar feature to those of the T T̄ deformation. We

further showed that the c-function of the boosted entanglement entropy exactly satisfies the

Zamolodichikov’s c-theorem [37]. The c-function of the boosted entanglement entropy is sta-

tionary at a UV fixed point and monotonically decreases along the RG flow. At an IR fixed

point, finally, we found that it arrives at another CFT, although we do not clearly understand

what the IR CFT is. We further investigated how the rescale of the energy caused by the boost

transformation affects the mutual information of two subsystems separated by a certain dis-

tance. We found that the quantum correlation length between two subsystems becomes shorter

as the energy scale observing the dual QFT is getting lower.

We also investigated the boost transformation of higher dimensional theories. Our study

showed that reinterpretation of the boost transformation as the energy rescaling seems to

be possible only for a three-dimensional AdS space and its two-dimensional CFT. Despite

this result, the boost transformation still nontrivially acts on the entanglement entropy even

in higher dimensional theories. The boosted entanglement entropy for higher dimensional

theories leads to the change of the size and shape of the entangling region. Through the explicit

calculation, we showed that the boost transformation modifies the disk-shaped entangling region

to the ellipsoidal one and that the modified leading contribution to the resulting entanglement

entropy still satisfies the area law with a modified UV divergent term. Lastly, we showed that

the entanglement entropy of the T T̄ deformed CFT on a two-dimensional sphere is perfectly

matched to the holographic entanglement entropy calculated in a three-dimensional Poincare

AdS space with a finite cutoff. We also showed that the RG flow of this T T̄ deformed CFT
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gives rise to the almost same feature as the that of the boost transformation up to a numerical

factor.

The rest of this paper is as follows: In Sec. 2, we study the entanglement entropy of a two-

dimensional boosted system and show that the boost can be reinterpreted as the shift of the UV

cutoff. This fact allows us to understand the RG flow of c-function from the UV fixed point to

another IR fixed point. In Sec. 3, we consider the effect of the boost in a three-dimensional CFT

field theory. In this case, the boost changes a ball-shaped entangling region into an ellipsoidal

one due to the length contraction. In Sec. 4, we take into account a cutoff AdS3 in a Poincare

patch and reproduce the exact same entanglement entropy of the T T̄ -deformed theory on S2.

Finally, we finish this work with some concluding remarks in Sec. 5.

2 Entanglement entropy of a boosted CFT

Following the AdS/CFT correspondence [2–5], the dual gravity of a two-dimensional CFT is

given by a three-dimensional AdS space with the following metric

ds2 =
R2

z2

(
−dt2 + dx2 + dz2

)
, (1)

where R denotes a radius of the AdS space and the boundary is located at z = 0. At the

boundary, the AdS metric reduces to a two-dimensional Minkowski space represented by R1,1.

In this case, the isometry group of a three-dimensional AdS space is given by SO(2, 2), while the

isometry group of the boundary space becomes a two-dimensional Poincare group, ISO(1, 1).

If a theory living on the boundary is conformal, the symmetry group of the boundary theory

is enhanced to SO(2, 2). This conformal group has a one-to-one map to the isometry group

of the AdS space. The matching of two symmetry groups provides one of the evidence for the

holography. In particular, the dilatation of the conformal symmetry is realized as the invariance

of the bulk metric under the following scale transformation

z → λz , t→ λt , and z → λz. (2)

Since the conformal field theory includes a Lorentz symmetry, the boundary theory is also

invariant under a boost transformation. The same thing is also true on the dual gravity side.

Parameterizing a boost transformation in the x-direction as(
dt′

dx′

)
=

(
cosh β − sinh β
− sinh β cosh β

)(
dt
dx

)
, (3)

it becomes manifest that the AdS metric is invariant under this boost transformation.

These scale and boost transformations of a CFT give rise to only a trivial result because

they are elements of the symmetry group. In this case, we must notice that the CFT is defined
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in the entire region of R1,1, where the symmetry group is closed. However, it is not the case for

the entanglement entropy. In order to define the entanglement entropy, we first need to divide

the entire space into two subspaces or subsystems. The border of them is called an entangling

surface. If the size of the subsystem bounded by the entangling surface is finite, the scale and

boost transformations do not provide well-defined local transformations of the subsystem. This

is because any event of the subsystem can go to the outside of the subsystem by the scale and

boost transformations. Consequently, the scale and boost transformations nontrivially act on

the entanglement entropy. In other words, they can modify the size or shape of the subsystem

and lead to an additional and nontrivial contribution to the entanglement entropy.

When we take a specific entangling surface to evaluate the entanglement entropy, the ex-

istence of a fixed entangling surface breaks the boost symmetry, as mentioned before. In the

holographic setup, the entanglement entropy is determined by the area of the minimal surface

which lies in a constant-time hypersurface [6, 7]. For more details, we divide the boundary

space into two parts, a subsystem and its complement. In this case, the subsystem must be

chosen by a space-like region. This implies that we can set dt = 0 in (1) which determines the

constant-time hypersurface of the dual AdS geometry. Then, the minimal surface lies on the

constant-time hypersurface and anchored to the entangling surface defined at the boundary.

In the holographic setup, the configuration of the minimal surface is determined by the

radial coordinate given as a function of the boundary spatial coordinate, z(x). If we take a

subsystem in the range of

−l/2 ≤ x ≤ l/2, (4)

the holographic entanglement entropy is governed by

SE =
R

4G

∫ l/2

−l/2
dx

√
1 + z′2

z
, (5)

where the prime means a derivative with respect to x. Solving the equation of motion derived

from the action allows the following exact solution

z(x) =

√
l2

4
− x2. (6)

After plugging this solution back into the action, performing the integral gives rise to the

well-known entanglement entropy of a two-dimensional CFT [6]

SE =
c

3
log

l

ε
, (7)

where the central charge of the CFT is related to the Newton constant of the dual gravity,

c = 3R/(2G) [38], and ε is introduced as a UV cutoff to regularize a UV divergence.

4



Now, let us move to a boosted system. In order to distinguish the boosted system from the

unboosted one, we use a primed coordinate x′ for a boosted system and an unprimed coordinate

x for an unboosted system, respectively. If the system is boosted with a velocity v, the boost

in (3) is characterized by

cosh β =
1√

1− v2
, (8)

where the natural unit, c = 1, was used. In the CFT defined on the entire boundary space, as

mentioned before, the action of the boost is trivial so that the resulting metric of the boosted

system is again given by an AdS metric described by the boosted coordinate

ds2 =
R2

z2

(
−dt′2 + dx′2 + dz2

)
. (9)

Here the radial coordinate z is unchanged because it is orthogonal to the boost transformation.

Now, we take a constant-time hypersurface (dt′ = 0) to calculate the holographic entanglement

entropy of the boosted system. In this case, the simultaneity of the boosted system gives rise

to a relation between the time and space of the unboosted system

dt = tanh β dx. (10)

In addition, the boosted coordinate x′ defined on the constant-time hypersurface is related to

the unboosted one x through the following relation

dx′ =
dx

cosh β
. (11)

This is nothing but the length contraction appearing in the boosted system. If the subsys-

tem size is defined as (4) in the unboosted system, the range of it in the boosted system is

parameterized as

−l′/2 ≤ x ≤ l′/2, (12)

where l′ = l/ cosh β = l
√

1− v2 is always shorter than l due to the length contraction. Using

this fact, the entanglement entropy of the boosted system is given by

S ′E =
R

4G

∫ l′/2

−l′/2
dx′

1

z

√
1 +

(
∂z

∂x′

)2

. (13)

This formula shows that the entanglement entropy of the boosted system has the same form

as the unboosted one only except the size change of the subsystem caused by the length con-

traction. The appearance of the same entanglement entropy form is due to the invariance
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of the underlying theory under the boost transformation. As a consequence, the resulting

entanglement entropy becomes

S ′E =
c

3
log

l′

ε

=
c

3
log

l

ε
+
c

6
log(1− v2). (14)

Here the first term is the entanglement entropy of the unboosted CFT, whereas the second

term represents the contribution from the boost. When v → 0, as expected, (14) reproduces

the result of the unboosted CFT. Furthermore, this result shows that the boost transformation

nontrivially acts on the entanglement entropy with providing an additional contribution.

Intriguingly, the additional correction caused by the boost can be reinterpreted as the shift

of the UV cutoff similar to the T T̄ deformation. To clarify this point, let us first consider a

constant-time hypersurface of the boosted AdS metric. For dt′ = 0, the induced metric on the

constant-time hypersurface is given by

ds2
in =

R2

z2

(
dx′2 + dz2

)
=
R2

z2

(
dx2

cosh2 β
+ dz2

)
. (15)

In the unboosted system, it is possible to reinterpret the boost as the rescale of the radial

coordinate. More precisely, after introducing a new radial coordinate z̄

z̄ = z cosh β, (16)

rewriting the induced metric leads to

ds2
in =

R2

z̄2

(
dx2 + dz̄2

)
, (17)

which is again an AdS space. Noting that the radial coordinate of the AdS space is matched to

the energy scale of the dual field theory, the metric in (17) indicates that the boost transforma-

tion is associated with rescaling the energy of the dual field theory. Therefore, the boosted dual

field theory is defined at the lower energy scale than the unboosted one. This feature becomes

manifest when we calculate the entanglement entropy.

With the induced metric in (17), the entanglement entropy formula is given by

S̄E =
R

4G

∫ l/2

−l/2
dx

R

z̄

√
1 +

(
∂z̄

∂x

)2

. (18)

The configuration of the minimal surface in this system is described by

z̄ =

√
l2

4
− x2. (19)
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If we introduce ε̄ as a UV cutoff of the z̄-coordinate, the resulting entanglement entropy in the

(x, z̄)-system yields

S̄E =
c

3
log

l

ε̄
. (20)

From (16), ε̄ is related to the UV cutoff of the z-coordinate, ε. This relation can be understood

as the rescale of the UV cutoff, ε̄ = ε cosh β. Using this relation, the entanglement entropy (20)

derived in the (x, z̄)-system is exactly the same as (14) derived in the (x′, z)-system. In order

to interpret the result in (20) correctly, it must be noted that l is the subsystem size measured

at the energy scale of ε. At the energy scale of ε̄, the size of the subsystem l̄ must satisfies

l = l̄

√
1 +

4ε̄2

l̄2
. (21)

This relation naturally appears because the configuration of the minimal surface is given by

a semicircle. In the high energy limit (ε̄/l̄ � 1), the entanglement entropy measured at the

energy scale ∼ 1/ε̄ has the following expansion

S̄E =
c

3
log

l̄

ε̄
+

2cε̄2

3l̄2
+O

(
ε̄4
)
. (22)

This result, as will be seen, has a similar form to the entanglement entropy modified by a T T̄

deformation. Intriguingly, our result shows that the boost transformation as well as the T T̄

deformation of a two-dimensional CFT can be reinterpreted as the shift of the UV cutoff to the

IR direction. From the dual gravity viewpoint, the shift of the UV cutoff is dual to a cutoff

AdS3 space whose boundary is located at ε̄ = ε cosh β. Similar to the T T̄ deformation, the

boost transformation of the entanglement entropy gets rid of the energy region higher than

1/ε̄ =
√

1− v2/ε. Especially, when the boosting velocity increases, the UV cutoff moves to the

deeper IR region. On the other hand, the CFT results are reproduced when v → 0.

Since 1/ε̄ plays a role of the energy scale observing the dual field theory, we can think

of the RG flow of a c-function which represents an effective degrees of freedom of the dual

field theory. For the undeformed CFT, the central charge is defined as a derivative of the

entanglement entropy with respect to the subsystem size [39–44]

c = 3l
∂SE
∂l

. (23)

Generalizing this formula to the deformed CFT, the c-function of the deformed theory may be

written as

c̄(ε̄) = 3l̄
∂S̄E
∂l̄

= c

(
1− 4ε̄2

l̄2
+ · · ·

)
. (24)
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This c-function approaches the central charge of the undeformed CFT when ε̄→ 0, as expected.

In addition, the nontrivial ε̄ dependence represents deviation from the CFT during the RG flow

process. From this c-function derived from the entanglement entropy, for l̄ � ε̄, the RG flow

of the c-function is described by

∂c̄

∂ log ε̄
≈ −8ε̄2

l̄2
< 0. (25)

In this case, the increase of ε̄ represents the direction of the RG flow. The negative value of (25)

indicates that the c-function monotonically decreases along the RG flow, which is consistent

with the Zamolodchikov’s c-theorem [45–48].

Now, let us investigate further the c-function in a deep IR region. The reinterpretation of

the boost transformation as the rescale of the energy yields the following exact entanglement

entropy, which is valid in the entire energy scale,

S̄E =
c

3
log

l̄

ε̄
+
c

3
log

√
1 +

4ε̄2

l̄2
. (26)

Note that in this relation the UV cutoff moves to the deep IR region as v increases. Applying

the formulas in (24) and (25), we finally obtain the c-function and its RG flow caused by the

boost transformation

c̄(ε̄) =
c l̄2

l̄2 + 4ε̄2
, (27)

∂c̄

∂ log ε̄
= − 8c l̄2 ε̄2(

l̄2 + 4ε̄2
)2 < 0. (28)

Since c is always positive, the negativity in (28) indicates that the RG flow of the c-function

monotonically decreases in the entire range of the RG scale. Moreover, (27) shows that the

c-function has the central charge of the undeformed CFT in the UV limit (ε̄ → 0) and mono-

tonically decreases to be zero in the IR limit (ε̄ → ∞). It is worth noting that the c-function

of the deformed theory is stationary at the UV fixed point. Furthermore, the obtained result

shows that there exists an IR fixed point where the RG flow becomes zero and the c-function

reduces to a constant value, c̄ = 0. This is the exactly expected feature of the RG flow (see

Fig. 1), although it is not clear what kind of CFT appears in an IR fixed point.

We further take into account a mutual information and its energy scale dependence. When

two subsystems having the same subsystem size l̄ are far from each other with distance h, the

mutual information is given by [49–52]

I = 2S̄E(l̄)− S̄E(2l̄ + h)− S̄E(h)

=
c

6
log

[ (
l̄2 + 4ε̄2

)2

(h2 + 4ε̄2)
(
(2l̄ + h)2 + 4ε̄2

)] . (29)
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Figure 1: The energy scale dependence of the c-function when a two-dimensional CFT is deformed
by either a T T̄ deformation (blue-dashed) or a boost transformation (black-solid).

In the UV limit (ε̄→ 0), there is no mutual information when the distance of two subsystems

becomes larger than a critical distance, hc = (
√

2 − 1)l̄. If the underlying theory is conformal

without any deformation, this is true in the entire energy scale. However, if a CFT is deformed,

the deformation can provide a nontrivially effect relying on the RG scale. Since the boost

transformation can be regarded as the nontrivial rescale of the energy, we can easily expect

that the mutual information is also affected by the boost. To understand how the mutual

information of the deformed CFT changes, we calculate the change of the mutual information

with respect to h with rescaling the energy scale

dI

dh
= −

2c
(
l̄ + h

) (
2hl̄ + 4ε̄2 + h2

)
3 (4ε̄2 + h2)

((
2l̄ + h

)2
+ 4ε̄2

) < 0. (30)

This result, as expected, indicates that the mutual information monotonically decreases as the

distance h is getting farther. In addition, the boost makes the critical distance shorter

hc =

(√
2

(
1− 4ε̄2

l̄2

)
− 1

)
l̄. (31)

Consequently, the result shows that, if h > hc, there is no mutual information between two

subsystems, and that the critical distance becomes shorter along the RG flow.

3 Boost in a higher dimensional AdS space

Until now, we have studied the entanglement entropy of a two-dimensional CFT deformed by

the boost transformation. In this case, we showed that the boost can be reinterpreted as the
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shift of the UV cutoff. On the dual gravity side, such a rescale of the UV cutoff corresponds

to the shift of an AdS boundary with resulting in a cutoff AdS3. Now, we can ask whether the

reinterpretation of the boost as the shift of the UV cutoff or the rescaling of the energy is a

general feature applicable to higher dimensional CFTs. Unfortunately, the answer is negative,

as will be seen later. As a consequence, the reinterpretation of the boost transformation is not a

general but specific feature appearing only in a two-dimensional CFT and its dual gravity. Even

in this case, it would be important and interesting to investigate how the boost modifies the

entanglement entropy of a higher dimensional theory. For example, if we consider a ball-shaped

entangling region as a subsystem, the boost can modify the ball-shaped region into an ellipsoidal

one due to the length contraction in the boosted direction. As shown in this example, the boost

transformation can provide more opportunities to figure out the entanglement entropy defined

on a complicated shape of the entangling region.

The entanglement entropy calculation discussed in the previous section can be easily gen-

eralized to higher dimensional cases. For simplicity, let us focus on a three-dimensional CFT

which is dual to a four-dimensional AdS space

ds2 =
R2

z2

(
−dt2 + dx2

1 + dx2
2 + dz2

)
. (32)

Let us take into account a boost in the x1-direction. Following the same strategy used in the

previous section, the induced metric on a constant-time hypersurfce reduces to

ds2
b =

R2

z2

(
dx′1

2
+ dx2

2 + dz2
)

=
R2

z2

(
dx2

1

cosh2 β
+ dx2

2 + dz2

)
. (33)

This result shows that unlike the previous AdS3 case, the boost transformation cannot be

generally reinterpreted as the rescaling of the radial coordinate z. This fact indicates that the

reinterpretation of the boost transformation as the shift of the UV cutoff is a specific feature

of a two-dimensional theory and its dual gravity.

Now, we consider a disk-shaped subsystem in the unboosted system, whose boundary is

parameterized by a circle

x2
1 + x2

2 = l2. (34)

In the boosted system, the length contraction in the x1 direction squeezes the circle and the

shape of the entangling surface is modified into an ellipse satisfying

cosh2 β x′1
2

+ x2
2 = l2. (35)

This shows that the entanglement entropy of the boosted system is the same as the entanglement

entropy of the unboosted one whose entangling surface is given by an ellipse shown in (35). In
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order to calculate the entanglement entropy defined in the elliptic region, we introduce a polar

coordinate, ρ =
√
x′1

2 + x2
2. Then, the metric on the constant-time hypersurface becomes

ds2
b =

R2

z2

(
dρ2 + ρ2dθ2 + dz2

)
. (36)

If z does not depend on θ, the action governing the holographic entanglement entropy is given

by

SE =
1

G

∫ π/2

0

dθ

∫ ρ̄−δ

0

dρ
ρ

z2

√
1 +

(
∂z

∂ρ

)2

, (37)

where
∫ 2π

0
dθ = 4

∫ π/2
0

dθ was used due to the symmetry of the elliptic region. Above ρ̄ in the ρ

integration indicates a maximum value of ρ and δ (δ � 1) was introduced to regularize the UV

divergence. Since the upper bound of the ρ-integral must be located on the ellipse, ρ̄ is given

by a function of θ

ρ̄ =
l√

cosh2 β cos2 θ + sin2 θ
(38)

This relation indicates that the semi-major axes ρ̄ = l appears at θ = π/2, whereas the semi-

minor axes ρ̄ = l/ cosh β is located at θ = 0. Then, the solution of the equation of motion can

be written as the following form

z(ρ) =
√
ρ̄2 − ρ2. (39)

Here it is natural to impose the boundary condition with z(ρ̄) = 0 because the entangling

surface must live on the boundary space.

Plugging the solution into the action and performing the integral over ρ reduce the entan-

glement entropy to

S ′E =
1

G

∫ π/2

0

dθ

(
ρ̄√

ρ̄2 − (ρ̄− δ)2
− 1

)
. (40)

From the solution in (39), the UV cutoff δ is related to the UV cutoff in the z-direction, ε,

δ =
ε2

2l
+O

(
ε4
)
. (41)

As a result, the resulting entanglement entropy gives rise to the following analytic expansion

in the limit of v � 1

S ′E =
π(8− v2)

16G

l

ε
− π

2G
+O (ε) . (42)
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Here, the fact that the leading term of the entanglement entropy is proportional to l indicates

the area law of the entanglement entropy, as expected. More precisely, the entangling surface of

the boosted system is not a circle but ellipse so that l in the above formula must be represented

as the semi-major axes of the ellipse instead of the radius of the circle. For the ellipse described

by (35), the eccentricity is the same as the boost velocity and the circumference of the ellipse

is given by an elliptic integral of the second kind, E(v).

le ≡ 4lE(v) = 4l

∫ π/2

0

dθ
√

1− v2 sin2 θ. (43)

Rewriting the above entanglement entropy in terms of the variables of the ellipse we finally

obtain

S ′E =
π(8− v2)

16G

le
4E(v)ε

− π

2G
− π (8− v2)

128G

4E(v)ε

le
+O

(
ε3
)
. (44)

Again, in the limit of v � 1, the entanglement entropy becomes

S ′E =

(
1 +

v2

8
+O(v4)

)
le

4Gε
− π

2G
− π2ε

8Gle
. (45)

This result shows that the UV divergence is modified because the entanglement surface changes

due to the boost transformation. Despite the change of the entangling surface, the result

indicates that the leading contribution to the entanglement entropy still satisfies the area law.

It was known that the constant term in the above entanglement entropy is independent of the

regularization and corresponds to the free energy of the dual CFT defined on the Euclidean S3

space [41,53]. The result indicates that the boost transformation we took does not modify the

constant free energy in the UV limit (ε→ 0).

4 Entanglement entropy deformed by a T T̄ operator

Now, let us discuss a T T̄ deformation. In a two-dimensional CFT, a T T̄ deformation corre-

sponds to an irrelevant operator and a deformed CFT can be described by [16]

SQFT = SCFT − µ
∫
d2x
√
−g T T̄ , (46)

where T = T++ and T̄ = T−− are defined with a null coordinate, x± = x0 ± x1. According to

the dimension counting, µ is a dimensionful coupling with a mass dimension −2. In general,

the value of a dimensionful coupling crucially relies on the energy scale observing the theory.

Because of the absence of other dimensionful parameter, the value of µ must have a direct

relation to the energy scale like µ ∼ ε̄2, where ε̄ denotes the inverse of an energy scale. Using

12



the fact that the T T̄ operator is factorizable, one can determine many physical properties of

the deformed CFT. In a coordinate system described by xa with a = 0, 1, the expectation value

of T T̄ is rewritten as a factorized form〈
T T̄
〉

=
1

8

( 〈
T ab
〉
〈Tab〉 − 〈T aa 〉

2
)
. (47)

Using this factorized form, the RG equation of the deformed CFT is given by

〈T aa 〉 = − c

24π
R− µ

4

( 〈
T ab
〉
〈Tab〉 − 〈T aa 〉

2
)
, (48)

where c indicates the central charge of the undeformed CFT. Here the first term of the right

hand side corresponds to the conformal anomaly of the undeformed CFT, while the last two

terms indicate the contribution from the T T̄ deformation.

If we represent the parameters of the deformed CFT in terms of ones appearing in the dual

gravity [16,25]

c =
3R

2G
and µ = 16πGR, (49)

interestingly, the RG equation is perfectly matched to the Hamiltonian constraint of the dual

gravity

0 =
8πG√
−g
[
πabπab − (πaa)

2]+

√
−g

8πG

(
R+

2

R

)
. (50)

On the dual gravity side, gab denotes an induced boundary metric of a three-dimensional AdS

space. In this case, πab =
√
−g
(
T ab − 2

µ
gab
)

is a conjugate momentum of the boundary metric.

Assuming that the deformed CFT lives on an Euclidean two-dimensional sphere with a

metric ds2 = r2(dθ2 + sin2 θdφ2), its partition function can be evaluated by solving the above

RG equation. Noting that the energy-momentum tensor has the form of Tab = αgab, the RG

equation determines the unknown α to be [25]

α =
2

µ

(
1−

√
1 +

cµ

24πr2

)
. (51)

This solution together with an appropriate boundary condition, logZ = 0 at r = 0, fixes the

partition function as the following form

logZ =
c

3
sinh−1

(√
24π

cµ
r

)
+

8π

µ

(
r

√
cµ

24π
+ r2 − r2

)
. (52)

Moreover, the obtained partition function determines the entanglement entropy of the deformed

CFT on S2

SE =

(
1− r

2

d

dr

)
logZ =

c

3
sinh−1

(√
24π

cµ
r

)
, (53)
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where the two antipodal points of the two-dimensional sphere were taken as the entangling

surface. In Ref. [25], it has been shown that the entanglement entropy in (53) can be reproduced

by the holographic calculation in a global AdS space with a finite UV cutoff. In this case,

however, the role of the finite UV cutoff is not clear.

In order to understand the effect of the finite UV cutoff more concretely, let us expand the

entanglement entropy in the large r limit (r � √cµ), we obtain

SE =
R

2G
log

2r

R
+

R3

8Gr2
+ · · · , (54)

where the second term indicates a subleading correction caused by the finite UV cutoff denoted

by r, which is associated with the T T̄ deformation discussed before. Rewriting the entanglement

entropy in terms of the field theory parameters in (49), the resulting form becomes

SE =
c

3
log

(√
96π

cµ
r

)
+

c2µ

288πr2
, (55)

where the higher order corrections of µ are ignored. For the comparison with the well-known

entanglement entropy form of a two-dimensional CFT [6, 7], we relate the radius of S2 to the

size of the subsystem and identify the dimensionful coupling with a shifted UV cutoff as follows:

l̄ = πr and ε̄ =
√
cµπ/96. (56)

We will show later that these identifications are correct by calculating the holographic entan-

glement entropy in a Poincare cutoff AdS3 space rather than a global one used in Ref. [25]. For

l̄� ε̄, then, the resulting entanglement entropy of the deformed CFT is expanded into

SE =
c

3
log

l̄

ε̄
+
c

3

ε̄2

l̄2
+O

(
ε̄4
)
. (57)

Here the first term is exactly the entanglement entropy of the undeformed CFT measured at

the shifted UV energy scale (∼ 1/ε̄) and the second term indicates the effect of the shifted UV

cutoff which is associated with the previous T T̄ deformation. This is usually an expected form

for the two-dimensional deformed CFT. When the UV cutoff approaches zero, the entanglement

entropy of the undeformed CFT is reproduced. Intriguingly, the resulting entanglement entropy

of the T T̄ deformation shows the almost same form as the one we obtained by the boost

transformation.

It was well known that the holographic entanglement entropy evaluated in the Poincare

AdSd+1 space is also associated with that of the dual field theory defined on Sd due to the

conformal symmetry [8, 53, 54]. Now, let us discuss how we can rederive the T T̄ -deformed

entanglement entropy from a Poincare cutoff AdS3 space. In the Poincare cutoff AdS space

14



where the position of the cutoff is denoted by ε̄, the holographic entanglement entropy is again

governed by

SE =
R

4G

∫ l̄/2

−l̄/2
dx

√
1 + z̄′2

z̄
, (58)

where the subsystem size l̄ is measured at the energy scale ∼ 1/ε̄. Even in this case, the turning

point of the minimal surface can be easily determined by the subsystem size, l, measured in

the limit of ε̄→ 0. Noting that the geodesic of the minimal surface follows a semicircle in (19),

l̄ is associated with l via (21), which in the previous section has been used to find the relation

between the subsystem sizes of boosted and unboosted systems. As a result, the holographic

entanglement entropy measured at the energy scale ∼ 1/ε̄ results in

SE =
c

3
log

[
l̄

2ε̄

(
1 +

√
1 +

4ε̄2

l̄2

)]
. (59)

Intriguingly, this holographic entanglement entropy obtained in a Poincare cutoff AdS3 is per-

fectly matched to the field theory result (53) under the previous identifications in (56). Applying

the definition of the c-function studied in the previous boost transformation, the c-function of

the T T̄ deformation and its RG flow are described by

c̄(ε̄) =
c l̄√

l̄2 + 4ε̄2
, (60)

∂c̄

∂ log ε̄
= − 8c l̄ ε̄2(

l̄2 + 4ε̄2
)3/2

< 0. (61)

The boost and T T̄ deformations studied here, intriguingly, show the very similar behavior

except that the c-function of the theory deformed by the boost transformation decreases more

rapidly (see Fig. 1).

5 Discussion

In this paper, we have investigated the effect of the boost transformation and T T̄ deformation

on the entanglement entropy. In general, the boost transformation is trivially acting on the

underlying CFT and QFT. Even in this case, we showed that the boost transformation gives rise

to a nontrivial effect on the entanglement entropy. The reason is that the boost transformation

modifies the size and shape of the entangling surface due to the length contraction caused. In

general, the boost and scale transformations are not well-defined transformations in a finite

subsystem introduced to define the entanglement entropy. In this work, we explicitly showed
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that the entanglement entropy of a boosted system can be reinterpreted as the shift of the UV

cutoff for a two-dimensional QFT, similar to the T T̄ deformation.

According to the AdS/CFT correspondence, the dual gravity of an undeformed CFT is

described by a one-dimensional higher AdS geometry. However, since boosting the entanglement

entropy of a two-dimensional CFT causes the shift of the UV cutoff, the dual geometry of

the boosted two-dimensional CFT becomes a cutoff AdS space with the boundary at a finite

distance. It has already been known that the T T̄ deformation also shows the similar behavior.

After calculating the holographic entanglement entropy, which is valid in the entire range of the

energy scale, we investigate the entanglement entropy and c-function relying on the energy scale

denoted by the shifted UV cutoff. Thanks to the reinterpretation of the boost as the shift of the

UV cutoff, we can investigate the change of the c-function in the entire range of the RG scale.

The boost transformation of the entanglement entropy shows that a two-dimensional CFT at

a UV fixed point flows to another CFT at an IR fixed point, as expected by Zamolodchikov’s

c-theorem. In this case, the UV fixed point is stationary and the c-function monotonically

decreases along the RG flow.

We also investigated whether the similar reinterpretation of the shift of the UV cutoff is

possible even for higher dimensional theories and found that such a reinterpretation is only

possible for a two-dimensional CFT and its dual gravity. As a consequence, reinterpreting the

boost as the shift of the UV cutoff may be a specific feature of a two-dimensional theory. In spite

of this fact, the boost transformation can provide an important result about the entanglement

entropy. The length contraction caused by the boost usually modifies the size and shape of

the entangling surface. For example, a disk-shaped region in the unboosted system can be

changed into an ellipsoidal one. We showed that the area law of the entanglement entropy is

still satisfied even after the boost transformation.

Applying the method used in the boosted system, we also studied the entanglement entropy

of a CFT deformed by a T T̄ operator. We showed that the T T̄ deformation also leads to the

similar feature to the boost. In addition, we holographically rederived the same entanglement

entropy deformed by the T T̄ operator from the cutoff AdS space in the Poincare patch. This

method can be easily generalized to a higher dimensional case. We hope to report more results

in future work.
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