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When granular mixtures of different sizes are fluidized, each species spontaneously separates
and condenses to form patterns. Although granular segregation has been extensively studied, the
inability to directly observe the time evolution of the internal structure hinders the understanding
of the mechanism of segregation dynamics driven by surface flow. In this study, we report rich band
dynamics, including a self-replicating band, in a horizontally shaken granular mixture in a quasi-
two-dimensional container where the granules formed steady surface waves. Direct observation of
surface flow and segregated internal structure revealed that coupling among segregation, surface
flow, and hysteresis in the fluidity of granules is key to understanding complex band dynamics.

Introduction. Granular materials composed of
solid macroscopic particles are widely used in both nat-
ural and industrial processes. In the industry, the con-
siderable need for efficient handling of granular materials
has been the focus of research [1, 2]. Granular materi-
als are a typical example of a system far from equilib-
rium. When mechanical agitation, including flow, vibra-
tion, and rotation, is applied, a balance between energy
injection and dissipation owing to frictional and inelastic
interactions leads to various dissipative structures [3–5].
One of the most counterintuitive phenomena is segrega-
tion, which is caused by the differences in size, density,
or other physical properties of the particles [6–8]. For ex-
ample, the alternating layer emerges spontaneously in a
quasi-two-dimensional sandpile as a binary granular mix-
ture is poured between two vertical plates, which is called
stratification [9]. In the rotating cylinder, alternating
bands appear and are subsequently merged as the rota-
tion proceeded [10, 11]. When heavy particles are placed
on top of a layer of light particles on a slope, the upper
layer of heavy particles splits and forms strips parallel to
the direction of the chute flow [12]. The strips merge as
they flow downward as the axial bands merge in a rotat-
ing cylinder.
Although the aforementioned segregations were driven by
surface granular flow, it remains unclear whether physical
properties such as the rheology of granules or hydrody-
namic instability are the dominant driving mechanisms.
In the case of axial segregation in a rotating cylinder, the
difference in the dynamic angles of repose, which relates
to the fluidity of granules, has been considered a macro-
scopic parameter that determines segregation. However,
several studies claim that the axial band formation may
be due to the bulging of the radial core of small particles
[13, 14]. Alternatively, the external layer of large parti-
cles with high density may be destabilized by Rayleigh-
Taylor like instability [12]. However, it is difficult to an-
swer this question as it is not possible to observe the
time evolution of the internal structure with sufficiently
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high resolutions both in time and space in a non-invasive
manner.
In this study, we conducted experiments using a mixture
of spherical and angular particles in a horizontally shaken
narrow channel. This enabled us to measure the time
evolution of the surface and internal structures simulta-
neously. The surface flow driven by horizontal vibration
induced segregation bands even without a density differ-
ence, whose onset was reminiscent of fluid-fluid interface
instability. In addition to the coarsening patterns com-
monly observed in rotating cylinder systems, a nonsta-
tionary state was observed: a self-replicating segregation
pattern. Measurement of the fluidity of each granular
species and the phenomenological model of pattern for-
mation suggested that the interplay among segregation,
surface flow, and granular fluidity with strong hysteresis
is key to understanding complex and rich band dynam-
ics.
Experimental conditions. To investigate how the
surface flow induces the segregation pattern, we applied
horizontal vibration to a granular mixture bed (depth ∼

1 cm) in a rectangular container [Fig. 1 (a)]. The length
and width of the container were 40 and 4 cm, respec-
tively, unless otherwise stated. Glass beads (diameter
0.8 mm) were glued to the bottom of the container to
prevent slipping of the granular bed. In this study, the
direction of vibration was parallel to the short axis of
the container, and the amplitude of the vibration (5 cm
peak-to-peak) was larger than that of the short axis. We
varied the vibration frequency, f from 0 to 3.0 Hz.
We used a mixture of glass beads (white color, 2.56 g /
cm3) and glass frits (black color, 2.57 g / cm3) to exclude
the effect of the density difference. Since the glass frits
had a wide distribution of particle sizes, we sieved the
glass frits into several average sizes Df ranging from 150
to 650 µm (see supplementary information). The size
Db of the glass beads ranged from 400 to 2000 µm. The
glass frits were elongated polygons. Therefore, compared
with glass beads, glass frits require a higher vibration fre-
quency to be fluidized. For the initial condition of the
granular beds, a layer of large granules was placed on the
layer of small granules, unless otherwise stated. This ini-
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FIG. 1: (a) Schematic illustration of the experimental system. (b, c) Time series of upper (b) and side (c) view of the band
formation. As an initial condition, two granular species are uniformly mixed. We only showed a part of image (18 cm out of 40
cm in length). (d, e) Spatiotemporal plot of the bands (d) and height h(x, t) between bead and frit layers (e). (d) The image
pixels of the red dashed line in Fig. 1 (b) were stacked. (e) The color indicates the height (see colorbar). (b - e) Width of the
container is 3.5 cm. Diameter of glass frits and beads are Df = 381 µm and Db = 868 µm, respectively. Vibration frequency
f = 2.8 Hz. (d, e) Width and height of the images are 40 cm and 5450 s, respectively.

FIG. 2: Time series (a) and spatiotemporal plot (b) of the
replicating bands. (a, b) The granules were initially segre-
gated in the depth direction. Width of the container was 4
cm. Df = 337 µm. Db = 1240 µm. f = 3.0 Hz (b) Width
and height of the image are 40 cm and 1340 s, respectively.

tially segregated condition can achieve high reproducibil-
ity of the experimental results.
Using a CCD camera, we observed the top and side views
of the container simultaneously. From the side view, we
measured the segregation in the depth direction. The im-
age was obtained at a certain vibration phase by detect-
ing the container position with the laser sensor. Using
a high-speed camera (HAS U-1, Detect), we recorded a
video of the lateral view of the granular bed to analyze
the surface wave.
Band formation driven by surface waves. When
uniformly mixed glass beads and frits were horizontally

vibrated at a sufficiently large frequency, the fluidized
granules formed a surface wave whose propagation di-
rection was parallel to the short axis of the container.
The surface wave drove the segregation in the vertical
and horizontal directions simultaneously (Fig. 1 (b, c)).
The time evolution resembled radial and axial segrega-
tion in a rotating drum [10, 11, 15, 16]. First, large glass
beads (white) covered the surface of the granular beds.
Bands of glass frits (black) then appeared and merged to
form wider bands, as shown in the spatiotemporal plot
(Fig. 1 (d)). From the side view of the container (Fig. 1
(c)), band formation appeared as an interface instability
such as Rayleigh Taylor Instability [12, 17]; surface glass
beads’ layer split to form “droplets” as the undulation of
the interface between the bead and frit layers grew and
reached the surface. A spatiotemporal plot of the band
(Fig. 1 (d)) corresponded to that of the interface height
h(x, t) (Fig. 1 (e)).
Self-replicating bands. In contrast to axial segre-
gation in the rotating drum, complex band dynamics,
i.e., self-replication, emerged with a rather large parti-
cle size ratio ρls ∼ 3. The initial small band gradu-
ally increased in size and eventually split into two bands
[Fig. 2 (a)]. The band has a typical size above which
it becomes unstable and starts to replicate. When two
or more bands collide, annihilation occurs. The repli-
cation cycle (∼ 15 s) was considerably slower than the
vibration cycle (∼ 0.33 s). The dynamics of replicating
bands resemble those of replicating patterns observed in
reaction-diffusion systems [18, 19] and vertically vibrated
suspensions [20].
Owing to the successive replication and annihilation of
the bands, the spatiotemporal plot of the replicating
bands showed a Sierpinski gasket-like pattern (Fig. 2
(b)) found in the replicating patterns in 1-dimensional
reaction-diffusion systems [21, 22]. The small black tri-
angles in the plot are derived from a cycle of band replica-
tion, whereas the large white triangles are obtained from
the pair and multi-annihilation of the bands. In contrast
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FIG. 3: (a) Phase diagram of the pattern of the combination
of particle sizes, Df and Db. f = 3.0 Hz (b) Typical spa-
tiotemporal plots of the band dynamics. (a, b) Red square:
oscillation. Green triangle: coarsening. Blue circle: repli-
cation. Pink cross: traveling wave. Black cross: no bands.
Width and height of the image correspond to 40 cm and 1340
s, respectively. (c) Dependence of band dynamics on vibration
frequency f . Df = 337 µm. Db = 1240 µm.

to the spatially symmetric patterns of the Sierpinski gas-
ket, the spatiotemporal pattern of the replicating bands
was disturbed by partial replication [23], partial annihi-
lation [20, 24], spontaneous creation, and spontaneous
annihilation of the bands.
Phase diagram of band dynamics. In addition to
replication, the horizontally vibrated granular mixture
exhibited various band dynamics depending on the com-
bination of particle sizes (Figs. 3 (a) and (b)). In the
case of a small size ratio (ρls < 3), the band dynamics
showed a coarsening process [25, 26]; the initial small
bands merged to create larger bands (Figs 1 (b) and
(d)). After coarsening, several bands remained, reach-
ing a steady state. As the particle size ratio increased,
the stationary bands bifurcated into oscillatory patterns
through the replicating bands. The two types of band
dynamics coexist in the marginal parameter between the
stationary and replicating bands. When the glass beads
and frits were both small, the system was disturbed. The
traveling wave of glass beads and frits alternately propa-
gated from the longer side of the container to the shorter
side, resulting in the oscillatory pattern in the spatiotem-
poral plot [pink cross in Fig. 3 (a, b)]. Band formation
did not occur for ρls < 1. Thus, for band formation,

the size of the glass beads should be larger than that of
the frits. This suggests that the layer of large particles
should be easily fluidized to form a surface wave, which
drives the band formation.
To determine how the magnitude of the surface wave
alters the band dynamics, we investigated the depen-
dence of the band pattern on vibration frequency (Fig-
ure 3 (c)). When the vibration frequency was sufficiently
small, the granular bed was stationary and the surface
flow was not induced. As the vibration frequency in-
creased, large particles began to flow; however, band for-
mation did not occur. Above a certain critical frequency,
small bands appeared and disappeared in an oscillatory
manner. When the vibration frequency increased fur-
ther, the bands began to replicate. Thus, the dynamics
of surface flow, which reflects the rheology of shaken dry
granules [27, 28], is key to understanding the mechanism
of pattern formation.
Surface wave of granular bed. To characterize the
surface flow of the granular bed, we first measured the
amplitude of the surface wave of the granular bed with a
single species (Fig. 4 (a)). Here, we observed the granu-
lar bed from the lateral view of the container parallel to
the vibration direction and measured the heights of the
surface H (Fig. 4 (a)). We define the standard devia-
tions of H during one vibration cycle as the wave am-
plitudes. Figure 4 (b) shows the frequency ramp test;
a large vibration frequency was initially imposed, and
we gradually decreased the frequency until the surface
flow was stopped. The frequency was then gradually in-
creased. In the case of the glass beads, the layer of beads
started to flow at a small vibration frequency. The sur-
face wave amplitude did not exhibit a clear hysteresis for
frequency as the glass beads easily rolled on the granular
bed surface. In the case of glass frits, the layer of frits re-
quired a higher vibration frequency to flow, and the sur-
face wave amplitude demonstrated a strong hysteresis.
Even at a sufficiently large vibration frequency, surface
waves have branches with higher and lower amplitudes,
and such hysteresis of the flow has been found in frictional
grains [28–30]. When we observed the surface flow from
above, the surface wave of the glass frits was spatially
heterogeneous, and slower and faster-flowing regions co-
existed in the container. Figures 3 (c) and 4 (b) indicate
that the band appeared when the glass frits started to
flow.
To reveal how the surface flow interacted with the band
dynamics, we measured the surface wave dynamics dur-
ing the band formation of the granular mixture, where
beads and frits were vertically segregated. Here, we cal-
culated the surface height HL of the bead layer and
the interface height HS between the bead and frit lay-
ers (Figs. 4 (c, d)). Figure 4 (e) shows the time series of
HL (blue line), HS (orange line), and their time-averaged
values (black lines) for replicating bands. A large oscil-
lation of HL represents surface wave propagation from
side to side (Fig. 4 (a)). As the surface was mainly cov-
ered by glass beads, HL was almost always larger than
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FIG. 4: Dynamics of the surface wave driven by horizontal
vibration. (a) Time series of the surface traveling wave of a
glass frits’ bed during a vibration cycle. Images were recorded
from the lateral direction of the container. (b) Dependence
of the amplitude of the surface wave on vibration frequency.
Green triangle: beads’ bed with decreasing frequency. Pur-
ple cross: beads’ bed with increasing frequency. Blue circle:
frits’ bed with decreasing frequency. Red square: frits’ bed
with increasing frequency. (c, d) Typical lateral view of the
segregated granular mixture without band (c) and with band
(d). HL: height of the surface of the entire granular bed.
HS: height of the interface between the beads’ and frits’ lay-
ers. (e) Time evolution of HL and HS. The replicating band
appeared occasionally. (f) Time evolution of the oscillation
amplitude AL and AS of HL and HS. (a - f) Df = 337 µm.
(b - f) Db = 1240 µm. (c - f) f = 2.9 Hz.

HS . When a band appeared near the wall, HS sharply
increased and approached HL (Figs. 4 (e)). During the
appearance of the band, the magnitude of the oscillation
of HL and HS changed, suggesting that the band altered
the surface flow.
To quantify the magnitude of the surface flow, we cal-
culated the amplitudes of the waves, AL and AS , which
were defined as the standard deviations of HL and HS

with one vibration cycle. As shown in Fig. 4 (f), when

FIG. 5: (a) Phase diagram of patterns obtained from Eqs.
(1) and (2). Red square: oscillating pattern. Green triangle:
stable spot. Blue circle: replicating spot. Black cross: uni-
form state. τ = 0.49, d = 2.25, τp = 2.25, I = 0.1, a = 5,
Dφ = 22.5, Dψ = 1. (b) Typical spatiotemporal plot of the
replicating spots.

the band appeared near the wall, AL slightly decreased
and AS sharply increased like a pulse in excitable me-
dia [31]. The large difference between AL and AS should
cause a shear stress at the interface. Thus, the flow of
the glass frits must be agitated by the shear flow of glass
beads. However, increasing the number of angular frits
in the bead layer can suppress the surface flow AL (Fig.
4 (f) blue line), which could lead to the decline of the
agitation of glass frits’ layer.
Discussion. The experimental results suggest the fol-
lowing interplay between the surface wave and band dy-
namics. The shear flow at the interface between the glass
beads and frits gradually rolled up the glass frits into a
highly fluidized bead layer. The increasing number of
frits in the bead layer leads to the growth of the band
owing to segregation in the horizontal direction [15, 25].
However, as Fig. 4 (b) implies, the highly fluidized state
of glass frits was metastable [28]. The condensation of
the frits decreased the amplitude of the total surface wave
owing to the low fluidity and triggered the jump into the
lower fluidized state, which decreased As and AL. Con-
sequently, the particle supply from the glass frits’ layer
decreased or stopped. Then, frits on the surface were
absorbed into the basal frits layer owing to vertical seg-
regation [16], and a band of frits was annihilated.
Based on experimental observations, we proposed a phe-
nomenological model of band dynamics. Here, we intro-
duce two variables: the phase φ of the surface bead layer
and the state of flow ψ of the surface layer. We con-
sider that φ increases as the number density of frits in
the surface bead layer increases; φ < 0 and φ > 0 rep-
resent bead-rich and frits-rich phases, respectively. We
also assume that ψ is correlated with the magnitude of
the surface flow; as ψ increased, the amplitude of the
surface wave increased. Thus, ψ ≪ 0 indicates that the
surface flow stops.
Regarding the dynamics of φ, φ was assumed to be lin-
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early activated by ψ because the small particles were
blown up into the surface fluidized layer by surface flow.
When the flow ψ was constant, φ could relax to a certain
value that is a function of ψ: Thus, the equation is

τφ
dφ

dt
= ψ − γφ+ I +Dφ∇

2φ, (1)

where γ, I, and Dφ are the relaxation rate, offset (leak)
of the phase, and diffusion coefficient, respectively. If the
surface flow is weak (ψ ≪ 0), a bead-rich phase (φ ≪ 0)
is obtained in the surface layer, which corresponds to the
no-band state in Fig. 2 (c).
We considered that the flow ψ depends on the phase φ
of the surface fluidized layer because an increase in frits
in the fluidized layer weakens the surface wave (Fig. 3
(f), blue line). Furthermore, ψ can be bistable owing to
the strong hysteresis of the frits flow [28, 32] (Figs. 3
(b, e)). For simplicity, we introduce a cubic nonlinear
term for the time-evolution equation of ψ to implement
bistability.

τψ
dψ

dt
= aψ (1 + ψ) (1− ψ) + c− dφ+Dψ∇

2ψ, (2)

where c and Dψ are the offset and diffusion coefficients,
respectively. Eqs. (1) and (2) are Bonhoeffer-van der Pol
type reaction-diffusion equations, where self-replicating
pulses have been found [22].
Figure 5 shows the phase diagram of the model. As the
relaxation rate γ increases, the pattern bifurcates from
an oscillation to a stable spot through replicating spots.
A comparison of the experimental results (Fig. 3) and
the simulation (Fig. 5) implies that relaxation rate γ is a
decreasing function of particle size ratio ρls. Considering
that γ in the model describes how fast segregation pro-
ceeds, γ can be an index of the strength of segregation.
Thus, our results suggest that an excessively large ρls de-
teriorates the segregation strength. In a rotating drum
with spherical particles, a large particle size ratio (ρls ∼
6) suppresses the radial segregation and band formation
[33]. These results indicate that an excessively large ρls
causes weaker or slower segregation, which supports our
hypothesis.
In this study, we determined rich pattern dynamics of
segregation of a horizontally vibrated granular mixture
in a quasi-two-dimensional container, which resembles
the patterns in a reaction-diffusion system. In previous
studies, coarsening bands were found in horizontally vi-
brated sub-monolayer granular mixtures, where the vi-
bration amplitude was much smaller than the container
size [25, 34]. In contrast to our results, the bands were
perpendicular to the vibration direction, except when the
particle density ratio was very large [35, 36]. Theoret-
ical studies and simulations using the distinct element

method predicted that the inertial effect and frictional
force between the particle and container surface played a
dominant role in band formation in sub-monolayer gran-
ular mixtures [37, 38]. In our study, the phenomenolog-
ical model suggests that complex pattern dynamics are
derived from bistability of the granular flow. Thus, bulk
rheology derived from particle-particle interactions could
be a driving mechanism of band dynamics.
The mechanism of band formation in our experiment
could be related to that of the rotating drum. As we show
in Figs. 3 (c) and 4 (b), surface flow regulated the dynam-
ics of the band. In a rotating drum, the dynamics of the
band bifurcate from the coarsening process to oscillatory
motion through the traveling band when the strength of
the surface flow is modulated by varying the fill levels
[39, 40]. At a high fill level, cross-sectional images of the
granular mixture suggest that the shear from the surface
flow drove radial and axial segregation [40]. Experimen-
tal and theoretical studies have proposed that axial seg-
regation in a rotating drum can be considered interfacial
instability between the layer of large particles and that of
small particles [14, 41]. Our observations from the side-
view (Fig. 1 (c)) also implied that band formation in the
horizontally vibrated granular mixture might behave as
the interfacial instability. However, in the rotating drum,
a mixture of spherical glass beads with different particle
sizes formed clear bands, whereas we only observed sub-
tle bands with the same combination of glass beads in
our system (see supplementary information). Recently,
it was reported that the size and density differences be-
tween the two types of granules dominantly determine
the onset of axial segregation in a rotating drum [36],
but band formation in our case had to be enhanced by
the differences in frictional forces between two different
particles.
In contrast to the granular Rayleigh Taylor instability
[12], band formation occurs without a density difference.
However, in our system, when we used granules with
density differences, additional band dynamics, i.e., zig-
zag droplets, were observed (see Supplementary Infor-
mation). Thus, the granular Rayleigh Taylor instability
can also modulate the band dynamics, as suggested in a
rotating drum [36]. However, the magnitude of the con-
tribution of granular fluidity [28], density difference [12],
and size differences to segregation dynamics remain un-
clear. Because our system enables us to study the time
evolution of the inner structure of the granular mixture,
further investigation of the interfaces between granular
beds will help us to understand the detailed mechanism
of the segregation pattern driven by the surface flow.
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