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We introduce the mono-neutrino signal at neutrino detectors as a smoking gun of sub-GeV scale
dark matter candidates that mainly interact with standard model neutrinos. In a mono-neutrino
process, invisible particles, either dark matter themselves or the mediator particle, are radiated off
a neutrino when it undergoes the charged-current weak interaction. The associated signals include
a missing transverse momentum with respect to the incoming neutrino beam direction and the
production of wrong-sign charged leptons. We demonstrate the potential leading role of the future
DUNE experiment, using its proposed liquid and gas argon near detectors, in probing these new
signals and the thermal origins of neutrinophilic dark matter.

I. INTRODUCTION

The coming decade is about to witness impressive progress at the neutrino frontier, with new experiments to be
built for further exploring the present unknowns in the neutrino sector, as well as any associated new physics. One
in particular is the DUNE experiment [1–3], which will be equipped with a high intensity beam and liquid argon
neutrino detectors. With these new facilities, the door is open for exploring a broader range of physics beyond the
standard model (SM), and hunting for the corresponding new signals.

One of the exciting and well-motivated opportunities for DUNE as a multipurpose experiment is to probe the nature
of dark matter. While there is enormous evidence from cosmology suggesting the existence of dark matter [4, 5], the
burning question is how to look for it in our laboratories. In terms of energy deposition, neutrino detectors typically
have much higher energy thresholds than dedicated dark matter detectors and thus are not tailored for probing dark
matter scattering as in the traditional direct detection picture [6]. Many variations to this conventional picture have
been proposed, such as searching for a more energetic component of dark matter (or dark radiation) in our galaxy
which arises from astrophysical processes [7–10], or a man-made dark matter beam created via fixed-target collisions
which then strikes the detector to scatter elastically [11–14] or causes charged lepton pair creations [15]. It has also
been envisioned that a fraction of the halo dark matter may live in a metastable bound state and release much more
than its kinetic energy once it interacts [16]. Note that, in all scenarios mentioned above, dark matter particles
originate outside the neutrino detectors. Despite using a neutrino facility for detection, the key interactions between
dark matter and the SM sector here do not involve neutrinos.

New dark-matter-neutrino interactions can leave important imprint in various aspects of cosmology, such as the
cosmic microwave background (CMB) [17–19], and the structure formation from large to small scales [20–27]. Exper-
imentally, neutrinos from dark matter annihilation at the center of the galaxy or the sun have long been proposed
and searched for using neutrino telescopes [28–39]. The attenuation effect in the flux of high energy neutrinos from
distant astrophysical sources due to the travel through the cosmic dark matter background has also been explored in
Refs. [40–44]. The direct impact of dark-matter-neutrino interactions on the observed neutrino oscillation probabili-
ties [45–47] has been recently investigated in the context of fuzzy dark matter models [48–50]. These existing works
represent the wide range of dark matter theory space and the corresponding signals that can be searched for using
multipurpose neutrino detectors.

In this work, we present a new type of dark matter signal at neutrino experiments from neutrinophilic dark matter
candidates, which mainly interact with neutrinos rather than other SM particles. We introduce the mono-neutrino
process where invisible particles, either dark matter themselves or the mediator to dark matter, are radiated away
while the neutrino undergoes a charged-current (CC) interaction and gets detected. The final states of such a process
are similar to the normal neutrino CC interaction, but there is an imbalance of the final state momenta transverse to
the neutrino beam direction. This can be viewed as an expansion of the mono-X search concept for dark matter at
high energy collider experiments [51], where X is now a neutrino and the search could only be performed at neutrino
detectors. The next-generation liquid argon detectors seem to be the best places for this search thanks to their
unprecedented particle identification and energy resolution capabilities. We will examine several neutrinophilic dark
matter models, and then identify the parameter space where DUNE using its near detectors will be at the frontier of
probing the thermal origin of these dark matter candidates.

This paper is organized as follows. In section II and III, we present the benchmark models for neutrinophilic
dark matter and calculate their thermal relic abundance through the annihilation into neutrinos, respectively. We
present the mono-neutrino process in section IV, discuss the characteristic signatures, and then explore the prospects
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of probing the associated signals at the future DUNE near detectors. In the models under consideration, the mono-
neutrino signal is always accompanied with the “wrong-sign” charged lepton production. We point out that the DUNE
reach can be further improved with a charge identification capability. We wrap up after commenting on a few other
existing constraints in section V.

II. BENCHMARK MODELS

To set the stage, we introduce a complex scalar particle φ which carries lepton number (or the B − L quantum
number) equal to −2 (2) and couples to SM neutrinos through the Weinberg operator portal

Lportal =
(LαH)(LβH)

Λ2
αβ

φ+ h.c.→ 1

2

∑
α,β=e,µ,τ

λαβνανβφ+ h.c. . (1)

After electroweak symmetry breaking, the Higgs vacuum expectation value (VEV) projects out only neutrinos in the
unitary gauge, as shown in the second step, making φ neutrinophilic. The dimensionless coupling λαβ is defined as
v2/Λ2

αβ with v = 246 GeV.

The above φ coupling looks similar to that of a Majoron [52, 53], the goldstone boson (real scalar) from spontaneously
broken lepton number (or B − L) symmetry. If such a symmetry breaking is responsible for generating the neutrino
mass (Majorana in this case), the Majoron coupling will be equal to λ = imν/f , where f is the symmetry breaking
scale. In this work, we are interested in sizable couplings λ ∼ O(1), which in turn imply very low f ∼ mν . Therefore,
for processes occurring at much higher energies, e.g., at neutrino experiments, one should observe the effect of
symmetry restoration. In other words, we must consider neutrinos coupling to the whole complex scalar field containing
both the Majoron as well as the radial excitations along the f direction. The corresponding Lagrangian is identical
to that of φ in Eq. (1).

Alternatively, one could assume that the φ field does not develop a VEV. As argued in [54], introducing a φ-like
scalar is the easiest way of restoring the B − L as an exact global symmetry of the standard model effective theory.
Eq. (1) is the lowest dimensional non-renormalizable operator for φ to couple to standard model particles. In such a
context, the neutrino mass has to be Dirac, and one must introduce at least two right-handed neutrinos (denoted as
νR), with Yukawa coupling to the SM lepton doublets. A marginal operator, λ′νRνRφ, is also allowed. In the presence
of both λ and λ′ couplings, the right-handed neutrinos could be produced through the φ exchange in the early universe.
To avoid an excessive contribution to the neutrino degrees of freedom (∆Neff), which is tightly constrained by the
CMB observations [55], the product of couplings, λλ′ must be tiny, . 10−9 for GeV scale mφ [54].

Within the parameter space of interest to this work, the new phenomena we are going to explore based on Eq. (1)
do not depend on the details of neutrino mass generation, whether Dirac or Majorana.

We continue by assuming B−L conservation at the Lagrangian level, and further consider the above neutrinophilic
φ boson as the portal to dark matter. We will examine a few simple models where the dark matter is stabilized by
various symmetries, Z2, Z3 and U(1).

Model IA : L =
1

2
yIAχ

2φ+ h.c.

Model IB : L =
1

2
yIBχ̄

cχφ+ h.c.

Model II : L =
1

6
yIIχ

3φ+ h.c.

Model III : L = yIII χ̄1χ2φ+ h.c.

(2)

In model IA, the dark matter χ is a complex scalar carrying lepton number +1 and is stabilized by a Z2 symmetry.
The coupling yIA in this model has mass dimension 1. Model IB is similar to IA but with χ being a Dirac fermion
and χc its charge-conjugation field. In this case, χ has the same quantum numbers as the right-handed neutrino and
therefore its stability is not automatic. An ad hoc Z2 symmetry under which χ is odd must be imposed by hand. We
include this case in our study for the sake of completeness. In model II, the dark matter carries lepton number +2/3
and is stabilized by a Z3 symmetry. In this case, χ must be a complex scalar. Model III slightly goes beyond the
minimality and contains two components of dark matter, χ1, χ2, which carry lepton numbers q−2 and q respectively.
We will assume χ1, χ2 are Dirac fermions. For generic values of q their couplings to SM particles are forbidden, thus
the lighter of the two (assumed to be χ1) can be the dark matter candidate. In this case, the stabilization symmetry
is a U(1).

It is worth pointing out that the Z2, Z3 and U(1) symmetries in the above models (with the exception of model IB)
and the stability of dark matter are the natural consequences of the assumed B−L conservation. The B−L quantum
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number assignment forbids any renormalizable interaction for the dark matter candidate to decay into standard model
particles. For example, the Z2 symmetry in model IA is the analogue of R-parity in B−L conserving supersymmetric
theories (where χ is like a right-handed sneutrino).

The above models will serve as the benchmarks for our study. In the following, we will first derive the favored
regions of parameter space in each model that give the correct dark matter relic density via the thermal freeze out
mechanism. Afterwards, we investigate the prospects of using the DUNE near detector(s) to test these well-motivated
thermal targets.

III. DARK MATTER THERMAL RELIC DENSITY

We consider the thermal relic abundance of dark matter described in the above models. The relevant annihilation
processes are in depicted in Fig. 1, where the dark matter freezes out by annihilating directly to SM neutrinos via an
off-shell mediator φ. We will focus sub-GeV dark matter and mediator mass scales, which makes them kinematically
accessible in neutrino experiments. Throughout this study, we assume the mediator φ to be heavier than the dark
matter χ or χ1,2.† The annihilation cross sections are thus proportional to the square of λαβ couplings which, as we
show later on, could manifest themselves at DUNE.
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�
<latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit>

⌫↵<latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit>

⌫�
<latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit>

�
<latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit>

�
<latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit><latexit sha1_base64="X4GKo/8RFB1PMtAklk0M+fuOhtY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lsN83S3U3Y3Qgl9C948aDi1V/kzX/jJs1BWx8MPN6bYWZemHKmjet+O7W19Y3Nrfp2Y2d3b/+geXj0qJNMEeqThCeqH2JNOZPUN8xw2k8VxSLktBdObwu/90SVZol8MLOUBgJPJIsYwaaQhiRmo2bLbbsl0CrxKtKCCt1R82s4TkgmqDSEY60HnpuaIMfKMMLpvDHMNE0xmeIJHVgqsaA6yMtb5+jMKmMUJcqWNKhUf0/kWGg9E6HtFNjEetkrxP+8QWai6yBnMs0MlWSxKMo4MgkqHkdjpigxfGYJJorZWxGJscLE2HgaNgRv+eVV4l+0b9ru/WWr06nSqMMJnMI5eHAFHbiDLvhAIIZneIU3RzgvzrvzsWitOdXMMfyB8/kDbAqOAw==</latexit>

�⇤
<latexit sha1_base64="v8qCsWo/pMgatbIgOoqn7N0oI/E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPIREBPVW8OKxgmkLbSyb7aZdu9kNuxuhhP4HLx5UvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0srq2vlHerGxt7+zuVfcPmlpmitCASC5VO8KaciZoYJjhtJ0qipOI01Y0upn6rSeqNJPi3oxTGiZ4IFjMCDZWanbJkD2c9ao1z/VmQMvEL0gNCjR61a9uX5IsocIQjrXu+F5qwhwrwwink0o30zTFZIQHtGOpwAnVYT67doJOrNJHsVS2hEEz9fdEjhOtx0lkOxNshnrRm4r/eZ3MxFdhzkSaGSrIfFGccWQkmr6O+kxRYvjYEkwUs7ciMsQKE2MDqtgQ/MWXl0lw7l673t1FrV4v0ijDERzDKfhwCXW4hQYEQOARnuEV3hzpvDjvzse8teQUM4fwB87nD4cDjp8=</latexit><latexit sha1_base64="v8qCsWo/pMgatbIgOoqn7N0oI/E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPIREBPVW8OKxgmkLbSyb7aZdu9kNuxuhhP4HLx5UvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0srq2vlHerGxt7+zuVfcPmlpmitCASC5VO8KaciZoYJjhtJ0qipOI01Y0upn6rSeqNJPi3oxTGiZ4IFjMCDZWanbJkD2c9ao1z/VmQMvEL0gNCjR61a9uX5IsocIQjrXu+F5qwhwrwwink0o30zTFZIQHtGOpwAnVYT67doJOrNJHsVS2hEEz9fdEjhOtx0lkOxNshnrRm4r/eZ3MxFdhzkSaGSrIfFGccWQkmr6O+kxRYvjYEkwUs7ciMsQKE2MDqtgQ/MWXl0lw7l673t1FrV4v0ijDERzDKfhwCXW4hQYEQOARnuEV3hzpvDjvzse8teQUM4fwB87nD4cDjp8=</latexit><latexit sha1_base64="v8qCsWo/pMgatbIgOoqn7N0oI/E=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPIREBPVW8OKxgmkLbSyb7aZdu9kNuxuhhP4HLx5UvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6e0srq2vlHerGxt7+zuVfcPmlpmitCASC5VO8KaciZoYJjhtJ0qipOI01Y0upn6rSeqNJPi3oxTGiZ4IFjMCDZWanbJkD2c9ao1z/VmQMvEL0gNCjR61a9uX5IsocIQjrXu+F5qwhwrwwink0o30zTFZIQHtGOpwAnVYT67doJOrNJHsVS2hEEz9fdEjhOtx0lkOxNshnrRm4r/eZ3MxFdhzkSaGSrIfFGccWQkmr6O+kxRYvjYEkwUs7ciMsQKE2MDqtgQ/MWXl0lw7l673t1FrV4v0ijDERzDKfhwCXW4hQYEQOARnuEV3hzpvDjvzse8teQUM4fwB87nD4cDjp8=</latexit>

⌫↵<latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit>

⌫�
<latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit>

⌫↵<latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit><latexit sha1_base64="Eok28MFWSCKgjwYus1cdM2TXK7Y=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFY4tNKJPtpl262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorynyailR1ItRMcMl8w41gnUwxTCLB2tHoZuq3n5jSPJX3ZpyxMMGB5DGnaKz0GMi8F6DIhtir1d2GOwNZJl5J6lCi1at9Bf2U5gmThgrUuuu5mQkLVIZTwSbVINcsQzrCAetaKjFhOixmF0/IqVX6JE6VLWnITP09UWCi9TiJbGeCZqgXvan4n9fNTXwVFlxmuWGSzhfFuSAmJdP3SZ8rRo0YW4JUcXsroUNUSI0NqWpD8BZfXib+eeO64d5d1JvNMo0KHMMJnIEHl9CEW2iBDxQkPMMrvDnaeXHenY9564pTzhzBHzifPwjskK8=</latexit>

⌫�
<latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit><latexit sha1_base64="TwdjhWqggNRYLlMFXQZbIlspYas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMFYytNKJvtpF262YTdjVBCf4UXDype/Tve/Ddu2xy09cHA470ZZuZFmeDauO63s7K6tr6xWdmqbu/s7u3XDg4fdJorhj5LRao6EdUouETfcCOwkymkSSSwHY1upn77CZXmqbw34wzDhA4kjzmjxkqPgcx7QYSG9mp1t+HOQJaJV5I6lGj1al9BP2V5gtIwQbXuem5mwoIqw5nASTXINWaUjegAu5ZKmqAOi9nBE3JqlT6JU2VLGjJTf08UNNF6nES2M6FmqBe9qfif181NfBUWXGa5Qcnmi+JcEJOS6fekzxUyI8aWUKa4vZWwIVWUGZtR1YbgLb68TPzzxnXDvbuoN5tlGhU4hhM4Aw8uoQm30AIfGCTwDK/w5ijnxXl3PuatK045cwR/4Hz+AEAGkDs=</latexit>

�1
<latexit sha1_base64="8oMLxWQqrj04a8v/9FmpA455n9M=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+nfntJ6oNU/LBTlIaCTyULGEEWye1emTE+kG/WvPr/hxolQQFqUGBZr/61RsokgkqLeHYmG7gpzbKsbaMcDqt9DJDU0zGeEi7jkosqIny+bVTdOaUAUqUdiUtmqu/J3IsjJmI2HUKbEdm2ZuJ/3ndzCbXUc5kmlkqyWJRknFkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAqq4EILll1dJeFG/qfv3l7VGo0ijDCdwCucQwBU04A6aEAKBR3iGV3jzlPfivXsfi9aSV8wcwx94nz+THI6n</latexit><latexit sha1_base64="8oMLxWQqrj04a8v/9FmpA455n9M=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+nfntJ6oNU/LBTlIaCTyULGEEWye1emTE+kG/WvPr/hxolQQFqUGBZr/61RsokgkqLeHYmG7gpzbKsbaMcDqt9DJDU0zGeEi7jkosqIny+bVTdOaUAUqUdiUtmqu/J3IsjJmI2HUKbEdm2ZuJ/3ndzCbXUc5kmlkqyWJRknFkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAqq4EILll1dJeFG/qfv3l7VGo0ijDCdwCucQwBU04A6aEAKBR3iGV3jzlPfivXsfi9aSV8wcwx94nz+THI6n</latexit><latexit sha1_base64="8oMLxWQqrj04a8v/9FmpA455n9M=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+nfntJ6oNU/LBTlIaCTyULGEEWye1emTE+kG/WvPr/hxolQQFqUGBZr/61RsokgkqLeHYmG7gpzbKsbaMcDqt9DJDU0zGeEi7jkosqIny+bVTdOaUAUqUdiUtmqu/J3IsjJmI2HUKbEdm2ZuJ/3ndzCbXUc5kmlkqyWJRknFkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAqq4EILll1dJeFG/qfv3l7VGo0ijDCdwCucQwBU04A6aEAKBR3iGV3jzlPfivXsfi9aSV8wcwx94nz+THI6n</latexit>

�̄2
<latexit sha1_base64="s4QxSNENhYhEDUyUlyOVogyJ6d8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoN4KXjxWMLbYhDLZbtqlm03Y3Qgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMUebRRCSqG6JmgkvmGW4E66aKYRwK1gnHNzO/88SU5om8N5OUBTEOJY84RWOlRz9E5dMR7zf71Zpbd+cgq6RRkBoUaPerX/4goVnMpKECte413NQEOSrDqWDTip9pliId45D1LJUYMx3k84un5MwqAxIlypY0ZK7+nsgx1noSh7YzRjPSy95M/M/rZSa6CnIu08wwSReLokwQk5DZ+2TAFaNGTCxBqri9ldARKqTGhlSxITSWX14lXrN+XXfvLmqtVpFGGU7gFM6hAZfQgltogwcUJDzDK7w52nlx3p2PRWvJKWaO4Q+czx+SXpBh</latexit><latexit sha1_base64="s4QxSNENhYhEDUyUlyOVogyJ6d8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoN4KXjxWMLbYhDLZbtqlm03Y3Qgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMUebRRCSqG6JmgkvmGW4E66aKYRwK1gnHNzO/88SU5om8N5OUBTEOJY84RWOlRz9E5dMR7zf71Zpbd+cgq6RRkBoUaPerX/4goVnMpKECte413NQEOSrDqWDTip9pliId45D1LJUYMx3k84un5MwqAxIlypY0ZK7+nsgx1noSh7YzRjPSy95M/M/rZSa6CnIu08wwSReLokwQk5DZ+2TAFaNGTCxBqri9ldARKqTGhlSxITSWX14lXrN+XXfvLmqtVpFGGU7gFM6hAZfQgltogwcUJDzDK7w52nlx3p2PRWvJKWaO4Q+czx+SXpBh</latexit><latexit sha1_base64="s4QxSNENhYhEDUyUlyOVogyJ6d8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoN4KXjxWMLbYhDLZbtqlm03Y3Qgl9F948aDi1Z/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMUebRRCSqG6JmgkvmGW4E66aKYRwK1gnHNzO/88SU5om8N5OUBTEOJY84RWOlRz9E5dMR7zf71Zpbd+cgq6RRkBoUaPerX/4goVnMpKECte413NQEOSrDqWDTip9pliId45D1LJUYMx3k84un5MwqAxIlypY0ZK7+nsgx1noSh7YzRjPSy95M/M/rZSa6CnIu08wwSReLokwQk5DZ+2TAFaNGTCxBqri9ldARKqTGhlSxITSWX14lXrN+XXfvLmqtVpFGGU7gFM6hAZfQgltogwcUJDzDK7w52nlx3p2PRWvJKWaO4Q+czx+SXpBh</latexit>

�⇤
<latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit><latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit><latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit>

�⇤
<latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit><latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit><latexit sha1_base64="LhapnignVoeKZfIBTAe6f0KrxYA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKai3ohePFdy20K4lm2bb2GyyJFmhLP0PXjyoePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hZXVtfaO4Wdra3tndK+8fNLVMFaE+kVyqdog15UxQ3zDDaTtRFMchp61wdDP1W09UaSbFvRknNIjxQLCIEWys1OwmQ/Zw1itX3Ko7A1omXk4qkKPRK391+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z+ukJroMMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+vEz88+pV1b2rVerXeRpFOIJjOAUPLqAOt9AAHwg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AGbeI6u</latexit>

�⇤
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FIG. 1: Annihilation channels for dark matter to freeze out in model IA (upper left), IB (upper right), II (lower left) and III
(lower right). Time flows from left to right. Arrows represent the direction of lepton number flows.

In each model, the dark matter annihilation cross section is calculated in the low relative velocity vrel limit, keeping
the leading term in the vrel expansion.

Model IA: For scalar χ, the annihilation is S-wave,

σvrel(χχ→ νανβ) =
|λαβyIA|2

8π(4m2
χ −m2

φ)2(1 + δαβ)
. (3)

Model IB: For fermionic χ, the annihilation is P -wave,

σvrel(χχ→ νανβ) =
|λαβyIB |2m2

χv
2
rel

16π(4m2
χ −m2

φ)2(1 + δαβ)
. (4)

† If mχ > mφ, the freeze-out of χ could occur through the annihilation into φ’s instead of neutrinos. The subsequent decay φ→ νανβ is
allowed to happen on a much longer time scale. In such a secluded scenario, there is no direct connection between the φ − ν coupling
λ, which could be probed at DUNE (this work), and the thermal relic abundance of dark matter χ. For this reason, we will restrict
ourselves to the heavier mediator case (mφ > mχ).
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FIG. 2: Expected reach of mono-neutrino search at DUNE versus the theory landscape of neutrinophilic dark matter with
thermal relic density: Model IA: solid (dashed) red curve corresponds to yIA/mφ = λµµ (yIA/mφ = 1.0); Model IB: solid
(dashed) blue curve corresponds to yIB = λµµ (yIB = 1.0); Model II: solid (dashed) yellow curve corresponds to yII = λµµ
(yII = 1.0); Model III: solid (dashed) green curve corresponds to yIII = λµµ (yIII = 1.0) and ∆ = 0.2. We assume mχ = mφ/10
for all the curves. Also shown are the present and future experimental constraints. The gray shaded regions are already ruled
out by the charged kaon semi-leptonic decays (upper-left region), the Higgs boson invisible decay (large λµµ region) and the
CMB (small mφ region) measurements, as will be discussed in section V. The solid and dot-dashed thick black curves show
the DUNE mono-neutrino reach with and without taking into account of charge identification, as will be discussed in detail in
section IV.

For the dark matter relic density, we follow the semi-analytical approach in Refs. [56, 57],

ΩDMh
2 =

2.1× 109 GeV−1√g∗(n+ 1)xn+1
f

g∗SMplσ0
,

xf ' log
0.038gχc(c+ 2)Mplmχσ0√

g∗
,

(5)

where gχ = 2. For S-wave annihilation, n = 0 and σ0 = σvrel; while for P -wave annihilation, n = 1 and σ0 = 6σ/vrel.
We set c(c + 2) = n + 1 following the prescription in Ref. [57]. ΩDMh

2 includes contributions from both χ and χ∗

(χc).

Model II: The dark matter in this model freezes out via semi-annihilation [58],

σvrel(χχ→ χ∗νανβ) =
|λαβyII |2

2048π3m2
χ(1 + δαβ)

∫ 1

0

dz
z
√

(1− z)(9− z)
(m2

φ/m
2
χ − z)2

. (6)

This integral can be performed analytically, but we will not show the lengthy full result except for the large mφ limit,

σvrel(χχ→ χ∗νανβ) ' (57− 80 ln 2)|λαβyII |2m2
χ

4096π3m4
φ(1 + δαβ)

. (7)
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This is an S-wave semi-annihilation. The dark matter relic density can be calculated by generalizing Eq. (5), only
with the change c(c+ 2)→ c(c+ 1). However, we still set c(c+ 1) = n+ 1 in the relic density calculation.

Model III: In this model, the way to freeze out dark matter in early universe is via coannihilation of χ1, χ2, whose
cross section is

σvrel(χ1χ̄2 → νανβ) =
|λαβyIII |2m2

χ1
(2 + ∆)2v2

rel

64π[m2
χ1

(2 + ∆)2 −m2
φ]2(1 + δαβ)

, (8)

where ∆ ≡ (m2 −m1)/m1. Like model IB, this is again a P -wave annihilation. The dark matter relic density in this
case can be calculated using Eq. (5) but with the replacement [56]

gχ → geff = gχ

[
1 + (1 + ∆)3/2e−xf∆

]
,

σ0 →
6σ

vrel
× 2(1 + ∆)3/2e−xf∆ .

(9)

Fig. 2 shows parameter space where the dark matter in the above models can obtain the observed relic density.
For each model, we choose two benchmark values of the χ-φ coupling, democratic and hierarchical. Namely, φ having
similar branching ratios decaying into χ’s or ν’s, and φ mainly decaying into χ’s, respectively. For model IA, the solid
(dashed) curve corresponds to yIA/mφ = λµµ (yIA/mφ = 1). For models IB, II and III, the solid curves stand for the
case where φ couples with equal strength to dark matter and neutrinos (y• = λµµ where • = IB, II, III), whereas the
dashed curves stand for the case of hierarchical couplings with y• = 1. In model III, we set the χ1-χ2 mass difference
to be ∆ = 0.2. We also set mχ = mφ/10. These benchmark parameters are chosen in order to give an idea of the
range of thermal dark matter targets for experimental searches – the main focus of the upcoming sections.

IV. MONO-NEUTRINO AT DUNE NEAR DETECTORS

In this section, we propose the mono-neutrino channel as the new signal from φ as the mediator to dark matter
with a sub-GeV mass, and explore the exciting opportunity of probing it at accelerator neutrino experiments, in
particular the near-future DUNE experiment. Such a signal is commonly predicted by the above benchmark models.
We consider neutrino near detectors which are located near the fixed-target collisions and see the most intense flux of
neutrinos. Because the accelerator neutrinos are predominantly made of the muon flavor at production, and charged
muons are easiest to identify experimentally, we will focus on the λµµ coupling of φ.

A. The mono-neutrino signal and background

First, imagine an accelerator neutrino experiment whose beam is running in the neutrino mode, the key process of
interest to us is

νµ +N → µ+ +N ′ + φ∗ (10)

as depicted in Fig. 3, where an on-shell φ∗ particle is radiated off the initial state muon neutrino before it undergoes the
SM CC weak interaction. Such neutrino beamstrahlung process has been proposed in [54]. In the models considered
in this work, the φ∗ particle will subsequently decay into dark matter or neutrinos and appear as missing energy.
Because φ∗ takes away two units of lepton number, a µ+ particle is created in (10), accompanied with a momentum
transfer to the target nucleus, leading to nuclear activities (labelled by N ′). We will restrict our study to those
events where the final state N ′ remains as a nucleon, as additional hadronic activity (e.g., deeply-inelastic scattering
events) tends to bring more uncertainties to the final state momentum measurement. If the neutrino detector in which
the above process occurs is able to identify the outgoing muon and the recoiling nucleon, and measure their energy
and momenta precisely, it will discover an imbalance among the final state momenta of these visible particles in the
directions orthogonal to the incoming neutrino beam. The missing transverse momentum, defined as

�pT ≡
∣∣∣∣∣ ∑
i=visible

(~pT )i

∣∣∣∣∣ , (11)

could serve as the smoking gun for neutrinophilic dark matter through the φ portal. This is the mono-neutrino signal
we shall explore in detail.
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FIG. 3: Neutrino beamstrahlung process that appears as a mono-neutrino event at DUNE. The φ particle is radiated off the
incoming neutrino when a CC process occurs, followed by its invisible decay into dark matter or neutrinos. Time flows from
left to right. Arrows represent the direction of lepton number flow.

The main backgrounds for such signal are the SM charged current quasi-elastic (CCQE) events,

νµ +N → µ− +N ′ (12)

ν̄µ +N → µ+ +N ′ (13)

There are no invisible final state particles in these processes. However, with a realistic detector, the uncertainties in the
final state momentum reconstruction (more uncertain on the nucleon side) could result in a nonzero �pT measurement,
in which case they fake the mono-neutrino signal.

Although we are considering a neutrino beam in the above example, there is always an anti-neutrino contamination
in the beam thus the process in (13) also needs to be taken into account. Given that the antineutrino flux is only a few
percent of that of neutrinos, the rate for (13) is subdominant to (12). However, because (13) produces a muon with
the same sign as that in our signal process (10), it contributes as a more irreducible background even for detectors
with a charge identification capability.

Another potential background worth worrying about arises from the neutral current process

ν +N → ν +N ′ + π± (14)

with the final state π± misidentified as a charged muon. In this case, such a process can fake our mono-neutrino
signal because the final-state neutrino takes away a missing transverse momentum. The number of these events at
the DUNE near detector is expected to be around half the number of CCQE events [2]. There are, however, several
useful handles for reducing this contribution.

First, such a process dominantly proceeds via an intermediate ∆-baryon resonance, whose contribution can be
efficiently suppressed with a cut on the N ′π± invariant mass vetoing the window around ∆ mass. Second, the
discrimination between the π± and µ± tracks is possible using the dE/dx observable [59] (especially in a gaseous
argon detector as discussed below). Third, because π± interacts strongly, it tends to shower more, producing a
number of ancillary tracks as it travels through the liquid argon [60]. Fourth, the charged pion once produced could
either get absorbed by an argon nucleus, or decay weakly into µ±. The former possibility allows (14) to fake our
signal, while the latter features a track with a kink (when π± and µ± travel in different directions), which is relatively
easy to identify. The ratio of these two possibilities is in principle calculable. Therefore, measuring the rate of the
tracks with kinks will help to have control of the background from absorbed pions. Last but not the least, the Michel
electrons from µ± decay could serve as an important handle on identifying our signal process, which is absent in
the π± decay. For all the above considerations, we decide to neglect the νµN → νµN

′π± background process in the
following simulations and sensitivity estimates.

Atmospheric neutrinos with CC interactions could, in principle, fake our desired signal as well, since the incoming
neutrino direction is unknown. However, the rate of atmospheric neutrino events at the DUNE near detector is
expected to be small (less than 10 per year), and additionally, timing information with the DUNE beam spills would
allow these events to be further reduced, since our desired signal arrives in time with the neutrino beam.

B. Features of mono-neutrino events at DUNE near detectors

Clearly, in order to suppress the background discussed above, the most useful neutrino detectors need to have
excellent energy/momentum resolution and charge discrimination of final state leptons. This leads us to consider
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FIG. 4: A schematic plot of the DUNE near detector setup, with liquid and magnetized gaseous argon detectors located
downstream the neutrino beam.

the future DUNE near detector setup, which according to the present plans [59, 61], includes a liquid argon (LAr)
time projection chamber (TPC) [62], a high-pressure gaseous argon (HPg) TPC [63, 64], a 3D projection scintillator
tracker [65], as well as the DUNE PRISM concept of designing movable detectors [66]. Among them, of the most
interest to this study are the LAr and HPg TPCs, which will be placed downstream the neutrino beam from the
fixed target collision hall. A schematic plot of the detector setup is shown by Fig. 4. For a mono-neutrino process
initiated in the LAr TPC, the final state muon and nuclear recoil leave distinct tracks, based on which their energies
and momenta could be measured [2]. If the muon is energetic enough to travel into the HPg TPC, the sign of its
charge can be easily identified using a magnetic field, in together with its energy and momentum. Although the LAr
TPC will not be magnetized, it still retains certain charge identification ability by utilizing the Michel electron from
muon decay, which will be discussed in more detail below.

Our goal here is to estimate the reach of these DUNE near detectors in search for the mono-neutrino signal. We
will focus on the processes initiated in the LAr TPC rather than the HPg one because the former has a much higher
target mass. Based on the expected neutrino beam flux provided in [2] and an effective LAr target mass equal to 75
ton [61], the SM CCQE background is estimated to occur about 20 million times every year [2]. To derive the final
state phase space distributions for the signal and background, we simulate the corresponding processes at nucleon
level using MadGraph [67], assuming N = p,N ′ = n in (10) and (13) and N = n,N ′ = p in (12). We impose an energy

smearing of 40%/
√
E [GeV] for the final state neutron, 20%/

√
E [GeV] for proton, and 3%/

√
E [GeV] for muon,

on event by event basis. These smearings account for the errors in final state momentum reconstructions [2]. We
first generate the events for fixed neutrino energy and then convolve them with the incoming neutrino beam energy
spectrum.

Fig. 5 (left) shows the resulting �pT distributions for our signal and background, using events with fully contained
muons produced and then stopping inside the LAr TPC (with Eµ < 1 GeV).‡ The solid (dashed) curves correspond
to the DUNE beam running in the neutrino (antineutrino) mode. The neutrino mode has a relatively higher back-
ground because of its higher CC cross section (by a factor of 3). For the signal, the red (blue) curves correspond
to mφ = 500 MeV (1 GeV) with the coupling parameter λµµ = 1 fixed. Clearly, barring the uncertainties in the en-
ergy/momentum reconstruction, the signal events extend to much higher �pT bins than the background. The kinematic
region with �pT & 0.5 GeV is expected to be almost background free given the time scale of the DUNE experiment
(∼ 10 years) thus serves as the main signal region for hunting the mono-neutrino signal.

In addition, Ref. [54] has pointed out that another observable, Ereco
ν , defined as the neutrino energy inferred by

assuming 2 → 2 scattering (where a neutrino with energy Ereco
ν strikes a nucleon at rest), can be useful for further

signal-background differentiation. It was found that, for the SM background, Ereco
ν peaks around 4 GeV, whereas for

our signal, Ereco
ν is typically less than 1–2 GeV, mainly because the radiated φ carries away a significant fraction of

the injected energy. In Fig. 5 (right), we have further imposed a Ereco
ν < 1.5 GeV cut in the event selection.

Even more excitingly, on top of the above kinematic handles∗ (�pT and Ereco
ν ), the DUNE detectors will also be

‡ Typically, a muon produced with energy larger than 1 GeV will eventually leave the LAr TPC instead of stopping [68]. Hereafter, we use
Eµ = 1 GeV as the boundary between full contained muons within the LAr and the through-going muons that reach the GAr. Based
on the near detector design [64], the fraction of through-going muons that miss the GAr detector is neglected to a good approximation.
∗ Another potentially useful kinematical cut is the invariant mass of the incoming neutrino, which can be inferred by assuming the target

nucleon to be at rest and from the reconstructed final state momenta. Ideally, it vanishes for the background processes, but not for our
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FIG. 5: Expected number of events per year at the DUNE Near Detector that are identified as signal events in neutrino mode
(solid lines) and antineutrino mode (dashed lines). See text and Tables I and II for explanation of signal. We show events
for fully contained muons (Eµ < 1 GeV), and in the right panel, we further restrict to events with reconstructed neutrino
energy Ereco

ν < 1.5 GeV to highlight the difference in signal and background distributions as a function of this variable. For
the mono-neutrino process of interest, red (blue) lines assume mφ = 500 MeV (1 GeV) and λµµ = 1. Distributions take into
account the factors regarding Michel electron tagging discussed in the text.

able to discriminate the signs of final state muons. The highly energetic muons (Eµ > 1 GeV) will travel though the
LAr and reach the magnetized HPg TPC (as shown by the yellow track “c” in Fig. 4). We simply assume 100%
charge discrimination efficiency in this case [64]. The less energetic muons (Eµ < 1 GeV) will mostly stop inside the
LAr and become fully contained. A µ+ always decays after stopping, giving rise to a Michel electron which can be
tagged together with the stopped muon track (as shown by the yellow track “a” in Fig. 4). In contrast, a µ− is first
captured by the argon nucleus into a muonic atom, and quickly settles down to the ground state [69]. Afterwards, it
has ∼ 25% probability of decaying, producing a Michel electron, and ∼ 75% probability of being further captured by
the nucleus through weak interaction, converting into a muon neutrino, without producing Michel electron (as shown
by the yellow track “b” in Fig. 4). These features can be used to further enhance the signal to background ratio. For
example, in the signal process (10), a µ+ is produced which always decays into a Michel electron. For fully contained
muon events, we can suppress the dominant background (12) by a factor of 0.25 by requiring the presence of a Michel
electron. On the other hand, with an antineutrino beam, the dominant signal arises via the charge-conjugate process
to (10) and a µ− is produced. In this case, we could suppress the dominant background (the charge conjugation of (12)
which creates a µ+) almost completely by by vetoing events containing a Michel electron at the end of the stopped
muon track, at the price of suppressing the signal by a factor of 0.75 at the same time. Recently, the MicroBooNE
and ArgoNeuT experiments have demonstrated the ability of measuring Michel electrons and MeV scale physics in
their LAr TPCs [70–72]. A similar capability is expected at the DUNE near detector as well.

To better understand the signal and background event distributions in the different �pT and Ereco
ν kinematic regions,

as well as the impact of the charge identification discussed above, we divide the generated events into several categories,
as shown in the following Tables I and II, assuming the DUNE beam running in the neutrino and antineutrino mode,
respectively. For each mode, we first divide the events into two cases with fully contained muons in LAr TPC (with
Eµ < 1 GeV) and through-going muons that reach the HPg TPC (with Eµ > 1 GeV). For each case, we further divide
the events into two subsets with Ereco

ν > (<)1.5 GeV. In each Eµ and Ereco
ν window, we further select events by

applying the corresponding charge identifications. For events with muons fully contained in the LAr TPC, we require
the presence (absence) of Michel electron near the end of the muon track, for the neutrino (antineutrino) beam mode.
The resulting penalty factors for the signal and background are given in unit of percentage in the square brackets.

signal if φ is radiated from the initial state with a nonzero transverse momentum. In practice, we find that the role of such a cut is
already played by the �pT cut.
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The HPg TPC is assume to veto all background events containing opposite-sign muons to those in the signal.

ν Mode: µ+ Michel/Gas-tagged Eµ < 1 GeV
Ereco
ν < 1.5 GeV

Eµ > 1 GeV
Ereco.
ν < 1.5 GeV

Ereco.
ν ≥ 1.5 GeV Ereco

ν ≥ 1.5 GeV

Signal: νµp→ φµ+n Michel e+ [100%]
6.10× 103 (1.53× 103)

Tagged µ+ [100%]
2.60× 103 (660.4)

423.4 (59.9) 2.32× 103 (516.4)

Background: νµn→ µ−p Michel e− [25%]
3.71× 105

Tagged µ− [0%]
5.27× 105

1.23× 106 1.55× 107

Background: νµp→ µ+n Michel e+ [100%]
4.33× 104

Tagged µ+ [100%]
3.41× 104

2.28× 104 6.30× 105

TABLE I: Number of expected signal and background events per year at the DUNE near detector, assumed to contain 75 ton of
liquid argon, with the beam running in the neutrino mode. We divide the events into four kinematical categories with Eµ < (>)1
GeV and Ereco

ν > (<)1.5 GeV. For charge identification, we require the presence of Michel electrons from fully contained muons
inside the LAr TPC or tagged µ+ inside the HPg TPC. The resulting penalty factors for the signal and background are given in
unit of percentage in the square brackets. We show the number of signal events for φ emission assuming λµµ = 1 and mφ = 500
MeV (mφ = 1 GeV in the parentheses).

ν̄ Mode: µ− No Michel/Gas-tagged Eµ < 1 GeV
Ereco
ν < 1.5 GeV

Eµ ≥ 1 GeV
Ereco.
ν < 1.5 GeV

Ereco.
ν ≥ 1.5 GeV Ereco

ν ≥ 1.5 GeV

Signal: ν̄µn→ φµ−p Nuclear captured [75%]
3.30× 103(486.2)

Tagged µ− [100%]
1.46× 103(216.7)

409.5(40.8) 1.67× 103(222.3)

Background: νµp→ µ+n Michel e+ [0%]
5.38× 105

Tagged µ+ [0%]
6.30× 105

4.43× 105 6.18× 106

Background: νµn→ µ−p Nuclear captured [75%]
6.34× 104

Tagged µ− [100%]
3.30× 104

1.95× 105 1.94× 106

TABLE II: Similar to Table I but with the DUNE beam running in the antineutrino mode. For charge identification, we require
the absence of any Michel electron for fully contained muons inside the LAr TPC or tagged µ− inside the HPg TPC in this
case.

From these tables, there is important information one could learn about the features of the signal and background.
First, the dominant background category contains through-going muons that reach the HPg TPC. Among them, the
opposite-sign muon background (compared to the signal) can be vetoed with a magnetic field. Second, the majority
of signal events have fully contained muons in the LAr TPC. The number of background events can be suppressed by
an order of magnitude by focusing on these fully contained muons. Furthermore, we find that the background can be
suppressed by another order of magnitude by requiring the presence/absence of a Michel electron from muon decay
together with a Ereco

ν < 1.5 GeV cut. In contrast, these event selection criteria only hurt the number of signal events
by an order one factor.

C. Expected DUNE reach

Here we assess the prospects of using the DUNE near detectors to explore the mono-neutrino signal, and their
implications for the neutrinophilic dark matter models presented in section II. In order to fully take advantage of the
differences between the signal and background as found above, we perform a log-likelihood comparison between the
two using a Poisson distribution

− 2 lnL = −2
∑
C,T

24∑
i=1

20∑
j=1

(−λij + µij lnλij − lnµij !) , (15)
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FIG. 6: Left: Same as Fig. 2 but assuming a mass relation mφ = 3mχ. Right: a reproduction of Fig. 2 for comparison.

where µij (λij) is the number of background (signal + background) events § in the ith bin of �pT and jth bin of Ereco
ν .

We assume ten years of data collection (equal time in neutrino and antineutrino modes) and bins of 125 MeV in �pT
between 0 and 3 GeV (24 total) and bins of 500 MeV in Ereco

ν between 0 and 10 GeV (20 total).
We perform the following two analyses. The first one involves both fully contained (C) events within the LAr

TPC and the ones with through-going events (T ) muons that could reach the HPg TPC. We take into account the
charge identification efficiency factors discussed above. The second analysis involves only the C-type events, and to
be conservative, in this case we explore the impact of having no charge identification, meaning no discrimination
between captured µ− and those that produce a Michel electron/positron after stopping. This amounts to the factors
in brackets in Tables I and II all being 100% – an increase in background by a factor of ∼ 4 in neutrino mode and a
factor of a few in antineutrino mode.

In Fig. 2, the black curves show the 90% confidence level reach in the λµµ versus mφ parameter space (corresponding
to −2∆(lnL) = 4.6 for two parameters) by using the DUNE near detector to look for the proposed mono-neutrino
signal for 10 years. The solid (dot-dashed) curve corresponds to using both C and T (just C) events. As explained
earlier, the colored curves represent the parameter space for neutrinophilic dark matter which obtains the correct
thermal relic abundance via the annihilation into neutrinos. Clearly, a sizable portion of these regions of interest
can be covered. Including the T -type events and enabling the charge identification capability of detectors allows the
sensitivity in λµµ to be enhanced by a factor of ∼ 2.

In our discussions so far, we have sticked the φ, χ mass relation to be mφ = 10mχ. To present our results for
generalized mass relations, In the left panel of Fig. 6, we show the parameter space of thermal targets versus the
DUNE reach assuming mφ = 3mχ. In this case, most of the relic density curves for the neutrinophilic dark matter
models discussed in Section II move downwards slightly, compared Fig. 2 (shown again in the right panel). Clearly,
the DUNE is still able to cover a substantial portion of the parameter space of interest. On the other hand, if we
increase the mφ/mχ mass ratio, the correct dark matter relic density will call for larger couplings and the DUNE
reach will get better.

V. OTHER CONSTRAINTS

In this section, we comment on other existing constraints on the benchmark models under consideration.

§ The difference between λij and µij – the number of signal events in a bin – is proportional to λ2
µµ.
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A. Precision Measurements in the Standard Model

There are relevant existing constraints on the φ couplings from precision measurements in the SM, as shown by
the gray regions in Fig. 2. The leading ones are the charged meson (m = π,K,D) decays and the Higgs boson
invisible decays. In particular, the semi-leptonic decay of charged kaon, K− → `− + ν̄`, is helicity suppressed by
the mass of the charged lepton `, which will no longer be the case if a φ particle is radiated off the final state
neutrino [53, 73]. The three-body decay meson rate for m− → ` + ν` + φ has been calculated in Ref. [54], which
is valid when mφ < mm −m`. In this work, we extend the result to the mφ > mm −m` region and calculate the
four-body decay rate m− → `−+ ν` + ν̄ + ν̄ via an off-shell φ in Appendix A. The kaon decay constraint excludes the
gray shaded region in the upper-left corner of Figs. 2 and 6.

The effective operator in Eq. (1) also leads to a new Higgs boson decay mode, h → φνν. The upper bound on
the Higgs invisible decay width from the LHC translates into an upper limit on λµµ [54], shown by the gray shaded
region near the top of Figs. 2 and 6. The φ radiation also modifies the W/Z boson decay widths which lead to weaker
constraints than the ones discussed above.

B. Lower Bound on Thermal Dark Matter Mass from CMB

For the dark matter to obtain its relic density via the thermal freeze out mechanism, there is a generic lower bound
on its mass from the CMB measurement of the effective number of relativistic degrees of freedom, ∆Neff [55]. If
the dark matter is too light, the transfer of entropy into its annihilation product will increase ∆Neff ; this leads to
a lower bound on dark matter mass around 4 MeV [74, 75]. We include this lower bound, translated into a lower
bound on mφ depending on the φ-χ mass ratio, in our main results in Figs. 2 and 6. Recently, it has been argued
that if dark matter enters thermal equilibrium with neutrinos after the BBN, the CMB constraint can be relaxed [76].
However, the dark-matter-neutrino coupling for this to occur must be very small, and cannot lead to a large enough
mono-neutrino rate at DUNE.

C. Constraint on Dark Matter Self Interaction

The φ exchange can also give rise to dark matter self interactions among the dark matter particles, whose cross
section is bounded from above from the observation of the bullet cluster [77], σχχ→χχ/mχ . 1.25 cm2/g ' 4.6 ×
103 GeV−3. Here we discuss the implication of this constraint in each model.

Model IA: For each χ particle, there are two ways for it to self interact, χχ → χχ via s-channel φ exchange, and
χχ̄→ χχ̄ via t-channel φ exchange. In the large mφ limit, the two cross sections are comparable to each other,

σχχ→χχ =
1

2
σχχ̄→χχ̄ =

y4
IA

128πm2
χm

4
φ

. (16)

Model IB: The channels for χ to self interact are like model IA. The cross sections in this case are

σχχ→χχ =
y4
IBm

2
χv

4
rel

128πm4
φ

, σχχ̄→χχ̄ =
y4
IBm

2
χ

4πm4
φ

. (17)

Interestingly, the χχ→ χχ process (via s-channel φ exchange) is highly suppressed at low velocities, which is the case
for dark matter on cluster scales (vrel ∼ 0.03c). This implies that if the dark matter relic abundance is asymmetric
today, made of only χ or χ̄ particles, its self interaction constraint is more relaxed.

Model II, III: In these two models, the dark matter self interactions occur at one loop level. The cross section in
model II is

σχχ→χχ ∼ σχχ̄→χχ̄ '
1

64πm2
χ

[
y2
II

16π2

(
ln
µ2

m2
φ

− m2
χ

m2
φ −m2

χ

ln
m2
φ

m2
χ

)]2

, (18)

where the logarithmic divergence indicates that the |χ|4 coupling is renormalized by the χ3φ coupling at one-loop
level, and the χ self interaction is not calculable. In practice, we get rid of the cutoff scale dependence by assuming
the bare |χ|4 coupling vanishes at the scale µ = mφ. We estimate the cross sections in model III as

σχ1χ1→χ1χ1
∼ σχ1χ̄1→χ1χ̄1

' y8
IIIm

2
χ

16πm4
φ

(
1

16π2

)2

. (19)
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In each model, we explore the implications of self interaction constraint, σ/mχ . 1.25 cm2/g, on its parameter
space. To present the results, we fix mχ = mφ/10 and consider the same φ-χ couplings as used in Fig. 2. For model
IA, with yIA/mφ = 1, small enough self interaction requires mφ & 106 MeV. For the other models, with y• = 1
(• = IB, II, III), we derive lower bounds mφ & 12 MeV, 6 MeV, 0.2 MeV, respectively. These lower bounds, when
translated into bounds on mχ, are comparable to those from the CMB discussed in the previous subsection. On
the other hand, assuming yIA/mφ = λµµ or y• = λµµ in the other models, the self interaction constraints on the
parameter space are much weaker than the other existing bounds.

Because we have assumed the force carrier φ to be heavier than the dark matter in this work, the above self
interaction strength can be safely suppressed in the large mφ limit. Within the parameter space of interest to
this study, we find it safe to conclude that the dark matter self interaction constraint is always satisfied. In the
complementary regime, making φ lighter than the dark matter could result in resonant enhancements to the self
interaction cross section at low dark matter velocities [78, 79] and the constraint from clusters is typically much more
severe. On the other hand, it is possible to accommodate a self-interacting dark matter candidate in this case [80, 81].

D. IceCube and High-energy Cosmic Neutrinos Interacting with Dark Matter

In the models we consider, the φ exchange gives rise to neutrino self interactions as well as neutrino-dark-matter
interactions. The observation of very high energy cosmic neutrinos at IceCube constrains these interactions because
they have to survive traveling through the ambient cosmic neutrino and dark matter backgrounds before reaching the
earth [24, 40]. Moreover, the coincidence in the recent observations of high energy neutrinos and gamma rays indicates
the distance of the source, allowing one to use their relative flux to limit the high energy neutrino free streaming
length [44]. We examine this constraint and find that, for dark matter and φ heavier than MeV scale, the focus of
this work, the IceCube constraint is weaker than other existing ones.

VI. SUMMARY AND OUTLOOK

In this work, we present the mono-neutrino process as a new signal and powerful probe of neutrinophilic dark
matter candidates, that can be searched for at neutrino experiments. The main idea is to consider the radiation
of light invisible particle(s) off the neutrino beam when a charge-current weak process occurs for neutrino to get
detected. This leads to a missing transverse momentum in the final states with respect to the incoming neutrino
beam direction, which is a clean signal with low standard model background.

We focus on a class of models where a complex scalar φ with lepton number −2 interacts with standard model
neutrinos via the (LH)2φ operator. This way, the Higgs condensate, by breaking the SU(2)L gauge invariance, allows
φ to couple exclusively to neutrinos. We discuss several options for φ to be the portal to dark matter, where the
latter is a standard model singlet and is stabilized due to various global symmetries, Z2, Z3 and U(1). We derive
the model parameter space that allows the dark matter to obtain the correct thermal relic abundance by annihilating
into neutrinos through φ. The results serve as well motivated targets for the mono-neutrino search proposed here.
Moreover, the radiation of φ from the neutrino beam carries away two units of lepton number. Thus, it also leads to
“wrong sign” charged lepton production – another striking signal that accompanies the missing transvers momentum.

We investigate the feasibility and prospects of using the DUNE near detectors to hunt for the above signals, including
the liquid argon TPC, for final state tracking and momentum reconstruction, and a prospective magnetized gaseous
argon TPC, which is good at lepton charge identification. We estimate the standard model background based on a
simplified nucleon level simulation with a final momentum smearing. Based on our analysis, we find it is well motivated
and feasible for the DUNE, as a multipurpose experiment, to efficiently probe the presently allowed parameter space
of neutrinophilic thermal dark matter. Our result could be further improved in the future with more precise modeling
of nuclear recoils (see [82] for a recent discussion on this topic) as well as realistic detector simulations. The search
strategy discussed here is applicable to other neutrino experiments such as the short baseline neutrino program at
Fermilab.

Although our discussion of the mono-neutrino signal has focused on the coupling of φ to muon neutrinos, we hope
it could inspire future considerations on other neutrino flavors by exploring a broader range of neutrino sources and
detectors.
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Appendix A: Four Body Charged Meson Decay Through Off-shell Mediator φ

Here we discuss the four-body final state of a meson decay, m+ → `+νφ∗, φ∗ → νν (where φ∗ denotes that the φ
is off-shell and can even be heavier than the meson m in this case) and its charge-conjugate. Following the four-body
phase space developed in Ref. [83] for massless final-state particles and extended to include one massive particle (in
our case, `) in Ref. [84], we can write the width of this process as

Γm±→`±ννν =
λ4
αβG

2
F f

2
mm

5
m

210π6

∫
g(~λ;mm,mφ,m`)d

5~λ , (A1)

where GF is the Fermi weak coupling; fm is the decay constant of meson m; mm, mφ, and m` are the masses of

m, the mononeutrino φ, and charged lepton `, respectively, and g(~λ;mm,mφ,m`) is a function of the parameters λi,

i = 1, . . . , 5. The integration over d5~λ ranges over λi = 0 to λi = 1 for all i. We write g(~λ;mm,mφ,m`) as

g(~λ;mm,mφ,m`) =
(1− λ2)2λ2m

2
m(1−√x1)4sλ1

4
√
λ5(1− λ5)

(
λ1(1− λ2)λ4m2

mm
2
φ

(
f2

Γ − 2(1−√x1)2
)

+ λ2
1(1− λ2)2λ2

4m
4
m(1−√x1)4 +m4

φ

)
×
[
(λ1 − 1)(2λ3 − 1)sλ1

(
λ1(1−√x1)2 + x1 − 1

)
+

√
λ1 − 1

(
(2λ3 − 1)(1 +

√
x1)
√
λ2

1 − 2λ1(1 + x1) + (1− x1)2 + λ2
1(
√
x1 − 1)3 + λ1(1 +

√
λ1)

)]
,

(A2)

where sλ1
≡
√
λ1 + (λ1 − 1)x1 − 2(1 + λ1)

√
x1 − 1. The integrals over λ3 and λ5 are straightforward, and we arrive

at h(~λ;mm,mφ,m`) ≡
∫
g(~λ;mm,mφ,m`)dλ3dλ5,

h(~λ;mm,mφ,m`) =
πm2

mλ1λ2(1− λ2)2(1−√x1)4(1 +
√
x1 + λ1(

√
x1 − 1)3)sλ1

4
(
λ1(1− λ2)λ4(f2

Γ − 2(1−√x1)2)m2
mm

2
φ + λ2

1(1− λ2)2λ2
4(1−√x1)4m4

m +m4
φ

) . (A3)

For large mφ � mm, this decay width can be solved analytically. Keeping terms to O(mµ/mm), we have the result:

Γm±→`±ννν =
λ4
αβG

2
F f

2
mm

6
m(mm + 4mµ)

21632π5m4
φ

. (A4)

[1] R. Acciarri et al. (DUNE), “Long-Baseline Neutrino Facility (LBNF) and Deep Underground Neutrino Experiment
(DUNE),” (2016), 1601.05471.

[2] R. Acciarri et al. (DUNE), “Long-Baseline Neutrino Facility (LBNF) and Deep Underground Neutrino Experiment
(DUNE),” (2015), 1512.06148.

[3] R. Acciarri et al. (DUNE), “Long-Baseline Neutrino Facility (LBNF) and Deep Underground Neutrino Experiment
(DUNE),” (2016), 1601.02984.

[4] G. Jungman, M. Kamionkowski, and K. Griest, “Supersymmetric dark matter,” Phys. Rept. 267, 195 (1996), hep-
ph/9506380.

[5] G. Bertone, D. Hooper, and J. Silk, “Particle dark matter: Evidence, candidates and constraints,” Phys. Rept. 405, 279
(2005), hep-ph/0404175.

[6] M. W. Goodman and E. Witten, “Detectability of Certain Dark Matter Candidates,” Phys. Rev. D31, 3059 (1985),
[,325(1984)].



14

[7] K. Agashe, Y. Cui, L. Necib, and J. Thaler, “(In)direct Detection of Boosted Dark Matter,” JCAP 1410, 062 (2014),
1405.7370.

[8] A. Chatterjee, A. De Roeck, D. Kim, Z. G. Moghaddam, J.-C. Park, S. Shin, L. H. Whitehead, and J. Yu, “Searching for
boosted dark matter at ProtoDUNE,” Phys. Rev. D98, 075027 (2018), 1803.03264.

[9] T. Bringmann and M. Pospelov, “Novel direct detection constraints on light dark matter,” (2018), 1810.10543.
[10] Y. Ema, F. Sala, and R. Sato, “Light Dark Matter at Neutrino Experiments,” (2018), 1811.00520.
[11] B. Batell, M. Pospelov, and A. Ritz, “Exploring Portals to a Hidden Sector Through Fixed Targets,” Phys. Rev. D80,

095024 (2009), 0906.5614.
[12] P. Coloma, B. A. Dobrescu, C. Frugiuele, and R. Harnik, “Dark matter beams at LBNF,” JHEP 04, 047 (2016), 1512.03852.
[13] A. A. Aguilar-Arevalo et al. (MiniBooNE), “Dark Matter Search in a Proton Beam Dump with MiniBooNE,” Phys. Rev.

Lett. 118, 221803 (2017), 1702.02688.
[14] A. A. Aguilar-Arevalo et al. (MiniBooNE DM), “Dark Matter Search in Nucleon, Pion, and Electron Channels from a

Proton Beam Dump with MiniBooNE,” (2018), 1807.06137.
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