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Resistivity in Quantum Vortex Liquid of Clean Two-Dimensional Superconductor
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Motivated by a recent controversy on a possible quantum phase in thin films of relatively clean
superconductors under an out-of-plane magnetic field, the quantum fluctuation effects on the phase
diagram and the resistivity are reexamined. It is argued that most of features seen in the cor-
responding resistivity data in relatively clean systems reported recently are explained within the
present theory, and that the fan-shaped resistivity curves, suggestive of the presence of a supercon-
ductor to insulator transition at zero temperature, in the vortex liquid regime is a consequence of
the insulating behavior of the Aslamasov-Larkin fluctuation conductivity in the quantum regime.

I. INTRODUCTION

In thin films of type II superconductors under a magnetic field perpendicular to the plane, the resistivity often
shows a behavior insensitive to the temperature T over wide field and temperature ranges [II, 2]. Possibilities of a
novel two-dimensional (2D) quantum phase based on this quantum metallic behavior have been discussed repeatedly
over the past two decades [BH5]. However, it has been clarified recently that most of the T-independent behavior of
the resistivity is removed by adequately filtering external radiation from the film sample [6] [7], strongly suggesting
that external noise has created the quantum metallic behavior in experiments. The presence of a quantum metal state
has been still argued in some recent experimental works on relatively clean systems, i.e., with weak disorder [5], [8HI0].
Since a nearly flat resistivity curve is seen even in the temperature range of the same order as the mean field 7, in
some film samples, such a peculiar resistive behavior cannot be due to the randomness or the sample disorder which
becomes more effective at lower temperatures. In addition, a crossing behavior leading to assuming the presence of a
superconductor to insulator quantum transition (SIT) at zero temperature [I1} 12] is seen at relatively higher fields
in samples of relatively clean films [8, @]. Then, one might wonder what the flat resistivity curve appearing in clean
samples in lower fields than the apparent SIT field implies.

In the present work, the quantum superconducting (SC) fluctuation effects on the resisitivity in clean and 2D
superconductors are reexamined by performing a detailed analysis within the framework of the renormalized fluc-
tuation theory [13, [14]. It was argued in a previous theoretical work of one of the present authors [I5] that, based
on a dimensional analysis, the melting curve H,, of the 2D vortex lattice becomes insensitive to 7" at low enough
temperatures due to the quantum SC fluctuation, and that, in such a quantum regime, the vortex flow resistance in
a narrow field range close to H,, is also insensitive to T and takes a value of the order of the quantum resistance
R, = me?/2h = 6.45(kQ2). However, this explanation on the crossing behavior seen in the field dependence of the
resistivity curves seems to be inconsistent with the observation of the apparent SIT behavior in a couple of experiments
[8, 9] where the crossing of the resistivity is seen in a much higher field than the nominal vortex lattice melting field
at low temperatures. Below, the vortex lattice melting transition line will be first examined without resorting to the
rough argument [I5] and by comparing the free energy of the renormalized fluctuation of the SC order parameter with
that of the vortex lattice corrected by the Gaussian fluctuation [I6]. In contrast to the previous estimate of the quan-
tum melting line [15], the resulting melting field H,, grows upon cooling everywhere at nonzero temperatures, while
H,,(T = 0) can take a much lower value than H.(T = 0), and the resulting quantum vortex liquid regime becomes
well-defined [I5] [I7]. Next, the in-plane resistivity computed within the renormalized fluctuation theory is examined
in a consistent way with the calculation of the melting line. Bearing in our mind that the characteristic features of the
resistivity curves in the quantum regime seem to depend on the details of the materials, the resistivity curves will be
discussed by focusing on the two extremely different cases: One is the case with a moderate strength of the thermal
fluctuation and an extremely strong quantum fluctuation, and the other is the case with strong thermal fluctuation
and weak quantum fluctuation. In both cases, the crossing behavior of the resistivity leading to erroneously assuming
the presence of an SIT at zero temperature appears in a finite temperature range, as a consequence of the fact that
the Aslamasov-Larkin (AL) term of the dc fluctuation conductivity vanishes in the vortex liquid in zero temperature
limit [I5] [18]. The resistivity curve insensitive to T tends to appear more frequently when the thermal fluctuation is
stronger.

This paper is organized as follows. We explain the theoretical treatment used in the present work in sec.2. The
resulting numerical results on the phase diagram and the resistivity curves are presented in sec.3. Summary of our
results is given and relevance to the experimental data are given in sec.4.



II. THEORETICAL EXPRESSIONS

In the unit of kg = A = 1, we start from the partition function
7Z = Trexp(-S). (1)

Here, in the high field approximation where the pair field ¥ (r) consists only of the lowest Landau level (LLL) modes
o(r), the action S expressing the Ginzburg-Landau (GL) model takes the form [I4] 5] 18]

S = Z(sw2 + olw| + o) [P0 (p; w)|?
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Here, the order parameter field was rescaled so that the dependences on the film thickness d and the temperature
T = B! appear only in the quartic term. Further, the order parameter field was expanded in terms of the normalized
eigen functions up(r) in LLL in the manner ¢o(r,7) = >, to(p,w)e” " u,y(r), w is the Matsubara frequency for
bosons, and p measures the macroscopic degeneracy in LLL. The microscopic T' and H dependences of the positive
coefficients s, g, and g are, for simplicity, neglected, and the bare mass ¢ will be assumed to be linearly dependent
on H and T like

60:t—1+h, (3)

where h = H/H.2(0), and t = T/T.9. The mean field H.o(T) line is given by g9 = 0. Further, since the w? term in
the action § was introduced only to cut off an inessential divergence in the frequency summation, the coefficient s is
assumed to be small so that s < 2.

The simplest approximation describing reasonably the fluctuation renormalization is the Hartree approximation
which is reached through the self-consistent replacement

L A A (4)

in the quartic term, where ( ) denotes the statistical average within the Hartree approximation. Then, the fluctuation
propagator Go(p,w) = (J1bo(p,w)|?) is given by 1/[ro + Yo|w| + sw?], where
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where & is the coherence length in zero temperature limit. Note that, according to the BCS theory [19], the mode-
coupling strength g is a positive constant of the order of (N(0)732)~ !, where N(0) is the density of states of the
quasiparticles on the Fermi energy in the normal state. To rewrite the frequency summation into a tractable form,

the spectral representation [I5] 20]
1 1 [ ;
_ 7/ du L0 (6)
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will be used, where

p(r;u) = (u® + (ar)?)((us/72)2 + a2) (7)

This expression (7) of the spectral function is valid when r < ~3/(4s). Then, the coefficient a in eq. is given by
a~t = (1++/1—4sr/+3)/2. Since we are interested in the region below H.o(T)-line where ro < 1, the coefficient
a will be replaced by unity in the ensuing expressions. Therefore, we will use hereafter the following self-consistent
relation on the renormalized mass ry of the LLL fluctuation
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where H.2(0) is the depairing field in zero temperature limit,
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is the Ginzburg-number in 2D, and the identity

coth( ) = 2y Z oy (10)

was used. Note that eq. can be regarded as being a definition of e¢(r) as a function of r9. Then, we have
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A. Free energy

Next, the expressions on the free energy density will be derived. Using the identity on the fluctuation free energy
F

OF
66; = pzng(pyw)v (12)

the fluctuation free energy density f~ in the vortex liquid regime of a SC thin film with thickness d is simply given by

h Oeo ()
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where the prefactor proportional to h arises from the degeneracy in LLL. Then, fs will be expressed in terms of

eq.(11) as

f> = fa(r) + fu, (14)

fu = m/ d,u/ dmcoth( %T) pu(x)(agaol(f) — 1). (15)

The cut-off . will be determined in examining f (o) (see below).
Regarding the remaining term fg(rg) = f> — fu which is nonvanishing even when g = 0, i.e., even in the absence
of the mode-couplings, the p-integral will be performed firstly. Then, fg(rg) takes the form
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Here, to determine the cut-off r., we take the thermal limit of eq.(8)) in which coth(z/(2v,T')) is replaced by 2v,T /.
By comparing it with the corresponding result in ref.16, hT In(rq/ rc) /(2m€2d), the cut-off will be chosen hereafter as

re = mYoT. (17)

where

fa(ro) =

On the other hand, by making use of eq. determining the T and H dependences of the renormalized mass 7, fu
may be rewritten in the following simpler form

1 2
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The free energy derived above can be used as the SC fluctuation contribution to the free energy in the normal
phase. To determine the 2D quantum melting transition line, the corresponding free energy density f< in the vortex
lattice phase corrected by the Gaussian fluctuations is needed. Within the GL approach, the contribution of the shear
elastic energy is smaller [21] in the order of the magnitude than that of the amplitude (or, Higgs) mode and hence,
will be simply neglected. Then, f- becomes

fe= g (B - Tsol-2) (19)
= - - — €
< QﬁA f G 0 9
where (5 is the Abrikosov factor 1.1596 of the triangular lattice. Using these expressions, the transition line of the
2D vortex lattice melting occurring through not only the thermal but also the quantum fluctuations of the SC order
parameter is determined by the relation fs = f-.
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FIG. 1. (Color online) Field (h = H/H:(0)) v.s. temperature (t = T'/T.) phase diagram of a clean 2D superconductor

with moderately strong thermal fluctuation (¢ = 2.0 x 10~%) and unusually strong quantum fluctuation (7i/(y0Te0) = 10°).
The red symbols and line express the vortex lattice melting curve, and the black dashed line is the Hc2(T)-line. The Inset is
presented to clarify the details of the melting curve close to Tco.

B. Fluctuation Conductivity

The fluctuation conductivity in the moderately clean case is dominated by the Aslamasov-Larkin (AL) term of the
conductivity due to the renormalized SC fluctuation which is expressed in dc limit by [I5]

= %G (@)? +171G1(w)]?
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where G, (w) = 1/(yn|w|+77) (see also eq.(15) of Ref.14 and eq.(21) of Ref.22). The time scale ; is the counterpart in
the second lowest (n = 1) Landau level (LL) fluctuation of o of the LLL fluctuation, and the tiny w? term introduced
in eq.(5) as a cut-off term for the frequency summation is unnecessary in obtaining oAy, and hence, has been neglected
in eq.(20). As shown previously [I4], the renormalized mass 71 of the n = 1 LL fluctuation is renormalized to be 2h
deep in the vortex liquid regime in the Hartree approximation. Hereafter, the relations r1 = 2h and 9 = 1 will be
assumed for simplicity in our numerical analysis.

III. NUMERICAL RESULTS

Now, we will explain typical examples of the resistivity curves following from eqs. and together with the
corresponding phase diagrams which follow from eqs. and . Below, the coefficient of the w? term of eq.
which plays the role of a cutoff on the dissipative dynamics will be chosen as s = (107%+,)? throughout this paper.

In our work, the DOS and Maki-Thompson fluctuation terms of the conductivity are not taken into account from
the outset based on the well-known fact [22H24] that, in clean limit, those terms and the subleading contribution
of the Aslamasov-Larkin term cancel with one another in 2D systems with no Pauli paramagnetic depairing. For
this reason, the total dimensionless conductivity Rydoo is assumed hereafter to be given by the sum of the leading
contribution of the Aslamasov-Larkin term in dc limit, eq.7 and the dimensionless normal conductivity dR,on.
Regarding oy, the same model as used in Ref.14, dR,on = (1 + (87)In(Tw/T)) ™!, will be used here to describe a
weakly insulating resistivity curve in the normal state of a couple of materials [8], 9].

To clarify what are typical consequences originating from strong quantum SC fluctuations, typical results following
from two highly different sets of the parameter values will be compared with each other. Below, the strengths of
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FIG. 2. (Color online) Temperature dependences of the dimensionless resistance R/R, at various magnetic fields h = 0.5, 0.55,
0.6, 0.65, 0.66, 0.67, 0.68, 0.69, and 0.7 from the bottom to the top in the situation of Fig.1. When h < 0.55, the resistance
curve is flattened below the melting curve, while it does not become flat in higher fields where the system is in the vortex liquid
regime everywhere. Due to the strong quantum fluctuation, the temperature at which the resistance drops lies far below the
Ho(T)-line, and a fan-shaped T-dependence of the resistance curves is visible around h = 0.69.

the thermal fluctuation and the quantum fluctuation will be measured, respectively, by Eg ) = [A(0)]?/(dA(Two)) and
1/ (YoksTeo), where A(0) is the magnetic penetration depth at T = 0, A(T) = ¢2/(1672T), and ¢y is the flux quantum
[19]. Here, we have used the relation between g and A(0) in the BCS theory [19].

First, the results of the phase diagram in a case with moderately strong thermal fluctuation and unusually strong

quantum fluctuation are shown in Fig.1 where i/(vokpTeo) = 100 and sg) =2.0 x 10~%. This 5((}2)—value corresponds
to, e.g., the set of the parameter values Trp = 10(K), d = 25(A), and A(0) = 330(A). It is found that the melting field
H,,(T) is linear in the temperature over a wide field range except close to Trg. Close to Ty, the quantum fluctuation
is negligible so that H,,(T) in the present LLL-GL approach obeys the 2D LLL scaling [25] H,,(T) ~ (T.o — T)?
(see the Inset of Fig.1). Such a large deviation of the melting line from its LLL scaling behavior over the wide field
range is a consequence of the strong quantum fluctuation in this case, and the T' = 0 melting field H,,(0) becomes
0.62H,5(0).

Figure 2 expresses the resistivity curves p(T) at various magnetic fields, H/H.5(0) = 0.5, 0.55, 0.6, 0.65, 0.66, 0.67,
0.68, 0.69, and 0.7. The two curves in lower fields than H,,(0) are found to become flat, i.e., insensitive to T, below
the melting line, while each of other curves in H > H,,(0) simply shows a drop at a temperature without a clear
flat portion accompanied. We note that each temperature T,; at which the resistivity starts to drop is much lower
than T.o(H) corresponding to the mean field H.o(T)-line. For instance, at H = 0.66H.2(0), Ty/T-0 = 0.06, while
Teo/Teo = 0.34 [26]. Such a large deviation of Ty from T,o is a consequence of strong reduction of o1, (eq.(20)) due
to the unusually strong quantum fluctuation assumed in Figs.1 and 2. On the other hand, the flat (i.e., metallic)
portion is not clearly seen in those resistivity curves. As will be stressed below, it appears that the flat portion does
not become remarkable as far as the thermal fluctuation is not strong enough. Nevertheless, as a consequence of the
strong quantum superconducting fluctuation, the so-called fan-shaped T-dependence of the resistivity curves which
often leads to assuming the presence of a superconductor to insulator transition (SIT) at 7" = 0 is seen in the field
range (H,,(0) <)0.67H.2(0) < H < 0.7H:2(0) in spite of the absence of a quantum continuous transition. It seems
that these resistivity curves are qualitatively similar to the data in Refs. 5, 8, and 9. Of course, it should be noted
that those resistive behaviors explained above in H > 0.6 H.2(0) are not their genuine low T results. Since there are
no quantum transitions above H,,(0) in the present clean limit, all curves of the normalized resistance 1/(dRq040t)
in H > H,,(0) start to grow at much lower temperatures than 0.017,y and reduce to their normal values 1/(dR,0oN)
on approaching 7' = 0 reflecting the vanishing of oar, at T = 0 [15} [18].

Next, the case with exceptionally strong thermal fluctuation and a moderate strength of the quantum fluctuation
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FIG. 3. (Color online) The h v.s. t phase diagram, corresponding to Fig.1, obtained in the case with quite a strong thermal

(2)
G

fluctuation strength (e’ = 0.12) and a quantum fluctuation strength with a moderate magnitude %/(~voT0) = 1.0.

will be considered. In Fig.3 and 4, we have used sg ) = 0.12, corresponding to, e.g., the set of the parameter values

T.0 = 30(K), d = 5(A), and A(0) = 2000(A), and i/(yvoksTwo) = 1.0. As Fig.3 shows, the vortex liquid regime is

expanded particularly at higher temperatures reflecting the large €(G2 ), and the melting curve is bent upwardly at low

enough temperatures reflecting the relatively weaker quantum fluctuation. Nevertheless, the H,,(0)/Hq2(0)-value is
remarkably low, and, in H > 0.2H.2(0), we have only the vortex liquid regime at any temperature.

In Fig.4, the corresponding resistivity curves are shown. It is noticeable that nearly flat resistivity curves are seen
over a wide field range. This is a consequence of the strong thermal fluctuation assumed here. In particular, the flat
resistivity curves appear in fields below H,,(0), i.e., the fluctuating vortex solid phase. Here, we stress that, in 2D
case, the freezing from the vortex liquid to the vortex solid tends not to be reflected in the resistivity curve. It has
been recently clarified through a detailed diagrammatic analysis [27] that this feature on the resistivity in 2D case
has a theoretical foundation.

Even in the resistivity data of Fig.4, a crossing behavior of the resistivity curves is seen at nonzero temperatures.
As is seen in the lower figure of Fig.4, the resistivity curves in the field range 0.2H.5(0) < H < 0.34H.2(0) obey
an approximate crossing behavior around H = 0.28 H.2(0) in the temperature range 0.047,o < T < 0.167T,9. Again,
this crossing behavior never implies the presence of a genuine quantum transition and is merely a reflection of the
insulating behavior of the fluctuation conductivity [I5l [I8] arising from the vanishing of eq. at T = 0.

IV. SUMMARY AND DISCUSSION

In this work, we have examined possible field v.s. temperature phase diagrams and the corresponding resisitivity
curves to be seen in thin films of clean superconductors under a magnetic field perpendicular to the two-dimensional
plane. Since a moderately strong fluctuation has been assumed in obtaining those figures, the field range of our interest
in which the vortex lattice melting occurs at zero temperature is low enough to neglect the paramagnetic pair-breaking
effect. In this situation, the fluctuation conductivity in clean 2D superconductors is given by only the well-known
Aslamasov-Larkin term [22H24]. For this reason, we have been able to assume that, even at low temperatures, the
total conductivity is the sum of a quasiparticle contribution and the conventional fluctuation conductivity following
from a time-dependent GL dynamics. We note that, in a moderately dirty system [14] case, the sum of the Maki-
Thompson and DOS terms of the fluctuation conductivity has a contribution leading to a negative magnetoresistance
in the fluctuation regime [24] 28]. Therefore, the absence of such a negative magnetoresistance would play a key role
in judging whether the present theory is applicable to experimental data of the resistivity or not.
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FIG. 4. (Color online) (Upper) Temperature dependences of the dimensionless resistance R/Rq at various magnetic fields
h = 0.1, 0.15, 0.18, 0.21, 0.24, 0.26, 0.27, 0.28, and 0.3 from the bottom to the top in the situation of Fig.3. Note that the
resistivity curve below Hp,(T') becomes flat at lower temperatures. (Lower) Crossing behavior seen among the resistance curves
of the upper figure in the temperature region 0.04 < ¢ < 0.16.

The resistivity curves obtained based on the renormalized fluctuation theory [I3, 14] are highly dependent on the
relative magnitude of the quantum fluctuation to the thermal one. When the thermal fluctuation is of a moderate
strength, enhanced quantum fluctuation tends to create fan-shaped resistivity curves R(T), often leading to erro-
neously assuming the presence of a quantum SIT, in the quantum vortex liquid but far above the vortex lattice
melting field in 7" = 0 limit. This type of resistivity data have been reported in several works [8, [9]. Further, even
in quite a different case where the thermal fluctuation is quite strong, while the quantum fluctuation has a mod-
erate strength, the resistive behavior suggestive of the presence of an apparent SIT is visible in the experimentally
measurable temperature range. We conclude that, except the observations in dirty systems [11], 12, 14} 28], the SIT



behavior of the resistivity in relatively clean systems is a consequence of the insulating behavior [15] [I8], 22] of the
Aslamasov-Larkin fluctuation conductivity in dc limit in the quantum regime.

In the present work, any pinning effect arising from some randomness or defects in the SC material has been
neglected. In analyzing resistivity data in thin films, the resistivity drop upon cooling at intermediate temperatures is
often modelled according to the empirical thermal activation (TA) (or the so-called Arrhenius) formula. Within the
GL model, this TA behavior may be conveniently incorporated as an exponential growth in the inverse temperature
T—! of the coefficient v;. As far as the vortex lattice melting transition does not occur due to weak disorder in the
material, the present fluctuation theory can be used even for the lower temperature region, in which a flat resistive
behavior may be seen, than the region of the vortex liquid in which the TA behavior is seen. In fact, it is interesting to
regard a (if any) flat resistivity curve as a consequence of a competition between the insulating fluctuation conductivity
[15 18] and an increase of 1 on cooling.
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