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Abstract The aim of this paper is to study a one dimensional model system
of equations for ionized gas dynamics at high temperature where the gas is
a mixture of two kinds of monatomic gas. In addition to the mass density,
pressure, temperature and particle velocity, degrees of ionization of both gases
are also involved. By assuming that the local thermal equilibrium is attained,
Saha’s ionization equations are added. Thus the equations are supplemented
by the first and second law of thermodynamics, a single equation of state and,
in addition, a set of thermodynamic equations.

The equations constitute a strictly hyperbolic system, which guarantees
that the initial value problem is well-posed locally in time for sufficiently
smooth initial data. However the geometric properties of the system are rather
complicated: in particular, we prove the existence of a region where convex-
ity (genuine nonlinearity) fails for forward and backward characteristic fields.
Also we study thermodynamic properties of shock waves by a detailed analysis
of the Hugoniot locus, which is used in a mathematical study of existence and
uniqueness of solutions to the shock tube problem.

2010 Mathematics Subject Classification: 35165, 35L67, T6N15
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1 Introduction

A shock wave is a propagating discontinuity of density, pressure, temperature
and etc., which is supersonic with respect to the gaseous medium ahead of it
and subsonic with respect to that behind it. Behind a shock wave, not only
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pressure but also temperature increases abruptly and the gas is heated to high
temperatures. Strong shock waves are obtained and replicated by shock tube
operations under ordinary circumstances. Hence the shock tube is a convenient
and widely used device for obtaining high temperature gases in the laboratory.
The shock front and the state behind it in the shock tube are determined by
the state ahead of it and the speed of driving gas, which is a mathematical
problem called the shock tube problem in this paper.

When the gas behind the shock front is heated to a high temperature, al-
most all molecules become dissociated and finally its atoms become partially
ionized: X 2 XT + e~. Numerous spectroscopic measurements of atomic pa-
rameters and thermodynamic equilibrium of plasma thus generated have been
done, for example, in various Helium-Hydrogen mixtures ([9],[10]). The model
system of mixed ionized gas dynamics that we discuss in this paper is proposed
by Fukuda-Okasaka-Fujimoto in [8]@ for the purpose of providing a theoretical
basis for their observations. The system consists of equations of macroscopic
motion for 1-d mixed gas dynamics. Its particular nature is: degree of ioniza-
tion of each gas is considered to be a thermodynamic variable.

The present paper is a continuation of [I], [2], [3] and our aim is to perform
mathematical analysis for the model system and show its basic thermodynamic
properties. To the best of our knowledge such a study has never been done
previously while the system of gas dynamics attracted the interest of several
researchers in the last decade, however mostly for ideal gases [15]; we quote
[13] for the case of real gases. For a single monatomic ionized gas, studies have
been done in [I], [2], [3].

Basic thermodynamic variables are denoted in this paper by T : temper-
ature, p : pressure, p : mass density, v = 1/p : specific volume, e : specific
internal energy and S : specific entropy. The flow velocity is denoted by u
and the (specific) total energy by & = %uQ + e. The system of equations of
one-dimensional motion for gas dynamics consists of the following three con-
servation laws: conservation of mass, momentum and energy

pt + (pu)r =0,
(pu): + (pu® 4 p)x =0, (1)
(p€); + (pEu + pu), =0,

which are supplemented by the first and second law of thermodynamics

de =TdS — pdv, (2)
a single equation of state and a set of thermodynamic equations. For brevity we
will refer to S, e and € as the entropy, internal and total energy, respectively.

For a partially ionized single monatomic gas, let n,, n; and n. denote,
respectively, the concentration (number per unit volume) of atoms, ions and

1 An English translation of [§] is available upon request to F. Asakura.
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electrons. The equation of state depends on the degree of ionization o = n"ﬁn
having the form
R
p= MPT(l + a) (3)

where R denotes the universal gas constant and M the molar mass of the
monatomic gas ([§]). This model system is similar to the system of an ideal
dissociating diatomic gas studied by Lighthill in [12].

It is found that, at any given high temperature 1" and volume V| these
ionization reactions reach a state of equilibrium which is analogous to the
chemical equilibrium for usual chemical reactions whose equilibrium condition
is the law of mass action: the ratio 22 depends only on the temperature T'.
An actual formula was derived by M. Saha in [14], namely,

nine _ 2_G1 (27rmekT)§ 67%, @)
Na G h3
see also [B],[7],[16],[18]. Here we denote the partition functions of the neutral
state and of the 1-ionized state by G, and Gj, respectively; m, is the electron
mass, k the Boltzmann constant, h the Planck constant and 7} = ¥ the ion-
ization energy measured by the temperature, where y is the first ionization
potential [16, §5, (4.8)]. On the other hand, Saha’s law (@) is written as
o? _ 2G; (27rme)%(kT)g -5 5
1—a2 G, ph3 o (5)
(see [T, (209)], [16, §V.4, (4.9)]), showing that « can be regarded as a thermo-
dynamic variable.

Since the electric intermolecular process of ionization occurs much faster
then the fluid-dynamic phenomenon of shock formation, see for instance [18|
VII, §11] and [I8, VII, §10, Table 7.3], we may assume that a local ther-
modynamic equilibrium is everywhere attained: that is, Saha’s law (&) holds
everywhere even in presence of shock waves, which is one of the postulates of
the present model system of ionized gas dynamics. Thus the equatios [B]) and
[ constitute the equation of state and a thermodynamic equation.

Now let us consider one mole mixture of monatomic gases A and B. The
ionization reactions are represented as A = AT +e”, B = BT +e”. We
denote the number of atoms and ions for each gas by N2, NB and NiA, NE,
respectively. The number of electrons are denoted by N.. Note that

NA 4+ NA 4+ NB 4+ NB = Ny : Avogadro Number, N, = N + NE.

B

. . NA
The concentration of atoms, ions and electrons are defined by n’ = N, =

NEB NA NE .
5 niA =5, nk = S ne = %, respectively.

By denoting G2, GB : the partition functions of the neutral state, GiA, GB:

same for the 1-ionized state, and x*, x® : first ionization potentials, the cou-
pled Saha’s laws for mixed monatomic gas are presented as the following.

7
7

niAne 2GiA 2mmekT H A nBne QG? 2rmekT H _xB
= e = e (6)

1
A A 2 ' B ~ (B 2
ni G4 h n Gt h
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For A: hydrogen atom A, we have x* = 13.59844 eV and for B: helium atom
B, B = 24.58741 eV. First ionization temperatures are

A B
Ty =2 = 15780 x 10°, Ty =2

= 2.8532 x 10°.
k’ X

Note that Tha < Tg < 2Ts. We have also GA =1, GB = 4. We will assume
that a local thermodynamic equilibrium is everywhere attained: that is the
coupled Saha’s laws (6] hold everywhere even in presence of shock waves.

The present model system is constructed on the basis of several postulates
that we now expose in detail. By denoting the Debye radius [18] 111-2-§11] by
Ap, the plasma parameter: A = ﬂ'ne)\D is a dimensionless number defined by
the number of electrons in a Debye sphere. We recall that the ratio between
the potential energy and the kinetic energy is of order A=3. We first assume
that:

— Gas is a mixture of monatomic gases A and B satisfying Th < T < 2Ta

— All collisions are perfectly elastic (or effects of collisions among the particles
can be neglected)

— Gravitational effects, viscosity and thermal conductivities are disregarded

— A > 1, which means that the interaction potential energies of the charged
particles are negligible with respect to the kinetic energies, and electrostatic
interactions are relatively rare

— Local thermodynamic equilibrium is everywhere attained

The fourth postulate above is motivated by the high temperatures considered
n [8], see [IT], §78], [I8] (3.77)] for further details.
The degree of ionization and fraction for each gas is defined by

A B
aA = —ni « = —ni
nA4+nd” B nB+4nB>
g MEEND el g g NEANE _ nle?

no )
The density and molar mass of each gas are denoted by pa, pp and Ma, Mg,
respectively. The pressure is a sum of partial pressures with respect to atoms,
ions and electrons:

no

P=Patpitpe=pat2p pj=knT (j=aie).
Then by setting o = Baa + (1 — B)asp
p:pﬁ‘JeriAerEJer?:k(n§+2n?+nf+2n?)T
=k [(nd +nd) (1+an)+ (2 +nP) (1+ap)] T =kno(1+a)T.
A B

n,

By noticing 1 + A = LA 1+ = C%Bv Saha’s laws take the forms

nine noaac  2GH [ 2nmekT : _Ta
= n + n = = e 7,
na

T l—aa GA h?
noapa  2GE (27rmel€T>g T
e~ T .

nJrn* =

1-— aB GE h2
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Thus we conclude that thermodynamic equations have the forms

(1 —aa)(l + ) 2GA (2mme)2 (kT)32 N

p= aAQ GA h3 €
_(l—ap)(1+a) QGE (27me)? (kT3 Y ™
aBQ GE h3

Also we have a compatibility condition

2GR 1—an 1y 2GP1—0ap _1p
A e T = B e 7. (8)
a QA a aB

We next assume that:

— Gases are well mixed so that: p = Spa + (1 — 8)pB;
— Pressure of each gas takes the form

_ Rpa Rpp

PA T +aa), pp=-—-T(1+ap)
A B
— Specific enthalpies are defined by
5R RTA 5R RTp
ha = ——T(1 — hp = T(1
A= 9L ( +aA)+MAaA, B = o0 ( +aB)+M aB
— Macroscopic motion of the gas flow is one-dimensional
We deduce from the above assumptions that the total pressure is
R R
p=Bpa+ (1= Bpp = BoET(1+ an) + (1 - B) T2 T(1 + az).
MA MB
Thus
p_ BgT(A+an)+(1-p)FT(1+ap)  RT[1+ Baa + (1 - B)os]
’ B (1= 5 BN + (1 B)Mp

Denoting o = faa + (1 — f)ag and M = M + (1 — ) Mp, we obtain

R
p= 3071+ 0) (9)
which is the equation of state. The total specific enthalpy is

h— BMAhA + (1 — ﬁ)MBhB . S5RT
 BMa+(1-B)Msg  2M

(1+0) + 20 [#Thon + (1~ B)Tpas]

(10)

After a short review of basic thermodynamics, we show some basic calculus
lemmas in Section[2l The physical entropy functions are constructed in Section
Bl We show that system () is strictly hyperbolic and compute characteristic
fields in Section [l However, unlike the ideal polytropic case, the forward and
backward characteristic fields of the system are not genuinely nonlinear and
we study the set where this happens in Section[5l We refer to [6], [I5] for more
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information on systems of conservation laws. We study in Section[0lthe relation
between ap and ap. A detailed study of the Hugoniot locus of the system is
carried out in Section [l Though Hugoniot loci are monotone in (7', a)-plane in
a single monatomic case, they are not always monotone in the present mixed
monatomic case: If 3 is sufficiently small, then they lose monotonicity at some
base state. Thus the degree of ionization does not always increase across the
shock front, even if the temperature increases. However we prove that the
pressure actually increases as the temperature increases. In order to fit the
mathematical data to ordinary circumstances, we propose an approximation
of Hugoniot locus in Section 8 We apply our results to the shock tube problem
in Section [Q Basic results: existence and uniqueness are established, which
provides a rigorous mathematical basis to the physical phenomena observed
in [8]. Behaviour of isentropes and detailed computations for the proof of
uniqueness are shown in appendices.

2 Basic Thermodynamics and Calculus Lemmas

First we adopt p and T as a set of independent thermodynamic state variables.
By introducing the enthalpy h = e+ puv, the first and second law 1-(2) becomes

a5 s
thdS+vdpT<6—T)pdT+T[<a—p)T+v}dp

As usual, a subscript as T' or p above means that the derivative is computed by
holding the subscripted variable fixed. We also introduce the Gibbs function
g=h—TS, see [7, (111)], and we have

dg Jg
- SdT - + | == T. 1
dg=vdp—Sd ( ) dp ( )pd (1)

Mazwell’s Relations: We deduce by () the compatibility condition
v a8
(o), (%), )
P p/r
which is one of so-called Maxwell relations. In turn, by () and ([2) we obtain
oh oS ov oh oS
)y (22 - 7r(& Ty (22 .
(&), =7 (5),+ (aT)p o (aT)p (aT)p

Thus we have the following proposition.

Proposition 1 (p,T : set of independent variables)

()= (), (), =7 (),
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The specific volume v is expressed by 1-([) as v = ]@—7;(1 + «) and the enthalpy

is 1-([I0). The dimensionless entropy 7 is defined by n = %S. Consequently
we have by Proposition ]

Lemma 1

677) 1 (Ga)

— ) =—|14+a+T|(— 3
(31) T P oT » (3)

(g_;)p . %(1 +a)+8 (g * %) (%)p = (g ! %) (?—;’;)p
(4)

Saha Equations: Setting
po o X0 X 2GR (Qame)ikE oy 2GP (2mme) 2k
A = B—kv IU/A_GaA h3 ) MB_GaB 03 ,

we have from 1-(7) and 1-(8)

Lemma 2 Saha’s equations take the forms

1 1 P 1 1 r

T T
(__1) (__1):%, (__1) (__1):% (5)
Qa «Q T2 ap o T2

and the compatibility condition

Computation of <a§—;)T, <aaa—;)p, <%)T, <%a—;)p : For the sake
of brevity, we set
ga = aa(l —aa), gg = ag(l —ag), ¢= Bga + (1 — B)gs.

Differentiating Saha’s equations, we have a system of Pfaff equations

1 1-— 1-—
ata) b, (-an)l-9),
oy apAQ
_ _mape [dp (5 Ta)dT -
T | p 2 T ) T)|’
1-— 1 1-—
(as)p,  allba) £ (- s,
aBQ oo
_ _mmpe® [dp_ (5 Ty dl )
T |p 2 T)T

which constitutes a system of linear equation of das and dag. By the inverse
function theorem, we obtain
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Lemma 3
daa\ _ a(l+a)ga dag\ _  a(l+a)gs
(o), = setraag (o), = raisart ®)
dan\ _  a(l+a)ga (5 Ta\  (1—B)gags(Ta —Tp)
(8T)p_T[a1+oz) ]( +T)+ T2 [a(l + @) + d (10)

(8043) a(El +a)gs . (§ TB) Baagqs (T — Ta) (11)

oT Tla(l +a) + T ) " T?[a(1+a)+d

We deduce from this lemma
dan) _ _p (5 Ta) (Oaa) | (1= B)aaqe(Ts = Th)
oT » T\2 T 8p T T2 [04(1 + a) i q]
dag _ p (5 + Tg\ (9as n Baaqs(Ts — Ta)
oT p_ T\ 2 T op )y T2[a(l+a)+q

Thus we obtain useful lemmas:
T (O«
p \oT/,

. § (9_0[ + ﬂTA aaA + (1 - ﬂ)TB aOAB
2\ 0p )y T op )r T op Jr
Lemma 5

o\ _ 1+a 5 Ta Oap 5 Tg Jap
(a—p)T“ p *ﬁ(f?) (a—p)ﬁ“‘ﬁ’(f?) (a—p)T

Lemma 4

3 Construction of Entropy Function

We will construct the physical entropy function for the present model system.
First we prove:

Lemma 6 The dimensionless entropy n = %S takes the form

n(p,T) = loga
+ Blogaa + (1 — B)logap —2Flog(l — as) — 2(1 — 8)log(1l — ap)
5 T 5 T
+ﬁ(§+%) aa+(1-7) (54'?]3) ag + H(T). (13)

where H is an arbitrary function of T.

Proof Integrating (I2) with respect to p, we have

”(va)/1;adp+6<g+%>m+(1g) <§+E>QB_
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We notice that: if dT" = 0, then it follows from (7)) and Saha’s equation (&)

(1-B)as
qa

1+« 1+«
_ dp =
p qa

1
ﬂda

1
dop+ —da. (14)
qA «

1
dap+—da = A+
«

It follows from the compatibility condition (@)

1 T 1 T
log| — —1 ——A—log,uA:log — -1 ——B—loguB.
QA T ap T

Hence

doa  Ta o _dos T .0
qa T2 qB T2

If dT = 0, then %24 = 922 anq (T4) is found to be

(1-5)

1
aB dag + —da.
o

1 1
- +adp= JrﬁaAdaAJr
p qA qB

By integrating the above expression
1+a
NS dp =logaa—(1+8)log(1—ap)—(1—23)log(1—ap)+loga+H(T)

In a similar manner

1 1 1-— 1
p qaB qaB «
1 1-— 1

= +( Blos dap + Paa dap + —do
qB qA «

and hence
1+a
— / > dp =logag — (2 — 8)log(l —ap) — Blog(l — as) + loga + H(T).

For symmetry, we have (I3]).

Next we will determine the form of H(T'), and then obtain the entropy
function up to constant.

Theorem 1 The dimensionless entropy function n(p,T) takes the form

log [Baa + (1 — B)as]
Tp

T
+5 [logaA —2log(l —ap) + ?A} +(1-75) [logaB —2log(l — ag) + T

5

5 Ta T8
+ﬂ<§+?) aa +(1-7) <§+?) ap + const.
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Proof Differentiating n with respect to T', we have

on 1 ox B [ Oaa 1—-p3 (Oap
(#),= ), (), = (57,
+ % (aaA) + 2(1 — 6) ((’)aB> _ BCMATA _ (1 — ﬁ)aBTB
ga \ OT » qB oT »

T2 T2
5 Ta Oaa 5 s Jap /
+h (T?) (8—T>p+(1_6) (5*?) (a—T)p”f(T)-

Using the formulas in Lemma B and @ and setting X' = a(1 + «) + ¢, we find

that
1 /0« B (Oapx\ 1—08 [(dap 28 (Oaa 2(1-p) [ Oap
E(a_T)p‘ a(aT)p an (aT)p *&(aT)f p (aT)p

_(1+a)p-p) [(1 an) <§ N &) C(1— ap) <§ + E)} (aa — an)

T 2 T 2 T
L BA=HA+ )~ aa)( — as)(as — a)(Ta — Ts)
2T
L2040 [E L ﬁ)TB] _28(1-B)A +a)lga — g8 (Ta — TB)
T 2 T T X2 '

The terms involving neither T nor Ty are

5 {W[QM)O@B)] (@a —ag) +

2 T

201 +a)|  5(1+a)
2 }

2T 2T

and the terms involving Tx and Ty are

BT (1 - B)TB BaaTa (1 - B)CYBTA
T2 + T2 + T2 + T2

Consequently, we have

oT 2T T2 T2
5 Ta Oaa 5 1T Oap /
+h (5*?) <6—T)p+(1ﬂ) <§+?> <a—T>p+f“<T)

which has to be equal to ). Hence H'(T') = f% - % and we obtain

(@) _5(l+ta) PTa , (1-B)Tp

BTA " (1- ﬁ)TB'

H =
T T
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4 Equations of Ionized Gas Dynamics

For studying thermodynamic properties of the system (II), the Lagrangian
equations [I5] are convenient

v —ug =0,
ug +pe = 0, (15)
(e +3u%), + (pu)e =0

where p : pressure, v : specific volume, e : specific internal energy and u : flow
velocity. For C! solutions, equation ([H]); can be written asf n = 0.

Characteristic speeds and vector fields: For the set of state variables (p, u, n) we
have v; = vpp; and equation (IH) becomes p; — Uiug =0, u +pe=0,m =0.
P

The Lagrangian characteristic speeds are Ay = +—2A— and Ao = 0, with

v,
+1 0

corresponding characteristic vectors r+ = [ /—v,| and ro = [0|. We note
0 1

that characteristic speeds and characteristic vectors are all thermodynamic
quantities.

For further computation, we adopt (p, u,T) as a set of state variables. Since
vy — Ue = vppy +vrTy —ug = 0 and 1 = nppe + 17Ty = 0, we can write system
(@3 in the form

Pt — g ug =0,

VpMT —VTNp
ut + pe =0, (16)
T+ —2—ue = 0.

VpMT —VTNp

Characteristic speeds and vector fields are computed as the following.

Lemma 7 The characteristic speeds and the corresponding characteristic vec-
tor fields of system (IQ) are

+1 0
1
nr
AN =4, /————— XN=0, ro=| —m |, ro=10
UpNT — UTp v;ﬂ;}_}:vTﬂp 1
nr

The eigenvalue X\ is linearly degenerate; a pair of Riemann invariants for Ao
is {u,p}. A Riemann invariant for both Ay is n. The characteristic speeds of
system 1-(0l) are then u + %)\i and u.

2 We notice that equation n; = 0 is equivalent to (pS), + (puS), = 0 in Eulerian

coordinates.
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Computation of n,,nr,vp, vr: Fore the sake of brevity, let us introduce the
quantities: ¢ = Bga + (1 — B)gs,

Y=a(l4+a)+pBga+(1-B)g=al+a)+q

5 Tx\° 5 T\
b= 2424 1- 2. 1B
ﬁqA(2+T) + ( B)qB(2+T),
15 3T, T2 15 3Ty T2
W: _ _— _— 1— _ _— —_—
BqA(4+T+T2)+( B)qB(4+T+T2 ,
Tan  Ts\>
0 =5(1— A B
B( ﬂ)QAQB<T T)

Substituting @), (IQ), () into @) and [I2)), we obtain

(@) _ l+a a(l+a)[B(E+B)aat+(1-5) (3 +F)as] an
op ) p p¥

R R a

Since v = %T(l + a) (a? = %), we have by applying Lemma [3]
a2 ov\ _ T(+a) To(l+a)g 02 v\ _ (9
o)y p? p2x or p_ op)r

2
Computation of Ay : Let us first compute #(’UPUT — vrnp). That is: (HTO‘)

times of

-1+ D) 3+ F+ o5

+{1+a[ﬁqA<g+%>+<1_5>q8<g+%>]}2<§+a¢+g>_

X 2 )
Thus we have together with (8]
Theorem 2 The characteristic speeds A+ take the forms Ay = X\ where

p Sl+a)X+a(l+a)d+ 2
A= - . (19)
aVT(1 4+ a) SX+ oW+ 12

Remark 1 (Isentropes) In (p,u,T) coordinates, an integral curve of a charac-

p
teristic vector field r is a solution to the system of equations s u| =r
S
T

where 7 stands for r4 or rq. For 4, we have

dn _ 9ndp 3nd_Ti<3n 8777717)0

dsia_pds oT ds a_pia_Tn_T
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and for rg, p = const. and u = const. Thus, the thermodynamic part of an
integral curve is n = const. for 1, 2-characteristic directions and p = const. for

0-characteristic field. A curve n = const. is called an isentrope. Since ( aa"A) >
T

0 (see Appendix [B]), an isentrope is the graph of a differentiable function
ap = ap(T) defined on T € (0, 00).

5 Genuine Nonlinearity (convexity) and Inflection Loci

Now, we investigate the convexity of the forward and backward fields; each
characteristic direction having the eigenvalue Ay is called genuinely nonlinear
if VAL # 0. We have chosen characteristic vectors r+ so that

v ox  mp OA
raVAy = —2 - = — L —, 20
T ()t @ mroT (20)

Hence, genuine nonlinearity implies strict convexity (or concavity) of v as a
function of p for fixed S. We refer to [13] for more insight about the failure of
this condition and we will see in Remark 2lthat the entropy increases across the
shock front if VAL > 0. It is convenient to consider a differential operator

w5l (2) n (),

which is proportional to rL V.
Computation of R\ is simple but tedious. First we note that Lemma [I1 [3]
and [l yield

Lemma 8
Raux — 1+an{a1+a
Trn T
@{”a( )| (F-7)}
g s (L8] ()
Ra = (1+a) {(1+0< [5QA—+(1—5)QB%] —Q}-

The above lemma give the forms of Rq, RYX, R¥ and Rf2. Employing these
formulas, after a long and tedious computation, we finally find that Rlog A
is the summation of the following three expressions: for brevity we denote

Qr = BaaZt + (1 - B)gs 2.

(1) Ze {25+ 02+ La [10g+ o (B2 + 22) + (1 - B)an (B2 + 22)]}
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(2) 1ta times of
117
2[2(1+ )X + a(l + )P + 2] pT

a8+ 2(1+a)(1+2a) + (1+ 20
+(1—2ap) {a(l+a)2 + (1~ Bl [1+a (3 +

{0+ )san [§+a 3+ B+ 0

+ (1= 200) {al + )3 +280n [L+a (34 3)] (3 - 3)

X {(1+a)(1—5)QB [g—f—a(g—f—

1

_l’_v
o kS
v~ O
_
+
Q
O
\
KS)

) ]
x{a(l+a)+Bga [1+a(3+5)] +(1-Bgs [1+a(3+ %))}

8)=3 B3 +1;u7a+ Q] pT
+(1-2aa) {a(l+a) 2 + (1 - B)gs [1+a (3 +

{on [ (55 5)| <0

+(1—2a) {a(1+a) B + Bga [1+a (3 +3)] (

x{(lfﬂ)QB [%ﬁLO‘(%*%JF% }JFQ}

times of « [M + W} 2(1 4 a)Qr — (2]

2
~2fa[an (3+ ) %+ (- P (3 +3) 3]+
x{a(l—i—a)—i—BqA [1+a(%+%)]+(1—6)q3 [1 a

Now, we study the inflection locus which is the point set
I={(T,an); r+VAL =0,T>0,0 < ap < 1}.

Since r1VA; = r_VA_, both cases lead to the same result. Obviously,
r+ VAL > 0 for sufficiently large T' and we observe that J is located in a
finite region. However it is difficult to get a sketch of J by purely mathemati-
cal reasoning and Fig. [[l shows results of numerical computations.

On the other hand, it is possible to extract from the above heavy expres-
sions asymptotics of the inflection locus for 7' — 0. Since ap is negligible
compared with aa, we observe that there are two branches such that

aa g QA
ﬁ — or FHOO

Following theorem is a generalisation of [I] Proposition 4.2.
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0.005

Inflection Locus b = 0.05
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Fig. 1 Th = 1576.0, 75 = 2853.2 left: 8 = 1(monatomic), right: 8 = 0.05.
Theorem 3 For T — 0, the inflection locus has two branches

Bus
3 3 .
(1) ~ A (TN BA
(2) aa~ B (TA) v OB Y Bup (TA) € r

and we conclude that the characteristic directions of A+ are not genuinely
nonlinear in a neighbourhood of (T, aa) = (0, 0).

3 3 T —Tp
(1) ap ~ % (%) , ap ~ 60pa (TT_A) e T

6 Compatibility Condition

The compatibility condition (@] constitutes a thermodynamic state space.

Lemma 9 The compatibility condition takes the form

_Tp—Tp
HACAE T

ap = — . (21)
MAQAG*% + (1l —aa)
If ap — 0, then ap — 0 and we have
ap = M axe T2 1+ 0(1)aa]. (22)

KB

For A: hydrogen atom and B: helium atom, ﬁ—g =4.
Incidentally, we find

T —T,
piapoa(l —ap)e” T

aB(l — 04}3) =

Tp—T 2
pacae” T 4 up(l — aA)]

and thus derivatives of ap take the forms

604}3 - (TB — TA)OéB(l — 04}3) 8aB o aB(l — 04}3)
oT an o T2 ’ Oaa Jr aa(l—an)
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Fig. 2 State space Ta = 15,7 = 28, left: 0 < ap < 1,0 < T < 12, right: 0 < ap <
0.5,0<T <12

Oaa

showing that (222)  (9222) - (. By setting for brevity
g T Jaa - g

(1—-5)(Ts —Ta)gB
T b

q=Bqa+(1—-P)gs, QBa =

derivatives of « take the forms

0 0
(_O‘> - %, (_a> -4 (23)
oT an T 8CYA T gA
In the following sections, we shall adopt T" and aa as a set of independent
thermodynamic state variables.

Lemma 10

7 Thermodynamic Hugoniot Loci

In the one-dimensional gas dynamics, the Rankine-Hugoniot conditions for a
single discontinuity of constant speed s are

slp] = [pu],
slpu] = [pu® +pl, (24)
s[pE] = [puE + pu].

Here we denote [p] = py — p—, where py denote the right and left limits,
respectively, of p with respect to x at x = st; the same notation is used for
the other variables. If [p] = 0 then [u] = 0 by 24), and [p] = 0 by ([4),; in
this case, s = u4 : the speed is equal to the flow velocity and the discontinuity
is called a contact discontinuity. From now on we focus on the discontinuity
corresponding to eigenvalues Ay and assume [p] # 0. In this case s can be
eliminated from the first equation and by substituting it into the other two
equations, the conditions ([24)) are reduced to

uy —u_)?+ (py —p_)(vy —v_) = 0 : kinetic condition,
+ + +

ey —e_ + 2(py +p-)(vy —v-) = 0 : thermodynamic condition.
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In the following, we consider a single forward shock front; we fix a constant
state (p4,uy,T+) and consider (p,u,T) = (p—,u_,T_) as a set of state vari-
ables. Under this notation, (28]) is a set of equations for Hugoniot locus of
(p+,uy, T4 ). For brevity, we call solutions to ([25); and (@2H]),, respectively,
the kinetic and thermodynamic Hugoniot loci.

In this section we will give a precise description of thermodynamic Hugo-
niot loci for the present model system and evaluate, in particular, change of
the thermodynamic variables along them; this analysis is fundamental for the
study of shock waves (see [2]).

The right thermodynamic state is denoted by (py,75) and the left state
(p—,T-). The thermodynamic Rankine-Hugoniot condition is written a;

T-(1+a7) (4 + ;;—*) +2[ATaay + (1 - B)Trag]

) +2 [BTacx + (1 - B)Taf]
+

The pressure is expressed as

L Umata) s o 0 -en)(+a) g 5
pAQAQ UBOBQ
and thus
p-  (Q—ay)d+a)afa’ (T H PR v p+T-(1+a7)
p+  (1—a})l+ab)aza- (TT) ‘ Coup pTi(l+at)
(26)

Consequently we have by setting T'=T_, o = o~ ,aa = o, and ap = ag

5
Tz {(1+a) (1—al)(1+at)asa (E)Qe_;_i.;.%]
+

(1—an)1+a)afat \ T
12 [ﬁaA% e —ﬁ)ag%} }

4+

1—as)(1 Tat (T\? _1a,1a
— (14 o) a4 GooEmier (R )T R
(1-a)(1+at)asa \T+
T T
+2[6aK—A+(1—ﬁ)a§—B] (27)
T, T

Asymptotics: We have the following asymptotic formulas.

Theorem 4 (Asymptotics) On the thermodynamic Hugoniot locus 1), if
T — 0, then aa,ap — 0 and by setting

A
afat{4(+at)+2[Baf P2 +(1-paf 72 fe T+
)

A=
[B+24 (1-p)| (1-a}) (1+at)

3 For the sake of convenience, we adopt the notation ozf instead of ap4.
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we have

e

3

T A T\?* -

aa ~ A (—) e_g_?, ap ~ 28a (—) e_2TB2TTA. (28)
Ty ps \T%

On the other hand, if T — oo, then ap,ag — 1 and

_3 _3
4(1—aj§)<T> PR _4pa(l—a}) (z) P

¥ T aB ¥ o
arat T, pBaA QT T,

1 —ap ~
(29)

Proof First we let T — 0. If ap > agp > 0, then the first expression of (27

tends to oo and the second remains bounded, which is contradiction. Hence
T —T,

ap, ap — 0. By [22), we have ag ~ ﬁ—gaAe_ B for aa,oap — 0 and

hence a ~ [6 + (1 - B)} aa. Suppose that aiT‘geTTA = O(1). Then the

first expression tends to 0 and the second remains bounded, which is also
contradiction.

We set aop ~ A (%) e~ for some A > 0. Then

r [, G-abi+a) B+ -p) a2 py-i _xy
- - e +
T+ Of‘A_OAJr T+
+ + T —26+3 Ta
~ (1+Oé+) 4+ A (T_) Tt
(1-a})(1+a*) [3+22(1— )| a2 \T+
Ta Ts
+2 [ﬂa;ﬁ +(1- ﬂ)agT—J .
If 2k — % = 0, then k = %, which is impossible by the above observation. If
2&—% = —2k+ g, then k = 1 and 2&—% = % > 0, which is also contradiction.
Thus we conclude that 2k — % = 0 and hence Kk = %, which implies ap ~
3 O
A (%) ! ef%, ap ~ ﬁ—gaAe’TBTTA ~ éﬂ% (%)4 e~ T Since —2x +

g =1, A is determined by the equation

(1 —af)+at) [B+ 8- p)aze

tat
QpQ

T T
=4(1+at)+2 {ﬁaz—A +(1 —B)aE—B
T, T,
Next we let T — co. If aa < 1—380 (dp > 0), then the first expression of ([21)
goes to 0 and the second oo, which is contradiction. Thus ay — 1 as T' — oo
which implies ap — 1 and hence o — 1. Suppose that (1 — ax)T> = O(1).
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Then the first expression is O(1)T and second O(1), which is also contradiction.

We may set 1 —apy =B (l) . Then

Ty
ko5
or [, (—ad)(+ah) (TY7F o
T+ 2BO{XO{+ T+
Batat TN\ "3
~2(1+a™) |2+ A — g
(1) <1az><1+a+><T+> ]

T T
+2 [ﬁa;ﬁ +(1— ﬁ)agT—i] .

If K — 2 = 0, then the first expression is O(1)T and second O(1), which is
impossible. If kK — % =—K+ %, then k = 2. In this case, the first expression is
O(1)T and second O(1), which is also impossible. Thus we find —x + 2 = 1
N

OL+OL+6T

andhencem:%.Wehaveélz B‘; = i
ol

form of aa. Formula for ap is derived from

and thus obtain the asymptotic

pa(l — aa)

l—ap= Tp—T
pacae” T+ pup(l— an)

Loss of Monotonicity: For single monatomic gases, Hugoniot loci are graphs
of strictly increasing functions in (7, «) plane ([1], [2]). We will show in this
subsection that it is not always the case for mixed monatomic gases. Let us

denote i i
To\? _Za Ta TN\? _Ta,Ta
ot === . TT O, =— T
(7) % o=(m)
and
K+ (1—af)(1+at)asa ~ (1—aa)(I+a)afat
(1 —aa)(1l+a)afat’ * (1—al)(1+at)ara

Note that K™ — 0, K, — oo as aa — 0 and KT — oo, Ky — 0 as ay — 1.
Obviously
]i == K+@+, £ - K+@+

p P+
and det 1(5 T o, 1 (5 T

& S (2pA )t EE_ (2, 2A

dT T<2+T>@’ dT T<2+T>@+' (30)

It follows from (23)) that
= — |14+ —- , = — 4 —
dap ) qa a(l +a) daa /) aa lga  a(l+a)

<3K+) K*Qpa <3K+> _ K4Qea
QA QA @

T ) T a(l+a)T’ (1+a)T?
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By defining
H(T,ap)=T 1+ «) (4 + K"'@"') +2[BaaTa + (1 — B)apTs]
~Tp (1+a%) A+ K 04) =2 [BafTa+ (1 - B)agTs], (33)

the Rankine-Hugoniot condition (27) is equivalent to H(T,aa) = 0.
Using (23) and 31), we have

(ga}i)fmqja)[ *ﬁ}% T+(1q:a+) [”aaia)}%

+ 1a (4 + p—*) 2 [BqaTa + (1 — B)qsTs], (34)
gA p qa

showing that (&—HA) > 0. In the same way
T

OH B @BA Ts
(a_T)aA_4(1+a)[1+1+a(Hﬁﬂ

3 Thn @Ba
“”)(5*?7)

T T,
Pr_qponIx|5 s Qs | p
p T2 T ol+a)]ps

(35)

Theorem 5 For every T > 0, there is a unique 0 < ap < 1 such that
H(T,ap) =0 and the function ap = ap(T) is differentiable.

Proof For every fixed T > 0, H(T,ap) = —oc as apy — 0, and H(T, ap) — 00
as ap — 1. Thus there is at least one ap such that H(T,as) = 0. Since

(&—HA)T > 0, such a is uniquely determined and the correspondence T' — ap

is differentiable. Thus the theorem follows.
Let us study the sign of (‘g—;{)w at (T4, af).

Theorem 6 If B is sufficiently close to 0, then

daA( ) = (%)T (T+704j§) “0
W) = 5
dT (86_1;)% (T+aa-iA_)

showing that ap is a decreasing function of T in a neighbourhood of T =T,

Proof We find by the above expression that (g—’;[)% > 0 if and only if the
following F(T, as) is negative.
173 Ta @sa)p+
F(T,ap) =~ (2422 _=BA) D+
(T aa) 4 (2 + T « > D
T, (1 + T T
+(+a){5 A Q@BA }i{leQBA(le B)}

AT(1+a) |2 T ol+a)
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— — ot g py _ Ty ot _
We set T' =T and ap = o . Since T T T & =1, we have

_ . Ty (2+a)@ea Qpa Ty
F(T,aA)—1+ﬁ—m— {1+1+a (1+ﬁ)]

_Ta [(1 —B)2+5a)gs | (1— 5)TBQB] T —Ta
2T 2a(1 + «) (1+4+a)T 2T

Let us consider the case: § = 0.

F(T7QA)1+£(2+CYB)(TB—TA)QB|:1 M(l TB)]

2T 4ag(1+ ap)T (14 ap)T 2T
7TA 1 1—ap 2+504B+TB04B Tg —Ta
2T 1+ap 2 T Ta '

Obviously for any ag > 0, there is some T" > 0 so that the above expression
is negative. Recall that ap is a continuous function of ap and T, satisfying

(60“3) > 0. Moreover ag(0,7) =0 and ag(1,7) =1 for any T > 0.
T

oaa
Thus we find that: for any 7y > 0 and 0 < ag < 1, there is a unique aj{
such that ap(Ty,a}) = af; which implies F(T,a}) < 0. Since F(T,ax) is

continuous function of 3, the theorem follows.

Hugoniot Locus b = 1 Hugoniot Locus b = 0.05

Fig. 3 Th = 1576.0,7s = 2853.2,T = SOO,aX = 0.3 left: 8 = 1(single monatomic), right:
B =0.05

Pressure Change: Though the degree of ionization does not always increase
across the shock front, even if the temperature increases, we will prove in this
subsection:

Theorem 7 The pressure p strictly increases along the Hugoniot locus as the
temperature T increases.
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Proof First we notice that: by setting

BaaTa + (1 — B)gpTs

Qr = T , @Ba = T ; (36)
B4) and B3) together with ([20) yield
(35),, =40 +a) [1+ 928 (1+ Z)]
a+ v
7T+(11'1' ){[g+TTA+agliAa):|ﬁ+(%+TTA7Q2A)E} (37)

(%)T:i(ﬁ%%w{{”a(m)]p+ R

We now compute % by differentiating both sides of

) T
logp =log(1 — ap) —logaa + log(l + a) —loga + 3 logT — TA + const.

Using (23) and (36]), we have

- dag | Odapdan\ _ 1 ( daa | Qpaga
dT‘ﬁdTJF(1 ﬁ)(8T+8oeAdT)_q ( ot )

Thus we get

1dp 1 doa 1 q dapn  Qpa 5 Ta
—— = — — — + + = + —
pdT apr(l—ap) dT a(l+a) \ga dT T T T
9 T
. |:1 + (1+a):| (_H)aA + qTA |:% + TA - QliAa)} (BaA)

oH
o (55);

Since 4 (6—H) > 0, we examine the numerator, which is computed as
T

daa
Ty (14t 5 T 34 L v
%ﬂl +2) {5 R a%fa)} - (5 T QﬁA) [1 * “(ﬁa)}}a
T 2+ L
o)L+ G (1 3 | [T ot (o 5 ) [543 - B8]
Note that
. o3 q 1+ 3a
— (1 —) —— |1 = )
2( +Oz 2|: +a(1+a)] 04(1+a)
T T
e =
T a(l+a) T(1+a)
and

q\ @sa QBA q _ QBA QA _ OBA
<1+ ) (1—|—a) a {1+ ]a(1+a)+ a l+a
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Then we find that

q 5 Ta @BA 3 Ta @Ba q
(e 3+ 7 anem) - G 7 - [ aatal
1+ 3a qTa Qpa

0.
a(1+a)+T(1+a)+1+a>

=1+

Moreover

4QBA<1+§_;) [Hﬁ} 4(“7) a(l +a)

Ty Qr 15 Qr
> 2 —_— | >2 —_- - =
Qpa [ Tl —i—a)} Q@BA [ "
and noticing
Iy Qr 1 BaaTa + (1 - BT | _ Ts q
-9t B(-2)20
T o T [ B o ~T o/ 0
we conclude that the numerator is strictly positive and hence the theorem is
proved.

Remark 2 Tt is well known that ([IT] §86] ): if (po,uo,So) and (p1,u1,S1) are
connected by a shock front, then

1 0%v 3 4
S1 =50 = FTO (3_]73)S (P1 —po)” + O(1)(p1 — po)”™. (39)

This formula, first obtained by H. Bethe in [4], is notable, because it depends
on neither the particular equation of state nor the form of internal structure.
In particular, it is true for present mixed ionized system of equations.
Suppose that vp,(p, S) > 0. Then the entropy increases as the pressure in-
creases. It follows from (20)) that this condition implies that this characteristic
direction is genuinely nonlinear. Consequently, if [p1 — po| is sufficiently small,
the Lax condition (see [6], [15]) holds in this case. Thus we can call the above
discontinuity a shock wave as long as p; > po and |p1 —po| is sufficiently small.

For discontinuities with arbitrary amplitude

Theorem 8 (Bethe-Weyl) The thermodynamic Hugoniot locus of the state
(vo, So) intersects each isentrope at least once. Moreover, if p,, > 0 along an
isentrope, then the locus intersects it exactly once; in this case, |u — o| < ¢, if
v1 < vg. while the opposite inequalities hold if v1 > vp.

Hence the Lax condition holds even for large |p1 — po| as long as p1 > po.
Proof is found in [4], [I7] and [13, (3.44)]. We may also call this “shock wave”,
however the physical entropy does not necessarily increase.
The following theorem in [4] guarantees increase of the physical entropy.
Let us introduce the Grineisen coeficient I defined by
v 0% v [ Op Op
I's—————==(55) =v| %] -
T0Sov T \0S de/,

v
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Theorem 9 (Bethe) Suppose that py, > 0 and I' > —2. Then the thermo-
dynamic Hugoniot locus of the state (vo,Sy) intersects each isentrope exactly
once and S1 > Sy if v1 < vy, while S1 < Sy if v1 > vg.

In our case, a set of independent thermodynamic variables are ap and 7. The

Griineisen coefficient is expressed as

Op Ov _ v Op
daa 0T ~ Daa OT

(65 v v as)’

=

Oap OT Oap OT

where S = %7}. After simple but tedious computations like in Appendix [A]
we prove finally I" > 0.

8 Approximation of Thermodynamic Hugoniot Loci

Next section, we consider a forward shock front having the right state (p4,T4)
in ordinary circumstances: the pressure py and the temperature 7 have
proper finite values and aX, a%‘ are supposed to be 0. However, we find by

@4) that ﬁ — 0 as af,a — 0, which is contradictory. Notice that

podzon)lta) s o
HACAC
Then we observe that
1 + 1 + T T% _;_A
— 5 _Ta e ~+
ozXoﬁ: ( ap)dta )T_ﬁe T~ as ai,agﬁo.
HADP+ HAD+
. T3 L _Ta
Setting Li = ﬁ, we obtain ajga*‘ ~ Lie T+ and an approximate formula
P (1—aa)l+a)l2 \T

By letting aj{ — 0, the thermodynamic Rankine-Hugoniot condition takes the
form

T 2Taan + (1 — B)IB«
—(1+a)(4+p—+)+ fThos + (1= f)Teos] _, , P

Ty p Ty j

whose solution is called the approzimate thermodynamic Hugoniot locus of a

laboratory state (p4,T4).

Theorem 10 Let o be a positive constant satisfying o < 60. If T and T are
sufficiently small, so that

3 _2
4
ﬂT+ TA T ez
HAD+ Ta

then the approximate thermodynamic Hugoniot locus is located in a genuinely
nonlinear region for sufficiently small aa, agp.

5

<o,
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Proof Let us denote IT = 2. Then the thermodynamic Rankine-Hugoniot
condition is found to be a quadratic equation of IT :

T T T 1— 8T,
(1+a)—IT*+2 2(1+a)_+5AO‘A+( B)Tsas
Ty + T,

—2]]7—1:0

Let I'(IT) denote the left side of the above expression. Clearly I'(0) = —1 < 0.
Since T4 < T,

T AT 1—B)T; T
214 a) Ly PTacat U =Blbas oo (T ).
Ty T ¥

which implies

=) > - - _ - _ ) >o.
F< ) 1+ a) +4< 1) 1>3<1 0

Thus we conclude that 0 < IT = ’% < TT*, which is
PAP+OAQ Ty

eT <
(1—aa)(1+a)T3 T

Since we may assume as > ap, we find that

(1—aa)(1+a)
=l4+a—apr —apa=1-(1-p)(as —ap) —ara < 1.

Thus )
B,UAP;%(OZA) s ,UAp;;AOéeTTA - %
and we have
0 1% T2 pN\E T
SOA SN\ Baps © 7 T\ Buars (ﬁ) e

By virtue of Theorem Bl we have the theorem.

9 Shock Tube Problem

The shock tube problem consists in finding the state (aj,7-), for given
(X, T) and ug, satisfying Rankine-Hugoniot conditions

{ (u— —uy)? = —(p— — py)(v— —vy) : kinetic part, (40)

h_—hy = 3(v-+vq)(p— — py) : thermodynamic part.

The kinetic part takes a form

(u- —uy)® = —pyoy <§—+ - 1) (Z—Jr - 1) : (41)
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Denoting apa = oy, T =T1_ and us = u_, we define G to be

o == - (1) (55 )
Mus—ug)?  p v T(1+a)

RT (1+at) " p; vy Ti(1+at)

Then the kinetic condition 1)) is equivalent to G(aa,T) = 0. Substituting
[26) into the above expression, we have actually

5
G(aa,T) = _M(UA*UJr)Q n (1—aar)l+a)ay Tat z 2 . TA+T+
’ RT{(14+a*)  (1-af)(1+ a+)aAa T,
_s
(1-ap)aaa (T \72 R T(l+a) L (2)
(1—aa)ajet \Tx Ty (14 at)
—al)aaa _% _TA  TA
By denoting AT = W, we have % = At (%) T and

5 3
T\: _z T\ 2 _Ta,7a
G(aa,T) =Ky (T ) e T +A+< > T
+

7 T(1+a) 7M(u,4—u+)2
T (l+at) RT,(1+at)

Since

AT _ AtQgpa AT /1"' q
< or )aA ol <6aA) (1+ ) (43)

we find together with (BI) that

(o), =[] () 002D () -ty

(44)
oG _p [5 Ta QBa v (3 Ta QOpa
Ta—T(aA’TF;{a ?_7a(1+a)}_a(§+?_7)

T(1+4 «) TQsA (45)

- T+(1+O&+) B T+(1+O&+)
(P v 3 Ta Qpa p T(1+a) QBA
() Grr ) [ e ()

1 1
a(l+a) = 1+a

where the identity é — is used.

Proposition 2 For every aa, there are at least two values TE) = T(i)(aA),
with T < TW | such that G (aa, TH)) = 0. Moreover, p*) > p, > p(=).
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Proof By virtue of the assumption: Ty < T < 2T, we find that
Ta Qea _Ta (1-5)(Ts—Ta)gs 2 Tp

>0, (47)

T o T oT - T T
Hence

P+
p

which shows that the function T' +— v is strictly increasing and valued in

2T a(l+a)T

{%(?)}AZPJJ:;TF_FTA (15)(TBTA)QB]22p5fT

[0,00). Then, for every aa > 0 there exists a unique T, = Ti(aa) (Tu(a™) =
T,) such that, by (26]),

5
ps _ (1—aa)d+a)aja” <T* ) o TATA

P (1—-af)d+at)asa \ Ty

=1

3

for p. = p(aa, Ti(ap)). Thus G (aa, Ti(aa)) = —% < 0.

For every fixed apa we have that G(aa,T) — oo for both 7' — 0 and

T — oo. We conclude that there are at least two values T(H) = T (ay),
-0

with 7 < T\ < Ty, such that G (aa,T®)) = 0. Note that 2— > 2= =1

P+ P+

(=)
Y4 L
and o <o = 1.

We call the set of (aa, 7)) the compressive part of G (aa,T) = 0 and the
set of (aa,T7)) its expansive part .

Asymptotics and Monotonicity: First we shall show the asymptotic behavior
of the set G(aa, T™*)) = 0 for as close to 1.

Proposition 3 Suppose that 0 < ozj{ < 1. Then we have

.
l—at _Za /T\ 2
1—ap~ A T [ — T — 48
aa aj{aJre (T+) for 00 (48)

for the compressive part and

(1-op)(d+ af) - (T
Ty

1—ap~ ) for T — o (49)

2af at
for the expansive part. Hence, for aa close to 1, both parts of G(aa,T) =0
constitute strictly increasing curves in (T, an) plane.

Proof Tt is easy to see from ([@2) and compatibility condition that: if ap — 1

w
on G(aa,T) =0, then ag = 1land T — co. Weset 1 —ap ~ K (%) with
p > 0. By (@2)

5_ 3_
20 atK T\ “e%+ 1—ax (To)\? “e,%
(1—af)(1+at) \ Ty afatK \ T
2T M(ua —uy)?

~— 2T g 2UAT YY)
To(dtat) T RILL(Itab)
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If 75+ and T2 are equally large as T" — 0o, we have y = 2. Then both
terms are O(1)T'z, which is a contradiction. In the case 5 — =1, we have

T,

1—af —7& S . .

p=3and K = —=A¢ T+ which is the compressive part, and obtain ().
(IA(I

—at +y —Ta
Otherwise, if p—3 =1, we have = 2 and K = %e T+ which
A
is the expansive part. In both cases monotonicity with respect to aa close to

1 is obvious.

Smoothness of the Comressive Part:

Theorem 11 For any fized (o}, Ty), the compressive part of G(aa,T) = 0,
constitutes a single differentiable curve.

. . . T «@ v M(ug—ug)?
Proof Since G(aa,T') = 0 is written as - — % =1l-7+ W

then it follows from (@) and ([@7) that

oG v 3 T
T—(ap,T) = r_ v —+—A—QBA
oT D+ Uy 2 T @
QBa v M(ua —uy)?

1 1—— ————1 >0 50
+( +1+O& V4 +RT+(1+O[+) ( )
on the compressive part p > p4, v < vy. Thus we have proved that: in a
neighbourhood of every state (aa, (1)), the compressive part of G(aa,T) = 0

is a graph of a differentiable function of ap. Consequently, the compressive
part constitutes a differentiable curve.

Solution to the Shock Tube Problem:

Theorem 12 (Intersection with Hugoniot loci) Fiz (T},a}) and uy #
ua. Then, in the region aj{ < ap < 1, there is at least one intersection point of
the compressive part of G(aa,T) =0 and the thermodynamic Hugoniot locus

m Of (TJrvOﬁA_)'

Proof Let apa = a(T) denote thermodynamic Hugoniot locus of (T4, o) in

M(ua—uy)? .
(aa, T)-plane. Clearly, G(af,Ty) = —% < 0 by @), while af =
aa(T4). Through the proof of Proposition 2] we have found that the graph of
T = T(+)(a A) is located above the thermodynamic part the Hugoniot locus
+

of (T4, a}) near ap = af.
On the other hand, by (29) the Hugoniot locus of (ap, Ts) takes an aymp-

_3 T
totic form 1 — as ~ 20 ( T ) *¢ T and by @8) T (a) has 1 — as ~

aj{a* Ty

Nlw

—at —Ia -
;Xzie T+ (%) . as ap — 1. Thus we conclude that the graph of T' =

T(+)(aA) is located under the Hugoniot locus as apx — 1, which proves the
assertion.
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Uniqueness of the Solution: The aim of this subsection is to prove that the
solution obtained in Theorem [I2]is unique.

Theorem 13 (Uniqueness of the intersection point) Fiz (o}, T;) and
uy # ua. Then, in the region of‘A' < ap < 1 the intersection point of the
compressive part of G(aa,T) = 0 and the thermodynamic Hugoniot locus (23]

of (T, ) is unique.

Proof Since the thermodynamic Hugoniot locus is the graph of ay = aa(T),
the solution is a zero of G(aa(T),T') (denoted by T' = T,) and proof will be
completed by showing

E(ocA(T ), T) = [(?T?)A (%)T _ (%)T (%)A} (aa(T),T.)
we (22), (en().T2)

> 0.

Recall that (%)T > 0. By substituting the expressions B7), (3]), @), (@5)

. . . Ty (14a™) .
into the above, the numerator is written as i (1+a®) times of

qaT (1+a)
[§+Q_ﬂ}g_(§+&_@)i_ T(l+o) _ _TQga
2 T a(l+a) T « vt Ti(14at) Ti(14+at)
v T(1+a)
—(1+a) [1 + a(1+a):| Lt (l+a)(1+2) 5 — 75

T v 4T (1+a) T
R FAERIPG B A B e )

(L) [1+ gy & + L+ a) (14 2) & + 2582 (a+ %)

As shown in section [A] its final form will be
3(1+0) [1+ st | (£ - 1) +50+0) (14 2) (1- )
+8{alE+3) G+ 3) - B+ [1552 - o] 2
+ (3 + B48) Qua b it -1
+6(1+a) |1+ o] (£ - 1) +50+ ) (1+2) (1-2)

V4
+2{a(3+5) (G +5) + [ 107 - ona| ot

+ (4 + —TA;TB) QBA} PTalen g )1 sl o)

Ty(1+at)
() e om) (1 1) 2 g
Notice that
Q(TB; TA) — Qpa = B (Ts —TTA) aa 0. (52)

which shows that the expession (EI) is positive and the theorem follows.
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10 Conclusions and Discussions

In this paper, we have studied a model system for macroscopic motion of an
ionized gas which is a mixture of two monatomic gas A and B; the mixture
ratio is 5 : 1 — 8. This model system is proposed by [8] and consists of three
conservation laws in one space dimension together with the first and second
law of thermodynamics which are supplemented by an equation of state and
two more thermodynamic equations called Saha’s laws. We have assumed that
the interaction potential energies and effects of collisions between charged
particles are negligible and the local thermodynamic equilibrium is attained.
We further assume that T3 : the first ionization temperature of the gas B is
higher than T : that of the gas A and 2Ty > Tg. Note that A: hydrogen and
B: helium satisfy these assumptions.

The physical entropy functions are constructed and it is remarkable that
they are expressed in terms of elementary functions. Saha’s two equations
bring about a compatibility condition involving aa,ap and T. It is shown
that ap is a differentiable function of ap and T whose graph constitutes the
thermodynamic state space. We propose that (T, an) is a suitable pair of
independent thermodynamic state variables.

The system of conservation laws is shown to constitute a strictly hyperbolic
system, which implies that the initial-value problem is well-posed locally in
time for sufficiently smooth initial data. Characteristic fields are computed and
geometric properties are studied: unlike the polytropic (non-ionized) case, the
convexity (genuine nonlinearity) of the forward and backward characteristic
fields of the system is lost and the set where this happens is determined in
a neighbourhood of T' = ax = 0. Whole set is located in a finite region in
(T, ap) plane but it is difficult to get its full picture by purely mathematical
reasoning; only pictures by numerical computation are presented.

A detailed study of the thermodynamic Hugoniot locus is performed. For
every 1" > 0, there is a unique 0 < aa < 1 satisfying the thermodynamic
Rankine-Hugoniot condition and «pa is a smooth function of 7. Hence the
Hugoniot locus is a smooth graph in the (T, as) plane. While the thermody-
namic Hugoniot locus is monotone in (T, @) plane in a single monatomic case,
for the mixed monatomic case it is shown that: if 5 is sufficiently small, then it
loses monotonicity at some base state. Thus the degree of ionization does not
always increase across the shock front, even if the temperature increases. How-
ever the pressure is actually proved to increase as the temperature increases
which ensures that 7" > T% is the admissible branch.

In order to fit the mathematical data to ordinary circumstances, an ap-
proximation of thermodynamic Hugoniot loci is proposed and proved that, for
small T, it is limited in a “classical” region where the forward and backward
characteristic fields are convex (genuinely nonlinear) and the physical entropy
increases along the admissible branch. We expect that actual experiments are
usually performed in such a classical region.

These results are applied to the mathematical analysis of the shock tube
problem: existence and uniqueness of the solution are established, which pro-
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vides a rigorous mathematical basis to the physical phenomena observed and
reported in [§], [9], [10].

A Computation of (&)

Substitution of (31), B8), (@4), (@5) into ga |:<8_G>QA <§_>T — (%>T (z—;I)aA} gives

a(1+a)
(1+a)(1+§) (1+a)[1+

a(ra)
5 , T Q 3Q 2TRQ
L 2 + 7 - a(l]j—Aa) 3+ 1+BaA + T(%-H%I)%
P-4 a) 1+ oatey]  Ba+2Qn)
T e R 255333*
“1+a)(14L)  (5q+2Q7)
Q Q T
L Tt [1+E2aft+s (1422
Tr(14at) q ( +Q2T>

~e) [14 atm] (45— 2904) £ 0k (4 1) [+ 2 - ey
+2(3) Garan [543 - i)

e () [+ sm] 2 (3 ) 2]

-2 (i) G +QT){ + 7 -]
s) o

(&) e 3) 8]
_ T(1+a) 0 (1+ QRBA ) ~ 2qTBQBA:|
Ty(1+at) | °7 1+a TA+a) |
Notice that
qTa  BaaTa+(1—-B)geTs  Ta (1 —P)gg(TB —Ta)
qQr — — = - == = Qga.

T T T T

Hence we have qQr = % + @BAa . By this formula, the above expression is found to be

301+ sty ( -1) +sa+@) 1+ D) (1- )
t2fg (34 D) (3 + ) +a(Tagte) La g (44 TafTn _ Qma)gp,] (2 - 2)
2 () () S 42 () 4
—2q (B + 90 [GE (1+ $08) - 1] + (R ] Heame
=3(1+a)[1+ st | (2 - 1) +50+0) 1+ 2) (1- 2)
2o (35 ) (B+5) +o (L) 2+ (a+ 22— 25 ) Qnn] (£ - 2)
() () 2 (2)

T Q T(1+a) 2T(14a) Qf T(1+a) | 2¢(Tg—Ta)Q
2 (TA + 2A> |:T (1+at) — ] Ty (1+at) 132 + |:T (1+a+)] ?(1+‘2) BA
+ + +
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pv_ _ _T(+a)
Note that Py — T (tat) Then
2% [M] Te—ThA QBa _ o (L) Tp—Ta QBA _ 2 (L) (T —TA)QBA (L . )
Ty (1+at) T 1+a vy T 1+a v T(1+a) P
72T(1+a) QQBA+2(L>Q2]3A:72(L>(L71>QBA
T+(1+a+) 1+a vy 1+ vy Pt 1+’

and we conclude that the above expression is equal to

30 +a)[1+ oty | (2 - 1) 450+ 14+ 2) (1- %)
+2[q(345) (3+% ) +a (Tote) Qa4 (44 TafTn _ Goa Yo, ] (£ -2 )
~2a () [ e () [ - ] (G -1) 22

Recall that the thermodynamic Rankine-Hugoniot condition is equivalent to

p v 4T+ a) 4+2[6TA(aA—aX)+(1—6)TB(aBfag)].

p+ v Ty(l+at) Ti(1+at)
Thus ga {(2—?)(“ (%)T (aaaci> (%)aA] is:
31 +0) [1+ oty | (& )+5(1+a(1+ ) (1-2)

(5-+%) +a (75 Sy
Qea—§ (7 +@na)] [0 1]
+6(1+a[ ] (- 1) +50+a) 1+ 2) (1-2)

calu(2e ) (3 %) o ()
)

85+ )

MR )
]

BTA(aA o )+(1—5)TB(QB—Q;§)}
QBA] Ty (1+at)

2 () [0 -] (3 8

Ta+T Q
+ (4"’ B S ey

which implies (&IJ).

B Isentropes

In (p,u,T) coordinates, we have observed by Remark [l that: the thermodynamic part of an
integral curve is n = const. for 1, 2-characteristic directions and p = const. for 0-characeristic
field. A curve n = const. in (T, aa) plane is called an isentrope.

Theorem 14 An isentrope n = no is the graph of a differentiable function ap = aa(T)
defined on T € (0, 00).

Proof Derivative of n with respect to aa takes a form

P
(304AT 5504A+(1—5)04B+ qa et

0 it w GG, @
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By @3) we find (%)T > 0. We have also

(2—;)@ = —%(1+a)+ 1-8 E + (g + TFB)} T —Ta)as _TZA)QB.

First we shall prove that as is a function of T defined on (0, c0). Let us fix any T in
Tp-T
(0, 00). It follows from ([22) ap ~ ’;—gaAe_ B as aa — 0. Hence

logap ~logaa + O(1), log[Baa + (1 — B)ag] ~logaa + O(1).

Thus we find n(aa,ap,T) ~ 2logap + O(1) - —oo. for apy — 0.
On the othe hand, when apa — 1, obviously ag — 1 and

5 T 5 T
s m,T) ~ =20 log(1-ar)-2(1-9) log(1-an)+5 (3 + 2 ) +(1-) (3 + T2 ) = .
Consequently, since (£—1>T > 0, we conclude that there is a unique sigle root aa (T") such

that
n(aa(T),a(T), T) =n0 and 0 < aa(T)<1.

Next we consider the behaviour as T — 0.

1
-501-8) _T
Proposition 4 If T — 0, then ap — 0 and aa ~ ﬁ (’;—g) 2 e~

Proof If ap > ¢ > 0or ag > ¢ > 0, then n — oo which is contradiction. Hence ap,ap < c.
By compatibility condition, we have

l-—ag _ ps(l-— OCA)G%(TB—TA)_
ap IO

If ap < ¢ < 1, then by setting T' — 0 in the above equation, we have ag — 0. Suppose that
ap > (e> ¢ > 0). Since logap = log(l —ag) —log lziA - %(TB —Ta)+0O(1), we have
by substituting the above into the expression of the entropy

n =log[Baa + (1 — B)ap] + logaa — (1 + B)log(l —aa) — (1 — B8) log(1 — aB)
Ta 5 Ta 5 T
A 24 A 1-8)(2+8 o(1).
+2 +B(2+ T)aA+( ﬁ)(2+ T)aB+ 1)
Clearly log(1 — aa) < 0, log(1 — ap) < 0, and log [Baa + (1 — B)ap] > —c for some ¢ > 0.
Thus we find n — oo as T' — 0, which is also contradictory. Thus as — 0 and the first part
of proposition is proved.

It follows from (22) logag ~ log Z—g +logaa —

TB;TB as ap — 0 and

ToTo | Th)

T,
n ~logf +logaa + 8 logaAJr—A +(1-5) log'u—AJrlogaAf
T P T T

T
~logf+ (1 - B)log “2 4 2logan + = ~mo.
“B T

T
Thus ap ~ Ce™ T with a certain constant C satisfying log C + log 8+ (1 — ) log Z—g =no
and we obtain the asymptotic formula.
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