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Abstract. We investigated the possibility of the homogeneous and isotropic
cosmological solution in Weyl geometry, which differs from the Riemannian geometry
by adding the so called Weyl vector. The Weyl gravity is obtained by constructing the
gravitational Lagrangian both to be quadratic in curvatures and conformal invariant.
It is found that such solution may exist provided there exists the direct interaction
between the Weyl vector and the matter fields. Assuming the matter Lagrangian is
that of the perfect fluid, we found how such an interaction can be implemented. Due
to the existence of quadratic curvature terms and the direct interaction the perfect
fluid particles may be created straight from the vacuum, and we found the expression
for the rate of their production which appeared to be conformal invariant. In the
case of creating the universe “from nothing” in the vacuum state, we investigated the
problem, whether this vacuum may persist or not. It is shown that the vacuum may
persist with respect to producing the non-dust matter (with positive pressure), but
cannot resist to producing the dust particles. These particles, being non-interactive,
may be considered as the candidates for dark matter.
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1. Introduction

The local conformal invariance seems to be a good candidate to become the fundamental
symmetry of the Nature. It looks very plausible if one suppose that the universe was
created “from nothing” [1].

Nowadays this idea is advocated, among others, by Roger Penrose[2] and Gerard
't Hooft[3]. But the first claim was made by Hermann Weyl[4] a little bit more than
one hundred years ago. He tried to construct the unified theory of gravitational and
electromagnetic interactions in a pure geometrical way. In order to achieve such a
goal, he invented the new geometry, which we call now the Weyl geometry. It differs
from the Riemannian geometry by adding to the metric tensor some vector (1-forms).
Hermann Weyl discovered that in order the whole theory to become invariant under
the local conformal transformation of the metric tensor, this new (Weyl) vector has to
undergo the specific gauge transformation, that is why he decided to consider it as the
electromagnetic vector. It is well known that Albert Einstein criticized such a theory
(second clock problem and all that) and it was abandoned. Nevertheless, if one considers
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the Weyl vector as just the part of the geometry (with no link to the electromagnetism),
then the Weyl gravity remains the beautiful example of the non-Riemannian conformal
invariant theory.

Our interest in cosmological solution in the Weyl gravity arises from the fact that
requirement of the local conformal invariance in the Riemannian geometry leads to
the conclusion that all the homogeneous and isotopic space-times are just the vacuum
solutions. The aim of present paper is to investigate this problem in the framework of
Weyl geometry.

2. Introduction to Weyl geometry

The differential geometry is completely determined by the metric tensor g, and
connections Ffw (x), the former provides us with the interval between the nearby points,

ds* = g, dztdz”, (1)

while the latter serves for defining the parallel transfer of vectors and tensors and their
covariant derivatives

V" :l‘f/\+l“f(yl”..., (2)
“comma” denotes a partial derivative.
The curvature tensor R,  is constructed solely of Ff;u, namely
or+ or”
Ru — vo VA+FM F% _Fu %’ 3
VAo 81’)‘ Oxr° A\ vo o+ VA ( )
as well as its convolution, Ricci tensor R,
RMV = R)\,u)\u‘ (4)

The curvature scalar is R = g"" R, .
It appears possible to calculate them, if one knows three tensors, the metric tensor
Juv, the torsion S’\W and the nonmetricity Qx..,, where

A 1T A
S =10 —Th, (5)
Q)\/u/ = v)\glﬂ/7 (6)
namely
A A A A
FMV_CHV_I_K;W_‘_L;W? (7)
where C’AW are Christoffel symbols,
1
C)\/,I,I/ = i.g)\n(gﬁu,u + gnu,u - g;u/,n) (8)
and
1
A A A A
K;w 5(5 ;LI/_S;L I/_Sl/ ,u)’ (9)
1
LA;W = 5(62)\“1/ - Q,u)\u - QVA;L>' (10)
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Note, that, using the Christoffel symbols as the connections, we can construct another
covariant derivative, the metric one, different (in general) from V,, which will be denoted
by a semicolon “;”.

The lowering and raising of indices are performed by the metric tensor, g, and its
inverse g" (g"” gyx = 0% ), correspondingly.

With such a classification scheme the Riemannian geometry appears the simplest
one. Indeed, in this case S AW =0, Qaw = 0, and the metric tensor describes everything.
Moreover, the curvature tensor R, , possesses the additional algebraic symmetries (by

definition, it is skew-symmetric in the second pair of indices)

Rure = Rrow = —Rupre = —Ruwor, (11)

R\, + R\ + RY, =0, (12)
and obeys the Bianchi identities

R o T B re T B g = 0. (13)
Besides, Ricci tensor is symmetrical,

R, = R,,. (14)

The Weyl geometry starts to fill the next level. The torsion tensor is still zero,
S*,, =0 (T, =T,,), but the nonmetricity is not,

Q)\/u/ = v)xg/u/ = A)\glﬂ/7 (15)

the 1-form A, is called the Weyl vector. Accordingly, the connections are

A A A
FW = CW + WW, (16)
1
Wy, = _5(,4“53 + A5, — Agp), (17)

where 07 is the Kronecker symbol.
The curvature tensor R, )., is, of course, skew-symmetric in the second pair of
indices, but some other symmetries are lost. Instead,

Ruo + Rupne = 2F\0 G, (18)
Rivre — Raopw = % (Fuo9ux — Furgve + Furgus
— Foogur + Fuwgne — Froguw) - (19)

In spite of this, the cyclic sum remains zero

Rne + Ruoun + Ruxer = 0. (20)
The Ricci tensor is no more symmetric,

R,y — Ry = Foo. (21)
Here I}, is the strength tensor,

Fo,=V,A -V, A=A, —A =44, —A,.. (22)

In 1919 Hermann Weyl proposed the unification of the electromagnetic and
gravitational interactions based on such a geometry.
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3. Local conformal transformation and Weyl gravity

Hermann Weyl claimed that the gravitation should be invariant under the local
conformal transformation

ds* = Q*(2)ds* = O*(2) g da’dz”, (23)

like the classical electrodynamics. Here Q(z) is the conformal factor, and we denote by
“hats” the conformally transformed quantities. Note, that the conformal transformation
does not change the coordinates. Christoffel symbols are transformed, evidently, in the
following way

1 o R ) )
C, = M (Pho) w + (PGon) p — (G1) o)

2027
A Q Q Q
_ A JE9N RZEON K AR A
= CMV + (ﬁéy + ﬁ(h - ﬁg gmj) . (24)
Following Weyl’s idea, let us postulate that
A A
=T (25)
Then, since '), = C7, + W,

1
Cpy = 5 (A0 + A8 = Ag,)

~ 1 - ~ ~
=C, - 5(Aﬂéﬁ + A8y — 9 As ) (26)
Substituting the Eq. (24]) and making the convolution, say over A = v, one gets readily
. Q
Au:A,ﬂLQﬁ“. (27)

It would become the gauge field, like in the classical electrodynamics.

A

sy 1t 1s evident

Since both curvature and Ricci tensors are constructed solely from I'
that
Ruu)\o = Ruu)\o’ (28)

R, = Ry, (29)

Trying to incorporate the electrodynamics into the geometry, like the gravitation, and
to construct the gravitational Lagrangian, like the electrodynamics, H. Weyl postulated
the following conformal invariant action integral

Sw = / Lwv—gd's, (30)

Lw = a1 Ruro R + ay R, R™ + agR* + ay F), ™. (31)

Note that the curvature scalar R is not conformal invariant, the conformal invariant
combination is R?,/—¢g. We will call this “the Weyl gravity”.

The total action integral consists of the gravitational part, Sy, and the action for
the matter fields, Sy,

Sior = S + e S = / Lon/=gd'z. (32)
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Indeed, to get the conformal invariant equations of motion it is sufficient to have the
conformal invariant variations, 6.5, of the matter action integral. Thus, the requirement
for total action to be conformal invariant seems too strong. It is important to note, that,
while the Weyl action is conformal invariant, the matter one, Sy, is not necessarily has
such a property, but, its variation, .Sy, is required to be conformal invariant. Indeed,
to get the conformal invariant equations of motion it is sufficient to have the conformal
invariant variations, 65y, of the matter action integral. Thus, the requirement for total
action to be conformal invariant seems too strong.
By definition,
39, / T (3G )v/=g d'z — / GH(5A,) /=g d'x

oL
+ / 5—3(5@)\/_—g d*z, (33)
where G* is some vector that can be called “the Weyl current”, and ¥ is the collective
dynamical variable, describing the matter field, the matter motion being determined by
the Lagrange equation 65/d¥ = 0.

Since
R o0
59;11/ = QQQW(5Q) = 29#1/67 (34)
Q Q
0A, =20 (ﬁ) = 2d(log Q),u = 2(d(log Q))u =2 <%) , (35)
o
then,

08 08
88 =0= —/Tﬂ”gw (ﬁ) V—gd'z —2 /G“ (ﬁ) V—gdiz, (36)
"
and one obtains, after removing the full derivative,
2(G*) ., = TraceT™". (37)

This can be called “the self-consistency condition”. Note, that it contains not the Weyl
covariant derivative, but the metric one. The self-consistency condition must be added
to the field equations, which we will write down later for the homogeneous and isotropic
cosmological space-times.

4. Perfect fluid

In what follows we will consider the perfect fluid as the matter field and choose for its
action integral the following one[5],

S —/5(X, n)yv/—gd'z + /)xo(uuu“ —1)y/—gd'z
+ / A (nut). /=g d*x + / Ao X uty/—gd'z. (38)

The dynamical variables are the particle number density n(x), the four-velocity u*(z)
and the auxiliary variable X (z).
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The corresponding equations of motion are the following

Oe
m: ———XAu’ =0,
n oy~ Mol 0 (39)
dut =2 ouy — A n + XX, =0, (40)
Oe -
0X : — 8—X - ()\2” );0 =0. (41)

The variation of the Lagrange multipliers Ag, A\; and A5 i,pose the constraints, the four
velocity normalization u*w, = 1, the particle number conservation (nu*),, = 0 and the
enumeration of trajectories X ,u* = 0, respectively.

Contracting the second equation of motion with u* and using the constraints, one
gets
Oe
on’

the last equality follows from the first (scalar) equation of motion. Introducing the

200 = nAou’ = —n (42)

hydrodynamical pressure p by the usual relation

Oe

_ e 4
p=ns-—c (43)
one obtains, eventually,
2)\0 = —(E —l—p) (44)

The variation of the metric tensor gives us, by definition, the energy-momentum
tensor TH.

5™ = [T(59,)v=gd'a
1
= — —/5g‘“’(5gw)\/—g d*z —I—/)\ou”u"(dg,w)\/—g d'z,

2
1
—3 / AL 9" (8guw) V=g d'x, (45)
where we already made use of the constraints. Hence,
TH = eg"” — 2 gu"u” 4+ nAy ;u’g"". (46)

Substituting the expressions for Ay and A; ,u”, one arrives at the famous expression
T" = (e + p)utu” — pg"”. (47)

Our aim is to study possible modifications of the perfect fluid action integral due
to the transition from the Riemannian to the Weyl geometry. To do this, let us consider
the behavior of single particle in the given gravitational field. It is very well known that
in the case of Riemannian geometry the only possible choice is

dzt dxv
S = = [ 5= [\ 20 o (18)

where m is the rest mass of the particle, 7 is its proper time, and the dynamical variable

is the trajectory z*(7). Then, the least action principle d.Sp..¢ = 0 leads to the geodesic
motion, u,,u” =0 (u# = dat/dT).
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But in the case of the Weyl geometry there exists yet another invariant, B,
_dx*

=0

The possible structure of the action integral becomes more complicated

Syt = / £(B)ds+ / fo(B)dr — / { fL(B)/gma@+ fo(B) ydr,  (50)

with some arbitrary functions fi(B) and f3(B). The corresponding equations of motion

— n p
B=Au" u

(49)

are

B = ((F(B)+ 15 (B)Ar = fi(B)us) B

+ (f1(B) + fo(B)) Fyuut, (51)
Fyy=A,— Ay (52)
Since Fy,urut = 0 and uy,,u* = 0, the above equations are self-consistent if either
(F+)B—fi=0 (53)
or
B, u" = 0. (54)

How to insert the interaction with the Weyl vector A, into the perfect fluid
Lagrangian? Evidently, the new invariant B = A,u* is tightly linked to the particle
number density n. So, the simplest way to make the replacement

n — @(B)n, e=c¢e(X,p(B)n). (55)

Here ¢(B) is some arbitrary function of this new invariant with ¢(0) # 0. This causes
the contributions, G*[part], to the Weyl current and to the energy-momentum tensor,
TH[part], namely

G*[part] = i/((]s)) (e + p)u*, (56)
TH [part] = (¢ + p) <1 — BS;/((]]:))) ufu” — pgh”. (57)

How about the particle number conservation law, (nu*)., = 07

5. Particle production rate

The investigation of process of particle creation from vacuum fluctuations of scalar fields
[0 [7, 8] showed the main role played by the so called conformal anomalies. The local
part of them can be described by inclusion into the gravitational action integrals some
combination of the terms quadratic in curvatures (in the one-loop approximation of
the quantum field theory). Since the Lagrangian of Weyl gravity consists just of such
quadratic terms, the particle creation must take place. Thus, we have to have

(), = ®(in), (58)
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Note, that the covariant derivative here is the metric covariant derivative, associated
with the Christoffel symbols. Only in this case the volume integral of the left-hand-
side is completely converted into the surface integral and equals the particle number
flow across the boundary. “The law of creation” ® depends on some invariants. The
simplest way to take this into account in the perfect fluid Lagrangian is to modify the
corresponding constraint[9].

Thus we arrive at the following matter action integral

Sm = — /E(X,QO(B)n)\/—_gd% - /)\o(uuu” —1)/—gd*x
+ / A ()., — ®(inv)) /=g d'z + / Ao X ut/—g d'z. (59)

Since the Weyl gravity is conformal invariant it seems natural to check the behavior
of the creation function ® under such a transformation. One has

~ ~

n ut —
nzﬁa u”:ﬁ’ V_g:Q4\/_> (60)
hence
(nu“) _ (nu“ /_—g) — 1 (iggf —@) _
= o= =
V=g \ ¥ Q No

- \/—_(ﬁa“ —3) s (61)

and we obtain, that (nu*),,,/—g is conformal invariant. It is not at all surprising because
the number of particles can be just counted.

Let us assume that there are no classical fields, and the particle are created solely
by the vacuum fluctuations (i.e., by geometry).

In the case of the Weyl geometry we are ready to write down the result for the
creation law,

® = ) Ruro R + bR, R + a4 R? + o, F,, ™ (62)

(for the reasons described above, we are interested only in quadratic terms). This
equation is, surely, not unique. Our choice was dictated by the assumption that classical
fields are absent (only the geometry), and the restriction to the quadratic terms in
curvatures was justified by the reference to the Weyl geometry. Surely, ® will contribute
both to the Weyl current (G*[cr]) and to the energy-momentum tensor (7#*[cr]).

It is widely known that in the Riemannian geometry the only conformal invariant
combination which is quadratic in curvatures is the square of the Weyl tensor, so

(nut),, = nC?, (63)

where 1 = const, and C? is the square of the Weyl tensor C,\,. Exactly the same
result were obtained by Ya. B. Zel'dovich and A. A. Starobinski in 1977 [6] while they
studied the particle creation by the vacuum fluctuations of the massless scalar field on
the background metric of the homogeneous and slightly anisotropic cosmological space-
time obeying the Einstein equations. Now it becomes fundamental for any Reemannian
geometry, irrespective of the form of gravitational Lagrangian.
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6. Cosmology

By cosmology we understand the homogeneous and isotropic space-times described by
the Robertson-Walker metric,

ds® = dt* — a®(t)dI?, (64)

2
dli? = Yijda'dz! = 1 frk:r? + 72(d6? + sin® 0dyp?), (k= 0,%1), (65)

with the scale factor a(t).
Due to the high level of the symmetry one has, in the Robertson-Walker metric,

Au - (AO(t)> Oa 07 O)a (66)
from where it follows, that

F,., =0. (67)
Also

Ty = (15, T = T3 = T3) = T;(t). (68)

Clearly T} = (1/3)(T — 1Y), T = TraceT*” and we need to know only 79 and 7.

Since Ag(t) = A(t) + 2(Q/9Q), it is always possible to find a gauge with A(t) = 0,
which we will call “the special gauge”, and the corresponding solutions may be called
“the basic solutions”. Side note: B = A, u” = 0, and all the functions of B are converted
into the set of some constants.

We are not allowed to put A, = 0 prior to the variation process because 64, # 0.
Hence, one should extract first the variation §5/0A, and evaluate G*|cr],

[ Grea) Rt = [ a0 5 oa, v (69)

The left-hand-side of the corresponding gravitational equation will then be obtained

simply by putting A\; = 1 (and without “primes”). The detailed calculations will be
presented in the Appendices A and B, here we give the final result,
GFler] = — 2(20] + ag) A\ R*™ — (o + 605) N/ R
— 2(a) + o + 3ag) \ R, (70)
where we already took into account that for any homogeneous and isotropic space-time
the Weyl tensor C,,5, = 0. In cosmology R® = R)(t), R® =0, R = R(t), RY = Rjg",
R} = (1/3)(R — RY), and one has

G'[er] = 0, (71)
GOler] = —2(2a) + %)M RS — (o 4 604) M R

—2(af + oy + 3as) M R. (72)
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Now we can safely jump to our special gauge A = 0, where we will be dealing,

essentially, with the Riemannian geometry. The gravitational Lagrangian, Ly, becomes
Lw = a1 Ryupo B + as Ry R™ + agR? + auF, F™

= aC? + BGB + YR* + auF,, F*", (73)

where C? = C\,,\,C*"*?, Cpns — Weyl tensor, which is the completely traceless part
of the curvature tensor

1 1
C;u/)\a = R/u/)\a - _Ru)\gl/a + §Ruagu)\ + §RV)\RMO'

2
1 1
- §RVUR;L)\ + BR(guAguo - guogw\)a (74)
GS is the Gauss-Bonnet term,
GB = R\ R" — 4R, R" + R?, (75)
and
o] = o+ ﬁ (76)
Qg = — 200 — 4ﬁ (77)
1
a3:§a+ﬁ+7. (78)
One can put C?* = 0 and F,F* = 0 straight in the Lagrangian, because

Chune (6C*29) = 0 and F"(5F,,) = 0. Moreover, in 4-dimensional space-times the
Gauss-Bonnet term is a full derivative, so it has no effect on the field equations. Thus we
are left with only one term, vR2. But in the creation function ®(inv) we can not neglect
the Gauss-Bonnet term, because it enters the matter Lagrangian with the multiplier

)\1(1’)

Let us rewrite G°[cr] using new set of coupling constants,
G°ler] = 48MRY — 2(8 + 37) MR — 69\ R. (79)

We see that o/ does not appear, as it should be, and dependence on 8’ disappears for
A1 = const, as it should be.
Finally, we write down the result for T'[cr] and T9[cr| (for detailed calculations see

Appendix B),
Tler] = M (88'R) — 48'R — 129'R)

— 4\ (5'%(3 +2RY) + 6+ R+ ng)
C1onA(B 4 3%3). (80)
T0fer] = wxlgRg _ 4 + 37’))\1%]%
— 7'\ <12%R + R(4R) — R)) : (81)

We are ready now to present the complete set of equations for the cosmological
space-times filled with the perfect fluid.
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Vector:

—6vR = G°. (82)
Tensor:

— (12%1% + R(4RS — R)) =1, (83)

. Q

—12~ (R + 35}2) =T. (84)

Self-consistency condition:
GOa3Y
P N R (85)

a3
It is quite clear that the self-consistency condition is just the consequence of the vector
and trace equations.

Ricci tensor and scalar curvature are

a
R) = —3—, (86)
.. . 2 k‘
R:—6<g+at ) k=0 +1, (87)
a a
Of all the perfect fluid equations of motion only two are survived,
: E+p
A= —
1 n ) (88)
(na’) .
5= d(inv), (89)
where
4
®(inv) = -3 B'RH(2R — R) + +'R?. (90)
Remember that
H(0
G = G°[part] + G%er], G[part] = %(5 +p), (91)
1Y = Ty [part] + Tolcr], Tylpart] = e(p(0)n), (92)
T = T[part] + T[cr], T[partj=¢—3p, (p= n% —€). (93)

The appearance of quadratic curvature terms suggests that we are dealing, actually,
with the physical vacuum of the quantum field theory. This vacuum may produce
particles — quanta of the vacuum fluctuations of some fields. We assume that the
classical fields that may also create particles, are absent.

Let us suppose that the universe was created from “nothing”[1]. Most possible,
it was initially empty, i.e., without particles. Then the question arises whether this
vacuum persistent or it is just the initial state. Therefore we are in the situation when
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physical vacuum is able to create particles, but does not do this. It means that the
creation law function is zero, but not all the coefficients (5’,4') are zero,

®(inv) =0, |B]+[]#0, (94)

4

SV RO(2R; — R) = ' R”. (95)
In the absence of particles n =0

G°[part] = T°[part] = T[part] = 0. (96)
Let us have a look at the equation

‘ E+p

A= — . 97

=== (97)

It has quite a different solution, depending on the kind of matter particles. Namely, if
(e+p)/n— 0 for n — 0, then

A1 = const, (98)
but for the cosmic dust matter, € + p = p(0)n,

A= —p(0)(t — o). (99)
Consider first the non-dust matter. Then, for the general values 3’,7’ # 0 one has

A\ =const, R=CE¢R), —  (3YE+45(£—2)(R)* =0. (100)

—6(y—7YM)R =0, (101)

e
12— a0 B o, (102)
—(q—yxg(ng+JaR—4R$):0. (103)

In the case v # 7'\ (A1 is arbitrary),

R=o0, (104)

and either we have the (flat) Milne universe (R = RS = 0) or £ = 4 — de Sitter universe
for g+ 6+ = 0.
Let v = 4'\q, note that is not a special condition, but the solution for A\;. Then,
there exists the persistent vacuum with
a+k= C’Oaé, Cy = const. (105)

We suspect that such a vacuum is unstable like the de Sitter vacuum in quadratic
gravity, but do not study this problem here, mainly because the persistence of vacuum
with respect to the creation of dust particles is not yet investigated.

Let us now come to the dust matter case. First of all,

A = —o(t —tg), o = const. (106)
Then, the pregnancy implies (see Eq. (I00))
R=¢Ry, —  (46'(€—2) +37¢€*)(Rg)* = 0. (107)
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The gravitational equations can be rewriting as follows (we omitted the tedious details),

= 6(y = @7/ (t — to)) R = 2'p(R — 2R) + 67/ R, (108)
120y - 7t - t0) Ee) = 4 (1 2R) (109)
+ 247 oR + 367’@%1%, (110)
(= o7t~ 1) (122 R+ R(R ~ 4RY)) (111)
= 45@03(3 —3R)) + 127@0%3. (112)

Comparing the first and the third equation, we see that
R(R — 4R)) = 0. (113)

Hence, either R = 0 — then R) = 0 and we have the (flat) Milne universe, or R = 4R}
— then ¢ = 4, and it follows from the pregnancy condition (I07) and the first equation
that R = 0, i.e., we have the de Sitter universe

Note, that £ = 4 only if §'+ 6+’ = 0. This means that for any other combination of
B’ and ~' the universe starts to produce dust particles immediately after its own birth.

7. Discussion and conclusion

In this paper we considered the application of Weyl gravitational theory to cosmology.
By cosmology we understand the homogeneous and isotropic model with the Robertson-
Walker metric. The Weyl gravity[4], by definition, is invariant under the local conformal
transformation. If one suppose the same type of invariance in the case of Riemannian
geometry, then all the cosmological metrics (homogeneous and isotropic) would appear
to be the vacuum solutions|10, [11].

We observed that the action integral for the matter fields is not obliged to be
conformal invariant. It is its variation that has to obey such a requirement. In the
Riemannian geometry, this conformal invariance condition leads to the tracelessness of
energy-momentum tensor. However, in the Weyl geometry non-zero trace is allowed
provided that there exists a direct interaction between the matter fields and the Weyl
tensor, A,, which we consider just as a part of the geometry. We found the corresponding
self-consistency relation.

We found that for the cosmological space-times strength tensor F),, = A, ,—A,, =
0 (due to the high level of symmetry). Thus there exists the special gauge with A4, =0,
i.e., the cosmological observers do not “feel” it at all, and one can safely think he is
dealing with the Riemannian geometry.

For the matter fields we have chosen the perfect fluid and wrote the corresponding
Lagrangian in the form suggested by J. R. Ray[5], where the particle number
conservation law enters explicitly as a constraint. The Weyl gravitational Lagrangian
contains the terms, quadratic in curvature. It is well known from the early 70s (of
the last century) that the such terms describe the conformal anomaly responsible for
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the particle creation[13] 14} [15, (16, 17, [I8] in one loop approximation of the quantum
field theory. Therefore, we modified the corresponding constraint by allowing for the
particle to be produced[I0] I1]. It is clear that this new term in the matter Lagrangian
will produce some additional terms both in the Weyl current G* (the result of matter
Lagrangian variation with respect to the Weyl vector A,) and in the energy-momentum
tensor TH.

In order to determine the needed interaction between particles and the Weyl vector,
we investigated the Lagrangian for single particle, moving in the given Weyl geometry
(described by the metric tensor g, and Weyl vector A, ).

We found that the well known Lagrangian can be generalized by introducing the
two functions of the new invariant B = a,u", where u* is the four-velocity of particle.
We derived the equations of motion and found that there are the conditions to be
imposed in order to avoid contradiction. It appeared that in the case of cosmology they
are satisfied automatically in our special gauge, making the latter quite physical. The
insertion of these results into the perfect fluid Lagrangian was straightforward.

Since the whole theory was constructed as being conformal invariant it was
reasonable to test the modified constraint — the rate of particle production

()., = VI gy (114)

[ \/_—g

The number density n = n/Q%, u* = 4*/Q, \/—g = Q*/—g, where Q is the conformal
factor. Evidently ®/—¢g must be conformal invariant. This result is of great importance,
because it does not depend on the gravitational Lagrangian. In the absence of classical
fields (what is already assumed by choosing the perfect fluid, consisting only of particles),
the only choice for ®(inv) is the combination of exactly the same terms as in the Weyl
gravitational Lagrangian, but, in general “primed” coefficients. Naturally, we restrict
ourselves to the quadratic terms, in order not to go beyond the one-loop approximation
of the quantum field theory.

Note, that in the Riemannian geometry (and, particularly, in General Relativity)
one has no other choice for ®(inv), but the square of Weyl tensor. In 1977 Ya. B.
Zel'dovich and A. A. Starobinskii[19] obtained the analogous result when considering the
scalar particle production from the vacuum on the fixed background of the homogeneous
and slightly anisotropic cosmological model. But now it becomes really fundamental.

Let us suppose that the universe was created from “nothing” [I] by some tunneling
process, then, most probable, it emerged in a vacuum state. The question, therefore,
arises, can such a vacuum state persist or it is served just as an initial state. There are
two quite different cases with quite different answers, the non-dust and dust ones, with
the positive and zero hydrodynamic pressure, correspondingly. Of course, in both cases
there exists the Milne Universe (locally flat space-time) as the solution, but it does not
suit us because the emerging universe should be closed. Also there exists the de Sitter
solution for the special relation for the “primed” coefficients. In the general case such a
vacuum exists in the non-dust case, but it does not exist in the dust case. This means,
that the universe, just after emerging from the quantum vacuum foam, starts to produce
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dust particles. These dust particles do not interact with each other (by definition) and
may represent the dark matter.
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Appendix A

Here we derive the part of the Weyl Current arising from the creation law in the matter
integral, i. e., G*[cr]. By definition (see Eq. (69),

/G“[cr](cSAu)\/—g d'x = 5/A1(I>(inv)\/—g d*x, (A.1)
where according to the creation law

®(inv) = a’lRZZ;\Z + ayRly 4+ a4R? + o F, B (A.2)

In order to obtain the left-hand-side of the vector gravitational equation, one should
simply put A\; = 1 and omit “primes”.
Let us start with the o) term. One has

Ila)] = / G| (5A,) = 2 / MR (SRE )/ =g d'z. (A3)
The remarkable Palatini formula reads
ORy,, = VA(IT),) — V,(3T))) (A4)

Remembering that now 0I'% = dW}/  and neglecting full derivatives, one gets

I(o) = —4d, / {VA(MR,7) + 20 R A} (W) /=g d'x

= — 4 / G g™ O 977 VAR ) (W) =g d'z.  (A5)
It follows, then
o] = g™ {7 MR a) + 87 Tr MR )

— " VAMR ) (A.6)
Since Ry, = —2Fyq and RY,,,,, = —Ryry,
GM'af] = —2aig™ {QQMJ/VA(MFXJI) +g" Va(MRox)
+ g”/"/V,\()\lR“V,XJ,)}. (A7)
The last term can be transformed into
g (VAN Ry + Va(MFux)), (A.8)

and we get finally
G o] = —2a40™ " (2VA( M Rx) — V(M Fux)). (A.9)
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In the case of cosmology, we are interested in, [}, = 0, and, choosing our special gauge
A, =0, we have
G'a)] = —4a, (A R™). (A.10)

(the Weyl covariant derivatives becomes the metric ones).
It is a little bit simpler to calculate G*[aj], the result is

G*la] = —ab(3g™ g™ — 9" g™ + g" g ) V(M Run). (A.11)
For cosmology R,/,» = R/, and in the special gauge A, = 0 one gets
o] = —ah(2(MBun)a + i R)¥) (A12)
The expression for G*[a4] is even more simple,
G"as] = —6a39" " V(M Reo ) (A.13)
which in the case of cosmology becomes
G'ag] = —6a5 (A R)H. (A.14)
And, at last,

I(a) = QQQ/F“((SFW)\/—_gdA‘x
=t [ (PG — (FV5),} (0 d's (A1)

This gives for G*[a]
GH{of]) = 40l (F*),, A1)

Note that the covariant derivative is the metric one. Evidently, this is zero in cosmology.
Combining all these, one gets, that for the special gauge A, = 0 in cosmology,

GMer] = — 2(20) + ah) (A R*).x — (ab + 6a) (A R)*
=26/ (M R").n — (MR)™) — 67/ (M R)™). (A.17)
It is easy to see, that G'[cr] (1 = 1,2, 3), and
G°ler] = 28'M\1 (2R — R) — 67/\R — 67/ \R. (A.18)

For gravitational equation (A; = 1), the term with 5’ (appears in front of the Gauss-
Bonnet term) disappears, and one is left simply with

—6vR = G°. (A.19)
Appendix B

Here we will present a scheme for calculating the part of energy-momentum tensor 7]
that arises from the particle creation law. By definition,

5Sp = —% / T er) (56" ) /=g d'x = —o / MO(inv)y=gd'x,  (B.20)
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®(inv) = &} Ruro R + bR, R*™ + a4R? + o) F, FH. (B.21)

Since we are interested only in cosmology, we will use the special gauge, A,, = 0, from the
very beginning, what is, surely, allowed now. Thus we are, actually, in the framework of
the Riemannian geometry. Moreover, we will make use of the fact, that the Weyl tensor
Ciure = 0 for any Robertson-Walker metric.

We begin with the oj—part. The routine procedure, with the help of the Palatini
formula20] and algebraic symmetries of the curvature tensor, gives us

T"[ah] = —4ay {(MB*"™) 0 + (MB"™) 5}
+ ooy {RMN;R"“’MgW 4R “RWV} . (B.22)

KO

The above expression can be considerably simplified. Le us star with the quadratic
terms/ Using the evident relation

1
RHVAURMV)\U = C;w)\ocwj)\a + 2RMVRMV - §R2 (B23)
and (much less evident) DeWitt’s identity[21]
1
Cna)\ HCRU)\V — 50}{0)\50/40)\5.9#1/. (B24)

What concerns the linear part, it is not difficult to show that
(AlRuWU);J;H = (AlRVWU);J;n' (B-25)

Then, using the famous Bianchi identities and that C},,s = 0 for the cosmological
metric, we arrive at the nice identity,

e, = s o = L g 520
which implies

R = %(R;:gw _ Ry, (B.27)
Finally, one gets for T""[a/],

o)) = — 80 {% (Al;:(RW ~ SRg™) — LRI~ X R

1. 1.
A B9+ SN R) MR

1 _ _ 1 _ .
B éAl;n(R’ugw + R"g"") + 6)\1(R§:9W — R:ﬁ)}

3

In the same manner and using the same identities, one gets for T""[a4)],

T (o) = 20 {MZRM + M#RY — \ERM — A R g

4 1
+alN {—gRR’W + —R2g‘“’} . (B.28)

2 . |
T ONTRY A NRY 20, R )

4 1
——RR™ + —Rzg“”}. (B.29)

3 3

2 - .
+ g)\l (R’H’V — R::g“")}—l— 0/1)‘1 {
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The most simple and straightforward is the calculation of T [a}],

Tl = dof { D B#) — (AR)%g™ ) + b {R(Rg™ — 4AR™)}. (B.30)
Combining all these together and using coefficients (a/, 5v'), one gets finally

T [er] = 48" { MER" — M R™ — MR + Ay, R7 g

2. .
+§()\17M7VR7H — )\1329“")}3}

v {umr - ourizg (e - e ) @an
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