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Long-lived circulating currents in strongly correlated nanorings
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We study the time evolving currents flowing in an interacting, ring-shaped nanostructure after
a bias voltage has been switched on. The source-to-drain current exhibits the expected relaxation
towards its quasi-static equilibrium value at a rate I'g reflecting the lead-induced broadening of
the ring states. In contrast, the current circulating within the ring decays with a different rate I,
which is a rapidly decaying function of the interaction strength and thus can take values orders of
magnitude below I'g. This implies the existence of a regime in which the nanostructure is far from
equilibrium even though the transmitted current is already stationary. We discuss experimental

setups to observe the long-lived ring transients.

Introduction.—Isolated quantum systems, such as
small molecules, feature a discrete set of energy levels.
When brought to contact with two electrodes, a nano-
junction can form and a current begins to flow. At weak
coupling, the associated level broadening, Iy, is still small
as compared to the typical energy spacing, AE, of the
isolated system. One might perhaps suspect that these
energies by themselves set the only relevant time scales.
But in fact a prominent exception is known, the Kondo
phenomenon [I], which occurs in a situation where AF is
dominated by strong on-site repulsion between the charge
carriers. This suppresses charge fluctuations but allows
for spin fluctuations, leading to an emergent energy scale,
the Kondo temperature Tk, which is parametrically small
compared to the native scales I'y and AFE.

In this work, we report another example of an emer-
gent energy scale, I'; it manifests in the relaxation of
circulating currents in mesoscopic nanostructures. Like
the Kondo temperature, the new scale is a many-body
phenomenon, originating from interactions between par-
ticles on the nanostructure. However, the manifestation
of the new relaxation rate I' requires the nanostructure
to be brought out of equilibrium.

A sketch of a minimal model system that exhibits the
novel scale I' is displayed in Fig. Originally, similar
ring-shaped devices served as a toy-models to study the
interplay of interaction and interference [2], 3] and to ex-
plain quantum-interference effects in transport through
functionalised graphene ribbons [4]. The ring geometry
supports stationary circulating (“orbital”) currents that
can exceed the source-drain (“transport”) current by or-
ders of magnitude at Fermi-energies situated close to a
Fano-resonance.

Strong circulating currents in ring-shaped devices,
Fig. generically arise as transients after a voltage
quench. They then carry an oscillating amplitude with
a frequency resembling the lowest lying excitation gap

of the nanostructure. We here report results from
time-dependent density matrix renomalisation group (td-
DMRG) [6H8] simulations showing that in situations
where the interaction U is the dominating native scale of
the nanoring, these oscillations can be very pronounced
and very long-lived. They exhibit a lifetime I'"! that
exceeds the transients in transport currents, Iy 1 by or-
ders of magnitude if the repulsive interaction U becomes
strong. The computational finding is complemented with
perturbative arguments that explain this effect and clar-
ify the relevant physical processes. In essence, the strong
suppression of I' originates in a large energy gap between
the two low-lying states and the rest of the spectrum on
the nanoring (see Fig. ), with ring current connecting
the low-lying states. Possible experimental signatures of
the effect proposed here are discussed. We note that
in contrast to previously discussed [OHIT] persistent ring
currents driven by magnetic fields, the oscillating ring
current we observe is a pure non-equilibrium effect.

Nanostructure.—The model associated with Fig. [1] is
represented by the Hamiltonian H = H, + H) + H. de-

FIG. 1. Schematic representation of the nanostructure. The
ring (red and green dots) is coupled by J. to left and right
leads (blue dots). Spinless fermions can hop within the ring
and leads with amplitude J, the top site (site 2) on the ring
is subject to the potential 7, and inside the ring a nearest-
neighbour interaction U is present.
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FIG. 2. Time evolution of the transmitted and ring cur-
rents, (I+)(t) and (I)(t), evaluated using tdDMRG on the
links 1 — 2 and 1 — 3 in Fig. [[] The recurrence time
Tree = L/(2vr) =~ 44 is indicated by the black arrow. While
the transmitted current quickly relaxes to a stationary value,
the ring currents show persistent oscillations with frequencies
wy,u over the accessible times. The simulation parameters are
L=96,U=4J,er =J/2, Jc=J/2 and eV = 0.4J.

scribing the ring, the leads and their mutual coupling,
respectively. The ring Hamiltonian is given by

He == (dld; + did;)
(4,4)

> (rams = 25 ) erma, )
2,

with operators d; and d; creating/annihilating spinless

fermions at site j and n; = d;r-dj denoting the corre-
sponding density. The first term describes hopping of
the fermions between nearest neighbours, while the sec-
ond represents the repulsive nearest-neighbour interac-
tion. The last term is an external potential at the top
site which breaks the symmetry between the upper and
lower path through the ring. The lead Hamiltonian reads

H=-J Z Z(Cl,nﬂca,n +chncanir),  (2)

a=L,Rn>0

where cjwé and ¢, create and annihilate a spinless
fermion at site n in the lead a=L,R. For simplicity we
assume the hopping parameter J in the ring and lead to
be equal. Finally, the coupling between both subsystems
is facilitated by

He=—J. (d{cL,o +el odi + dlero + c§’0d4> NG

coupling the outer sites on the ring to the leads.

In the following we analyse the non-equilibrium cur-
rents in the nanostructure by three different methods:
(i) tdDMRG simulations, (ii) a reduced density-operator
transport theory (RDTT) [12] [13], and (iii) mapping to
an effective two-state nanostructure [14].
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FIG. 3. Spectrum of the uncoupled ring H, relative to the
ground-state energy Fo. The ground state |2,g) is a CDW
state with N = 2 particles, for U > J the first excited state
|2,e) is also a CDW state with two particles. The corre-
sponding particle densities are shown for U = 2J. The ob-
served oscillation frequencies of the ring currents match the
energy difference (U) between these two states. The higher
excited states are obtained by adding or removing particles,
with A(U) denoting the corresponding energies.

tdDMRG simulations.—First, we study the time evo-
lution after a voltage quench using the tdDMRG al-
gorithm [I5H2I]. Specically we use the time evolution
scheme outlined in Refs. [8, 21], 22] performing the evalu-
ation of the time evolution via matrix exponentials within
the framework of Krylov spaces. At times ¢t < 0 the sys-
tem is prepared in the ground state of the model with
an additional charge excess induced by a stationary gat-
ing with V/2(>>,n1i — >, nr,i). At t = 0 the gate is
switched off, so the electrodes begin to discharge and cur-
rents start to flow through the system. We simulate the
time evolution with finite leads which are long enough
to be able to study the transient regime all the way into
the quasi-stationary, non-equilibrium limit. Finite-size
effects will interfere only at times exceeding the recur-
rence time To.=L/(2vr), at which the electrons reach
the boundary of the leads. (For details of the quench-
ing protocol see Ref. [2I].) Here L denotes the total
number of sites, ie, the length of the leads is given by
(L—4)/2 ~ L/2, and vp = 2J is the Fermi velocity of
the lead electrons.

During the time evolution we determine the expec-
tation values of the local currents I; oc Im(cjci,l) and
I, x Im(dldl) flowing in the leads and the impurity, re-
spectively, where [ and k are neighbouring sites. The
local current densities after quenching are displayed in
Fig.[2l The transport (“transmitted”) current I; initially
fluctuates in response to the quench for times I'pt < 3,
where we use 'y = 2mpgJ? with the density of states
in the leads py = 1/(2nJ) as our time unit. After
this transient the transmitted current appears to have
reached a largely time-independent steady state in line
with predictions from non-equilibrium Green function
formalism [23, [24].
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FIG. 4. Decay rate I' of the ring current extracted from td-
DMRG simulations. For U/er ~ 1 the decay rate appears
to be exponentially suppressed in U. For U >> er the decay
is consistent with T' ~ U ™% predicted using an effective two-
level system , as is indicated by the dashed line. All other
parameters as in Fig. |2 Inset: Dependence of the amplitude
of the ring current on the coupling I'y to the leads.

In contrast, for the local currents in the ring I. we ob-
serve a drastically different behaviour. Although some
transient features decay quickly, the ring currents oscil-
late with a distinct frequency w for long times. In fact,
for sufficiently strong Coulomb repulsions U we do not
observe a significant reduction of the oscillation ampli-
tude within the observation times accessible to our sim-
ulations. Qualitatively similar results were obtained for
a ring structure with eight sites [22].

The frequency of the oscillations can be understood
based on the spectrum [22] of the uncoupled ring H,
shown in Fig. . We find that the frequency w ex-
tracted from the tdDMRG simulations matches the en-
ergy gap between the two lowest-lying states on the ring.
These two states can be identified as charge-density wave
(CDW) states with N = 2 particles on the ring, one be-
ing the ground state |2, g) and the other the first excited
state |2,¢e). Thus we confirm that the ring current orig-
inates from the mixing of these two states by the time
evolution, which is driven by the coupling of the ring to
the leads as exemplified by the proportionality of the ring
current to the coupling I'g shown in the inset of Fig.

The decay rate I" of the ring currents is rapidly decreas-
ing with the interaction strength U, see Fig. 5| exhibiting
a wide regime with I' < I'g. To understand the origin of
this regime, we proceed with the RDTT analysis.

RDTT analysis—The RDTT [12] 13] method aims at
determining the time evolution of the reduced density
matrix of the nanostructure, pps(t) = trjp(t), where the
trace is taken over the lead degrees of freedom in the den-
sity matrix p(t) of the full system. The time evolution of
pns(t) can be cast in the form pug(t) = —iLnspns(t), with
the effective Liouvillian L,s governing the relaxation of
the nanostructure. Since the ring current originates from

the mixing of the two CDW states |2, g) and |2, e), its de-
cay is related to the decay of the off-diagonal elements pge
and peg of pns. We have determined the corresponding
decay rate from the Liouvillian L, calculated [22] to first
order in the bare coupling rate I'g, with the perturbative
regime set by I'g < T with the temperature 7.

The obtained results for the decay rate I' of the ring
current are shown in Fig. @(a). The results are qualita-
tively similar to the ones obtained via tdDMRG shown in
Fig. [5]in the sense that the rate is strongly suppressed at
large U. The quantitative differences between the RDTT
and tdDMRG results reflect the fact that both methods
operate in different parameter regimes.

Furthermore, the RDTT allows us to identify [22] the
relaxation processes contributing to the decay rate, which
are visualised in Fig. @(b) The dominant processes are
shown in sketches (1) and (2), which involve the tunnel-
ing of a particle off or onto the ring, while the sub-leading
processes are shown in sketches (3) and (4). All processes
are constraint by energetics: (1) and (2) only contribute
in the regions (i) and (ii) in Fig.[9[a), (3) only in regions
(i) and (iii), and (4) is relevant in the regions (i)—(iv). We
stress that in region (v) no relaxation processes in order
Ty exist. Thus at sufficiently large interaction strengths
U the rate T' essentially drops to zero (to order I'Z), ex-
plaining the very slow decay of the ring current.

Schrieffer—Wolff transformation.—Finally we focus on
the regime of strong interactions, U/max(er,J) — oo,
where we can derive the analytic dependence I' ~ U6
consistent with our computational results, Fig. [} As
can be seen from the spectrum of the bare ring (Fig. ),
in this limit the two CDW states |2, g) and |2, e) will be
well separated by an energy splitting A(U) ~ U from
the higher excited states. It is thus instructive to con-
struct an effective two-level system containing only these
states, where the couplings to the higher excited states
are treated using a Schrieffer—Wolff transformation [14]
in fourth order in the couplings J and J.. Going to this
order in the expansion is necessary since all off-diagonal
matrix elements exactly cancel in second order due to the
mirror symmetry of the isolated ring structure [22].

The resulting two-level system can be written in the
form of an electronic Kondo model, with the localised
spin identified with the CDW states as |]) = |2,¢9) and
|1) = |2, e) and the corresponding spin operator denoted
by S. An effective reservoir electronic degree of free-
dom can be formed via cpes+) = (1, £ cr)/V?2 from the
leads of the original model; the effective spin opera-
tor formed from the first sites (n = 0) is denoted by S es.
With this notation the effective model reads [22]

Hsw = Z 6kczes,kacfes7k'0 + hS* + ilees
(4)
+ J1 (S"SE + SYSL,) + J.S* Sk,

where the first term is the energy of the electronic reser-
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FIG. 5. (a) Decay rate I' obtained from RDTT for the temperature T'= 10T¢. Inset: In U-V-parameter space we identify five
distinct regions labeled (i) to (v), in which I" takes strongly different values. The dashed lines indicate cuts shown in the main

figure. (b) Relaxation processes contributing to the rate I', which result in the distinct regions (i)—(v).

Red and green dots

represent initial and final configurations, respectively, A = A(U) denotes the energy required to add or remove a particle (see
Fig. ), while ¢ = e is the energy gap between the two CDW states.

voir, the second and third are effective magnetic fields
h =~ er and h = O(U™*) < h acting on the two-
level system and spin of the electron reservoir, and the
fourth and fifth term represent a Kondo coupling between
the two, with the coupling being strongly anisotropic
with J, ~ 10J2J2/U? and J; = O(U~°), and thus
|| < | ] < Jey .

Due to the formation of the effective reservoir electron
spin from the leads L,R the bias voltage V enters the
effective Kondo model in the form of a transverse field
in the reservoir, ie, as V/2) ", . Cres ko Tay Cres ko’ With
7% being the x-component of the Pauli matrices. Finally,
the ring current corresponds to oscillations between the
two CDW states and thus is related to the localised spin
via I, ~ SY. Performing a suitable spin rotation in the
electronic reservoir we calculated [22] the corresponding
relaxation rate using standard perturbation theory in the
Kondo system [12], 25| 26] with the result

Tp3J2

2 72
T 1 8ZV(5)

I =
16

(ler + V| +ler — V| +2ler|) +
We stress that in the considered regime of strong in-
teractions this rate is vanishingly small, T' ~ p2J2V ~
p2JAJAV/US, in accordance with our finding of long-
lived oscillations in the ring current. In particular, the
predicted behaviour I' ~ U~6 is consistent with our td-
DMRG simulations shown in Fig. We note that the
result is applicable deep in region (v) of Fig. [9fa),
where we found that processes of order I'g vanish. Fur-
thermore, the effective model @ will show the Kondo ef-
fect, however, the relevant energy scale Tk will be much
smaller than the energy scales we consider here, in par-

ticular Tx < ep. Thus the equilibrium Kondo effect is
not observable in our setup.

Finally we note that nanostructures with two ener-
getically well separated low-lying states can generically
be approximated by an effective Kondo model using a
Schrieffer—Wolff transformation. In the absence of the
above mentioned mirror symmetry the exchange cou-
plings will be of the order J,, J; ~ J2/U < J., resulting
in a relaxation rate I' ~ p3J2V ~ U~2 < I'y. Thus ring
currents that couple to these low-lying states are still ex-
pected to decay very slowly.

Experimental verification.—We see a possible exper-
imental realisation of the ring-shaped model system,
Fig. [1, in molecules such as porphyrines or phthalocya-
nines. Single molecule conductance measurements have
indeed been performed at these systems [27H29] so the
possibility for bias-ramping has also been demonstrated
already. As an observable indicating the slow decay of
the ring currents we propose to measure the photons
that are emitted when these currents decay via cou-
pling to the radiation field. In this context we note that
single-molecule electroluminscence measurements have
been performed [30, [3T] already and thus are indeed ex-
perimentally feasible. An alternative realisation of our
ring-shaped model may be provided by quantum dot ar-
rays [32], which in particular offer a high level of control
of the couplings and allow to enter the regime of strong
interactions essential for the long-lived ring currents.

Conclusion.—We have studied the relaxation of trans-
port processes in an interacting ring-shaped nanostruc-
ture. Owing to a mirror symmetry of the Hamiltonian,
the system supports oscillating ring currents long after



the transmitted current has died out, with the ratio
I'/Ty of the respective relaxation rates being strongly
suppressed by the interactions. Our work provides a
striking example for an untypical situation in thermo-
dynamic relaxation processes: Two observable currents
approach their equilibrium values on timescales that are
parametrically separated with rates differing by orders of
magnitude. In addition, our system provides new insight
into the field of quantum devices as we show that internal
oscillations can be longer-lived than observed in currents
through the system. While we have focused on a ring-
shaped nanostructure, the appearance of the suppressed
relaxation rate I' is generally expected in systems that
can be effectively described by a two-level model with
the ring current connecting the low-lying states.
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FIG. 1. Parameter ranges U/er and J./J in which our employed methods are applicable. For the DMRG time evolutions we
require a coupling J./J between leads and impurity which is large enough to allow relaxation to the nonequilibrium steady
state within the maximum simulation time L/(2vr). The coupling J./J also needs to be larger than the typical level splitting
27 J/L. The range of interaction strengths for our DMRG method is restricted by the limitations of our fitting procedure. For
large enough interaction strength the fitting error exceeds the value of the fitted decay rate. The perturbation theory (more
precisely reduced density-operator transport theory) is perturbative in poJ? /T and therefore requires small J./J < 1 to be
valid. The Schrieffer-Wolff transformation is perturbative in J2J2/U®. Tt is thus only valid in the regime U > J ~ 7.

EXACT DIAGONALIZATION OF THE DECOUPLED RING IMPURITY

Spectrum and particle densities We have performed an exact numerical diagonalization of the Hamiltonian matrix
H,(U,er,J) of the ring impurity in the absence of the leads. In figure 2 we plot the relative spectrum (E — Ejy) for the
for eigenstates with the lowest energy. The energy of these states is shown as a function of the interaction strength U
and a gate potential e = J/2. The ground state features half-filling of the ring (n = 2) and is indicated by the red
line. The other eigenstate in the spectrum with half-filling is shown as the blue line. The state marked by the orange
line features only a single electron in the ring while the state indicated by the magenta line has three electrons in the
ring. For interaction U/er > 1 we observe an increasing energy separation between the two eigenstates at half-filling
and the rest of the spectrum. When comparing the frequency of the observed oscillations of the local currents in the
ring with the relative spectrum of the ring, we find an excellent agreement of the frequencies with the energy gap
between the ground state |2, g) and the second eigenstate at half-filling |2, e). The frequencies that we have obtained
from the fit of a cosine function to the data of the ring current are displayed as black dots in figure 2. We show the
local electron density on the ring sites for the four low energy eigenstates in figure 2. We find that the two eigenstates
at half-filling exhibit characteristics of charge density waves. The ground state has a significantly increased electron
density on site 1 and 4 of the ring, while the excited state features an increased density on sites 2 and 3. The other
two states have a more evenly distributed electron density. We will therefore refor to the states |2, g) and |2,e) as
charge density wave (CDW) states from now on.

Time evolution of an initial superposition We have performed DMRG calculations of the time-dependent reduced
density matrix of the ring impurity. We find finite occupation probabilities for both CDW states at time ¢ = 0. With
increasing bias voltage, the occupation probability of the excited CDW state tends to grow as well. We have used
these occupation probabilities from the DMRG to construct an initial pure state

o) = VN (\/Pggl2,9) £ V/pec|2,€)) (6)
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FIG. 2. Relative, low-energy spectrum of the bare ring impurity as a function of the interaction strength U/J in the repulsive
regime U > 0. The red line indicates the ground state energy Ey. The blue line shows the energy of the excited charge density
wave (CDW) state. er = J/2 denotes the applied gate potential. The points indicate the values obtained within DMRG
calculations for the oscillation frequency of the local currents inside the ring impurity.
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FIG. 3. Local electron density on the four lattice sites in the ring for U/J = 2 and er/J = 0.5. (a) Density for |2,g). (b)
Density for |2,e). We find the characteristics of charge density waves for (a) and (b). (c) Density for |1,g). (d) Density for
13,9).

where VN is a normalization factor, pgq refers to the ground state occupation probability and pe. to the occupation
probability of the excited CDW state. Using exact diagonalization we then perform the time evolution of this initial
state in the bare ring impurity as

¥ ()) = exp(—iH:t)[¢o) , (7)



and calculate the expectation values (I,) and (I;) of the local currents in the ring. The results of this calculation are
in good agreement with our DMRG results in both amplitude and frequency.

DMRG

DMRG implementation For our numerical calculation of the time evolution of the complete system including ring
impurity and leads we have employed a typical finite lattice Density Matrix Renormalization Group (DMRG) algo-
rithm. We keep a maximum of Nt = 2800 states per block and set the maximum amount of discarded entanglement
entropy to §Smax = 10~7 in each DMRG step. We use a Krylov subspace method to calculate the matrix exponential,
allowing us to chose larger time steps up to At of order one. Each state that is reached through application of the
matrix exponential onto the initial state |1)o) is included into the density matrix from which we determine the subspace
of the Hilbert that we project onto in each DMRG step. At each time step we measure the observables of interest as
(¥(t)|Ol(t)) where the operator O has also been projected onto the retained subspace of the Hilbert space.

Quench protocol At time t = 0 we prepare the system in the ground state of

H(tzO):H-i-‘Q/(ZnL,i—ZnR,i) ) (8)

and perform the time evolution using H(¢t > 0) = H. We simulate time evolution up ¢ < L/2vp, where L is the
length of the chain (usually L > 72) and vp = 2J is the Fermi velocity of the fermions in the leads. During the time
evolution we measure the expectation value of the local currents in the leads as

I, = —2eJ (cjci,l — h.c.) , (9)

and on specific bonds 1 — 2 and 1 — 3 in the ring (see Fig. 1 in the main paper) as
Ih=—eJ (d;dl - h.c.) : (10)
I=—eJ (d;dl - h.c.) . (11)

For the majority of our calculations we have used a set of default parameters, namely L = 72, er = J/2, J. = J/2
and V = 0.4 J/e.

Detailed discussion of the DMRG time evolution results In figure [d] we plot the time-dependent expectation values
of the operators I;, I, and I} using our default parameters and interaction strengths U/J € {0.1,0.5,1.0,2.0}. We
begin by discussing the results for weak interaction U/J = 0.1 shown in figure 4| (a). For the transmitted current
(I;)(t) we observe significant initial oscillations inside the typical transient regime I'gt < 1 that appear to have decayed
for Tyt > 1 while a weak periodic oscillation remains even for large times. This periodic oscillation is not physical but
a known finite size effect with a frequency w = V. For the local currents in the ring we first verify that I, + I} = I;
as a consistency check of our results. For times I'g¢t < 1 we find the oscillations of (I,)(¢) and (I})(¢) small when
compared to the oscillations of (I;)(t). The finite size effect with w = V for the the local currents in the ring on the
other hand is large when compared to the transmitted current. We also indicate ({(I,) — (I}))/2 as a dashed black line
in fig. This observable corresponds to a ring current in clockwise direction. For interaction strength U/J = 0.5,
shown in fig. {4 (b), we solely observe quantitative differences for (I;)(¢). While the initial transient features remain
largely unchanged, the steady state current for I'pt > 1 is reduced. For ((I,) — (I1))/2 we observe what seems to be
an initial oscillatory feature that is not due to finite size effect for I'gt < 4. Due to the small window 1 < Tzt < 4 a
fit does not yield reliable results for frequency and decay rate. For U/J = 1 the steady state value of the transmitted
current experiences yet another significant reduction, whereas the transient features remain of similar size as for
U/J = 0.1. We stil observe that the transient features of the transmitted current have largely decayed by gt = 1.
For the ring currents we find a qualitatively different behavior. The ring current exhibits periodic oscillations with a
distinct frequency and a visible decay rate I" which is an order of magnitude smaller than I'y. For the directional ring
current ((I,) — (I}))/2 there is even a window in which the direction of the current has changed. By increasing the
interaction strength to U/J = 2 we find yet another decrease of the steady state trnamsitted current. In the transient
regime ['gt < 1 we now also observe an additional sign change of the transmitted current. We also no longer see the
oscillations due to the finite system size. The oscillations of the local currents in the ring I, and I} become even more
pronounced and feature a periodic change of direction. Through a fit we find that the decay rate of these oscillations
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The solid black lines indicate a fit function f(Iot) o exp(I't).

is an order of magnitude smaller than in the case U/J = 1 and now amounts to I'/Ty ~ 1/100. There is a clear
separation of scales between the typical decay rate I'g which holds for the transmitted current and the decay rate I’

of the local currents in the ring impurity. Calculations for stronger interaction U/J > 2 show a continuation of this
trend.

Fitting procedure for the computation of I' To determine the oscillation frequency € and decay rate I' we fit a
function

f(t) = aexp(—TI't) cos(et + b) + ¢, (12)

to our DMRG data for the local currents where T', ¢, a, b and ¢ are fitting parameters. The fit is performed for
Iy < t < L/2vp. This fitting procedure only yields reliable results for 0.5 < U/J < 5. For weak interaction
U/J < 0.5 the decay time is too short to observe the amount of sine waves necessary to reliably determine the decay
rate. For very strong interaction the decay rate becomes so small that it does not lead to a visible reduction in
oscillation amplitude for t < L/2vp. As a result, the fitting error associated with decay rate becomes larger than the
decay rate itself. These limitation of the fitting procedure limit the application of our DMRG method as a tool to
determine the decay rate I' to a parameter range 0.5 < U/J < 5 as indicated in figure
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DMRG calculations for the decay rate I

We have performed a set of DMRG calculations to study the behavior of the decay rate I" as a function of U/J for
a range of specifically chosen parameters U, ep and V. The results of these calculations are shown in figures 5| (a) and
(b). Due to the aforementioned limitations of our fitting procedure it is not possible to quantify T' for 0.5 < U/J < 5.
In the vicinity of U/er =~ 1 a comparison of the log-linear and log-log plots indicates a small region of exponential
suppression. For stronger interactions U/er > 1 we observe a power law behavior of the decay rates as a function of
U/J. The fit of a power law to the data indicates a smaller exponent for smaller values of er. In the case of ep = 0.5
we are safely in the regime U/er > 1 for U/J > 4. In this regime one could consider the data comparable to results
obtained in the limit U/er — oco. The fit of a power law finds an exponent o = 6.0 £ 0.4 in this case.

DMRG calculations for an eight-site ring

As a test of generality of the ring current oscillations, we have performed additional calculations for an asymmetric
ring consisting of eight lattice sites. The corresponding Hamiltonian reads

ity
Heys=-JY (dldj + h.c.) +UY <”mj — 5 nj) +erna, (13)
(i.4) (i.4)

and
H. = J. (dJ{ch +dleno + h.c.) : (14)

where (i, ) again denotes neighboring sites, and the gate potential er is now applied to the site with index j = 4.
A sketch of the ring is shown in figure |§| (a). We plot the low-energy spectrum of the uncoupled ring, which was
obtained by means of exact diagonalization, as a function of the interaction strength U/J in figure. |§| (b). Once again,
we find a large separation in energy between the two lowest eigenstates (|4,¢g) and |4,e)) and the remainder of the
spectrum for U/er > 1. The particular eigenstates again correspond to CDWs at half-filling, namely N = 4. We have
performed several td-DMRG calculations in the same fashion as for the four site ring. We have chosen parameters for
interaction strength U and coupling J. as well as lead sizes /1, g = (L — 8)/2, for which we have previously observed
slowly decaying ring current oscillations in the four site ring. We show the results for the time-dependent currents
that have been measured in the td-DMRG calculations in figure [7] In each calculation we observe an overall increase
in transient features, both for the transmitted current and the ring current I, = (I, — I;)/2, where I, = 2e Im(dZdQ)
and I; = 2e Im(dgdg). In case of the ring current, these transient features are modulated on top of a single dominant
oscillation. These modulations increase the difficulty of fitting an exponentially decaying cosine function to the data,
such that the obtained values are less reliable than in the case of the four site ring. In figure m (a) we find a noticable
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FIG. 7. td-DMRG data for the transmitted and the local currents in the ring for a system with L = 76 lattice sites, a ring-lead
coupling J./J = 0.5, a gate potential er/J = 0.5. A bias voltage eV/J = 0.4 was applied to the leads at ¢ = 0. The repulsive
nearest neighbor interaction is (a) U/J = 3/2, (b) U/J = 2 and (c¢) U/J = 3. For all values of the interaction strength U,
we observe a slowly decaying oscillation of the ring current I, = (I, — I;)/2 with a frequency of the order of the energy gap
between ground state |4, g) and first excited state |4, ¢e) at half-filling N = 4.



decay T'/J ~ 1/100 of the ring current oscillation within the simulation time for U/J = 3/2. For interaction strength
U/J = 2 (see figure[7] (b)), the decay rate diminishes further to I'/J ~ 1/200. In the case U/J = 3, shown in figure
(c), other transient features of higher frequency have become significantly more pronounced. One can nevertheless
still observe the underlying oscillation of frequency w ~ E4. — E4 4. A fit of an exponential decay to the data is
however no longer feasible due to the other transient features. We show the fitted values for the oscillation frequencies
in figure |§| (b). For U/J = 2 we find very good agreement. The deviation for the other values of the interaction
strength, can be explained with the deficiencies of the fitting procedure.

PERTURBATION THEORY IN THE LIMIT OF SMALL HYBRIDIZATION

For our computation of the decay rate I', which is associated with the oscillation of the local currents in the ring, we
make use of the reduced density-operator transport theory (RDTT). We mainly follow Schoeller, Eur. Phys. J. Special
Topics 168, 179 (2009). The RDTT approach is exact in the Hilbert space H, of the impurity and perturbative in the
hybridization between impurity and reservoirs. It may be applied if the associated perturbative scale Ty = 2mpg.J?2
satisfies I'g < T, where T denotes the system temperature. The RDTT determines the time-dependent reduced
density-matrix pys(t) of an impurity by calculating corrections to the Liouvillian L of the impurity caused by tunneling
processes between impurity and leads. The Liouvillian can be understood as a superoperator that corresponds to the
action of the commutator between the Hamiltonian H and a second operator A € H,

LA=[H, A . (15)

The von Neumann equation, which governs the time-evolution of the density matrix p, can be written in terms of the
Liouvillian as

plt) = —i[H, plt)] _ = ~iLp(t). (16)

and is in turn solved by

p(t) = exp [—iL(t — to)] p(to) - (17)

A Laplace transform and a subsequent trace over the reservoir degrees of freedom of solution yields the expression

oo
pus(E) =t [ dt expli(E — L) (¢~ 1) plto)
to
i

=t to), 18
Ly s p— valpns( 0) (18)
where L,s denotes the original Liouvillian of the impurity and L; the Liouvillian of the reservoirs, i.e., the total
Liouvillian is decomposed as L = L; + L, + Ly . Expression can conveniently be expanded in powers of Ly, the
contribution to the Liouvillian containing the coupling between the impurity and the reservoirs. The resulting series

expansion for p,s reads

1 1
ons(BF) =1 ) ti—=——————Ly ... Ly =—————pipns(to) - 19
pus(E) ZZ rlEleanS v VEleansplp (o) (19)

In the limit J? < T we can set up a perturbation theory in Ly. The effective Liouvillian Leg of the impurity then
obtains perturbative corrections X(FE) that are functions of the Laplace variable E. It reads

Leff(E) = Lps + E(E) . (20)
The transient features of the reduced density matrix p,s(t) are encoded in non-zero poles of

7

—_—. 21

E— LCH(E) ( )
To obtain these poles we solve for the complex roots of

2z — Legt(2) . (22)

The Laplace variables 27, that are roots of equation , have a real part that corresponds to an oscillation frequency
€ of the associated transient feature and an imaginary part denoting its decay rate I'. Our aim is to compute the
particular I' of the transient features whose frequency coincide with the frequency e of the oscillation of the currents
in the ring shaped impurity.



Properties of the Liouville space In order to represent the Liouvillians L,s and Ly as well as other superoperators
G as matrices we introduce a new vector space L that we refer to as Liouville space. Objects that act as matrices
in the Hilbert space H, of the impurity can be thought of as vectors in this Liouville space £. The most relevant
example of such an object is the reduced density matrix p,s of the impurity. Each matrix element (pns)s,; = |2)(j| of
Pns corresponds to a basis vector |m) of the Liouville space £. We will subsequently denote vectors in H, as |i) and
vectors in L as |j). To represent each element of an operator O € H, as a basis vector of £, the size of the vector
space £ has to be chosen such that dim(£) = dim(H,)?.

Definition of the superoperators The coupling Liovilliain Ly, which can be interpreted as the interaction vertex
of the perturbation theory, induces charge fluctuations on the impurity. It has the form

Ly =GV Jt s (23)

where GI* denotes the superoperator acting on the impurity and : J* : the normal ordered field superoperator acting
on the reservoirs. The reservoir field superoperator is defined by its action on operators A acting in the reservoir
Hilbert space and reads

Ap=+
JPA =1 24
1 {ACl p=— i ( )

where 1 = 7, v,w is a collection of indices classifying the field operator ¢; such that

T =
€= { cenZt (25)
Cow 1= —
Similarly we define 1 = —n, v,w. The action of the impurity vertex superoperator on this specific eigenvector is given
by
dlA p=-+
PA_
GlA_{—a”Adl p=— (26)

The index p, that appears in the definition of both superoperators, determines whether the respective field operator
acts on the second operator A from the left (p = +) or from the right (p = —). It can be interpreted as indicating
the position of the field operator on the Keldysh contour and is thus sometimes referred to as Keldysh index. The
operator oP accounts for fermionic sign factors. It returns a negative sign if

1) = Gy'|m) = [i){j] , (27)
such that

mod KZ did; i)y — Zdjdi|j>> ,2] =1. (28)

? ?

Reservoir contractions We perform the trace tr; over the lead degrees of freedom by contracting pairs of reservoir
field superoperators in our series expansion of p,s(FE). We denote these contractions

fo/ = <Jf<]f/ Jeq. s (29)

where (... )qq. indicates that we assume the semi-infinite reservoirs to be in thermal equilibrium. The contractions are
thus proportional to the equilibrium distribution function f(w) at temperature T. We can simplify the subsequent
calculations by separating the distribution function f(w) into a symmetric and an antisymmetric contribution. The
reservoir contraction then reads

YW =810 + 61177 (30)

with the symmetric contribution

= 5o, (31)



and the antisymmetric contribution

s =m () -3) . (32)

where pg is the density of states in the reservoir. It is possible to absorb the Keldysh index appearing in the contraction
by introducing the vertices

Gy=Y GY, (33)
p==%

G =) pGt. (34)
p==%

Definition of the perturbative corrections The leading order correction X(1) (E) to the effective impurity Liouvillian
L, which derives from charge fluctuations, has the form

D
]_ ’ ’
sW(E) = / de1 oy ar GP AP (35)

p,p'==+ 1,1/ w1 + E + mpr — Lns

As with the reservoir contractions we can separate X( (E) in a symmetric and an antisymmetric term,
2(1)(E) =¥+ Ea(E‘) ) (36)

where Y5 does not depend on the Laplace variable E. When using the redefined vertices G, and él we can write X
as

1 _ [P 1 N
Yo == G dw Gy 37
) 2poylzn1 1/—D 1(“)1""E‘""_771,U/1_Lns ! ( )
K ~ =
=—i5p0 27; G1G7,
Vi,M1

where we have integrated over all reservoir frequencies w; ranging from the lower to the upper reservoir band edge D.
The symmetric contribution ¢ turns out to be entirely imaginary. It thus adds only to the decay rate of transient
features but not to their oscillation frequency. The antisymmetric contribution ¥,(E) is a function of the Laplace
variable. It reads

d(£) D w

0o tanh (%) _ _

S,(B)=— 2 d G1lv)(v; |Gy 38
@ ==X T [ iy, GG (59)
(L)
1 E4np— A D _ _
=D D [‘Z’ (2_221751] —log | o || Gilvj)(v;lG1
Jj=1vi,m

where ¥(x) = 9, log(I'(z)) is the Digamma function and |v;) are the eigenvectors of the initial impurity Liouvillian
L, associated with the eigenvalues A; of L,s. The imaginary part of ¥,(E), which is the part contributing to the
decay rate, takes a more simple, intuitive form. It reads

d(L)
™ E+ A ~
Im (2.(E)) = —5P0 E E tanh <77;l;]> G1lvj)(v;|G1 - (39)
j=lvi,m

In the basis spanned by the eigenvectors |I) of the impurity Hamiltonian H, the initial impurity Liouvillian L is
diagonal as well and one can easily establish a one-to-one correspondence between an eigenvector |v;) of Ly and a
matrix element of p,g in this eigenbasis through

v;) =l0){ml, (40)
with the associated eigenvalue

N =E - E,, (41)
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where \; is the energy difference between the two eigenstates |I) and |m) of the Hamiltonian H,. There are two
eigenvalues A, + of the impurity Liovilliain L,s that correspond to the energy difference between the two charge
density wave eigenstates |g) and |e). We denote the eigenvector that corresponds to the positive eigenvalue A, 1 as

ve) = [2,€)(2, 9] (42)
The action of the impurity vertex superoperators on this eigenvector is given by

GT'”E) :d1|27 €><27g| ) (43)
Gy ve) == (=1)[2,€)(2,gldn , (44)

where d; creates or annihilates a particle on lattice sites z = 1 or z = 4 of the impurity.

Perturbative diagonalization of Leg(E) While Ly is diagonal in the eigenbasis of H,, the corrections X, and X, (E)
are not. Due to the large size of the Liouville space, dim(£) = 256, an analytical diagonalization of the effective
Liouvillian Leg(E) = Lps + X5 + X4 (E) is not feasible. To determine the eigenvalues of L.g(FE) we therefore treat
Y+ 2. (FE) as perturbations to the initial Liouvillian L,s and calculate the leading order corrections to its eigenvalues
A;. This approximation is reasonable because | X5 + X, (E)|| < J2 < er ~ Aj. The eigenvalue corresponding to |v.)
is then given by

Ae(E) = (ve|Lolve) + [(ve|Es|ve) + (ve]Za (E)|ve)] - (45)

The particle number symmetry of the impurity Hamiltonian ([H,, ) ;n;] = 0) guarantees that (2,e|d1[2,e) = 0 =
(2,9ld1]2, g). We therefore find

(velGY G |ve) =0, (46)
(v Gy G |ve) = 0. (47)

Using and (47) the perturbation theory corrections from the symmetric contribution X4 reduce to

LT _ _
(ve] Bs|ve) = Z _25/’0(”6“61;r + G; HG% - Gi J|ve) (48)
Vi,
T g T e
= Z _Z§PO(UE|G1 Gi lve) + Z§pO(UE|G1 Gi |ve)
vi,m

= — 2mipoJ? = —ily.

We see that the symmetric contribution from the leading order tunneling processes between reservoirs and impurity
causes a decay rate I' equal to the typical decay rate I'g of transient features. However, this contribution does not
yet factor in the fermion distribution function f(w) in the reservoirs, meaning that each tunneling process is treated
equally. The information about the distribution function is encoded in the antisymmetric correction 3,(E).

Matriz elements of the antisymmetric contribution ¥,(E) The evaluation of the antisymmetric corrections is more
involved as the contribution from each intermediate eigenstate |v;) of the Liouvillian Ly is individually weighted by
Y[1/2 —i(E £V — X;)/(2nT)]. First, we identify the intermediate states |v;) that feature in the finite contributions

(ve]G1lv;) (v;|Gilve) =(ve| [GY + G v)(v;] [GY + GT] [ve) (49)
=(0e| G [v3) (031G [ve) + (ve| G [vg) (05| G Jve) # 0.

The impurity vertex superoperator Gli either creates or annihilates a fermion on the impurity. Finite contributions
thus only involve eigenstates |v;) which satisfy |v;) = |m)(2, g| or |v;) = |2, e)(m| such that Z?Zl n;lm) € {1,3}. One
finds in total N = 8 eigenstates in the Hilbert space H, with particle number n = 1 or n = 3, implying N, < 16 finite
matrix elements. A quantitative study of the matrix elements (GT);. reveals large contributions |(v;|G5|v.)[? ~ J2
for two eigenstates |v;) € £. The two particular eigenstates are

lvr) =[2,e)(1, 9], (50)
lv3) =13,9)(2, 9], (51)
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FIG. 8. Weight function f;'(¢*, V) for two values of the interaction strength, (a) U/er = 0.9 and (b) U/er = 1.2. The orange
line indicates f(v) = —m tanh[e — A + v/(2T)]/4 and the green line f(v) = —wtanhle — A —v/(2T)]/4. When U/er = 1 and

v = 0 the weight function changes sign and leads to complete a cancellation of the symmetric and antisymmetric corrections.
The weight function f;"(¢*,V) becomes finite if v < |e — A|. (a): (¢ — A) = 0.11, (b): (e — A) = —0.23.

where |1, g) and |3, g) are the two low-energy eigenstates of the impurity Hamiltonian that do not exhibit a charge
density wave character and for which the energy, E1 = (1, g|H:|1,9) < (3, g|H:|3,g) = Es, is plotted in figure 2. The
matrix elements read

(ve|GT o ) oy G [ve) = = T2, (52)
(0l GT 03) (vg |G o) = +J2 (53)
where we note that the difference in Keldysh index p = & of the vertex superoperators GY causes the opposite sign of

the matrix elements. An analysis of the remaining matrix elements reveals a third matrix element that gives a sizable
contribution to the self energy. Here, the intermediate state is

o) = 1, 9)(gl, (54)
and the matrix element evaluates to
J2
(ve| G oy ) (07 |G ve) =~ +t50 (55)

The contribution from this matrix element becomes particularly relevant in the vicinity of U = er due to the analytic
structure of its associated weight function.

Weight function The weight function f(w) contains the information about the fermionic distribution function n(w)
in the leads, which details the probability for an eigenstate of the lead Hmailtonian H) with energy w to be occupied
by a fermion. Our aim is to determine the decay rate I' which directly corresponds to the imaginary part of the the
eigenvalue . of the effective Liouvillian that satisfies

&~ A(e*) = 0. (56)

The imaginary part of A. originates entirely from the imaginary part of the self-energy ¥(w) correction, which for
the asymmetric correction X, (w) stems from the weight function fji (w). The imaginary part of the weight function
evaluated at the eigenvalue €* has the simple form

e* Y N,

Fi(e) = i S tanh [ 2T A (57)

2 2T

m==
We know that ¢* ~ E, — E,;. We can thus also express the weigth function as
* T Ee—Eg—Aj—f—T]]%

fi(e") =—iz tanh . (58)

2 2T

nm==x
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The eigenvalues \; that correspond to the three largest matrix elements read

N =E,-E,=A, (59)
M =FE3-E,=FE3-E.+E.—FE,~¢+A, (60)
N =E.—Ei=E.—E,+E;,—E;~e—A, (61)

It is easy to see that, depending on the eigenvalue A;, either the dependence on F, or E, is removed from the argument
of the weight function. To simplify the expression we introduce v = |V/2|. The weight function then reads

fi(e") = —z%po {tanh (E_;jT_H]> + tanh <E_;%_U>} . (62)

In the limit T < {J,U, ¢, D} we can approximate the weight function as
LT . .
fi(e") = ~i5P0 [sign(e — A\j +v) +sign(e — Aj —v)] . (63)
When evaluating this approximation for the three relevant eigenvalues )\ji one finds

fiH(e%) = =i po lsign(e — A +v) + sign(e — A —v)] o
= —iZpo[0(er — U) (1 +sign(e — A = v)) + (U — e7) (sign(e — A +v) = 1)]
1(e") = —iZpo [sign(~A +v) + sign(=A — v)] o
- 72'%/)0 [sign(v — A) — 1] ,
fi (€)= =iZpo [sign(A + v) + sign(A — ) 0
- —igpo 1+ sign(A —v)] ,

where we note that e, A > 0.

Decay  channels The  three matrix elements  (ve|Gy|vy)(vy |G ve),  (ve|GT v )(vi|GT|ve)  and
(velGY [v ) (0] |G |ve) correspond to four different decay channels that cause the decoherence of a state of
the form [¢)) = «|2,g) + B8|2,e). A schematic of these decay channels is shown in figure We now turn to the
discussion of the decay channels and why they become suppressed for specific sets of parameters U, ep and V.

(ve|GY vy )(vy |GT [ve):  An electron is ejected from the ring impurity, which has initially been in the ground state
|2,g). Due to the particle hole symmetry of the repulsive nearest neighbor interaction U, this requires the energy
A(U). Said energy needs to be supplied by the increase of chemical potential energy u, which the electron gains by
entering the metallic lead. The process is thus only possible if p = —V/2 < —A(U). Here, we have assumed that
the electron can only enter the lead to which a negative chemical potential —V/2 %", n; was applied. The condition
is reflected by the weigth function fi (¢*), which evaluates to zero if v surpasses A. Then the imaginary part of the
asymmetric correction ¥, (w) does not compensate the constant imaginary part of the symmetric correction X for
this decay channel. A sketch of the decay process is shown figure [10| (1), where red in indicates the initial and green
the final configuration of the decay process.

(ve|GY [v3) (v |GT |ve): An electron tunnels onto the ring impurity, which has initially been in the excited charge
density wave state |2,e). The additional electron increases the interaction energy on the ring impurity by A(U).
This energy has to be supplied by the additional electron. The process is thus only possible if the chemical potential
in the lead that the electron originates from satisfies p = V/2 > A(U). As with the previous matrix element,
fi (%) vanishes once v > A such that the constant negative imaginary part of the symmetric correction ¥ is not
compensated. We display a sketch of this decay channel in figure |10 (2).

The decay channels (ve|Gy vy )(v7|GT|ve) and (ve|GY|vg)(vi |G |ve) are closely related - one involves the
ground state while the other one involves the excited state - and are thus respectively allowed or suppressed in the
same parameter regimes.

(vo|GT v ) (v |GF|ve):  An electron tunnels out of the ring impurity, which has initially been in the excited
charge density wave state |2,e). Depending on the interaction strength U, this tunneling process is energetically
favorable or unfavorable. For U < er the one particle state |1, g) is lower in energy than |2,e). Since the electron
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FIG. 9. (a) Perturbation theory results for the decay rate I' = Im[\. (¢")] of the transient feature with oscillation frequency ¢ as
a function of the interaction strength U/er and bias voltage V/(2e7) in units of I'y. We observe five distinct sectors [(i) — (V)]
in which the decay rate assumes different values. These sectors are characterized by their available decay channels. In sector
(i) the decay rate I" exceeds I'g due to the presence of an unconventional decay channel, see fig. (3). For V/(2er) < A we
find the dominant decay channels suppressed, leading to a decrease of the decay rate I' by an order of magnitude compared to
To. In sector (v) each decay channel is suppressed leading to an effective decay rate I'/T'g — 0. (b) shows the decay rate I'/T'g
as a function of U/er for three distinct values of the bias voltage V. The chosen parameters are indicated by the blue, red and
green dashed lines in (a).

can carry this excess energy it can tunnel into either lead as long as p = V/2 < ¢ — A. Having two effective decay
channels, one for each lead, increases the decay rate as can be seen in sector (i) and (iii) of figure [9] The weight
function reflects this as f1+ (e*) = —impo, which adds to the imaginary part of the symmetric correction X5 o< —impg
instead of compensating for it. A schematic of this process is shown in figure [10[ (3) and (4). For U > er the state
|1, g) becomes higher in energy than |2, e). For an electron to tunnel out of the ring additional energy is now required.
This energy needs to be provided by the increase in chemical potential energy p that the electron gains by entering
the lead. The tunneling process is thus only possible if = —V/2 < —(A — ). We sketch this process in figure
(4).

For U > ep and v < A — € each decay channel becomes suppressed and we find
Im[X,(e")] = —Im [X] . (67)

The first order corrections to the imaginary part of the transient feature with oscillation frequency €* therefore vanish
entirely.

Discussion of the phase diagram In figure |§|We plot the decay rate I'/Ty of the eigenvalue A.(¢*) as a function of
the ratios U/ep and V/(2er). We identify five different sectors of these ratios in which the decay rate I' take different
values due to the presence or absence of the previously outlined decay channels respectively. In sector (i) we find the
presence of the decay channels (1), (2), (3) and (4). The decay channel (3) does not exist for many of the typical
quantum dot systems. Its presence leads to a decay rate I' that exceeds the typical level broadening I'y. By increasing
the bias voltage V' one crosses from sector (i) into sector (ii) where the decay channel (3) becomes suppressed as there
is no remaining unoccupied state with energy w = ep + (¢ — A) available in the left lead . In sector (ii) we find I' = T'g.
By increasing the interaction strength U/er sufficiently one passes from sector (ii) into sector (iv). The increase in
interaction strength causes an increased energy gap A(U). As soon as A(U) > V/2 both the decay channels (1) and
(2) simultaneously become suppressed. This leads to a significant reduction of the decay rate by almost two orders of
magnitude such that T' < T5/80. For U/er < 1 the reduction of the bias voltage facilitates a crossover from sector (iv)
into sector (iii). In this sector, the decay channel (3) is no longer suppressed leading to small increase of AT" ~ I"g/80.
For U/er > 1 and V/(2er) < (A —¢) every decay channel is suppressed as is shown in sector (v). The corresponding
decay rate becomes I'/Ty — 0. For a finite decay rate, higher order perturbation theory corrections would be required.
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[1,8)

FIG. 10. Dominant decay channels in the first order perturbation theory. The red circles indicate the initial configuration
and the green circles mark the final configuration of the process. (1): Decay channel associated with the matrix element
(ve|GY vy )(vy |G |ve). An electron tunnels from the impurity into a lead, causing a transition from the ground state |2, g)
to the excited state |1,g). (2): Decay channel associated with the matrix element (ve|G{|v])(vy |G |ve). An electron tunnels
from a lead onto the impurity, causing a transition from the excited state |2, e) into the excited state |3, g). (3): First decay
channel associated with the matrix element (ve|G{|vy)(vy |G |ve) for U/er < 1. An electron tunnels from the impurity into
the lead with positive chemical potential u = +V/2, causing a transition from the excited state |2, e) to the excited state |1, g)
which releases the energy ¢ — A. (4): Second decay channel associated with the matrix element (v:|G{ |[v])(vy |G |ve). An
electron tunnels from the impurity into the lead with negative chemical potential © = —V/2, causing a transition from the
excited state |2, e) to the excited state |1,g) which releases the energy ¢ — A for U/er < 1 and requires the energy A — ¢ for
Ufer > 1.

However, these corrections can induce no more than a decay rate I' oc '3 < T'.

Eigenvalue spectrum of the effective Liouvillian The disappearance of the decay rate I" for an eigenvalue A(z) of
the effective Liouvillian with finite real part is unique to the eigenvalues 4+¢* — ¢I". In figure [L1] we display the real
and imaginary part of each root of

z—MX(2) =0, (68)

where \;(z) are the eigenvalues of the effective Liouvillian. We find that the imaginary part of all but four roots is
of order O(Ty). This means that almost all transient features decay on the expected time scale. In figure [L1] (d) we
zoom in on the four extraordinary roots. We see that their imaginary part is Im(z) ~ I';/100000. This indicates a
clear separation of scales between the decay rate of these four roots and each other root. Such a separation of scales
in the solutions to is sometimes referred to as dissipative phase transition. The four roots that feature a small
imaginary part belong to |2, ¢)(2, g| with root z = 0 — 0%, |2,e)(2, e| with root z = 0 — ', |2, e)(2, g| with root
z=¢—1I', and |2, g)(2, e| with root z = —¢ —iI".
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FIG. 11. Roots z* of z — Leg(2) = 0. (a),(b): U/er = 0.1 and (c),(d): U/er = 1.1. We find that the imaginary part Im(z*) of
the majority of roots z* is of order O(I'g). In addition we find four roots with an imaginary part orders of magnitude smaller
than I'g. In (b) and (d) we zoom in on these four roots. We find that the imaginary part of three poles is two orders of
magnitude smaller than I'g for U/er = 0.1 and five orders of magnitude smaller for U/er = 1.1. The root with imaginary part
I' = 0 is associated with the stationary state.

Inverse transformation to realtime

The effective reduced density matrix matrix of the impurity in Laplace space pns(F) is given by
i
pns(E) = —————pus(to) , 69
ps( ) E_LEH(E)p S( 0) ( )
where each pole of the resolvent

1

mh’j)(vﬂ ) (70)

has an imaginary part I'; < 0. We can therefore replace the inverse Laplace transform by a Fourier transform and
close the integration contour in the lower half-plane such that
iefiE(tfto)

+oo
pus(t) = 5= > B ) ()

=0(t —to) Zexp(i/\jt = Iit)|v3) (vi] pus(to) -

Each pole of corresponds to a transient feature with frequency A; and decay rate I';.
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Coupling of the current operators to the pole )\,

Ring current The operator I, measuring the local current in the ring reads

L=1I,-1, (72)
Iy = —i[ng, H] i (did2 - d;dl) : (73)
I = —ing, H] o i (d{dg - dgdl) . (74)
with
(I)(t) = Trs [Lopns(t)] - (75)

After a transformation of the current operator and the reduced density matrix p,s to the basis of the eigenstates of
Hamiltonian, this becomes

d(H)
(L)1) = > (n| (ULUY) pusn(t)n) . (76)

=1

where pps () denotes the time-dependent reduced density matrix expressed in the basis given by the eigenstates of the
Hamiltonian. We are mainly interested in the matrix element of I,. that couples to the matrix element |v.) = |2, e)(2, ¢
of the reduced density matrix

(Lhose. () = 2(2. 1 (g2 9)(2, el ) lexpidt — T4)[2,)(2, g} [2,9) (77)

In figure [12] (a) we plot the absolute value of the coupling of the current operator to the off-diagonal matrix element
le){g| of the reduced density matrix. We find that after an initial increase with interaction strength, the coupling
decreases with interaction strength. In the entire range of values for the interaction strength that we have studied,
the matrix element (I})gye exceed every other matrix element of the current operator f,«.

Transmitted current We determine the extent to which the operator I, measuring the transmitted current, couples
to the matrix elements |2,€)(2, g| and |2, g)(2, e| of the reduced density matrix pg(F) directly from the perturbation
theory. The expectation value of the transmitted current in Laplace space is given by

(It)(E) = tras¥p, (E) (to) , (78)

E— Log(B)™

where

D
1 ’ ’
1. (E) = / dor S S(L) GUA (79)
D

bt T w1+ E+mp — Ls
The modified vertex superoperator is defined as

LA p=+
apa={ B P2 (30)

where the operator I acts in the Hilbert space H, of the ring as
L=di —d. (81)
The part of the transmitted current that acquires the small decay rate I is given by

d(H)

(I)eg = D (n[Zr,(A)[ve)n), (82)

n

where the vectors |n) form a basis of the Hilbert space of the ring. In figure [12] (b) we plot the real and imaginary
part of (Iy)e,q as a function of U/ep. We find that the real part of (Iy)., 4 is small but features a reasonance at U = €.
We thus find that only a small part of the transmitted current Iy decays with the decay rate I" while the majority
relaxes with the decay rate I'y.
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FIG. 12. (a) Matrix element (I;)g,e of the ring current operator coupling to the transient feature of the reduced density matrix
pns(E) with oscillation frequency €. (b) Real and imaginary part of the matrix element (I;)e,y of the transmitted current
operator coupling to the transient feature of the reduced density matrix pns(E) with oscillation frequency e.

SCHRIEFFER-WOLFF TRANSFORMATION AND PERTURBATION THEORY

Schrieffer-Wolff transformation of the impurity system

In the limit U/egr — oo the low-energy sector of the spectrum of the uncoupled ring impurity features only the two
charge density wave eigenstates |2, g) and |2,e). From figure 2 it becomes obvious that for U/.J > 1 the energy gap
€ between the two CDW eigenstates becomes small compared to the energy separation between the CDW states and
the remainder of the spectrum. It is then intuitive to construct an effective low-energy Hamiltonian in the subspace
of the Hilbert space H,, which is spanned by the two CDW eigenstates. In the limit U/er — oo and U/J — oo the
CDW eigenstates take the form of simple product states |2, g) = |1)|0)|0)|1) = [1001) and |2, e) = |0}|1)|1)|0) = |0110).
We define the operator that projects onto this low-energy subspace as

Py = [1001)(1001| 4 |0110)(0110] . (83)

The Hamiltonian of the full system can be separated into a contribution that is diagonal in this new basis

n; +n;
Honganr(Z)U(nmj_ . a>7 (84)
2,]

and a contribution that connects the subspace spanned by the CDW eigenstates with the rest of the Hilbert space,
which reads

V=-—J Z (dj-dj + h.c.) —J. (dJ{CL,o + dlCR7O + h.c.) . (85)
(i,5)

The second contribution can be regarded as a small perturbation. We then perform a Schrieffer-Wolff transformation
to project onto the subspace spanned by the CDW states and to virtually include transitions to states orthogonal to
the CDW eigenstates. We follow the work by Bravyi, DiVincenzo and Loss [Ann. Phys. 326, 2793 (2011)] to expand
the general expression for a transformation of the Hamiltonian

Het = Pyexp(S)(Hy + V) exp(—S) Py, (86)

where exp(S) is a unitary operator, into a power series up to fourth order in the perturbation V="Vya+ V4 reading
N 1 1

Hyg) = HoPy + PoV Py + 3 Py [£(Voa), Vod] Po = 5 Po (Ve [£(Va), [£(Va). £(Voa)]])) P (87)

+ 5Py (Vo Lo, [£0Voa), Vo) Po + 52 Po (I£(Vo), [£0Voa), [£(Vou), Voull) P
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where V,4 denotes the part of the perturbation V that facilitates transitions between the low-energy Hilbert and the
complementary Hilbert space and Vy denotes the part of the perturbation that only connects states exclusively inside
either subspace. We use the shorthand

£(x) = 20 (85)

to denote the inverse energy difference between two states |¢) and |j) that are connected through the operator X.
After evaluation of the commutators we arrive at the expression for the effective Hamiltonian H e(;lf). It reads

1
H(;lf) = HoPy + §Po [L(Voa)Vod — VoaL(Voa)] Po (89)

€

— 5P [Voa LV £(Vaa) — LIL(E Vo) Va)Va) Vo] Po

1
+ ﬁPo [(L(Voa))*Vod — 3L(Voa)*Vod £ (Voa) + 3L(Voa)VoaL(Voa)? — VoaL(Voa)?] Po

1
+ gpo [Voa (LL(Vod)*Vod — 2LL(Voa)Vod £(Voa) + LVod L(Voea)?)

— L (L(Voa)*Viy + 2L(Voa)VodL£(Voa)Vod — Vod £(Vod)*Vod)] Fo ,

where the first line includes all contributions up to second order in the perturbation V and lines two through five
contain the contributions up to fourth order.

Second order correction Evaluating the diagonal contribution Hy for the two CDW eigenstates yields the effective
Hamiltonian in zeroth order as

0
%?zm%:(?o), (90)

where from now on we treat the two CDW states like pseudo-spins defined as

0110) = ( .
ooy = () =14 (92)

—
~_
Il
—
=
—
©
[
S—

The leading order corrections to the effective Hamiltonian are of second order in the perturbation V. The corrections
encompass two consecutive tunneling processes, either tunneling within the ring impurity leading to corrections oc J2,
or tunneling between the ring and the leads and back yielding corrections oc J2. In the follwing we show the calculation
of each correction term featured in

1
HY) = HyPy + 3P0 [L(Voa)Voa = VoaL(Voa)] Po .- (93)
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where np, o and ng is the electron density on the site of the lead closest to the impurity for the left and the right
lead respectively. The second term of the leading order correction yields

—1 —1 —1
dhdydidy + —didydld
Utep 20GUT ghh®hr o

-1
L(Voa)Voa Py =J? (Udgd4d§d1 + d;d4d§d1) 11001) (95)

—1 —1
J? didydbdy + —=dldsdld
+ (U+ 1221+U4334+U+

-1
didydidy + Ud{d3d§d1> 11001)

+J? ( o didsdidy + - d*dzdfdg + 7d4d3d do + — d{dgdjldg) 0110)
~1
+ J? (U — didydidy + - d*dldfdg + 5 deldeg + Ude4de3> 0110)
~1
+ Jg |:U (CLOdldJ{CL,o + C;,Od‘ld:{lcR,O) |0110>:|

-1
+ JCQ |:U (dICL,OCLOdl + dlCR’OCL’OCL;) |1001>:|

-1 —
—J> (Ud;d§d4d1 +5

-2 )
J? —= ) [1001
* (U+ET * U > | )

1
+J? (Ud{djldg,@ =

1 ~1 ~1
dididyd, — —dididyd, — d;d§d4d1> 11001)
Er U ET

cﬂd*dg,az2 + Faz Tdldgdy + - deTd3d2> 0110)

-2
+ J? (UE + > 10110)

1 1-
+ 2 (—( neo) £ (1= 1Ro0) 1y 0py _ Mo NR0 J[;"R’°|0110>) :

U

Assuming that the mean electron density in both leads combined is ny, ; + nr,z = 1, the two correction terms are
identical. The effective Hamiltonian in leading order then reads

(2) 2 2 2 ;}2 2 2 2 2 ;}2 2
g = |eT —J + = 1+ —J + = 1—
H, {s ( . ) 3 S . 5 S (96)

2 2
= —J? — S% =367
|:€T (U&?T U+ET):| c

We see that the effective energy gap £(?) between the ground state | }) and the excited state | 1) is reduced as compared
to the bare energy gap ep by the perturbative corrections. In leading order we furthermore find no off-diagonal terms
and as it turns out not in any higher order (J2)™ of perturbations V which feature only in-ring hopping terms ~ J. d;fdj.
Since the hopping between ring and leads alone cannot facilitate a pseudo-spin flip, one finds that they are not possible
in leading order.

Mirror symmetry We attribute the lack of the off-diagonal, pseudo-spin flip terms to a symmetry of the nanos-
tructure associated with the mirror symmetry in the axis through lattice sites 2 and 3 or equivalently an exchange of
lattice sites 1 <> 4. The operator M corresponding to this symmetry reads

M=1+ (d{ - d}) (dy — dy) (97)
1
=2 [— (d1d§d1d4 + d{d1d4d1) + (d4d1d}d1 + d1d4d1d1)] didy +did, .
The symmetry operator satisfies
M|1001) = —[1001) = —| 1) (98)
M|0110) = +[0110) = +| 1), (99)

as well as

M? =1, (100)
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FIG. 13. Schematic representation of the correction terms connecting |[1001) and |0110) in second order in the perturbation

V. There are two sets of two processes with the same amplitude that corresponds to processes which are mirror images of one
another in the axis through sites 2 and 3. These processes are of opposite sign and we thus find pairwise cancellation of the
off-diagonal correction terms.

and

[H,, M] =0. (101)

The CDW eigenstates of the Hamiltonian for U/J — oo are also eigenstates of the symmetry operator M with
eigenvalues m = £1. Since M commutes with the Hamiltonian H, of the uncoupled impurity for arbitrary U/J, the
in-ring hopping terms of H, cannot couple the different eigenstates of M. For the Hamiltonian H,., which couples the
ring to the leads, we instead find [H., M] # 0. As a consequence we have [(HC + H,)?, M] # 0, indicating that off-
diagonal, pseudo-spin flip terms can occur in higher orders of the perturbation. We illustrate the connection between
the mirror symmetry and the absence of off-diagonal terms in leading order in figure Each process connecting | )
and | 1) has a mirror image with opposite sign leading to pairwise cancellation of all terms.

Fourth order correction In order to obtain finite off-diagonal terms in the effective Hamiltonian one needs to
include the fourth order corrections. Here we show an example calculation of one such correction term. All other
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fourth order correction terms follow accordingly.

Vo (LVa)2L (Vo )| 1001) =Voa(LVa)2L {—J (d§d1 +dbdy + didy + d§d1> (102)

+ —Je (e o + el oa) | 11001)

V(L) [ (et + abas) + =7 (b + )

—J
U+er
+ J(c dy +cl d)]|1001>
U ,0%1 R,0%4

J.J
Tioe (dlerodids + e gdadbdr + ¢ gdrdbds + dfe,odlds)

(el odrdlda + dienodlds + dferodldy + cf gdaaldy )

n JJ.
(U+ep)U

L
(dhdic] gt +d dlcR0d4)} 11001)

=VoaLVa [

JoJ
U2

(dbac] o + didrcl o )

T2
The contributions that feature the underlined term in equation (103)) combine into

JoJ
(U +er)?

J2J2
(U +er)
% (e otrdidadier,odids + el gdadirdler, odidy

PyVoaLVy dicl (didi[1001) =P, (103)

+ didac] ydydicrodbdy + didych gdad]cr odbdy
+ dldse] ydidierodhd; + d§d2c;70d4d}cL70d;d1) 11001)
J2J2
_ c T
- Trey (2010 = 2¢ ger.0) 0110)

+ (nL,o n cg()cL,o) \1001>} .

We find that the pseudo-spins on the impurity couple to a second spin-like degree of freedom in the leads which can
be associated with the symmetric and antisymmetric modes in the leads. We define the annihilation operator for an
electron with pseudo-spin ¢ in the leads as

¢t =—=(cLo + cr,0) (104)

Sl =Sl

cy =—=(cLo —cryo) - (105)

We use this pseudo-spin notation for the lead degrees of freedom and collect the different correction terms up to fourth
order in the perturbation. The corrections read

1 1 3
U2(U+¢er) UU+er)?? (U+er

1 1
2 12 T T
+2J%J; [( 3 +(U+5T)3)d¢dicTcT

Voa(LVa)?L(V,q)|1001) 2J2J2< S 4 )3>d}d@q (106)

(- ! + 2 T— dldc,cl
— c|c
US " UU+ep)  UU+er)?  (U+er)d) V0]
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3 1 1 )
U —erP U -2 U0 —er) U3> didycley (107)
1

2 72 T |
+ 2J JC |:(U3 + W) did‘LCTCT

+ =+ ! + 2 bt didycyc!
U3 " U2U +er)  UU+er)?  (U+er)?) V]

LLLLEVoa) V)V Val1001) =222

1 1 3

3
Voa(LVa)?L(Viq)|0110) =272 J2 - - didycicl 108
d( d) ( d)| > U3 + U2(U *5T) U(U *5T)2 (U — 5T)3 1 Tcicj‘ ( )
1 1
2 72 T i
+ 2J JC |:<U3 + (U—&T)?’) deTCTCT
4 1 2 1
i de i
" (US T U(U—er) " UU =R U eT>3) t Tci‘”} ’
—L(L(L(Voa)Va)Va) Voa|0110) =2.J2J2 LA ! - ! ~ 3« (109)
od/FdsTd) od T \Uer)® UUter)? UU +er)? UB
X didTC‘LC$
o2 | (N dldered
c U3 (U —e7)3 TETETer

(2 ! + 2 T dldyc]
f clerl -
US " UU —er)  U(U—ep)? ' (U—ep)p) 114
First, we identify the off-diagonal terms which couple |1001) = | |} and |0110) = | 1). Now, unlike the leading order

corrections, the off-diagonal terms are finite and cause a simultaneous pseudo-spin-flip on the impurity and in the
leads. We can thus express the off-diagonal terms as

2 72 1 1 1 !
o za: [Uz(U-f—ET) T UAU—er) (U(U+€T)2 B U(U—gTV) "

3 3
N - didsche,
<<U+eT>3 (U—€T>3)] olotoc

3p
- < 3 ; . - > STSE 4 SYSY )
c I;t U2(U + pE) U(U + pE)Q (U + p€)3 ( res res)

We find that the off-diagonal terms describe a spin-spin interaction in the x and y direction with an amplitude
J1(U,er). The diagonal correction terms are

1 1
—2J%J2
Nt waay) (31

4 1 2 1
_2 2 72 1_ z 1 z
T <U3 U2(U+€T)+U(U+5T)2+(U+6T )( S)( +Sre§>
_ 2 72 1 1 z
277 (g + e ) (3145°) (51 55

4 1 2 1 1
_92 272 & 1 z z .
I <U3*U2<U—ET>+U<U—ET>2*(U—5T>3> (2 o ) (2 S)

The diagonal correction terms contain three different couplings. A spin-spin interaction in the z-direction with
amplitude J,(U,er), a correction to the effective magnetic field on the impurity and a small effective magnetic field
h*(U,e;) on the sites of the leads next to the impurity. The corrections expressed in the pseudo-spin notation are

) 1 2 2
2J2J? — S*Sz 112
T p; (U3 TRt per) TUW pen)? T @ —|—pET)3> (112)

( 1+ Sfeb> (111)

1 2 2
— J2J? ( + + > S — S*
Z U2(U +per)  UU+per)? (U +per)d (Ses )
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In the last step we collect the correction terms arising from lines three through five of . These read

1

TR [(L(Voa))*Vod — 3L(Voa)?Voa L (Voa) + 3L (Voa) Vod £(Vod)? = VoaL£(Voa)?] Po (113)

Z 4£ 4 ( 1 n 1 n 1 )
—t 3 (U +pET)3 UQ(U + per) UUu -|—p5T)2

2p 2( 1 1 )]
—JJ S*,
+ 3 ¢ \U2(U + per) +U(U+p5T)2

& P [V (LL(Vea) Vi — 2LLVoa) Vo £Vo) + LVoaL(Vou)*)] Py (114)

+Po [£ (L(Voa)*VE + 2 (L(Voa)Voa)? = Voal (Voa)* Vo) | Po}

J4 18 14 14
Zpi 3t 72 + 2
= 3 \ (U + per) U2(U +per) UU + per)

N J2J3( 2 N 14 N 14 )} g
P (U+per)®  U2U+per) UU + per)? '

Adding the correction terms up to fourth order in the perturbation V to the Hamiltonian describing the lead degrees
of freedom we arrive at the effective low-energy Hamiltonian H e(é) which reads
Hyg =h(U,e1)S" + (U, 7)Sies + Jo(U,£7) 8" Sjeg + T (U, 1) (" S + 5V SHy) (115)

V
+ D ek oCha TO(-t) 5 D Ch o ToorChe

k,o k,o,0’

where h(U, e7) constitutes an effective magnetic field on the impurity and incorporates all terms coupling to S* ® 1,.,
h(U,er) denotes the terms proprotional to 14 ® SZ., and J,(U,er) and J, (U,er) feature all terms coupling the
impurity spin and the lead spins in the z-direction or x-y-direction respectively. This effective model is reminiscent
of the anisotropic single-channel Kondo model with anisotropic coupling between lead spins and impurity spin in
the z-direction and the x-y-plane as well as a magnetic field h(er) ~ O(er) on the impurity. In our effective model
the spin degrees of freedom do not correspond to physical spins. Instead, we identify pseudo-spins | |) = |g) and
| ) = |e) on the impurity. For vanishing bias voltage, V' = 0, we can identify | J) with the antisymmetric and | 1)
with symmetric modes in the leads. The operators creating these modes read

1
o, -7 (chx+ k) - (116)

For finite bias voltage, V' # 0, the term

v
Bl Z C;UT;U/C].C,U/, (117)

k,o,0’

leads to a hybridization of these two modes, which means they are no longer eigenstates of the lead Hamiltonian. The
conserved quantum number becomes the lead index o = L, R instead. The linear dependance between lead index «
and pseudo-spin index o in the leads proves to be responsible for differing properties, e.g. decay rates, of our effective
model as compared to the anisotropic Kondo model.

Schrieffer-Wolff transformation of the current operators

To determine how the operator representing the ring current I, couples to to the matrix elements of the reduced
impurity density matrix p,s we perform a second Schrieffer-Wolff transformation up to leading order in J?/U. From
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this we obtain an effective ring current operator I.g acting in the subspace Py. The operators measuring the local
currents in the ring were previously defined as

L =I,—1I, (118)
Iy = —i[ng, H] = ieJ (d{dQ - d;dl) : (119)
I = —i[ng, H] = ieJ (d{dg - dgdl) . (120)

The Schrieffer-Wolff of the current operators has been performed in the same fashion as the transformation for the
effective Hamiltonian. The resulting effective ring current operator in leading order reads

I esr = Pyexp(S) (Iy — I) exp(—S) Py ~ Py (1 + L(Voa)) (Iu — D) (1 — L(Voa)) Po (121)
9 z 1 1 y
= <U+U—ET+U+ET 57

One consequently finds that (I; )+, = (ICH)LT o J2/U and (Iye);.; = (Ieg)t.+ = 0. The effective current operator
couples exclusively to the off-diagonal matrix elements p; ; and p; 1+ of the reduced impurity density matrix pns in
the context the effective low-energy decription. The transient decay rate of the ring current is therefore determined
by the decay rate of these two particular matrix elements.

In contrast, the current, which is transmitted through the ring, is equivalent to

I =1,+1, (122)

as the sum of the two local currents amounts to the total current flowing from one lead through the ring to the second
lead. Using the effective operators for the local currents I, and I after a Schrieffer-Wolff transformation, we find for
the transmitted current in leading order the effective operator

2 1 1
Lo = J? ( ) Sy (123)

U_U*€T_U+€T

It is immediately obvious that the effective operator for the transmitted current Iy . — 0 for U/er — oco. As a
consequence, the coupling of the transmitted current to the off-diagonal elements of the effective reduced density
matrix, which are the ones exhibiting the small decay rate, is strongly suppressed for strong interaction. This is
consistent with our numerical data from tdDMRG, where we also do not observe a slow decay of the transmitted
current, but a decay on the time scale given by the hybridization T'y.

Limitations on the viability of the effective low-energy model

As a consistency check of the effective model H éé) up to order U~* we perform a series expansion of the perturbative
corrections in U~™ around U/J — oo. The results of this series expansion for the amplitudes of the spin-spin
interaction terms read

1 2 2 10

5

=) ~ o IS 4 124

’ JJC;;U?)+U2(U+p5T)+U(U+pET)2+(U_|_p€T)3 gl o U, (124)
3p 3

Jo= 27277 T ~0+0(U). 125

- C;U2(U+p5T) UU +per)? (U +per)? @) (125)

When expanding the expression for J; up to fourth order in the inverse interaction strength U ' we encounter an
inconsistency of our Schrieffer-Wolff transformation as J, vanishes up to this order. We can therefore not assume
with certainty that the spin-spin interaction J, in the effective model is finite.

Perturbation theory for the effective model in the limit 7" — 0

In our effective model the hybridization between the impurity and the leads satisfies

VTo o max(J,, J1) oc O(J?J2/U?), (126)
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which is small in the limit U > max(.J, €) even in the case of a chosen bare coupling J. = O(J). In the limit U/e > 1
we can thus perform a perturbation theory calculation for the effective low-energy model whilst employing the same
values for the bare model parameters J, J. as in our initial DMRG calculations. This way we can compare the results
from both methods for the decay rate of the off-diagonal matrix elements p; | and p; 4+ and thus the decay rate of
the transient ring current in the strong interaction limit. In contrast to the earlier perturbation theory calculation,
we no longer study charge fluctuations on the impurity but pseudo-spin fluctuations instead. This requires a few
modifications to the procedure outlined in the previous section on the perturbation theory. The coupling Liovilliain
Ly now features two field superoperators for the leads and the impurity, instead of just one. It reads

Ly = GUP2 . g ge2 o (127)
where
dids A =+
P1P2 A _ 102 P
G12 A - 5171;02 { —Ad1d2 pL = — (128)
The field superoperators for the leads remain unchanged
Ap=+
JPA = €1 . 129
pa={Gart (129)

As a consequence, the first order corrections to the Liouvillian now contain two reservoir contractions 711/ which in
turn requires integration over two reservoir frequencies w; and wo. The perturbative correction reads

1
(1 § E P1P2 P3P4 . P1P4 . P2D3
by G E12 w12_LnsG34 Y14 V23 . (130)
P1P2p3pa 1234

It is again possible to separate the corrections into a symmetric and an antisymmetric part. In the zero temperature
limit the two contributions read

Xs(E Z Gm/ dwydws p(wr)p(wa)

V1ﬂ71 va,n2

— 3 2 X G [ darden plen)olen) slgn () G (32)

E+wi +wo +nipr + oo — L
V1;”71 v2,M2

1 + sign (wy) sign (w2)

Gs1 , 131
E+wi 4wy +mps +opiz — Lns (181)

First we discuss the integrals over the reservoir frequencies w; and ws. For this we introduce the density of states
p(w) = 2pof (w — [D]) . (133)

The integral in the symmetric part of the self-energy correction evaluates to

[ee] (oo} 1
/ / duoydioy P(wl) (w2) 1+ sign(wy )sign(ws) =p? (/ / dwy dwy ———— (134)
00— zZ+wr + w2 z 4wy + w2

1
+/ / oo dory ————
0 0 z2 4+ wi + we

=pi [2zlog z + (2 — 2D) log(z — 2D)
+2(z — D)log(z — D) — 2(z + D) log(z + D)
+(z +2D)log(z + 2D)]

:pg [2zlogz + (2 —2D) (mr +log D +1log2 — ﬁ)

+ (24 2D) (logD+log2+ E)
—2(z+ D) <logD+ %)

, z
+2(—z+ D) (m +log D — 5)}
2
~pd [22 log <l§) — 2z — iwz]
2
=ph [Qzlog (’DZ‘ - 1> - Z7T|Z|:| .
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Similarly, the integral in the antisymmetric self-energy correction gives

sign(w2)

B /—Z /_Z duwr dws p(w1)2p(w2)

2z + w1+ wo

:_/ngw1</DP3‘i°J2_/0 Pﬁd@) (135)
_D 0 Ztwi+ws _p Ztwit w2

D
=—2p7 {/ dwy [—log(wy + z) + log(wy + 2z — D)]

-D

+/D dwy [—log(wi + 2) +log(wr + 2 + D)]}
-D

= —2p2[2(z — D)log(z — D) — 2(z + D) log(z + D)
—(z—2D)log(z — 2D) + (2 + 2D)log(z + 2D)]

~ — 207 {2(2 - D) (i7r +logD — %)

—2(z+ D) (logD + i)

D
. z
+ (2 +2D) (z7r+1ogD+log2 - ﬁ)
—(z—2D) (iﬂ'—!—logD—HogZ - %)}

~ —2p2 (imz +4Dlog?2) .

Next, we discuss the superoperators acting in the Liouville space of the impurity. We follow the notation introduced
in Schoeller and Reininghaus [Phys. Rev. B 80, 045117 (2009)]. First we define the Liouville superoperators that act
as the spin operators S = (5%, 5Y,5%) on the impurity. These Liouville superoperators are

where the sign p = + indicates the order of the operators as

A matrix representation of these superoperators in the basis | 1), | J4), | 1), | 4T) reads

00
preo |00
0 3
0
0
P [
3
0

v O O O

o OoOvlk O

O O

0

)

O O Ow=

o OoONE O

L+y —

Li _ (Lim7Liy’Liz)’ (136)
Lt*A=54 |, L A=-AS. (137)
00 0 —% 1000
00 % 0 0-30 0
2 tz 2
0—500’L 00 5 0 [’ (138)
$ 000 00 0 —3
00 0 —% 3 000
oo £ o0 . |0 =30 0
_Q—%OO’L_OO%O (139)
£ 000 00 0 -3

From these superoperators we can construct a basis of superoperators sufficient to describe the spin-spin interaction
processes between impurity and lead pseudo-spins. We further introduce the ’scalar’ superoperators

as well as the vector superoperators

DN | =

N | =

=314 Lt L, (140)

1
Lt = 51 + 2L L7,
Lh=L" 4L,

(L"—L  —2iL* x L"), (141)

1
= 3 (L+ +L_) ;

(L"—L +2iL" x L") .
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Due to the anisotropy of the interactions we need to introduce a third set of superoperators, which reads
Ly =L +il® + [(LT™ £4iLTY) L7* + L7 (L7" +iL7Y)] , (142)
L=L¥ il®F [(LT £iL™Y) L2 + LT (L7" £iL7Y)]
1
6 _ 7cC 3x .13 1z -1l 3x -r3 1z -7l
LS =1L ii[(L +iL%) (L' +iL') + (L** —iL%) (L'* —iL')] .
In terms of these basis superoperators the bare Liouvillian is given as
Lys = h(U, ET)Lh ) (143)

where h(U,er) is the effective magnetic field on the impurity and L" represents the action of [S#, ] on the impurity.
The effective Liouvillian for the impurity in first order perturbation theory reads

Lei(E) = Lys + XM (E). (144)
The first order, energy-dependent self-energy corrections are

2(E + Hi12 — Lns)
D

SW(E) =p] E Gz [Q(E + pr12 — L) (108;
Vi,M1
V2,72

+ pt Z G [—im |E + p12 — Lns|] Gat

vi.m
V2,12

- 1)} Gs1 (145)

+ ,0% Z G1s [-8Dlog2 — 2mi(E + p12 — Ls)] égi ,

vi,m
V2,12

where p1o = mp1 + n2pe and

5 AL (T80, L7+ 78,0, L) + JoTo0, L2 = 12 = +
Gio — o102 G102 102 146
12 { —JL (7';201[12z —|—7'f,’201L2y) - JzTozalLQZ = —-"N2=— ’ ( )
as well as
é = +JJ‘ Tgldz (le + LSI) + T}f/102 (Lh/ + LSy) + JZT‘7102 (le + L3Z) m=-n= * (147)
12 7JL T(fzcn (le + LSI) + ngzn (Lly + L3y) - JZT”Zgl (le + L3z) m=-N2="-

It is then straightforward to calculate the self energy corrections that are proportional to simple products G12G51
and G12G37. The two different products of superoperators evaluate to

G12Gsi =Y Ghalv;)(v;]Ga; (148)
J
2 2 2 2
:%LC + %LC +J (L — L) + %(Lc + LM+ IR (L - L) + JEZ(LC -1,
and
N A ~ e J2 h J2 h 2 2
G12G§j = Z G12|Uj)(vj|ng = TLL - ?L + JJ_L?’Z - JJ_LSZ . (149)

To calculate terms involving G f(112)G and G f (112)G a rotation to a different basis is necessary.

Modifications to the perturbation theory for spin fluctuations due to the linear dependence between
pseudo-spin and lead index

From eq. 1} we see that the magnetic field }NL(U, er), experienced by the pseudo-spins on the lead sites closest to
the impurity, is small up to order O(U %), ie h* < h,V and we can thus neglect it. It is then more useful to express

the Hamiltonian in the basis of the lead index o € {L, R} eigenstates, which corresponds to a rotation 77 ,, — 75 .,
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Ty = —7Y T2 — 7% in the leads. In terms of the rotated operators, cq 1 = 1/\/§(c¢,k + ¢4 1), the effective

0102 (e BN DRl 0102 [e3NeD)
Hamiltonian reads

1%
Héé) =hS* + Zakc;ackﬂ + 7 Z CL’QTja,c;w/ (150)

k,a k,a,af

J. J1
z T T T T _z Y Y

+ ? E S Ck.aTaa! CK' o + 7 E Cl, o Ck' o (S Taa! T S (_Taa/)) .
K.k’ kK’
oz,a' 01,0/

In this rotated basis the part of the Hamiltonian acting exclusively on the leads is diagonal so the reservoir contractions
reduce to simple fermionic distribution functions. After rotation the vertex superoperators read

B JJ_LQJC z +JJ_L2U( )+JL2Z T m :_772:+
G — alag 041042 041042 , 151
12 { Jlez 5201 +JLL29( 02a1)+J L2%r gzal no=—ny=— ( )
and
Grg = { L+ L)y o TL (LY 4 L) (70 4 LA L), ] = = =+ 152)
2 JL(LY + L)1 o, + JL (LY + L¥)(—, azal) + L(LYE+ LA)78,, ) m=—mp=—

where we have dropped the factor 1/2 resulting from the substitution Sy, — Ta,a, for convenience. We reintroduce
the factor in the final result. The first set of self-energy corrections that are affected by the linear dependance between
pseudo-spin index and lead index involve terms proportional to Giou12G57 and G1ou12G57. The first term reads

Ghap12Gat = Z Z Z T aa oo L (M Viay 4+ 02V, ) L (153)

ay,a2 m=—"n2 l,k=x,y,z
In the following we evaluate the cases [ = k and [ # k separately. For each example calculation we set n; = —ny = +
without loss of generality. For [ = k we find
Grapm2Gsi =T} Y 7o 0 Thar (Vay = Va,) L' L (154)

a1z " 200
al,a2:1,2
I=z,y,z

=J} Z TéloQTéQal [sign(Ve, ) (1 = 00y a)] L2 2

aq,=1,2

l=z,y,z
=J?V Z [sign(Va)rhy iy + sign(Vy)riy7s, | L*L? =0,
l=x,y,z
and for [ # k we obtain
Grama2Gsi =Ddk Y. > ThianThya, [sign(Va,)(1 = baya,)] L L?* (155)
£k a1,as=1,2
lk=x,y,z
= JV Z [sign(V2) VT T + sign(Vi) 7oy 1] o
Ik

lk=x,y,z

=(J.J)VL*>.

This term, proportional to the bias voltage V', does not appear in the perturbation theory of the regular anisotropic
Kondo model. The correction term still satisfies Trg (sz) = 0 such that Trg(Lesr) = 0, a necessary requirement for
the validity of the perturbation theory. Similarly for G1o112G31 we find

Grapm2Gsi =TTk Y > ThiaaThan [sien(Va, )(1 = 6a,0,)] L7 (L* + L) (156)
£k a1,a2=1,2
lLk=x,y,z
=J .V Z [sign(Va)rhy i + sign(Vy)riy7sy | L (L'F + L?F)
I#k
Lk=xy,z

= (J.JL ) VL,
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which satisfies Trs(L?’“’) = 0 as well. Next we discuss the correction terms proportional to C_7'12|E + p12 — LnS|C_¥§1.
We know that I'y <« h which means that the perturbative corrections to the roots of the unperturbed Liovillian L,
are small. We can thus safely assume A} = Leg(\}) ~ £h. As such we evaluate the correction terms proportional to
G12|E + p12 — Lys|Gst for E ~ 4+h and obtain

Gralh + 2 — Lus|Gag =JiJy, Z T e To o L |h = Ls +m Vi, + 12V, | L2 (157)

0417042:1,2
lk=x,y,z

_J? J2
L (Jh+V]|+|h=V|)L +7l|h|L6_

J

+ f (2[6h] + |6h + V| + |6h — V|) (L* — L°)
J2

+ Tl (212h| 4+ |2h + V| + |2h — V|) (L* — L°)

Iy,
+ l— (16h + V| = [8h — V) (LL + L)

L J
L2 (12h+ V| = 20— V]) (L4 + L2)
J2

+f(|5h+V|+|5h—V|)(LC+Lh)

J2
+ f(|2h+V| +|2h = V) (L¢ - L"),

where dh = h — hg and we verify that Trg(L%) = Trs(L%) = Trg(LY) = 0. Lastly we discuss the correction term
that involves the logarithm of the Liouvillian L,s. We abbreviate z = E + 12 — Ly and approximate £ = +h. The
correction term then evaluates to

G127 log ‘G Jth ‘ L® (158)
<h+V ‘ (hH/)‘ (h—V)log (hl;V)DLi

2

Zf( ‘ + (2h) log D — L)

3 2(6h+V) 2(6h — V) .

1 (5h+V log 5 ‘ (6h — V) log DD (Le+L")
+Z ((2h+V)log 2(2}3_‘/)‘ (2h — V) log 2h V) D (Le—L")
+—sz ((5h+V) log th V)’ (6h—V)lo ‘ M V) D (L* +17%)
+ JZZL <(2h+V)log 2(%5‘/)‘ (2h — V) log 2h V) D (L4 + L)

J? 20h +V) 2(6h — V) 0 e
+4<(6h+V)10g =5 |+ (0h=V)log T (L® — L°)

2 _
+{TL ((Zh—i-V)log 2(2}3_‘/)‘ + (2h —V)log WD (L*—L°) .

With all the self-energy terms evaluated we can determine the eigenvalues of the effective Liouvillian Leg(E). To
obtain an analytical result for the roots +h we perform the diagonalization of L.g perturbatively as well. In first
order

hY = (11 [Lea(h)| 1) = —(I1 |Lea(—h)| 11), (159)
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we find
2 2 2h
h=ho+ % {—2 (J3h + J25h) + %hlog D‘ (160)
J? 2(h+V) 2(h—V)
+5 <(h+V)log’D + (h—=V)log 5
2 2 _
n ((5h+V)1og‘“h+V)‘ + (5h—V)log’(5hDV)D

~iZ 2 (Ih+ VI+ |h = V] +2|h)) =i 52 (I6h + V] + 5h = V])] |

where 0h = h — hg ~ 0 and hg denotes the root of the bare Liouvillian L,s. The imaginary part of the root h, which
corresponds to its transient decay rate, reads

Tm(h) ~ _ipgl%ﬁ (lh+V|+|h—V]|+2h]) — ip%%Jf (I6h + V| + [5h — V) . (161)

We see that for V' — 0 the imaginary part of h is essentially given by the terms proportional to J2. For V = 0 we
thus find a power law decrease of the decay rate with U~ and « > 8. For finite bias voltage and U — oo the terms
proportional to J? become dominant and we observe a power law decrease of the decay rate with U=#and f=6. In
figure |14] we plot our numerical results for the decay rates Im(A%) with \i = +h. We find that for V' = 0 the decay
rates obey a power law, Im(A\%)(U) oc U8, the same as the spin-flip interaction J2 (U). For finite bias voltage we
observe a different power law, Im(\%)(U) o< U=, a behavior shared by J2(U). Our numerical findings support our
perturbative result for the decay rates . The perturbation theory for the effective model finds that I' — 0 for
U — oo and supports our findings from DMRG calculations and perturbation theory in the limit of small coupling
which see very long life times 7 > I L of the ring current oscillations.
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FIG. 14. Decay rate I'/T'g of the roots A and A_ for (a): er/J = 0.5, J./J = 0.5, eV/J =0 and (b): ex/J = 0.5, J./J = 0.5,
eV/J =04.
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