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Twisted N -layer graphene (TNG) moiré structures have recently been shown to exhibit robust
superconductivity similar to twisted bilayer graphene (TBG). In particular for N = 4 and N = 5,
the phase diagram features a superconducting pocket that extends beyond the nominal full filling
of the flat band. These observations are seemingly at odds with the canonical understanding of
the low-energy theory of TNG, wherein the TNG Hamiltonian consists of one flat-band sector and
accompanying dispersive bands. Using a self-consistent Hartee-Fock treatment, we explain how the
phenomenology of TNG can be understood through an interplay of in-plane Hartree and inhomoge-
neous layer potentials, which cause a reshuffling of electronic bands. We extend our understanding
beyond the case of N = 5 realized in experiment so far. We decribe how the Hartree and layer
potentials control the phase diagram for devices with N > 5 and tend to preclude exchange-driven
correlated phenomena in this limit. To circumvent these electrostatic constraints, we propose a new
flat-band paradigm that could be realized in large-N devices by taking advantage of two nearly flat
sectors acting together to enhance the importance of exchange effects.

I. Introduction

The paradigm of twisting and stacking graphene lay-
ers has led to numerous unexpected and exciting discov-
eries in recent years, with the two most studied phe-
nomena being superconductivity and interaction-driven
insulating states [1–10]. In part to advance a micro-
scopic understanding of the pairing mechanism, commu-
nity efforts have focused on extending the number and
types of moiré materials that present robust supercon-
ductivity, with each device type shedding additional light
on the features that are conducive to pairing [2, 5, 11–
15]. One extension, following the seminal prediction of
Refs. [16, 17], was to stack graphene layers with alter-
nating twist angles, see Fig. 1a. This procedure yields
a system that can be understood in terms of a set of
twisted-bilayer-graphene-like bands, referred to as sec-
tors, at different effective twist angles as illustrated in
Fig. 1c [16–18]. The sectors (labeled by k) are character-
ized by different charge distributions over the layers, see
Fig. 1b. At a magic angle of the multilayer system, one
sector’s effective angle is just the magic angle of twisted
bilayer graphene. This prediction was realized in twisted
tri-, quad-, and pentalayer moiré materials [1, 3]. The
phase diagrams observed in these experiments were qual-
itatively similar to the phase diagram of twisted bilayer
graphene. At the same time, the experimental results for
the location of the phase boundaries were puzzling, intro-
ducing a few experimental questions. It is these questions
which we address in this work.
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To this end, we carry out a systematic self-consistent
Hartree-Fock analysis of interaction effects in multilayer
alternating angle moiré structures. We focus first on un-
derstanding and explaining the experimental results of
Refs. [1, 3] for N = 3, 4, 5 layers, and then apply the
developed framework to study the twisted N -layer prob-
lem (TNG, N > 5), characterizing its electronic prop-
erties. Specifically, we show that as layer number in-
creases, larger gate voltages are required to compensate
for the charge redistribution due to interactions. This ef-
fect makes it increasingly prohibitive to electrostatically
dope N > 5 multilayer structures into the regime where
the magic flat band is optimally filled for superconduc-
tivity as shown in Fig. 1d. Interestingly, we find that
while going beyond N = 5 layers to study interaction
effects of the k = 1 flat band presents little advantage,
focusing on the second-harmonic bands (k = 2) in Fig. 1b
for N ≥ 5 instead overcomes the prohibitive electrostatic
barrier and yields very flat bands conducive to correlation
effects.

Our manuscript is structured as follows. Section II
presents a summary of our results focusing on physical
understanding and experimental trends. Section III out-
lines the formal description of the N -layer problem and
introduces the Hartree-Fock machinery, emphasizing the
similarities and differences with twisted bilayer graphene
(TBG). In Sec. IV, we combine physical understanding
with Hartree-Fock calculations for N = 3, 4, 5, focusing
on explaining experimental trends. Section V discusses
the electronic properties of N > 5 devices in more de-
tail. We conclude with a summary and discussion in Sec.
VI. Readers uninterested in details of the mathematical
description can focus on Secs. II, V, and VI.
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FIG. 1: (a) Device schematics. We consider N -layer
graphene with alternating twist angles in a double-gated

setup. Here θ is the physical twist angle. (b)
Schematics of layer charge distribution (See Eq. (10))
for N = 11, showing the three sectors with lowest

effective twist angle, k = 1: red, k = 2: orange, k = 3:
green. In experiment to date, k = 1 is the flattest,

“magic” sector. (c) Single particle band structure for
N = 11. (d) Band filling of the magic sector at different
total gate densities. 25 · 1012 cm−2 is the threshold of

dielectric breakdown in current hBN-based samples [19].

II. Physical understanding and summary of main
results

A. Experimental motivation

A key physical effect in twisted alternating-angle
graphene multilayers is the cascade of “resets” close to
integer fillings of the flat bands. The resets already oc-
cur at relatively high temperatures, well above those re-
quired for the correlated superconducting and insulating
states, and are deduced from measurements of the chem-
ical potential [20, 21] as well as the Hall conductivity
[2, 13]. The cascade of transitions can be explained in
different ways [20–26], with Ref. [20] interpreting it as
Stoner-like flavor (spin and valley) polarization. Within

this picture, flat-band superconductivity is unlikely to ex-
ist when three of the four flavors are fully occupied and
time-reversed partners at the Fermi level are absent. In
TBG, this happens beyond ν = ±3 (see further discus-
sion in Sec. III regarding intervalley coherent orders). Ir-
respective of the detailed theoretical symmetry-breaking
mechanism, this expectation is in line with experimen-
tal trends. In TBG, a cascade transition near ν = ±3
typically serves as an upper filling bound for supercon-
ductivity [2, 5, 13, 27]. Similarly, a lower filling bound for
superconductivity is the cascade transition at ν = ±2.
Cascade phenomenology has also been reported for

TNG systems with N = 3, 4, 5 layers [1–3, 5], c.f., Fig. 2a.
The band structure of TNG decomposes into decoupled
sectors of TBG-like and (for N odd) monolayer-graphene
(MLG)-like bands. This is illustrated by the example
band structure for N = 11 in Fig. 1c, which features five
TBG-like bands and a Dirac cone. When one of the TBG-
like sectors is effectively at the magic angle, the cascade
features can be understood as occurring in the magic sec-
tor, with the other sectors being filled uniformly [1, 3].
Startlingly, as shown in Fig. 2b and reported in

Refs. [1, 3], superconductivity persists to higher total
fillings in TQG (N = 4) and TPG (N = 5), extend-
ing up to ν = 5 for the N = 5 case of TPG. Simulta-
neously the cascade “resets” also set in at higher filling
fractions. Assuming that the magic sector is in the op-
timal doping range for superconductivity, i.e., it has 2-3
electrons per moiré cell, these observations would imply
substantial filling of the nonmagic sectors at odds with
a simple band-structure picture. The nonmagic sectors
are strongly dispersive, so that their noninteracting band
structure would predict almost no filling. Specifically,
complete filling of the magic bands would be accompa-
nied by less than ∼0.06 electrons per unit cell in the
nonmagic bands for TPG and less than ∼0.02 for TQG.
To obtain these estimates, we note that the ⌊N/2⌋

TBG-like electronic sectors (k = 1, 2, . . . , ⌊N/2⌋) have
effective twist angles [16]

θeffk =
θ

2 cos[ πk
N+1 ]

, (1)

which differ from the physical twist angle θ, Fig. 1a. This
formula reveals the advantage of multilayers – one can ob-
tain a sector effectively at the magic angle while actually
lying at a larger twist angle. This is best exploited by
choosing the k = 1 sector to lie effectively at the magic
angle, which maximizes the physical twist angle. All the
current experiments on TNG make this choice, and we
shall also make it our default choice for analysis. How-
ever, we note that for large N , the choice kmagic = 2
also becomes feasible. We will return to this possibility
in Sec. V. Approximating the nonmagic sectors as Dirac
cones, their filling is (see App. A 4)

νnon-magic =
∑

k∈nonmagic

νk ≈
∑

k∈nonmagic

AucNfck

4π(ℏv(k)D )2
µ2
k.

(2)
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Here, ck = 2 (ck = 1) if the sector k is TBG-like (MLG-
like), µk is the effective chemical potential in sector k,

Nf = 4 is the number of flavors, and v
(k)
D is the Dirac

velocity in sector k. In the absence of interactions, µk =
µmagic with µmagic the magic sector Fermi energy. A filled
magic sector corresponds to µmagic ≈ W/2, where W is
the noninteracting bandwidth. This bandwidth varies
with strain, taking values W ≈ 2 − 20meV. Even at
the upper limit for W , we then find νnon-magic ≲ 0.06

for TPG (using v
(k=2)
D ≈ 0.35vD). For TQG, the k = 2

sector has an even larger detuning from the magic angle

(θeffk=2 = 2.9◦), so that v
(k=2)
D ≈ 0.6vD and νnon-magic ≲

0.02. Therefore, the enhanced nonmagic-sector filling [1,
3] is an interaction effect, motivating our Hartree-Fock
study of TNG.

B. Physical understanding

Electron-electron interactions alter the above consid-
erations predominantly through two terms in the Hamil-
tonian, as can be seen by examining the mean-field de-
composition

HMF = HSP +HHartree +HFock +Hlayer. (3)

First, interactions represented by the Hartree and
Fock mean-field terms broaden the noninteracting magic
bands, promote the onset of symmetry-breaking order,
and, crucially for our analysis, induce filling-dependent
upward shifts of the quasiparticle energies relative to
nonmagic sectors. This Hartree-dominated shift arises
because the electron density of the TBG-like sectors is
spatially inhomogeneous in the 2D plane, which is as-
sociated with a cost in Coulomb energy [23, 28–31]. Im-
portantly, the inhomogeneity is particularly strong in the
magic sector and decreases with detuning from the magic
angle. Second, the contribution Hlayer is new to N > 2
layers and arises because the sectors have different ver-
tical charge distributions across layers [1, 3] as shown in
Fig. 1b. These distributions are given by the layer depen-
dence of the wave functions, taking the form of standing
waves analogous to a particle-in-a-box problem. The sec-
tor with lowest effective twist angle, k = 1, corresponds
to the first harmonic, which is singly peaked at the center
of the stack. The k = 2 sector is the second harmonic
with a doubly-peaked structure, and so on. The different
layer-dependent charge distributions imply that the sec-
tors have different energies due to the electric potential
produced by the gate charges.

For the devices investigated experimentally (magic sec-
tor k = 1), both HHartree and Hlayer effects enhance the
occupation of the nonmagic sectors relative to the nonin-
teracting band-structure scenario described above. The
first mechanism postpones the occupation of the magic
sector as it is broadened and shifted upward in energy as
it is filled. A similar shift in energy also occurs for the
second mechanism. The potential produced by the gate

charges in combination with the induced charges in TNG
has a maximum in the central layer. (Note that in the
absence of a displacement field, the electric field vanishes
at the center by symmetry. Moreover, the potential drops
towards the, say, positively charged gate electrodes above
and below the TNG stack.) Due to this potential maxi-
mum, the energy is higher for sectors, in which charge is
more localized near the central layer. Thus, this mecha-
nism also predicts that the magic sector is pushed up in
energy relative to the nonmagic sectors.
In subsequent sections, we quantify these effects by

extensive Hartree-Fock calculations, but for the purpose
of developing physical understanding we can nonetheless
arrive at some analytical results that qualitatively repro-
duce numerical trends. To do so, we make the rough
approximation that as a result of interactions the overall
bandstructure of each sector remains fixed (i.e. given by
the noninteracting band structure) and only the chemical
potential of each sector µk shifts as

µk = µ− Uk −Gk . (4)

Here, Uk and Gk quantify the shifts due to Hlayer and
HHartree, and µ is the chemical potential of the whole
system. We take Gk = 0 for all sectors except the magic
sector (k = 1) as it has the largest in-plane inhomo-
geneity (see App. A 2). In the magic sector [23, 28, 29],
Gk ∼ e2/(4πε∥ε0LM ), where LM is the moiré period.
For TPG, depending on dielectric constant, we estimate
10meV ≲ Gk ≲ 30meV. For full filling of the magic
sector, µ1∼W/2∼2− 10 meV, an extension of the nonin-
teracting analysis above gives µ2 ≈ 12−40meV, yielding
νnon-magic ≈ 0.1− 1.1. [Note that for νnon-magic ≳ 0.5, we
need to employ the full density of states, which deviates
from the Dirac approximation in Eq. (2)].

Inclusion of the shift Uk induced by Hlayer can fur-
ther increase the filling of νnon-magic. At the mean-field
level, the charge distribution across the layers enters the
Hamiltonian through

Hlayer = −e
∑
l

ρ̂l,0Vl, (5)

where Vl is the potential and ρ̂l,0 the electron number
(i.e., the q = 0 Fourier component of the electron density
ρ̂l,q) of layer l. The term Hlayer contributes nontrivially
due to imperfect screening of the gate electrodes by the
layers and becomes increasingly important as N grows.
In the absence of interaction-induced sector mixing, we
consider the energy shift

Uk = e2
dl

Aucε0ε⊥

∑
k′

(C−1)k,k′νk′ (6)

of a sector k for given sector fillings νk. Here, Auc is the
unit-cell area, dl is the layer distance, and ε⊥ the out-
of-plane dielectric constant of the graphene layers. The
matrix C in sector space is a capacitance-like matrix,
made dimensionless by extracting an appropriate pref-
actor. This matrix succinctly accounts for the charge
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N (C−1)1,1 (C−1)1,2 = (C−1)2,1 (C−1)2,2
4 0.262 0.1 0.0382
5 0.403 0.208 0.125

N → ∞ 0.147N 0.115N 0.099N

TABLE I: Inverse capacitance (C−1)k,k′ for
k, k′ ∈ {1, 2}, evaluated for layer numbers N = 4,

N = 5, and N → ∞.

.

distributions of the sectors over the layers. We tabulate
C−1 for TQG, TPG, as well as large N in Table I (see
App. C 2 for formulas for arbitrary N and derivations).
With the help of Table I, we obtain that the effective

chemical potential in the nonmagic TBG-like sector in-
creases by

U1 − U2 =
e2dl

Aucε0ε⊥

{
7

36
νmagic +

3

36
νk=2

}
, (7)

where the numerical coefficients are (C−1)1,1 − (C−1)2,1
and (C−1)1,2− (C−1)2,2, respectively. This shows explic-
itly that layer potentials increase the effective chemical
potential of the nonmagic sector and hence the filling, as
can be obtained from Eq. (2). Plugging in numbers for
νmagic = 4, we obtain a 7−45meV shift (for ε⊥ ∈ [2, 12];
see Sec. III B for a discussion of the role of dielectric con-
stants). Including only the single-particle term HSP and
Hlayer, the effective chemical potential in the TBG-like
sector is µ2 = W/2+U1 −U2 ≈ 9− 55meV, correspond-
ing to νnon-magic ≈ 0.05−2.5. At small nonmagic fillings,
the effect of the layer potential Hlayer is reinforced by the
Hartree correction HHartree. In fact, due to the linear
density of states of the nonmagic Dirac cones, the non-
magic filling depends nonlinearly on Hlayer and HHartree,
cf. Eq. (2).

To illustrate this, consider U1 − U2 = 10meV and
G1 = 10meV and small bandwidthW/2 = 2meV. Taken
separately, each term would only yield a tiny νnon-magic ∼

0.07. On the other hand, taking µ2 = 22meV in Eq. (2)
yields a four times larger νnon-magic ∼ 0.3. This highlights
the importance of considering both shift mechanisms.
The inverse capacitance matrix (C−1)k,k′ is a de-

creasing function of k and k′. Physically, larger-k sec-
tors screen the gate field better, therefore generating
smaller potentials. This monotonic decrease implies that
Umagic − Uk > 0 for any (nonmagic) k > 1. Thus, the
µk of nonmagic sectors increases, enhancing their occu-
pations. Secondly, for fixed k and k′, (C−1)k,k′ scales lin-
early with the vertical extent (as the inverse capacitance
of a parallel-plate capacitor) and thus with the number
of layers N . This suggests that the layer potential grows
in importance with N , eventually dominating over other
contributions for large N . Indeed, other contributions to
the mean-field Hamiltonian do not scale with the number
of layers. This suggests that the layer potentials become
dominant at large N and doping of the central k = 1 sec-
tor by gating will be preempted by dielectric breakdown
[19], as shown in Fig. 1d. We return to this analysis using
Hartree-Fock calculations in subsequent sections.

III. Model

In this section, we introduce the noninteracting model,
specify the interaction, and discuss the mean-field decou-
pling. While we largely follow standard procedures for
the mean-field description of moiré graphene [23, 32–37],
we allow for layer dependence of the interaction and in-
clude the layer potential term that is usually ignored.

A. Twisted graphene multilayers

We consider N -layer alternating angle twisted
graphene. Focusing on the K-valley, the single-particle
Bistritzer-MacDonald Hamiltonian reads [16]

HK
sp =


h−θ/2(k) T †(r) 0 · · · 0
T (r) hθ/2(k) T (r)
0 T †(r) h−θ/2(k)
...

. . .

0 h(−1)Nθ/2(k)

 , (8)

where hθ/2(k) = −iℏvD(σ · k)eiθσz denotes the
Dirac Hamiltonians of the layers (our numerics ne-
glects the rotation of the Dirac terms) and T (r) =∑2

j=0 Tje
iqj ·r is the interlayer hopping with Tj =

wAAσ0 + wAB

[
σx cos(2πj/3) + σy sin(2πj/3)

]
and qj =

(O3)
j(K2 − K1) = 2|K| sin

(
θ/2

)
(O3)

j [0,−1] with Ki

the Dirac-point positions in layer i and O3 the matrix

of a counterclockwise 120◦ rotation. Neglecting possible
layer dependence, we account for lattice relaxation by
choosing wAA = 80meV, wAB = 110meV [18]. Disper-
sion and Bloch wave functions of the K ′-valley follow by
time-reversal symmetry. The model of Eq. (8) is a min-
imal description of N -layer systems, neglecting relative
layer displacements [16, 38], next-nearest-layer hoppings
[16], periodic strain [39], and layer dependence of lattice
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corrugation [18]. While these additional ingredients mod-
ify the quantitative details of the electronic spectrum,
they do not alter the two key features, namely the inho-
mogeneous charge distribution and the inhomogeneous
distribution of electronic sectors across layers. Both in-
gredients are crucial to capture the effect of interactions
on the properties of the N -layered structure.
The single-particle Hamiltonian Hsp transforms into

block-diagonal form under a basis transformation VTNG

in layer space [16]. For an even number N of layers,
there are N/2 = ⌊N/2⌋ blocks – or sectors. These blocks
describe bands analogous to twisted bilayer graphene at
twist angle θ with interlayer hoppings rescaled by a co-
efficient Λk. We can equivalently think of the sectors as
corresponding to TBG with unscaled hoppings, but an
effective twist angle

θeffk = θ/Λk. (9)

In this picture, the sector Hamiltonian is multiplied by
an overall scale factor Λk. For N odd, in addition to the
⌊N/2⌋ TBG-like sectors, there is an additional sector,
in which the band derives from the underlying graphene
Dirac cone folded into the moiré Brillouin zone (BZ).
We will denote this sector as the monolayer-graphene
(MLG)-like sector (see Fig. 1b). We will choose the
physical angle θ such that there is one TBG-like sec-
tor – termed magic sector – at the magic angle, θeffk =
θmagic ≈ 1.1◦. In experiments to date, this would be the
k = 1 sector, but in Sec. V we also consider the possibility
kmagic = 2. We refer to all other sectors as the nonmagic
sectors, including the MLG-like sector for N odd [16].
Technically, the sector decomposition emerges by solv-
ing an effective ⌊N/2⌋-site open tight-binding chain on
the even layers, with ⌊N/2⌋ solutions (see App. A 1 for a
pedagogical derivation). The solution for the odd layers
proceeds analogously. The resulting weight distribution
for sector k is

W
(k)
l =

2

N + 1
sin2

(
πkl

N + 1

)
, (10)

as plotted in Fig. 1c, with corresponding eigenvalues

Λk = 2 cos

(
πk

N + 1

)
. (11)

Combined with Eq. (9), this gives Eq. (1). With an in-
creasing number of layers, there is a continuum of twist
angles [16] , with the largest density of twist angles close
to the minimal θeffk (attained for k = 1). If the physical
twist angle θ is such that the lowest effective angle sec-
tor is magic, there will thus be other sectors very close
to the magic angle. Moreover, by slightly decreasing the
physical twist angle, one can alternatively tune the larger
effective angles to be magic (see Sec. V). The weight dis-
tribution in Eq. (10) quantifies the charge distributions
across layers for the various sectors, see Fig. 1c. As dis-
cussed above, this is important for the electrostatic prop-
erties of the problem.

B. Coulomb interactions

We assume a symmetric double-gated setup (see Fig.
1a) as typically employed in experiment. We work at
gate charge densities en/2 per gate, so that −en is the
charge density in TNG. We include Coulomb interactions
through

Hint =
1

2

∫
drdr′V (r− r′) : ρ(r)ρ(r′) :, (12)

where the density ρ(r) includes free charges in both the
graphene system and on the gates with the positive back-
ground subtracted. The integration ranges over the full
3D space. Integrating out the electronic degrees of free-
dom of the metallic gates, one arrives at an effective
screened interaction for the N layers for a fixed electron
density n (see App. B 1 for details). The resulting inter-
action Hamiltonian takes the form

Hint =
1

2A

∑
q̸=0

∑
i,j

Vij(q) : ρi,qρj,−q :

+

N−1∑
i=1

Aε⊥ε0dl
(E⊥

i,i+1)
2

2
. (13)

Here, ρi,q is the electron density in layer i at in-plane mo-
mentum q, E⊥

i,i+1 denotes the uniform component of the
perpendicular electric field between layers i and i+1, A is
the system area, dl is the interlayer distance, and Vij(q)
is the double-gate-screened layer-dependent Coulomb in-
teraction derived in App. B 2. We allow the dielectric
constant of the q = 0 term (ε⊥) to differ from the dielec-
tric constant entering Vij(q) (ε∥). Physically, the out-
of-plane interaction reflects the out-of-plane response of
graphene, while the q ̸= 0 component is governed by the
dielectric properties of the substrate. For graphene lay-
ers, ε⊥ has been estimated to be around 2 [40, 41], while
ε∥ is around 5 for hBN substrates [29, 42–44]. Larger
values, accounting for remote band screening, have also
been investigated [29, 32, 45]. We treat the dielectric
constants as parameters. Without the second term, Eq.
(13) is the standard in-plane Coulomb interaction of a
2D system with screening due to metallic gates. The sec-
ond term is not usually included, but is important for
multilayer systems as discussed in Sec. II.

C. Mean-field decoupling

We perform our numerical calculations by restrict-
ing the full Hilbert space to a finite number of Nactive

bands with Nflavor spin/valley flavors and solving the
mean-field Hartree-Fock equations. We search for the

Nactive×Nactive density matrix [Pf (k)]αβ = ⟨c†f,k,αcf,k,β⟩.
Here cf,k,β annihilates a flavor-f electron in the single-
particle band β at momentum k. The single-particle
bands fall into sectors k ∈ {1, . . . , no}. We keep Nremote

remote bands, which generate additional Hartree and
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Fock interaction terms. In projecting onto a finite set
of bands, we are assuming frozen fully filled bands below
and empty bands above this set. To avoid overcounting of
interactions already present in monolayer graphene and
thus included in the BM model [33, 37, 45], we subtract a
mean-field Hamiltonian corresponding to a reference den-
sity matrix P 0

f (k). This is implemented in the mean-field

equations by replacing every Pf (k) with

δPf (k) = Pf (k)− P 0
f (k). (14)

We choose the subtraction scheme [33, 36, 37, 45] in
which P 0

f (k) is the ground density matrix at charge neu-
trality with the interlayer hoppings switched off. For
bands far below the charge-neutrality point, interlayer
hoppings are ineffective and this density matrix approxi-
mates that of fully filled TNG bands. It therefore cancels
with the remote-band-interaction term to a good approx-
imation [33, 43], justifying retaining only a finite number
Nremote of remote bands.

For the in-plane term, the mean-field decoupling ex-
tends the usual procedure detailed in previous studies
[16, 23, 32–35, 45] to include the layer dependence of
Vi,j(q). The resulting Hartree term reads

HHartree =
1

A

∑
i,j

∑
G

ρ̂i,GVi,j(G)
〈
ρ̂j,−G

〉
, (15)

where we introduce the projected layer density operator,

ρ̂i,G =
∑

fk c
†
f,kΛ

fi
G(k)cf,k, and denote the mean-field

density operator (with the appropriate subtraction) as

⟨ρ̂j,−G⟩ =
∑
f

∑
k

⟨c†f,kΛ
fj
−G(k)cf,k⟩

=
∑
f

∑
k

tr
[
δPT

f (k)Λfj
−G(k)

]
. (16)

Here, the trace runs over the space of active bands. Sim-
ilarly, the Fock term reads

HFock = − 1

A

∑
f

∑
i,j

∑
q,k

Vij(q)

× c†f,k

[
Λfi
q (k)δPT

f (k+ q)Λfj
−q(k+ q)

]
cf,k, (17)

where in contrast to the Hartree term, each flavor inter-
acts only with itself.

App. B 3 details a formal derivation of Hlayer in Eq. (5)
by decoupling the out-of-plane term in Eq. (13). The
difference of layer potentials

Vi+1 − Vi = −dlE
⊥
i,i+1 (18)

is related to the electric field, which is given by (Gauss
law)

E⊥
i,i+1 = − e

ε0ε⊥

 1

A

i∑
l=1

⟨ρ̂l,0⟩ −
n

2

 . (19)

We fix the arbitrary constant of Vi by setting V1+VN = 0.
We note in passing that Ref. [18] similarly considers

interaction effects on the electronic spectrum of N > 3
systems. The nonmagic sectors are described as a set
of equal Dirac cones with the chemical potential set by
that of the flat bands. Their role in the mean-field cal-
culation is reduced to providing static RPA screening for
the magic sector as given by Refs. [46, 47]. This proce-
dure focuses solely on describing interaction effects in the
magic bands, but misses the impact of the nonmagic sec-
tors on hybridizing the sectors and shifting their relative
energies with the concomitant changes in filling.
Our analysis assumes that the symmetry breaking pre-

serves the flavor index, precluding intervalley coherent
states [33, 36, 44, 48] , which are likely the actual ground
states [49, 50] of twisted bilayer graphene [51–53]. This
limits our analysis to qualitative features of the phase
diagram of N -layer alternating twisted bilayer graphene.
This approach has been shown to reproduce experimen-
tal trends [20, 24]. As we will see, the phase diagram of
TNG is mainly controlled by the interplay of the in-plane
Hartree and layer potentials, which on the moiré scale,
are insensitive to the subtle details of flavor-symmetry
breaking [23]. We thus expect our results to apply even
when different candidate ground states [33, 36, 44, 48]
(such as intervalley coherent states) are considered for
the magic sector.
Experimental samples are, to some extent, always

strained [7, 54–58]. Strain increases the kinetic energy
of the bands, suppressing interaction effects, and breaks
C3 symmetry, preventing gap opening by C2T symme-
try breaking. We incorporate strain as a constant vec-
tor potential, which alternates between layers (heteros-
train [59]) as described in App. A 3. This simplified de-
scription of strain is sufficient to capture the broaden-
ing of the noninteracting bands as well as the C3 sym-
metry breaking. Not considering intervalley coherence,
we also preclude the incommensurate-Kekulé-spiral state
[36, 37], for which there is some experimental support
[49, 60]. Again, this is justified since electrostatic effects
have larger energy scales and contribute over a wider tem-
perature range.

IV. Mean-field results for N ≤ 5

We now apply the mean-field approach detailed above
to alternating twisted N -layer structures with N =
3, 4, 5, confirming the qualitative reasoning discussed in
Sec. II. Figures 2a,b show experimental results for the
filling dependence of the Hall density and of the super-
conducting TC , respectively. Taken together, these data
indicate a substantial filling of the nonmagic sectors. As
originally proposed in Refs. [1, 3], this enhanced filling
can arise because of both, Hlayer or HHartree.
To disentangle the effects of Hlayer and HHartree, we first

consider the total filling required for νmagic = 3 (taken
here as a tentative upper bound for superconductivity)
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FIG. 2: (a) Experimental data of the Hall density vs. total filling showing the the cascade transitions (arrows) for
N = 3, 4, 5, see Ref. [3] for details on the samples and measurements. (b) Corresponding experimental data for TC

domes for N = 3, 4, 5. (c) Colormap of νtotal needed to reach filling νmagic = 3 of the magic sector in the ε∥-ε⊥
plane. (d) Interacting structures and densities of states for TPG at νtotal = 4, including in-plane Hartree and Fock
(HFX) terms from Eq. 3. Shown are the k = 1 magic sector (red) and k = 2 nonmagic TBG-like sector (blue). (e)
Same as (d) but with layer Hartree potentials and Fock (XFL) (f) Same as (d) but including all terms, that is, HFL.
(g) Flavor-resolved magic sector filling showing the cascade with in-plane Hartree and Fock (HFX) for N = 2, 4, 5.
(h) Same as (g), but with out-plane Hartree and Fock (XFL) (i) Same as (g), but including all the terms (HFL).

for TPG as a function of the dielectric constants ε∥ and
ε⊥, see Fig. 2c. To focus on the cascade physics, we in-
clude moderate strain (εstrain = 0.2%), which suppresses
the appearance of correlated insulating states. For strong
interactions (small dielectric constants), the entire k = 2
nonmagic sector fills first before the magic sector starts
to fill, incompatible with the onset of superconductivity
for ν ≈ 2 in Fig. 2b. In the opposite, weakly interacting
limit, only negligible filling of the nonmagic sectors is in-
duced, precluding an extended superconducting pocket.

Therefore, we use moderate ε∥ = 14 and ε⊥ = 6 in this
section, referring to App. D for results for other param-
eter choices, including results at vanishing strain.

To probe the interplay of Hlayer and HHartree, Figs. 2d,g
show numerical results retaining only the in-plane
Hartree and Fock terms (“HFX”) and Figs. 2e,h dis-
play corresponding results retaining only the out-of-plane
(Hlayer) and Fock terms (“XFL”). Finally, Figs. 2f,i in-
clude all terms (“HFL”). We first consider the band
structures plotted in Figs. 2d-f. Excluding the Hartree
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or layer potentials (HFX, Fig. 2d and XFL, Fig. 2e),
we obtain only a minimal shift of the magic (red) vs.
the nonmagic (blue) sectors. Interestingly, we find that
in these approximations, the shifts due to HHartree and
Hlayer are largely compensated by the effects of HFock.
However, there is a substantial shift when including all
terms (HFL, Fig. 2f). This highlights the importance of
considering all of the terms together.

These trends are also reflected in the cascade plots
in Figs. 2g-i for N = 3, 4, 5, which exhibit the flavor-
resolved fillings as a function of νtotal. Figures 2g,h show
results for XFL and HFX, respectively, and exhibit lit-
tle effect of the nonmagic sectors on the cascade. This
is consistent with the absence of a shift in Figs. 2d and
e. In contrast, Fig. 2i shows increasingly delayed cas-
cade transitions as the number of layers N grows. This
again reflects the importance of incorporating the effects
of both, Hlayer and HHartree.
Numerically, for our choice of dielectric constants and

N = 5, the νmagic = 3 cascade is pushed to νtotal ≈ 5,
while the νmagic = 2 cascade happens at νtotal ≈ 3. While
the νmagic = 3 cascade is consistent with experiment,
the superconductivity data (Fig. 2b) suggest that the
νmagic = 2 cascade already appears at νtotal ≈ 2. Fully
reproducing the experimental data may require more ac-
curate modeling of the devices or more accurate approx-
imations, e.g., allowing for the appearance of intervalley
correlated ground states[33, 36, 44, 48, 49, 60].

V. Large-N analysis

We now consider the interplay of the in-plane Hartree,
Fock, and layer potentials in the experimentally unex-
plored cases of N > 5 and kmagic = 2. The key ques-
tion we would like to explore is to what extent TNG
reproduces the phenomenology of TBG, when charge-
inhomogeneity-induced band shifts are included?

Figure 3 presents the main results of this section for
ε∥ = 10 and ε⊥ = 6. In Fig. 3a and Fig. 3b, we consider
the νtotal needed to achieve complete filling of the magic
sector, νmagic = 4. We compare the cases of kmagic = 1
(spectral weight peaked in the central layers, Fig. 3a)
and kmagic = 2 sector (spectral weight predominantly
away from the central layers, Fig. 3b). Each figure shows
plots including (i) the in-plane Hartree and Fock (HFX),
(ii) the layer potentials and Fock (XFL), and (iii) all
terms combined (HFL). For kmagic = 1 (Fig. 3a), we see
that the total filling required to completely fill the magic
sector increases dramatically with N . This confirms our
expectation that gating the kmagic = 1 sector becomes
prohibitively difficult as the layer number increases.

Interestingly, when choosing k = 2 as the magic sector
(Fig. 3b), the magic sector fills much more easily. This
is a result of the fact that the potential due to the gate
charges is maximal at the central layers, so that the k = 1
sector is more strongly shifted than the k = 2 sector. As
a result, kmagic = 2 circumvents the electrostatic barrier

present for gating the k = 1 sector, providing a promising
platform to study TBG-like physics in TNG samples with
larger N .
In Fig. 3c, we consider the bandwidth of the magic

sector. We compute the interacting bandwidth of the
completely filled magic bands at νmagic = 4 (see App. D
for other choices) defined as

BW = max
k

E+
k −min

k
E−

k . (20)

Choosing k = 1 (red) as the magic sector, we observe
a substantial increase in bandwidth due to the in-plane
Hartree and layer potentials. This suggests that even if
the bands could be filled, the increased bandwidth will
suppress correlated physics associated with the flat-band
regime. Choosing k = 2 (blue) as the magic sector, the
bandwidth also increases with N , but less so than for
kmagic = 1. This can be partially explained by the fact
that much of the bandwidth is interaction driven and
for a given N , kmagic = 1 has a smaller unit cell than
kmagic = 2. To accurately gauge the importance of in-
teractions in the magic bands, we need to compare the
bandwidth to the interaction scale. The effective inter-
action scale depends on the vertical spread of charges in
the sector of interest. Using that the interaction between
charge distributions with wave vector q in two layers sep-
arated by a distance d is (e2/2ε∥ε0q)e−qd (cf. Eq. (B2)),
the effective interaction energy per flat-band electron can
be estimated as

e2

4πε∥ε0LM

〈
exp(−λG|z − z′|)

〉
=

=
e2

4πε∥ε0LM

∑
i,j

W
(k)
i exp(−λGdl|i− j|)W (k)

j . (21)

Here, the average in the first line is over the pairs of
layers (located at z and z′) accounting for the charge

distribution of sector k over layers as described by W
(k)
i .

We also used that the characteristic wave-vector scale
G is given by the magnitude of the shortest reciprocal
lattice vector G = 4π/(

√
3LM ), i.e., the inverse of the

moiré length LM . In the exponent, λ accounts for the fact
that the characteristic wave vector depends somewhat
on the interaction effect of interest. We choose λ = 1 for
Hartree effects, and λ = 0.5 for correlation (Fock) effects.
We can now use the computed bandwidth to define a

dimensionless measure of the interaction strength in the
flat bands,

rs = e2⟨exp (−q|z − z′|)⟩/(4πε∥ε0LMBW). (22)

While this is still an oversimplified measure of interaction
effects in flat bands [61], it serves as a useful metric in
comparison to similar analysis for TBG [62]. In Fig. 3d
we plot the effective rs as a function of layer number N .
For kmagic = 1 (red full line) and zero strain, rs decreases
with increasing N , suggesting that devices with N < 5
are most likely to exhibit correlation effects. Strained
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kmagic = 1 data (red dashed line) highlight the advantage
of N > 2. The importance of a given nominal value of
strain diminishes with N . For this reason, rs is larger
for strained N = 3 than N = 2. Interestingly, we find
that rs is larger for kmagic = 2 (blue) than for kmagic = 1.
This holds even for strained devices. For increasing N ,
again, there is a decrease in rs, which nevertheless stays
above the kmagic = 1 value.
To understand this peculiar behavior of rs, we con-

sider N = 5 and kmagic = 2 at zero strain. For k = 2
at the magic angle, the k = 1 sector is nominally be-
low the magic angle, but still very flat. This results in
a cascade-like transition, at which the k = 2 sector be-
comes almost completely filled, while the k = 1 sector has
negative (hole) filling. Consequently, we find νtotal < 4
at νmagic = 4. This transition is encouraged by the cen-
tral charge distribution over layers, larger inhomogeneity
(see Sec. A 2), and larger bandwidth of the nonmagic,
k = 1 sector (with effective twist-angle below the magic
angle). After the cascade, the inhomogeneity of the holes
from k = 1 partially cancels against the inhomogeneity
of the k = 2 electrons, yielding a filled magic band with
anomalously small Hartree broadening.

The behavior of rs, together with the required doping
dependence shown in Fig. 3a,b, suggest that to realize
strongly interacting bands for large N multilayer devices,
it is necessary to focus on sectors k ̸= 1 such that the
spectral weight is not localized near the center of the
device structure. For example, for the k = 2 sector to
be at the effective magic angle of θeff2 = 1.1◦, this would
correspond to physical twist angles of 1.1◦, 1.37◦ for N =
5, 6-layer devices, respectively (see App. E for further
analysis).

Finally, we comment on the role of dielectric constants
in large-N multilayers. In the literature, these constants
are taken as fitting parameters and frequently vary be-
tween experiments. Thus, it is helpful to discuss the be-
havior of Fig. 3 as a function of the dielectric constants.
The effect of a decreasing interaction strength on Fig. 3a
is to shift all the curves downward (see Fig. D5). At
zero strain, changing ε∥ from 10 to 14 leaves the cas-
cade physics unchanged, since it comes from two sets of
very flat single-particle bands (k = 1 and k = 2). At
nonzero strain, decreasing interaction strength lowers rs,
as the strain-induced broadening becomes more relevant.
Detailed parameter dependences are in App. D.

VI. Summary and Discussion

In our analysis, we demonstrate how in-plane Hartree
and layer potentials control the phase diagram of
alternating-angle twisted multilayer graphene. Com-
pared with the experimental results of Ref. [1, 3], we
showed that it is the interplay of these two effects that
accounts for the filling enlargement of the superconduct-
ing pocket with layer number. In fact, we find that
small-N devices are the preferred layered structures to
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FIG. 3: (a) νtotal as a function of layer number N at
νmagic = 4 choosing k = 1 as the magic sector at
ε∥ = 10, ε⊥ = 6, εstrain = 0%. (b) Same as (a) for

kmagic = 2. (c) Bandwidth at νmagic = 4 for the choice
of kmagic = 1 (red) and kmagic = 2 (blue). Dashed

curves are for finite strain εstrain = 0.2%. (d) Effective
interaction parameter rs at νmagic = 4 for kmagic = 1
(red) and kmagic = 2 (blue). Dashed lines are at finite

strain εstrain = 0.2%.

study k = 1 flat-band physics. For N > 5, the magic
sector present in the decoupling introduced in Ref. [16]
becomes strongly modified by the presence of Hartree ef-
fects to the extent that electrostatic doping of that sector
becomes challenging. In addition, the interacting band-
width is enlarged by the in-plane and out-of-plane (layer)
Hartree effects, likely precluding Fock-driven correlated
phenomena.

The suppression of exchange-driven correlated phe-
nomena by the Hartree effect relies on the mechanism
of band shifting. Indeed this mechanism has been ob-
served in the context of the TTG, where shifting of the
flat band with respect to the Dirac cone can be seen spec-
troscopically [7]. However, to date no scanning tunnel-
ing microscope (STM) experiments were carried out on
N > 3 devices. Such experiments may allow one to ver-
ify the scenario developed here. This may also allow one
to assess whether alternative theoretical explanations of
the enlarged superconducting pocket, such as the more
exotic scenarios discussed in Ref. [3], are necessary. We
caution, however, that for STM measurements, one side
of the sample is typically left uncovered, so that there
is only one gate on the opposite side. In this single-
gate setup, it is impossible to vary displacement field
and doping independently. Instead, varying gate voltage
traces out a line in the filling-displacement field plane.
Nonetheless, we expect the qualitative physics of band
shifting to persist as it is a robust consequence of charge
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inhomogeneity. However, quantitative predictions must
be adapted to the new device geometry.

Experiments on moiré graphene systems exhibit sub-
stantial particle-hole asymmetry, unlike our theoretical
analysis. Specifically, in TBG correlated insulators ap-
pear to be more robust on the electron side than on the
hole side. Similarly, superconductivity can also appear
in a particle-hole asymmetric manner [27]. In the TPG
samples studied in Ref. [3], superconductivity persists
up to νtotal = 5 on the electron side, but only down
to νtotal = −4 on the hole side. Particle-hole symme-
try breaking can be incorporated into the BM model
[25, 63, 64]. However we find this to be insufficient to
reproduce the observed experimental trends. The pres-
ence of particle-hole symmetry is a common feature of
theoretical efforts to date and requires further investiga-
tion.

While our results suggest that correlated phenomena
are likely precluded for N > 5 samples with k = 1 magic
sector, k = 2 flat bands appear more promising. We
find that kmagic = 2 is subject to much weaker band
reshuffling and thereby allows for effective electrostatic
gating. Moreover, the k = 2 band can become unex-

pectedly flat. This suggests a resurgence of flat-band
physics for large N in the k = 2 sector, which could
in principle differ from that seen in TBG, for instance
because the multiple nearly flat bands may conspire to
reduce the Hartree-driven renormalizations that suppress
the exchange effects.
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A. Properties of the single-particle Hamiltonian

1. Sector decomposition

We review the derivation of the sector decomposition, following Ref. [16]. Labeling graphene layers by
i ∈ {1, . . . , N}, we have ne = ⌊N/2⌋ even layers with twist θ relative to the no = ⌈N/2⌉ odd layers. Interlayer
hopping only couples between odd and even layers. Thus, there can be a vector in layer space with support only in
the odd layers which maps onto another vector with support only in the even layers under interlayer hopping. This
vector, in turn, maps back onto the first. Mathematically, we are looking to find the singular-value decomposition
(SVD) of the adjacency matrix W in the space of the layers (no, ne). This dimensionless matrix codifies between
which layers there is hopping,

W =


1 0 0 · · ·
1 1 0
0 1 1
...

. . .

 , (A1)

where Wi,j = 1 if layers 2 · i − 1 and 2 · j are adjacent. The SVD procedure yields right singular vectors R
(k)
j , left

singular vectors L
(k)
i and eigenvalues Λk satisfying WRk = ΛkL

k. The eigenvalues Λk are the coefficients introduced

in Eq. (9) rescaling the interlayer hopping. The ne dimensional right singular vector R(k) is the wave function on
physical, even layers for the k-th twisted bilayer graphene-like sector. Accordingly, the no dimensional left singular
vector L(k) for k ≤ ne gives the wavefunction across odd physical layers for the k-th twisted bilayer graphene-like
sector. For N odd, there is one additional left singular vector L(no), which spans the kernel of WT . This vector gives
the spectral weight across the odd layers of the MLG sector. Further, in terms of the vectors R(k) and L(k), the basis
transformation matrix VTNG is given by:

VTNG =


L
(1)
1 0 L

(2)
1 · · ·

0 R
(1)
1 0 · · ·

L
(1)
2 0 L

(2)
2 · · ·

...
...

...
. . .

 . (A2)

The SVD procedure yields ne TBG-like sectors with hoppings renormalized by Λk (and for N odd, an extra Dirac
cone corresponding to the kernel of WT ). We use the equation WR(k) = ΛkL

(k), together with its transpose, to

obtain WTWR(k) = (Λk)
2
R(k), which is a Hermitian eigenvalue problem. We therefore need to find the eigenvalues

and eigenvectors of the ne × ne symmetric matrix:

WTW =


2 1 0 0 · · ·
1 2 1 0
0 1 2 1
...

. . .

 , (A3)

where for N odd (WTW )ne,ne = 1 ̸= 2. This matrix can be physically interpreted as the Hamiltonian matrix
of a tight-binding chain with open boundary conditions, on-site mass 2 and hopping of magnitude 1. To find the
eigenvalues and eigenvectors, we start with solutions of the infinite chain problem, which are plane waves, eipj , for
some momentum p, where j ∈ [−∞,∞] are the sites of the infinite chain. The physical sites of our open chain,
corresponding to the even layers, on the other hand, go only from 1 to ne. e

ipj are eigenvectors of the infinite problem
with eigenvalue 2 + 2 cos(p). Note the degeneracy p → −p. Specific combinations of these plane wave solutions for
some p are in fact also solutions of the open chain. Due to the absence of next-nearest neighbor hopping, the only
point at which the infinite solutions could fail to be solutions is at the edges of the open chain. For example, take the
j = 1 boundary site. exp(ipj) generally does not satisfy the open boundary problem, as there is no hopping from the
(non-existent) j = 0 site to j = 1 in the open boundary problem. However, taking a linear combination of p and −p to
form Rj = sin(pj) has a zero at j = 0, so in the infinite problem the hopping from j = 0 to j = 1 does not contribute
to the equation. Therefore, sin(pj) are the class of wave functions that satisfy the open boundary condition (BC) at
the left end, j = 1. Now let us move to the boundary condition at j = ne. For (W

TW )ne,ne
= 2 (N odd), we simply

need to require that sin[p(ne+1)] = 0, in order that the hopping from the nonexistent ne+1 site vanishes. This leads
to the quantization condition p(ne + 1) = kπ with k positive integer.



14

For (WTW )ne,ne
= 2, we need to analyze the equation at site ne. The open BC equation reads:

Rne−1 +Rne
= ERne

, (A4)

while the periodic infinite solution satisfies the following:

Rne−1 + 2Rne +Rne+1 = ERne . (A5)

This suggests that if we find an infinite solution with Rne + Rne + 1 = 0, it will also satisfy the open boundary
condition at j = ne with on-site lower mass. To satisfy the left boundary condition, we need to have Rj ∝ sin(pj),
so we have a condition on p: sin(pne) + sin[p(ne + 1)] = 0. This will be satisfied precisely when p(ne +

1
2 ) = kπ. We

can write the condition for N odd and N even as one condition, using that for N even, ne = N/2 and for N odd
ne = (N − 1)/2:

p(N + 1) = 2πk. (A6)

From this, the full solution for R
(k)
j reads:

R
(k)
j =

√
4

N + 1
sin(2πkj/(N + 1)). (A7)

The eigenvalues are

Ek = 2 + 2 cos
[
2πk/(N + 1)

]
= 4 cos2[πk/(N + 1)], (A8)

from which the singular values are (since Λ2
k = Ek):

Λk = 2 cos
[
πk/(N + 1)

]
. (A9)

We can also write down the L
(k)
j using the condition for k ≤ ne WR(k) = ΛkL

(k), while for N odd there is an extra

left singular vector WTL(no) = 0. For k ≤ ne, we get:

L
(k)
j =

√
4

N + 1
sin[πk(2j − 1)/(N + 1)]. (A10)

Lastly, for N odd, we get an extra MLG-like sector with a vector

L
(no)
j =

1
√
no

(−1)j . (A11)

Having obtained the layer wavefunctions for each sector k, we consider the average occupation of each layer for an
electron in sector k. Considering an electron in a TBG-like sector k to be half in the odd layers and half in the even
layers, we obtain the density distribution across the layers

W
(k)
l ≡ 1

2

[
(Lk

1)
2, (Rk

1)
2, (Lk

2)
2, . . . , ({L/R}kN )2

]
l
=

2

N + 1
sin2

[
πkl/(N + 1)

]
(A12)

where the last entry in the definition is L for N odd and R for N even, obtaining Eq. (10). The weights are plotted
in Figure 1c.

2. Twist angle dependence of the in-plane charge inhomogeneity

In Fig. A1, we plot the dependence of the average wavefunction overlap

⟨uk+G,α|uk, α⟩ =
1

Nk

1

NG

∑
k,G

1

2

∑
α=1,2

∣∣⟨uk+G,α|uk,α⟩
∣∣ (A13)

on twist angle for N = 2 (this result applies to any TBG-like sector) for the two central flat bands. Here the sum over
G runs over the NG = 6 shortest nonzero reciprocal lattice vectors and k are in the first Brillouin zone, with Nk = 144
the number of k points in the numerical calculation grid. This average overlap increases with decreasing twist angle.
Its meaning can be understood from Eq. (15). The larger the wavevector G overlap, the more strongly a sector
couples to the in-plane inhomogeneity at wavevector −G. Converesely, sectors with a larger overlap at wavevector
G generate a larger mean-field inhomogeneity at −G. This implies that for kmagic = 1, the magic sector feels the
in-plane potential most strongly and is most effective at generating it.



15

0.5 1.0 1.5 2.0 2.5 3.0

θ [◦]

0.0

0.2

0.4

0.6

0.8

1.0
〈u

k
,α
|u

k
+

G
,α
〉

FIG. A1: Dependence of ⟨uk+G,α|uk, α⟩, a quantity that controls the in-plane Hartree correction, on twist angle for
N = 2

3. Strain

In TBG, heterostrain drastically increases the single particle bandwidth [59], changes the nature of correlated states
[36, 48], and can induce in-gap states [65]. The procedure for implementing heterostrain in TBG involves adding vector
potentials due to the changes in graphene hoppings and distorting the moiré Brillouin zone, altering the momentum
space distance between the two layers of Dirac cones and the moiré reciprocal vectors. Since, for a bilayer, any
layer-dependent strain can be decomposed as the sum of hetero and homostrain, and homostrain has negligible effect,
including heterostrain in this way is a generic procedure that captures qualitative physical trends. In systems with
more than two layers, there are more nongeneric layer dependencies possible. As the purpose of our modeling is to
introduce a mechanism for broadening the single-particle bandwidth, we consider a simple procedure and only add
the vector potentials induced by the graphene hoppings, choosing an antisymmetric layer structure:

Al = (−1)lA0, (A14)

where the single-layer vector potential is given by

A0 =

√
3

2a
β
(
εxx − εyy,−2εxy

)
, (A15)

with a being the monolayer graphene lattice constant and β ≈ 3.12 the hopping modulus factor [59]. We choose
εxx = εstrain, εxy = 0 and εyy = −0.16 · εstrain (0.16 is the Poisson ratio for graphene), varying εstrain from 0 to
0.2 · 10−2. This layer structure is motivated by the fact that it acts just like a heterostrain vector the potential within
each bilayer-like sector at zero displacement field. The above-defined vector potentials couple via minimal coupling
to the momentum operator [59].

4. Density of states for nonmagic sectors in the Dirac cone approximation

In this section, we evaluate the numerical constants that appear in the expression for density of states (DOS) for
a Dirac cone dispersion to obtain estimates for the DOS of the nonmagic sectors, as used in Section II of the main

text. To this end, let us evaluate the prefactor of Eq. (2) with vD instead of v
(k)
D :

Auc

4π(ℏvD)2
=

√
3(0.246nm)2/(8 sin2(θ/2))

4π(6.582 · 10−16eVs · 106ms−1)2
= 31.6/θ2eV−2, (A16)

where in the last equality, the twist angle θ should be plugged in degrees. For the k = 2 nonmagic sector in TPG, we

have Nf = 4, ck=2 = 2,θ = 1.9◦, v(k=2)
D = 0.35vD. We note in passing that Ref. 66 finds a smaller Dirac velocity. This
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is because here we account for lattice corrugation by taking wAA/wAB = 8
11 , while in Ref. 66 the unrelaxed value,

wAA/wAB = 1, is taken. Plugging into Eq. (A16), we obtain

νTPG
k=2 = (5.71 · 10−4meV−2)µ2

2. (A17)

As an example, for µ2 = 10meV, using Eq. (2) we obtain filling ν2 ≲ 0.06. As noted in the main text, for ν2 ≳ 0.5,
we use the numerically computed full noninteracting density of states which involves a DOS peak at the van Hove
singularity.

B. Interacting Hamiltonian

In this section of the appendix, we discuss various elements of the analysis that were carried out in going from the
full interacting Coulomb Hamiltonian for the 3D system to the Hamiltonian, including only the layer indices. We also
detail the mean-field decoupling of the out-of-plane term.

1. Integrating out the gate electrons

Here we start from the full 3D Coulomb interaction 1
2

∫
dr dr′V (r−r′) : ρ(r)ρ(r′) : to obtain an effective interaction

for TNG. We consider the charges to be constrained in N + 2 layers labeled by an index I going from 0 to N + 1
at vertical positions zI . This corresponds to the physical situation of a sample with N graphene layers and two gate
layers I = 0, N + 1. In other words, we decompose ρ(r) =

∑
I ρI(r)δ(z − zI), where ρI(r) is the (2-dimensional)

density in layer I. In Fourier space, we have

Hbare
int =

1

2A

∑
q,I,J

V bare
IJ (q) : ρI,qρJ,−q :, (B1)

where A is the 2-dimensional area of the sample, we sum also over layers 0 and N +1 corresponding to the gates, and
V bare
IJ is the bare Fourier-transformed 2D Coulomb interaction with vertical separation dIJ = |zI − zJ |, which reads

V bare
IJ (q) =

e2

2εε0q
exp (−dIJq) . (B2)

For q = 0, we separate the divergent and finite parts as follows

V bare
IJ (q → 0) =

e2

2εε0

[
O

(
1

q

)
− dIJ

]
. (B3)

The divergent part is canceled if the total charge adds up to zero
∑

I ρI,q=0 = 0, and what remains of the q = 0 term

is − e2

2εε0
dIJ . Therefore we obtain, separating q = 0:

Hbare
int =

1

2A

 ∑
q̸=0,I,J

V bare
IJ (q) : ρI,qρJ,−q : −

∑
I,J

e2

2εε0
dIJ : ρI,q=0ρJ,q=0 :

 . (B4)

which still includes the gate charges. We can simplify the second term by working at the fixed gate and sample charge,

allowing us to replace
ρ0,0

A = −n
2

ρN+1,0

A = −n
2 , and

∑N
i=1 ρi,0

A = n. Then it can be (up to a n dependent constant)
more physically rewritten as the electrostatic energy of the perpendicular electric field between the layers, which is
given by Gauss’ law as:

E⊥
i,i+1 = − e

ε0ε

 1

A

i∑
l=1

⟨ρ̂l,0⟩ −
n

2

 . (B5)

With this identification, Hbare
int reads:

Hbare
int =

1

2A

 ∑
q̸=0,I,J

V bare
IJ (q) : ρI,qρJ,−q : +

N−1∑
i=1

εε0dl
(E⊥

i,i+1)
2

2

 (B6)
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For the q ̸= 0 term, we integrate out the gate electrons and end up with an effective screened interaction for the N
layers, whose form is obtained in the next section using the method of images. Above, it was assumed that there is
a single dielectric constant for the medium between the graphene layers and between the sample and the gates. Here
we consider the more realistic possibility of having different dielectric constants in between the graphene layers and
around the gates. This leads to two modifications in Eq. (B7): Firstly, the perpendicular electric field term should
have its own dielectric constant ε⊥, related to the out-of-plane dielectric properties of graphene. Secondly, Vij(q)
has a more complicated dependence than in Eq. (B2), since interaction at different scales sees different dielectric
environments. We will include the first effect, but for the sake of simplicity, we will model Vij(q) as if there was a
single dielectric constant, deriving its form in Section B 2 below. However, we will allow the dielectric constant of
Vij(q) (ε∥) to differ from ε⊥. With this we obtain the effective system interaction Hamiltonian from the main text:

Hint =
1

2A

∑
q ̸=0,i,j

Vij(q) : ρi,qρj,−q : +

N−1∑
i=1

Aε⊥ε0dl
(E⊥

i,i+1)
2

2
. (B7)

2. Layer-dependent in-plane Coulomb interaction

The interaction between two electrons depends on which layer each electron is in. In free space, this simply adds
a factor e−q|z−z0| in the Fourier transform of the interaction. Here we calculate the layer-dependent interaction in
Fourier space in the presence of two gates at positions z = ±ds, where ds is the screening length. We use the method
of images, which solves the Poisson equation in the region zin(−ds, ds) with the boundary condition ∂⊥V |±ds

= 0 by
placing image charges above and below the gates. First, we consider the positions of image charges when a positive
unit charge is placed at z0. Due to the presence of two gates, there will be infinitely many image charges in the
regions above ds and below −ds. We denote the z-coordinate of the position of the n-th image charge in the top gate
(z > ds) as d

top
n , while the z-coordinate of the position of the m-th image charge in the bottom gate will be dbottomm .

The first image charge in the top gate will be at dtop1 = 2ds − z0, while the first image charge in the bottom gate at
dbottom1 = −2ds − z0, and they have negative unit charge. Next, the bottom gate is affected by the image charge in
the top gate and vice versa, implying we need to place more and more charges. We, therefore, obtain the intertwined
recurrence relation for the positions of the n+ 1-th image charges

dtopn+1 = 2ds − dbottomn (B8)

dbottomn+1 = −2ds − dtopn , (B9)

where the charge of the n-th charge is (−1)n. This recurrence is solved by :

dtopn = 2nds + (−1)nz0 (B10)

dbottomn = −2nds + (−1)nz0. (B11)

The potential at vertical position z and an in-plane distance r away from the unit test charge is given by the sum of
the potentials of the charge and all the image charges generated. We have

V (r, z, z0) =
1

4πεε0

 1√
r2 + (z − z0)2

+

∞∑
j=1

(−1)j√
r2 + (2jds + (−1)jz0 − z)2

+
(−1)j√

r2 + (2jds + z − (−1)jz0)2

 . (B12)

In Fourier space, we obtain:

V (q, z, z0) =
1

2εε0

1

q

exp(−q|z − z0|) +
∞∑
j=1

(−1)j exp[−q(2jds + (−1)jz0 − z)] + (−1)j exp[−q(2jds − (−1)jz0 + z)],


(B13)

where we removed the absolute value in the image charge potentials since we are interested in the potential inside
the sample, assuming |z| < ds, |z0| < ds. The sum over j can be easily performed by separating into j odd and even,
leading to the result:

V (q, z, z0) =
1

2εε0

1

q
·

e−q(z+z0)
(
−e2q(d+z+z0) − e2dq + e2qz + e2qz0

)
e4dq − 1

+ e−q|z−z0|

 . (B14)

For z = z0 = 0, V (q, z, z0) reduces to the tanh(qds)/q form usually used for double-gate screened interaction. On the
other hand, with no screening (ds → ∞) we recover the bare interaction in Eq. (B2).
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3. Mean-field decoupling of out-of-plane electric field term

Here we detail the mean-field decoupling the out-of-plane (q = 0) term. For notational simplicity, we work out the

general form before projecting onto a fixed number of active bands. We perform the mean-field decoupling of H
(q=0)
int :

H
(q=0)
int = − 1

2A

∑
I,J

e2

2ε⊥ε0
dIJρI,q=0ρJ,q=0 =

N−1∑
i=1

Aε⊥ε0dl
(E⊥

i,i+1)
2

2
+ Const , (B15)

which was derived assuming a fixed amount of charge on the gates, but still includes it explicitly (by summing I, J
from 0 to N + 1). We dropped the normal ordering symbol since it only matters for I = J , for which the vertical
distance dIJ vanishes. Let us recall the three constraints

• ρ0,0 = −An
2

• ρN+1,0 = −An
2

•
∑N

i=1 ρi,0 = An

For the mean-field decoupling, we use the q = 0 layer density form of the interaction. Following standard procedures,
there will be the Hartree term, which corresponds to classical electrostatics

HHartree
layer = −

∑
I ̸=J

e2

2ε⊥ε0A
dIJρI,q=0⟨ρJ,q=0⟩ =

N∑
i=1

ρi,0(−eVi) , (B16)

where we changed sum over I (from 0 to N + 1, including gates) to a sum over i (from 1 to N) since the gates have
a fixed charge. Therefore the potentials are given by

Vi =
e

2ε⊥ε0A

∑
J

diJ⟨ρJ,q=0⟩. (B17)

It is insightful to consider the potential difference between two neighboring layers

Vi+1 − Vi =
e

2ε⊥ε0A

∑
J

(di+1,J − di,J)⟨ρJ,q=0⟩ , (B18)

where

di+1,J − di,J =

{
dl for i ≥ J

−dl for i < J.
(B19)

With this relation, we can rewrite Eq. (B18)

Vi+1 − Vi = dl
e

2ε⊥ε0A

∑
J≤i

⟨ρJ,q=0⟩ −
∑
J>i

⟨ρJ,q=0⟩

 . (B20)

Since ρ0 = ρN+1 = −nA/2, the gate charge terms cancel. Further, since the total charge on the sample is fixed, we
also have

−
∑

i<J≤N

⟨ρJ,q=0⟩ =
∑

1≤J≤i

⟨ρJ,q=0⟩ − nA. (B21)

which yields

Vi+1 − Vi = dl
e

ε0ε

 1

A

i∑
l=1

⟨ρ̂l,0⟩ −
n

2

 = −dlE
⊥
i,i+1. (B22)

In the above expression, we identified that the interlayer electric field is given by Gauss’ law, Eq. (19).
Next we consider the q = 0 Fock term. As the Fock term involves an integral over a range momenta and is

intensive, if we fix a single momentum term q = 0 (as we do for the interlayer potential term), it will vanish in the
thermodynamic limit. Therefore we only need to keep the q = 0 Hartree term. Finally, in our numerics, we project
on a finite number of bands replacing ρl,0 by ρ̂l,0.
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C. Analytical results on the layer potentials

1. Layer potentials in sector basis

In this section, we consider the mean-field layer potential term, and rewrite it in the sector basis. We use the
unprojected form of the layer Hamiltonian:

Hunprojected
layer =

∑
l

ρl,0(−eVl), (C1)

but the conclusions will also hold after projection. To proceed, we need to write ρl,0 =
∑

f,k,z d
†
f,l,k,zdf,l,k,z, where

d†f,l,k,z creates an electron in flavor f , layer l, momentum k and a joint sublattice/spin index z. Since the transforma-
tion into sectors does not affect flavor, momentum, or sublattice and spin, we will in the following omit their labels.
Using the SVD procedure, we can go from layer basis to sector basis using the unitary basis transformation VTNG as
follows:

f†
s =

∑
l

d†l (VTNG)ls, (C2)

where f†
s , s ∈ {1, . . . , N} creates an electron in the effective layer s, which can either have support in the odd physical

layers or even. As shown in Eq. (A2), the orthogonal matrix VTNG is closely related to the singular vectors R(k), L(k).
We therefore rewrite ∑

l

ρl,0(−eVl) =
∑
s,s′

f†
s fs′

∑
l

(VTNG)ls(VTNG)ls′(−eVl). (C3)

To emphasize the sector (recall for N layers there are ⌈N/2⌉ sectors labeled by index k) diagonal and off-diagonal
terms, we now switch s for a multi-index k, i, where k ∈ {1, . . . , ⌈N/2⌉} labels the sector, and i labels the effective odd
or even layer of that sector. For an MLG-like sector, this index is trivial. With this rewriting, we write suggestively∑

l

ρl,0(−eVl) =
∑
k,i

f†
k,ifk,i

∑
l

(VTNG)l,ki(VTNG)l,ki(−eVl) +
∑

k ̸=k′,i

f†
k,ifk′,i

∑
l

(VTNG)l,ki(VTNG)l,k′i(−eVl), (C4)

where we used the fact that (VTNG)l,ki(VTNG)l,k′i′ ∝ δi,i′ , so that there are no layer index (i, i′) off-diagonal terms.
On the other hand, odd and even layer index preserving terms are allowed.

a. Sector diagonal terms

In this section, we focus on the sector diagonal terms, which correspond to the first term in the Equation (C4).
For a TBG-like sector k, this term is a potential V1 =

∑
l(VTNG)l,k1(VTNG)l,k1(−eVl) on the effective odd layer and

V2 =
∑

l(VTNG)l,k2(VTNG)l,k2(−eVl) on the effective even layer. Decomposing the effective layer potential matrix(
V1 0
0 V2

)
into layer-even and layer-odd components, we obtain that the effect of layer potentials within a sector is

twofold. It causes a shift of the whole sector by Uk = V1+V2

2 and an interlayer potential difference Dk = V1 − V2

between the effective odd and even layers. We can obtain an analytical formula for the sector shift in terms of the
matrix (VTNG)l,ki and therefore also in terms of the vectors R(k), L(k).

Uk =
1

2

∑
l,i

(VTNG)l,ki(VTNG)l,ki(−eVl). (C5)

In the above, we identify

1

2

∑
i

(VTNG)l,ki(VTNG)l,ki =
1

2

[
(Lk

1)
2, (Rk

1)
2, . . . , ({L/R}kN )2

]
l
= W

(k)
l (C6)

as the layer distribution weights W
(k)
l , plotted in Figure 1c. The final formula for the shift of the sector Uk therefore

reads:

Uk =
∑
l

W
(k)
l (−eVl). (C7)
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The derivaation of the interlayer potential difference proceeds analogously, so we only give the expression, which
differs by an extra (−1)l in the sum over layers

Dk = 2
∑
l

(−1)l W
(k)
l (−eVl). (C8)

This (−1)l leads to a cancellation when compared to Uk.

b. Sector off-diagonal terms

We now turn to the sector mixing terms, which correspond to the k ̸= k′ term in Eq. (C4). Given that the potential
difference between layers can become quite sizeable for large dopings, sector mixing will become important for large
N . If sector mixing is small, one can directly relate the physics to the TBG physics. On the other hand, for large
sector mixing, such direct mapping is no longer possible, and the bands become rather different from bare TBG-like
bands. However, these bands may still favor superconductivity and strong correlation physics, as seen in TTG under
a displacement field. One advantage arises for N odd. In that case, opposite mirror symmetry eigenvalues forbid
mixing between adjacent sectors (k and k + 1, say).

2. Evaluation of sector shifts

Given the layer structure of the sectors, we can obtain an mean-field layer Hartree shift ∆Uk analytically. We
start with the layer vectors for sector k, obtained from the singular value decomposition from Sec. A 1. For a general
TBG-like sector, this corresponds to two vectors, L(k) giving the wave function of the effective odd layer across the
odd physical layers, and R(k) giving the wavefunction of the effective even layer across the even physical layers. Using

the results derived above in Section C 1 a, we can obtain the sector shift Uk in terms of the weights W
(k)
l and the

layer potentials Vl. We obtain the layer potentials by using that a sector with filling νk has on average the following
layer number density distribution

⟨ρ̂l,0⟩ =
1

Auc
W

(k)
l νk. (C9)

Knowing this, and using Eq. (19) the electric field between two layers caused by sector filling νk (which causes an
electron density eνk/(2Auc) on the gates) becomes

E⊥
i,i+1 = −e

−1/2 +
∑i

l=1 W
(k)
l

AUCε0ε⊥
νk. (C10)

Using the formula Eq. (A12) for W
(k)
l , we evaluate the sum of the weights

i∑
l=1

W
(k)
l =

1

N + 1

[
i+ 1/2−

sin
[
πk(2i+ 1)/(N + 1)

]
2 sin

[
πk/(N + 1)

] ]
. (C11)

As a check, for i = N , we obtain
∑N

l=1 W
(k)
l = 1, while for N even, i = N/2, we get

∑N
l=1 W

(k)
l = 1/2, so that

Ei,i+1 = 0 in the middle spacing. Using that Vl+1−Vl = −dlEl,l+1, we can now integrate the electric field to calculate

the electron energy shift −eV
(k)
l in layer l due to the filling of sector k:

−eV
(k)
l+1 = νk

e2dl
ε0ε⊥

{
l ·

[
N − l − 1

2(N + 1)

]
+

cos
[
2πk/(N + 1)

]
− cos

[
2πk(l + 1)/(N + 1)

]
4(N + 1) sin2

[
πk/(N + 1)

] }
. (C12)

We note that the maximal potential magnitude is in the middle of the sample, which is intuitive, given that charge
of a single sign is being distributed across the layers.

Having obtained the layer shifts due to the filling of a single sector k, we can now add the contributions due to
all the sectors and obtain −eVl. Using this, we get the sector shifts Uk, and therefore also the numerical coefficients(
1
C

)
k,k′ giving the shifts of sectors in terms of the sector fillings

Uk =
∑
l

W
(k)
l (−eVl) =

∑
lk′

W
(k)
l νk′

e2dl
ε0ε⊥

{
l ·

[
N − l − 1

2(N + 1)

]
+

cos
[
2πk′/(N + 1)

]
− cos

[
2πk′(l + 1)/(N + 1)

]
4(N + 1) sin2

[
πk′/(N + 1)

] }
.

(C13)
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N
(

1
C

)
1,1

(
1
C

)
1,2

=
(

1
C

)
2,1

(
1
C

)
2,2

4 2φ4/(2 + 2φ2)2 2φ2/(2 + 2φ2)2 2/(2 + 2φ2)2

5 29/72 15/72 9/72
N → ∞ N(1/12 + 5/(8π2)) N(1/12 + 5/(16π2)) N(1/12 + 5/(32π2))

TABLE C1: Inverse capacitance
(
1
C

)
k,k′ for N = 4, 5 layers and large N for k, k′ ∈ {1, 2} in expression form.

.

Recalling the definition of
(
1
C

)
k,k′ from Equation (6), we can identify

(
1
C

)
k,k′ as(

1

C

)
k,k′

=
∑
l

W
(k)
l

{
l ·

[
N − l − 1

2(N + 1)

]
+

cos
[
2πk′/(N + 1)

]
− cos

[
2πk′(l + 1)/(N + 1)

]
4(N + 1) sin2

[
πk′/(N + 1)

] }
. (C14)

This equation is used to generate the Table I in the main text for N = 4, 5. At fixed k, k′, but taking N → ∞, we
can obtain

(
1
C

)
k,k′ analytically by going from a sum to an integral in Eq. (C14). This immediately reveals a scaling

with N . We get for the dominant O(N) terms:(
1

C

)
k,k′

= N

∫ 1

0

dy sin2(πky)

{
y(1− y) +

1− cos(2πk′y)
2π2(k′)2

}
. (C15)

Note that the integral over y depends only on k and k′, with the entire N dependence factored out in the front.
Evaluating this integral for k, k′ = 1, 2, we obtain the large N entry in Table I. In Table C1, we give the results for(
1
C

)
k,k′ in expression form, rather than evaluated numerically as in the main text.

For reference, we evaluate the numerical constants:

e2dl
Aucε0

=
e2 · 0.3nm

√
3·0.2432

2(π/180)2θ2 nm2 · e2 · 55.263 keV−1nm−1
= 32.34θ2physicalmeV, (C16)

with θ in degrees and where we used vacuum permittivity ε0 = 55.263 e2keV−1nm−1 and interlayer distance dl =
0.3nm. This yields

Uk =

32.34θ2physical
ε⊥

no∑
k′

(
1

C

)
k,k′

νk′

meV . (C17)

3. Application to TPG

For example, the k = 2 sector in TPG has the following singular vectors

L
(k=2)
j =

1√
2
(1, 0,−1)j , R

k=2
j =

1√
2
(1,−1)j .

The weigths of the k = 1, 2, 3 sectors are

W
(k=1)
l =

1

12
(1, 3, 4, 3, 1)l (C18)

W
(k=2)
l =

1

4
(1, 1, 0, 1, 1)l (C19)

W
(k=3)
l =

1

3
(1, 0, 1, 0, 1)l . (C20)

Evaluating, using θ = 1.9◦, interlayer ε⊥ ∈ [2, 12], the nonmagic effective chemical potential increases by

U1 − U2 = 3.24/ε⊥
[
3ν2 + 7νmagic

]
meV. (C21)

Supposing that νmagic = 4, we obtain a range of ∆U ≈ 7− 45meV increase of the effective nonmagic sector chemical
potential due to Hartree layer potentials.

We now consider effects of the layer potentials beyond simple sector shifts, which are:
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• Intrasector potential difference, both for k = 1 and k = 2

• A term mixing k = 1 and k = 3 – magic and MLG-like, acting like an external displacement field in TTG

We can readily evaluate the magnitudes of all these terms assuming fixed sector filling using the results from the
previous section. We evaluate −eVl in terms of ν1 (νmagic), ν2:

−eVl =
e2dl

ε0ε⊥Auc

[
ν2

(
0,

1

4
,
1

4
,
1

4
, 0

)
l

+ ν1

(
0,

5

12
,
7

12
,
5

12
, 0

)
l

]
. (C22)

With this in hand, we can evaluate:

D1 = − e2dl
ε0ε⊥Auc

[
1

12
ν2 +

1

36
ν1

]
, (C23)

for the magic sector and:

D2 = − e2dl
ε0ε⊥Auc

[
1

4
ν2 +

5

12
ν1

]
, (C24)

for the nonmagic TBG-like sector, singificantly larger than D1. By mirror symmetry, the k = 2 sector doesn’t mix
any other sector. Let us however evaluate the mixing term of k = 1 and k = 3. This is the term:

H13 = f†
k=1,i=1fk′=3,i=1

∑
l

(VTNG)l,k=1,i=1(VTNG)l,k′=3,i=1(−eVl) + h. c. (C25)

from Equation. (C4), which we readily evaluate using −eVl:

H13 = − e2dl
ε0ε⊥Auc

[√
3

8
ν2 +

7
√
3

24
ν1

]
f†
k=1,i=1fk′=3,i=1 + h. c. (C26)

H13 has exactly the same effect as a displacement field in TTG. However, rather than being explicitly tunable in a
doubly-gated setup, it is self-generated and doping dependent.

D. Extended data

1. Extended data for N = 3, 4, 5

This section presents extended data for N = 3, 4, 5 as a function of various model parameters. In Fig. D1, we show
the flavor resolved magic sector filling dependence on νtotal for N = 3, 4, 5 at zero strain. The trends are qualitatively
similar to the ones seen for finite strain. However, due to the constant density of states above the correlation induced
gap, flavor polarization is preferred already upon infinitesimal doping from charge neutrality. Further, compared to
εstrain = 0.2%, the νmagic = 3 cascade appears earlier for HFL.

In Fig. D2, we consider (as in the main text) a finite strain εstrain = 0.2% at different values of the interaction
strength parameters ε⊥ and ε∥ for N = 5. To compare differeent interaction strengths most clearly, we plot the total
filling of the magic sector νmagic rather than flavor resolved fillings. As argued in the main text, we find that the
stronger the interaction effects HHartree and HLayer, the more the onset of the magic sector cascade occurs at a larger
total filling. In particular, strong interactions cause the entire tbg-like nonmagic active band to fill before the magic
band fills.

2. Extended data for large N

We first examine the effect of changing alternating heterostrain on the data from Figure 1d. In Fig. D3, we compare
the charge in the magic sector for zero and nonzero values of heterostrain at three different gate charges. We find a
rather weak dependence of the maximal N for νmagic = 4 on strain, confirming that the physics at νmagic = 4 is mainly
governed by electrostatics. On the other hand, when a partial filling of the magic band occurs, strain dependence is
apparent.

In Fig. D4, we compare the charge in the magic sector flat bands for different interaction strengths. We vary
ε∥ = 10, 14 and the ratio ε⊥ = 6, 10. The key dependence at lower gate charge n = 10 · 1012cm−2 is in fact on ε∥, but
ε⊥ starts to play a role at larger gate densities and large N .
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FIG. D1: Same as Fig. 2d-f in the main text but without imposed strain.
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FIG. D2: νmagic as a function of νtotal at different ε⊥ and ε∥ for N = 5 at strain εstrain = 0.2%.
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FIG. D3: Strain dependence of charge in the magic sector depending on the gate charge increases from left to right.
Here we take ε⊥ = 6, ε∥ = 10.
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FIG. D4: Dependence of the magic sector filling on interaction strength and the number of layers with gate charge n
increasing from left to right. Here we work at zero strain εstrain = 0.0%.
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We now consider the dependence of our data at full magic sector filling for kmagic = 1. We first consider the
parameter dependence of the νtotal at which the magic bands are fully filled (same as Fig. 3a). We consider two
different values of strain εstrain = 0, 0.2% and sweep interactions. As expected, stronger interactions lead to a larger
posponement of full magic filling. In Fig. D6, we examine the dependence on interaction parameters of the effective
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FIG. D5: Interaction strength dependence dependence of total charge needed to fill the magic sector completely.
Left: εstrain = 0%. Right: εstrain = 0.2%.

strength of interaction, our rs data from the main text, Fig. 3d. While the unstrained data show relatively little
dependence on interaction strength, at finite strain rs is larger for stronger interactions. Heuristically, at stronger
interactions, the same amount of strain plays a smaller role.
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FIG. D6: ε∥ and ε⊥ dependence of the rs plot from the main text.

Lastly, we consider the role of various choices on the rs plot. In Figure D7, we consider different choices of measuring
the bandwidth and νmagic. In particular, in addition to the bandwidth definition from the main text, we could consider
the standard deviation of the magic band energy distribution σ to measure the width of the bands. This has the
advantage of being less susceptible to outliers than BW from the main text. For BW, a single kmagic point at which
there is large mixing can artificially blow up the bandwidth of the band descended from the noninteracting magic
band . Another choice could be not to focus not at νmagic = 4, but rather at νmagic = 3.6. However, as seen in Fig. D7,
the advantage of kmagic = 2 for N = 5, 6 remains robust to these choices.
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standard deviation σ as a measure of the width of the active magic bands.
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E. Methods
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FIG. E1: Physical twist angle for choosing kmagic = 1 (red) or kmagic = 2 (orange) as a function of the layer number
N .

To obtain the numerical results, we perform self-consistent Hartree-Fock. Our default choice will be a 12 × 12
k-space grid. Our q ̸= 0 interaction is the double-gate screened, layer dependent (see Sec. B 2) Coulomb interaction,
with gate distance ds = 40nm and interlayer distance dl = 0.3nm. We choose our physical twist angles by the following
formula:

θ = 2 cos

[
πkmagic

N + 1

]
· 1.1◦, (E1)

chosen so that the effective twist angle of sector kmagic, is the magic angle, θeffkmagic
= 1.1◦. In Fig. E1 we plot relation

Eq. (E1) for the different choices kmagic = 1, 2 (See also Ref.[16] for an equivalent plot). This demonstrates that
achieving the regime where k = 2 is in the magic regime for N ≥ 5 is feasible due to the realistic physical twist angles
of θ > 1◦ thus avoiding lattice reconstruction effects.

1. N ≤ 5

For the N ≤ 5 analysis, we consider Nactive = 10 bands and calculate the remote Hartree and Fock contribution
using Nremote = 14 bands below and above the active bands. For the heatmap and cascade plots, Figs. 2g,h,i, we
simulate all four spin/valley flavors, inducing flavor symmetry-breaking by proposing symmetry-broken trial states at
integer fillings. For the illustrative band structure and density of states plots, Figs. 2d,e,f, we use a larger 24 × 24
grid, but do not include flavor symmetry breaking. We show the band structures close to νmagic = 1. The cascade
and band structure plots are performed at ε∥ = 14 and ε⊥ = 6.

2. N ≥ 5

For the N ≥ 5 analysis, we consider Nactive = max [10, 2N ] bands and calculate the remote Hartree and Fock
contribution using Nremote = max [10, 3N ] bands below and above the active bands. This dependence is motivated by
the fact that adding a layer adds a band, which we want to include in our analysis, to account for nonmagic sector
screening. We caution, however, that the precise choice is somewhat arbitrary.

For Fig. 1a, we work at zero strain and ε∥ = 10, ε⊥ = 6. For Figs. 3a,b, we also work at zero strain and ε∥ = 10,
ε⊥ = 6. In Figs. 3c,d we show both zero strain and εstrain = 0.2% results.
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3. Stability of Hartree-Fock with Hlayer

In our Hartree-Fock numerics, we ran into an instability for large Hlayer terms (large filling of large N in combination
with a small out-of-plane constant ε⊥). Our system oscillates between states with vertical polarization to the top
and to the bottom of the sample. Clearly such spontaneously polarized states fail at screening the gate electric field
and are therefore high energy (see Eq. (13)). We can understand the appearance of such oscillations by considering
mean-field Hlayer for a state polarized to the top layer in an infinite density of states system. In the mean field
of such a state, the lowest energy state is the state polarized to the bottom layer. In this way, there appears an
oscillation between opposing vertical polarizations upon iterating Hartree-Fock. Other terms in Eq. (3) make this
instability weaker. For example, a finite density of states induces an energy cost to filling one layer excessively. We
find that explicitly imposing V1 = VN = 0 by adding a constant gradient removes this instability, at the cost of a
slight inaccuracy. Numerically, we find that the gradient is small, typically below 1

ε⊥
meV.
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