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Abstract

We introduce a new approach to the study of the crossing equation for CFTs in
the presence of a boundary. We argue that there is a basis for this equation related to
the generalized free field solution. The dual basis is a set of linear functionals which
act on the crossing equation to give a set of sum rules on the boundary CFT data: the
functional bootstrap equations. We show these equations are essentially equivalent
to a Polyakov-type approach to the bootstrap of BCFTs, and show how to fix the
so-called contact term ambiguity in that context. Finally, the functional bootstrap
equations diagonalize perturbation theory around generalized free fields, which we use
to recover the Wilson-Fisher BCFT data in the e-expansion to order €2.

arXiv:1812.04034v2 [hep-th] 22 Nov 2019



Contents
1 Introduction
2 Review of the boundary bootstrap

3 Functionals and a simple basis
3.1 Functional ansatz and constraints . . . . . . . . . ... ... ...
3.2 Warm-up: asimple basis . . . . . . . ... o o
3.2.1 Special values of Ay and orthonormal functionals . . . .. .. .. ..
3.2.2  Shifted functionals and general A, . . . ... ..o

3.3 Functional bootstrap equations . . . . . . . . .. ... ... ... ...

4 Bootstrap equations and BCFT basis
4.1 Witten diagrams and functional equations . . . . . . . ... ... ... ...
4.2  Constraining the kernels . . . . . . . . . ... 0oL
4.3 Boundary functionals . . . . .. ... oo
4.3.1 General solution . . . . . . . .. ...
4.3.2 Neumann contact term ambiguity . . . . . . ... ... ... ...
4.3.3 Shifted functionals . . . . . . ... oo
4.4 Bulk functionals . . . . . . . ...

4.5 Functional actions . . . . . . . . .

5 Witten diagrams for BCFT
5.1 Setup. . . . ..
5.2 Boundary exchange . . . . . . . .. .. L oL
5.3 Bulk exchange . . . . . . . . ..
5.4 Contact Diagrams . . . . . . . . . ... Lo

6 Polyakov and functional bootstrap
6.1 Polyakov blocks . . . . . . . ..
6.2 Dirichlet case . . . . . . . .

6.3 Neumann Case . . . . . . . .
7 Application - Wilson-Fisher at O(e?)
8 Discussion and outlook

A Functional Actions

11
11
12
14

17
17
19
21
21
22
24
24
26

27
27
29
31
33

34
34
36
37

38

43

45



Al «aand ffunctionals . . . . . . . ...
A.1.1 Action on boundary blocks . . . . . . ...
A.1.2 Acting on bulk blocks . . . . .. ... 0oL

A.2 Bulk functionals . . . . . .. ...

B Computation of bulk exchange Witten diagram

C Witten diagram block decompositions
C.1 Boundary exchange diagram . . . . . . .. .. ... .. .. ... .. ... ..
C.2 Bulk exchange diagram . . . . . . . . ... ..o
C.3 Contact diagram . . . . . . . . ...



1 Introduction

The bootstrap philosophy [1, 2] was first applied to boundary conformal field theories
(BCFTs) in [3] building on general results of [4,5] and the methods introduced in [6].
In that work, unitarity and crossing symmetry was used to derive numerical bounds for
general BCF'Ts, as well as exact results for the Wilson-Fisher fixed points in the presence of
a boundary. Since then, many other works have studied and generalized this to conformal
defects in a number of situations [7—14].

The usual bootstrap starting point are the two point functions, which in the presence of
a defect are non-trivial functions of one or more cross-ratios. A notable feature is that unlike
in the usual CF'T bootstrap, the crossing equation for such correlators involves coefficients
which lack a definite sign, even assuming unitarity. This makes ordinary numerical methods
harder or impossible to justify. Approaches based on sparseness of extremal solutions [15,16]
have so far obtained limited, but interesting, results [15,17], which should be extended and
explored.

Very recently, the works [18-20] have introduced a new analytic approach to study-
ing 1d CFT correlators, or more generally CFTs restricted to a line.! In this approach
one introduces a complete set of linear functionals associated to the generalized free field
solutions to crossing. They are the extremal functionals [16,22] that correspond to these
solutions, and are associated to optimal bounds on the CFT data. By acting on the crossing
equation with these functionals one obtains a set of sum rules that this data must satisfy.
These sum rules are a complete reformulation of the original crossing equation, and have
many nice properties. Among them they provide upper and lower bounds on the OPE
data, diagonalize perturbation theory around generalized free solutions, and also allow a
rigorous derivation of the (Mellin-)Polyakov bootstrap [2,23-26]. In particular, in this 1d
context it fixes the polynomial (or contact-term) ambiguity, that limits the applicability of
the Polyakov bootstrap in higher dimensions [27,28].

The success of this approach suggests we should attempt to generalize it to other settings.
In this work we will initiate the study of the functional approach to the boundary bootstrap.
This is particularly nice as our results will be immediately relevant for higher-dimensional
CFTs in the presence of a boundary, providing a useful stepping stone towards a functional
bootstrap analysis of the higher-d CFT crossing equation.

Concretely, in this paper we will explain how to construct suitable bases of linear func-
tionals that act on the crossing equation for a scalar CFT correlator (¢¢) on a half-space.
These functionals are associated to the generalized free boson CFT in the presence of a
boundary with Neumann or Dirichlet boundary conditions. Technically the construction
shares sufficient the features of the 1d CFT case that will allow us to make progress in a
relatively straightforward manner.

We act with our set of functionals on the crossing equation to obtain a set of functional
bootstrap equations contraining the OPE and BOE data of the BCFT. As we explain,

1See also [21] for related work.



these equations can be equivalently be thought of as arising from a Polyakov-type approach
to bootstrapping the BCFT crossing equation. In particular, the functional actions on
conformal blocks compute the conformal block decompositions of Witten diagrams in an
AdS4y1 geometry in the presence of a radially extended d-dimensional brane. The functional
bootstrap equations then guarantee that two-point functions can be written in a manifestly
crossing symmetric manner in terms of Polyakov blocks for BCFTs.

By perturbing the functional bootstrap equations around the generalized free solution
we can continuously deform it to more interesting interacting solutions. In particular,
if we assume the states in the spectrum to be essentially deformations of those of the
generalized free case, apart from eventually some fixed number of states which we control,
the deformation is uniquely fixed. This is the idea of extremality: sparseness of a solution
to crossing can be used to uniquely determine it. Here we will use this approach to rederive
Wilson-Fisher BCFT data up to O(€?) [29].

The outline of this paper is as follows. In the next section we briefly review the key
points of the boundary bootstrap which are relevant to this work. Section 3 introduces the
general ansatz for the functionals we will consider, and constructs a simpler, pedagogical
basis of such functionals which can be used to derive a toy version of the functional bootstrap
equations and the Polyakov bootstrap. The construction of the main functional basis takes
place in section 4, which is motivated by considering Witten diagrams in AdS space in
the presence of a brane. This picture is confirmed in 5 by explicitly computing the relevant
Witten diagrams, where we show the functional actions appear as coefficients of bulk double
trace operators and boundary derivative operators. In section 6 we explain in detail how
the functionals we construct are related to a Polyakov-like approach to the bootstrap of
BCFT correlators. As an application of the functional bootstrap equations, we study them
in perturbation theory around free theory in 4 — e dimensions to recover the Wilson-Fisher
BCFT OPE and BOE data to O(¢*). We conclude with a discussion and outlook. The
paper is complemented by technical appendices.

Note: While this work was being completed we became aware of the work [30] which
overlaps with ours.

2 Review of the boundary bootstrap

In this section we will briefly review the bootstrap approach to BCFTs. We will be brief,
referring the reader to the literature for further details, e.g. [3-5].

We consider d-dimensional CFTs on the Euclidean half-space with coordinates:
(Z,2%) = (', ... 2% 2, with 2+ > 0. (2.1)

A boundary CFT arises when it is possible to choose boundary conditions at 2+ = 0 in
such a way that a SO(1,d) subgroup of the conformal group is unbroken, namely the group
of conformal transformations which preserve the hyperplane z* = 0, which we will call the
“defect”. Under these circumstances, the theory contains both the original bulk operators



O as well as operators O which live on the defect. The latter can be thought of as arising
by taking bulk operators sufficiently close to the defect. Correlators containing only defect
operators satisfy all the axioms of an ordinary CFT with the exception of the existence of
a stress-tensor.?

Since the original conformal group is partially broken, bulk scalar operators can now
develop expectation values while preserving the SO(1, d) subgroup:

I ao
In turn this implies that the bulk two point function can become non-trivial. Indeed, with
two points we can make up a cross-ratio which is invariant under the unbroken conformal
transformations:?

1.1
4o x;

Z g
|Z1a|? + (27 + 25)%

In terms of this cross-ratio we can write a scalar two-point function as

A¢1 ;A¢2 g (Z)
(1) 5 (g )2

(01(Z1, 27) oo, ) = 2 (2.4)

We have pulled out a power of z for convenience. In the bulk we have an OPE which takes
the schematic form:

O1 X Py = Z Apr o0 (O + descendants) (2.5)
O€g1 X2

We can use this to derive an expansion for the correlator around z = 1:

G(2) = Y a0ro000 Gao (2180, M), (2.6)
O€p1 X P2

where we have introduced the bulk conformal block,

E=—, A12 = A¢1 — A¢2 (28)

which captures contributions to the two-point function from a bulk primary and all its
descendants.

2Since the half-space is conformally invariant to AdS, this can be thought of as a special case of the
construction in [31], where the bulk QFT happens to be a CFT.

- 2 1 142
3Note that this is related to the more usual & = % by ¢ = =2,
1 %2




It is possible to do a different decomposition of the same two point function [32]. This
arises from the fact that any bulk operator can be expanded in a basis of defect operators.
This is a direct consequence of radially quantizing the theory around a point contained in
the defect. This boundary operator expansion (BOE) takes the form

Zuo )2om2C(a4)?0%O(3) (2.9)

where C[(z1)?0?] captures contributions of boundary descendants [4]. Using the BOE we
now have

= ZM%G\A@(2|A¢17A¢2) (2'10)

where we’ve defined the boundary blocks:

A_ Ay, A¢>2

Ga(z|Ag,, Ay,) = 2 2L (AA — 2 2A — 26 7). (2.11)

From now on we will be interested in the case where A, = Ay, = Ay. Equating the two
different expansions for the correlator we obtain the boundary bootstrap crossing equation:

Z”A (214) = > (aN)aGalz|Ay). (2.12)

A

From now on we’ll want to think of the above as a mathematical equation for the OPE and
BOE data, whose solutions may or not correspond to a physical theory. Accordingly the
sums now run over pure labels A, A and we have made several self-evident abreviations.

The BCFT crossing equation above is very similar to the D = 1 CF'T bootstrap crossing
equation equating s- and t-channel expansions of a four-point function of identical operators.
Indeed, for e = 0 and setting (a\)a = pi Jo the two become equivalent. More generally
however, not only are the two channels now independent, but crucially the bulk channel
does not have positivity, since the (aA)a can have either sign.

Although the original equation was defined only for z € (0, 1) in the Euclidean region, we
actually have convergence in the much wider region R = C\(—o0,0)U (1, 00). This region is
obtained by complexifying z and avoiding the branch cuts of the bulk and boundary blocks.*

The generalized free solution

An important example of a CFT in the presence of a boundary is the generalized free field
(GFF) with Dirichlet or Neumann boundary conditions. This is a theory with an elementary

41t is possible to prove this in the same way as the analogous statement for the D = 1 CFT, namely by
introducing a radial coordinate p(z) which maps the cut complex plane to the disk [33]



field ¢ whose correlators are given by Wick contractions. The two point function in turn is
given as

1 1
O(Z1, 27)p(Ta, 23)) = —= TV
O )2 = G r G b P T o 1 23

1
where v = 1,—1 for Neumann, Dirichlet boundary conditions respectively. In the bulk
channel the correlator contains the identity and double trace operators ¢0"¢ with dimension
A, = 2A4+2n. In the boundary channel one finds operators with dimension A: =Ay+2n
for Neumann boundary conditions, and A; = Ay + 14 2n for Dirichlet, corresponding to
(transverse) derivative operators 02"¢(Z, 0) or 97*"¢(Z,0) respectively. The OPE and BOE
data in this case are [3]:

(A¢)n(2A¢ —1—c+ 271),”

A = 1" 2.14

2 (Ap)2n(Ag — — 5 +2n)

= N 2.14
Hay 22 1(2n)[(Ay — £ + 1)y crmans (2.14b)

2 (A¢)2n+1(A¢ — &+ % + 2”)—71 ..

P Dirichlet 2.14
HA; 22n(2n + 1)!(A¢ —e+n), ) irichle ( c)

The GFF theory can be thought of as a free scalar field with mass m? = A,(A, — d) living
in AdSgy1 [34]. In the present context, we have placed a brane in AdS perpendicular to its
boundary, partially breaking the AdS isometries. The induced metric on this brane is AdS,
which makes manifest that a subgroup of conformal transformations is preserved. On this
brane the field is chosen to have Neumann or Dirichlet boundary conditions.® The resulting
theory trivially reproduces the above correlators once AdS fields are pushed out to the
boundary. It is natural however to think of deformations of the solution above, introduced
by adding interactions in AdS;y;. This will play an important role in our story later on.

3 Functionals and a simple basis

3.1 Functional ansatz and constraints

We propose that the optimal way to extract information from the crossing equation is to act
on it with a suitable basis of linear functionals. The functionals should have the property
that they commute with the infinite sums over states in the crossing equation — the swapping
condition [35] — and lead to finite results. Let us denote one such functional by w. Acting
on the crossing equation we obtain a sum rule

S rAw(B1Ag) = D (aN)aw(AlA,). (3.1)

This is not to be confused with the condition at the radial boundary of AdSq,.

8



which should be thought of as a constraint on the BCFT data. In the above we have defined
the useful abbreviations:

w[Gae10)] = w(Alny),  w[GalelAg)] = w(AlA,). (3.2)

We ask for the indulgence of the reader for the slight abuse of notation, which will pay of
in a lot less hats. We will also often drop the explicit A, dependence and use w(A), w(A).
The two basic properties we demand of a linear functional are:

e Finiteness

A) < 00 for A>0

w( >
w(A) < 00 for A>0 (3.3)
wlG] < oo
e Swapping X
wlG) = iAw(AlAy) = (aN)aw(A]Ay). (3.4)
A A

These conditions are broad enough that they allow for many different sets of functionals.
Clearly the original crossing constraints are recovered by considering the (trivial) set of
functionals which evaluate a function at a specific point. A more interesting basis is the set
of derivatives at z = %, which is the approach used in the numerical bootstrap [6]. In this
paper our main focus is on an interesting set of functionals which in a sense are dual to
the generalized free field solutions to crossing discussed at the end of the previous section.
However, to illustrate the main ideas we will first consider a toy basis of functionals in the

next subsection.

For now, let us introduce our general ansatz for the functionals and examine in detail
how it is constrained by the above requirements. A natural starting point is:

0 oo
w[F] = / dz h_(2z)Im[F(z)] +/ dz hy(2)Im[F(z)] (3.5)
—00 1
with Im[F(z)] := lime,o+ o [F(z + t€) — F*(z — ie)]. It is very natural to consider such an

ansatz, since we will be acting on functions which are holomorphic in the crossing region R,
and such functions are essentially determined by their values near the cuts (—oo,0)U(1, 00).
We can think of the above as integrating the kernels h, h_ against test functions on a
contour that wraps these cuts. Assuming for now sufficiently soft behaviour at z = oo, we
can deform the contour of integration to obtain instead:

iR 270

wlF] = / L 2) - () F ()

i / %m[m(z)]f(z)— /O ’ %Im[h_(z)]f(z)- (3.6)

1T ™
2



One should really think of this form of the functional action as the more fundamental one.
In particular, when deforming the contour to go back to (3.5) we might not be allowed to
wrap the contours around the branch points at z = 0, 1.

From this expression we find that finiteness of the action on the conformal blocks (2.7),
(2.11) demands:

e Finiteness:

hi(z)—h () TR O(z[Pem), (3.7a)
mlhy(z)] TR O[(1 — 2)Aem 1, (3.7b)
mho(z)] "X O[(=z)e ), (3.7¢)

for some 1 > 0. Now consider swapping. Since the crossing sums are uniformly convergent
in the crossing region, by deforming the contour of integration we see that we need only
worry about the behaviour of the kernels in the regions near co,0 and 1. However, it is
clear that for the last two no additional constraints come from the swapping condition. For
instance, it is true that the infinite sum over boundary blocks behaves worse near z = 1
than any single term in the sum. However, we can use crossing to bound this behaviour
by the bulk channel expansion, for which we are already assuming the functional action is
finite. The same argument goes through mutatis mutandis for z = 0. So, we must worry
only about the behaviour at infinity. Here, there is indeed a potential problem, since the
tail of the infinite sum over blocks falls off more slowly near z = oo than any individual
block. Consider in particular the boundary channel. We have

> HAGAGIA) | < Y i “L'f“” < — L =00) (39

A A
AsA* A>A* 2500 |2 =1 ¢(1_‘ﬁ‘) ’

where in the last step we have used crossing and the fact that in this limit the leading
contribution comes from the identity operator in the bulk channel. Using crossing, it is not
hard to see that the tail of the sum over bulk blocks must be bounded in the same way. The
contribution from this tail will be negligible as long as we make the contribution from the
integration region near z = oo vanishingly small. This requires a stronger falloff condition
on hy(z) —h_(z). Given this condition, it is clear that also the action of the functional on
the full correlator G(z) is also finite.

The conclusion is that overall, finiteness and swapping conditions constrain our ansatz
in the following way:

¢ Finiteness+Swapping

hi(z) —ho(z) TR 0(l= ), (3.92)
Im[hy(2)] 7% O[(1—z)%], (3.9b)
mfh_(2)] "2 Of(—z)2e1+1, (3.9¢)

10



The first condition above is the most non-trivial. Relaxing or strengthening it allows for
functionals that act on objects with softer or harder behaviour near z = co. In particular,
perturbative corrections to correlators may not share the same large z-behaviour as fully-
fledged correlators.

3.2 Warm-up: a simple basis
3.2.1 Special values of A, and orthonormal functionals

We will now consider a simple basis of functionals which nevertheless has several nice prop-
erties. In this basis, the functionals will be dual to blocks in each channel with specific
integer-spaced scaling dimensions that appear in the generalized free solutions. We will
take a pedagogical route to explain general features which will be useful later, but the final
result will be extremely simple.

The construction starts from the simple observation that the discontinuities of both bulk
and boundary blocks are made up of two pieces. One of the pieces contains a sine function,
which vanishes automatically for those values of A, A corresponding to the generalized free
field solutions. The other piece is, for both cases, a Jacobi function of the first kind, which
reduces to a polynomial when A=1+c+nand A =2+ 2+ 2n with n integer. This
suggests using the orthogonality properties of Jacobi polynomials to construct the following
functionals:

1
Thre hi(2) =0,  h_(2) o (1—z)2e27=ple) (1 J_r i) (3.10)
2 —
e ho(2) =0,  hy(z) o ze 27 pl=eo) < . Z) . (3.11)

Here the superscript stands for ‘pre-functionals’. We call these objects pre-functionals, since
we have not yet imposed on them the finiteness and swapping properties. With a suitable
choice of normalization factor we have:

2 (Am) = S, 7 (Ay) =0 (3.12a)
0, An) = Opm (3.12D)

with A, = 1+ e +n and A, = 2+ 2¢ + 2n as before. In particular, we see that as long as
Ay = e+ 14k with £ > 0 some integer, these functionals are dual to those blocks appearing
in the crossing equation for the generalized free field solutions.

In general we have more prefunctionals than we need, in the sense that some of these
are not dual to any blocks appearing in the decomposition of the generalized free two point
function. For Ay = ¢ + 1+ k with £ > 0, we see that the bulk channel prefunctionals

with n =0,1,...,k — 1 are not required. As for the boundary channel, we do not need the
functionals with n = 0,1,...%k — 1 for Neumann boundary condition and in the Dirichlet
case those with n = 0,1,..., k. These unwanted functionals can be put to good use to

11



construct bona fide functionals (satisfying the swapping property) from the prefunctionals
above.

The construction is clearer to understand with an example. Let us set Ay = ¢ + 1.
The prefunctionals 7,, have kernels h, (z) that do not falloff sufficiently fast at infinity to
satisfy conditions (3.9). Hence we must proceed with caution. There is a simple thing to
do which is merely to consider linear combinations of prefunctionals that do falloff faster.
One particular choice is to set

Tp = T2 — Ty (3.13)

for some suitable coefficient c,,, so as to improve the falloff at infinity from the corresponding
kernels from 1/z to 1/z%. It is clear many other choices of subtractions will do, but this is
canonical in a sense, since recall that we can definitely afford to lose 73" for the Dirichlet
boundary condition. For Neumann it looks like we are apparently missing a functional, but
there is a good reason for this, as will be explained further below.

After this subtraction procedure we have perfectly good boundary functionals. We can
proceed in the same way for the bulk channel functionals, defining

Tp = T2 — d, 75 (3.14)

with d,, chosen such that h, (2) —h_(z) decays like 1/2? at infinity. In this way we construct
a set of functionals satisfying finiteness, swapping and the duality conditions:

7 (An) = Oy Ty (A) = —dndimo, n,m >0

n n

70 =0, 7, (An) = 0nm — Calmo, n>1,m>0.

n n

(3.15)

where now A, = 2A4 +2m, A, = Ay +mn. This procedure can be repeated for other values
of Ay = 14+e+k in a similar manner. Everytime we increase A, by one unit the asymptotic
behaviour of the prefunctionals is worse by an extra factor of z, but this is compensated
by there being more prefunctionals to use. Not all of these are independent, and in the
end the counting of degrees of freedom always works out that we end up with just enough
functionals to obtain the duality relations written above.

3.2.2 Shifted functionals and general A,

Let us go back to our simple example at Ay = 1 + €. In this case it is easy to check that
for n = 1 one gets:

~ 1

T - h+<2) X ; (316)
In fact, one can check that for any A, = 14+e-+k one always finds this very same result. The
reason for this is easy to understand. The Jacobi polynomials can be written as polynomials
in z7!, and so by taking linear combinations it must be that a particularly simple set of

functionals satisfying finiteness and swapping can be defined as:

1

Zl—l—n’

STy h_(z) =0, hi(z) n>1. (3.17)

12



The letter ’s’ stands for “simple” or ”shifted”, since we see all kernels are simply determined

from the n = 1 case by shifting the exponent or multiplication by a power of z~!.

The shifted functionals satisfy the duality conditions
STa(Am) =0 for m>0,n>1, (3.18a)
570 (D) = G, for m>n, n>1, (3.18Db)

where A,, =Ay+m=c+2+mand A, =27, + 2m.

The discussion goes through mutatis mutandis for the bulk channel, for which we can
choose:

o, ho(2) =0, h(2) o ﬁ n> 1 (3.19)
5o ho(2) —%, ho(2) o ﬁ (3.20)

where for s79 we must choose proportionality factors that h, (z) — h_(2) falls off as 1/22 at
infinity. These functionals now satisfy

ST (Am) = bnm, for m>n, n>0, (3.21a)
STn(Am) = —0m.0€m, for m,n >0, (3.21b)
for some contants e,,.

This particular functional basis has extremely simple kernels i (z), and for this we paid
the relatively small price that the orthonormality conditions are more involved. It is clear
however that starting from this basis, for any n a finite Gram-Schmidt decomposition can
be made to go back to the orthonormal basis.

Now comes the crucial point. Although we have arrived at this basis via a somewhat
circuitous route, the final functionals are extremely simple, and in particular all details
related to the fact that we started with Jacobi polynomials have disappeared. This is not
an accident, since the functionals constructed above will actually have the same properties
for any Ay.

To see this, consider for definiteness the action of the boundary functionals. The bulk
case is analogous. When acting on bulk blocks we get

sT(A) o /1 o [Ga(2]Ag)]

Z2+n

z

2 F (%7 %;A - & Z;l)
A

— sin [g(A - 2A¢)} /100 Z‘jfn (z—1)% 2 (3.22)

Thanks to the oscillating factor we see the functional is automatically zero for A = 2A,4+m
independently of Ay, with m > 0.5, Now consider the action on the boundary blocks:

Z 2

22+n

7 (A) /1 T [Gaz10,)]. (3.23)

6For A < 2A—2 the integral diverges, and we must use instead expression (3.6) for the functional action.

13



Starting from this expression we deform the contour of integration to wrap around the
discontinuity of G i for negative z. We will see momentarily what are the conditions for
this manipulation. If we do this we now get

57 (A) o sin |:7T(A — A(b)} /0 dz Ga (514y) (3.24)

oo 22T (1 = 2)Re

We see that automatically the functional vanishes on boundary blocks with dimensions
A = Ay + m, with m integer. But this is true only down to m = n, since at this point
the integral develops a divergence from the region near z = 0~. The divergence cancels the
zero of the sine function, leading to a finite answer. For A smaller than Ay +1+n we
can no longer trust the contour deformation and must go back to the original definition of
the functional action. We conclude that s7,, satisfies indeed the duality relations (3.18). A
similar argument goes through for the bulk functional basis. The messy details involving
A, and € only become important if we insist in having a fully orthonormal basis.

3.3 Functional bootstrap equations

To summarize, we have shown that an orthonormal basis of functionals 7,,,7,, exist with the
properties:

Tn<Am) = 5nm7 Tn(Am) = _dnam,0> n > 17m > 0 <3 25)
?n(Am) = 07 ?n(Am) = 5nm - Cném,()a n,m 2 0 ‘

with A, = Ay +m and A, = 2A, + 2m. This basis can be obtained for any A, by
starting with the shifted functionals s7,, and s7,, and performing a finite Gram-Schmidt
orthonormalization procedure. Applying this functional basis to a generic crossing equation
this gives a set of necessary conditions on the BCF'T data:

Y wa(A) =D (aN)awn(d),  w=17
A

A

(3.26)

which are the functional bootstrap equations associated to this particular functional basis.

There is a different way to understand the origin of these equations. The orthonormality
conditions suggest one may write

Ga(2) = Y [F(B)Gas,420(2) + 7u(B)Gria n(2)] (3:27)
Ca(2) = 3 [l A)Gansean(2) + 7(B)Crsa,in(2)] (3.27b)

Il
o

n

where we have ommitted the dependence of the blocks (and functionals) on A, for simplic-
ity. These expressions can be thought of as decompositions of generic bulk and boundary
blocks into a basis, the basis being constituted by bulk and boundary blocks with specific,
generalized free, scaling dimensions. If these decompositions are actually true (we will not

14



attempt to prove this here), then by plugging them into the original crossing equation we
get

D4 [ A(A) = Yo (@N)aTi(A) | Gangren(2)t

(3.28)
+ 12 7AA) = Y (@N)aT(A) | Griayen(z) p =0,
A A
and the functional equations now follow demanding that the coefficient of each “basis ele-

ment” is vanishing.

A closely related perspective on the same equations allow us to define a toy version of
the Polyakov bootstrap. If we define the (toy) Polyakov blocks

Pa(2) := Ga(z) — ZTn(A)G2A¢+2n(2)>
n=0 (3.29)

then it is not hard to show using the basis decompositions above that the functional boot-
strap equations arise from demanding that correlators may be expressed as

G(z) =Y i Pa(2) + Y _(aN)aPa(2). (3.30)
A A

Hence, this simple basis have allowed us to derive a toy version of the Polyakov bootstrap
for BCFTs. Even though we have not attempted to, it is likely all the above statements
can be made rigorous. In the next sections we will construct a different basis of functionals,
leading to different functional bootstrap equations and different Polyakov blocks, but the
basic ideas are as above.

The functionals equations can be used for instance to reconstruct the generalized free

solutions to crossing. Assuming the correct spectrum for each boundary condition, one can
read off the BCF'T data:

H2A¢+1+2p = T142,(0), (aA)2a,42p = —7(0), Dirichlet (331)
M2A¢+2p = T, (0) + CQpM2A¢a (aX)2a,42p = —7(0) — dpu2A¢, Neumann '
Note we also have the constraints:
Top(0) = 0, Dirichlet
_"wl0) ) (3.32)
Ti42p(0) = —Cl42pHA,,» Neumann

which follow from applying these functionals to the Dirichlet and Neumann solutions re-
spectively. From these relations we can reconstruct the whole OPE and BOE data for
both solutions given c¢,, d,, which were fixed by demanding the correct asymptotics of the
functional kernels.
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It may seem puzzling that we are apparently missing a functional, namely 7y, which we
had to remove to fix the behaviour of the kernels at z = co. However, this is precisely how
it must be. Indeed, notice that by combining the above two solutions defining

ﬁ = 2G"(2) + (1 - )G (2), (3.33)

g(z):2x—1+(1_z

with 0 < z < 1, leads to a perfectly reasonable family of solutions to crossing which
generically contain all operators in both GFF solutions. Had we been able to find a new
functional such that the duality conditions would hold even for A= Ay, i.e. with ¢, d,, = 0.
Then we could read off the OPE and BOE data simply by acting with the functionals to
obtain

pa, =7(0),  (aN)a, = 7(0) (3.34)

n

Since on the RHS of these equations we just have some fixed numbers, this would be
in contradiction with the existence of the family of solutions described above. The fact
that we have this degree of freedom in the choice of crossing solution which keeps the set
A, = Ag+m and A, = 2A, + 2m fixed in the block decomposition, translates into the
absence of a functional in the dual space. Indeed, = controls the O(1) behaviour of the
correlator at oo, and our functionals were carefully constructed such that they do not care
about this overall constant.

We could now go on to investigate the consequences that these equations imply for
generic solutions to crossing. However, it seems likely this will not be very useful. Consider
for instance starting from the Dirichlet GFF solution and deforming it in a very slight man-
ner. Unless this deformation is trivial like in the x- dependent family of correlators above,
one should expect that at least the boundary spectrum should change non-trivially. While
to zeroth order the equations are nicely diagonal in the spectrum thanks to orthonormality,
allowing us to just read off the OPE and BOE data, the minute we expand in the spectrum
the equations will become completely coupled. This is because Oaw,(A,,) # dpm for these
functionals. Clearly it would be nice to have a basis that would have these properties, since
it would allow us to do perturbation theory in an efficient manner. Such a basis indeed
exists, and we will construct it in the next section

Before we do so, we would just like to comment that in [29], the authors were able
to bootstrap the Wilson-Fisher fixed point to O(e?) by essentially using the basis of func-
tionals constructed in this section, although they did not formulate their approach in this
language.”The reason this was possible is that the full set of boundary and bulk operators
appear only at O(e?) and only a finite set of them appear with dimensions away from their
free integer values. It is clear however that this approach is doomed to fail at order O(€®)
where an infinite number of operators pick up anomalous dimensions. With the basis that
we will construct next, there are no such limitations and it is possible in principle to go to
arbitrarily high orders in perturbation theory.

"To be precise they used our initial Jacobi polynomial basis and only for the bulk channel.
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4 Bootstrap equations and BCFT basis

4.1 Witten diagrams and functional equations

As we have discussed in section 2, the generalized free solutions to crossing can be understood
as arising from the theory of a free massive scalar field in AdS4,; in the presence of a radially
extended brane, on which Neumann or Dirichlet boundary conditions are imposed. In such
a theory it is very natural to consider perturbations. We will focus on those perturbations
which modify how the field interacts with the brane, while keeping the bulk theory fixed.
At tree level there are three sets of perturbations that we can consider. We represent
them diagramatically in figure 1. They correspond to bulk and boundary exchange Witten
diagrams, as well as contact interactions. Such diagrams have both bulk and boundary
conformal block expansions. Crossing symmetry for each such diagram leads to the following
equations:

Galz) = Y [an(8) @4 (2) +ba(A) 9:C4 (z)+tn(A)GAn(z)} (4.1a)
Ga(z) = 2 [an(B) Gy, (2) + 5u(8) 93G5, (2) + in(A)G, (2)] (4.1b)
0 = 30 [a8s, () + 903G, () + 19, ()] (.10

with A, = 2A4 + 2n running over bulk double trace operators, A, = 1_7” + Ay + 2n over
boundary derivative operators and k labels the contact interaction. We have omitted the
dependence of the blocks on A, for brevity.

P] PZ P[ P2 P] PZ

ANNNNL

W W, W, W

Figure 1: The bulk exchange, boundary exchange and contact Witten diagrams respectively.
The semicircular area represents AdS;y1 bulk in the presence of a brane, which is represented
by the dashed line.

By analogy with the results of the last section, these expressions suggest that it may be
possible to use the sets Gy ,0,Gx and G, as a basis. Our job in this section is then to
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construct functionals which are dual to this basis, i.e. «a,, 3,, 0, such that:

n(An) = S, dxan(A,) =0, an(Ap) =0, (4.2a)
0,(A,,) =0, x0n(A) =0, On (D) = G (4.2¢)

To be precise, there are really two different bases one can consider, depending on whether
we choose functionals dual to the Neumann or Dirichlet solution. When necessary we will
make this explicit by adding a superscript +, — to the functionals for Neumann, Dirichlet
respectively. We will see that in the latter case we will be able to indeed satisfy the above
conditions, while for Neumann there will be a slight modification, as for the toy basis of the
previous section, cf. equation (3.25). ®

By acting with the functional bases on bulk and boundary blocks, one expects that
decompositions of the form (4.1) should exist, with:
an(A) = a,(A), b (A) = Ba(A), to(A) = 60,(A) (4.3)
an(A) = an(A), (D) = Bu(A), (D) = 0,(A) (4.4)
In other words, these functionals should allow us to bootstrap Witten diagrams in AdSg,.
We will compute these Witten diagrams explicitly in the next section, and study the precise
relation to the functional bases in section 6.

Just like with the toy basis, we can act with these functionals on the crossing equation
(2.12), to obtain a set of functional bootstrap equations:

Z phom(A) = (ad)aan(A) (4.5a)

D HAB(A) = D (@N)aBu() (4.5b)

A

D Ha0n(A) = 3 (aN)20n(4) (4.5¢)

A

for all n € N. The functional bootstrap equations are a set of fully non-perturbative
constraints on the OPE and BOE data. Unlike the toy basis, the «, £, 6 basis now provide
an ideal starting point for a perturbative expansion around the generalized free solution.

To see this explicitly, consider starting with the free correlator and deforming it by
adding a new operator with some small coefficient g. Expanding all relevant quantities,

G(z) = G9()+9G" () +0(g), (4.6a)

X~ 1— "
A = 285+ 900 +0(g"),  An=— =0+ gAD +0(g?)  (4.6b)
(aN)a, = t9 4+ gt 4 0(g?), uzn =a% + gV + O(¢?) (4.6¢)

8This is also very similar to what happens in the 1D bootstrap case, with our Dirichlet and Neumann
cases being analogous to the fermionic and bosonic basis [20].
90ur definition of N is such that it is a monoid with the ordinary addition operation.
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where (), al are the generalized free BCFT data given in (2.14), and

GO(z) = Go(2) + > _t0GA,(2) = alGy (2) (4.7)
n=0 n=0
GW(z) = Galz2)+ ) tGa,(2)
n=0
“+00 . ) .
= Y [a0Gs, (2) + VAP, Gy (2)] (4.8)
n=0

Acting with the functionals we read off:

a'® = a,,(0), aV = o, (A) (4.9a)
0 = B,(0), oV ALY = 5,(A) (4.9b)
9 = —0,(0), th = —0,(A) (4.9¢)

In particular the functionals not only allow us to bootstrap the generalized free solution, but
they also allow us to read off anomalous boundary operator dimensions under perturbations
by using the § functionals. It is not hard to see that this behaviour persists to arbitrary
orders in perturbation theory, in other words, the a, 3,0 functional basis diagonalises per-
turbation theory around the generalized free solution as long as the bulk spectrum is kept
fixed (or known). We will discuss a particular application in section 7, where we will boot-
strap the Wilson-Fisher fixed point with a boundary with Neumann and Dirichlet boundary
conditions.

After these motivating remarks, we will now turn to the actual construction of the
functional basis. We begin by discussing general constraints on the functional kernels,
before solving these constraints appropriately, first for the boundary channel functionals
a, (3, and then the bulk functionals 6.

4.2 Constraining the kernels

We start with the ansatz introduced in the previous section:

0 o0
WF] = / dzh_(=)Im[F(2)] + / dzh, (2)Im[F(2)] (4.10)
—0o0 1

The orthonormality properties (4.2) imply that we want to find functionals which have
double zeros in the boundary channel. So, unlike for our warm-up basis, it is much less
obvious how to choose appropriate kernels. However, one of the lessons of that construction
is that it is useful to rotate contours so as to go to the region where discontinuities of the
blocks are simple.

Consider the action of a generic functional w on the bulk blocks. Rotating contours we
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can write

W(A) = — /1 T de by (2)im [Ga(|A0)] + /0 dzTm [h_(2)] Ga(2/Ay)
+/1°° dz {Im[h_(2)] Re[Ga(z|Ay)] + Re[h_(2)] Im [Ga(2|Ay)]} (4.11)

We want functionals to annihilate the generalized free boson bulk spectrum. In the region
z > 1 we have that the real and imaginary parts of the bulk block are proportional to
cos [3(A — Ay)] and sin [Z(A — Ay)] respectively. Hence it is natural to keep only the
latter terms in the expression above, which can be achieved by demanding

Im[h_(2)] =0, Vz e R. (4.12)

This is then one of our conditions on the kernels. For future reference, we note that in this
case the functional action becomes
2F1 (A A A_g’ z—l)

w(A) = sin [g(A — 2A¢)] /Oo dz [h_(2) — ho(2)] PR 2

1 (z—1)2e 222

(4.13)

This is valid only for A sufficiently large, depending on the singularity structure near z = 1

of h_,hy.

Next we look at the functional action on the boundary channel. In this case we want to
do the contour rotation in a different way, swapping the roles of h,,h_ to obtain

W<A):/O dz h_(2)Im [@A(Z|A¢)] —/Oldzlm[h+(z)] Ga(z|Ay)

—00
~

_ /0 dz {Im [k, ()] Re |G5(2]A5)] + Refhy ()] Im |G(214)] } (4.14)

—0o0

We would like for the functional action to have double zeros. Since the imaginary and real
part of the blocks oscillate as sin[r(A — Ay)] and cos[r(A — A,)], we can achieve this by
combining the non-oscillating and cosine pieces and setting the sine pieces to zero. That is
to say, we demand:

h_(z) = Re[hy(2)], 0>z (4.15a)
Im [hy(z)] = —vIm [hy ()] (1 — 2)%¢ 72, 0<z<l (4.15Db)

which constitues a second set of constraints on the kernels. Under these conditions we get
1
w(A) = —(1 —vcos[m(A — Ay)]) / dzIm [hy(2)] GA(2]Ay) (4.16)
0

which will have generically double zeros for A = 1_7” + Ay + 2n, again at least for A
sufficiently large that allows us to do the contour deformations.

In the following we will find solutions to equations (4.12),(4.15) subject to boundary
conditions appropriate for «,, 5, and 6, functionals satisfying the orthonormality conditions
(4.2), as well as the swapping and finiteness conditions (3.9).
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Before we do this, there are important simplifications to keep in mind. Firstly, since
h_(z) is real for real z, these equations as well as the finiteness and boundary conditions
(3.9) only care about the difference h, (z) —h_(z). Hence by shifting hy(z) = hy(2)+h_(2)
we can get rid of h_(z) altogether and work only with h, (z).

Secondly, and more importantly, these equations are invariant under the shifts:

h(z) - 2 P(1=2)""he(2),
Ay — Ay —2q —p, (4.17)
v — (—=1)Pv,

with p,q € Z. This means that if we know a solution with specified singular behaviour near
z =0,z =1 it is easy to obtain all remaning solutions.

4.3 Boundary functionals
4.3.1 General solution

Boundary functionals are comprised of the «,, and 3,. The orthonormality conditions (4.2)
tell us the corresponding functional actions have to be zero on all double trace blocks in the
bulk channel. In the boundary channel they must be zero for all A larger than A,. At
that point there are two possibilities. /3, functionals are still zero for A = A, but non-zero
on the derivative of a boundary block. «,, functionals are non-zero on A = A,. Given the
functional actions (4.16) and (4.13) we conclude that we must demand the behaviours:

st hi(2) TR (=)7L >0 (4.182)
ot 1

ay,: Im[hy(2)] 20 ;?fzn (4.18b)
ot 1

Bu: Im[hy(2)] X - (4.18¢)
22

where the first condition guarantees that representation (4.13) is valid strictly above A =

2.

To obtain these functionals, we consider the set of kernels:

B T Ay tm) oFi (ki m = d 3 m = k4 A+ k)

B, =
#2) 72 D(l4+m—k) 2otk

(4.19)

with »F the regularized hypergeometric function and m, k < m two non-negative integers.
We claim that functionals defined by h_(z) = 0, hi(2) = hyk(2) form a complete set from
which finite linear combinations can be taken to obtain orthonormal functionals. Firstly, it is
straightforward to check that these kernels satisfy equations (4.15) as long as v = (—1)™*"1.
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Then:

he(2) ROz (4.20a)
Im[hn(z)] % O[(1 — 2)2eth1/2 (4.20b)
z—1t 1
hmi(z) % O(1),  Ay> 5 \VE>0 (4.20¢)
. _ 1
hmo(2) "2 O[(z = 12712, A, < Sk =0. (4.20d)

The first two relations above guarantee that these provide good functionals satisfying finite-
ness and swapping. The last two tells us they are indeed zero on all bulk blocks. To see
these kernels form a good basis for the o, 8,, we examine the singular behaviour of their
imaginary parts near z = 0. We find:

h070 : 0(2_2) —)ﬁo_ (421)
hl,O; hl,l : O( ) UOg(Z)Z ] —>ﬁf_, Oéa_ (422)
hao, o1, hag : O(z7),0(z7%), 0(log(z)z?) —B1, 8y, aq (4.23)

Note that the correspondence is not direct. We find that for even m, kernels with £ < m
contain 3, ... 757;/2 and for £ > m we get combinations of aj, ... e with the same
B functionals. So, even m contains all Dirichlet functionals. For odd m, kernels with
k < (m+1)/2 contain combinations of B,..., B, ), and for k > (m + 1)/2 we get

combinations of ag ... ,azrmfl) /9 with the same  functionals. In particular we find
85 - ho(2) = hoo(2) = Wﬂ B ( DBt %) (4.24)
8 ) = o) = SR (S Bas e 5i7) ()
ag : hel2) = 5 A;@ S (1aal2) — haofe) 4 ma b (2)) - (424c)
of hel) = o (ole) + hua(2) (4.24d)

with
(Ap+1)(Ay +2)
Bo = 32

and H,, the harmonic number function.

(1+8log(2) — 4 Ha,) (4.25)

4.3.2 Neumann contact term ambiguity

There is a slight problem in the above. Although it is not clear from the notation, as we have
defined it 93 (ag)(Ay) # 0 as required by (4.2), and it would only be by adding a suitable
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multiple of B; that we could make this vanish. But 8; has not made an appearance in the
set of kernels above. It should correspond to something like a kernel with m = k = —1 but
this then does not have the correct asymptotic behaviour at infinity.

In fact, such a functional does not exist, and the reason is very similar to what happened
for the easy basis in section 3.2. Here the reason why such a functional cannot exist, is that
it would preclude the existence of a relevant contact interaction in AdSy,; between the bulk
field and the brane, namely [ AdS, ddx\/§¢)2(f, xt,y = 0). This decays at large 2 and is
only possible for Neumann boundary conditions. Such a contact interaction deforms the
Neumann GFF solution while introducing anomalous dimensions to boundary operators
that decay sufficiently fast for large A0 Tt s easy to check that had we been able to
construct a full orthonormal basis of Neumann functionals, this contact term would’ve been
ruled out, since it is a modification of a solution to crossing that does not introduce new
states.

Hence, a fully orthonormal basis cannot exist for the Neumann case. Instead, the best
we can do is to find a set of «,, 5, with 5y = 0, such that

A 0 0,

n

OABT (An) = 6nm — Smo€n, BHA,,) = (4.26D)
with ¢g = 1. The parameters d,,e,, f, are functions Ay and spacetime dimension and
follow from the the construction of the functional kernels. They can be determined by
explicit computation of the functional actions, as shown in appendix A. The constants f,
will make their appearance in the next subsection when we construct bulk functionals.

Thanks to these modified orthonormality conditions, the functionals now allow for a
homogeneous solution to crossing:

0 =3 [dn Ga (21A) + 203G (2]00) + fnGAn(z|A¢)] . (4.27)

n=0

This is of course nothing but the contact interaction described above. This will be checked
by direct computation of the Witten diagram in section 5.

To conclude this subsection, let us explain why we refer to this as an “ambiguity” in
the choice of basis. The point is that, unlike for the Dirichlet case, for Neumann it is
simply impossible to have a fully orthonormal set of basis functionals with the correct large
z behaviour, and once we have given up on full orthonormality, there is no good reason to
hold relations (4.26) to be sacrosanct. Equivalently there is now no canonical choice of basis,
unlike for the Dirichlet functionals. In particular in the above we have decided to set 5y = 0,
but it is clear we could have chosen differently, e.g. by shifting every functional by g, we
could have set 8, = 0 instead, or we could have even set some finite linear combination of
functionals to vanish. It is in this sense that the choice of basis is ambiguous. Nevertheless,
the choice above is particularly simple and we shall stick to it.

10This is entirely analogous to what happens in the 1d functional construction when one attempts to
construct a basis associated to the generalized free boson [20].
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4.3.3 Shifted functionals

We will now show a different way of constructing the functional basis, by using the solution-
generating shifts introduced in (4.17).

Let us set:
Bri hi(2) = hy (210), (4.28)
Qg : hi(z) = ho-(2[Ag), (4.28Db)
B hi(2) = gt (2]Ay), (4.28¢)
ag ha(2) = oy (2|1A4), (4.28d)

i.e. the kernels on the righthand side can be read off from (4.24). Then we can define

sB, - hi(z) = Z_Q"hﬂa(z|A¢ + 2n) (4.29)

sa, hy(z) Z_Q”haa(z|A¢+2n) (4.30)

n

These functionals satisfy all the desired constraints and have the correct singular behaviour
near z = (0. By taking finite linear combinations of w,,w,_1,...wy with w = sa™,s8~
these can be chosen to satisfy the orthonormality conditions (4.2). This completes the
construction of the Dirichlet boundary functionals. As for the Neumann case, first we can
check that indeed:

hgs (2]1Ag) = z’lhﬁo— (z|Ap + 1) (4.31)

Then we can define
sB hi(z) = 21*2"h60—(2|A¢ —1+2n) (4.32)
sart hi(z) = zl’%haa(zmd) — 1+ 2n) (4.33)

for n > 1. For n = 0 this method fails, since we would break the required asymptotic
condition near z = co. For ag however there is a way out: we can form a suitable linear
combination of Ak, which falls off not as 273/2 as each individual kernel, but as z~%/2.
We can then set

ag ht(z) ==z hoo (2|18¢ = 1) + A(Ap)hs= (2] Ay = 1) | . (4.34)

The choice A(Ag) = Ha, —log(4) does the trick, and we can check that the resulting kernel
matches the one we obtained in (4.24). This procedure does not work for obtaining f3;,
since we are not allowed to use q, so we conclude again that such a functional cannot be
constructed.

4.4 Bulk functionals

We now turn our attention to the bulk functionals 6,,. The orthonormality conditions (4.2)
tell us the corresponding functional actions must have double zeros on all double trace blocks
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in the boundary channel. In the bulk channel they must be zero for all A,, = 2A, + 2m
larger than A,,. Given the functional actions (4.16),(4.13) we conclude that we must demand
the behaviours:

1—v

O, : Im [hy(2)] = Oz~ 1), n>0 (4.35a)
0, : hi(2) "2 (2 — 1)1, (4.35b)

where the first condition guarantees that representation (4.16) is valid all the way down to
A= 177” + Ay, and in particular that the functional action is zero for all boundary operators.
As may be expected from the discussion of the Neumann case in the previous subsection,
we should expect that something should go wrong when v = 1, and that’s indeed what we
will find.

After a somewhat circuitous route!! we were led to the following simple result for the
lowest Dirichlet bulk functional:

_ Ay—12) - 131 1
Oy : hy(z) = heg(z|A¢) = NA¢\/E %2 1 (—5, B + Ay; ;) +
~ 11 31 ~ 1 1 31
+2F1 (—5, 57A¢ 9y ;) — o[ (—5,—§,A¢ 5 ;)] . (4.36)

with the normalization factor chosen such that 6, (2A,) =1,

CAT(Ay — DT(Ay + 1)
e 70 (34 Ay) '

Na (4.37)

The functional kernel is a combination of two pieces which separately satisfy (4.15), namely
the top and bottom lines in the above. In particular the first piece is nothing but = times
the boundary functional with kernel hgo(z) c.f. (4.19) (which thanks to (4.17) is again a
solution). The specific combination above has the properties

hio(z) “2° 0O(x2) (4.38a)
Imfhy (2)] 2 O[(1 = 2)2 2] (4.38D)
ho(z) 27 %Zil (4.38¢)
Imfhs ()] "2 Ollog()] (4.38d)

The first two conditions guarantee finiteness and swapping, and the bottom two characterize
it as ¢, . From this expression it is now easy to obtain all other Dirichlet functionals and
(almost) all Neumann ones, by using the shift property (4.17):

1
s0 hy(z) = mh% (z|Ag + 2n), n>0 (4.39)

(Z_Zl)nheo(zm¢—1+2n)7 n=>1 (4.40)

"This involved constructing particular solutions for various integer Ay, obtaining series expansions for
large z, and finally guessing the general A, result.

SOt hy(z) =
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We cannot allow n = 0 in the last equation since this would destroy the behaviour near
z = 00. As discussed in the previous subsection this was expected: for Neumann bound-
ary conditions we cannot build fully orthonormal functionals since this would rule out the
contact term interaction. This also give us the clue on how to obtain the 6;: we must
combine it with a boundary functional. This will mean that 6 will no longer have double
zeros on all boundary double trace blocks, and upon the Gram-Schmidt decomposition to
orthonormalise the 93{ this will be the case for all functionals. A suitable linear combination
is

ra

Of : hi(z) =2 |hg(2[Ag — 1) — 1@—(+%,hﬁo(zm¢ —1) (4.41)
where hg-(2]Ay) is a boundary functional kernel, cf. (4.24a), where we've added an extra
label to show the dependence on Ay4. The shift and multiplication by z was necessary to
obtain a Neumann type boundary kernel. The linear combination above falls off at infinity
as z~3/? unlike each individual term. One can check all other requirements on the functional
are satisfied, except that now near z = 0 we have Im[h, (z)] ~ O(1/z). Hence this functional
will have a first order zero at A = Ay.

The conclusion is that, after orthonormalisation, the best we can do for the Neumann
basis is:

0,(Ay) =0, Ox0n(Ar) = =m0, 0, (Am) = Gpm (4.42)

for m,n > 0. The constants f, are related to a contact diagram and given in appendix C.3.

4.5 Functional actions
Given the functional kernels h, (z), we are interested in determining the functional actions.
We will now summarize how this is done, leaving specific results to appendix A.

For the purposes of computing the a and 8 functional actions, we will use

F(1+A¢—|—m) 2F1 (k—m—%,%—i—m—k,%—i—Agb—i-k,%)

: - _ 4.4
gt () (14 m—k) gm—kys 45tk (4.43)
For the bulk functionals we will compute the shifted functionals from the kernels
89: . h+(2’) = ﬁheo (Z‘A(;s —1 + 2n)
1 (4.44)
39n . h+(2’) = mhea (Z‘A(;s + 2”)
with
(Ap—3) - ( 131 1
hg-(z|Ag) := N : —5i55 T8 | —
0 (Z| d)) A¢\/E[2(1_Z> 2 1( 27272+ ¢7Z)
- 11 31 - 1 1 31
DY 7 A N F——=As—=,—1]. 4.45
2 1( 2727 ) 272)+2 1< 27 27 o} 2’Z>:| ( )



and the normalization factor:

CAT(Ay — DT(Ay + 1)

Na = 4.46
T (R .

With our choice of kernels we have in particular
SO (204 + 2n) = 1. (4.47)

To evaluate the functional actions we have proceeded as follows. For the w,, functionals
we used the representations

Wik (A) = /OO dz bk (2)Im [Ga (2] Ay)]
! (4.48)

(A = /1 " 4z b o(2)Im [EREI)

The discontinuities of the blocks are given in terms of Gaussian hypergeometric functions,
and so is the kernel h,, ;. We have evaluated these expressions by replacing the hyperge-
ometric functions by their series representations and commuting the integration with the
double series.

For the shifted bulk functionals we found it necessary to use different representations
depending on which action was considered. For the action on bulk blocks we did as for the
wn, ;. However, on boundary blocks it was necessary to use instead

~

s0,(A) = — (1 — vcos [W(A - A¢)]> /O "I s, (2)] G (2| Ay). (4.49)

In both cases the computation of the functional action proceeds as for w, . However, for
the bulk functionals the final answer leaves one of the series unperformed.

To conclude note that given the functional actions above, one can go on to obtain the
orthonormal functionals by performing a finite Gram-Schmidt orthonormalization, and in
some cases we found it possible then to go on to guess the general orthonormal answer.

5 Witten diagrams for BCFT

5.1 Setup

We will now explicitly compute the Witten diagrams which motivated the functional basis
constructed in the previous section. The Witten diagrams for external scalars with inter-
face boundary conditions, were constructed in [34] (see also [36] for the defect case). For
Neumann and Dirichlet boundary conditions, we will use similar techniques in our compu-
tations. We consider a free scalar field propagating in AdSg,; in the presence of a brane
extended along the radial direction. In the Poincaré patch the action is given by

d 1 1
S = / =Y gd1y dat SV Vo + §m2(132 (5.1)

d+1
L0 YT
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with m? = A4(A, — d) and boundary conditions:

=0,y) =0, v=-—1 (Dirichlet)

=0,y) =0, v=1 (Neumann)

(5.2)

The bulk field ® is dual to the boundary operator ¢, which will satisfy the same boundary
condition at z+ = 0:

Y
—=0)=0, v=—1 (Dirichlet) (5.3)
0) =0, v=1 (Neumann)

In the absence of the brane, the bulk-to-boundary and bulk-to-bulk propagators would
be]?

1
Gpa(P, X|Ay) —2P - X)5 (5.4)
1) 2 d—1 4
GBB(Xl,X2|A¢) - (—Z> 2F1 (A¢,A¢—T,2A¢—d+1,—z> (55)

with ( = W. For economy of space we’ve introduced the embedding formalism - for
a review and more details see [37-39]. In practice, we just need to know that PM XM are
d + 2-dimensional vectors satisfying X2 = —1, P2 = 0, with

XM o= {Xt X7 X XY = é {1127+ (7)) + 922" 2} (5.6)
P = APt P P P} = {12+ (=) 2", 2} (5.7)
with ¢ = 1,...,d — 1. This gives for instance
2P - Py = [Tl + (7 —23)? (5.8)
—2P - Xy, = i [|f12’2 + ("/’71L - %L)Q + yg] (5.9)
¢ = |[Ziof* + (1 —23) + (11 — y2>2. (5.10)

4y1y2

In the presence of the brane, the propagators get modified. Since this is a free theory, it is
straightforward to work out the correct propagators via the method of images. The result
is that:

GEB(Xl,XQ‘Ad,) == GBB<X1,X2|A¢)—{—VGBB(Xlr,XQ‘AQg), (511&)
Gha(P, X|Ag) = Gra(P, X[|Ag) + v Gpo(Pr, X[Ag)
= GBa<P,X|A¢) + VGB@(P, XT’A¢) , (511b)

12Up to normalization factors which will be irrelevant for us.
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where a subscript 'r’ indicates a reflection z+ — —at.

Below we will consider three kinds of Witten diagram. These correspond to exchanges of
fields propagating in the AdS,,; bulk (bulk exchange), fields which propagate on the AdS,
brane (boundary exchange) and finally we will also consider the simplest possible contact
interaction with the brane. These diagrams will compute corrections to a BCFT,; two point
function (¢1(Z1, 1) P2(Z2, 25)) of fields with dimensions A;, Ay, although we will eventually
be interested in setting ¢1 = ¢ = ¢ and Ay = Ay = Ay. We will write for the two point
functions:

W(z)

W (P, P) = (D)o (zd)B”

(5.12)
where z is the cross-ratio we’ve been using so far, and which can be written in terms of P,
and P, explicitly as:

2P P}
Pl 'P2r.

(5.13)

z =

We will stick to the general rule that hatted quantities relate to defect and unhatted to bulk.
Hence Witten diagrams corresponding to boundary (bulk) exchanges will be represented by
hatted (unhatted) quantities.

5.2 Boundary exchange

The boundary exchange Witten diagram is represented in figure 2. The diagram is then
computed for the two different boundary conditions, as follows:

P, P,

w, W

Figure 2: The boundary exchange Witten diagram.

Let us put Neumann boundary conditions on the AdSyy; scalars ®; and ®,, which are
the external legs of the diagram. We assume the vertices o,V A» With ¢ = 1,2, on the AdS,
defect. Here U A is a freely propagating scalar field on AdS,, of dimension A. The boundary-
bulk propagators end on the AdS,; brane, where they become the same as ordinary AdSg,,
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bulk to boundary propagators (up to a factor of 2). The diagram above then reduces to the
same boundary exchange Witten diagram already evaluated in [34],

’VI7+(P1,P2):/ AW, dWy Gho(Pr, Wi AN Gy (P, Wa|Ag)Gpp(Wy, Wa|A) . (5.14)
AdSy

The integration runs over the AdS; brane, and the measure is simply the ordinary one on
AdS,;. The Gpp(W;, W5|A) is an ordinary bulk-to-bulk propagator in AdS.

For Dirichlet boundary conditions, the vertex is instead O Lqu\if A on the AdSy brane.
The diagram has the following form,

/W_(Pl,Pg):/ AW dWy 8 Gy (P, Wi | A1)DY2 G50 (P, Wa|A2)G (Wi, Wa|A) .
AdSy

(5.15)
Here we denote 0V G(P, W) = limx_,w 0,1 G(P, X). Near the brane we have:
_ X—=W+O0(zt) xt
Gry(P, X ———G L, (P,W). 5.16
Bd( ’ ) (—QPW) Ba( ) ) ( )

Thanks to the derivatives in the integral (5.15), the integral then becomes similar to the
Neumann case, with boundary-bulk propagators whose external scalar dimensions have
effectively increased by one.

For unequal external scalar fields ®;, ®,, and Neumann boundary conditions the result
is given as follows:

S N Ay [ 2 T I@OLW —n) [ flen)f=er)
o= [ o) oy [ e 6
where ' = (d —1)/2 and,
C+A17h/ C+A27h/ c I T
flom = LS e i o) 1)

The normalization factor is chosen such that when decomposing into boundary blocks we

find:

[e.9]

TUEEWEHE) = CalelAn ) — Y [ (A1, g, B) Gy o (2 A1, As) + @ (D, Ay, B) Gy san (2] A1, As)| -
n=0
(5.19)
Setting A; = Ay + 12 Ay = Ay — % and sending A, — 0 we find
A bi(A) 1
G (A, Ag, A) 220 5B | Lo Ay o(ay). (5.20)

A12

[\]

We have ommitted the dependence of lA)j{, aton Ay = Ay = Ay for simplicity. The boundary
block expansion becomes:

o

zwfvg(z) (218g) = [a A)Gayron(218g) + 55 (A)IC A, 1on(2]10g) | . (5.21)

n=0
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As for the bulk channel we get instead

~

— Aq+Aq o
Wiz = 207 03 (AL Ay, A)Gasayien(zAr, Ay).

B0 8 N T (A)Gony o (2] 0). (5.22)

The Dirichlet Witten diagram W; is obtained from Wg, by shifting the dimensions
A1, Ay — A1+ 1,Ay + 1. The corresponding boundary block coefficients can be directly
obtained this way. The bulk block coefficients can be obtained be inspecting the expansion
around z — 1, where the expansion coefficients can be obtained from the above shifts.
Explicit expressions for all coefficients appearing here are relegated to Appendix C.1.

5.3 Bulk exchange

The bulk exchange Witten diagram is shown in figure 3. For this diagram, we assume a
vertex ®;P,W A in the bulk, and a linear vertex WA on the brane. The W, is a freely propa-
gating scalar operator in AdS;, that gets exchanged. We put Neumann /Dirichlet boundary
conditions on ®; and ®,, but on ¥ we always put Neumann boundary conditions'®. The
diagram is then given by:

WX(P, Py) = [msdﬂ X AW G%o(Pr, X |A1)Ge( Py, X|A)Gep(X, WIA). (5.23)
28441 AdS,

The integral label % indicates that the integration is restricted to z= > 0. Note that

the bulk-to-bulk propagator is the ordinary one. This is easy to see since irrespective

of the boundary conditions on ®; and ®,, the exchange operator always has Neumann

boundary condition. So the propagator G% (X1, Xo|A) from (5.11a) reduces to (twice of)
Gpp(X1, X3|A) when one of the points X; and X, lies on the AdS, brane.

Using the propagators (5.11) and rearranging we can get:

WY(P, Py) = / ax [ daw [GBB(Pl,X\Al)GBa(PQ,X\AQ)GBB(X, WIA) +
AdSg41 AdS,

+v GB(’)(PM; X|A1)GBa(P2, X|A2)GBB(X7 W‘A> ~<5-24)

These integrals can be computed using standard tools summarized nicely in [34]. The first
integral is straightforward, while the second is more involved. We give the details of this
computation in Appendix B. The final expression is given by:

5 o +ioo dqr [4(1 — )7 S O(r)T(r — E2)(1 — %)
WA (2) = Npuk(A) /_ioo [ ] P(QT)I? 2
)

+ic0 o l—h+c 1—h—c 1
</ de fle,n)f(=eT) [1+y2F1( Rt T] (5.25)

211 z

2mi ((A — h)? — ¢2?) (1_2)%

—1300

13We could have chosen a different boundary condition at the cost of modifying the vertex on the brane.
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Figure 3: The bulk exchange Witten diagrams can be written as a sum over two diagrams on
full AdSg41. In the figure we show the Neumann case, Dirichlet would correspond to a minus
sign on the RHS.

where h = d/2 and,

F(A1+A227h+c)r( 1+§—h)r(% _ 7_)
2I(c)

fle,7) = (5.26)

The above expression'? has the following boundary channel decomposition (as z — 0),

A+A s ~
WA (s =3 [ (A1, Do, A)Ca, oy 1o (2] A1, Ag) + a2 (B9, Ay, A) Gy, 1o (21 A1, Ag)
n=0

(5.27)
The fact that we only get e.g. Ay plus an even integer depends crucially on the combination

of terms in (5.25). As before, when we approach A; — Ay + 212 and Ay — Ay — 212 we
find
oo bp(A) 1
(A g, A) 270 D) L Ly o), (5.28)
A 2
and the boundary block expansion becomes:
W(E) = 20 Y (8B, o G100) 4 B(AI0SC a1 (6520
n=0

Finally, in the bulk channel we find

A1+A2

Wi(z) = GA12 (z|A1, Ag) Zt (A1, Ag, A GA % Apron(2|A1, Ag)

A12=0

(186) = 30t (A)Gasgmn (2120 (5.30)

All expansion coefficients are given later in Appendix C.2.

4Note the presence of the extra hypergeometric o Fy function, which was not there for the interface case
considered in [34]. It is needed to implement the boundary condition.
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5.4 Contact Diagrams

The final tree level Witten diagrams we will consider are contact diagrams. They can be
represented by two AdS;. 1 boundary-bulk propagators meeting at the AdSy; boundary where
they interact via a quadratic vertex. There are several kinds of such diagrams depending
on the choice of this vertex. Here we will consider the simplest possible cases.

With Neumann boundary condition, the simplest such vertex is ®; P, vertex on the AdSy
brane. We have:

Wér = / daw GE@(PD W|A1)GEQ(P27 W‘A2) : (5'31>
AdSg

P] P2

Figure 4: The contact Witten diagram.

For Dirichlet, we consider the vertex 9, ®;0, ®,. There is a simplification here similar to
the Dirichlet boundary exchange diagram. Following the notations of subsection 5.2 | the
contact diagram can be written as follows,

Wg = /Ads AW 0V G 5o(Pr, W|AIY Gpp(Pa, W|A) . (5.32)
d

Due to (5.16) and the derivatives on the propagators, the above integral becomes equivalent
to the Neumann case (5.31) with effective external dimensions shifted as A; — A; + 1 and
AQ — AQ +1.

For Neumann boundary conditions, the boundary-bulk propagators are just the ordinary
AdSg.1 propagators (times 2) . So the above integral simplifies to the interface case diagram
computed in [34]. For both boundary conditions, the contact diagram can be written in a
compact way as follows,

s (1= 2\ TTT(A =7+ DAy — 7 4+ 59T (7)
We(2) _/ dT( . ) F(Eime 1) : (5.33)

—100
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As z — 0 this has the decomposition,

WE(z) = #2152 i [@(A1, 89) Gy 120 (1AL, Do) + d( Do, A1), gy 120 (2181, As)]
n=0
S S [ e G100 + 03B iGN (530)
n=0
where as before, when we approach A; — Ay + 212 and Ay — Ay — 212, we have
& (A1, Ay) 2270 2—12 + i o), (5.35)
As z — 1 we have the bulk channel decompostion,
Wee) = =27 3D AL AGRE &, (2141, M)
MEY 28N G e (2100). (5.36)

The expansion coefficients for the contact diagram are given in Appendix C.3.

6 Polyakov and functional bootstrap

6.1 Polyakov blocks

In section 4 we constructed two interesting bases of linear functionals that act on the BCFT
crossing equation. This construction was partly motivated by considering the general struc-
ture of Witten diagrams in a bulk dual to the generalized free field BCFT. In the previous
section we have explicitly computed these diagrams. We now close the circle and show in
detail how these are related.

The main claim of this section is that there exist Polyakov bulk and boundary blocks
Pa(z|Ay) and P (z|Ay), for both Neumann and Dirichlet boundary conditions, which sat-
isfy:

PalzlBs) = Gal(z186) =D 0.(A]A)GaA, (214)

n=0
= Y |an(A18)Ga, (2185) + Bu(AIA)I5 G4, (214)] (6.1a)
n=0
Pael8s) = Galzl80) = Y |au(BlA0)GS, (2180) + 5u(AIA)05Ca, (218)]
n=0

= Z 0,(A) Ga,(2). (6.1D)
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Concretely, we will show that the Polyakov blocks may be obtained from the Witten dia-
grams computed in the previous section. Indeed, note that the crossing relations satisfied
by the Polyakov blocks look remarkably similar to those arising from Witten exchange di-
agrams, cf. (4.1a), (4.1b), but with the notable difference that here the coefficients in the
expansion are functional actions. We will show that it is possible to combine exchange
diagrams with contact terms in a way that in those equations we effectively set:

~ ~

an(A) = an(A), C:Ln(é) — an(AA) (6.2a)
bn(A) = Bu(D),  ba(A) = Bu(B) (6.2b)
(D) = 0,(A), (D) = 0, (A) (6.2¢)

In other words, the functional bases allow us to bootstrap Witten exchange diagrams.

Before we do this, let us briefly comment on why these Polyakov blocks are interesting
objects. The role in life of the Polyakov blocks is that they provide us with a way of writing
a generic two-point function in an explicitly crossing symmetric way. Concretely, for a given
two point function G(z), we have:

G(z) = Y 1AGA(2)A) = (aX)a Galz]Ay)
A

A

= ST UEPA(1AN) + Y (aN)a Palz) (6.3)
A A

This remarkable statement is true only if the contributions from the unphysical bulk double
trace operators and boundary derivative operators appearing in the conformal block decom-
positions of the Polyakov blocks drop out from the total sum. If we plug in the expression
for the Polyakov blocks into the above equation and commute the two series, one finds that
the unphysical states drop out precisely if the functional bootstrap equations (4.5a) hold,
which we repeat here for convenience:

Z phon(A) = (ad)aan(A) (6.4a)

D HAB(A) = D (N aBu(8) (6.4b)

A

S A0(A) = D (aN)a0u(A) (640

A

This establishes the link between the so-called Polyakov bootstrap and our functional boot-
strap approach.

Of course, we have not shown that it is actually possible to commute the series. This
would amount to showing that the functional bases we have constructed is in fact complete
in some sense, i.e. that the functional bootstrap equations are completely equivalent to the
original crossing equation. We will not attempt to prove this here. However, given the fact
that these equations allow us to bootstrap arbitrary deformations of the generalized free
solution, it seems likely that this is correct.'

15 A similar problem arose in [20]. There the proof of completeness crucially relied on establishing upper
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6.2 Dirichlet case

Let us then show how Polyakov blocks and Witten diagrams are related, beginning with the
Dirichlet case. In this case, we expect the situation to be simpler than for Neumann, since
there were no ambiguities in the definition of our basis of functionals. As we’ve discussed
before, there is a simple reason for this.

Ambiguities in the basis correspond to the existence of solutions to crossing which pre-
serve the form of the conformal block decomposition and which decay sufficiently fast at
large z. This is crucial, since we have constructed our functional basis by assuming the func-
tionals should satisfy the swapping property, but this is dependent on the large z behaviour
of a correlator. It can be checked by direct computation that the contact interaction with
smallest number of derivatives and Dirichlet boundary conditions behaves like ~ 4/z for
large z. Since this is worse behaviour than for a generic two point function, which is only
constant in the same limit, this explains the absence of ambiguities in this case, since such
contact terms cannot be bootstrapped with our basis.!®

On the other hand, in our computation of the Witten diagrams we made specific choices
of vertices on the brane. For Dirichlet boundary conditions it is straightforward to check
that the boundary exchange Witten diagram falls off as 1/4/z (as can be determined e.g.
from its conformal block decomposition). The bulk exchange diagram also has the same
fall-off behaviour. This can be checked by taking special values of the exchange dimension
eg. A =2A;—2 .'T Then we can infer that 1) we cannot shift the Witten exchange
correlators by a contact interaction without changing the large z behaviour, and 2) that
there should be no issue in acting directly with our functional basis on these correlators.
By using the orthonormality properties of the functionals, it is natural to conclude:

THWAR) = Pal?)
ROW(2) = Pi(2).

That is, the Dirichlet functionals directly compute the conformal block decompositions of
Dirichlet Witten exchange diagrams. To check this we should test relations (6.2). We
have evaluated the functional actions for several n using (4.16), (4.13) and/or the original
definition (3.6), as well as the kernels constructed in section 4. To the extent we were able
to determine these, the results are presented in appendix A. We then compared them with
the conformal block decompositions of the Witten diagrams given in appendix C. In some
cases it is possible to do this analytically (in particular for the «, § funcitonals), in others
it is more convenient to do numerical checks. In all cases we found perfect agreement.

bounds on the OPE density, so we expect the same must be true here. However, establishing such bounds
seems more difficult here due to lack of positivity of the bulk channel expansion.
16They can however be bootstrapped by demanding stronger falloff conditions on the functional basis.
"In general for A = 2A, — 2m with integer m the expression for WX simplifies (see [34]).
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6.3 Neumann case

The Neumann case is more interesting. Here the simplest contact interaction falls off as
272 near infinity, while the boundary exchange Witten diagram computed in the section 5
falls off like 2=2.'® This is interesting for two reasons. Firstly, this means that our basis
of functionals can act on any linear combination of the exchange diagram and the contact
interaction, since it is suitable for correlators which grow as z'/2=" for any n > 0. Secondly,
recall that there is a missing Neumann functional precisely because we demanded that the
falloff at infinity was sufficiently fast. This prefunctional was such that the decay at infinity
was only 1/4/z. But we see that this is sufficient to act on the boundary exchange Witten
diagram, since overall we get a 1/2% decay. The missing functional is simply

By hi(2) =zhg(2]As — 1) (6.7)

We put a tilde to emphasize these functionals have poorer asymptotic behaviour. We can
combine it with the remaining basis functionals constructed in section 4 to get a complete
set of fully orthonormal prefunctionals, all of which decay at infinity as z~2. From the
orthonormality relations (4.26) and (4.42) the correct combination is

al = of +d.fF
5 = B e,
O0F = 07+ faby (6.8a)

The claim then is that these prefunctionals directly compute the conformal block de-
composition of the Witten diagram, for example

B (2) Z[ (A)Ba,ion(2) + BJ(A)(?A@A¢+QH(Z)] . (6.9)

n=0

The &*, 3+ functional actions are determined in appendix A, and they can be indeed
matched with the conformal block decompositions of the Neumann boundary exchange
diagram. It works analogously for the bulk channel decomposition.

The bulk exchange diagram (5.25) however falls off as 1/4/z, so the above prefunctionals
cannot be used directly. One can however modify the diagram by adding a contact diagram
o (5.25), since the resulting expression will still have the correct block decomposition as in
(5.28) and (5.29). Since the contact diagram also has the 1/,/z fall-off, adding it with the
right factor can cancel the leading large z behavior, so that the modified diagram falls off

as 272 . We can write the modified bulk exchange diagram as ,

WE(z) = Wi(z) - j—;vv;(z) , (6.10)

18Recall the boundary channel decomposition in the Neumann case is related to the Dirichlet one by
shifting everything by Ay — Ay — 1 and dividing by z.
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where the functions w; and ws are defined by the respective fall-off behaviours z=2¢ W5 &=y

wlz’% and ,Z_AM/VEr =y wgz’% . The above object now allows the action of the prefunc-

tionals (6.8), and hence has a block decomposition,

SROWL(2) = D [ (8)Cas0n(2) + B (203G, 2n(2)]
= Gal2) = Y05 (8)Gan, on(2). (6.11)

We have not obtained the Polyakov block yet, since we want the coefficients to be the
good functional basis with stronger falloff near z = oo. Hence we expect that we need
to take a suitable linear combination of the Witten exchange and the contact diagram to
recover it. This combination is easily found. Since our basis does not contain 3, we should
have

APE(z) = WE(2) = (AW (2) (6.12)
22oPL(z) = WE(2) = Bo(A)WE(z) . (6.13)

It can be checked that for both the above objects the coefficient of QA@ a,(z) cancels in the
boundary conformal block expansions. This is compatible with (6.8) if and only if d,,, e, f,
compute the contact diagram, which we have already shown in the previous section. Note
that we can alternatively define PX from WY by adding W/ and requiring the coefficient
of GAG A,(z) to vanish from the boundary channel expansion (which is natural to expect

given the decomposition of 732) This way one arrives at the same expression as above. It
is straightforward to check that the condition (6.2) holds.

To conclude, as pointed out in section 4 our choice of basis of functionals is ambiguous
in the Neumann case, since we cannot have fully orthonormal functionals. This ambiguity
is reflected in the fact that unlike for Dirichlet boundary conditions, there is no longer a
canonical Polyakov block because of the existence of the contact interaction. In particular,
if w is a good functional satisfying the correct fall-off condition, we are always free to shift:

Pl o= PLAw@)z 2 Wo(2). (6.14)
PL = PL+w(A)z2We(2). (6.15)

7 Application - Wilson-Fisher at O(e?)

The functional bootstrap equations (4.5a) reformulate the crossing equation in a form which
is ideally suited for perturbative expansions. As a particular application, we will reconstruct
the BCFT data of the Wilson-Fisher fixed point, i.e. A¢* theory in d = 4 — € dimensions
tuned to the critical point) on a half-space with Neumann or Dirichlet boundary conditions,
by bootstrapping the two point function of the fundamental field ¢. These boundary condi-
tions preserve conformality on the defect and are usually called in the literature the special
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and ordinary transitions respectively. The usual CFT has been perturbatively studied ex-
tensively in literature [24,40-42], and one can consider the dimensions in bulk spectrum as
input while doing BCFT bootstrap.

We will treat the Wilson-Fisher fixed point as a continuous deformation of the (gen-
eralized) free solution, i.e. one which preserves the structure of the spectrum of states in
the two point function. This is certainly incorrect non-perturbatively since this spectrum is
very different in both cases: for instance we expect that the number of operators appearing
in the bulk channel increases exponentially fast for sufficiently large scaling dimension. In
perturbation theory however, almost all such operators have coinciding scaling dimensions,
and so we expect to get correct results for the (¢¢) correlator, up to the order where de-
generacies among operators should get lifted. For the Wilson-Fisher BCFTs this turns out
to first happen at O(e®). More precisely at this order one will require extra information to
disentangle the anomalous dimensions of degenerate operators but one should still recover
the full correlator.'® Here we will only consider perturbation theory up to O(e?).

The functional bootstrap equations take the form:

D tA, wn(BalAg,€) = wn(0]8g,€) + D (ad)a, win(AnlAg, ) (7.1)

where w = a, 8, 8 and we’ve explicited the dependence of the functional actions on both Ay
and the spacetime dimension via e. We will expand parameters as follows:

A, =AY 4 A 4 2AQ) Ap =AY LA L 2AD)
12 =al% + ealV + 2al?, (aN), =t + etV + 2@ (7.2)

0 1 2
A¢:A§))+6A§>)+62Aé).

with

1—v

A0) —
n 2

+AO 4 on, A =2A0 yon, AL =1 (7.3)

It is also convenient to define

40 = AD - AD A0 = AD —2AD =12, (7.4)

Note these are anomalous dimensions with respect to the generalized free field solution.

Upon inserting these expressions into the functional equations and expanding in € we will
obtain the functional actions and its derivatives with respect to A, A, A, and e evaluated
at Ay =1 and e = 0. We will omit this dependence below.

9Beyond this order, the functional bootstrap equations do not fail, but rather they give rise to some
other solution to crossing, namely one which has the sparsest possible spectrum of operators.The functional
bootstrap equations give solutions to crossing, not theories, so it is quite likely such a solution is actually
unphysical.
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o O(")

At this order we merely recover the free solution. In particular we get

a® = o (0) = 6,0, 0 = —0-(0) = =60, (Dirichlet) (7.5)
a® = ot (0) = 26,0, 0 = —65(0) = 6,0, (Neumann) (7.6)

These equations tell us that the free solution to crossing contains one block in both boundary
and bulk channels, on top of the bulk identity. The fact that a'”’, 0 vanish for n > 1 will
lead to simplifications below.

e O(e)

At this order we get:

i{ B (AD) + aP4Noxw (Ag(’))}

=0

S

= D.wn(0) + Z {tWw, (AD) + Oy Dpw,, (AD)} . (7.7)

In order to derive this expression we have used the orthonormality relations satisfied by
Qs By O to simplify results, for instance, Oa d)wm(AgLO)) = —QGAWW(A?)). Using the results
from the previous order we can get:

o) — Do (0) = téo’vé”awm(Aé”)—aé°>%1)aAam<A<0>> (7.82)
t0 4 D.6,,(0) = t(o 70 06, (A )+ a5 030 (AF”) (7.8b)
0 = 1960580 (AF) — a4V 05 B (AD) (7.8¢)

where we have defined:

D. = AVo,, + .. (7.9)
On the other hand by explicit computation we find the relations:
Onom(AY) = —9 0 (AY),  m>1 (7.10)
Or0n(AYY = —0,0,. (ALY, m>2 (7.11)
0nBn(D) = —0aBu(A),  m=1. (7.12)

These expressions are valid for both Dirichlet and Neumann functionals. In the former
case, the RHS of these equations is automatically zero. Recall also that all derivatives are
evaluated for A, = 1,e = 0. We find therefore

afﬁ) =0, for m > 1, (713)
tﬁ}) =0, for m > 2, '
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for either boundary condition, where we have used that for the Wilson-Fisher fixed point

we have A((;) = —%. As for the remaining quantities we get
1 I @ 1 1 a 1 I a) .a I .
CLE]) :_7(())__7 té) :_’Y(() )7 tg) :_’}/(() )7 Vé) :__’Y(() )7 (DlI‘lChlet)
1 n 1 n 1 (1 1 :
Cl(()) = 0’ t((] ) = 5 ’yél)’ tg ) = ZL (1)’ ’Y(g ) = _5761)7 (Neumann)

This is in perfect agreement with the results of [3,4].

o O(c?)

At this order the equations become more involved. We obtain:
> (A0 + (@052 + aD5) D5 B0+

o2 (A0 - (AP F] Bl B) + 93D, 05000 A0) |
(7.15)

1 (e 9]
= (—D2 + A(2)8A¢) wim (0) + Z {t( Jwn(AD) + (HO4 D 4+ 041D Oaw, (AD)

n=0

5t (@07 = 1A P B (AY) + 409 Db ()

where again we used the orthonormality properties of w,, to simplify things. Specializing
to the a, 3, 6 functionals and doing some simplifications we get

1
ai + 5" (30" 0k am(Ag") -

- (a(() WD + a4 ) m— 0§46 Dedyy

) 0),,(2) (1) (0) 1,1 (0) (7.16)
:A¢ 8A¢am< ) + <to Y+ ’Yo )aAam(A )+t Oacum (A7)
1
5t (A2 = 4AP?) Ban(A0) + 188" Ddsam(A)
1
o932 + o310 + o) G 8, (AP

— (52 + a3 em - a3 Decm

(7.17)

(t(0)7(2)+t81) (1>8A6m(A(0))+t1 1058w (A1)

L
+ 5t (A = 4(AD)?] 2 Bn(AF) + 178" D.OAB(AL)
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1 0)/~(1 N
56 (36 0% 0 (A"~
~ (58 + a3 f = "4 Def

(7.18)
:A;2)8A¢9m(0) —|—t$721) + <t(()0)7(§ ) —{—t(() 70 >8Aam<A(0)) —|—t1 711)3A«9 (A(O))

L
5t (AP = 4(A0)2] 020m(AD) + 18" D0 (AL)

In each of these three equations, note that the second line is only non-zero for the Neumann
boundary condition. Recall that the coefficients d,,, €., f., provide the conformal block
decomposition of the simplest contact interaction with Neumann boundary conditions, cf.
appendix C.3. In this case, the second equation is also only valid for m > 1, as 35 = 0.

Determining the second order coefficients is now a matter of evaluating derivatives of
functional actions at specific values. In some cases this can be done analytically, but for
the bulk functional actions especially this is difficult. For instance from the second set of
equations one finds for Dirichlet boundary conditions:

2 _ @

1
49 = 4@ 4 47“) <7§ ) _ 1) (Dirichlet) (7.19)

For the purposes of this work, we were content to check analytically where possible, and
more generally numerically, that the results following from these equations are in perfect
agreement with those of [29].

e O(¢*) and beyond

It is easy to see that there are no obstacles to going to higher orders in € expansion. In
particular at p-th order the equations look schematically as

2 {a%p>wm<A53>> + a3 05wn(AD) + (.. ->}
n=0

= 80,0 (0) + 3 {100 A0) + 0P 050 (A0 + (.
n=0
(7.20)

where on both sides of the equation the dots involve only results that are lower order in
€. In particular, hidden in the dots we have contributions from infinite sets of operators
in both bulk and boundary channels starting from p = 3. Since the functionals satisfy
orthornormality properties, it follows that by choosing w = «, 3,6 we can isolate specific

agn), %(,f) or t%) in the infinite sums above, e.g.:

+0oo
P = AP 05, wm(0) + D 8N Oxan (AD) + (.. ) (7.21)
n=0

The order € data will be expressed only in terms of results from previous orders in €, as well
as the infinite set of bulk scaling dimensions 7(p and A, (P) which must be given as inputs.
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8 Discussion and outlook

In this work we have constructed two functional bases for the BCF'T crossing equation,
which are associated to generalized free field solutions with Neumann and Dirichlet boundary
conditions. The functionals lead to a set of sum rules, the functional bootstrap equations,
which constrain the BCFT data. We have explained the relation of these equations to a
Polyakov-like approach to the BCFT bootstrap, and used them to rederive perturbation
theory results for the Wilson-Fisher fixed point to O(€?). There are a number of open
problems and possible applications and extensions of these results.

The functional sum rules derived in this paper form a set of necessary conditions on
the BCFT data. It would be nice to see if they can be used to derive bounds on this data
as was done for 1D CFTs in [20]. We expect this to be possible at least in the boundary
channel where there is manifest positivity. Such bounds are crucial if we want to show that
the equations are also sufficient for crossing. In particular, until we do so, our proof of the
validity of the Polyakov bootstrap will remain incomplete.

The sum rules lend themselves nicely not only to perturbative but also numerical studies
of the crossing equation. This can be done by truncating the sum over the spectrum and
considering only a finite set of functional equations. Omne can think of this as applying
Gliozzi’s [15] (or extremal flows [16]) method to the BCFT crossing equation in a particularly
nice basis. Since the same basis reproduces the correct e-expansion coefficients, at least to
some order, it is reasonable to expect that repeating the analysis numerically should also
give good results. Right now the chief technical obstacle both for perturbative and numerical
analysis is better control over the functional actions.

We have discussed two discussed kinds of bases for the BCF'T crossing equation and
their associated functionals, in sections 3 and 4. For both kinds, generic dimension bulk
and boundary blocks were expanded in terms of double trace bulk blocks and boundary
derivative blocks. In the first, “easy” basis, the boundary channel was comprised of blocks

G, of dimension A, = A gtn for n = 0,1, ..., whereas in the main bases of section 4
we had A, = A s T 2n. This halving was compensated by the appearance of derivatives of

boundary blocks GA@ A, It was thanks to the functionals dual to these latter objects (i.e.
the (3,,) that we were able to control deformations of the generalized free solution where the
boundary operator dimensions were allowed to change.

In both kinds of bases however, the bulk channel is comprised of blocks with dimension
Ga, with A, = 2A4 + 2n, but not their derivatives. This implies that in this basis we
do not have good control over deformations where the bulk operator dimensions change,
which means in practice these must be inputs. It seems then that there should be a third
kind of basis, where also in the bulk channel we halve the set of operators and introduce
compensating OAGa, . In general however, we expect that such a basis should be very non-
trivial, since it would not be associated to generalized free fields. The reason why we should
expect this basis to exist at all is because the associated functionals can be constructed
numerically: indeed, the original numerical bootstrap for BCFTs implemented in [3] can
be thought of as constructing exactly such functionals. It would be very interesting to see
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what can be said of such basis, as they might then allow us to access scaling dimensions of
higher-d bulk CFTs.

In this paper we have constructed explicit expressions for Witten diagrams for BCFTs,
subject to Neumann and Dirichlet boundary conditions. It would be worthwhile to explore
their structure more, to see if there are further simplifications and interesting features in
their block decomposition [28,43].

Let us conclude by noting there are several possible generalizations of the results in
this paper which should be obtainable with moderate efforts. Among these stand out
bootstrapping two point functions of spinning fields [44] and including various amounts of
supersymmetry [45]. The latter is particularly interesting in light of applications to line
defects in superconformal CFTs where many exact results are available. We look forward
to exploring these and other developments in the future.
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Appendix

A Functional Actions

In this section we compute the functional actions starting from the expressions for the
kernels determined in section 4

A.1 « and § functionals

The o and S functionals can be obtained from the wy, by Gram-Schmidt decomposition.
Concretely, we have:

Wan,0 — Z;:ol AW2n o(A)B;

__ wa oon, Al
& RIS Y
ﬁ: _ Won—1,0 — Z?:_ll aAWQAn—LO(Az—'F)B;_ (AQ)

Dawan—10(AY)

o = Wont2.ms2 — S OxWant2anta(A )ﬁz — S wanraonia (AT )y (A3)
Wan+2, 2n+2 2(A n)

O‘r—t _ Won+1,2n+1 — Z?;l aAw%—i-l 2n+1< )5z+ ZZ 71 Won+1, 2n+1(A+)a; (A.4)
Waon+1, 2n+1( ;{ )

WithA;:1+A¢+2nandA;{:A¢+2n.

A.1.1 Action on boundary blocks

One finds:
n 4~ BptA-m—3 A+ (k+Ap+354)T (m+Ag+1

wm,k(A) = —(m_k)!F(A)F(m_AzA¢+3)F(m£A+§¢+2—S)F($@—m—§+£¢+1)i(22—m+A;A¢+2—d) (A5)

Using this expression we find
BHA) = BH(A) = enif (A) (A.6)
where
N ~ 2
o 4A=Bnt3p(_d AL 3\r(A, ) ZdAntAgtl
BHA) = (-4 +a+)r(a)r(=styton) o

T (a8 (-ararAus)r(Bp2 ) (AL ) (g s e ((Sacfest

In this expression A, = Ay + 2n. Recall that the B , & are the fully orthonormal Neumann

prefunctionals, i.e. functionals whose kernels fall off as 272 at infinity, and not as 273 as
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they should. The e, are found to be
_A A —dtAp+Ay+1) 2
4Bg—AnT (An)F< + 2+ st >
en = - A (A.8)
DAL (=4 + 85+ T (=§ + 80 +3) T (257)

The Dirichlet functionals are then obtained simply by
B (AlAg) = B (AlA +1). (A.9)

In particular this leads to exactly the same expression as the RHS of (A.7) but now with
An =1 + A¢ + 2n.

As for the «,, functionals, after computation we observe that:

= %&ﬂn. (A.10)

This holds for tilded and untilded Neumann functional actions as well as Dirichlet. In
particular we also get

1

A.1.2 Acting on bulk blocks

In this case we find

X . A— 2A¢+2 A A 7A
Wik (A) = Ny e (A) sin [F(A = 204)] 4Fy |, s E 2”‘; NG (A.12)
with
gh=mp (224 L A)T (2 — Ay + 1) T (k+ 29T Ay +1
N () = G A TG A YU k+ ) Dlm+ Ao ) (A.13)

73/2(m — k)

After Gram-Schmidt decomposition we were able to find relatively simple expressions for

the 3,(A):

B = s [fa -] Srnen AR ] e

. 7T A 2A¢+ é é 7A
f@) = n[Fa-28)) AL FEiNE o] e

with
) = L2 (ot rear-an e g
b+ (A) _ 2k (A + )n k F(Ai)r(l_Adﬁ‘%)F(1+2A¢)F<A+¥) (A 17)
n,k - 42n— 17T2 (A¢—|—n+k—|— 1— d)n_k (n—k)!(n+k)! .
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To obtain the tilded functionals one just needs to know that
Bo =W_1,-1, (A.18)

since Bn =06, + eméo.

As for the a,,(A) functional actions, these two are given in terms of finite sums of 4F3(1)
as above, but we were now not able to derive a closed form expression for their coefficients.

A.2 Bulk functionals

The orthonormal bulk functionals may be obtained from the shifted bulk functionals by
Gram-Schmidt orthonormalization, which in this case takes the form

n—1

O, = sOn—> s, (A)0; (A.19)
=0
n—1 ~

OF = s07 = s0F (A0 (A.20)

1=0

To recover the untilded functionals, i.e. those with the correct falloff in the Neumann case
there is a slight modification:

n—1

O = 07— s05(A)6S,  n>1 (A.21)
=0
O = 05 — fobo, O =s6f (A.22)

where fy was previously determined to be

VIT(Ay)
Jo= a8 (A.23)
I'(3+24)
Note we must have also
O = 05 — o (A.24)

where

(-1 VA28 + 1= d)T (0 + Ag)* (A —h+3)
2(n)T(AG)T (n+ Ay + 1) (n+20, — h),

is determined in appendix C.3. Consistency requires

fo = = (A.25)

n

> S0 (A)fi =0 (A.26)

1=0

and we have checked this is the case numerically to great accuracy.
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As for the shifted functional actions we find

. T 1 A+42-d ;| 2D84+2n+2p—1-d
50 (A) = sin [5( — 2A¢ N Z Ztnm o B {mf d+pz‘+z22r¢+m2n+22p 1d 71} (A.27)

p=0 i=0
. T 3 A+2-d 20 4+2n+2p—3—d
sOt(A) = sin [§(A —2Ay) N+Zztnm F2|:A 2 d+p2‘+222;+m2nfzp o ,1} (A.28)
p=0 i=0
and
I ! 2A+42—d
AN 2 | — | A r— . A I AN, +A+1—d
50, (A) = sin [5<A—AU )]Nn ZZtnpz(A) F 2A +2 —d, 2+A¢+A+n3—p+1 a;1 }<A'29)
p=0 =0

~ . ~ A~ I o~ ~ ~ 2A+2 d
s67(A) = sin? [g(A - AJ)}NJ SN E (AR [QA e f;j Ai TR \p_ b 1}(A.30)

The coefficients appearing in these and the above expressions can be obtained from the
authors upon request.

B Computation of bulk exchange Witten diagram

In this appendix we give the details of the computation of the bulk Witten diagram (5.24),
which we show here for convenience,

WZ(PI,PQ):/ dX dW[GBa(Pl,X|A1)GBa(P2,X|A2)GBB(X,W!A)+
AdSgi1 AdS,
+v Gpa(Prr, X|A1)Gpa(Pa, X[A2)Gpp(X, WI[A)|. (B.1)

The first part of (5.24) is the same bulk exchange integral evaluated in [34], for the interface
boundary condition. The second integral is slightly different, so let us work it out in detail.
The bulk-boundary propagator Ggs(P, X) is given by (5.4). The bulk-bulk propagator in
its spectral representation is given by,

10 de I'(h+c)l'(h—c)
2 — (A —=h)?) 2r?T(c)T(—c)

Gpp(X, WI[A) _/

—100 (

/ dP(—2P.X)"¢(—2P.W)"~
8AdS 11

(B.2)
Carrying out the integral over X, which is over bulk AdSy.; gives us the following three-
point function ,

<01<P1)O2<P2r)0h+c(P)> =
7T (A1+A22—h—c) T (A1+A2—h+c) T (Al—A22+h+C) T (Az—A1+h+c)

A1+A2 h—c h+c+A12 h+c+Agq * (BB)

2D(ANT(A2)D (A + ¢)(—2P1. Py) (=2P.P) (—2P.P) 2
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Here we have

Carrying out the W integral gives the one point function,

-1 —c —h—c
"2l (1) T(=5)
2T (h — ¢)(z+?) "7
The integral over P can be done with Schwinger parameters, that yields,

/oo de_ddflx 7.(.h

h+c+A1—Ao

<Oh—C<P)> =

—o0 (—2Py,.P) (2P P) " (L) F<h+CJ2rA12)F(h+cJ2rA21 )F<h;c)
) /Oo @@dj Sh;ctthc;AlQthchQrAQl exp [_ tu(f2p1.P27«) B 5(75331L — UCL’QL) } (B 6)
0 St U (tu)a(st+u)z t+u t+u)(s+t+u)l” 77

Here zi, 75 > 0. To evaluate the integral, the usual steps are to insert the following,

1:/d)\6(>\—(s+t+u))/dp5(p—(t+u)), (B.7)

and do the s integral. Then we rescale A = pA, t = pt and v = pu and carry out the ¢
integral . This gives,

o) 1 o]
/ d\ / du / dp (A= 1)'T 1 (1 — ) Ly R e
1 0 0

p(A—1)
A
Note that the limits of the integrals follow from the above rescalings. Here we have to do
an inverse Mellin transform, to rewrite one part inside the exponential as a power law. For

this we use the following,

X exp [— pu(l —u)(=2P.Py,) — (1 —waxf —uxy)?|. (B.S)

100

e = / D(r)e"dr . (B.9)

—100
We choose the arguments of exponentials and power laws carefully such that the integrals
over A and u can be carried out. Rearranging the exponential slightly we can write,

pA=1) (1 —w)at +uxy)? + 4—'()()\ — 1)

A A
A—1
=exp [— pu(l —u)(=2P,.Py,) + 4%

X /m drT(7) (M((l —u)ay + u:c;)Q) N : (B.10)

—100

exp[ — pu(l —u)(—2P,.Py,) — (u(1 = u)ryzy)

(u(1 ~ wataz)|

One can easily verify that the quantities inside exponential and in power of 7 are of definite
signs, which allows us to do the p,u and A integrals. This gives a hypergeometric o F;. The
final answer, including the first term of (5.24), is given by (5.25).
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C Witten diagram block decompositions

In this appendix we are going to give the details of the coefficients of expansion of the

various Witten diagrams, and how to compute them. Since the Witten diagram expressions

in section 5 are written as functions of (1 — z)/z, it is convenient to use the variable &,
1—2

€= . (C.1)

z

In terms of this, the bulk and boundary blocks are respectively given by,

A-Ay-Ay A1+8y A+AHn A+A
Ga(z|AL Ag) =& 2 (149 > 211 ( 5 2 5 LA —h41,-¢)
~ A Ap+Aq P N 1
Ga(z|A, Ap) =621 +6) 2 2F1(A,A—h+1,2A+2—d,—g). (C.2)

It is clear that the limit z — 0, which corresponds to boundary channel, will be given by
¢ — 0o. In the bulk channel, where z — 1, we have £ — 0.

C.1 Boundary exchange diagram

In the diagram (5.17) with Neumann boundary conditions, we have the following set of
poles in T,

1. 7=h +c+my, form; € Z and m; > 0

2. T = —my, for my € Z and my > 0

and the following poles in c,

3
4. ¢ = £(h — 7+ ms), for ms € Z and ms > 0

In the boundary channel decomposition (5.19), we have £ — oo. Here the various &
dependencies arise from the collisions of 7 and ¢ poles. The 7-contour is closed on the
right. To obtain the “physical term”, we take the residues at the poles 7 = h' + ¢. For
the ‘+’ (‘=) sign we close the c-contour on the right (left) and then choose ¢ = A — I/
(c=hn — A) The total gives us the first term in the large £ expansion of the boundary
block G4 ((1+€)7!|Ay, Ay). Since we normalize it to unit coefficient, this gives us N&Y(A)
that reads,

4 (A) = — Il et ) N |
T MR (A (A  pyr(3gst )

(C.3)
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Let us now compute the coefficient of the boundary block G A,+2n, Which is related to the
coefficients of £~2172" | It is obtained by taking residues at 7 = h’' +c+m,. Once again the
choice of the c-contour depends on the sign. Then we take residues at ¢ = A —h+2 [n— %}
withm; =1,2,---n (orc=—-A;+h'—2 [n— %] as appropriate from the choice of contour).
This gives all the contribution to £~217%", from which we subtract the contributions from

the blocks GA1+2k with k& < n. This gives us the coefficient a;f (A;, As, A) ,

(71)nr(2n+A1A)r(A2%"‘AA1)r(n+A1+%fh)r(%7h+n)
481120l (A= Ay —2n) (A+A1+2n+1—d)T (2n+A1+ 5 —h)

(Alv A?? ) Nbdy(A) (04)
The third set of poles in ¢ simply gives us @, (Aq, Ay, A) similarly as above. The fourth set
has already been used up from the 7 poles. For equal scalars the coefficients b, and ;" can
be obtained from (C.4) as shown in the main text.

In the bulk channel expansion of the diagram (5.17), we have £ — 0. So the 7-contour
is closed on left. The coefficient £} of the bulk block G, a,12n can be obtained by taking

the residues at the poles 7 = —my of T'(7) and rearranging the powers of £ as expected in
the bulk blocks . The coefficient of £”, coming from the residue at 7 = —n is given by,
A (_4)nr (h/ + TL) /ZOO dc f(C, _n)f(_c7 _n>
A1, Ay A A — . C.5
(A1, 8. 8) = NGy (8) nlT (20 +2n) J 0 2mi (A —W)? — 2 (C5)
where we remind the reader,
) T c+A1—h' T c+Ag—h' I + h/ .
f(C, 7_) — ( 2 ) ( 2 ) (C T) ) (CG)
2I'(e)

We get t+, by subtracting the contributions to ! from lower blocks G'a, 4 a,40r With & < n.
The general extression is too tedious to present, so we just indicate how to obtain them
recursively,

oS [( (=1 H (A1 + K)o (A2 + K ]tw )

| (0= B)((A+ Do+ 1 =D+ 2k) ko

and for n = 0 it is simply £ = #] .

For the Dirichlet case, the analogous relations are simply obtained from the Neumann
case as shown below,

~

Niay(B) = [Ny (A)] g Lo (€8)
Ag—Ao+1

a7 (A, Ay, A) = af (A +1,A,+1,A), (C.9)

(AL Ao, A) = 5 (AL +1,A0 + 1,A). (C.10)

C.2 Bulk exchange diagram

Here we give the details of the block expansion coefficients from the bulk exchange operators.
The Witten diagram is given by (5.25) . The following are the poles in 7:
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1. 7= hic+m1,for my € Z and my >0

2. T:i%—mg,foerEZandeZO

and the poles in ¢ are,

(A
(A1 + Ay — h 4 2mg3) for mg € Z and m3 > 0
(1 —h+2my) for my € Z and my >0

(h

— 27 + 2ms) for my € Z and ms > 0.

In the bulk channel, we have £ — 0. So the 7 contour is closed on the right. First we
will compute the normalization N, (A). To get this, first we take the residue at the poles
h=tc
T="5 tm,

_ Ai+Agtc—h c+2m— c+2m—
Res [WV ] _ » de F(u[; h)F( 1+ 22 c )F(2m€c+h)l—‘(hi +22 Alz)r(hi +22 Azl)
. bulk bulk (27i)? (—=1)m2xmlT(e) (e (h—A)2)T (F=L=22 ) D (htc+2m)
l—c—h 14c—h 1Fc—h—2m
htc—A1—Ay+2m 2F1 [ ) ) ) Z]
c+h+2 e 2 2 2
x.f(—c,r . m) (4€) 2 |:1+V RSV . (C-ll)

(1-2)

Let us remind the reader that,

F(A1+A227h+c)r( 1+<2:—h)r(% _ 7_)
2I(c)

fle,7) = (C.12)
The normalization N, (A) comes from requiring coefficient of G in the bulk channel
decomposition to be 1. In the £ — 0 expansion of Ga((1+ &)7!A1, Ay) the first term
is f’A “1"2  This is obtained from (C.11), by putting m = 0 and taking the residue at
¢c=A—h(c=h—A) for the upper (lower) sign with the c-contour closed on right (left).
This gives,

v _ 281+ 82— A2 P(A)T(A—h+1)
b (A) = F(%)F(A-FA%—AQ)F(A—A%-{-AQ )F(A1+§2—A)F(A+21,d)F(A+Al;A2_d) . (C.13)

We will now look at the coeffients of the blocks Ga,+a,+2,. For simplicity of the expressions
we will take Ay = Ay = Ay, which is the case we are interested in anyway. First we have
to obtain the power of £". This is done again from (C.11) with the following steps

Step 1. For the first term in parantheses, for the upper (lower) sign, we take the residue
at c = A1+ Ay —h+2(n—m) (c = —-Ay — Ay + h—2(n—m)) and do the sums over
m=20,1,--- ,n. Finallly we expand in £ and the get the coefficient of £" .

Step 2. For the second term (i.e. the hypergeometric) we expand in £, and integrate the
coefficient of " over c using residues. Then we sum over all m > 0.
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Let us denote the total coefficient of ¢ obtained in this way by 2. It can be expressed
as an infinite sum of 3Fy hypergeometric functions, but their expression is too tedious to
display here. The coefficient of the block ¢! is then obtained by using a recursion formula

like (C.7):

)" (A + B)ni)?
— =1 v 14
n t+z{n— k)(284 + 1 — h +2k),_ NE (C.14)

Let us now calculate the boundary channel decomposition coefficient a,, (A, Ay, A) of
the boundary block GAIHM%H from (5.27). The leading term of the block is

(times the prefactor (1 + 5)# coming from (C.2)). Since the limit is £ — oo, the 7
contour is closed on the left. A certain power £~21~™ is obtained by taking residues of
T = % — k, with £ = 0,1,---m, then expanding the terms at large ¢ for each k and
summing. Let us call this coefficient a},, where

“ oo dC A1+Ap+1 (—q)(l—c—h) (1+c—h)
bulk 1422 ) () (F),
Z [22A1+2k /_ i 27TZ |:(5km + v Z ( m—k—p ) ( 5:1 q!(k*'%)q + 5p70))

fle 3 — k) f(=e, 5 — >} L (CDT(E - RD(An — k)
((A —h)2— c2) RIT (5520 + k)0 (Agy — 2k) |

(C.15)

Integrals of this type can be evaluated using the following identity [28§]

/ioo ﬁH?:l I'(a; — 5)I'(ai + 5) _ ['(a1 +ag) ' (a1 + a3) T (ag + ag) T (a3 + a4)
0 2w (4a3 — AT ()T (—c) (a1 + a4) T (2a4 + 1)

a1+a4,a4—a2—|—1,a4—a3+1.
XgFQ( a1+a4+1, a4 + 1 ,1) (C].G)

This gives the following,

DM D (B2 — k) T (828R _ p) T (k4 8=p) A tast
~V o bulk 2 2 P) h—%
ap (A1,80,A) = Z 2812+ (1)K (Agy — k) _ T(A+1—h) <5k,m +v( ))

m—k
k=0
_ —k
T (%) . (Ml,d A-A=Ap | q AdAamd | _}, ) . m—k p (h_A1+A2+1)
2 2 ) 2 1 v 2
342 A¥3—d )
(A—d+1) sl A pt1 m—k—p

p=1 ¢=1

X

(P:qq)(k_ﬂ"' ) F(%—’H‘Q) Atlod 4 g A=fizfe 4] Adforod 4
{ ql(’“""%):@—%—i—m—f—l) s ( : At3= d2+q A*h‘l’l ;1> . (C.a7)

The a;-s are obtained by subtracting from ay .-, the coefficients of the lower boundary

blocks ay,_,,. We give a} in the recursion formula

n°

(Al + le)gnfgk(Al —h+ 2K + 1)2n72k

V(A A, A)=ab .o, —
an( 1, 22, ) a2n+1T kgo{ (zn—Qk)!(2A1+4k’+2—d)2n,2k

:| CLZ(A, Al, Ag) 5 (018)

where k’:k:—i—lfT”.
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C.3 Contact diagram

The contact Witten diagram (5.33) is rather easy to decompose into boundary and bulk
blocks. There is only the T-integral, whose contour is closed on the right for boundary
channel, and on the left for bulk channel. As we expand around £ — oo and £ — 0 the
coefficients of €217 and &£" are respectively given by,

~ (=1)"T(Ag; —n)I'(n+ 52+ Ay)
d; (A, Ay) = 2 ,
n( 1 2) n'F (A21+21_2n)

Dnt 152 + AT (n+ 157 + A
n[r (2n+A12+A2+1) '

and fY(Ay, Ay) = (C.19)

From the above, obtaining the block decomposition coefficients is straightforward. For the
Neumann case, we have the boundary channel expansion coefficients,

(A1+82+1-d)T(2n+A1)T(Agy —2n)I (n+ 3+, —h) (F1E22E21)

+ o n—1
dn (A17 AQ) - 22n+1(_1)nn!1—\( 1+2Agl —’I’L)F(Q?’L-’-Al-‘r%—h) 9 (C20)
The corresponding coefficients for Dirichlet are simply given by
d,; (A, Ag) =df (A1 +1,A5+1). (C.21)

The bulk decomposition coefficients, for the Neumann case, are given by,

(=1)™(d — Ay — Ay = DI (n+ A)D(n + Ay) (5225 — p)

(AL Ay) =
fn( 1 2) Q(n!>r(n+¥+%)(n+A1+A2—h)n

L (C.22)

For Dirichlet the corresponding coefficients f,; can be obtained from fn_ , which are given
by,

fo=FrAr+1,0+1). (C.23)
One can approach the equal scalar limit, A; — Ay + % and Ay — Ay — %, to get
v 1
& (A, Ag) M0 0 S L O(A). (C.24)
A 2

For later use, let us show these quantities for the Neumann case. Choosing the normalization
en=cl/ed, d,=dt/es and f, = [ /es, we get the following,

16-"(Ag)onl (1 + Ay — b + 1) 1
" (Ag)2 (nl o 3) — . and d, = =de,. (C.25)
L(n+ 12T (Ag —h+3)T (2n+ Ay —h +3) 2

The bulk expansion coefficients are given by,

(—1)"Vm(28s + 1= d)l(n+ Ay)* (Ag = h+ 3)
2)D(AG)T (n+ Ay + 1) (n+ 244 — h),,

fn = 21, (C.26)
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