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Quantum metric and Berry curvature are the real part and imaginary part of the quantum geomet-
ric tensor, respectively. The T -odd (T : time-reversal) nonlinear Hall effect driven by the quantum
metric dipole, recently confirmed in [Science 381, 181 (2023)] and [Nature 621, 487 (2023)], estab-
lished the geometric duality to the T -even nonlinear Hall effect that driven by the Berry curvature
dipole. Interestingly, a similar geometric duality between the quantum metric and the Berry curva-
ture, particularly for the linear response of Bloch electrons, has not been established, although the
T -odd linear intrinsic anomalous Hall effect (IAHE) solely driven by the Berry curvature has been
known for a long time. Herein, we develop the quantum theory for displacement current under an
AC electric field. Particularly, we show that the T -even component of the linear displacement cur-
rent conductivity (LDCC) is solely determined by the quantum metric, by both the response theory
and the semiclassical theory. Notably, with symmetry analysis we find that the T -even LDCC can
contribute a Hall current in T -invariant systems but with low symmetry, while its longitudinal com-
ponent is immune to symmetry. Furthermore, employing the Dirac Hamiltonian, we arrive at a 1/µ
(µ: chemical potential) experimental observable enhancement of the displacement current owing to
the divergent behavior of quantum metric near Dirac point, similar to the IAHE at Weyl point. Our
work reveals the band geometric origin of the linear displacement current and establishes, together
with the IAHE, the geometric duality for the linear response of Bloch electrons. Additionally, our
work offers the very first intrinsic Hall effect in T -invariant materials, which can not be envisioned
in DC transport in both linear and nonlinear regimes.

I. INTRODUCTION

The quantum geometry [1] of Bloch electrons shows
a fundamental importance among various fascinating re-
sponses of (topological) quantum materials [2–4] under
electromagnetic fields, as unveiled by manipulating the
symmetry that relates the responses to the band geo-
metric quantities [5–8]. For instance, it has been well
understood that the band geometric quantity Berry cur-
vature is responsible for the intrinsic anomalous Hall ef-
fect (IAHE) observed in ferromagnetic metals [9], where
the time-reversal (T ) symmetry is broken owing to the
IAHE conductivity tensor solely determined by the T -
odd Berry curvature [10], as illustrated in FIG.(1b). Fur-
thermore, the Berry curvature dipole [11–14], that fea-
tures the T -even but P-odd (P : space-inversion) proper-
ties, can drive the extrinsic nonlinear Hall effect (ENHE)
in T -invariant but P-broken systems, as illustrated in
FIG.(1d).

Apart from the well-known Berry curvature, the quan-
tum geometric tensor of Bloch electrons also contains a
dual band geometric quantity—the quantum metric [15–
17], which recently received much attention, but mainly
in the form of quantum metric dipole that usually ap-
pears in the nonlinear transport of Bloch electrons [18–
24] and features the T -odd and P-odd properties. Among
them, the quantum metric dipole driven intrinsic nonlin-
ear Hall effect (INHE) [18–20], as illustrated in FIG.(1c),
has been recently confirmed experimentally in antiferro-
magnetic topological insulator MnBi2Te4 [21, 22] (that
breaks P and T symmetries). However, how the quan-
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Figure 1. Guided by symmetry, the quantum geometric ten-
sor T = g − iΩ/2 [15] can be fully probed by four current re-
sponses, where g and Ω stand for the quantum metric and the
Berry curvature, respectively. (a) The displacement current
probes the T -even quantum metric (proposed in this work).
(b) The intrinsic anomalous Hall effect (IAHE) probes the
T -odd Berry curvature [9]. (c) The intrinsic nonlinear Hall ef-
fect (INHE) probes the T -odd quantum metric dipole ∝ v×g
with v the velocity [19]. (d) The extrinsic (proportional to the
relaxation time τ ) nonlinear Hall effect (ENHE) probes the
T -even Berry curvature dipole ∝ v×Ω [11]. Note that for the
second-order nonlinear responses (c) and (d), the P-symmetry
of the probed system must be broken, as regulated by the P-
odd quantum-metric-dipole and Berry-curvature-dipole.

tum metric itself is manifested in the linear response of
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Bloch electrons (as the dual effect of the IAHE) remains
elusive, in sharp contrast with the Berry curvature.
On the other hand, we notice that the responses dis-

cussed above, as the nonlinear variants of the Ohm’s
law [25], generally feature the Fermi-surface property
[11, 18–20] and thereby can only be expected in metal-
lic or gapless systems. However, in addition to the con-
duction current that appears in the metallic solids, the
current in Maxwell’s equations [26] in fact contains an-
other contribution, namely the displacement current that
appears in the insulating solids [27]. Although the con-
nection between the linear/nonlinear responses and the
band geometric quantities of the conducting Bloch elec-
trons (electrons on the Fermi-surface), has been well es-
tablished, how the displacement current (even at linear
regime) relates to the band geometric quantity is unex-
plored. In particular, as the cousin of the conduction
current, whether or not there exists a Hall effect for the
displacement current is also unknown.
In this work, inspired by the intimate relation between

the electric polarization and the displacement current, we
develop the quantum theory for the linear displacement
current under an AC electric field based on the quan-
tum response theory. We show that the linear displace-
ment current conductivity (LDCC) comprises both the
T -even and the T -odd contributions. Particularly, we
reveal that the T -even DCC is solely determined by the
quantum metric. Remarkably, by symmetry analysis, we
find that the T -even DCC can allow a transverse compo-
nent and hence displays a displacement Hall current in
T -invariant systems but with low symmetry, while its lon-
gitudinal component is less restricted by symmetry. As
a benchmark, we show that the obtained expressions in
adiabatic limit can also be derived by the semiclassical
theory accurate up to the second order. Furthermore,
using the low-energy Dirac Hamiltonians, we find that
the displacement current will be significantly enhanced
when the chemical potential is close to the Dirac point
where the quantum metric is divergent, similar to the be-
havior of IAHE at Weyl point. Our work uncovers the
band geometric origin of the linear displacement current
and establishes, together with the IAHE, the geometric
duality for the linear response of Bloch electrons, as il-
lustrated in FIG.(1a-1b). In addition, our work delivers
the very first intrinsic Hall effect in T -invariant systems,
which can not appear in DC transport in both linear and
nonlinear regimes, particularly due to the T -odd nature
of the intrinsic DC linear and nonlinear conductivities.

II. DISPLACEMENT CURRENT FROM
ELECTRIC POLARIZATION

Before presenting the quantum theory, it is instructive
to give a heuristic argument on the origin of displacement
current. In terms of Maxwell’s classical electromagnetic
theory, for insulating or gapped systems, the conduction

current vanishes due to the lack of free charges. How-
ever, an AC electric field Eβ(t) = Eβ cos(ωt) can gener-
ate a displacement current density JD

β = ∂tDβ , where

Dβ ≡ Eβ(t)+ 4πǫ0Pβ(t) is the displacement field with ǫ0
and Pβ the vacuum dielectric constant and the electric po-
larization induced by the positional shift of bound charges
[28], respectively. Interestingly, although the (sponta-
neous) electric polarization of crystalline solids has been
well understood through the geometric phase of Bloch
electrons [10], the displacement current seems not to ap-
preciate any geometrical effects and also Hall effect, as
far as we know.
Up to the first order of electric field, we find that Pβ(t)

can be expressed as [10, 29–32] (~ = e = 1),

Pβ(t) = −
∑

n

∫

k

fn
[

Aβ
n +Aβ,E

n (t)
]

, (1)

where
∫

k ≡
∫

dkd/(2π)d with d the dimension of the sys-
tem and fn is the equilibrium Fermi distribution function.
In Eq.(1), the intraband Berry connection Aβ

n contributes
the spontaneous or zero-field electric polarization [29–32],
while Aβ,E

n (t) ≡ Gβα
n Eα(t) is responsible for the field-

induced electric polarization linear in the electric field
[33–35]. In particular, Gβα

n is the Berry connection po-
larizability tensor given by [18, 21, 22, 36, 37]

Gβα
n ≡ 2Re

∑

m

rβnmrαmn

ǫn − ǫm
, (2)

where rβnm ≡ 〈un|i∂β|um〉 with m 6= n (|un〉: the periodic
part of Bloch state) is the interband Berry connection and
ǫn is the energy for the nth band. We wish to mention
that Gβα

n encodes the information of local quantum met-
ric gβαnm = 2Re[rβnmrαmn]. Particularly, both quantities
possess the same symmetry transformation.
By definition, taking the time derivative of field-

induced electric polarization, we obtain a linear displace-
ment current up to the first order in the driving frequency
with a response equation

JD
β = σD

βα(t)Eα, (3)

where

σD
βα(t) = ω sin(ωt)

∑

n

∫

k

fnG
βα
n (4)

is the LDCC. Note that Eq.(3) displays a formal simi-
larity to the IAHE since they are driven by the real part
and the imaginary part of the quantum geometric ten-
sor, respectively, as compared in FIG.(1a) and FIG.(1b).
In fact, they can be derived in a unified way, as will be
shown below. Interestingly, we find that σD

βα may include

a transverse component σD
yx when the integral ofGyx

n does
not vanish. Therefore, a displacement Hall effect in T -
invariant systems can be expected due to T Gβα

n = Gβα
n .

We wish to remark that the intrinsic linear (charge)
Hall effect is forbidden by T -symmetry in the DC case,
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as dictated by Onsager relation [9] and the T -odd nature
for the corresponding response coefficient. In general, the
linear DC Hall conductivity can be decomposed as σαβ =
σin
αβ + τσex

αβ [38, 40], where the first term is intrinsic but
T -odd while the second term is T -even but extrinsic due
to the presence of the relaxation time τ [41]. However, for
displacement current, we find that the time derivative for
the field-induced electric polarization replaces the role of
τ in DC case [40] and hence allows the intrinsic T -even
linear Hall effect for the displacement current, which does
not show up in DC charge transport.

Up to now, we only present a qualitative discussion.
Particularly, Eq.(4) is a hand waving derivation and the
rigorous one should be obtained with quantum mechani-
cal calculations, as detailed below. Additionally, we wish
to remark that Eq.(4) seems not applicable to gapless
systems where the concept of electric polarization is not
well defined [38] particularly due to the static electric
screening. However, this constraint can be relaxed in AC
transport with a high frequency [39] .

III. THE QUANTUM THEORY FOR
DISPLACEMENT CURRENT

In this section, we formulate the quantum theory for
displacement current under an AC electric field based on
the quantum response theory [42–44]. To be specific, we
start from the quantum Liouville equation for the density
matrix element ρmn [42],

i
∂

∂t
ρmn = ǫmnρmn + i(ρmn);kα

Eα(t)

+
∑

l

[rαmlρln(t)− ρml(t)r
α
ln]Eα(t), (5)

where (ρmn);kα
= [∂α − i(Aα

m −Aα
n)] ρmn with ∂α ≡

∂/∂kα, rαml is the interband Berry connection and
Eα(t) = Eα cos(ωt) = 1

2

∑

ω1
Eαe

iω1t with ω1 = ±ω is

the AC electric field. Eq.(5) can be recursively solved to
obtain a series in increasing powers of the electric field,

namely ρmn =
∑∞

n=1 ρ
(n−1)
mn , where ρ

(n−1)
mn is proportional

to E
(n−1)
α . To our purpose, with ρ

(0)
nm = δnmfn [42], the

density matrix ρ
(1)
nm at the first order of electric field can

be easily obtained from Eq. (5), which is

ρ(1)mn =
1

2

∑

ω1

[iδmn∂αfm + fnmrαmn]
Eαe

−i(ω1+iη)t

ω1 − ǫmn + iη
, (6)

where fnm = fn−fm and η → 0+ is an infinitesimal quan-
tity. Correspondingly, the current density at the first or-

der of the electric field, defined as Jβ ≡ ∑

mn

∫

k
vβnmρ

(1)
mn,

is found to be

Jβ =
∑

n

∑

ω1

∫

k

vβn∂αfnEα
ie−i(ω1+iη)t

2(ω1 + iη)

+
∑

mn

∑

ω1

∫

k

fnmrβnmrαmnEα
iǫnme−i(ω1+iη)t

2(ω1 − ǫmn + iη)
, (7)

where we have used vβnm = iǫnmrβnm for n 6= m. Note
that the first term of Eq.(7) is irrelevant to the band
geometry of Bloch electrons and corresponds to the fa-
miliar extrinsic linear Drude current in DC limit due to
limω1→0 i/(ω1 + iη) = τ [11]. Besides the extrinsic lin-
ear Drude current, we note that Eq.(7) (particularly by
the nonresonant contribution of its second term) further
contains the well-known intrinsic anomalous Hall current
and the overlooked linear displacement current phenom-
enally discussed above, which is explicitly expressed as

JN
β =

∑

mn

∑

ω1

∫

k

fnmrβnmrαmnEα
iǫnme−iω1t

2(ω1 − ǫmn)
. (8)

At this stage, by writing ǫnm/(ω1 − ǫmn) = 1−ω1/(ω1 −
ǫmn), we find that Jβ can be divided into (see Appendix
A)

JN
β = JC

β + JD
β , (9)

where JC is the intrinsic AC conduction Hall current,
given by

JC
β =

∑

n

∫

k

fnΩ
βα
n Eα cosωt, (10)

where Ωβα
n = 2

∑

m Im[rβnmrαmn] is the Berry curvature.
In DC limit, Eq.(10) is nothing but the intrinsic anoma-
lous Hall current. Furthermore, JD

β = ∂tPβ stands for
the intrinsic displacement current, where Pβ is the AC
polarization

Pβ =
∑

n

∫

k

fn
[

Gβα
n cosωt+ Fβα

n sinωt
]

Eα. (11)

Notably, Gαβ
n and Fαβ

n in Eq.(11) encode the informa-
tion of quantum metric and Berry curvature, respectively,
given by

Gβα
n =

∑

m

ǫmn

ω2 − ǫ2mn

2Re
[

rβnmrαmn

]

, (12)

Fβα
n =

∑

m

ω

ω2 − ǫ2mn

2Im
[

rβnmrαmn

]

. (13)

Under T -symmetry, it is easy to show that T Gαβ
n = Gαβ

n

while T Fαβ
n = −Fαβ

n due to T rαnm = rαmn, and there-
fore the displacement current in general includes both
the T -even and T -odd contributions, similar to the DC
shift and injection photocurrent under light illumination
[42, 47]. However, T -even component becomes dominant
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Figure 2. (a) The band dispersion for Eq.(15) along kx direction. The red vertical arrow measures the gap. The k-resolved
distribution for the quantum metric (a) gxx− , (b) gyy− , and (c) gxy− [Here a term svykxσx is added to break the mirror symmetries
of Eq.(15)]. (e) The µ dependence for the longitudinal and Hall displacement current, given by Eq.(18) and Eq.(20), respectively,
by choosing the driving frequency ω = 0.01(meV). Here the vertical shadow highlights the in-gap current plateau. (f) The
frequency dependence for the longitudinal and Hall displacement current when µ is placed inside the gap. Here the dashed grey
line indicates the linear dependence.

in the adiabatic limit (the first order in the driving fre-
quency ω) and thereby we will focus on this contribution
in the following. In that limit, we find that the AC po-
larization Pβ recovers the field-induced polarization [the
second term of Eq.(1)].

As expected, we find that the displacement current fea-
tures a Fermi-sea form, which means that the expression
for JD

β can be used for the insulating and also the metal-
lic systems. Although the intrinsic displacement cur-
rent particularly contributed by Eq.(12) is formally sim-
ilar to Eq.(10), they indeed behaves differently. Firstly,
for topological trivial/nontrivial insulators, Eq.(10) gives
a zero/quantized conductivity; while for magnetic met-
als, Eq.(10) will give the IAHE contributed by the elec-
trons on the Fermi surface [10]. Secondly, the displace-
ment current vanishes in the DC limit (ω → 0) while
Eq.(10) can survive in that limit. Thirdly, Eq.(10)
probes the Berry curvature while the displacement cur-
rent probes the quantum metric, as compared in FIG.(1a)
and FIG.(1b). To close this section, we summarize that
Eqs.(11-12) are the main results in this work, which can
also be derived by the semiclassical theory in adiabatic
limit [10], see Appendix B.

IV. SYMMETRY CONSTRAINTS

After establishing the quantum theory for the displace-
ment current, we now discuss the symmetry constraints
for its conductivity, particularly on its T -even compo-
nent from 32 crystallographic point groups. Note that the
number of independent components of a physical tensor
is determined by Neumann’s principle [48]. Particularly,
for the rank-2 LDCC tensor, we have

σD
βα = Rββ′Rαα′σD

β′α′ , (14)

where Rββ′ stands for the matrix element for the point
group operation R. Note that Eq.(14) has been im-
plemented by Bilbao Crystallographic Server [49]. As
a consequence, by defining the Jahn notation [V 2] [50]
for σD

βα, we find that σD
ββ is allowed by all 32 crystal-

lographic point groups while σD
βα with α 6= β can only

appears in crystallographic point groups with low sym-
metry: 1,−1, 2,m, 2/m. Here we wish to remark that the
transverse components of σD

βα offers the very first intrin-
sic Hall effect in time-reversal-invariant systems, which
can not appear in DC transport since all the intrinsic
DC transport coefficients feature the T -odd nature.
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Figure 3. (a) The band dispersion for Eq.(21) along kx direction. Note that the vertical shadow highlights regime that the
displacement current will dominate. The k-resolved distribution for the quantum metric (a) gxx− , (b) gyy− , and (c) gxy− . (e)
The µ dependence for the longitudinal and Hall displacement current, given by Eq.(22), by choosing the driving frequency
~ω = 10−4(meV). Here the dashed red line highlights the divergent behavior at µ = 0. (f) The frequency dependence for the
longitudinal and Hall displacement current when µ = 0.1meV.

V. MODEL CALCULATIONS

In this section, we illustrate our theory with model
Hamiltonians.

A. Two-dimensional massive Dirac model

In this section, we employ a two-band massive model
to illustrate our general proposal. The low energy Hamil-
tonian to describe the massive Dirac fermions located at
momenta Λ is given by [11]

HsΛ = vxkxσy − svykyσx +∆σz , (15)

where σi is the Pauli matrix for pseudospin, s = ±1, ∆
controls the gap magnitude, and vx/y is the Fermi ve-
locity. For simplicity, we ignore the tilt term sαky in
Ref.[11]. The band dispersion for Eq.(15) is ǫ± = ±h

with h =
√

∆2 + v2xk
2
x + v2yk

2
y, where + (−) denotes the

conduction (valence) band, as shown in FIG.(2a). Note
that Eq.(15) possesses the mirror symmetry My due to
Mys = −s, which indicates that the transverse LDCC

vanishes by Eq.(14). For the longitudinal LDCC, using
Eq.(12) we find

Gxx
± = ±

v2x
(

v2yk
2
y + β2

)

4h3(h2 − ω2)
, (16)

Gyy
± = ±

v2y
(

v2xk
2
x + β2

)

4h3(h2 − ω2)
. (17)

It is easy to see that both Gxx
± and Gyy

± that even in kx
and ky can lead a nonvanishing longitudinal current. We
emphasize that Gxx

± and Gyy
± encode the diagonal contri-

bution of the quantum metric, as displayed in FIG.(2b)
and FIG.(2c), respectively. At zero temperature, the lon-
gitudinal displacement current can be directly calculated
as (see Appendix C 1)

JD
x

Ex
=

JD
y

Ey
=















e2
∆27ω sin(ωt)

48π|µ|3 µ /∈ [−∆,∆],

e2
7ω sin(ωt)

48π∆
µ ∈ [−∆,∆],

(18)

where µ is the chemical potential. Note that have used
∆ ≫ ~ω and vx = vy [11]. Here the elementary charge
e is restored by dimension analysis. By Eq.(18), we find
that the longitudinal displacement current will quickly
decrease to zero when the chemical potential µ touches
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to the bands, whereas a longitudinal LDCC plateau can
be obtained when µ is located inside the gap, as shown in
FIG.(2e). Note the the longitudinal displacement current
shows a linear dependence on the driving frequency ω, as
shown in FIG.(2f) and therefore will disappear in DC
transport. For the gapped situation, one can easily ob-
tain the AC polarization from the displacement current,
Px/Ex = Py/Ey = 7e2/(48π∆) cos(ωt), which shows ex-
plicitly that AC polarization will be stronger when the
gap decreases.
To acquire a nonzero displacement Hall current, we

break the mirror symmetry My of Eq.(15) by introduc-
ing an additional term svykxσx, which may be physically
realized by strain effects [51], and then we have

Gxy
± = ∓

v2y(v
2
xkxky −∆2)

4(v2xk
2
x + v2y(kx + ky)2 +∆2)5/2

, (19)

where we have adopted the adiabatic limit. Eq.(C13) en-
codes the off-diagonal information of the quantum metric,
as shown in FIG.(2d). In a similar way, the displacement
Hall current at zero temperature is found to be (see Ap-
pendix C 2)

JD
x

Ey
=















−e2
∆2ω sin(ωt)

12π|µ|3 µ /∈ [−∆,∆],

−e2
ω sin(ωt)

12π∆
µ ∈ [−∆,∆],

(20)

which shows the same behavior with the longitudinal dis-
placement current, as compared in FIG.(2e) and FIG.(2f).
Note that the magnitude of the linear displacement cur-
rent is determined by the dimensionless factor ∼ ~ω/∆,
which indicates that this effect will be significantly en-
hanced when the gap ∆ → 0 when the driving frequency
ω is fixed, as shown below.

B. Two-dimensional spin-orbit-coupled electron gas

Next we evaluate the displacement current with a gap-
less model. Particularly, we consider the low-energy effec-
tive Hamiltonian for two-dimensional spin-orbit-coupled
electron gas with crystallographic point group 2, which
is constructed by adding Rashba and Dressellhaus spin-
orbit coupling and is written as [52–54]

H = E0 + λR(kyσx − kxσy) + λD(kxσx − kyσy), (21)

where E0 = k2/2m with k2 = k2x + k2y. The
band dispersions for Eq.(21) are given by ǫ± = E0 ±
√

(λDky + λRkx)2 + (λDkx + λRky)2 with ± the valance
band and conduction band, respectively, as shown in
FIG.(3a). Focusing on the band crossing regime (as high-
lighted by the vertical shadow in FIG.(3a)), which in fact
corresponds to the massless Dirac Hamiltonian, the linear

displacement Hall current under adiabatic limit at zero
temperature can be evaluated (see Appendix C3):

JD
a =

e2

~

~ω

|µ|CabEb sin(ωt) a, b ∈ {x, y}, (22)

where Cxy = −λRλD/[8π(λ2
R − λ2

D)] and Cxx = Cyy =
(λ2

R + λ2
D)/[16π(λ2

R − λ2
D)]. Note that Eq.(22) shows

a |µ|−1 dependence and doesn’t show a conductivity
plateau due to the lack of a finite gap, as shown FIG.(3e).
Due to this divergent behavior, an enhanced displacement
current can be achieved with a relatively low driving fre-
quency compared to the gapped situation, as shown in
FIG.(3f). In addition, in FIG.(3b-3d), the corresponding
k-resolved distribution for the diagonal and off-diagonal
components of the quantum metric are shown, which
are responsible for the divergent behavior of the linear
displacement current, in a similar way to the divergent
IAHE in the point-node Weyl point.

VI. SUMMARY

In summary, we formulate the quantum theory for dis-
placement current under an AC electric field. We show
that the T -even LDCC is solely determined by the quan-
tum metric. In terms of symmetry analysis, we find
that the longitudinal component of the LDCC is immune
to symmetry meanwhile its Hall component can be ex-
pected even in T -invariant systems but with low symme-
try, such as the strained transition metal dichalcogenides
(TMDCs) monolayers, the strained surface of topological
crystalline insulators, and the insulating two-dimensional
chiral twisting graphene or TMDCs [55–59]. Further-
more, our model calculations demonstrate that an en-
hanced displacement current can be achieved in the mass-
less Dirac point, such as in two-dimensional graphene
monolayer, where the quantum metric shows a diver-
gent behavior like the Berry curvature in the Weyl point.
Given the fact that the experimental measurement on
the ENHE due to the Berry curvature dipole is already in
the AC regime with small frequency to lock the nonlinear
conductivity, the LDCC can be measured experimentally.
Our work reveals the band geometric origin of the linear
displacement current and in turn, offers a desirable tool to
detect the quantum metric of Bloch electrons in quantum
materials. Importantly, our work together with the IAHE
establishes the geometric duality for the linear response

of Bloch electrons. In addition, the transverse displace-
ment current also provides the very first Hall effect in T -
invariant materials, which is forbidden by T -symmetry
in DC transport. Beyond these, the linear displacement
current in point-node Weyl semimetals (which also appre-
ciates the 1/µ divergent behavior) may be employed to
realize the low-energy high-speed photodetection partic-
ularly in terahertz regime [60–62], which will be explored
in the future.
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Appendix A: The detailed derivations for Eqs.(10-13)

In this appendix, we show the detailed derivation for Eqs.(10-13) given in the main text. Particularly, by writing

ǫnm
ω1 − ǫmn

= 1− ω1

ω1 − ǫmn
, (A1)

we find that JN
β given by Eq.(8) in the main text can be divided into

JN
β = JC

β + JD
β , (A2)

where

JC
β ≡ 1

2

∑

nm

∑

ω1=±ω

∫

k

fnmrβnmrαmnEαie
−iω1t =

∑

nm

∫

k

fnmrβnmrαmnEαi cos(ωt) =
∑

n

∫

k

fnΩ
βα
n Eα cosωt, (A3)

as given by Eq.(10) in the main text. Here the last term is obtained by interchanging the dummy index and Ωβα
n =

i
∑

m(rβnmrαmn − rαnmrβmn) is the Berry curvature. Furthermore, for the remaining term of JN
β , we have:

JD
β =

∑

nm

∑

ω1

fnmrβnmrαmnEα
−iω1e

−iω1t

2(ω1 − ǫmn)
= ∂tPβ(t), (A4)

where

Pβ ≡
∑

nm

∑

ω1

fnmrβnmrαmnEα
e−iω1t

2(ω1 − ǫmn)
=

∑

nm

fnmrβnmrαmnEα

[

eiωt

2(−ω − ǫmn)
+

e−iωt

2(ω − ǫmn)

]

=
∑

nm

fnmrβnmrαmnEα
ǫmn cos(ωt)− iω sin(ωt)

ω2 − ǫ2mn

=
∑

n

∫

k

fn
[

Gβα
n cosωt+ Fβα

n sinωt
]

Eα, (A5)

as given by Eq.(11) in the main text. Note that the last term of Eq.(A5) is also obtained by interchanging dummy
index and Gαβ

n and Fαβ
n , respectively, is defined as

Gβα
n =

∑

m

ǫmn

ω2 − ǫ2mn

2Re
[

rβnmrαmn

]

, (A6)

Fβα
n =

∑

m

ω

ω2 − ǫ2mn

2Im
[

rβnmrαmn

]

, (A7)

as given by Eq.(12) and Eq.(13) in the main text.

Appendix B: The semiclassical formulation for displacement current

In this appendix, we show that the displacement current can also be derived with the semiclassical theory accurate
up to the second order of the electric field. In particular, under a time-dependent but slowly perturbed electric
field, the semiclassical equation of motions for Bloch electrons up to the second order of electric field are given by
[10, 18, 32, 45, 46]

ṙ = v̄k − k̇ × Ω̄− Ω̄kt, k̇ = −E(t), (B1)

where v̄k = ∇kǭk is the band velocity that considers the field-induced correction, Ω̄ = ∇k× Ā is the Berry curvature
that also considers the field-induced correction, and Ω̄α

kt = ∂αAt − ∂tĀα is the Berry curvature defined in the (k, t)
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parameter space, where At = 〈ū|i∂t|ū〉 with |ū〉 the time-dependent Bloch state, and Āα = Aα +Aα,E stands for the
Berry connection up to the first order of electric field. By solving Eq.(B1), we find

ṙ = v̄k +E(t)× Ω̄− Ω̄kt. (B2)

Correspondingly, the intrinsic current density, defined as J =
∫

k
f ṙ, is given by

J =

∫

k

f
[

v̄k +E(t)× Ω̄− Ω̄kt

]

. (B3)

Furthermore, by restoring the band summation and focusing on the linear intrinsic current response, from the last
two terms of Eq.(B3) we obtain:

Jβ =
∑

n

∫

k

fn
[

Ωβα
n Eα(t) +Gβα

n ∂tEα(t)
]

, (B4)

which corresponds to the conduction current induced by Berry curvature and the displacement current induced by
quantum metric, respectively, as given by Eq.(10) and the adiabatic contribution of Eq.(12) [that is Eq.(4)] in quantum
theory, respectively. Note that the first term v̄ of Eq.(B3) can not contribute a linear current due to ǭn = ǫ −
1/2Eα(t)G

αβ
n Eβ [38]. In addition, for the last term of Eq.(B3), we have used Aα,E

n = Gβα
n Eα(t) for ∂tĀα

n and ignored
∂αAt

n since At
n ≡ 〈ūn|i∂t|ūn〉 with |ūn〉 = |un〉 +

∑

m 6=n(E · rmn/ǫmn)|um〉 can not lead a contribution linear in the
electric field. Finally, we wish to remark that the semiclassical formulation is also valid for gapless systems since the
concept of electric polarization is not used in the derivation. In fact, the static screening for metal in AC transport
is not well defined [39].

Appendix C: The calculation details for Eq.(18), Eq.(20), and Eq.(22)

In this appendix, we present the calculation details for Eq.(18), Eq.(20), and Eq.(22), given in the main text.

1. Eq.(18)

For Dirac Hamiltonian Eq.(15), the frequency-dependent integrand for the nonvanishing displacement current con-
ductivity is reproduced as:

Gxx
± = ±

v2x(v
2
yk

2
y +∆2)

h3(4h2 − ω2)
, Gyy

± = ±
v2y(v

2
xk

2
x +∆2)

h3(4h2 − ω2)
, (C1)

where h2 = v2xk
2
x + v2yk

2
y + β2. When the chemcial potential µ ∈ [−∆,∆], at zero temperature we find that

JD
x = −Exω sin(ωt)

∫

k

Gxx
− = −Exω sin(ωt)

∫∫

dkxdky
4π2

v2x(v
2
yk

2
y +∆2)

(v2xk
2
x + v2yk

2
y +∆2)3/2

[

ω2 − 4(v2xk
2
x + v2yk

2
y +∆2)

]

= −Exω sin(ωt)vx
4π2vy

∫∫

dk̄xdk̄y
k̄2y +∆2

(k̄2x + k̄2y +∆2)3/2
[

ω2 − 4(k̄2x + k̄2y +∆2)
] (C2)

where we have set k̄x = vxkx and k̄y = vyky. Let (k̄x, k̄y) = k̄(cos θ, sin θ), we find

JD
x = −Exω sin(ωt)vx

4π2vy

∫ +∞

0

∫ 2π

0

k̄dk̄dθ
k̄2 sin2 θ +∆2

(k̄2 +∆2)3/2
[

ω2 − 4(k̄2 +∆2)
]

= −Exω sin(ωt)vx
4πvy

∫ +∞

0

k̄dk̄
k̄2 + 2∆2

(k̄2 +∆2)3/2
[

ω2 − 4(k̄2 +∆2)
] (C3)
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Furthermore, let u2 = k̄2 +∆2, we have k̄dk̄ = udu and find:

JD
x = −Exω sin(ωt)vx

4πvy

∫ +∞

∆

u2 +∆2

u3 (ω2 − 4u2)
udu = −Exω sin(ωt)vx

4πvy

(
∫ +∞

∆

1

ω2 − 4u2
du +∆2

∫ +∞

∆

1

u2 (ω2 − 4u2)
du

)

= −∆2Exω sin(ωt)vx
4πvy

∫ +∞

∆

[

1

2ω∆2

(

1

ω − 2u
+

1

ω + 2u

)

+
1

ω2u2
+

2

ω3

(

1

ω + 2u
+

1

ω − 2u

)]

du

= −∆2Ex sin(ωt)vx
4πvy

[

1

2∆2

(

1

2
ln |2u+ ω

2u− ω
|
)+∞

∆

+
1

ω

(

− 1

u

)+∞

∆

+
2

ω2

(

1

2
ln |2u+ ω

2u− ω
|
)+∞

∆

]

= −∆2Ex sin(ωt)vx
4πvy

[

1

ω∆
−
(

1

4∆2
+

1

ω2

)

ln

∣

∣

∣

∣

2∆+ ω

2∆− ω

∣

∣

∣

∣

]

, (C4)

Following a similar way, we have:

JD
y = −∆2Ey sin(ωt)vy

4πvx

[

1

ω∆
−
(

1

4∆2
+

1

ω2

)

ln

∣

∣

∣

∣

2∆+ ω

2∆− ω

∣

∣

∣

∣

]

, (C5)

In addition, when the chemical potential µ penetrates the lower band, we find:

JD
x = −Exω sin(ωt)vx

4πvy

∫ +∞

√
µ2−∆2

k̄2 + 2∆2

(k̄2 +∆2)3/2
[

ω2 − 4(k̄2 +∆2)
] k̄dk̄, (C6)

JD
y = −Eyω sin(ωt)vy

4πvx

∫ +∞

√
µ2−∆2

k̄2 + 2∆2

(k̄2 +∆2)3/2
[

ω2 − 4(k̄2 +∆2)
] k̄dk̄, (C7)

which can be similarly calculated as:

JD
x = −∆2Ex sin(ωt)vx

4πvy

[

1

ω|µ| −
(

1

4|µ|2 +
1

ω2

)

ln

∣

∣

∣

∣

2|µ|+ ω

2|µ| − ω

∣

∣

∣

∣

]

, (C8)

JD
y = −∆2Ey sin(ωt)vy

4πvx

[

1

ω|µ| −
(

1

4|µ|2 +
1

ω2

)

ln

∣

∣

∣

∣

2|µ|+ ω

2|µ| − ω

∣

∣

∣

∣

]

. (C9)

This is true when the Fermi level penetrate the upper band, where we need to sum over the bands. By assuming that
∆ ≫ ~ω, we find

ln

∣

∣

∣

∣

1 + ω/2|∆|
1− ω/2|∆|

∣

∣

∣

∣

= ω/|∆|+ ω3/3|∆|3 +O(ω5/|∆|5), (C10)

ln

∣

∣

∣

∣

1 + ω/2|µ|
1− ω/2|µ|

∣

∣

∣

∣

= ω/|µ|+ ω3/3|µ|3 +O(ω5/|µ|5), (C11)

therefore we finally obtain:

JD
x =















e2

~

7~ωEx sin(ωt)vx
48π∆vy

, µ ∈ [−∆,∆]

e2

~

7~ω∆2Ex sin(ωt)vx
48π|µ|3vy

, µ /∈ [−∆,∆]
, JD

y =















e2

~

7~ωEy sin(ωt)vy
48π∆vx

, µ ∈ [−∆,∆]

e2

~

7~ω∆2Ey sin(ωt)vy
48π|µ|3vx

, µ /∈ [−∆,∆]
(C12)

which gives the Eq.(18) by taking vx = vy in the main text, where e and ~ are restored by dimension analysis.

2. Eq.(20)

By introducing an additional term svykxσx into Eq.(15) (that breaks mirror symmetry My), the off-diagonal
integrand under the adiabatic limit is given by:

Gxy
± = ∓

v2y(v
2
xkxky −∆2)

4(v2xk
2
x + v2y(kx + ky)2 +∆2)5/2

= ∓ v2x(v
2
xk

2 sin θ cos θ −∆2)

4 [v2xk
2(cos2 θ + 1 + 2 sin θ cos θ) + ∆2]5/2

, (C13)
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where we have assumed vx = vy and used the polar coordinate: k = k(cos θ, sin θ). When the chemical potential µ is
inside the gap, we find:

σD
xy ≡ Jx

ωEy sinωt
=

1

4π2

∫ ∞

0

∫ 2π

0

v2x(v
2
xk

2 sin θ cos θ −∆2)

4 [v2xk
2(cos2 θ + 1 + 2 sin θ cos θ) + ∆2]

5/2
kdkdθ

=
1

8π2

∫ ∞

0

∫ 2π

0

v2x(v
2
xk

2 sin θ cos θ −∆2)

4 [v2xk
2(cos2 θ + 1 + 2 sin θ cos θ) + ∆2]

5/2
dk2dθ. (C14)

Let u = v2xk
2(cos2 θ + 1 + 2 sin θ cos θ) + ∆2, we find

k2 =
u−∆2

v2x(cos
2 θ + 1 + 2 sin θ cos θ)

, dk2 =
du

v2x(cos
2 θ + 1 + 2 sin θ cos θ)

. (C15)

Therefore, we have:

σD
xy =

1

32π2

(∫ ∞

∆2

∫ 2π

0

v4x sin θ cos θ(u−∆2)

v4x(cos
2 θ + 1 + 2 sin θ cos θ)2u5/2

dudθ −
∫ ∞

∆2

∫ 2π

0

v2x∆
2

v2x(cos
2 θ + 1 + 2 sin θ cos θ)u5/2

dudθ

)

= − 1

12π∆
(C16)

where we have used
∫ ∞

∆2

1

u5/2
du =

2

3∆3
,

∫ ∞

∆2

1

u3/2
du =

2

∆
, (C17)

and

∫ 2π

0

sin θ cos θ

(cos2 θ + 1 + 2 sin θ cos θ)2
dθ = −π,

∫ 2π

0

1

(cos2 θ + 1 + 2 sin θ cos θ)
dθ = 2π. (C18)

In a similar way, when the chemical potential µ penerates the bands, we find:

σD
xy = − ∆2

12|µ|3 . (C19)

Eq.(C16) together with Eq.(C19) gives the Eq.(20) in the main text.

3. Eq.(22)

Within the adiabatic limit, Gab
± reduces to the Berry connection polarizability tensor Gab

± , which for Eq.(21) are
given by:

Gxx
± = ±

(

λ2
D − λ2

R

)2
k2y

4 [(λDky + λRkx)2 + (λDkx + λRky)2]
5/2

, (C20)

Gyy
± = ±

(

λ2
D − λ2

R

)2
k2x

4 [(λDky + λRkx)2 + (λDkx + λRky)2]
5/2

, (C21)

Gyx
± = ∓

(

λ2
D − λ2

R

)2
kxky

4 [(λDky + λRkx)2 + (λDkx + λRky)2]
5/2

. (C22)

We first focus on the Hall component. Particularly, when the chemical potential µ penetrates the lower band, at zero
temperature we find

JD
y = ωEx sin(ωt)

∫

k

Θ(µ− ǫ−)G
xy
− =

ωEx sin(ωt)

(2π)2

∫∫

Θ(µ− ǫ−)
(

λ2
D − λ2

R

)2
kxky

4 [(λDky + λRkx)2 + (λDkx + λRky)2]
5/2

dkxdky . (C23)
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Let

x = λDky + λRkx, y = λDkx + λRky, (C24)

we find

kx =
λRx− λDy

λ2
R − λ2

D

, ky =
λDx− λRy

λ2
D − λ2

R

.

Therefore

(λ2
R − λ2

D)2k2x = λ2
Rx

2 + λ2
Dy2 − 2λRλDxy, (λ2

R − λ2
D)2k2y = λ2

Dx2 + λ2
Ry

2 − 2λRλDxy, (C25)

(λ2
R − λ2

D)2kxky = (λ2
R + λ2

D)xy − λRλD(x2 + y2), ǫ± = ±
√

x2 + y2. (C26)

where we have droped the E0 term in ǫ± by focusing on the linear dispersion regime. Correspondingly, the Jacobi
determinant is given by

J =

∣

∣

∣

∣

∂(kx, ky)

∂(x, y)

∣

∣

∣

∣

=









+
λR

λ2
R − λ2

D

− λD

λ2
R − λ2

D

+
λD

λ2
D − λ2

R

− λR

λ2
D − λ2

R









=
λ2
R − λ2

D

(λ2
R − λ2

D)2
=

1

λ2
R − λ2

D

. (C27)

Substituting Eqs. (C24-C27) into Eq.(C23) we obtain:

JD
y = −λRλDωEx sin(ωt)

16π2(λ2
R − λ2

D)

∫∫

Θ(µ+
√

x2 + y2)
1

(x2 + y2)3/2
dxdy = −λRλDωEx sin(ωt)

16π2(λ2
R − λ2

D)

∫ ∞

0

∫ 2π

0

Θ(µ+ ρ)
1

ρ3
ρdρdθ

= −λRλDωEx sin(ωt)

8π(λ2
R − λ2

D)

∫ ∞

−µ

1

ρ2
dρ = −e2

~

~ω

|µ|CyxEx sin(ωt), (C28)

as given by Eq.(22) in the main text, where Cyx = λRλD/[8π(λ2
R−λ2

D)] and we have restored the e and ~ by dimension
analysis. Note that we obtain the same result when the chemical potential µ penetrates the upper band, which can
be derived as follows:

JD
y = −λRλDωEx sin(ωt)

8π(λ2
R − λ2

D)

∫ ∞

0

1

ρ2
dρ+

λRλDωEx sin(ωt)

8π(λ2
R − λ2

D)

∫ µ

0

1

ρ2
dρ = −e2

~

~ω

|µ|CyxEx sin(ωt). (C29)

In a similar way, the longitudinal linear displacement current can be evaluated as

JD
a =

e2

~

~ω

|µ|CaaEa sin(ωt), (C30)

as also given by Eq.(22) in the main text, where Caa = (λ2
R + λ2

D)/[16π(λ2
R − λ2

D)].
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