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Collective Excitations and Optical Response of Ultrathin Carbon Nanotube Films
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We present a theoretical study of the collective quasiparticle excitations responsible for the electro-
magnetic response of ultrathin plane-parallel homogeneous periodic single-wall carbon nanotube
arrays and weakly inhomogeneous single-wall carbon nanotube films. We show that in addition to
varying film composition, the collective response can be controlled by varying the film thickness. For
single-type nanotube arrays, the real part of the dielectric response shows a broad negative refraction
band near a quantum interband transition of the constituent nanotube, whereby the system behaves
as a hyperbolic metamaterial at higher frequencies than those classical plasma oscillations have to
offer. By decreasing nanotube diameters it is possible to push this negative refraction into the visible
region, and using weakly inhomogeneous multi-type nanotube films broadens its bandwidth.

I. INTRODUCTION

Over the past years, the optical nanomaterials re-
search has uncovered intriguing capabilities of carbon
nanotubes (CNs). These hollow graphene cylinders of one
to a few nanometers in diameter and up to one centime-
ter in length [1-3] have landed themselves to attractive
device applications M—Iﬂ] CNs have been successfully
integrated into miniaturized electronic, electromechani-
cal and chemical devices ﬂﬁ@] A strong potential of
CNs has been demonstrated in the fields of optical ab-
sorption and scattering spectroscopy , electron en-
ergy loss spectroscopy m, |, quantum electron trans-
port ﬂﬂ, @j 1], and general collective electromagnetic
(EM) response phenomena Carbon nanotube
based reduced dimensionality materials such as periodic
and quasiperiodic plane-parallel CN arrays and films, of-
fer extraordinary stability, flexibility, and precise tun-
ability of their physical properties by varying the den-
sity, diameter and chirality of constituent CNs. Thin
and ultrathin periodically aligned arrays of single-wall
CNs (SWCNs) and related systems are currently in the
process of rapid experimental development ].

In this paper, we develop a theory for collective near-
field interactions and associated EM response of ultra-
thin, closely packed, periodically aligned SWCN arrays
(schematic shown in Fig.[I). The key features that make
this system interesting for theoretical study are the peri-
odic CN alignment and the spatially periodic anisotropy
associated with it. Additionally, the vertical confinement
in dense ultrathin planar systems of finite thickness leads
to the effective dimensionality reduction from 3D to 2D
while still retaining the thickness as a parameter to rep-
resent the vertical size [52-155). This is the transdimen-
sional (TD) regime [56] — neither 3D nor 2D but some-
thing in-between — turning into 2D as thickness tends to
zero, challenging to study what the 3D-to-2D continuous
transition has to offer for new material functionalities.

The spatial anisotropy, periodic in-plane transverse
inhomogeneity and vertical quantum confinement make
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the ultrathin array near fields strong and anisotropi-
cally nonlocal, adding both extra challenges in devel-
oping the problem theoretically and extra flexibility in
designing CN films with desired EM properties experi-
mentally. The properties of the CN array can be con-
trolled if one knows how to control its collective excita-
tions such as excitons, plasmons, and their mutual in-
teractions. For example, plasmon generated near fields
are known to affect spontaneous emission [39, [57], low-
energy absorption [2(] and scattering [24] by atomic type
species near the CN surface. CN periodicity allows for
plasmonic bands formation @—@], whereby periodic CN
arrays and films should behave as epsilon-near-zero plas-
monic metamaterials (MMs) in the near field, while still
remaining strong light absorbers and polarizers in the
far field , [61]. Indeed, recent ellipsometry measure-
ments on finite-thickness films of horizontally aligned
self-assembled SWCNs have exhibited their tunable nega-
tive dielectric response for a sufficiently wide range of the
photon excitation energies @, @], thus paving the way
for the highly anisotropic hyperbolic MM film (metasur-
face) development. Hyperbolic metamaterials (hMMs)
and metasurfaces (MSs) can be used in a variety of ap-
plications [62-165] such as optical sensing [66], absorp-
tion [67], cloaking [68], and super-resolution imaging [69].
Being very stable and highly sensitive to the thickness,
CN density, diameter and chirality variation, the finite-

FIG. 1. Schematic of a plane-parallel, closely packed, peri-
odically aligned array of SWCNs of radius R and length L
embedded in a dielectric of thickness d. See text for details.
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thickness parallel aligned SWCN arrays and films can
additionally serve as a flexible multifunctional nanoma-
terial platform for single-molecule detection and manip-
ulation [70-72], including the near-field control of photo-
luminescence rate and directionality @, @], chemical re-
activity [73,[74], and Casimir-Polder interactions |73, [76].

In this paper, we formulate the general Hamiltonian for
the collective quasiparticle excitations in the ultrathin
plane-parallel periodic SWCN array in the TD regime.
This Hamiltonian is used to derive the in-plane dynami-
cal dielectric response tensor of the system in the broad-
band low-energy spectral range of microwave to visible
(£1-2eV). This is the domain where the intrinsic exci-
tations, excitons and plasmons, are present in individual
constituent (metallic and semiconducting) CNs [24, [29].
As opposed to the earlier 3D effective-medium response
theories (known to be of limited validity at short CN sep-
arations) with only one single-tube excitation taken into
account (the 6 eV bulk graphite plasmon) |, our
approach starts with the single-tube dynamical surface
conductivity calculation as prescribed by the k-p band-
structure simulation method for SWCNs within the Kubo
linear-response theory ﬂﬁ] To obtain the dielectric ten-
sor of the TD array of SWCNs we use the low-energy plas-
mon response calculation technique proposed by one of
us for finite-thickness metallic films with periodic cylin-
drical anisotropy @], combined with the many-particle
Green’s function formalism in the Matsubara formula-
tion [77]. With the single-tube conductivity in hand, we
evaluate the collective polarization and obtain the EM re-
sponse tensor for the periodic TD array of SWCNs. We
also study the inhomogeneity effects for TD films com-
posed of SWCN arrays with varied structural parameters,
using the Maxwell-Garnett (MG) method [78] to obtain
the EM response for weakly inhomogeneous quasiperiodic
SWCN films reported experimentally @, @]

The paper is organized as follows. Section [l presents
the model and formulates the Hamiltonian for the col-
lective quasiparticle excitations in the TD plane-parallel
periodic SWCN array. Section [T uses this Hamiltonian
to obtain the array collective polarization in terms of the
surface conductivity of the individual constituent SWCN,
followed by the in-plane EM response tensor derivation
for the TD array, including the case of weakly inho-
mogeneous quasiperiodic SWCN films. Section [V] dis-
cusses our findings and numerical results. Conclusions
are drawn in Sec.[Vl Mathematical details are collected in
the two Appendices. We use the Gaussian units through-
out unless otherwise stated.

II. THE MODEL OF COLLECTIVE
EXCITATIONS

The model system we consider is presented in Fig. [l
A horizontal array of parallel aligned (y-direction) iden-
tical SWCNs of radius R and length L has the transla-
tional unit A and width L, (z-direction). The array is

embedded in a dielectric of thickness d to form a com-
posite layer with the effective permittivity e, which is
sandwiched between the substrate and superstrate with
the dielectric permittivities €; and es, respectively. The
structural parameters of the array obey the set of con-
straints as follows 2R<A<d< L~ L with R and A be-
ing much less than the wavelength of the light radiation.
The SWCN of the (m,n) type (n < m) has the radius
R= (V/3b/2r)v/m2 + mn + n2, where b=1.42 A is the
C-C interatomic distance, with the electron charge den-
sity constrained by cylindrical symmetry to be uniformly
distributed over its surface. The positive background of
nuclei keeps the entire system electrically neutral.

We consider the most interesting case of €>> € + €s.
In this case, with d decreasing and getting less than the
in-plane distance between a pair of electrons in the com-
posite layer, due to the strong vertical confinement their
Coulomb interaction is mostly contributed by the region
outside of the layer, whereby the Coulomb interaction po-
tential loses its z-coordinate dependence and turns into
the Keldysh-Rytova (KR) potential [79]. This brings our
system, the array, in the TD regime where the dimen-
sionality of the system is reduced from 3D to 2D and
the only remnant of the z-direction is the layer thickness
d to represent the size of the vertical confinement. In
our case here, it is natural to take advantage of the ho-
mogeneous electron charge distribution over the SWCN
cylindrical surfaces, whereby the pair electrostatic poten-
tial can be expressed in terms of that of two uniformly
charged rings of radius R each ﬂ@] For two such rings
of the unit cells at points p,, and pj of tubules n and I
as shown in Fig.[I] the electrostatic interaction potential
can be written in terms of the symmetry adapted KR
potential as follows [53)]

m* Z/ {wpkk)]zeik»(pn—ﬁﬁ), (1)
k
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Here, k = q + k is the in-plane electron quasimomen-
tum with q and k; representing its components in the y-
and z-direction — parallel and perpendicular to the CN
alignment direction, respectively; k = |k| = /¢*> + k%
where ¢ = 2mn, /L, n,= 0,£1,4+2,...,£N/2, N= L/a,
a is the CN lattice translation period, and k;=27mn, /L
where n,=0,+1,4+2,...., £N, /2, N, is the total num-
ber of tubules in the parallel array. The summation is
primed to eliminate the k = 0 term associated with the
all-together electron displacement, p,, # p; for the n=1
case to exclude the self-interaction, and the orthogonality
condition
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is used for the Fourier expansion basis function set in the
first Brillouin zone of the array, with its reciprocal given



by
1 e Y.
(Skk/ = (Skiki 6qq/ — NLN Zel(k k ) Pn (3)
Pn
1 L /2 1 L/2
- Z ik, — K on Z i(g—a")yn
= e L L e .
NJ_ 1n:_LL/2 N yn:—L/2

The quantity
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stands for the intraband plasma oscillation frequency for
a general finite-thickness, cylindrically anisotropic, peri-
odically aligned (metallic or semiconducting) array [53].
Here, m* is the electron effective mass, Nop (= N3pd)
is the surface electron density, Iy and K are the zeroth-
order modified cylindrical Bessel functions responsible for
the correct normalization of the electron density distribu-
tion over cylindrical surfaces, to give for R— oo (whereby
qRIH(qR)Ko(gR) — 1/2) the isotropic TD film plasma
frequency studied previously [52].

A. The Hamiltonian

For an individual SWCN, absorption of a photon by a
valence-band electron excites it to the conduction band
to create an exciton. This makes a longitudinal polar-
ization effect with an induced dipole moment directed
predominantly along the nanotube axis due to a strongly
suppressed SWCN polarizability in the perpendicular di-
rection ﬂ@, @], also known as the transverse depolariza-
tion ﬂﬁ, @] For a densely packed periodically aligned
array of SWCNs, the induced inter-tubule dipole-dipole
coupling should then result in the anisotropic collective
polarization of the array (predominantly along the CN
alignment direction), leading to the anisotropic dielectric
response — the focus of our study here.

The second quantized Hamiltonian of the free exciton
(see, e.g., Refs. ﬂﬂ, @]) on the SWCN surface can be

written in the form

f{ezzz ES(Q)BZ,qu,qv (5)
5.

where the operators Bl_’q and By, create and annihi-
late, respectively, the exciton with the longitudinal quasi-
momentum ¢ (y-direction in Fig. [l in the s-subband,
which for the (m,n)-type SWCN is associated with the
quantized circumferential momentum component hs/R,
s=1,2,...,m(>n) [34,37). These operators satisfy the
standard bosonic commutation relations

I:BS,Q7 B'Lq/:l = 655/6‘111/7 [BS,q7 Bsﬁq/} =0

and can be converted into their coordinate counterparts
using Eq. (@), to obtain
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for the n-th SWCN of the array. The exciton energy is

Bu(0) = BYUs) + 3o g

where the first term is the excitation energy of the f-

internal-state exciton, given by Eéf;i(s) =FE,(s)+ Elgf) (s)

with Elgf)(s) being its (negative) binding energy and E,
representing the band gap, and the second term is the
translational kinetic energy of the exciton with the total
effective mass M., (the sum of the subband-dependent
electron and hole effective masses). The exciton on the
n-th SWCN of the array is produced by the absorption
of a photon of the external EM radiation. This initiates
the interband dipole electronic transitions (s, f|d(p,)|0)
to create the dipole polarization, an observable quantity
proportional to 3, (s, f1d(pn)|0)[2, mainly along the
CN axis. Only the ground-internal-state (longest-lived)
excitons are considered in what follows and so the f-index
will be omitted for brevity.

The total Hamiltonian of our model system in Fig. [
can now be written as

f{:f{ez"' f{int; (8)

where the second term is responsible for the collective ex-
citations of the SWCN array originally created by the ex-
ternal EM radiation on an individual constituent SWCN.
To obtain this part, we perform the series expansion of
the electron interaction potential () about the equilib-
rium positions of the electron density distribution. Intro-
ducing p,+ 3, for the electron ring position displaced by
a vector B, =B(py,,) from the point p,, of the n-th SWCN
electron density distribution (and same for pj; see Fig.[Il),
the exponential factor in Eq. () is expanded to the third
nonvanishing term assuming that |p,— pj| > |B,— 8], to
give

P [1 4 ik B — 3 (k- B

Here, pni=pn—p) and B, = B, — B with the primes still
to indicate that the self-interaction in the n=1[ case is to
be excluded. For achiral (m,0) and (m,m) type SWCNs
(zigzag and armchair type, respectively) we choose to
focus on here, the second term in square brackets vanishes
due to the presence of the inversion symmetry. This is
generally not true for chiral SWCNs, where it is nonzero
and turns out to be the most important one. This case
will be addressed elsewhere separately.

The extra electron potential energy that comes out of
Eq. (@) due to the relative electron ring displacement 3,
is given by mepg [V(pnl +Bn)— V(pnl)] where the sum-
mation runs over all tubules of the array and over their



individual unit cells with the self-interaction excluded.
With the series expansion above and the self-interaction
terms dropped, this becomes
L ik pni [WP( )} k-3
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and can further be rewritten as follows
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Here, vg= aAd is the elementary cell volume of the array
and the second-rank tensor
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Tw(k) =

represents the Fourier transform of the pair dipole-dipole
interaction between the SWCNs in the array ﬂﬂ] The
second term in the square brackets equals zero. This can
be proven by first summing it up over p; using Eq. (@),
followed by summation over k, which leads to w?(0)=0.

The dipole-dipole interaction energy in Eq. (@) can be
used to obtain the ﬁmt part of the total Hamiltonian (g]).
Consider the real vector quantity

i (K)B(p) =1 () Fe(n)

(11)
with the unit vector e(p,) = B(pn)/B(pn) to define the
direction of the electron ring displacement 3(p,) and

S Blen)l2 ~ \/Z 1B(pu)I2 = VNB(pn)

to represent the net electron density displacement (con-
sistent with the random phase approximation and equiv-
alency of rings) for the entire n-th SWCN. Let Eq. (1)
be a matrix element (s, p,|d(p,)|0) of the (Hermitian)
induced dipole moment operator defined in the second
quantization form as

m*d
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where ﬁ is the quantum displacement operator to repre-
sent the classical displacement Se(p,,). Then the Fourier
transform

d(k) =

obtained using Eqs. (@) and (3]), takes the form
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with the creation and annihilation operators of the same
meaning as those in Eq. (@), and Eq. @) suggests that
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More explicitly
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Here, different spatial component matrix elements of the
displacement operator ﬁ in Vi are different, in general.

In the case where the (dominant) longitudinal induced
SWCN polarization is only taken into consideration and
the transverse one is neglected, one has Bn# BrySyu
and ], = Bly yv in Eq. [@). This, after summing up over
x, and z; with Eq. @), projects it on the y-direction to
give

= iqyn
Ly oo [ 0
@YY
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where T, (q) = Tyy(q, k1=0) = 1/2 according to Eq. (0]
and wy(gq )= wp(q, k1=0), thus yielding
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for Eq. (IH), respectively. In this latter case, Viy takes
the diagonal form V,dss to only include the collinear-
anticollinear dipole moment coupling between the nano-
tubes of the array. This is the case of practical impor-
tance we focus on in what follows.

B. The Dispersion of Collective Excitations

With the interaction term of Eq. (7)), the total Hamil-
tonian (8) of the SWCN array is of the form

a :Z [ES(Q)BI,qu,q (18)
8,4

1
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which can be diagonalized exactly by means of the canon-
ical transformation technique ﬂg‘i,] More specifically, the
Hamiltonian such as this can be brought to the form

H =) hwi(9)El(9)6s(a) + Eo (19)
5.4
by redefining the original exciton operators as follows
Byq= us(q) &(q) +vs(a) €l(—a), (20)
lus(9)? = Jvs(@)* = 1, (21)

in terms of the linear superposition of the collective boson
excitation operators &,(q) representing the eigen states of
the entire system, the array. The reciprocal of this is

€s(q) = ul(q)Bsq — vs(@)B! _, (22)
[€(a), €L(0)] = 8usr8gq- (23)

The unknown transformation coefficients u4(q) and vs(q),
and the eigen state energies hws(¢q) can be found from the
operator identity

hws(q)€s(q) = [&s(q), H], (24)

followed by finding the vacuum (no excitations present)
energy Ey from the comparison of Eqs. (I8) and (I9)
after the eigen state energies and the transformation co-
efficients have been obtained.

Putting Eqs. 22)) and ([I8)) into Eq. 24]) and equating
the coefficients in front of the exciton creation and anni-
hilation operators on the left and right side, one obtains
the set of two simultaneous algebraic equations as follows

[hws(q) — Es(q) = Vas(@)]us(q) — Vas(q)vs(q) = 0,

Vis(@)us(q) + [hws(q) + Es(q) + Vis(q)]vs(q) = 0.

Being supplemented by the extra constraint (2II), these
simultaneous equations define the transformation coef-
ficients us(q) and vs(g) uniquely. The condition of the
nontrivial solution existence requires that the determi-
nant of Eq. (25]) be equal to zero. This gives the collective
excitation eigen energies in the form

hws(q) = V/E2(q) + 2E4(q)Vas () (26)

with F,(q) given by Eq. [@), Vis(q) defined in Eq. [IT),
and s=1,2,...,m (>n) representing the excitation sub-
bands for the periodic array composed of the (m,n) type
SWCNs. Using Eq. (26)), the transformation coefficients
come out of Eq. (28)) in the compact form as follows

woye Bsl@rhos(e) 0 Bslg) —hws(g)
(0)=3 AOLADL (@)= AL (27)

Finally, substituting Eq. (22)) in Eq. (I9)), using Eqs. (26)
and (27) for simplifications, and comparing the end result
with Eq. (I8)), one obtains the vacuum state energy of the
array in the form

Eo =5 > [hws(q) = Ea(q)]. (28)

Equations (), 22), 23], and (26])-28]) solve the dis-

persion relation problem for the intrinsic collective exci-
tations in the ultrathin periodic SWCN array. One can
now see that the excited eigen states of the SWCN array
involve not only the single-tube excitons of energy F(q)
as one might expect naturally, but also the array collec-
tive plasma oscillations of energy fuw,(g) given by Eq. (@)
are involved, which in the TD regime can be effectively
controlled by varying the array thickness @]

III. THE ARRAY DIELECTRIC RESPONSE

Knowing the dispersion of the excited collective quasi-
particle eigen states of the planar SWCN array, allows
one to calculate its in-plane dielectric response tensor.
A relatively easy way to do this is to use the complex-
frequency finite-temperature Matsubara Green’s function
formalism (see, e.g., Refs. [77, 86]). All measurable col-
lective quantities, such as conductivities and susceptibil-
ities, are represented by correlation functions expressed
for causality in terms of the retarded Green’s functions,
which can be obtained from their equivalent complex-
frequency Matsubara counterparts with iw=2nm/hf for
bosons and iw = (2n+1)7/hS for fermions (n is an integer
and 8 = 1/kpT) by simply changing iw to w + i0 with &
representing an infinitesimal energy relaxation rate ﬂﬂ]

A. The Collective Polarization

We proceed with the polarizability tensor calculation
for the SWCN array within the Matsubara formalism.
This is given by the correlator of the SWCN induced
dipole moment operator in Eq. (I6) with itself, and
this only includes one CN related component, Py, (g, iw),
since the minor polarization perpendicular to the CN axis
is agreed to be neglected. Specifically,

. 1 " TWT 7 7
Pola.iw) = =5 [dr e (Td, a.0)d,(=,0). (20

where the bracket (- - - ) notates the thermodynamical av-
eraging, 7 (=it) is the complex time, and T is the order-
ing operator to place the (Heisenberg picture) dipole mo-
ment operators with the earliest 7 to the right.

A straightforward way to calculate Eq. (29) is by using
Eq. 20) to write the single-tube induced dipole opera-
tors in terms of their collective excitation counterparts,
followed by the thermodynamical averaging with the to-
tal Hamiltonian (I9) in the collective excitation Hilbert
space. However, for practical use purposes it is instruc-
tive to find the connection between the single-tube exci-
tations and the collective excitations of the entire SWCN
array. To this end, we first do the averaging in Eq. (29)
with the unperturbed Hamiltonian () to obtain the non-



interacting SWCN array polarizability (see Appendix [A])
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Introducing the CN dynamical polarizability function

2E O 2
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links Eq. (30) to the optical response of an isolated CN
(longitudinal polarizability per unit length) to give
m*wi(q)vo

P (00 10) =~ s O

(q,iw). (32)

Alternatively, this can be expressed in an equivalent form
in terms of the isolated CN longitudinal conductivity [2§]

: —2hw| |Uy|0>|2
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Using the relations between the velocity and coordinate
displacement matrix elements

(s]0y|0)=(s | |0> <S|[3y=ﬁew]|0> % (s18y10)
(34)
and the fact that [75, [76]
aryy (g, iw) = 22—R Oyy (g, iw), (35)

one then obtains
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Next, being performed with the total Hamiltonian (g]),
the thermodynamical averaging in Eq. (Z9) gives the col-
lective polarizability of the dipole-dipole coupled SWCN
array. This can be evaluated by a diagrammatic expan-
sion in which the first term, given by Eq. (@), is treated
as unperturbed and the second, given by Eqs. (I4)-(I1),
is the perturbation. For the former, the noninteracting
SWCN array polarizability is already known and given by
Eqgs. B2) and B8). An important feature of the latter is
its separability, as can be seen from Egs. (I4]) and (I4]), so
that the perturbation factors into components summed
up individually. The self-energy term for the perturba-
tion occurs in the first order with the self-energy merely
equal to 27 /vy, as per Eq. (I8). The higher-order terms
of the diagrammatic expansion just produce multiples of
this term. The overall result takes the form of the Dyson
equation as follows (see Appendix [B))

. . 2w . .
Py, (q,iw) = Pég)(q, iw) + %Plfg)(q, iw) Pyy (g, iw),

which can be easily solved to give

Py (g, iw)
1- 277Py(2) (q,iw)/vo

Pyy(g,iw) = (37)

This is the collective array polarization associated with
the interband electronic transitions to create excitons on
individual SWCNs embedded in a finite-thickness dielec-
tric layer. There is also the low-energy polarization part
contributed by the intraband transitions of harmonically
bound charges on the CN surface @, @] The total col-
lective polarization of the CN array is to include both
intra- and interband term on equal footing since both of
them are associated with an induced oscillating dipole
moment — in the lower- and higher-frequency spectral
range, respectively, — initially created by external EM
radiation on an individual CN and spread out over the
array thereafter. This can be formally done by redefining

inter

oyy(q, iw) — U’"tm (g,iw) + oy (q, iw)  (38)

in Eq. (4], where

2
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generally represents the single-tube intraband conductiv-
ity term with vp being the Fermi velocity ﬂ@ and a”;te’”
is the interband term still given by Eq. (B3]). The SWCN
polarizability in Eq. (82]) has to be redefined per Eqs. (35)

and ([B8) as well.

B. The Dielectric Response

Using Eq. 1) with Pég) of Eq. (6] in the general EM
response expression (Gaussian units)

; 4
@) g AT i), (40)
€ Yo

after simplifications one obtains the SWCN array dynam-
ical dielectric response in the form

Eyy(Qa Zw) -1 2fCN Oyy (Qa Zw)
€ fon oyy(q,iw) + we2Nop R/m*w2(q)d’

where fon =N, Ven/V =7R?/Ad is the CN volumetric
fraction in the planar dielectric film as sketched in Fig. Il
The analytic continuation into the real frequency domain
of our interest here can now be obtained by changing iw
to w 4 40 in the above, to finally result in

Eyy (¢, w) —1_ 2 fen oyy (g, w)
€ Jon 0y, (g, w) + iweNop R/m*w?2(q)d
(41)




with the longitudinal conductivity of an isolated SWCN
to include both intra- and interband contributions, tak-

ing per Eqgs. (38), (39) and (B3)) the form

e Nop w+ 0
m*  (w+146)* — (vpq)?
B, [E? — (hw)? — 2ih%ws] |

__ _intra inter __
Oyy (qvw)_ayy + Uyy

he?
* 2nRL XS:

Here, § takes the meaning of a (phenomenological) in-
verse energy relaxation time, 6 = 1/7,, assomated with
the inelastic (phonon, defect) scattering @ | and can
generally be different for intra- and 1nterband processes

Under continuous low-intensity light illumination, the
dielectric film with the SWCN array embedded in it
can still be treated as being at the thermal equilibrium.
At not too low temperatures the distribution of the s-
subband quasiparticle excitations over the g-momentum
space is then given by the normalized Boltzmann distri-
bution function

fua.T) = Qi ¢ (a) (43)

S

with hws(q) representing the energy of the excited quasi-
particle eigen states of the SWCN array given by Eq. (26))
and the normalization factor is

L M 0 JE e~ Bhws()
Qo= S epento - L AL

mh Eexc\/ E - Eewc( )

with ¢ =+/2M; [E — Eeyc(s)]/h to be used in the integral.
The thermal averaging of Eq. (Il) with this distribution
function gives the temperature dependence of the EM
response of the SWCN array in the form

eyy(T Zfs 0, T)eyy(q,w) (44)
/ dE fs Q7 E’UU(Qa )
2 Eege E Eexc( )

Equations ([@I)-[@4]) and (26) provide the complete de-
scription of the spatially anisotropic linear EM response
of the periodically aligned SWCN array in the TD regime.
This is generally a two-component spatially dispersive
(nonlocal) tensor of the form

L K I O R

which should be averaged per Eq. [#d]) to represent the
thickness-dependent anisotropic dynamical response to
continuous low-intensity light illumination. In practice,
the CN-array-embedding dielectric layer may still have
inclusions of non-identical parallel aligned CNs. Assum-
ing their (quasi-)periodic in-plane distribution, these in-
homogeneities in an otherwise homogeneous SWCN array
can be accounted for by means of the Maxwell-Garnett
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(MG) mixing method [78], whereby under continuous il-
lumination the yy-component of Eq. (45)) takes the form

(eyy(T Zwaa() W) . (46)

Here, aﬁ) (T, w) refers to a thermally averaged homoge-

neous component of weight

() n 2
R, \"A
Weo = CN N [ § ( & ) =
Yy f((j% S\l /) A

in the generally n-component inhomogeneous mixture of
periodic (or quasiperiodic) SWCN arrays with radii R,
and intertube separation distances A, which is embed-
ded in the finite-thickness dielectric layer. The weights
are defined to give > _, w, =1, accordingly.

—1

(47)

IV. DISCUSSION

One can see from Eq. (Z0) that the intertube dipole-
dipole interaction (IT) makes the CN array collective spa-
tial dispersion hws(q) greatly different from the isolated-
CN spatial dispersion F(q) in Eq. (@) due to the nonzero
ratio Vis(q)/Es(q). This is a g-dependent function in-
versely proportional to A € (2R, +00), which only tends
to zero to give hws(q) = Es(¢) in the limit of A — +c0.
For small momenta g controlling the most of the g-space
quasiparticle state population, the major g-dependence
comes from the linear dependence of w?(g) ~¢ in Vis(q)
[see Eq. [@)] rather than from the quadratic dependence
of Es(q) ~ ¢, which is why [as well as in view of the
fact that h?¢?/2M., < Eeye in Eq. [@)] the second-order
¢>-dispersion can be ignored for the qualitative analysis.
With this in mind, comparing Eqs. (I7) and {@2]) with
Eq. (34) taken into account, one obtains an estimate

*h2 2 ]
oW 2R oser (g ()

‘/SS(Q) €2N2DTTE A vy

where Es = Ecyc and o) (E) is the o' (0,w=FE,/h)
single-subband approximation given by the greatest res-

onance term of the sum in Eq. (@2)). Substituting wy,(q)
of Eq. @) in Eq. {8)), one gets the ratio

Vss(a) 2(qR)*Io(¢R) Ko(qR) 27 R
— = E57 r 49
E, 9(Es, ) eqd + €1 + €9 A (49)
with g(Es, ) =4nh?c}"'“" (E,) /7, E2 R being a constant.

Plugging Eq. @9) in Eq. ([28) gives the graph in Fig.
to show the general behavior of fiws(q)/Es as a function
of gd and A/2R for R/d = 0.5 and 0.25, the two cases
where the array is enclosed in and buried inside of the
dielectric layer, respectively. We used Fs = Fepe =1 eV
and o217 (E,) ~ 100 (?/2mh) typical of the first-subband
exciton in semiconducting SWCNs of R~1 nm @ @
with 7,.=100 fs typical of exciton-phonon scattering ﬂ@



FIG. 2. Dispersion of collective excitations in the ultrathin
SWCN arrays with R/d=0.5 (green) and 0.25 (gray) relative
to the isolated SWCN exciton dispersion as a function of array
parameters gd and A/2R.

to obtain g(Es, 1) &~ 2. The dielectric constants were set
to e=10 and €; 2 =1. One can see a rapidly increasing
spatial dispersion as the intertube distance shrinks. As
expected, the thinner the dielectric layer (d = 2R com-
pared to d=4R), the stronger the dispersion due to the
dielectric screening effect reduction.

To better understand the dielectric response behavior
as a function of the intrinsic parameters of the SWCN
array, we rewrite Eq. () as follows

Eyy(qw)

B 2[1 + \w)]
€ B 14+ AMw) + w(w +i0)A/w2(q)mR

(50)

Here, the array parameters are grouped in the denomi-
nator second term, the ratio

M) = T @)~ 0T (Bs)  2h(f  ih)
o (w) ointra(0) (hw)2— E2+ 2ih?wd
(51)

where in view of Eq. ([@8) one has

oM (B BVa(g) A
aintra(() h2w2(q) 2mR’

(52)

represents the SWCN alone, and the ¢2-dispersion terms
are dropped. The function A(w) can be seen to rapidly di-
minish for w < E;/h, whereby in the low-frequency range
wp/TR/A<w< E,/h far from resonances Eq. (B0) takes
a spatially dispersive (nonlocal) Drude-like response form
wlas) 2R S0

€ A w(w+1id)

thickness/substrate /superstrate-dependent per Eq. (@),
which (except for a geometry-specific constant prefactor)
was previously reported to consistently describe the opti-
cal properties of both in-plane isotropic and cylindrically
anisotropic TD plasmonic films @—@, 139

For hw ~ E, the function A(w) can be seen to increase
dramatically, whereby Eq. (B0) after straightforward sim-
plifications using Eq. (52)) takes the form

5yy((],(d) ~1— 2Es‘/ss (q)

€ (hw)? = [1—Vis(q)/ Bs] E2+2ih2ws '

which can further be compacted to give
) _ (o)~ B2, [(h~ E2.]
¢ [(hw)2—E2_ ]+ (2h%ws)
4EVis(q)hPws
[(hw)2— E2_ %+ (2h2ws)?

where Eqp = FEo+\/1 4 Vis(q)/Es . Here, both absorption
resonance position and intensity of the EM response can
be seen being adjustable by varying the array thickness,
density and dielectric parameters according to Eq. (@3,
whereby the ratio Vis(q)/Es ={[hws(q)/Es]* — 1}/2 can
be adjusted that controls the difference between the col-
lective eigen-state and single-tube exciton-state energies.
The real part Reey, /e of Eq. (&4) reveals the negative
refraction (NR) band centered around FE; in the domain

V E? —FE Vs (q) =F, <hw< ESJr: V E? +E Vs (Q)
(55)
of width Fgy—F,_ ~V;s(q). The imaginary part Ime,, /¢
of Eq. (54)) and the imaginary part of its negative inverse

€
—-Im—~ 56
Eyy(Q7w) ( )

4B, Vs () 208 {[(M)Z—Eg_} 4 (2h2w5)2}

({2 B2 ) [y - B2 T} + (B Vaul@)tw]”

are representative of the transversely polarized EM wave
absorption by excitons and of the Coulomb-energy losses
for longitudinally polarized plasmon excitations, respec-
tively [90]. From Eqs. (54) and (B6) Es— and Esy can be
seen being their respective resonance peak energies. The
latter is an analogue of the interband plasmon resonance,
the one situated in-between the two neighboring exciton
subbands [30, 34]).

The range of the NR band can be found straightfor-
wardly from the analysis of extrema for the real-valued
function Reey, /e of Eq. (54). This gives

N2 2 hd 72
(hwmin) ~E5,+2Esh5,/1+{—vss(q)} (57)

to the first infinitesimal order in the smallness parameter
hé/Es< 1 and

Reisyy(q’:}mm)z%{l— 1+[ng—§q>]2} (58)

to the first nonvanishing (zeroth) order in the same pa-
rameter. In these equations the ratio under the square



root is independent of § since Vis(q) ~h/7. = hé as can
be seen from Eq. [#3]). This ratio can be controlled by
means of A/2R to rarefy (or densify) the CN array as well
as through d and €/(e1 +€2) to adjust the array thickness
and material composition, respectively. From Egs. (55,
ET) and ([BY) it can be seen that hw,y,, shifts to the blue
and the NR bandwidth shrinks down to zero along with
its range as Vis(q) decreases. Clearly, originating from
the intertube dipole-dipole interaction, the NR band of
the homogeneous TD arrays of identical SWCNs can be
controlled on demand, both to expand and to shrink, by
means of adjusting these interactions per Eq. [@9]).

Figure [ shows Reey, /€, Imey, /e and —Im(e/ey,) in
dimensionless variables as given by Eqs. (54)), (B8) and
@), to demonstrate the NR band behavior, the exci-
ton absorption and interband plasmon response in the
neighborhood of a single-tube exciton resonance as func-
tions of the intrinsic parameters of the SWCN array.
The graphs are obtained for the same material param-
eters as in Fig. @l In (a) and (b), the decrease of the
thickness can be seen to push the exciton and plasmon
resonances closer together, quenching their intensities to
reduce the NR bandwidth and range. Comparing (a)
and (b), both exciton and plasmon resonance intensities
can be seen being lower for the thicker dielectric layer
in (b), apparently due to the greater dielectric screen-
ing effect. In (c¢), the overlap of the exciton and plasmon
resonances can be seen to increase with the intertube dis-
tance, whereby a controllable exciton-plasmon hybridiza-
tion is possible by varying the intrinsic parameters of
the array. All these are the universal features of the EM
response that originate from the eigenstate dispersion re-
lations of the TD arrays of SWCNs in the domain of their
interband transitions as described by Eqgs. (54)-(E8]). Far
from this domain their low-energy EM response features
a thickness/substrate/superstrate-dependent Drude-like
metallic behavior given by Eq. (G3]).

Figures M and [B] present our numerical simulations to
show how the thermal broadening and a slight diameter
dispersion affect the EM response of a finite-thickness
SWCN film in the TD regime. We start with the longitu-
dinal (along the CN symmetry axis) dielectric functions
g|(w) for the five individual zigzag SWCNs in vacuum,
shown in Fig. @ (a). The SWCNs chosen are the semi-
conducting (16,0), (17,0), (19,0) and (20,0) CNs and the
metallic (18,0) CN — all of about the same diameter
centered at 21159y =1.41 nm. Focusing on the domain
around the first exciton resonance, we obtain their dielec-
tric functions g from U;Zt” of Eq. ([#2)), calculated using
the k-p method of the SWCN band structure calcula-
tions [28] with 7, =100 fs, followed by the Drude relation
g (w)= 1+ 8mioy(w)/Rw [30] with 0| = ayy of Eq. [@2).

Marked in Fig. Hl (a) are peaks of Ime)| and —Im(1/g))
to indicate the dipole interband electronic transitions F1q
(E92) and Py; from the CN first (second) valence band to
the CN first (second) conduction band [2§], to produce
the first (second) exciton and the first interband plasmon,
respectively. The latter one, though not that intensive,

FIG. 3. Reeyy/e (gray), Imey,/e (orange) and —Im(e/eyy)
(green) plotted per Eq. (B4) in the exciton resonance range
hw/Es~1 as functions of hw/Es and qd for dense (A/2R=1)
ultrathin SWCN arrays with R/d=0.5 (a) and 0.25 (b), and
as functions of hw/E,s and A/2R with R/d=0.5, gd=0.1 (c).

shows up in the domains where Ree=0 and Ime;— 0
(or Imojj=0 and Reoj— 0, accordingly [3d, 34]) due to
the Kramers-Kronig relation that links Ree| and Ime|.
The plasmon peak P89 of the metallic (18,0) SWCN

is due to the intraband transition that comes from U;Zt“]’
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FIG. 4. (a) The individual dielectric responses along the CN
axis (longitudinal) for the zigzag (16,0), (17,0), (18,0), (19,0),
and (20,0) SWCNs in vacuum, obtained using the k-p method
of the SWCN band structure calculations @] All graphs are
scaled down vertically by a factor of 10 for better visibility.
(b) The respective room-temperature dielectric response func-
tions along the CN alignment direction, calculated as given by
Eqs. ()-@4) for the ultrathin periodic arrays of the (16,0),
(17,0), (18,0), (19,0) and (20,0) SWCNs. See text for details.

of Eq. [@2). As a classical plasmon resonance it is highly
pronounced, while the interband (quantum) transitions
occur for the (18,0) SWCN at much higher energies out-
side of the domain presented. For each of the nanotubes
in Fig.[@ (a), their respective dielectric response functions
exhibit sharp resonance structures typical of vacuum and
known to get quenched by a dielectric background M]
To obtain the dielectric responses for the respective ho-
mogeneous SWCN arrays, presented in Fig @ (b) in the
same energy domain for comparison, we use our derived
Eqs. @I)-@4) with d = A = 2R yielding fcn = 7/4 for
their respective R, and T'=300 K for each of the arrays.
Other array parameters are taken to be the same for all
five of them: e=10, e; =€ =1, the first exciton transla-
tional effective mass M1;=0.4mq (mg is the free electron
rest mass) and the relaxation time 7, = 100 fs @, ]
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FIG. 5. The room-temperature (300 K) in-plane dielectric re-
sponse functions along the CN alignment direction calculated
for an ultrathin (~10 nm) weakly inhomogeneous TD film of
the MG-mixed (16,0), (17,0), (18,0), (19,0) and (20,0) SWCN
arrays whose individual responses are presented in Fig. [ (b).
See text for details.

The intensity decrease and large broadening can be seen
along with the red shifts of the exciton and plasmon res-
onances, overall just in the way prescribed universally by
the single-resonance approximation as per Eqs. (54)-(58)),
including the presence of the NR band.

Figure Bl presents an example of the in-plane dielectric
responses along the CN alignment direction for a weakly
inhomogeneous TD film made out of a quasiperiodic mix-
ture of the (16,0), (17,0), (18,0), (19,0) and (20,0) homo-
geneous SWCN arrays. To obtain these graphs, we use
the MG method as prescribed in Eqs. (#6) and (7).
For each array component in the mixture the thick-
ness is taken to be d = 3R and the intertube distances
Ay (a=1,..,5) are set to Agg0) = 6R, A7) = 2R,
A(IS,O) = 2R, A(1970) =5R and A(go)o) = 6R with R be-
ing the radius of the constituent SWCN of the respec-
tive homogeneous array. The resulting weakly inhomo-
geneous TD film comes out to consist of the (16,0), (17,0),
(18,0), (19,0) and (20,0) homogeneous SWCN arrays with
the relative weights of 0.1, 0.31, 0.33, 0.14 and 0.12, re-
spectively, to give the sum of weights equal to unity as
required and to make the film be composed of about 1/3
metallic and 2/3 semiconducting SWCNs which is nor-
mally the case experimentally ]. The dielectric re-
sponses of the individual array components are calculated
beforehand as described for Fig. @l (b) above. The overall
thickness of this film is estimated to be ~ 10 nm. We
also take into that in a real sample there may be other
CNs of different chiralities but of about the same diam-
eter, some of them may be bent, tilted and so may not
be equally spaced or precisely periodic. Therefore, the
curves in Fig. B are smoothed out to a regular shape.

Comparing Fig. Bl and Fig [ (b), one can see a much
stronger broadening for both exciton and interband plas-
mon resonances of the (just weakly) inhomogeneous film.



In contrast to its homogeneous SWCN array constituents,
the broaden interband plasmon resonance of the MG-
mixed film is almost as intensive as the exciton resonance.
Both resonances can now be seen to overlap a great deal,
thus making possible the exciton-plasmon coupling and
the respective exciton-plasmon hybridization. We believe
this sheds more light on the nature of the ultrastrong
exciton-plasmon coupling effect recently reported for self-
assembled crystallized CN films experimentally @] The
NR band of the weakly inhomogeneous TD film in Fig.
can be seen to expand and its range to shrink accord-
ingly, breaking the limits set up for homogeneous peri-
odic SWCN arrays by Egs. (B5) and (58)). The classical
intraband plasmon resonance, a low-energy feature of the
metallic (18,0) array component described by Eq. (E3)
and not shown in Fig.Hl (b), is presented in Fig.[Elas well.
Since we only have a single metallic CN component in our
model MG-mixture here, this resonance comes out very
narrow in the graphs presented. However, for instance,
having the metallic (16,1) and (19,1) SWCNs included,
with diameters of just 8% less and greater than that of
the (18,0) SWCN, respectively, would broaden this reso-
nance inhomogeneously as well. Furthermore, in addition
to the phonon scattering, intraband plasma oscillations
can be strongly quenched by the Coulomb electron scat-
tering, a scattering process that is suppressed for inter-
band transitions forming neutral excitons, thus to result
in a much stronger homogeneous broadening of the intra-
band plasmon resonance. In real self-assembled CN films
one therefore should expect this resonance to be largely
broaden, both homogeneously and inhomogeneously.

V. CONCLUSIONS

In this paper, we study the intrinsic collective quasi-
particle excitations responsible for the in-plane EM re-
sponse of the ultrathin plane-parallel homogeneous pe-
riodic SWCN arrays and weakly inhomogeneous SWCN
films in the TD regime. We use the low-energy plasmon
response calculation technique ﬂﬁ] combined with the
many-particle Green’s function formalism in the Matsub-
ara formulation ﬂﬂ] to derive the dynamical dielectric
tensor of the system in the broad spectral domain of mi-
crowave to visible (< 1-2 eV). This is where intrinsic exci-
tations, excitons and plasmons, are present in individual
constituent SWCNs [24, [29]. We use an approach that
works well as applied to molecular solids where individ-
ual molecules, represented by individual nanotubes in our
case, are weakly bound together by the van der Waals in-
teraction, and the EM response of the solid (a dense peri-
odic array or film of aligned nanotubes in our case) comes
about due to a locally induced single-molecule dipole
polarization propagating through the periodic lattice of
molecules to create the collective polarization of the en-
tire molecular solid. Our theory links the dynamical di-
electric response tensor of the SWCN periodic array to
the complex longitudinal conductivity of the constituent
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SWCN, a building block the array is composed of. The
SWCN conductivity can be calculated by a number of
numerical and analytical methods @, ﬁ’@], of which
to demonstrate the way our theory works we use the k-p
method of the SWCN band structure calculations based
on the Kubo linear-response theory @] Our model and
the results we present encompass the periodic arrays and
films formed by achiral SWCNs. Arrays of chiral SWCNs
require an extra analysis for collective gyrotropic effects,
which we will present separately elsewhere.

We show that the collective dielectric response can be
controlled by the volume fraction of constituent SWCNs,
the active component of the ultrathin TD film, and that
this can be done not only by varying the parameters of
the SWCN content, such as the CN diameter and inter-
tube distance, but also by merely varying the thickness
of the CN embedding dielectric layer. For homogeneous
single-type SWCN periodic arrays, the real part of the
dielectric response function is negative for a sufficiently
wide domain in the neighborhood of a quantum interband
transition of the constituent SWCN, to form a relatively
broad NR band that makes the system behave as a hyper-
bolic metamaterial at much higher frequencies than those
typically in the IR domain that the classical intraband
plasma oscillations have to offer @] By decreasing the
CN diameter it is quite possible to push this NR band
in the visible region, while using weakly inhomogeneous
multi-type SWCN films can make it even broader than
that of the single-type SWCN array.

The overall behavior we obtain theoretically for the
real and imaginary part of the in-plane dielectric response
of the weakly inhomogeneous SWCN film is very similar
to that reported experimentally for self-assembled SWCN
metamaterial films in Ref. [49], which is why we believe
that the NR band observed there for undoped samples is
most likely due to the inhomogeneous broadening as pre-
sented in Fig. Bl Electron doping would primarily affect
the intraband plasmon of a metallic CN component to
largely broaden and shift it to the blue, as evidenced by
our Eq. (B3)), due to the Coulomb scattering and electron
density increase, respectively, which is precisely what was
observed in Ref. [49] as well. Our theory thereby indicates
that the periodically aligned, homogeneous and weakly
inhomogeneous ultrathin TD films of SWCNs are excel-
lent candidates for the development of a new generation
of advanced multifunctional optical hyperbolic metasur-
faces, to push the NR band and the respective hyperbolic
response (typically pertinent to the IR, @]) into the op-
tical spectral region, with characteristics adjustable on
demand by means of the SWCN diameter, chirality and
periodicity variation.
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Appendix A: Proof of Eq. ([30)

Under constant illumination by low-intensity external monochromatic radiation polarized along the nanotube align-
ment direction, by virtue of the linear response theory in the exciton-radiation interaction and associated fluctuation-
dissipation theorem @], the averaging over all possible SWCN array quasiparticle configurations can be done in the
form of a general equilibrium statistical ensemble averaging as follows

<-~->:eﬂQTr(e_'6H-~-) with e_BQ:Tr(e_'QH), (A1)
where H = ﬁo + ﬁmt is the total Hamiltonian (I8]) of the system. For the reasons explained in the main text we

choose not to use the diagonalized form (I9) of the total Hamiltonian here. Instead, we proceed in the standard
way ﬂﬂ . |, working in the noninteracting exciton Hilbert space

TTine - T Zh (A2)
$,q * s,q V Nsxq!

with the noninteracting particle number operator defined by equations Ny 4N, ) = Bl BsgINsq) = N g|Nsg),
whereby the equilibrium statistical ensemble averaging procedure (ATl takes the followmg exphc1t form

(«-) = e Tr[efﬁ(Hme) ] = Pl H Z (N, q| e PHT ) LN, . (A3)
8,4 Ng ¢q=0

In particular, in the absence of the intertube interaction f[mt this takes the form

<.-->O:€BQO’I‘I'|:6_ﬂHO"' _e,BQOH Z )qle_'@HO"'|Ns,q> (A4)
$,q qu—o
with
B _ — 1ol ’ lq’ !
e — Ty (e~ Ho) HNZO R A RS | ey )
8¢ Neg= >

This consistently gives the mean exciton occupation number of a noninteracting boson form

1

Ns,q = <Ns,q>0 = <BI,qBS,q>O = eBEs(a) — 1

(A6)
with no chemical potential in it since only one exciton can be thought of being present in the system at a time, which

is typically the case for not too high irradiation intensity.
For the noninteracting SWCN array the averaging in Eq. ([29) takes the form

(Trdy(g,7)dy (4, 0))0 = O(7)(dy (g, 7)dy (=4, 0))o + O(=7){dy (~q,0)dy (g, 7))o, (A7)
where O(1) is the theta-function, to give
hg A A
P i) = =3 [ dre " d, (.7, (0.0 (A8)
with
dy(q,7) = eTH‘)ciy(q)e_THU (A9)

and the (Schrédinger-picture) induced dipole moment operator d 4(q) defined in terms of the exciton creation and
annihilation operators per Eq. ([I8]). Using the Baker-Hausdorff lemma (see, e.g., Ref. [93])
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it is easy to show that

eTHOBS,qe_THO =e "B, ,, eTHUB;qe_THO = eTESB;q . (A10)
Inserting Egs. (A9) and (AIQ) in Eq. (A8) leads to
(0) . m*w2(q)d T —Es7/h i EsT/h; Rt
P i) == s | dre Z| (s1By 02 (™ 7/ ( By B o + ™7 /M(B _,Bo-g)o). (A11)

This can be easily integrated to give

*w2(q) -BE, _ 1 BB _
PO (g, i) — — (@) T (BuyBl Yo+ (Bl B._ A12
i) =~ AP (g BaBlado + L g p BhoaBumah) (412

due to the constraint iw=2nm/hf (n is an integer) on the Matsubara frequency for bosons ﬂﬂ, ], yielding e™"f = 1.
From Eq. (A12]), using Eq. (A6), the boson commutation relations, and the fact that E;(q) is an even function of ¢,
one finally arrives at Eq. (30).

Appendix B: Proof of Eq. (37)
For the interacting SWCN array, per Eq. (A3), the positive-7 statistical averaging in Eq. (29) with the Heisenberg-
picture dipole operators explicitly written is of the form
P TI.[e—ﬁ(ﬁo-i-ﬁmt)TTeT(ﬁo-i-ﬁmt)Czy (q)e—T(ﬁo-‘rﬁim)Czy(_qﬂ , e P— Ty I:e_ﬂ(HO'i‘I:Iint)} .

This can be equivalently recast (see Ref. ﬂﬂ] for details) by writing all the operators in the interaction representation
defined by Eq. (A9), to take the form

e Te[e T, S(8)d, (4. 7)1y (~.0)] (B1)
with
P =Tr[e="MoS5(8), (B2)
where S(3) stands for the S-matrix defined as follows

KA )

S(ﬂ):TTexp{—%/o dr Hip(7)] = Z l/h H/ dri T Hiy (7). (B3)

= 7,7=1

The S-matrix series expansion (B3]) produces a series of summands in Eq. (BIl), which after the 7-ordered operator
pairings have been done per Wick’s theorem, can be classified in terms of the two types of Feynman diagrams. They
are disconnected and connected diagrams (with and without ”bubbles”, respectively). More specifically [77], the n>1
terms of Eq. (B3]) generate in the exponential factor of Eq. (B2) the (vacuum polarization) disconnected diagrams of

increasing order in H;y,, (75), which cancel out exactly the disconnected diagrams of the trace expression in Eq. (BI).
As a result, Eq. (BI) takes the form

e?20 T [e= PO S()dy (g, 7)dy (~q,0)] = (T-S(B)dy (¢, 7)dy (—q,0))o (B4)

with (---)o defined by Eqs. (Ad) and (A5) where only the connected diagrams are to be retained and summed up.
The interacting SWCN array polarization of Eq. (29]) takes the form

1 . .
Pufavis) = = [ dretn(1,5(5)d, 0.7, (0.0}, (B5)

accordingly. Here, all the operators are written in the interaction representation defined by Eq. (A9) and the averaging
with the S-matrix of Eq. (B3] expands explicitly as follows

o0

@5 @d 0y 000 = S T [Ty [ (0 ) i) i)y 00, (B6)
n=0
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Putting in here the perturbation H;p,, in its explicit form () brings the right-hand side of Eq. (Bf]) to the form

1/h /dTl /dTn d

or more explicitly,

Zd (q1,71)d

(Tody (0, 7)dy (g, 0))0 — o= 3 / dri (T, (a,

—n, Tn)dy(_Qu O)>07

_Zd QnuTn

Q1771) o

T)Czy(QL Tl)ﬂzy(—fh, Tl)CZy(—‘Jv 0))o

Fwo /dTl/dT2 d T)Czy((hﬂ—l)czy(_(huTl)(iy(q277—2)(iy(_q2u7-2)Czy(_q=O)>0_"'-
q1

This, after the pairing of the induced dipole operators per Wick’s theorem with only the connected Feynman diagram

terms retained, gives

(T-S(8)dy (g, 7)dy (—q,0))0 = (Tody (g, 7)dby (— g, 0))0 — / dﬁ(TTCZy(qaT)Czy(—qaﬁ)>oh2—;<TCi (¢:71)dy (—4,0))o0
/ dﬁ/ dra (T, (0. 7))o (T (a7 (0720 (Trd (g 2)dy (0o = (BT)

In here, it is reflected that only the summands with ¢ = ga=---

= ¢ produced by the pairing as shown can contribute

nonzero trace values for the trace taken over the complete set of states (A2)) of the noninteracting exciton Hilbert space.

Substituting Eq.
bosons (see Ref.

hs
Pyy(q,iw)z/dTe“‘”Py(g)(q,T),
0

(0)(qa T — T

w=w, =

in Eq. (BA) and using the Matsubara (complex-time) function Fourier transform properties for
]), summarized in our case as follows

2mn

S n=0,+1,42,
h/@?” b) b) b) b

—iwn (T—7") (0)
hﬁ Z P (qa an)

H(Wp—w, /)T _ . *iwn("'*T,) — _
hﬁ/dTe = Ownw, thZe =4(r—71'),

one obtains an infinite series
) . 27
Pyy(q,iw) = Py(g) (q,iw) + P;g)(q iw)— ™
which can be rewritten in the closed form

Pyy (q’ iw)

that results in Eq. &1).

= P{y)(@1) + P (g,iw) -

2 2
Pi(q,iw) + Pi9)(a,ie0) = PfJ) (q. 1) T PY) (g, i) + -
0 0

2 .
Pyy (qv Zw)
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