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We consider heat transfer in one-dimensional systems with long-range interactions. It is known
that typical short-range interacting systems shows anomalous behavior in heat transport when total
momentum is conserved, whereas momentum-nonconserving systems do not exhibit anomaly. In
this study, we focus on the effect of long-range interaction. We propose an exactly solvable model
that reduces to the so-called momentum-exchange model in the short-range interaction limit. We
exactly calculate the asymptotic time-decay in the energy current correlation function, which is
related to the thermal conductivity via the Green-Kubo formula. From the time-decay of the
current correlation, we show three qualitatively crucial results. First, the anomalous exponent in
the time-decay continuously changes as a function of the index of the long-range interaction. Second,
there is a regime where the current correlation diverges as increasing the system size with fixed time,
and hence the exponent of the time-decay cannot be defined. Third, even momentum-nonconserving
systems can show the anomalous exponent indicating anomalous heat transport. Higher-dimensions
are also considered, and we found that long-range interaction can induce anomalous exponent even

in the three-dimensional systems.

I. INTRODUCTION

In the past few decades, the study of dynamic and ther-
modynamic properties of long-range interacting systems
has attracted considerable attention. These systems are
characterized by interaction potentials V(r) that decay
with the power law

V(r) « o, (1)

where r is the distance between two interacting parti-
cles. The parameter § controls the range of interaction;
a smaller 0 means longer range of interactions. When the
index ¢ is lower than the spatial dimension, the system
is called the long-range interacting system [1, 2]. In this
regime, the additivity does not hold and many unusual
properties appear such as negative specific heat [3-6],
long-lived quasistationary state [7, 8], anomalous diffu-
sion [5, 9, 10], and suppression of chaos [8, 9, 11-13]. In
this study, we use the terminology long-range interaction
in a wider sense, to refer to the interaction in the power-
law form regardless of the exponent 4.

In contrast to the equilibrium properties, nonequilib-
rium properties such as transport have not yet been un-
derstood in such systems. In this study, we address
the heat transfer in long-range interacting systems fo-
cusing on energy current fluctuations. We focus on one-
dimensional systems, because there are many studies on
the short-range interacting systems. In short-range in-
teracting one-dimensional systems with total momentum
conservation, the energy transport is in general anoma-
lous, in the sense that the thermal conductivity x di-
verges as k X N (0 < a < 1) with an increase in the
system size N [14-16]. The thermal conductivity is given
by the Green—-Kubo formula, which is the time integral
of the energy current correlation. Hence, the anomalous
behavior of the diverging conductivity is directly related
to the slow decay in the equilibrium current correlation
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0<3/2(3/2<d<5/2] 5/2<d<3 36
—  |B=(2-3)/2|F=(2-3)/2] F=3/2
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TABLE I: Decay rate § for the one-dimensional long-range in-
teracting systems. The upper table summarizes the systems
with no onsite potential. The lower table summarizes the
results for systems with onsite potential. Note that the ex-
ponent gradually changes depending on §. Remarkably, even
systems with onsite potentials can exhibit anomalous decay
for the range 3/2 < § < 5/2. At § = 3, the logarithmic cor-
rection appears in the time-decay for both cases of kg = 0 and
ko # 0 (See Egs.(40) and Egs.(43)). In the regime 6 < 2 for
ko = 0 and the regime § < 3/2 for ko # 0, the amplitude of
current correlation diverges; hence, the exponent cannot be
defined.

in a closed system:

Ct) = N"HJotW)Jrot) ~t 7, 0<B<1, (2

where Jiot is the total energy current, and (...) is the
equilibrium average or microcanonical average. In addi-
tion, from the microscopic viewpoint, this slow relaxation
is also related to the super-diffusive behavior in the en-
ergy diffusion[17-19]. If the system has onsite pinning
potentials where the total momentum conservation does
not hold, the above anomaly disappear, and the normal
diffusion as well as normal heat transport are recovered.

From the above backgrounds on short-range interact-
ing systems, we consider the effects of long-range poten-
tials on energy fluctuations. Thus far, several numeri-
cal studies have proposed two paradigmatic models. In
Refs.[20-22], the coupled rotor model was studied. This
model shows a transition from the diffusive transport to



the thermal insulator, as 0 decreases from infinity. The
critical point §. lies between 6 = 1 and 2; however, the
explicit value depends on the temperature regime. In
Refs.[22, 23], the Fermi-Pasta-Ulam (FPU) model was
investigated, and it was found that the transport behav-
ior is generally anomalous, except at § = 2, where it
exhibits ballistic behavior [23]. In the presence of long-
range interactions, the coupling form between the sys-
tem and the reservoir is very nontrivial in the choice,
since the interaction range of the coupling (i.e., long-
range or short-range) may cause significant macroscopic
difference. In the recently study [24], the reservoir ef-
fect is carefully studied, and several intriguing effects in-
cluding energy diffusion behavior are discussed. In stud-
ies on the FPU model, long-range interactions can be
added in several ways, e.g., long-range quadratic poten-
tial terms[25], long-range quartic potential terms [13, 23],
and a combination of both [8, 22, 24]. From these stud-
ies, many intriguing transport properties have been nu-
merically indicated. However, note that, in general, it
is very difficult to obtain clear results through numerical
calculations, because finite-size effect is very significant,
especially in long-range systems [22]. Owing to this dif-
ficulty, we require clear-cut results with a solvable model
for an in-depth understanding of the long-range effect.

In this paper, we propose an analytically solvable
model, which mimics the FPU dynamics with the long-
range quadratic potential. The dynamics of the model
consists of the deterministic Hamiltonian dynamics of
harmonic interactions and stochastic perturbation ex-
changing momentums of nearest neighbors. The Hamil-
tonian for the deterministic dynamics is given in Egs.(3)
and (4). For § = oo, without onsite pinning poten-
tial, this model is equivalent to the so-called momentum
exchange (ME) model [26-28]. The ME model rigor-
ously explains the anomalous transport properties show-
ing the slow decay in the current correlation 8 = 1/2
[26, 27], super-diffusion in the energy diffusion [17-19],
and nonequilibrium steady current under finite thermal
gradient [28, 29]. Herein, we extend the technique devel-
oped in [26, 27] to the long-range interacting case with
and without onsite pining potential. In particular, we
focus on the current correlation. We present a brief sum-
mary for the one-dimensional systems in table I. This
table includes three important results. The first result
is that the exponent B in the current correlation con-
tinuously changes as a function of the index § in the
long-range potential. The second result is that there is
a regime where the current correlation diverges as in-
creasing the system size with fixed time, and hence the
exponent 3 cannot be defined. The third result is that
even the systems with the onsite pining potential can show
anomalous behavior, i.e., B < 1 owing to the long-range
interaction. In addition, we extend the analysis to higher-
dimensions, and we show that long-range interaction can
induce anomalous exponent even in the three-dimensional
systems. These exact findings show that the exponent in
the anomalous transport can appear in various systems

with long range interactions, even if the equilibrium ther-
modynamic properties such as the additivity and exten-
sivity are satisfied.

This paper is organized as follows. In Sec. II, we in-
troduce our model and explain some notations and def-
initions. In Sec. III, our main result about analytical
solution of the energy current correlation is presented,
and we derive the results listed in the Tablel. In Sec.IV,
our analysis is extended to higher-dimension focusing on
the momentum conserving systems. Finally, we summa-
rize and discuss our results in Sec. V.

II. MODEL
A. Long-range interacting Harmonic chain

We consider a classical one-dimensional system com-
posed of N particles. The position and momentum of
the xth particle are denoted by ¢, and p,, respectively.
For the convenience of analysis, we consider the struc-
ture that is schematically shown in figure 1. That is, the
infinite particles are arranged along the infinite line, and
we focus on the dynamics of N particles by imposing the
boundary conditions appropriately. For momentum vari-
ables, we always impose the condition p, = py4+n. For
the position variables, we impose different boundary con-
ditions depending on whether the system has momentum
conservation, as discussed below.

We employ the hybrid dynamics containing the deter-
ministic dynamics from the Hamiltonian and stochastic
exchange of momentum variables between the nearest
neighbor sites, which is introduced in the subsequent
subsection. The deterministic dynamics is induced by
the following Hamiltonian that describes the long-range
interacting harmonic chain:

PR N/2
H=32 DG — =00+ 33 Ve, (3)
. x r=1
B B N/2
1 (qgc—&-r — qz — TE)Q \T g
Vx’r = = ’ N: 1 " ’ 4
=% 5 ( ; /%), (4)

where the index § controls the range of the harmonic
interactions. When § = oo, the interaction is reduced
to the nearest neighbor interaction, while 6 — 0 implies
global coupling. The factor N is introduced to ensure
extensivity on the equilibrium thermodynamic variables
such as the free energy and entropy for § < 1, whereas
when § > 1, the extensivity is satisfied even without this
term. The quantity £ is the natural length of the springs.

1.  Momentum-conserving case

First, we explain the structure of the system without
the onsite potential, i.e., kg = 0, called the momentum-
conserving case. In this case, the spatially translational
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FIG. 1: Schematic of the structure of spring system

invariance is satisfied; hence, the total momentum is con-
served. We define the stretch variable as

Sg = q;c-i-l —qs— 1. (5)

Because we impose the boundary condition on the mo-
mentum p, Ny = p,, we immediately find that the sum-
mation of the stretch variables Zgii_l Syt = GN4w —
Ge. — N/{ is conserved. Namely, for a given initial state,
the length of the N particles is conserved. For the mo-
mentum conserving systems, a specific value of g, does
not matter because the global shift gives arbitrary values
without changing the dynamics; hence, we impose the
boundary condition for stretch variables as s,1n = sg,
and not for position variables. This boundary condition
can be achieved once we set an initial configuration cor-
rectly. For each initial state, we define an average stretch
as 5 = Zi\;l sz/N. In addition, we introduce a displace-
ment variable

Qe =G — (x —1)(5+£). (6)

Then, we find that ¢y, = ¢, automatically holds from
the conservation of the length of N particles. In this
paper, for the momentum conserving case, we consider
the initial states satisfying § = 0. In such initial states,
the potential V. is rewritten as V. = (1/(N7°))(qu4r—
q2)%/2.

In the momentum conserving case, there are three con-
served quantities, total stretch, momentum, and energy.
For the calculation of current correlation, we take a mi-
crocanonical average over the phase space with zero total
stretch, zero total momentum, and a finite fixed total en-

ergy.

2. Momentum-nonconserving case

We next explain the structure of the system with the
onsite potential, kg # 0, which we call the momentum-
nonconserving case. In this case, there is a mechanical
equilibrium position for each particle, i.e., (z — 1)¢ for
the xth particle. In this system, a specific value in the
position does matter; hence, we impose the boundary
condition G4+ N = ¢, + N/ in addition to pyyn = p,. It
is convenient to introduce a displacement variable

Gz = qu — (x = 1)L (7)

Then we find that g,+n = ¢, is also satisfied. The po-
tential V; , is also rewritten as V, , = (1/(NT2))(qagr —
qz)2/ 2.

In momentum-nonconserving systems, only the total
energy is an important conserved quantity relevant to
the detailed calculation of the current correlation. To
calculate the current correlation, we take a microcanoni-
cal average over the phase space with a finite fixed energy.

3. Dispersion relation

We consider the dispersion relation by which the sound
velocity is defined. The dispersion relation and sound
velocity are fundamental properties to characterize the
macroscopic dynamics. A recent work [32] pointed out
that the sound velocity can be important, especially in
an open system attached to two reservoirs of different
temperatures. Although in this study we focus on the
current fluctuation in the closed setup, we list the clas-
sification of the sound velocities for different classes of
system.

Note that for momentum conserving and nonconserv-
ing cases, the potential term is reduced to the same ex-
pression with appropriately defined displacement vari-
ables q,. We define the Fourier transform as follows

_ Z qee” " (8)

1 i
Pe= 75 2 ©)

where the wave number is k = 27 /N,4x/N,--- 2. In
this study, the same Fourier transform is applied for dif-
ferent variables. Through straightforward calculation for
the potential term, the dispersion relation can be ob-
tained as

1/2
N/2 | . o
1 4sin” (kr/2
wy, = k0+72+/) . (10)
r=1

In the proximity of & = 0, this has the following asymp-
totic behavior

const. , (0<do<1)
ko +as(Ink=H)=1, (6=1)
wi ~ ko +al kO, (1<6<3), (11)
ko +af k*Ink=t, (6 =23)
k‘o-‘rag/kQ, (6 >3)

where a5, af, a¥, and ajf’ are constants dependent on 9.

The sound velocity is given by the slope of wy at k = 0.
In the momentum-conserving case kg = 0, we find that
the sound wave does not exist for 0 < § < 1, whereas the
sound velocity is infinite for 1 < § < 3, and it is finite for
0 > 3. In the momentum-nonconserving case, the sound
wave does not exist for 0 < § < 1, whereas the sound
velocity is infinite for 1 < § < 2, and it is zero for § > 2.



B. Momentum-exchange dynamics with long-range
interaction

The dynamics is hybrid dynamics consisting of the de-
terministic part from the Hamiltonian and the stochastic
part described by the random exchange of momentums
between the nearest neighbor sites. For both momentum-
conserving and nonconserving cases, the microscopic dy-
namics for variables ¢, and p, are the same. The in-
finitesimal change in the variables from time ¢ to t 4 dt
are described as follows.

dg, = p.dt, (12)
N/2
dp, = | —koqs + N1 Z r Qw-i-r + qz—r 2%6) dt
r=1
+ dng (Py+1 — Pz) + dng—1(Pr—1 — D) » (13)

where {dn,}Y_, are independent stochastic variables,
which take the value 0 or 1 with the Poisson process
satisfying the noise average (dn,), = 7ydt. The noises
stochastically exchange momentums between the nearest
neighbor sites. This hybrid dynamics conserves total en-
ergy. In addition, for the momentum conserving case,
the dynamics still satisfies the conservation of total mo-
mentum. When § is infinite, the interaction between the
particles contains only nearest neighbor harmonic inter-
action; hence, the dynamics reduces to the original ME
model discussed in Refs. [26-28].

The corresponding dynamics for the distribution func-
tion can be obtained easily. Here, we only show
for the momentum nonconserving case, where the
distribution function for the phase space (g,p) :=
(g1, ,qn,p1,- -+ ,pN) is defined [30]. Let P(q,p,t) be
the probability distribution. Because the stochastic noise
is generated according to the Poisson process, the time
evolution is given as

gt (¢,p,1) = (~A +78)P(q,p,1), (14)

where the operator —A denotes the deterministic dynam-
ics given by Liouville’s operator

pey (B2

OH 0
. 15
) Op 0¢y > ( )
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The operator «S is the part of the stochastic dynamics
that acts as

N

SP(a,p.1) = Y |P(a.,p""" 1) - P(a,p.1)| (16)
r=1

where p*l#+1 is obtained by substituting p,, pyt+1 with

Pz+1,Px in D.

C. Energy current

Energy current is defined by the continuity equation of
the local energy. Therefore, we define the local energy as

p? Qor)?

N QI-&-T - z 2 (QI - —
z:: [ + .(17)

Cm_

The evolution of the local energy is calculated according

0 (12) and (13). We need to be careful as the time evolu-
tion involves stochastic terms. In addition, we also note
that the dynamics contains nonlocal interaction, which
inevitably leads to nonlocal expression on the energy cur-
rent. First, we consider the infinitesimal change in the
local energy:

[_(Qm - qgc+r)(px+7' +px)dt
+ (mer - Qm)(pmfr +pz)dt]
2 2 2 2
pz+1 px pasfl pa:
- = _ - = 1
+dnw(2 2)+dn$1(2 2>7(8)

where the expression containing the noise terms denote
the exchange of kinetic energies caused by the exchange
of momentums between the nearest neighbor sites.

Next, we compare the above expression with the conti-
nuity equation with respect to energy de, = —dj,+dj 1.
Note that the Hamiltonian satisfies translational invari-
ance; hence, the current expressions should be con-
structed such that the expressions of dj, and dj,_; are
identical to each other once we shift the site index. From
this criterion, we can derive the following expression of
energy current:

djs = (jo +772)dt + dig, (19)
z+N/2 N/2
. 1 Gz’ — Qz'—r Pz’ + Do’/ —r
A
= ——= 20
o N m/;—O—lT ' —x T6 2 7 ( )
2 2
. DPry1 —P
j;f = +12 xa (21)
2 .9
djy = fwdmm. (22)

Here, dm, is the Martingale noise defined as dm, :=
dn, —~dt [31]. The currents j2 and j5 are the instanta-
neous currents from the deterministic dynamics and av-
erage stochastic noise, respectively. The third current dj
is a current from the Martingale noise. Note that the ex-
pression of j2 is nonlocal, which is a direct consequence
of long-range interactions. By considering all contribu-
tions of the energy transmissions across the surface be-
tween the sites  and = + 1, the expression j2 is defined.
Figure 2 shows the schematic for the interpretation.



FIG. 2: Interpretation of energy current j2. Each arrow in-
dicates the direct transmission of energy from one site to an-
other. The energy current is defined by counting all trans-
missions through the surface between the site  and x + 1.

III. ENERGY CURRENT CORRELATION
A. Definition of the current correlation

We consider the energy current correlation that is di-
rectly related to thermal conductivity via the Green—
Kubo formula. From the current expressions, we note
Jiov = Yalyde 05 = iy, where jly = 300 G
Then, we consider the following current correlation [26,
27, 32, 33]:

Cn(t) == %<.jtot (t)jtot>mc .

= (i) . | (23)

where the symbol (...) 1., denotes the microcanonical av-
erage (mc) as well as the noise average (n). The variable
jb is defined by noting that the total current ji, is sim-
plified from the expression of local current (20) and is
rewritten with the new variable j, as

A 9z — 4 p +p
P S U A
z r=1
132 +
-/ - qex — Gz—r Pz Pz—r
Jz N Tz::l o1 9 (25)

Using the translational invariance in the system, we se-
lected one site in Eq.(23).

The current correlation is directly related to the ther-
mal conductivity via the Green—Kubo formula, if the time
integral is finite [34]. In anomalous heat transport, the
combination of power law decay in the current correlation
and time integration up to the cut-off time N/¢, where
c is the sound velocity, is thought to explain the system
size dependence of the diverging thermal conductivity.

Note that the current expression (19) also has the Mar-
tingale part. However, it is known that its contribution
to the thermal conductivity is constant, and the corre-
lations between the Martingale part and j*,;° vanish
[26-28]. Hence, we do not involve the Martingale current
in the definition of the current correlation.

B. Laplace transform of Cn(t)

We outline the calculation below. First, we consider
the Laplace transform:

chn;:t/“lue-Mcw(m

0
= [ e O e
0
= <[()‘_A_’YS)71jﬁ)t]j(l)>mc ) (26)

where, from the second line, the expression is the form
by taking the noise average. The dynamics for the vari-
ables is given by the operator A and S; the dynamics is
conjugate to the distribution function (14).

For further calculation (26), we consider the equation

(A=A =S)u(A) = ji, - (27)

Note that using the quantity u()), the Laplace transform
of the current correlation can be written as Cy(\) =
(u(A)j§)me- To obtain the explicit expression of u(\), we
impose the following form

)‘) = Zg:rfx’QIpx’ ’ (28)

x,x’

where we also assume the relation g_, = —g, and
Jot+N = go. Substituting this expression into Eq.(27)
and comparing the coefficients of the term ¢,p,’, the re-
lation is satisfied:

-1

A— Am’ r—x' T T~ . -
(A =7As) g Py

(Sx—m’,r - 5m—x’,—r) 9 (29)

where 6, , is the Kronecker’s delta function, i.e., 6, , = 1
for x = a, and Sm_ya = 0 otherwise. The symbol A, is the
discrete Laplacian that acts as Ay for := frra1+ foro1 —
2fz. Through the Fourier transform for both sides in the
equation, the explicit form of the function g,_, is easily
obtained as

Gr—z’ =

\/—ngeilkw a:)’ (30)

i i
VN A+ 7 [2sin(k/2)]*’

gk = (31)

where

1 Zsm (kr) . (32)

The function ®; is related to the Fourier represen-
tation of the total instantaneous current as ji, =
—iy e Prq_kPr-

Finally, we consider taking the average over the micro-
canonical average, where we proceed computation based



on the ensemble equivalence between microcanonical and
canonical distribution. Note the expression

Cvy =Y —

m q—r)(Po + P—r))me

Gr—a' <prx' (QO -

r,x,x’

-1
= Z, Wgr—x’

T,T,T

X <QQJ(QO - Q—r)>mc<pac’ (pO + p—r)>mc

_ *<§%mc > Tél_l 3 gohi(@), (33)
h?"(x) = <Qx(qr - Q—r)>mc y (34)

where to obtain the function h,(x), we used the trans-
lational invariance to shift the site index in the correla-
tion. For the expression of the function h,.(z), we further
use the ensemble equivalence between the microcanon-
ical and canonical ensemble (the detailed calculation is
provided in the Appendix), and we have the following
expression for the Fourier transform

_ 4ikpT sin(kr)
SUN W

The Fourier transform of the resultant expression of
(1(A)J§)me is as follows:

ha (k)

(35)

R 2(kgT)> 1 it
Cn(\) = w?
) = N S e

2(kpT)? /’f 1 o
™y Ay [2sin(k/2))7 Wi

(36)

where we take the continuous expression in terms of the
wave number in the last line. We reduced the interval of
integration to [N - 7r] using the symmetry with respect
to k = w. The constant kg is the Boltzmann constant.

C. Asymptotic behavior of current correlation

Now, we can analyze the asymptotic behavior of the
current correlation. The correlation function in the time
domain is obtained with the inverse Laplace transform

1 c+t0<>
Cn(t) = —

d\ Cn(\)eM
o On(Ne

c—1i00

_ 2(ijT‘)2 /W dk ﬁe—y[Q sin(k/2)])%t ) (37)
™ N-1 LL)]%_

Here, we have selected the pole —v [2sin(k/2)]? in the
A-plane. From this, one can recognize that the asymp-
totic behavior in time is obtained from the small wave
number regime. The asymptotic behavior in the time
domain considering the behavior of small wave numbers
is discussed below.

1.  Momentum-conserving case

In the short-range interacting case, i.e., in the ME
model, it is exactly shown that the exponent of the time-
decay in the current correlation function is 1/2 (< 1),
which implies anomalous transport. Now we consider
the long-range interacting case satisfying total momen-
tum conservation [26].

For small k, the function ®F /w? behaves as

k=2, (6<1)

52 E2(Ink~Y)~1, (6=1)
w—’; ~ Lk (B0) (1<d6<3). (38)

k Ink=', (6 =3)

const. , (0 <3)

Hence, for § < 2, the integral in Eq. (36) exhibits infrared
divergence in the limit of N — oco. The asymptotic be-
havior is expressed as

N, (6 <1)
. N279 ) (1<6<2)
MmO () ~ mN, (§=2) (39)
o), (5>2)

where C(t) is the saturated continuous function in the
thermodynamics limit. The current correlation is ill-
defined in the thermodynamic limit for 6 < 2. Note that
the appropriately scaled current correlation, i.e., Cn/N
for 0 < § < 1 and Cn/N?7% for 1 < § < 2, is indepen-
dent of ¢ for large ¢t. From the structure of the inverse
Laplace transform, we can find the asymptotic behavior
of the function C(t) given for 6 > 2:

t=0=2/2 " (2 <§<3)
lim C(t) ~ { t~2Int, (6=3) (40)
t—o0

t=1/2 (6 >3)

This result leads to the classification of the exponent 5 in
Eq.(2) and the results listed in table I. A crucial obser-
vation here is that the exponent of the asymptotic time-
decay continuously changes as a function of the index of
long-range potential 6. Another crucial observation is
that there is an ill-defined regime (4 < 2) where the cur-
rent correlation diverges. The exponent 1/2 for § > 3
implies that this regime is regarded as a short-range in-
teraction in the context of heat transfer.

2. Momentum-nonconserving case

Next, we consider the momentum-nonconserving case,
i.e., kg # 0. We note that in the short-range interacting
case, the onsite potential induces normal thermal con-
duction. It is already known that the exponent in time-
decay in the current correlation is 3/2 (> 1) [26]. Here,
we consider the effect of long-range potential based on



the exact expression. We perform an analysis similar to
the one in previous subsection. For the term (®%/w?),
the main contribution for the small wave number regime
is from @i, because the dispersion relation is constant for
the regime. Then, we have

k=2, (<1
02 (klnk=1)=2, (6=
w—’; ~ { K20-2) (1<6<3). (41)
k (klnk=%)2,  (§=3)
k%, (6 >3)

From this expression, we can discuss the thermodynamic
limit by considering the system-size dependence:

N, (6 <1)
. N-(20=3) " (1 <§<3/2)
A On() ~ 9y 6=3/2) (42)
C(t), (0>3/2)

From this, we find that there is a regime that the cur-
rent correlation shows infrared divergence (§ < 3/2). For
d > 3/2, we have the well-defined continuous function

C(t). The asymptotic behavior in the time-domain of
the function is estimated as
t=(20=3)/2  (3/2 <5< 3)
tlim C(t) ~<t=32(Int)?, (§=3) . (43)
t=3/2 (6 >3)

This leads to the classification of the exponent 3 in the
time-decay listed in table I. A critical observation here is
that the exponent can be less than 1 for 3/2 < § < 5/2,
which indicates anomalous behavior in heat conduction.
This is physically important because the momentum-
nonconserving systems have been thought to show nor-
mal heat conduction. This anomalous behavior origi-
nates from the long-range interaction. Hence, one can say
that long-range interactions induce the anomaly. Again,
we observe that the exponent continuously changes as a
function of the index of the long-range interaction ¢. For
d > 3, we have the exponent 3/2, which is the same as in
the short-range interacting case. Considering the expo-
nent, the regime § > 3 can be regarded as a short-range
interaction. On the other hand, in the context of the nor-
mal heat conduction, the index § = 5/2 is critical since
the exponent S is larger than 1 for 6 > 5/2.

IV. EXTENSION TO HIGH-DIMENSIONS

We herein consider the effect of higher dimensions.
Having computed the one-dimensional systems, it is now
straightforward to extend the calculation to higher di-
mensions. It is known that in short-range interacting
momentum-conserving systems, the dimensionality sig-
nificantly affects on the long-time tail of current correla-
tion, which in general leads to the normal thermal con-
ductivity in the three dimension. This has been checked

numerically for the FPU lattices [35], and the exact anal-
ysis for the three-dimensional extension of the ME model
showing the convergence of the Green-Kubo integral in
[26]. We also remark that the transport behavior in the
two-dimensional systems seem to show several varieties
depending on the dynamics [26, 35, 36]. Given these ob-
servations for short-range interacting systems, we here
examine what happens in the long-range interacting sys-
tems within the present model. High-dimensionality
tends to enhance a fast relaxation while long-range in-
teraction tends to induce slow relaxation. To focus on
such competition, we here consider only the momentum
conserving systems. As shown below, even the three-
dimensional systems can be anomalous in the exponent
of the time-decay due to the long-range interaction.

A. Dynamics

Let us consider the d-dimensional hiper-cubic lattice
with the size N¢. We assign d-dimensional vector for
displacement variables and momentum variables. The
Hamiltonian is described as

2
Z Dz - -
H = | 2| + E V(|qm+7' —qz — €T|)7 (44)

mEZIdV TEI%

where z labels a site € Z% where Z4, = Z4/NZ4. The
variables p, and g, are respectively the momentum and
position variable at the site . The term V is a long-
range spring potential between the position x and  + r
where 7 is a relative vector taken from the set

d
IJC{,:{’I’:ZI/161|Z/1:O,1,;N/Q\{O}}7 (45)
i=1

with the unit vector e; (i = 1,---,d). The detailed ex-
pression of the long-range potential term is written as

1 |q~m+r - q:c - €T|2

V(|gesr — Na:_z == ; 46
(|q + q T|) IN |’f‘|6 ( )
- 1 1
N=Z% . (47)
d |
TGI%

Now we take the same procedure as in Sec.ITA1. First
we Impose PgpiNe; = P for i = 1,--- ,d. Next, intro-
ducing the stretch variable sgf) = Qote; — Qo — le;, We
impose the boundary condition sg ) = s(mti_ Ne,- Asin the

one-dimensional case, we consider the microcanonical en-
. . NG

semjbl'e with the configuration space > im1 824 je, = 0- In

addition, we define the new displacement variable:

qz =Gz — (x — 1)¢, (48)

where 1 = (1,---,1).
qm+Nei'

This variable satisfies g, =



Introducing the exchange noise between the nearest
neighbor sites, ng z+e;, the dynamics for infinitesimal
time step is given as follows

dqm,i = pm,idt 5 (49)
dpe;=N"">" || 2. )dt

reld

Qe+r,i + Qe—r,i —

+ Z [dnm,m—i-e,- (pm-‘rej,i - pm,i)

j=1

+ dnw,w—ej (p:c—ej,i - pw,i):| 5 (50)

where g ; and pg; are respectively the 7th component
of the vectors q, and p,. The exchange noises obey the
Poisson statistics, i.e., (dng zye;)n = Vdt.

B. Current correlations

We set the local energy as

_ qw—r|2
2/r|°

_ |pac|2 1 {lqw-i-r — qw|2 |qa:

=T Ty ToN 2lr[d

reld
(51)

Then, through the continuity equation with respect to
energy, one can identify the energy current expression,
and we eventually arrive at the following expression for
the current correlation

4 1 . )
CJ(V )(t) = Nd <J$t,i(t)Jﬁ)t,i>mc:n
= <jt1?)t,i (t)j67i>rﬂc:n ) (52)
‘A
Jtot,i

= Z]i’l‘:ﬂ, ) (53)

j/ o iN Z Ti(qm—r,i - QE,Z) (pm,z +pm—7',1')
= TN [’ 2

reld
(54)

where the superscript (4,7) means that we consider the
correlation between currents in the ith direction only.
The computation is completely in parallel to the one-
dimensional case. The resultant expression reads

2d(kpT)’ 5 (@)?

d 2
N wi,

C](\?’i)(t) _ et >S9 [2sin(k-e;/2)]? 7

k
(55)

where k is the d-dimensional wave length vector, i.e. the
ith component is k; = 2a/N,47/N,--- ,2w. The term
wy is a dispersion relation. The detailed expression of wg

and @;j) are given as follows.

, 1 2sin(k - /2)]?
Wp=—= ) T, (56)
N EZI [r[?
= Z i ‘6 sin(k - ). (57)
reld

C. Asymptotic behavior

In order to consider the long-time tail, we note the
expressions at small wave numbers for (@g))z Jwi:
k=2 (6 <d)
k=2/Ink~t, (6 =d)
o~ kT2 (d< s <d+2) , (58)
(
(

“k Ink~!, §=d+2)
const., 0>d+2)

We should also note

(K, G <a)
N ~ Ik, (5=d) . (59)
const., (6 > d)

Then, through the similar computation to the one-
dimensional case, we can obtain the following dimension
dependence:

00, (6<2)
i) t=0=2/2 (2 < § < 3)
dzl'zvlﬂnooc ) = t=121Int, (6§ =23) ’
t=1/2, (6 >3)
(60)
00, (6<2)
. i,1) . t7(572)/2, (2 << 4)
d_2'N15nooC ®) = tLint, (§=4) ’
t=1 (6> 4)
(61)
=22 (5 < d)
) t=0=2/2 (d<s<d+2)
>3: = ’
d=z3 ngnooc ®) t=2Int, (§=d+2)
t=4/2 (6>d+2)
(62)

Now we see that even in high-dimensional systems, the
current correlation can be anomalous in the sense of (2).
Remarkably, even the three-dimensional systems can be
anomalous due to the long-range interaction for the pa-
rameter region ¢ < 4.

V. SUMMARY AND DISCUSSION

In this study, we consider the effect of long-range in-
teraction in the energy current correlation. The current



correlation is a key component in the Kubo formula lead-
ing to thermal conductivity. To obtain clear-cut results,
we introduce the exactly soluble model, which reduces
to the momentum exchange model in the short-range in-
teraction limit, and we derive the exponent 3 in Eq.(2)
exactly.

We compare the momentum conserving case with non-
conserving case, because it is known that the momentum-
conserving case with a short range interacting case shows
anomalous transport with the exponent 5 = 1/2 (<
1), whereas the momentum-nonconserving case does not
show an anomaly, i.e., 8 = 3/2 (> 1). In terms of the
index of long-range interaction ¢, the results of the ex-
ponents are summarized in table I. We have three main
results. First, the exponent 8 continuously changes as a
function of the index of the long-range potential §. Sec-
ond, there is a regime where the current correlation func-
tion is ill-defined. Finally, the most remarkable finding
is that even momentum-nonconserving case can exhibit
anomalous transport for a certain range of . We note
that recent paper [24] carefully discusses the effect on
the scaling factor N. In the present model, the essential
results do not depend on the existence (or absence) of
the scaling factor. These observations might be sugges-
tive for realistic experiments with physical objects that
involve long-range terms in potentials.

We also extend the one-dimensional analysis to the
high-dimension focusing on the momentum conserving
case. Then we exactly show that the long-range inter-
action can induce the anomalous exponent even in the
three-dimensional systems. This is another important
message in this paper.

In this paper, we employ the toy model with stochastic
noises to solve the current fluctuation exactly, which is
definitely useful to understand anomalous behavior in the
transport. In the nonlinear dynamics, however, there are
many unsolved problems that originate from the nonlin-
earity in the dynamics. For short range interacting cases,
many types of interactions are investigated to study the
transport properties. Recently, fluctuating hydrodynam-
ics has a central role to analyze transport phenomena
in short-range interacting systems [37-39]. On the other
hand, it is not yet clear how to connect the fluctuating
hydrodynamics to the nonlinear long-range interacting
systems. It is a crucial future problem to find the con-
nection to understand the underlying mechanism of the
transport.
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Appendix A: Calculation of h,(z)

We consider the microcanonical average for the func-
tion h,(x):

he (%) = ¢z (qr (A1)

- qfr)>mc .

We consider this function for momentum-conserving and
nonconserving cases separately.

First, we consider the momentum-nonconserving case.
Note that the function h,.(x) is the correlation on the lo-
cal observables. Calculating the local observable in terms
of the microcanonical ensemble is equivalent to calculat-
ing the expectation value of the local observable in terms
of the locally reduced distribution function from the mi-
crocanonical ensemble. Now, we impose the ensemble
equivalence between the microcanonical ensemble with a
fixed energy and the canonical ensemble with the corre-
sponding temperature T

(@e(@r — q—r))me ~ /qux(qr —q—r)pean(q,p) (A2)
Pean(q, p) = exp (—H/(kgT)) /Zr, (A3)

where [dI'... is the phase space average, i.e.,
[ dgq1dgs - dpidps---. The function Zr is the parti-
tion function. The boundary condition for this case is
Gz+N = G- We obtain the expression as

_ L efikz
hole) = 5 Sk, (A4)
(k) = 4ikgT sin(kr) . (A5)

VN W}

Next, we consider the momentum-conserving case. In
this case, we use the phase space (s, p) instead of (g, p).
Hence, we note the following argument on the function
hy(z). Using the discrete Laplacian, we have the follow-
ing expression:

Ahr(x) (Sm - Sa:fl)(qr - qfr)>mc
(

Sy — sxfl)(srfl + Sr—2 + -+ S*T)>mc

(
(

<SI(S7~_1 + Sp_o+ -+ 5—r)>mc
<$3¢(Sr + Sp_1+ -+ 5—r+1)>mc

= (8z(=8r + 5-4))mc - (A6)
From the second to the third line, we used the trans-
lational invariance to shift from the index x — 1 to x.
We consider the microcanonical ensemble with zero total
stretch, momentum, and a fixed finite total energy. We
then impose the ensemble equivalence between the micro-
canonical ensemble with the ground canonical ensemble
with the corresponding temperature 7' and chemical po-



tential p:
oo [dsy - dsy sgs, eV @=0 T 50/ (nT)
SzSr)mc = ’
27,4
(A7)
N N/2 2
sz + Sz+1 + -+ Serrfl)
V- L3y
r=1r=1
2
ZN_/]2_ 1 sin (IZT/2)
= PN T A8
zk]s’“' 2sin’(k/2) (48)

where the Fourier transform is used in the last line. The
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boundary condition for this case is s,y = s;. Now, we
take p = 0, which corresponds to Y1 s; = 0. With
these parameters, we have

tkgT sin(kr)
\/7 ZN/Z 1 sm2(kr/2)

hy (k) = (A9)

This is equivalent to Eq.(A5) with kg = 0.

Note that here we do not prove the ensemble equiva-
lence rigorously, but simply impose it. We remark that
for short range interacting case, i.e., the original ME

model, the ensemble equivalence can be rigorously proven
[27].
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