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Abstract

We study the evolution of hypermagnetic fields (HMFs) in random plasma in the
symmetric phase of the early universe. The system of kinetic equations for the spectra of
the energy density and the helicity, as well as the particles asymmetries is derived. We
also formulate the initial condition which involve the Kazantsev and Kolmogorov spectra
of the seed HMFs. This system is solved numerically. We predict the energy spectrum
of primeval gravitational waves which are produced by these HMFs. Additionally, the
baryon asymmetry of the universe, generated by the lepton asymmetries, is obtained.
These results allow us to constrain the strength of seed HMFs.

1 Introduction

Cosmic magnetic fields, which permeate the universe, can exist even in the intergalactic
space [1]. Such large scale magnetic fields cannot be produced by an astrophysical plasma
motion. There are suggestions that cosmic magnetic fields proceed from the early universe [2].
For example, usual Maxwell (electro-)magnetic field Aµ can be the remnant of the hyper-
charge field Y µ = cos θWA

µ−sin θWZ
µ, which existed before the electroweak phase transition

(EWPT). Here, θW is the Weinberg angle and Zµ is the Z-boson field, which was massless
before EWPT. During EWPT, which happens at TEW = 100GeV, Y µ gives rise to present
days photons, Aµ(TEW) = cos θWY

µ(TEW). The decomposition of the strength tensor of Y µ,
Fµν = (EY,BY), defines the hyperelectric EY and hypermagnetic BY fields (HMFs).

The dynamics of HMFs is affected by the asymmetries of fermions which possess nonzero
hypercharges. It happens owing to the analogue of the chiral magnetic effect (the CME) [3].
In this situation, HMF is dynamo amplified and becomes unstable. The particle asymmetries
also can be influenced by nonzero HMFs through the abelian anomaly (see, e.g., Ref. [4]).
These quantum phenomena can happen in the early universe before EWPT since all fermions
are massless at that time.

The generation of lepton asymmetries by helical HMFs was noticed in Ref. [5] to result
in the leptogenesis and, then, in the baryogenesis. This scenario was generalized in Ref. [6]
to add the quarks asymmetries. The coexistence of HMFs and particle asymmetries was
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considered in Refs. [7–12]. Other mechanisms for the production of the baryon asymmetry
of the universe (BAU), including those based on the physics beyond the standard model, are
reviewed in Ref. [13].

Evolving HMFs can generate both BAU and relic gravitational waves (GWs). Unlike
BAU, which is produced by lepton asymmetries evolving together with HMFs, relic GWs
stem directly from HMFs. Namely, the GW background appears when the energy-momentum
tensor of HMFs is accounted for in the right hand side of the Einstein equation. Such a
possibility was first considered in Ref. [14]. The production of primordial GWs by turbulent
magnetic fields amplified by the CME was studied in Ref. [15] basing on the numerical solution
of the full set of the anomalous MHD equations. We studied the generation of relic GWs by
random HMFs in Refs. [12,16]. Other possibilities to generate a GW background in the early
universe, especially by modifying the General Relativity, are reviewed in Ref. [17].

The studies of relic GWs are inspired by both the multiple direct detections of GWs pro-
duced by coalescing astrophysical objects [18] and a recent claim in Ref. [19] that a stochastic
GW background is observed. Moreover, several future GW telescopes, for instance, based in
satellite [20,21] and underground [22] facilities, are designed to probe stochastic relic GWs.

This work is organized as follows. We start with the study of the HMFs dynamics in
Sec. 2, where we formulate the kinetic equations for the spectra and the asymmetries, as well
as set up the initial condition. Then, in Sec. 3, we consider the production of relic GWs
basing on the obtained spectra of HMFs. The generation of BAU, which depends on the
leptons asymmetries, is studied in Sec. 4. Finally, in Sec. 5, we conclude.

2 Dynamics of random HMFs

We study the evolution of HMFs in the symmetric phase of the universe before EWPT when
all particles are massless. In this situation, the divergence of an axial current of leptons is
nonzero because of the abelian anomalies [4],

∂µj
µ
5 = ∂µ〈ψ̄γµγ5ψ〉 =

g2

2π2
(EYBY), (2.1)

where g is the hypercharge, γµ = (γ0,γ) and γ5 are the Dirac matrices. Moreover, a vector
current of these leptons acquires the component along the HMF,

j = 〈ψ̄γψ〉 = g2

2π2
µ5BY, µ5 =

1

2
(µR − µL), (2.2)

where µR,L are the chemical potentials of right and left fermions. In Eq. (2.2), we show only
the spatial components of the current. One can see in Eq. (2.2) that it is analogous to the
CME [3].

HMFs in the early universe are stochastic, i.e. 〈BY〉 = 0. However, binary combinations
of HMFs are nonzero. We deal mainly with the hypermagnetic energy density, B2

Y/2, and
the hypermagnetic helicity, ∫(YBY)d

3x, where Y is the vector potential of the hypercharge
field. The hypermagnetic helicity characterizes the topology of HMF [23]. In fact, it is more
convenient to study the spectra of these quantities,

B̃2
Y

2
=

∫

dk̃ẼBY
(k̃),

∫

d3x

V
(ỸB̃Y) =

∫

dk̃H̃BY
(k̃) (2.3)
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where we use the conformal variables k̃ = kphys/T and B̃Y = BY/T
2. Here T is the plasma

temperature.
The plasma motion also affects the evolution of HMFs. The most consistent way to

account for the plasma influence is to solve the full set of (H)MHD equations, which includes
the Navier-Stokes equation for the plasma velocity. This task can be implemented only
numerically (see, e.g., Ref. [15]). To build an analytical model for random HMFs, we use the
concept of the (H)MHD turbulence, which involves the replacement of the plasma velocity
with the Lorentz force [24].

Taking into account these factors, we derive the system of equations for the spectra in
Eq. (2.3) (see, e.g., Ref. [12]),

∂ẼBY

∂η̃
= −2k̃2ηeff ẼBY

+ αeff k̃
2H̃BY

,

∂H̃BY

∂η̃
= −2k̃2ηeffH̃BY

+ 4αeff ẼBY
, (2.4)

where η̃ = M̃Pl(T
−1 − T−1

RL ) is the conformal time, M̃Pl = MPl/1.66
√
g∗, TRL = 10TeV is

the temperature when left femions start to be produced, MPl = 1.2× 1019 GeV is the Planck
mass, g∗ = 106.75 is the number of the relativistic degrees of freedom before EWPT. The
explicit form of the effective coefficients, ηeff and αeff , which account for the CME in Eq. (2.2)
and (H)MHD turbulence, can be found in Refs. [12, 25].

Assuming that plasma in the early universe is uniform and integrating Eq. (2.1) over
space, we get the system of the kinetic equations for the asymmetries of all types of leptons,
in which we account for their decays and the sphaleron process. We also add the kinetic
equation for the Higgs boson asymmetry. Finally, one has the system in the form,

dξeR
dη̃

= −6α′

π

∫

dk̃
(

2αeff ẼBY
− k̃2ηeffH̃BY

)

− Γ(ξeR − ξeL + ξ0),

dξeL
dη̃

=
3α′

2π

∫

dk̃
(

2αeff ẼBY
− k̃2ηeffH̃BY

)

− Γ

2
(ξeL − ξeR − ξ0)−

Γsph

2
ξeL,

dξ0
dη̃

= −Γ

2
(ξeR + ξ0 − ξeL), (2.5)

where the asymmetries of right and left fermions, as well as of Higgs bosons are ξeR,L =
6(neR,L − nēR,L)/T

3 and ξ0 = 3(nϕ0
− nϕ̄0

)/T 3, respectively. The values of the rates Γ and
Γsph, for the sphaleron process, are given in Ref. [11].

To integrate the system in Eqs. (2.4) and (2.5) we should specify the initial condition. We
suppose that the energy spectrum of a seed HMF at T = TRL = 10TeV, when left leptons
appear, consists of two parts. The infrared (IR) part is the Kazantsev spectrum ∝ k̃3/2 [26],
whereas the ultraviolet part is the Kolmogorov spectrum ∝ k̃−5/3. The Kazantsev spectrum
can correspond to reciprocal momenta greater than the horizon size [27]. Two branches in
the spectrum are glued at certain k̃⋆ < k̃max, where k̃max is the maximal momentum which
is a free parameter of the system. Demanding the plasma electroneutrality, we get that
k̃max < 0.1 [11]. Finally, the energy spectrum of a seed HMF is

Ẽ(0)
BY

(k̃) =
B̃2

0

3k̃max





19

15
−
(

k̃⋆

k̃max

)2/3




−1

×
{

k̃maxk̃
−5/2
⋆ k̃3/2, 0 < k̃ < k̃⋆,

k̃maxk̃
2/3
⋆ k̃−5/3, k̃⋆ < k̃ < k̃max,

(2.6)
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where B̃0 is the strength of a seed HMF.

The spectrum of a seed helicity density is H̃(0)
BY

(k̃) = 2qẼ(0)
BY

(k̃)/k̃, where 0 ≤ q ≤ 1 is the
phenomenological parameter fixing the helicity of a seed HMF. In our simulations, we take
that q = 1 assuming maximally helical HMFs.

Additionally to Eq. (2.6), we should set the initial asymmetries in Eq. (2.5). We take
that ξeL = ξ0 = 0 and ξeR = 10−10 following Refs. [8, 11, 12, 16, 28]. It means that the main
contribution to the dynamics of the system results from the the right electrons component.

Now, we show the results of the numerical solution of Eqs. (2.4) and (2.5) for the chosen
initial condition. First, in Figs. 1(a) and 1(b), we demonstrate the evolution of the dimen-
sionless spectra R(κ) = 6α′2ẼBY

(k̃)/π2k̃max and H(κ) = 3α′2H̃BY
(k̃)/π2, where κ = k̃/k̃max

and α′ is the analogue of the fine structure constant for the hypercharge field, from their
initial values at T = TRL (dashed lines) to EWPT (solid lines). The spectra are shown for
two seed strengths, B̃0 = 1.4 × 10−6 and B̃0 = 1.4 × 10−1.

We can see in Figs. 1(a) and 1(b) that the spectra are the subject of mainly the magnetic
diffusion at great κ. It is owing to the great ηeff in Eq. (2.4), which is enhanced by the
(H)MHD turbulence contribution. The irregular parts of the spectra at the very great κ . 1
are because of the finite accuracy of numerical simulations. To see more clearly that HMF
decays, in Fig. 1(c), we show its time evolution in the early universe cooling from TRL down
to EWPT. The curves are plotted again for two different strengths of a seed HMF.

Finally, in Fig. 1(d), we represent the evolution of the chiral α-parameter, αY ∝ ξeR−ξeL/2
(see, Refs. [11, 12,16]). It is important for the BAU generation, which is discussed in Sec. 4.
It should be noted that, qualitatively, the behavior of HMFs and the asymmetries, in case
when we take the Kazantsev spectrum of the seed field in Eq. (2.6), is similar to that for the
Batchelor IR part of the spectrum studied in Ref. [12].

3 Generation of relic GWs by stochastic HMFs

A gravitational field, corresponding to the metric gµν , evolves under the influence of external
HMFs as (see, e.g., Ref. [29])

Rµν −
1

2
gµνR = 8πGTµν , (3.1)

where Rµν is the Ricci tensor, R is the scalar curvature, G is the Newton constant, and the
spatial components of the energy-momentum tensor Tµν are

Tij = − 1

a2

(

B
(c)
YiB

(c)
Yj −

1

2
δijB

(c)2
Y

)

. (3.2)

Here B
(c)
Y = a2BY is the conformal HMF and a is the scale factor in the Friedmann–

Robertson–Walker metric, ḡµν = diag(1,−a2,−a2,−a2).
Considering the tensor perturbations of the metric in Eq. (3.1), gµν = ḡµν+hµν , and using

the transverse-traceless gauge [29], we get the spectrum of the energy density of stochastic
GWs [16]

ρ
(c)
GW(k, η) =

t2UnivG

4k3π2
η

∫ η

0

dξ

(η0 + ξ)2

∫ ∞

0

dq

q3

∫ k+q

|k−q|

dp

p3

×
{

[4k2q2 + (k2 + q2 − p2)2][4k2p2 + (k2 − q2 + p2)2]ρ
(c)
Y (q, ξ)ρ

(c)
Y (p, ξ)

+ 4k2q2p2(k2 + q2 − p2)(k2 − q2 + p2)h
(c)
Y (q, ξ)h

(c)
Y (p, ξ)

}

(3.3)
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Figure 1: The results of the numerical solution of Eqs. (2.4) and (2.5). We take that k̃max =

10−3, k̃⋆ = 10−12, and ξ
(0)
eR = 10−10. All curves are plotted for B̃0 = 1.4 × 10−6 and B̃0 =

1.4 × 10−1. (a) The dimensionless spectrum of the energy density R versus κ. (b) The
dimensionless spectrum of the helicity density H versus κ. In panels (a) and (b), we also
show the corresponding spectra on the seed HMFs by dashed lines. (c) The normalized HMF
strength versus the plasma temperature. (d) The quantity ξeR−ξeL/2 in the cooling universe.
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Figure 2: The observed energy spectrum of relic GWs based on the behavior of random HMFs
in Sec. 2. The parameters of the system are the same as in Fig. 1. By the dashed line, we
show the observational upper bound on Ω [30].

Here ρ
(c)
Y (k, η) and h

(c)
Y (k, η) are the conformal spectra of HMFs energy and helicity, which

are related to the spectra, given in Sec. 2, by ρ
(c)
Y (k, ξ) = ẼBY

(k̃, η̃)T 3
0 and h

(c)
Y (k, ξ) =

H̃BY
(k̃, η̃)T 2

0 , where T0 = 2.7K is the current temperature of the cosmic microwave back-
ground radiation. The dimensional conformal time η and the conformal momentum k in
Eq. (3.3) are η = (2tUnivT0/M̃Pl)η̃ and k = T0k̃, where tUniv = 1.4 × 1010 yr is the age of the
universe. In Eq. (3.3), the parameter η0 = 2tUnivT0/TRL.

Instead of ρ
(c)
GW(k, η) in Eq. (3.3), a GW detector measures the quantity,

Ω(f) =
1

ρcrit

dρGW

d ln f
=
fρGW(f)

ρcrit
, (3.4)

where ρcrit = 0.53 × 10−5 GeV · cm−3 is the critical energy density of the universe, and f is
the frequency measured in Hz. In Fig. 2, we show Ω(f) in Eq. (3.4) basing on the spectra of
HMFs found in Sec. 2. As in Fig. 1, we plot Ω for two different seed strengths, B̃0 = 1.4×10−6

and B̃0 = 1.4 × 10−1.
Figure 2 corresponds to T = TEW = 100GeV. However, since we deal with the conformal

energy density of GWs, the same GW signal is observed nowadays. In Fig. 2, we also plot by
the dashed line the constraint on the stochastic GW background by the LIGO-Virgo-KAGRA
collaborations in Ref. [30]. The value Ωobs ∼ 10−10 is established in the Hz–kHz frequency
band. Thus, using Fig. 2, we put the upper bound on the strength of a seed HMF, B̃0 . 0.14.

4 Production of BAU by evolving asymmetries

We studied both the spectra of HMFs and particle asymmetries in Sec. 2. The spectra
are applied in Sec. 3 to predict the GW background generation. Now, we use the lepton
asymmetries to describe the production of BAU.

Basing on the ’t Hooft conservation law, B − L = const, we get that the value of BAU

6
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Figure 3: BAU in the early universe cooling from TRL down to EWPT. We use the same
parameters as in Figs. 1 and 2.

depends on the asymmetries of right and left leptons ξeR,L [11],

BAU(η̃) =
nB − nB̄

s
= 5.3× 10−3

∫ η̃

0
dη̃′

×
{

dξeR(η̃
′)

dη̃′
+ Γ(η̃′)[ξeR(η̃

′)− ξeL(η̃
′)]

}

− 6× 107

η̃EW

∫ η̃

0
ξeL(η̃

′)dη̃′, (4.1)

where nB,B̄ are number densities of baryons and antibaryons, s is the entropy density, and
η̃EW is the dimensionless conformal time corresponding to EWPT. We assume in Eq. (4.1)
that BAU = 0 at T = TRL.

BAU is shown in Fig. 3 for different strengths of a seed HMF. We can see in Fig. 3, that the
curve corresponding to B̃0 = 1.4 × 10−1 results in an excessive BAU. The weaker seed HMF
with B̃0 = 1.4 × 10−6 leads to BAU comparable with the observed value BAUobs ∼ 10−10.
Thus, we establish a stronger constraint on the strength of a seed HMF, B̃0 . 1.4 × 10−6.
This result is analogous to that obtained in Ref. [12].

If we compare BAU at EWPT in Fig. 3 with the value of ξeR − ξeL/2 at T = 100GeV in
Fig. 1(d), we can see that BAU is determined mainly by the evolution of right electrons. This
fact was mentioned first in Ref. [28]. We used this feature in the series of our works [8,11,12].

5 Conclusion

The present work has been devoted to the study of the evolution of HMFs in the symmetric
phase of the early universe before EWPT. The dynamics of HMFs accounts for the analogues
of the MHD turbulence and the CME in the presence of nonzero asymmetries of leptons. To
close the system we describe the behavior of the asymmetries in HMFs taking into account the
abelian anomalies. We deal with the binary combinations of HMFs, like the energy density
and the helicity, since we consider random fields in the primordial plasma. The evolution of
HMFs is tracked from TRL = 10TeV, when left fermions start to be produced, to EWPT
which happens at TEW = 100GeV.

In Sec. 2, we have formulated the dynamics of HMFs and specified the initial condition. We
have supposed that the spectrum of seed HMFs has the Kazantsev part ∝ k̃3/2 for small k̃ and
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the Kolmogorov part ∝ k̃−5/3 for great ones. The consideration of the Kazantsev spectrum
is the advance compared to Ref. [12] where the Batchelor spectrum was used. Recently, the
possibility to distinguish between the Kazantsev and Batchelor spectra in galactic magnetic
fields was studied in Ref. [31].

Then, in Sec. 3, we have studied the production of relic GWs by random HMFs. We have
derived the spectrum of the conformal energy density of GWs. On the basis of this result,
we have computed the function Ω, which is measured by GW telescopes, at EWPT. We have
compared this finding with the observational constraint in Ref. [30] and established the upper
bound on the strength of the seed HMF.

Finally, in Sec. 4, we have studied the generation of BAU on the basis of asymmetries
of right and left leptons. BAU has been found to reach the observed value ∼ 10−10 if seed
HMFs are constrained by a smaller value compared to the case of primeval GWs studied
in Sec. 3. It should be noted that the constraint on the strength of HMFs obtained in
Sec. 4 is consistent with the upper bounds established in Ref. [32], based on the Big Bang
nucleosynthesis consideration, and in Ref. [33], where the baryon isocurvature was discussed.

We discuss random fields in the early universe. They are considered as stochastic processes.
Strictly speaking, the mean value of a physical quantity should be computed basing on a
statistical ensemble. However, this procedure cannot be implemented in practice since one
has to consider multiple copies of the universe. However, using the ergodic hypothesis, we
can compute the mean value as a time averaging of a stochastic process. Such a quantity
coincides with the mean value calculated using the statistical averaging.
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[13] D. Bödeker andW. Buchmüller, Baryogenesis from the weak scale to the grand unification
scale, Rev. Mod. Phys. 93, 035004 (2021) [arXiv:2009.07294].

[14] A. Kosowsky, A. Mack, and T. Kahniashvili, Gravitational radiation from cosmological
turbulence, Phys. Rev. D 66, 024030 (2002) [astro-ph/0111483].

[15] A. Brandenburg, Y. He, T. Kahniashvili, M. Rheinhardt, and J. Schober, Relic
gravitational waves from the chiral magnetic effect, Astrophys. J. 911, 110 (2021)
[arXiv:2101.08178].

[16] M. Dvornikov, Gravitational waves generation in turbulent hypermagnetic fields be-
fore the electroweak phase transition, J. Cosmol. Astropart. Phys. 01 (2022) 021
[arXiv:2110.04214].

[17] S. D. Odintsov, V. K. Oikonomou, and R. Myrzakulov, Spectrum of Primordial Grav-
itational Waves in Modified Gravities: A Short Overview, Symmetry 14, 729 (2022)
[arXiv:2204.00876].

[18] R. Abbott et al. (LIGO Scientific Collaboration, Virgo Collaboration, KAGRA Collabo-
ration), GWTC-3: Compact Binary Coalescences Observed by LIGO and Virgo During
the Second Part of the Third Observing Run, arXiv:2111.03606.

[19] Z. Arzoumanian et al. (NANOGrav Collaboration), The NANOGrav 12.5-year Data Set:
Search For An Isotropic Stochastic Gravitational-Wave Background, Astrophys. J. Lett.
905, L34 (2020) [arXiv:2009.04496].

[20] M. Evans et al., A Horizon Study for Cosmic Explorer: Science, Observatories, and
Community, arXiv:2109.09882.

[21] P. Auclair et al. (LISA Collaboration), Cosmology with the Laser Interferometer Space
Antenna, arXiv:2204.05434.

[22] M. Maggiore et al., Science case for the Einstein telescope, J. Cosmol. Astropart. Phys.
03 (2020) 050 [arXiv:1912.02622].
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