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1 Introduction

Our modern understanding of gravitation is through Einstein’s theory of General Relativity
(GR), which naturally provides a geometric description of gravitational phenomena. It is
often emphasized that one of the key properties of General Relativity is that it is invariant
under diffeomorphisms, namely, that it does not contain any kind of privileged background
structures. The arena where everything occurs, spacetime, becomes itself dynamical. The
rest of the fundamental interactions, unified in the Standard Model of Particle Physics are
described as Quantum Field Theories on top of a fixed Minkowskian background. This seems
to pose a huge bridge when thinking about merging both formalisms together. However,
there is a way of reformulating GR as a field theory on Minkowski spacetime. This was
first worked out by Rosen [1, 2], who showed that GR can be rewritten as a field theory on
top of Minkowski spacetime. This field carries the degrees of freedom corresponding to the
self-interacting massless spin-2 representation of the Poincaré Group, i.e. the graviton [3–5].

Later on, Gupta [6] suggested that the structure of GR is such that it would be the only
possible non-linear extension of the linearized theory, suggesting that Rosen’s construction
of the interacting theory of a massless spin-2 field was unique. There were many works
addressing this problem and the uniqueness of the construction (see e.g. [7] and [8]). Among
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them, we wish to highlight Feynman’s contributions [9], where he showed that the unique
non-linear self-consistent theory that one could build starting from the linear massless spin-2
field theory is one in which, order by order, the field couples to its own energy-momentum
tensor. This approach is today called a bootstrapping procedure. The approach taken in this
line of work is that, after adding up the infinite series of self-consistent interactions, one would
end up with a non-linear theory which ideally should be uniquely GR. Later, Deser showed
that GR is a solution to consistency problem by implementing a similar idea in the first order
formalism [10] (see also [11] for a clear presentation of this approach), although uniqueness
still slipped away.

In a different line, Wald proposed another approach based on a different guiding princi-
ple, which led to similar conclusions [12, 13]. To be more specific, instead of focusing on the
self-coupling to its own energy-momentum tensor, Wald insisted only on preserving the linear
Bianchi identities associated with the gauge invariance of the linearized theory. His consis-
tency conditions were that the divergencelessness of the lowest-order equations needs to be
enough to ensure the divergencelessness of the higher order terms entering in the right-hand
side, to avoid the appearance of extra restrictions. For spin-1 fields, he showed that this was
enough to fully characterize the set of consistent non-linear theories (Yang-Mills theories).
However, in the case of Fierz-Pauli theory, he showed the existence of two families of theo-
ries: one corresponding to diffeomorphism-invariant theories and another one which was not
diffeomorphism-invariant. This second family does not couple to its own energy-momentum
tensor and, in that sense, cannot be obtained through the bootstrapping procedure à la

Feynmann sketched above. In any case, he gave plausibility arguments for discarding the
non-diffeomorphism-invariant theories: he argued that they would become inconsistent once
one includes matter in the picture [12]. A related approach to that of Wald is the one taken
by Ogievetsky and Polubarinov [14], reaching also similar conclusions.

In more recent times, the work of Padmanabhan [15] questioning the uniqueness of
Deser’s construction attracted some interest back into the problem [16, 17], and the issue of
the uniqueness of the construction does not seem to be fully closed. To our knowledge there
is no conclusive proof of the uniqueness of the construction yet, specially if one applies a
strict bootstrapping procedure to all the fields of the linear theory. Indeed, Deser’s analysis
in the first order formalism includes an extra field in the linear theory that is not actually
bootstrapped but used as an auxiliary field so that the procedure works straightforwardly.
This extra auxiliary field ends up being the connection. Even if we ignore the presence of
additional auxiliary fields, Deser’s proof is of existence of a solution, and not of uniqueness
of it. Nevertheless, analysis like that of Butcher et al. [16] do not seem to leave the room for
other solutions to the self-coupling problem. Specially interesting are the recent works on the
self-coupling of higher derivative theories [16, 18, 19]. Whereas in [16, 19] it was found that
higher-derivatives theories bootstrap in the same sense than GR does, in [18], by working in
first-order formalism, the author concluded that they do not unless one enforces “by hand” the
condition that the connection is the Levi-Civita connection associated with the full metric.

The discussion outlined above is the departure point of our analysis here. In this work,
we review different notions and key concepts related to the bootstrapping procedure, and
extend the machinery developed by Butcher et al. [16] to apply it to arbitrary metric-affine
theories of gravity, namely, theories where the metric and the connection are treated as
independent field variables. Our aim with this paper is threefold. First, we aim to clarify
certain points on the bootstrapping ongoing discussions, and offer original perspectives on the
problem. Second, we intend to formulate metric-affine theories of gravity in a language that
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is closer to the one employed by particle physicists, namely, that of a field theory on top of
Minkowski spacetime. Hopefully, such formulation is more amenable to extend the analysis
of these theories to the quantum realm. Finally, we intend to clarify whether the presence of
the new fields associated to the general connection (torsion and nonmetricity) spoil or modify
somehow the bootstrapping of the metric sector, and whether they obey similar bootstrapping
equations that couple them to other physically relevant sources.

The paper is structured as follows. In Section 2, we give a sketch of the bootstrapping
idea. First, in Subsection 2.1, we give a review of the definitions of the energy-momentum
tensor and the spin-density tensor: both the canonical ones and the ones obtained varying the
action. In Subsection 2.2, we explain the self-coupling problem of gravity to its own energy-
momentum tensor and discuss the general idea behind it. The next two sections are the core
of the article. In Section 3, we focus on the bootstrapping of theories with a dynamical metric.
In section 3.1, we review the analysis done by Butcher et al. [16] for metric theories of gravity
in vacuum. Then, in Subsection 3.2, we extend their analysis to consider arbitrary bosonic
matter content and, in Subsection 3.3, we include torsion in the discussion. In Section 4, we
move on to discuss gravitational theories written in terms of the vielbein instead of the metric.
First, in Subsection 4.1, we show how previous results are recovered if the action depends
on the vielbein only through the metric. Then we progress to include fermionic matter and
torsion in Subsection 4.2. Section 5 is devoted to the study of the influence of nonmetricity
in the self-coupling problem. We have dedicated a separate section for it since nonmetricity
is special in the sense that it couples to a source which does not always admit a definition
as a canonical current. In Section 6, we give a brief discussion of how our results can be
easily embedded in unimodular gravity theories, where we simply need to replace the energy-
momentum tensor by its traceless counterpart. Finally we finish in Section 7 by summarizing
the work and discussing the conclusions that can be drawn up from our analysis as well as
pointing future directions of work.

At the end, the reader can find two appendices. In Appendix A, we reproduce some
useful expressions regarding the decomposition of a general connection, and Appendix B is
devoted to the derivation of some required identities. Now we proceed to collect our notation
and conventions.

Notation and conventions. In this article, we use the signature (−,+, ...,+) for the
spacetime metric and natural units c = ~ = 1. We also introduce H(µν) := 1

2!(Hµν + Hνµ)

and H[µν] :=
1
2!(Hµν − Hνµ), and similarly for an object with n indices instead of 2. The

symbol n represents the dimension of the spacetime manifold. Greek indices (µ, ν, ρ, λ...)
refer to arbitrary coordinates in spacetime and run from 0 to n − 1, lowercase Latin indices
(a, b, c...) represent anholonomic indices in an arbitrary orthonormal frame, and uppercase
Latin indices (A,B,C..., I, J...) are generic indices used to label the elements of a certain set
of fields and their components. Einstein’s summation convention is used throughout the work
unless otherwise stated. We will use “flat spacetime” as a synonym of Minkowski spacetime
(not to be confused with teleparallel spacetimes).

For the curvature tensors we use the conventions in the book of Wald [20], i.e., [∇µ,∇ν ]V
λ =:

−Rµνρ
λV ρ, Rµν := Rµλρ

λ. For the indices of the affine connection, we use the conven-
tion that can be read from the following expression for the covariant derivative: ∇µV

ρ =
∂µV

ρ + Γµν
ρV ν .

We use gµν for an arbitrary metric and ḡµν for the background metric. Indeed, we
generically use small bars over background quantities (ḡ, Φ̄, K̄...).
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Concerning the affine connection, the symbols (̊Γ, ∇̊, R̊, ω̊...) correspond to the Levi-
Civita connection of gµν , (Γ̄, ∇̄, R̄...) are referred to the Levi-Civita connection of the
background metric ḡµν , (∇̂, R̂, ω̂) correspond to a general metric-compatible (but torsionful)
connection, and if nothing is indicated, (Γ, ω), the connection is assumed to be fully general,
with both torsion and nonmetricity. For the definitions of torsion, nonmetricity, contorsion
and disformation that we are using, the reader can check Appendix A.

Throughout this paper, we work with an arbitrary set of gamma matrices satisfying
γµγν + γνγµ = −2gµν .

We now clarify some notation regarding functional derivatives and evaluation of param-
eters. Consider a generic functional S[QI ] depending on a certain family of fields that we
denote collectively as {QI(x)}. In this work, we will use the notation

δ

δQ̄I1(x1)
. . .

δ

δQ̄Ik(xk)
S[Q̄I + λqI ] :=

δkS[QI ]

δQI1(x1) . . . δQIk(xk)

∣

∣

∣

QI=Q̄I+λqI
. (1.1)

Notice that if the background {Q̄I} is a generic one, the left-hand side can be read literally, i.e.

as first evaluating the action in Q̄I + λqI and then varying with respect to Q̄I . Additionally,
we will also use the shortcut:
[
∫

dnx qI(x)
δ

δQ̄I (x)

]n

:=

∫

dnx1 qI1(x1)
δ

δQ̄I1(x1)
. . .

∫

dnxn qIn(xn)
δ

δQ̄In(xn)
. (1.2)

Regarding the evaluation of parameters, we represent

... = A(λ, ...)|λ=0,... := A(0, ...), (1.3)

where A can be a big expression. Namely, everything from the equal sign on should be
computed before the evaluation. Otherwise, it will be explicitly indicated with a square
bracket:

... = A(λ, ...)[B(λ, ...)]λ=0,... := A(λ, ...)[B(0, ...)]. (1.4)

2 Coupling gravity: Conserved currents and bootstrapping

In order to familiarize the reader with the bootstrapping procedure that we will later detail
and apply to metric-affine theories, in this section we will provide a general overview of the
key aspects of the process.

2.1 Coupling to conserved currents

For gravitational theories, there is a preferred current to which metric and/or vielbein per-
turbations usually couple, both in purely metric and more general theories. This is the
energy-momentum tensor. In the case that an independent connection is included in the
theory, we expect torsion to couple to the spin-density current, and nonmetricity to the so-
called dilation and shear currents, which are associated to GL(n,R)-transformations outside
the Lorentz group [21]. We will mainly focus on the canonical currents of the Poincaré group
and comment on the aspects concerning the nonmetricity in Section 5.

In the present section, we will provide the definition of both the energy-momentum tensor
and the spin-density current through two different prescriptions. The canonical prescription
defines these objects as Noether currents for a theory defined on flat spacetime, and the
Einstein-Hilbert-like prescription defines them through a variational prescription. We will

– 4 –



also discuss the presence of ambiguities in both prescriptions, showing how they lead to
conserved currents generally differing by an identically divergenceless term. This means that
the Noether charges associated to both of the currents are the same.

Canonical currents: Let us begin with the canonical definition of spin-density current
and energy-momentum tensor. Consider a field theory described by a Lagrangian of the type
L = L(ΦA, ∂µΦ

A) which is invariant under the Poincaré group. Then, the Noether currents
associated with translations and Lorentz transformations, namely the energy-momentum and
the angular momentum tensors, are respectively given by

Tcan
µ
ν :=

∂L
∂∂µΦA

∂νΦ
A − Lδµν , (2.1)

Jcan
µνλ := Tcan

µ[λxν] + Scan
µνλ , (2.2)

where we have introduced the canonical spin-density tensor

Scan
µνλ :=

1

2

∑

A

∂L
∂∂µΦA

(Λνλ
ΦA)Φ

A (2.3)

and where Λνλ
ΦA is the generator of the Lorentz algebra that correspond to the representation

under which the field ΦA transforms.

For concreteness and later use, let us provide these currents explicitly for several familiar
field theories in flat spacetime and in Cartesian coordinates. For the massless free scalar field,
described by

S[Φ] = −1

2

∫

dnx ηµν∂µΦ∂νΦ, (2.4)

we obtain the currents

Tcanµν = −∂µΦ∂νΦ+
1

2
ηµν∂ρΦ∂

ρΦ, (2.5)

Scan
µνλ = 0 ; (2.6)

and for the massive Dirac spinor, described by

S[Ψ] =

∫

d4x

[

i

2

(

Ψγµ∂µΨ− ∂µΨγ
µΨ
)

−mΨΨ

]

(2.7)

we obtain

Tcan µν =
i

2
(Ψγµ∂νΨ− ∂νΨγµΨ)−

[

i

2

(

Ψγρ∂ρΨ− ∂ρΨγ
ρΨ
)

−mΨΨ

]

ηµν , (2.8)

Scan
µνλ =

i

4
Ψγ[µγνγλ]Ψ . (2.9)

To derive these expressions we have used Λνλ
Φ = 0 for the scalar, Λνλ

Ψ = 1
2γ

[νγλ], and Λνλ
Ψ

=

−1
2γ

[νγλ] for the spinor and its adjoint, as well as the following property of the Dirac matrices

γµγ[νγλ] + γ[νγλ]γµ = 2γ[µγνγλ].
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The physical meaning of Noether currents stems from its conservation on-shell if the
system satisfies the corresponding global symmetry. However, this conservation is not jeopar-
dized by adding to the current terms that are identically divergenceless. As we will see, these
terms play a determinant role in the bootstrapping procedure that we will outline. From
the terms that can be added without spoiling conservation of the current, those which are
identically conserved can be expressed as the divergences of certain objects usually called
superpotentials. For instance, for the energy-momentum tensor current we can always add a
term of the type ∆T µν = ∂ρχ

[ρµ]ν . To illustrate this, let us explicitly show an example that
we will use later: for the case of the massless scalar field in Eq. (2.4), an example of such a
term is

∆Tµν = α
(

∂µ∂νΦ− ηµν∂
2Φ
)

, (2.10)

where the associated superpotential is

χρµν = 2α∂[ρΦηµ]ν (2.11)

and α is an arbitrary constant. In some cases, the canonical energy-momentum tensor (2.1)
is not symmetric1, and it is possible to find an appropriate superpotential term to make it
symmetric, as famously done in the Belinfante procedure [19, 23]. These same ambiguities
would occur for the case of the full angular momentum tensor (2.2).

Hilbert’s prescription: Let us now move on to the other method to compute the energy-
momentum and spin-density tensor currents, known as Hilbert’s prescription. Let us start
by considering theories with the metric as a field variable. Note that in theories with spinor
fields, the appropriate field variable would be the vielbein. We will analyze this case later. In
Hilbert’s prescription, the starting point is a certain action defined in Minkoswki spacetime,
and the prescription is implemented in three steps:

1. Firstly, we extend the action to a curved spacetime by following a minimal-like coupling
procedure. If we are only interested in deriving the energy-momentum tensor, it is
enough to promote the Minkowski metric to a general one gµν , as well as ∂µ to covariant
derivatives with respect to the Levi-Civita connection of gµν , which we denote as ∇̊.
This is the standard Hilbert’s prescription. However, since we are interested in obtaining
the spin-density current in a similar way, this first step should be generalized as follows:
we promote the metric to a general one and the derivatives ∂µ to covariant derivatives
with respect to a torsionful (but metric-compatible) connection. Notice that now the
result is the same we obtained with the previous prescription, but with extra terms that
go with the difference between the new connection and the Levi-Civita one, i.e., the
contorsion tensor Kµν

ρ introduced in Eq. (A.4).

2. The resulting matter action should be understood as a functional of the metric, the
contorsion and the matter fields, SM[g,K,Φ]. The second step is to vary such an action
with respect to the metric and the contorsion field.

1Also, in some cases it is not a tensor, and it may not be gauge-invariant. It has been argued that the
properly defined Noether current should be equivalent to the Hilbert energy-momentum tensor, and it is thus
a somewhat misleading convention to call (2.1) “the canonical energy-momentum tensor” [22]. However, in
this paper we stick to the conventional terminology.
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3. Finally, we evaluate the geometrical fields in the resulting expressions by setting a
torsion-free Minkowski spacetime, which leads to the definitions

THµν :=
−2√−g

δSM[g,K,Φ]

δgµν

∣

∣

∣

∣

gµν=ηµν ,Kµν
ρ=0

, (2.12)

SH
µνληλρ :=

1√−g
δSM[g,K,Φ]

δKµν
ρ

∣

∣

∣

∣

gµν=ηµν ,Kµν
ρ=0

. (2.13)

Note that, by construction, the tensors obtained from this procedure always fulfill the sym-
metries

THµν = TH(µν) , SH
µνλ = SH

µ[νλ] . (2.14)

The latter is a consequence of the fact that the contorsion tensor is antisymmetric in the
last two indices Kµνρ = Kµ[νρ]. Notice that, to be precise, spin-density current is not a
conserved current in relativistic field theories on top of Minkowski spacetime. It is part of
the angular momentum current, which is conserved. However, this fact is not relevant for the
bootstrapping of the contorsion.

In order to bring closer this procedure with the Noether procedure to derive canonical
currents, note that there is a counterpart to the ambiguities that arose in such procedure.
The possibility of adding an identically divergenceless term to the canonical currents now
manifests in the possibility of adding non-minimal couplings in the action that identically
vanish in flat spacetime. To see this more explicitly, let us revisit the case of the scalar field
theory in Eq. (2.4). The action in curved spacetime is

SM[Φ] = −1

2

∫

dnx
√−g gµν∂µΦ∂νΦ, (2.15)

and it is not difficult to check that the corresponding Hilbert energy-momentum tensor coin-
cides with the result in Eq. (2.5). However, one can add to the scalar field action a non-minimal
coupling of the type

Snm[g,Φ] = −α
2

∫

dnx
√−g ΦR̊(g). (2.16)

which yields a correction to the Hilbert energy-momentum tensor with exactly the same form
as the one arising from the superpotential in Eq. (2.11) in the canonical prescription.

Extension of the Hilbert prescription to the vielbein formulation: For Dirac spinors,
for example, the prescription described in the previous subsection does not work, since the
promotion to curved spacetime requires extra structure (a frame field or vielbein). The idea
now is to follow essentially the same steps as before, i.e., we promote ηµν → gµν and ∂µ to a
metric-compatible connection, and we also introduce the vielbein field as

gµν = ηabeµae
ν
b, (2.17)

work with the spin connection ωµa
b instead of Γµν

ρ and promote the gamma matrices to
curved space as γµ → γµ = γaeµa. As a result we get a covariantized matter action of the
form SM[e,K,Φ], where K now refers to the contorsion with two anholonomic indices

Kµab := Kµν
ρeνaeρ

bηcb , (2.18)
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which is nothing but the difference between the torsionful and the Levi-Civita spin connec-
tions. The next steps are totally analogous to the ones described in the previous subsection:
we vary with respect to eµa and Kµab and evaluate in torsionfree Minkowski spacetime:

TV µν := eν
cηca

1

|e|
δSM[e,K,Φ]

δeµa

∣

∣

∣

∣

eµa=δµa,Kµab=0

, (2.19)

SV
µνλ := eνae

λ
b
1

|e|
δSM[e,K,Φ]

δKµab

∣

∣

∣

∣

eµa=δµa,Kµab=0

. (2.20)

At this point, it is important to notice that for the theories described in the previous subsection
(i.e., those that do not require a vielbein field) the tensors in Eqs. (2.19)-(2.20) essentially
coincide with the ones in Eqs. (2.12)-(2.13). This can be easily seen by performing a chain rule,
taking into account Eqs.(2.17) and (2.18). Therefore, we have just generalized the previous
prescription to a more general class of matter fields. For instance, for the Dirac Lagrangian
in Eq. (2.7) one gets that the Hilbert energy-momentum and spin-density coincide with the
canonical ones (see Eqs. (2.8)-(2.9)),

TV µν = Tcan µν , SV
µνλ = Scan

µνλ . (2.21)

2.2 Bootstrapping: An overview

Let us now briefly outline the idea of the bootstrapping that we will have in mind through
the rest of the manuscript. Consider a linear theory with a given number of degrees of
freedom. Our aim is to find a non-linear theory with the same number of degrees of freedom
that reduces to the previous one in its linear regime. This might be trivial in some cases.
However, when the linear theory satisfies some gauge symmetry, the self-couplings that one
can add that preserve the number of degrees of freedom are very limited. Generically, one
looks for an iterative prescription such that, starting from a quadratic action, self-couplings
which are consistent with the gauge symmetry are generated order by order. This is done
by coupling the theory to a conserved current that needs to be identified within the set of
conserved currents from the free theory. In this way, the process leads to a self-interacting
non-linear theory that satisfies a non-linearly deformed version of the linear gauge symmetry.
To successfully implement this program, we need to identify a suitable conserved current in
the linear theory. Here we want to remark that, if two different superpotentials are chosen for
the linear theory (which does not change the physical content of the currents), the resulting
iterative procedure will in general yield different non-linear theories, in which the non-linear
extensions of the symmetries (if they exist) will differ.

At the practical level, a way to implement the procedure is to find currents that satisfy
order-by-order conservation. The introduction of the self-coupling to the current at a given
order will in general induce non-trivial terms in it at the next order, which will demand for
further higher-order self-couplings. The process will thus finish if the self-coupling does not
produce higher-order terms for the current at a given order. Otherwise, the procedure will
extend up to infinite order and, to be successful, we would need to find a general relation
between the theory to a given arbitrary order and the currents of the next order.

To be more specific, assume that we have a set of fields which we denote as ΦA, being A
a collective index including possible internal indices or spacetime indices. For an action that
is quadratic on the fields, we will find linear equations of motion of the form

DABΦ
B = 0, (2.22)
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where DAB is a given differential operator. Assume that we identify a conserved current jA

which we want to add as a source, so that it couples as

DABΦ
B = λjA, (2.23)

where the coupling λ will be useful as a bookkeeping dimensionless parameter for the iterative
procedure. In order to derive this coupling from a variational principle, we would need to add
a term to the action which would schematically be of the form

∆S ∼ λ

∫

dnx jAΦ
A. (2.24)

However, because jA will generally have a nontrivial dependence on ΦA, the term ∆S will
also contribute to the right hand side of the field equations, so that the source will now get
an additional contribution jA + λ∆jA. This means that, if we want an action to derive the
corrected equations, we would need to add an additional term of order λ2 to the action. This
situation will repeat yielding an iterative process. Indeed, one sufficient condition for the
process to finish in a finite number of steps N , is that the order λN term that we add to the
current does not contain derivatives of the fields, so that no λN+1∆jA has to be added at
that order. Indeed, from the form of Noether currents, it is clear that if the ∆jA at order N
does not contain derivatives of the fields it will not contribute to these currents. This is what
occurs already at order N = 2 if one implements this procedure for the gauge invariant spin-1
field [10]. In other cases the recursive process might need of an infinite number of steps, as it
occurs for the case of the spin-2 field theory [16]. The inclusion of additional fields into the
picture can be done in a straightforward manner: the iterative procedure will be virtually the
same but now the initial seed would be a conserved current including also those additional
fields what we need to use as a source.

Let us now dive into the gravitational case and its subtleties. The fields of the theory
will be the inverse metric perturbations, which we call hµν . In the case of quadratic equations,
there are only two possible maximum set of gauge symmetries allowed to get rid of all the
unphysical degrees of freedom propagated by a symmetric rank-2 tensor beyond the two
standard gravitational polarizations (which correspond to a massless spin-2 field excitation
if the background satisfies a Poincaré symmetry). These are linearized diffeomorphisms,
which lead to the Fierz-Pauli action, or the group of Weyl transformations and Transverse
Diffemorphisms (WTDiff group), which are a linearized version of Unimodular Gravity [24,
25]. Let us focus on the case in which the theory is invariant under linearized diffeomorphism,
which will be the main focus of this work, although we will also comment on theories which
are invariant under the WTDiff symmetries in Section 6.

For the case of linearized diffeomorphism-invariant theories, we will have an equation of
the form

Dµνρσh
ρσ = 0, (2.25)

with Dµνρσ a suitable differential operator. These equations are such that they are diver-
genceless and symmetric in the indices µ and ν, so that we need to couple them to an object
which is symmetric and divergenceless on-shell. There is only one natural candidate which is
the energy-momentum tensor, as it is the only object that we can construct with two indices
which is symmetric and conserved on-shell. Hence we need to add to the right hand-side of
Eq. (2.25) a term which would correspond to the “gravitational energy-momentum tensor”,
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computed following any of the procedures outlined in the subsection above. Such a tensor
can be consistently defined in the context of the geometrical trinity [22, 26] which is outside
the scope of this article, but otherwise it is known that there is no local definition of energy-
momentum tensor for the gravitational field in a diffeomorphism-invariant theory. Therefore,
either we construct a non-gauge-invariant tensor (which would be hard to be given a clear
physical meaning), or we construct a non-conserved quantity [27–29]. We will refer to the
gravitational energy-momentum as the conserved tensor computed following the procedures
outlined in the section above, and we will analyze the gauge invariance of the full non-linear
action once the bootstrapping is finished. Adding the energy-momentum tensor of the matter
fields will then be a straightforward procedure.

Once this gravitational energy-momentum tensor has been added to the right-hand side
of Eq. (2.25), we need to add a piece to the original action to derive the coupling from an
action. This is how the bootstrapping procedure begins in this case with the subtlety that,
unlike the case for the gauge invariant spin-1 field, the iterative process is infinite. Instead
of following the recursive procedure described above, it is more instructive to follow another
line of thought. From this other perspective, we will instead start with a non-linear theory
with a given set of properties and then analyze carefully whether it could be reconstructed
from its linearization in an iterative way, in the line of [16]. The main aim of this work is to
apply these ideas to the framework of metric-affine theories of gravity and clarify some issues
that are relevant in its application to GR.

3 Bootstrapping theories with a metric

In this section we will focus on the bootstrapping for purely metric theories of gravity, i.e.,
theories in which the gravitational sector is described only by a metric. We will put special
emphasis on the relevance of the superpotentials chosen for the current and try to clarify their
role for the success of the iterative procedure.

3.1 Gravity in vacuum

In this section we will closely follow the discussion from Butcher et al. [16]. Our aim is to
construct an arbitrary metric theory of gravity described by a diffeomorphism-invariant action
S[g], with g representing the metric, starting from the action of a free field h on a fixed metric
background, such as the Minkowski metric η. Assuming that this action is quadratic in h, we
will denote it by S(2)[η, h]. To motivate this approach, let us assume that we have already
found the full action S[g]. For the metric, we can perform an expansion of the form

gµν = ḡµν + λhµν , (3.1)

where we are choosing ḡµν to be a generic solution to the vacuum field equations, i.e.,

δS[g]

δgµν

∣

∣

∣

∣

gµν=ḡµν
= 0, (3.2)

and hµν represents the deviation with respect to the non-dynamical background ḡµν . Explic-
itly we have that the expansion is given by

S[g] =

∞
∑

n=0

λnS(n)[ḡ, h], (3.3)
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with the partial actions reading

S(n)[ḡ, h] =
1

n!

dn

dλn
S[ḡ + λh]

∣

∣

∣

∣

λ=0

. (3.4)

Note that the n-th partial action contains n powers of the fields. Given a field configuration
for ḡµν and hµν , the derivatives with respect to λ are just total derivatives for a function of
a real variable. However, they can be written as functional derivatives with respect to the
background metric by means of the relation

d

dλ
S[ḡ + λh] =

∫

dnx hµν(x)
δ

δḡµν(x)
S[ḡ + λh], (3.5)

where we are using the notation (1.1). This expression holds up to surface integrals that arise
when integrating by parts. These terms are neglected since they do not contribute to the
equations of motion and do not give rise to any contribution to the energy-momentum tensor
as well. From now on, we will simply skip them.

By applying repeated differentiation, we can express n-th λ-derivatives as

dn

dλn
S[ḡ + λh] =

[
∫

dnx hµν(x)
δ

δḡµν (x)

]n

S[ḡ + λh], (3.6)

where we are using the abbreviation (1.2). Therefore, we can combine Eqs. (3.4) and (3.6) to
express all the higher-order partial actions S(n), for n > 2, in terms of derivatives of S(2)[ḡ, h]
as

S(n)[ḡ, h] =
2

n!

[
∫

dnx hµν(x)
δ

δḡµν (x)

]n−2

S(2)[ḡ, h]. (3.7)

More details on the derivation of this equation can be found in Appendix B.1.

Note that, from the bottom-up approach, i.e., starting from the linear theory in Minkowski
spacetime, we do not know the full functional form of S(2)[ḡ, h] for any arbitrary background
metric ḡµν , but only S(2)[η, h] evaluated at the fixed background metric ηµν , which thus
lacks, for example, curvature or other non-minimal coupling terms that vanish at this flat
background. So, in order to use the generating formula (3.7), we need to promote ηµν → ḡµν

and add the appropriate non-minimal couplings. As shown in [16], such a choice is crucial
for the success of the bootstrapping procedure. Therefore, since S(2)[ḡ, h] is all we need to
build the whole action for hµν , the knowledge of the appropriate non-minimal couplings is
equivalent to the knowledge of the full action. The fact that we can reconstruct all the partial
actions from the quadratic piece of the action will allow us to show that the metric perturba-
tions couple order by order to their own stress-energy tensor, namely that at each order in the
expansion S(n), hµν couples to the energy-momentum tensor derived from the S(n−1) term.
Hence the end product of the bootstrapping is a diffeomorphism-invariant theory provided
that the right superpotential/non-minimal couplings are added order by order. To show that
this holds explicitly, note that to lowest order in the expansion the equations of motion for
the metric perturbation are

λ2
1√−ḡ

δS(2)[ḡ, h]

δhµν
= O(λ3). (3.8)
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In the case that S[g] is the Einstein-Hilbert action, this would simply yield the Fierz-Pauli
equation with non-minimal coupling terms that arise when linearizing the action around
arbitrary backgrounds [16]. We will come back to this example later. Now, we want to
couple hµν to its own energy-momentum tensor. For such purpose, we can apply Hilbert’s
prescription, according to which the energy-momentum tensor associated with S(2)[ḡ, h] is

t(2)µν := − λ2√−ḡ
δS(2)[ḡ, h]

δḡµν
. (3.9)

Strictly speaking, it would only correspond to the energy-momentum tensor that we have
defined in Section 2 once we evaluate on ḡµν = ηµν and up to a factor 2, which we will absorb
in the energy-momentum tensor definition for convenience. To build all the partial actions,
we need to maintain the background metric ḡµν arbitrary, i.e., we need to know the partial
actions S(n)[ḡ, h] in an open neighbourhood of the flat spacetime metric ηµν . We want this
object to appear to the next order on the right-hand side of Eq. (3.8), i.e., we want the terms

O(λ3) to be precisely λt
(2)
µν . Now, we need this term to be derivable from an action upon

variation of hµν , i.e., we need a partial action S(3)[ḡ, h] such that

λ3√−ḡ
δS(3)[ḡ, h]

δhµν
= λt(2)µν , (3.10)

so that λt
(2)
µν acts as source for the quadratic field equations of hµν . Doing this to all orders

would ensure that the field hµν couples to its own energy-momentum tensor order by order.
This would be fulfilled trivially if we manage to show that the following equation holds at all
orders in the perturbative expansion

λn√−ḡ
δS(n)[ḡ, h]

δhµν
= λt(n−1)

µν . (3.11)

Given the definition of the energy-momentum tensor through Hilbert’s prescription, we have
that the n-th order partial action contributes to the energy-momentum tensor as

t(n)µν := − λn√−ḡ
δS(n)[ḡ, h]

δḡµν
, (3.12)

we have that Eq. (3.11) can be rewritten as the key expression

δS(n)[ḡ, h]

δhµν
=
δS(n−1)[ḡ, h]

δḡµν
. (3.13)

That this holds for arbitrary metric theories is proved in Appendix B.2, see Eq. (B.7). Further-
more, since the action is diffeomorphism-invariant, the discussion in Subsection 2.1 guarantees
that the right-hand side is precisely what we have been calling the energy-momentum tensor.

Example: General Relativity. Let us now work out a simple example by applying this
procedure to the linearized version of General Relativity. The Einstein-Hilbert action is given
by

S[g] =
1

2κ(n)

∫

dnx
√−g R̊(g), (3.14)
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where R̊(g) represents the Ricci scalar tensor of the metric gµν and κ(n) is the corresponding
Einstein constant of the chosen dimension. Now we would need to expand the action in terms
of a general metric ḡµν and its perturbations on top of it, hµν . This would result in a structure
for the action which would be

S[ḡ + λh] =
1

4κ(n)

∫

dnx
√−ḡ

∞
∑

n=2

[

M(n)
α1α2

µ1ν1...µnνn∇̄α1
hµ1ν1∇̄α2

hµ2ν2hµ3ν3 . . . hµnνn

+H(n)µ1ν1...µnνnh
µ1ν1 . . . hµnνn

]

, (3.15)

where the tensors M(n) and H(n) are built only from curvature invariants, their covariant
derivatives, the background metric tensor ḡµν , its inverse ḡµν , and the Kronecker δµν tensor.
This clearly has the structure of Eq. (3.6). As we have discussed and show explicitly in
Appendix B.1, only the first term in this series is required to reconstruct the whole action,
for which we have:

M(2)
αβ

µνρλ = −1

2

[

ḡαβ ḡµ(ρḡλ)ν − ḡαβ ḡµν ḡρλ − 2δα(ρḡλ)(µδ
β
ν) + δα(ρδ

β
λ)ḡµν + δβ (µδ

α
ν)ḡρλ

]

,

H(2)µνρλ =
1

2
R̄

(

ḡµρḡλν +
1

2
ḡµν ḡρλ

)

− R̄µν ḡρλ (3.16)

(note that M(2)
αβ

µνρλ yields the Fierz-Pauli term in an arbitrary coordinate system). Al-
though H(n)µ1ν1...µnνn is identically zero when evaluated on the solutions to the vacuum equa-
tions of motion (i.e., Ricci-flat backgrounds), it is needed for the self-coupling procedure to
yield a coupling between hµν and its own stress-energy tensor. This is an instance of the
arbitrariness that appears when writing the flat spacetime action on an arbitrarily curved
spacetime, as it is explained in Subsection 2.1. These terms are, as we explained before,
irrelevant for the computation of Noether charges.

A comment about gauge invariance is in order now. The action that we have written is
a version of GR, therefore, it will inherit diffeomorphism invariance. Let us assume that we
truncate the action up to a given order N . This can be understood as the (N − 1)-th order
approximation to the full theory, where the non-linearities of GR of order O(λN ) or higher
are neglected. Therefore, only diffeomorphisms of O(λN ) will be symmetries of this action.
Namely, for a diffeomorphism generated by a given vector field ξµ, it is necessary that the
vector is O(1) in λ if one wants to implement the transformation as a power series in λ in a
simple way. With this choice, the gauge transformations act on the field hµν simply by the
combination of the action of the Lie derivative on the background metric and on hµν itself [16]

hµν → hµν + δhµν ,

δhµν =
1

λ

N
∑

n=1

(λLξ)
n

n!
ḡµν +

N−1
∑

n=1

(λLξ)
n

n!
hµν , (3.17)

where we have neglected O(λN ) to be consistent with the assumed level of approximation.
From the above action of gauge transformations in the truncated actions we can derive their

action on any object built with these tensors, e.g. the energy-momentum tensors t
(n)
µν intro-

duced above.
Let us now discuss the problem raised by Padmanabhan in [15] regarding the statement

that bootstrapping of the Fierz-Pauli action actually yields GR. In that reference, he argued
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that if one takes the Fierz-Pauli action in flat spacetime and replaces the flat metric and its
Levi-Civita compatible derivatives with those of an arbitrary background, one is not able to
reconstruct the whole Einstein-Hilbert action. This was also mentioned in [16] and interpreted
as saying that it is not possible to recover GR from the linear Fierz-Pauli theory through a
bootstrapping procedure. However, we do think that this conclusion is reached due to them
having a very strict definition of the energy-momentum tensor. Such definition does not allow
the addition of superpotentials that do not contribute to the Noether charges in flat spacetime
and, therefore, should be mild from the point of view of the Noether current. Indeed, note
that the bootstrapping procedure can be applied blindly to any action S(2)[ḡ, h], quadratic in
hµν . Given such an action, we can generate a whole family of S(n)[ḡ, h] for n > 2 by applying
equation (3.7) which will automatically verify the bootstrapping equation (3.13). For instance,
this would happen for the action considered by Padmanabhan [15]. The whole point is that
it might not be possible to identify at the end of the day that the resulting action is such that
the background ḡµν can be reabsorbed into a new metric degree of freedom gµν = ḡµν + hµν

(possibly up to boundary terms) yielding a diffeomorphism-invariant action. Consequently,
we would end up with a background dependent theory in which the recursive relation (3.13)
does no longer mean that hµν couples to its own energy-momentum tensor. For actions that
are not background-independent, Hilbert’s prescription to compute the energy-momentum
tensor is not well-defined due to the presence of two different metrics.

In order for the bootstrapping to work as expected, the addition of the correct superpo-
tential, or accordingly the correct non-minimal coupling, proves to be crucial. Indeed, if we
start on applying the bootstrapping procedure to a linear theory of a massless spin 2 field,
we only recover GR if we add the non-minimal coupling H(2) as well as the rest of the non-
minimal couplings arising at each order in the process H(n). Otherwise we are not granted
to find a diffeomorphism-invariant theory which couples to its energy-momentum. We can
ask then the relation between these non-minimal couplings and the celebrated theorem by
Lovelock [30]. This theorem states that in 4 dimensions there is only one diffeomorphism-
invariant local action (up to boundary terms) yielding 2nd order field equations for a rank-2
symmetric and invertible tensor. However, starting from Fierz-Pauli action, one could vir-
tually choose many different superpotentials to add to the partial energy-momentum tensors

t
(n)
µν (or non-minimal couplings to the partial actions S(n)). Lovelock theorem then points

to the existence of a class of superpotentials/non-minimal couplings that will yield GR (up
to boundary terms) after the bootstrapping. We could thus wonder whether uniqueness in
Lovelock’s sense also implies uniqueness of the possible superpotentials/non-minimal terms
that will lead to GR. In light of what we have exposed before, it appears to us that the H(n)

terms are indeed the only possible choice to recover GR through the bootstrapping procedure.
This has the implication that the bootstrapped Fierz-Pauli with wrong choice of superpoten-
tial will necessarily spoil one of the axioms of Lovelock’s theory, namely, the resulting theory
will not be diffeomorphism-invariant. On the other hand, the uniqueness on the choice of
superpotential points in the direction that there can be an alternative statement of Lovelock
theorem in terms of superpotentials and the bootstrapping prescription. We leave for future
work going beyond 4 dimensions, where we expect to be able to characterize how different
choices of superpotentials/non-minimal couplings for the Fierz Pauli theory would lead us to
the different Lovelock theories through the bootstrapping procedure.
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3.2 Gravity in the presence of arbitrary bosonic matter

In Butcher et al. [16], they bring free matter fields into the picture. Let us now extend their
results by considering an arbitrary matter content. Thus, we now consider an action S[g,Φ]
that includes, in addition to the metric, some matter fields {ΦA}, where A is a label covering
all the matter fields as well as their internal and/or spacetime indices. We want again to
expand around a given background for the matter and metric as

gµν = ḡµν + λhµν , (3.18)

ΦA = Φ̄A + λφA, (3.19)

where in principle we can choose any solution to the equations of motions, i.e. ḡµν and Φ̄A

are such that

δS[g,Φ]

δgµν

∣

∣

∣

∣

gµν=ḡµν
= 0 , (3.20)

δS[g,Φ]

δΦA

∣

∣

∣

∣

ΦA=Φ̄A

= 0 . (3.21)

Because we are mostly interested in bootstrapping from flat backgrounds, we will only consider
vanishing matter backgrounds, as non-vanishing matter backgrounds are not consistent with
a flat metric. Hence, we will from now on focus on the backgrounds with Φ̄A = 0 in the same
vein that we specialize to the flat background ḡµν = ηµν . However, in order to be able to
derive the stress energy-tensor with the Hilbert prescription we need to know the action in a
neighbourhood of ηµν to be able to compute variations.

At this point, it is important to insist on this distinction between the fields associated
with currents (the metric and, in subsequent sections, the contorsion, the vielbein and the
nonmetricity) and the matter fields. In this paper, we focus on the generation of the non-linear
equations for the former. Therefore we have to keep the background arbitrary to perform
variations, and such variations commute with the evaluation of the background matter fields.
The choice Φ̄ = 0 also allows us to follow closely the approach by Butcher et al. [16]. In
fact, the self-coupling of matter fields to their energy-momentum tensor has already been
considered in the literature (see e.g. [31]).

We will further assume that the action can be decomposed as a sector that simply
contains gµν and a sector that contains both gµν and ΦA, usually called gravitational and
matter sectors, so that

S[g,Φ] = Sg[g] + SM[g,Φ]. (3.22)

We will also assume that the matter action can be written as

SM[g,Φ] =
N
∑

p=2

A(p)
M [g,Φ], (3.23)

A(p)
M [g,Φ] :=

∫

dnx
√−g O(p)(g,Φ), (3.24)

where each of the terms O(p)(g,Φ) contain p powers of the matter fields

O(p)(g, λΦ) = λpO(p)(g,Φ). (3.25)
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The index N could in principle extend up to infinity, as it does generically in Effective Field
Theories (EFT). Thus, our results will be valid, at least, for every theory that admits a
Lorentz-Invariant EFT expansion. Let us perform a perturbative expansion of this action:

S[ḡ + λh, Φ̄ + λφ] =
∞
∑

n=0

λn
(

S(n)
g [ḡ, h] + S

(n)
M [ḡ, h, Φ̄, φ]

)

. (3.26)

The gravitational parts of the action S
(n)
g has the same structure as Eq. (3.4) in Section 3.1.

The matter partial actions, on the other hand, can be expressed as

S
(n)
M [ḡ, h, Φ̄, φ] =

1

n!

dn

dλn
SM[ḡ + λh, Φ̄ + λφ]

∣

∣

∣

∣

λ=0

. (3.27)

If we fix a vanishing matter background, the result can be expressed in terms of A(p)
M ,

S
(n)
M [ḡ, h, Φ̄ = 0, φ] =

1

n!

dn

dλn

N
∑

p=0

λpA(p)
M [ḡ + λh, φ]

∣

∣

∣

∣

λ=0

, (3.28)

where we have used p-th degree homogeneity of O(p) when rescaling the matter fields with
a constant. By applying explicitly the derivatives we find that terms with p > n vanish,
whereas terms with p < n contribute nontrivially, yielding

1

n!

dn

dλn

N
∑

p=0

λpA(p)
M [ḡ + λh, φ]

∣

∣

∣

∣

λ=0

=

n
∑

p=0

1

(n− p)!

dn−p

dλn−p
A(p)

M [ḡ + λh, φ]

∣

∣

∣

∣

λ=0

, (3.29)

which, following the same logic as in Section 3.1, can be rewritten in terms of variations with
respect to the background metric as

n
∑

p=0

1

(n− p)!

dn−p

dλn−p
A(p)

M [ḡ + λh, φ]

∣

∣

∣

∣

λ=0

=
n
∑

p=0

1

(n− p)!

[
∫

dnx hµν
δ

δḡµν (x)

]n−p

A(p)
M [ḡ + λh, φ]

∣

∣

∣

∣

λ=0

, (3.30)

so that we can write the matter action around Φ̄ = 0 as

SM[ḡ + λh, λφ] =
∞
∑

n=0

λn





n
∑

p=0

1

(n− p)!

(
∫

dnx hµν
δ

δḡµν(x)

)n−p

A(p)
M [ḡ + λh, φ]





λ=0

.

(3.31)

The n-th order piece of energy-momentum tensor, which contains n powers of λ, can be
rewritten as a sum of a term coming from the gravitational sector and another term coming
from the matter sector:

t(n)µν = t(n)gµν + t
(n)
Mµν , (3.32)
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where the piece corresponding to the gravitational energy-momentum tensor t
(n)
gµν is given by

Eq. (3.12), and the matter energy-momentum tensor is given by

t
(n)
Mµν := − λn√−ḡ

δS
(n)
M [ḡ, h, Φ̄, φ]

δḡµν
. (3.33)

In particular, around vanishing matter background, the latter can be computed from A(p)
M as

follows:

t
(n)
Mµν |Φ̄=0 = − λn√−ḡ

δ

δḡµν





n
∑

p=0

1

(n− p)!

(
∫

dnx hµν
δ

δḡµν(x)

)n−p

A(p)
M [ḡ + λh, φ]





λ=0

(3.34)

Notice that now every order of λ mixes terms O(p) and O(q) with p+ q = n, so that the n-th
order matter energy-momentum tensor receives contributions from terms in the Lagrangian
containing n fields, but also contributions that mix terms with p and q fields provided p+q = n.

Example: Scalar field. Let us consider a simple example for illustrative purposes: the
minimally coupled φ4 theory for the matter sector and the Einstein-Hilbert term for the
gravitational piece of the action. The matter sector of the theory is described by

SM[g,Φ] = −
∫

dnx
√−g

[

1

2
(gµν∂µΦ∂νΦ+m2Φ2) +

β

4!
Φ4

]

, (3.35)

and can be expressed simply in terms of two operators O(p)(g,Φ)

O(2) = −1

2
gµν∂µΦ∂νΦ− 1

2
m2Φ2, (3.36)

O(4) = − β

4!
Φ4. (3.37)

We can now simply expand on top of a background solving the gravitational vacuum equations,
so that the matter background is given by vanishing Φ. Due to the vanishing background,
terms containing n-powers of the fields will enter only at order n in the stress energy tensor.
Hence, although both the m2Φ2 and the βΦ4 terms can be regarded just as the potential
term, they are not equal from the point of view of the bootstrapping. This is a consequence
of being consistent in matching the n-th order gravitational perturbations with the n-th order
matter perturbations, since they are not independent expansions, as can be seen by looking
at the orders in our bookkeeping parameter λ. Indeed, for the matter action in Eq. (3.35)
one first has to take into account the identity

√−g =
√−ḡ

[

1− 1

2
λ[h] +

1

8
λ2(2[h2] + [h]2)− 1

48
λ3
(

8[h3] + 6[h][h2] + [h]3
)

+
1

384
λ4
(

48[h4] + 32[h][h3] + 12[h2]2 + 12[h]2[h2] + [h]4
)

+O(λ5)

]

, (3.38)

where we have introduced the matrix h with components (hµ
ν) := hµρḡρν and the symbol [X]

as an abbreviation for the trace of a certain matrix X. With this in mind, it is straightforward
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to derive:

S
(0)
M [ḡ, h, Φ̄ = 0, φ] = S

(1)
M [ḡ, h, φ] = 0 , (3.39)

S
(2)
M [ḡ, h, Φ̄ = 0, φ] = −1

2

∫

dnx
√−ḡ (ḡµν∂µφ∂νφ+m2φ2) , (3.40)

S
(3)
M [ḡ, h, Φ̄ = 0, φ] =

1

4

∫

dnx
√−ḡ

[

[h](ḡµν∂µφ∂νφ+m2φ2)− 2hµν∂µφ∂νφ
]

, (3.41)

S
(4)
M [ḡ, h, Φ̄ = 0, φ] = − 1

16

∫

dnx
√−ḡ

[

([h]2 + 2[h2])(ḡµν∂µφ∂νφ+m2φ2)

+
β

3
φ4 − 4[h]hµν∂µφ∂νφ

]

, (3.42)

Where the contributions from O(p) and O(q) terms such that p+ q′ = n can be seen explicitly
at each of the computed order.

3.3 Gravity with torsion

Let us move on to include torsion into the picture. We will show that diffeomorphism-invariant
theories of gravity in which both the metric and the torsion tensor are dynamical variables,
bootstrap in a similar way. As we discussed in the introduction, we expect the source of the
torsion perturbations to be the spin-density current, obtained as the variation of the action
with respect to the torsion tensor. The discussion in this section will be similar to the one
above since, to some extent, torsion behaves as some additional matter fields with possible
non-minimal couplings. Consider a generic action that we can again break in two terms, one
containing only the metric and one containing the metric, the torsion tensor (through the
contorsion tensor Kµν

ρ), and possibly matter fields

S[g,K,Φ] = Sg[g] + SF[g,K,Φ]. (3.43)

Following the same logic that we have followed in previous sections, we will expand this action
in terms of a background solution:

gµν = ḡµν + λhµν , (3.44)

Kµν
ρ = K̄µν

ρ + λkµν
ρ, (3.45)

ΦA = Φ̄A + λφA, (3.46)

where in principle we can choose any solution to the equations of motions, i.e. any {ḡµν , K̄µν
ρ, Φ̄A}

such that

δS[g,K,Φ]

δgµν

∣

∣

∣

∣

gµν=ḡµν
= 0, (3.47)

δS[g,K,Φ]

δKµν
ρ

∣

∣

∣

∣

Kµν
ρ=K̄µν

ρ

= 0, (3.48)

δS[g,K,Φ]

δΦA

∣

∣

∣

∣

ΦA=Φ̄A

= 0. (3.49)

If we again perform a decomposition

SF[ḡ + λh, K̄ + λk, Φ̄ + λφ] =

∞
∑

n=0

λnS
(n)
F [ḡ, h, K̄, k, Φ̄, φ], (3.50)
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the general recursive formula (B.7) shows that the source of the equations of motion for n-th
order torsion perturbations is the spin-density current of (n− 1)-th order:

δS
(n)
F [ḡ, h, K̄, k, Φ̄, φ]

δkµνρ
=
δS

(n−1)
F [ḡ, h, K̄, k, Φ̄, φ]

δK̄µν
ρ

. (3.51)

Indeed, if we define

s
(n)
F

µν
ρ :=

λn√−ḡ
δS

(n)
F [ḡ, h, K̄, k, Φ̄,Φ]

δK̄µν
ρ

, (3.52)

then Eq. (3.51) can be rewritten

λn√−ḡ
δS

(n)
F [ḡ, h, K̄, k, φ]

δkµνρ
= λs

(n)
F

µν
ρ, (3.53)

in complete analogy with (3.11).

Let us particularize now to a trivial background for the matter fields: Φ̄A = 0. Similarly
as in the previous section, the metric and the contorsion backgrounds cannot be evaluated in
the trivial ones (ḡµν = ηµν and K̄µν

ρ = 0), since the computation of the energy-momentum
tensor and the spin-density current involve variations with respect to ḡµν and K̄µν

ρ, and this
requires knowledge about arbitrary configurations close to the trivial backgrounds. We will,
as before, assume that the action SF for matter and torsion can be split as follows,

SF[g,K,Φ] =
N
∑

p=2

A(p)
F [g,K,Φ], (3.54)

A(p)
F [g,K,Φ] =

∫

dnx
√−g O(p)(g,K,Φ), (3.55)

where, each of the terms O(p)(g,K,Φ) is homogeneous of degree p in the matter fields,

O(p)(g,K, λΦ) = λpO(p)(g,K,Φ). (3.56)

Similarly as we did in the previous section, around vanishing matter background, the partial
actions in the decomposition

SF[ḡ + λh, K̄ + λk, λφ] =

∞
∑

n=0

λnS
(n)
F [ḡ, h, K̄, k, Φ̄ = 0, φ] (3.57)

are given by

S
(n)
F [ḡ, h, K̄, k, Φ̄ = 0, φ] =

n
∑

p=0

1

(n− p)!

[
∫

dnx

(

hµν
δ

δḡµν (x)
+ kµν

ρ δ

δK̄µν
ρ(x)

)]n−p

A(p)
F [ḡ + λh, K̄ + λk, φ]

∣

∣

∣

∣

λ=0

.

(3.58)
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4 Bootstrapping theories with a vielbein

For the bosonic matter fields explored in the previous section we necessarily require non-
minimal couplings in order for the fields to be coupled to torsion. For fermionic matter, the
minimal coupling prescription gives rise to a linear coupling between the axial torsion vector
and a fermionic bilinear [32, 33]. However, Dirac spinors do not couple to the metric directly,
but require the introduction of a frame field (vielbein). Hence, for the purpose of illustrating
the bootstrapping procedure for the simplest kind of matter theories that couple to torsion,
we need to understand the bootstrapping through the vielbein formalism.

4.1 Metric theories written in terms of vielbein

We will begin by reproducing previous known results by bootstrapping a metric theory of
gravity S[g,Φ] described in terms of the vielbein fields instead of the metric tensor. Hence,
we deal with an action of the form

W [e,Φ] := S[g(e),Φ], (4.1)

where we are emphasizing that the action W depends on the vielbein only through the metric.
The set Φ collectively denotes another set of possible fields: matter, torsion, etc. Let us
expand for perturbations on top of a background in the form

eµa = ēµa + λ̃ǫµa, (4.2)

ΦA = Φ̄A + λ̃φA, (4.3)

which translates into an expansion of the action as

W [e,Φ] =

∞
∑

n=0

λ̃nW (n)[ē, ǫ, Φ̄, φ]. (4.4)

From our analysis in Appendix B.2, it is clear that we can find the recursive relation

δW (n)[ē, ǫ, Φ̄, φ]

δǫµa
=
δW (n−1)[ē, ǫ, Φ̄, φ]

δēµa
, (4.5)

where the right hand side is understood as the energy-momentum tensor at order n − 1 in
the vielbein formulation. To be more precise, we introduce the following notation for such
partial energy-momentum tensors

t
(n)

µ
a :=

λ̃n

|ē|
δW (n)[ē, ǫ, Φ̄, φ]

δēµa
, (4.6)

in complete analogy with Eq. (3.12).
We thus see that for every theory in which the gravitational field is described by a

vielbein, gravitational perturbations couple to their own energy-momentum tensor, as we have
not used that the vielbein enters only through the metric up to this point. Note, however,
that in the case where the vielbein enters through a metric tensor, we have a problem to

match the t
(n)

µ
a with the t

(n)
µν from the previous section. The main reason for this is that the

two expansions are different (notice that we have emphasized this using a different parameter
λ̃) and vielbein perturbations cannot be trivially matched to metric perturbations order by
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order in the expansion. Indeed, if we construct the sum of partial actions up to a given
accuracy

W =
N
∑

n=0

λ̃nW (n) +O(λ̃N+1), (4.7)

the associated energy-momentum tensor in the vielbein formulation would be the sum of all
partial contributions:

N
∑

n=0

t
(n)

µ
a +O(λ̃N+1) =

1

|ē|
δ

δēµa

N
∑

n=0

λ̃nW (n) +O(λ̃N+1). (4.8)

To compare with the partial actions S(n), we would need to multiply by the inverse vielbein
eν

a which, from the point of view of the metric expansion, is also a series in λ. Making
the identification between the two series would require to make the expansion of vielbein in
terms of the hµν field to match the tensors t and t, which does not appear to be possible in
a systematic manner. In other words, it is not straightforward to connect the partial energy-
momentum tensors computed in the metric formulation versus those obtained in the vielbein
formulation. However, at the full non-linear order, both approaches should agree, as a direct
consequence of the identity (B.7), which we derive in Appendix B.2. To illustrate explicitly
this point, consider a scalar of the form

S = Mµνg
µν = Mµν ḡ

µν + λMµνh
µν , (4.9)

where Mµν is assumed to be independent of the metric. If we express it in terms of the
vielbein, we clearly see that the series is different since it ends up at one order more

S = Mµνe
µ
ae

ν
bη

ab = Mµν ē
µ
aē

ν
bη

ab + 2λ̃Mµν ē
µ
aǫ

ν
bη

ab + λ̃2Mµνǫ
µ
aǫ

ν
bη

ab . (4.10)

This example allows us to illustrate the point that the two expansions are different: whereas
the one in terms of the metric contains only up to λ terms, the one in terms of the vielbein
contains terms up to λ̃2. However, although we could not find a closed expression matching
the two expansions and the energy-momentum tensors at different orders, we have shown
that, within the vielbein formalism, vielbein perturbations bootstrap by coupling to its own
energy-momentum tensor.

4.2 Matter coupled to torsion

At this point, extending the arguments in the previous section to the case of considering
matter and torsion in the vielbein formalism is straightforward. We will encode the torsion
again into the contorsion tensor with two Latin indices, Kµab, noting that the last index can
be kept lowered, since the Minkowski metric is not affected by functional variations. Let us
consider again an action of the form

S[e,K,Φ] = Sg[g(e)] + SF[e,K,Φ]. (4.11)

Once more, we will assume that the matter action can be written as

SF[e,K,Φ] =

N
∑

p=2

A(p)
F [e,K,Φ], (4.12)

A(p)
F =

∫

dnx
√−g O(p)(e,K,Φ), (4.13)
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where N can extend up to infinity and each of the terms O(p)(e,K,Φ) is homogeneous of
degree p, satisfying

O(p)(e,K, λ̃Φ) = λ̃pO(p)(e,K,Φ). (4.14)

We expand again on top of a background that solves the equations of motion and which is
trivial for the matter. Following the above arguments, we can expand the action around a
vanishing matter background as (compare with Eqs. (3.57)-(3.58))

SF[ē+ λ̃ǫ, K̄ + λ̃k, λ̃φ] =

∞
∑

n=0

λnS
(n)
F [ē, ǫ, K̄, k, Φ̄ = 0, φ] (4.15)

with

S
(n)
F [ē, ǫ, K̄, k, Φ̄ = 0, φ] =

n
∑

p=0

1

(n− p)!

[
∫

dnx

(

ǫµa
δ

δēµa(x)
+ kµab

δ

δK̄µab(x)

)]n−p

A(p)
F [ē+ λ̃ǫ, K̄ + λ̃k, φ]

∣

∣

∣

∣

λ̃=0

.

(4.16)

Again, the n-th order energy-momentum tensor contains two pieces,

t
(n)

µ
a = t

(n)
g µ

a + t
(n)
F µ

a, (4.17)

where the piece corresponding to the gravitational energy-momentum tensor t
(n)
g µ

a is the one
from the previous section, and the remaining contribution is

t
(n)
F µ

a = − λ̃
n

|ē|
δS

(n)
F [ē, ǫ, K̄, k, Φ̄, φ]

δēµa
. (4.18)

As before, the λ̃ expansion is such that terms O(p) and O(q), with p + q = n, get mixed at
order n.

Analogously, one can introduce the n-th order spin-density current, which has only the
contribution coming from SF and is given by:

s
(n)µab = s

(n)
F

µab :=
λ̃n

|ē|
δS

(n)
F [ē, ǫ, K̄, k, Φ̄, φ]

δK̄µab

. (4.19)

Example: Dirac action with torsionful derivative. Let us consider the example of a
Dirac fermion Ψ minimally coupled to a Poincaré gauge gravity theory (i.e., the connection
is metric-compatible) in four dimensions:

SDirac[e,K,Ψ,Ψ] =

∫

d4x|e|
[

i

2
eµc

(

Ψγc∇̂µΨ− ∇̂µΨγ
cΨ
)

−mΨΨ

]

, (4.20)

where note that we are representing the Dirac conjugate with a longer bar, as Ψ, and it should
not be confused with the background value of the field, Ψ̄. In our signature convention, the
covariant derivative acts on spinors as

∇̂µΨ := ∂µΨ+
1

4
ω̊µabγ

[aγb]Ψ+
1

4
Kµabγ

[aγb]Ψ

= ∇̊µΨ+
1

4
Kµabγ

[aγb]Ψ. (4.21)
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The above Dirac action can then be rewritten as

SDirac =

∫

d4x|e|
[

i

2
eµc

(

Ψγc∇̊µΨ− ∇̊µΨγ
cΨ
)

−mΨΨ− 1

4
Kµabe

µ
c (iΨγ

[aγbγc]Ψ)

]

,

(4.22)

where we have used γcγ[aγb]+γ[aγb]γc = 2γ[aγbγc]. Here we can clearly see how the contorsion
couples to the (Hodge dual of) the axial current:

iΨγ[aγbγc]Ψ = εdabcΨγdγ5Ψ, (4.23)

where γ5 := iγ0γ1γ2γ3 and εdabc is the Levi-Civita tensor of the flat metric. Indeed, only its
totally antisymmetric part K[cab] := Kµ[abe

µ
c] couples to the spin current. Since the field Kµab

does not enter with derivatives, the bootstrapping closes after the first iteration. Indeed, the
total spin-density around the background with vanishing spinor is given by its lowest order,

∞
∑

n=0

s
(n)µab|Ψ̄=0 = s

(2)µab|Ψ̄=0 =
1

|ē|
δSDirac[ē, K̄, ψ, ψ]

δK̄µab

=
i

4
ēµcψγ

[cγaγb]ψ , (4.24)

where ψ is the deviation with respect to the trivial spinor background. This example illus-
trates that the presence of torsion does not spoil the bootstrapping of the vielbein perturba-
tions that couple to the matter and gravitational energy-momentum tensor. Furthermore, as
we expected, the torsion field is coupled to the spin-density current. All of this occurs in a
self-consistent way, order by order in the expansion parameter λ̃.

5 The bootstrapping of nonmetricity

In this section we will discuss how the conclusions of the previous sections can be extended
to the case in which the matter fields are coupled to the nonmetricity. Nevertheless, there is
a subtle point when nonmetricity is introduced into the picture regarding the interpretation
of the source for the equations of motion. Usually, the field theories that we take as starting
point are Poincaré invariant theories. This implies the conservation of the canonical energy-
momentum and angular momentum currents, the latter involving a promotion of the type
∂ → ∇̂, where ∇̂ is a Lorentz connection (metric-compatible).

In case of having non-trivial nonmetricity, the corresponding connection ωµa
b will be a

GL(n,R)-connection instead of a Lorentz one. This leads to difficulties in interpreting the
right-hand side of the equation of motion for the nonmetricity as a canonical current like
the energy-momentum tensor for the metric equations and the spin-density current for the
torsion equations. In other words, the source of the equations of motion obtained by varying
the action with respect to the nonmetricity order by order, which is called the dilation-shear
current [21], cannot be alternatively computed as a Noether current in the canonical approach.
It can only be computed through Hilbert’s prescription. In order to be able to obtain such
a current from the canonical approach, we would need the theory to be invariant under the
whole GL(n,R), and the general theories that we consider are only Poincaré invariant as we
have already advanced. Otherwise, there are no other conserved currents besides the angular
momentum and the energy-momentum tensor. This issue becomes specially problematic if we
want to deal with spinors, since they do not have well definite transformation properties under
GL(n,R), but only under the Lorentz subgroup. Indeed, this is a consequence of GL(n,R)
not admitting finite spinor representations, but only infinite dimensional ones [34].
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If we blindly apply the bootstrapping procedure defining the currents only in terms of
the Hilbert prescription, the master equation for the perturbations still applies and the non-
metricity would couple order by order to the dilation-shear current. Everything is completely
parallel to the already studied case of torsion. However, the absence of a clear interpretation
for the source obscures the interpretation of the procedure.

6 Bootstrapping Unimodular metric-affine gravity

All of our discussion up to this point has been based on background-independent theories,
i.e., theories that exhibit diffeomorphism invariance. However, we can now consider theories
in which one has a privileged background volume form that will enter our action, although
it will not be a dynamical field with respect to which we perform variations. These theories
are the higher order derivative generalizations of the so-called unimodular gravity, and are
in general formulated easily in terms of their general relativistic counterparts, see [25] for a
recent review. The symmetry group here is a semi-direct product of Weyl transformations
and transverse diffeomorphisms (those preserving the volume form introduced).

Consider for instance a general relativistic action described in terms of the action SGR[g].
To promote this to a unimodular-like theory, we need to introduce the privileged background
volume form ω = ω(x) dx0∧ ...∧dxn−1. The way to do it, is to introduce an auxiliary metric
g̃µν defined in terms of our dynamical metric gµν and the volume form:

g̃µν(g) = gµν

(

ω2

|g|

)

1

n

. (6.1)

With this, we would write an action for the dynamical variable gµν , taking advantage of this
auxiliary metric as

SUG[g] = SGR[g̃(g)]. (6.2)

One can work out the equations of motion for this theory and one immediately finds out
that the equations that one reaches are the traceless part of the equations of motion for the
General Relativistic counterpart [25]. Explicitly, we have the following

δSUG

δgµν
= Eµν [g̃(g)] −

1

n

g̃µν g̃
αβEαβ [g̃(g)], (6.3)

where Eµν [g] :=
δSGR[g]

δgµν
. These theories do not have the full group of diffeomorphisms

as a symmetry group, but instead they have the group of transverse diffeomorphisms and
Weyl-scalings as gauge symmetries. Explicitly, these transformations are:

δξgµν = 2∇̊(µξν), ∇̊µξ
µ = −1

2
ξσ∂σ log

(

ω2

|g|

)

, (6.4)

δφgµν =
1

2
φgµν , (6.5)

If one includes matter or additional fields in such a way that these gauge symmetries are
preserved, i.e. we couple them through the metric g̃µν(g). The equations that one obtains
if one adds some matter content in this way SM[g,Φ], are again the traceless equations of
motion of the general relativistic equations of motion, i.e.,

Eµν [g̃(g)] −
1

n

g̃µν g̃
αβEαβ [g̃(g)] = Tµν [g̃(g)]−

1

n

g̃µν g̃
αβTαβ [g̃(g)] . (6.6)
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Here the energy momentum tensor is computed through Hilbert’s prescription, i.e. given
SM[g,Φ], the energy-momentum tensor is directly computed as

Tµν [g] =
−2√−g

δSM[g,Φ]

δgµν
. (6.7)

Taking the divergence on both sides in Eq. (6.6) and performing a trivial integration, one
can find that a cosmological constant appears as an integration constant, and the equations
can be rewritten as their general relativistic counterpart up to this subtlety regarding the
cosmological constant, a well-known properties of unimodular gravity. Further details of these
theories and a detailed comparative study of them with the General Relativistic counterpart
can be found in [25].

Let us now briefly discuss the effect of using this alternative symmetry principle to
build theories and their bootstrapping. If we perform the expansion of the metric again in a
background plus a perturbation of the form gµν = ḡµν + λhµν , the equations that we proved
in the appendix still hold, even in the presence of a background volume form, i.e.

δS(n−1)[ω, ḡ, h]

δḡµν
=
δS(n)[ω, ḡ, h]

δhµν
, (6.8)

If we now take into account that metric gµν always enters into the action through the g̃µν
metric, we have that

δS(n)[ω, ḡ, h]

δgµν
=
δS(n)[ω, ḡ, h]

δḡµν
− 1

n

ḡµν ḡ
αβ δS

(n)[ω, ḡ, h]

δḡαβ
. (6.9)

Now if we identify the energy momentum tensor from the definition above, at order n− 1 in
λ to find the following expression

δS(n)[ω, ḡ, h]

δhµν
= −√−ḡ

(

t(n−1)
µν − 1

n

ḡµν ḡ
αβt

(n−1)
αβ

)

. (6.10)

This expression is simply telling us that in this case, instead of coupling hµν to its own energy
momentum tensor, it couples to the traceless part of its own energy-momentum tensor.

Similarly will occur for the case in which we include matter, we work with the viel-
bein or we include torsion and nonmetricity. The unique difference with respect to the
diffeomorphism-invariant actions is that now the coupling is given to the traceless part of
its energy momentum tensor.

7 Conclusions

In this work we have worked out explicitly the self-coupling problem of metric-affine theo-
ries of gravity to suitable currents. For that purpose, we first generalized the self-coupling
of arbitrary metric theories of gravity done by Butcher et al. to include also an arbitrary
matter content in section 3.2, showing that metric perturbations always couple to the Hilbert
energy-momentum tensor. Then we worked out the self-coupling for a theory with torsion,
first in the metric formalism (in Subsection 3.3); and then in the vielbein formalism in Sec-
tion 4. We managed to show that the metric or vielbein perturbations still couple to the
energy-momentum tensor computed à la Hilbert, whereas the torsion perturbations couple
to the spin-density current. We also discussed what happens with nonmetricity in Section 5
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and found similar results. The coupling in this case is to the shear-dilation current. However,
in general such current does not admit a definition in terms of a canonical current (generic
theories are not invariant under the whole General Linear group) and hence it obscures the
interpretation of the result for general theories. Finally, we explained how our analysis gener-
alize straightforwardly if we consider a unimodular gravity version of the theories examined
in the paper in Section 6.

We have also taken the opportunity in this paper to clarify some doubts and miscon-
cepctions that we have found in the literature. First of all, regarding the results found by
Butcher et al. in [16]. There, they concluded that Einstein’s General Relativity does not
self-couple to its own energy-momentum tensor. This statement relies on the fact that if
one begins with the flat-spacetime Fierz-Pauli action in the quadratic Lagrangian replacing
the partial derivatives by covariant derivatives, one does not succeed when performing the
bootstrapping. To succeed, one needs to add some non-minimal couplings to compute the
energy-momentum tensor through Hilbert’s prescription, or superpotential terms if done in
the canonical way. Such terms arise naturally by expanding Einstein-Hilbert action on top of
an arbitrary background but, being non-minimal, they automatically vanish when one partic-
ularizes to flat spacetime. We have argued that those terms manifest in the form of identically
conserved terms in the energy-momentum tensor which, although irrelevant for computing
conserved charges, are needed in order to succeed in the bootstrapping procedure. In that
sense, we think that the Einstein-Hilbert action is indeed a solution to the self-coupling prob-
lem although it requires to choose adequately the ambiguities present in the definition of the
energy-momentum tensor to succeed. We also note that these ambiguities are harmless when
working in Palatini formalism since one simply needs to add no term to the energy-momentum
tensor obtained canonically, as it was shown by Deser originally [10], although in this approach
an auxiliary field is introduced in the bootstrapping but not bootstrapped. Furthermore, we
have clarified the fact that higher derivative theories of gravity do indeed also bootstrap,
contrary to what was pinpointed in [18]. Actually, the drawback of the analysis in [18] is that
working in Palatini formalism is not equivalent to the standard metric formalism in higher
derivative generalizations. Hence, if one works in a Palatini formalism, one has to analyze
also the bootstrapping of the affine connection (or equivalently torsion and nonmetricity).
When one does it carefully as we have done here, one finds out that the theory still couples
to some currents: the metric still couple to the energy-momentum tensor and the torsion and
nonmetricity to the spin-density current and the shear-dilation current. The discussion of
the role of these ambiguities in the bootstrap prescription also led us to point out a possible
connection between them and Lovelock theorem, in the sense that due to the uniqueness of
Lovelock actions in n-dimensions, only very particular choices of superpotentials/non-minimal
couplings will lead to these theories after the bootstrapping process is finished. Indeed, from
this perspective, our results suggest that hoping to bootstrap a generic linear theory without
any knowledge of the completion is hoping for a miracle, since one would have to choose the
right non-minimal couplings/superpotential terms to end up with the desired result. Further-
more, without knowing them a priori, it seems highly unlikely to be able to guess them from
physical considerations, since they do not affect neither physical observables of the known
linear theory, nor conserved charges of the full non-linear one. Of course, there are exceptions
such as the usual gauge theories that do bootstrap without having to make such guesses, but
this is not generally the case.

In addition to understand some questions raised in previous works on the topic, our
results are interesting also for several reasons. Regarding embedding metric-affine theories
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of gravity into emergent approaches, the bootstrapping procedure is a key tool [29, 35, 36].
Although in emergent approaches it is easy to analyze the degrees of freedom that can arise
in linearized theories around a Fermi-point, it is hard to understand the potential non-linear
completions of such theories without further insights. If one performs a bootstrapping proce-
dure, it is possible to find the theories that give rise to the propagation of the same number of
degrees of freedom at the non-linear level. Hence, our findings here suggest that it is in prin-
ciple possible to embed non-linear metric-affine theories of gravity in emergent approaches.
Also it would be interesting to analyze the bootstrapping of GR in its alternative trinity

formulations [26]. These analysis will be relatively simple based on the tools that we have
introduced in this paper. It is worth remarking that in the symmetric teleparallel formu-
lation, the action is diffeomorphism-invariant without needing any boundary terms. In the
standard Einstein-Hilbert action, R̊(g) ∼ ∂Γ̊(g) + Γ̊(g)̊Γ(g), the terms containing derivatives
of the connection are boundary terms and they are the ones giving rise to the non-minimal
couplings when expanding on top of an arbitrary background. Such non-minimal coupling
seems to be absent in the symmetric teleparallel formulation, and hence the bootstrapping
seems to be more straightforward. We will report on this topic elsewhere.
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A Decomposition of a general connection

Consider a general affinely connected metric manifold (M,g,Γ). We introduce the torsion
and the nonmetricity tensors, respectively, as follows:

Tµνρ := Γµν
ρ − Γνµ

ρ , (A.1)

Qµνρ := −∇µgνρ . (A.2)

With this in mind it can be shown that the general connection can be always expressed as
the Levi-Civita connection plus a tensorial deviation that we split into two contributions:

Γµν
ρ = Γ̊µν

ρ +Kµν
ρ + Lµν

ρ . (A.3)
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In this decomposition we have introduced

Kµν
ρ :=

1

2
gρσ(Tµνσ + Tσµν − Tνσµ) , (A.4)

Lµν
ρ :=

1

2
gρσ(Qµνσ +Qνσµ −Qσµν) , (A.5)

which are called contorsion and disformation tensors, respectively. They have the symmetry
properties:

Kµνρ = −Kµρν , Lµν
ρ = Lνµ

ρ . (A.6)

When working in an arbitrary orthogonal frame (with vielbein eµa), the components of the
connection become:

ωµa
b := Γµν

ρeνaeρ
b − eνa∂µeν

b. (A.7)

The decomposition into contorsion and disformation still holds in this formalism:

ωµa
b = ω̊µa

b +Kµa
b + Lµa

b, (A.8)

where ω̊µa
b is the contribution of the Levi-Civita connection, and

Kµa
b := eνaeρ

bKµν
ρ , Lµa

b := eνaeρ
bLµν

ρ. (A.9)

B Functional properties

Consider a generic action functional S[QI ] depending on a certain family of spacetime fields
that we denote collectively as {QI(x)}. These fields will be the metric, matter fields, the
vielbein and the contorsion: {QI = gµν ,ΦA,ΨA, eµa,Kµν

ρ}. Hence, the indices (I, J...)
represent a placeholder for all the fields living in the manifold and their internal (i, j...),
spacetime (µ, ν...) and frame indices (a, b...). Moreover, let {Q̄I} be a generic background
configuration. Now we evaluate the action in a configuration that deviates from such a
background, QI = Q̄I + λqI , where λ is a dimensionless bookkeeping expansion parameter.
The total action can then be rearranged as a series of the form:

S[Q] =

∞
∑

n=0

λnS(n)[Q̄, q], (B.1)

where the partial actions S(n) are given by

S(n)[Q̄, q] =
1

n!

dn

dλn
S[Q̄ + λq]

∣

∣

∣

∣

λ=0

. (B.2)

B.1 Generating formula

The derivatives with respect to λ in (B.2) can be replaced by the standard functional derivative
operator with respect to the background fields

d

dλ
S[Q̄ + λq] =

∫

dnx qI(x)
δ

δQ̄I(x)
S[Q̄ + λq]. (B.3)

Here, it is important to highlight again that there is a sum in I that covers all the fields of the
theory and all of their indices. Furthermore, we have dropped surface integrals that arise when

– 28 –



integrating by parts. These terms are neglected since we are assuming the perturbations qI

of all the fields to have compact support.2 Furthermore, the n-th derivative can be expressed
as:

dn

dλn
S[Q̄ + λq] =

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n

S[Q̄ + λq] (B.4)

where we are using the simplified notation (1.2) for the operator in the right hand side.
Actually, it is possible to express all the terms S(n) for n > 2 in terms of derivatives of
S(2)[Q̄, q]. This is clear from Eqs. (B.2) and (B.4), since we can combine them to find out
that

S(n)[Q̄, q] =
1

n!

dn

dλn
S[Q̄ + λq]

∣

∣

∣

∣

λ=0

=
1

n!

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n

S[Q̄ + λq]

∣

∣

∣

∣

λ=0

! =
1

n!

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n−2
(

[
∫

dnx qI(x)
δ

δQ̄I (x)

]2

S[Q̄ + λq]

∣

∣

∣

∣

λ=0

)

=
2

n!

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n−2

S(2)[Q̄, q] . (B.5)

We have used that the background Q̄ is generic, namely no information is lost when going
from S[Q] to S[Q̄]. Having said this, notice that, once we move all the dynamics from QI to
qI , we have that S(2) is all we need to build out the whole action for qI : S(0) is independent of
qI ,3 and S(1) vanishes for a background Q̄I that is solution of the theory, i.e., a configuration
such that

δS[Q]

δQI

∣

∣

∣

∣

QI=Q̄I

= 0 . (B.6)

B.2 A functional identity

Now we proceed to show that each order in the expansion S(n) corresponds to the coupling of
the qI field to the variation of S(n−1) with respect to the background of that field Q̄I . Indeed,
the following identity holds

δS(n)[Q̄, q]

δqI
=
δS(n−1)[Q̄, q]

δQ̄I
. (B.7)

Proof 1. To show this identity we will follow [16]. Let us first consider an arbitrary variation
with respect to qI or Q̄I and let us call it XI . We have the following identity

∫

dnx XI(x)
δS(n)[Q̄, q]

δqI(x)
=

∫

dnx XI(x)
1

n!

δ

δqI(x)

(

dn

dλn
S[Q̄ + λq]

∣

∣

∣

∣

λ=0

)

. (B.8)

We can rewrite the last term as a derivative with respect to a new parameter σ.

1

n!

∂

∂σ

∂n

∂λn
S[Q̄ + λ(q + σX)]

∣

∣

∣

∣

λ=0,σ=0

, (B.9)

2This condition can be relaxed to rapidly enough decaying fields at infinity, instead of compact support.
3Hence, it is irrelevant for the classical dynamics.
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where clearly the derivatives are taken first and the substitution λ = σ = 0 is made at the
end. Interchanging the order of derivatives

1

n!

∂n

∂λn
∂

∂σ
S[Q̄ + λ(q + σX)]

∣

∣

∣

∣

λ=0,σ=0

. (B.10)

We can introduce a new variable τ = λσ, so that 1
λ

∂
∂σ

= ∂
∂τ

at fixed λ. Hence, the expression
above can be rewritten as

1

n!

∂n

∂λn

(

λ
∂

∂τ
S[Q̄ + λq + τX]

)
∣

∣

∣

∣

λ=0,τ=0

. (B.11)

Evaluating the derivative with respect to λ we find

1

n!

(

λ
∂n

∂λn
∂

∂τ
S[Q̄ + λq + τX] + n

∂n−1

∂λn−1

∂

∂τ
S[Q̄ + λq + τX]

) ∣

∣

∣

∣

λ=0,τ=0

=
1

(n− 1)!

∂n−1

∂λn−1

∂

∂τ
S[Q̄ + λq + τX]

∣

∣

∣

∣

λ=0,τ=0

. (B.12)

Using the definition of Sn[Q̄, q] introduced in Eq. (B.2), we find

∂

∂τ
S(n−1)[Q̄ + τX, q]

∣

∣

∣

∣

τ=0

=

∫

dnx XI(x)
δ

δQ̄I (x)
S(n−1)[Q̄, q], (B.13)

concluding our proof of Eq. (B.7). In all these steps we have ignored boundary terms as we
mentioned above that we are assuming compact support variations.

Proof 2. A perhaps more transparent derivation of this result can be given as follows. Let
us begin with the definition of S(n)[Q̄, q]

S(n)[Q̄, q] =
1

n!

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n

S[Q̄ + λq]

∣

∣

∣

∣

λ=0

. (B.14)

Now, let us compute the variation with respect to one of the fields qJ(y). For that purpose,
we recall that the n variations with respect to the background field can be rearranged using
Eq. (1.2). Hence if we perform a variation with respect to qJx, it simply hits the product of
the n-qI(x) terms. This gives

δ

δqJ(y)

∫

dnx1 . . .

∫

dnxn qI1(x1) . . . q
In(xn)

δ

δQ̄I1(x1)
. . .

δ

δQ̄In(xn)
S[Q̄ + λq]

∣

∣

∣

∣

λ=0

= n

∫

dnz δn(y − z)
δ

δQ̄J (z)

∫

dnx1 . . .

∫

dnxn−1 qI1(x1) . . . q
In−1(xn−1)

δ

δQ̄I1(x1)
. . .

δ

δQ̄In−1(xn−1)
S[Q̄ + λq]

∣

∣

∣

∣

λ=0

. (B.15)

The last part is the partial action S(n−1)[Q̄, q], up to a multiplicative factorial (n − 1)!.
This, together with the prefactor n gives n(n − 1)! = n!, cancelling the n! above. Also, the
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δ-distribution can be used to rearrange everything as simply a derivative with respect to
Q̄J(y).

∫

dnz δn(y − z)
δ

δQ̄J (z)

[
∫

dnx qI(x)
δ

δQ̄I(x)

]n−1

S[Q̄ + λq]

∣

∣

∣

∣

λ=0

=

∫

dnzδn(y − z)
δ

δQ̄J (z)
S(n−1)[Q̄, q]

=
δ

δQ̄J (y)
S(n−1)[Q̄, q]. (B.16)

Hence, we find again expression (B.7).
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