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SEAT NUMBER CONFIGURATION OF THE BOX-BALL
SYSTEM, AND ITS RELATION TO THE 10-ELIMINATION AND
INVARIANT MEASURES

HAYATE SUDA

ABSTRACT. The box-ball system (BBS) is a soliton cellular automaton introduced
by [TS], and it is known that the dynamics of the BBS can be linearized by
several methods. Recently, a new linearization method, called the seat number
configuration, is introduced by [MSSS|]. The aim of this paper is fourfold. First,
we introduce the k-skip map ¥y : Q — Q, where ) is the state space of the
BBS, and show that the k-skip map induces a shift operator of the seat number
configuration. Second, we show that the k-skip map is a natural generalization of
the 10-elimination, which was originally introduced by [MIT] to solve the initial
value problem of the periodic BBS. Third, we generalize the notions and results of
the seat number configuration and the k-skip map for the BBS on the whole-line.
Finally, we investigate the distribution of ¥y (n),n € @ when the distribution of
71 belongs to a certain class of invariant measures of the BBS introduced by [EG].
As an application of the above results, we obtain the long-time behavior of the
integrated current of Wy, (n) with Markov stationary initial distributions.

1. INTRODUCTION

The box-ball system (BBS) is a soliton cellular automaton introduced by [TS]. In
this paper, we consider the BBS(¢), ¢ e Nu {oo}, which is a class of generalizations
of the BBS introduced by [TM]. The configuration space € is either {0,1}" or a
certain subset of {0, 1}Z, and depending on the configuration space, we refer to the
BBS as the BBS on the half-line or the BBS on the whole-line, respectively. Here,
for n e Q, n(x) =0 (resp. n(x) = 1) means that the site z is vacant (resp. occupied).
The dynamics of the BBS(¢) on the half-line is given via the carrier with capacity ¢,
Wiy (n,+) :Zso = Zso, which is recursively constructed as follows :

e An empty carrier starts from z =0, i.e., W, (n,0) = 0.
e If there is a ball at x and the carrier is not full, then the carrier picks it up,
e, if n(x)=1and Wy(n,z-1) </, then W, (n,x) =W, (n,x-1)+ 1.
e If x is vacant and the carrier is not empty, i.e., then the carrier puts down a
ball, i.e., if n(z) =0 and W, (n,z—1) >0 then Wy (n,z) =W, (n,z-1) - 1.
e Otherwise, the carrier just goes through.
Then, by using W, (n,-), the one-step time evolution of the BBS is described by the
operator Ty : €2 — ) defined as

Tnm(z) =n(x) + Wy (n,z-1) =W, (n,z). (1.1)

Note that for the case Q c {0,1}”, the domain of Wy(n,-) can be extended to Z,
and the one-step time evolution of the BBS(¢) on the whole-line is also described by
Ty : Q2 - Q, which is defined via the same equation (L), see Section 4 for details.
Despite the simple description of the dynamics, it is known that the BBS exhibits
solitonic behavior. In addition, the relationships between the BBS and classical /
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quantum integrable systems have been well-studied, see [IKT] and references therein
for details. As in the cases of some integrable systems, such as the Korteweg-de
Vries equation, the initial value problem of the BBS can be solved via the explicit
linearization methods [T, [KOSTY] IMIT, [FNRW]|. Recently, a new linearization
of the BBS({) on the half-line, called the seat number configuration, is introduced
by [MSSS], and by using the seat number configuration, the explicit relationships
between the rigged configuration and the slot decomposition are investigated.

The aim of this paper is fourfold. The first is to define a natural shift operator
for the seat number configuration, and this is done via the k-skip map, ¥y, : 2 — Q,
introduced in Section The second is to describe the relationships between the
seat number configuration and the 10-elimination, and this will be done in Section
Bl The 10-elimination was originally introduced in [MIT] to solve the initial value
problem of the periodic BBS, and in this paper, the 10-elimination will be defined
as a map ®; : Qoo &> Qeoo, where ()., is the set of all finite ball configuration on

the half-line :
Qo i {n {015 X e < oo}.

zeN
We will show that the 1-skip map is a natural generalization of the 10-elimination
on € i.e.,

Uy (n) = ®1(n) for any 1€ Qe

see Theorem for the precise statement. This result reveals the explicit relation-
ship between the seat number configuration and the 10-elimination. Note that, as
mentioned later, Theorem can be proved indirectly by using the results from
[KS] and [MSSS]. However, in this paper we directly prove Theorem and no
such result is used in the proof. The third is to generalize the notions and results
of the seat number configuration and the k-skip map for the BBS on the whole-line,
and this is done in Section Ml Finally, we investigate several statistical properties
of the BBS on the whole-line in Section Bl First we investigate the distribution of
Uy, (n) on © when the distribution of 7 belongs to a certain class of invariant mea-
sures of the BBS introduced by [FG]. In particular, we will show that if (1(x)), .,
is the sequence of i.i.d. Bernoulli(p) with 0 < p < 3 or two-sided stationary Markov
chain with transition matrix @ = (Q(4, 7)), j_o, satisfying @(0,1) + Q(1,1) <1, then
(Ui (n(2))) ez is also a two-sided stationary Markov chain. Combining this and
the results in [CKST], we will obtain the long-time behavior of integrated ball cur-
rent C™ (Vg (n(x))), where C™(n) is the total number of balls crossing the origin
x =0 up to n-step time evolution. Note that since the seat number configuration is
closely relates to the local energy [MSSS, Remark 4.1], C™ can be considered as the
integrated energy current of the BBS configuration.

The contents of Section 23] and @l are closely relate to [MSSS|] and can be consid-
ered as a continuation of it. On the other hand, the contents of Section [Bl are related
to the field of the randomized BBS, which has been actively studied in recent years
[CKST! ICS| ICS2) [FGL KT, [KLOL [KMP, [KMP2, KMP3| [LLPL [LLPS|. We expect
that the statistical properties of the seat number configuration and the k-skip map
introduced in this paper will be useful in the analysis of the randomized BBS. In
fact, in the forthcoming paper [OSS], the space-time scaling limit of a tagged soliton
is considered, and k-skip map plays an essential role in the proof. We look forward
to seeing more studies utilizing the k-skip map in the future.



2. SEAT NUMBER CONFIGURATION

In this section, first we briefly recall the definition of the carrier with seat numbers
and the corresponding seat number configuration introduced in [MSSS|]. Then, in
the subsequent subsection, we introduce the notion of the k-skip map, and show
that the k-skip map induces a shift operator of the seat number configuration. Note
that throughout this section, €2 = {0, 1}N.

2.1. Carrier with seat numbers. We consider a situation where the seats of the
carrier are numbered by N, and introduce functions Wy(n,-) : Zso - {0,1} which
represents the number of ball sitting in No.k seat of the carrier, i.e., Wy(n,x) =0
(resp. Wi(n,z) = 1) means that the No.k seat is vacant (resp. occupied) at site .
Then, the refined construction of the carrier with seat numbers is given as follows :

e An empty carrier starts from x = 0, i.e., Wx(n,0) =0 for any k € N.

e If there is a ball at site z, then the carrier picks the ball and puts it
at the empty seat with the smallest seat number, i.e, if n(x) = 1 and
min{k e N ; Wi(n,z-1) =0} =¢, then

W k=1,
AU N S L )

e If the site x is empty, and if there is at least one occupied seat, then the carrier
puts down the ball at the occupied seat with the smallest seat number, i.e,
if n(z) =0 and min{k e N ; Wy(n,z-1) =1} = £ < oo, then

W k=1,

e(n,2) = Wi(n,x-1)  k=+/.

e Otherwise, the carrier just goes through, i.e., if n(x) =0 and Wy(n,2-1) =0
for any k € N, then

Wi(n,z) = Wi(n, 2 -1) =0

for any ke N.

In other words, we define Wy (n,-) : Zso — {0, 1} recursively as follows : Wy(n,0) :=0
for any k € N, and

k-1
Wi(n,2) = Wi(n,2 = 1) +n(2) (1 = Wi(n,z = 1)) [[We(n, 2 - 1)
=1
k-1
= (L =n(@))Wi(n,2 = 1) [T(L - We(n, 2 - 1)).
=1
From the above construction of W, we see that

4
WZ (?7,1’) :];Wk (77755)7 (21>

for any ¢ € N and = € N, where W, is the carrier with capacity ¢ defined in Intro-
duction. Then, the seat number configuration 77 € Q,k € N o € {t,|} is defined



as

1 if Wk(ﬂ,l‘) >Wk(77,:L‘—1),
m(z) =
k 0  otherwise
k-1

=77(9€)(1—Wk(mx—l))HWe(mx—l), (2.2)

and

I ) 1 if Wk(T],.T) <Wk(T],.T—1),
() = {O otherwise
k-1

=(1—n(fc))Wk(n,fC—1)(11(1—)%(?7,%—1))- (2.3)

Here, n}(x) =1 (resp. ny(x) = 1) means that a ball gets into (resp. off) No.k seat
at site x. We also define r (n,-) € 2 as

r(ne)=1=-% > ni(z),
keNoe{t,|}

and r (n,x) = 1 means that the carrier goes through site z. We note that W, can be
represented as

T

Wi (n,2) = (nh (w) =n} (v)) (2.4)

y=1
for any k€ N and = € N. Also, we recall a useful lemma proved in [MSSS].

Lemma 2.1 (Lemma 3.1 in [MSSS]). Suppose that n € ). Then, for any k € N and
x € N, we have the following.

(1) n/,TC (z) =1 implies Yy-1 (ng (y) - nlf (y)) =1 forany 1<(<k.
(2) ny () =1 implies Yy-1 (ng (y)-m (y)) =0 for any 1 << k.
(3) v (n,x) = 1 implies T, (n} (y) =g (y)) =0 for any LeN.
For later use, we introduce some functions. For any k € N and x € Z(, we define
&k (n,x) as

r k
Ee(mx)=xz- > > n7(y)

s s P
=Z(T(y)+ > > n?(y))-
y=1 e2k+1 oe{1,1}

Note that & (n,-) is non-decreasing, and

|6k (n, 2+ 1) = & (0, 2)[ < 1,
for any k€ N and x € Zso. Then, for any k € N and i € Zo, we define s (7,1) as
sk (n,4) ==min{z € Zsg ; & (n,x) =i},

where min @ := co. Note that s; (n,0) = 0 for any k£ € N. Finally, for any k£ € N and
i € Zso, we define (y (n,1) as

Sk(n7i+1)

Gmi)y= > (@ -n,.). (2.5)

y:Sk(nvi)+1



We note that thanks to Lemma 2.1] ;. (,7) can be represented as

Sk (777”1)

Gmi)= > (@) -nt,®). (2.6)

y=sx(n,i)+1

Remark 2.1. Note that ¢ can be considered as a map ¢ : , — ZI;IOXZZO, and it s
shown in [CS| IMSSS] that ¢ is a bijection between €, ¢ Q and Q c Zo37°, where Q,
and ) are defined as

ﬂ{nsz zrm,x):oo},

zeN

Q= {Q e Z37° ; max{keN ; ¢ (i) >0} for any "}

We conclude this subsection by quoting a main result in [MSSS]. In [MSSS|
Proposition 2.3 and Theorem 2.3], it is shown that the dynamics of the BBS(¢) is
linearized in terms of ( :

Theorem 2.1 (Proposition 2.3 and Theorem 2.3 in [MSSS|). Suppose that n €
and si (n,1+ 1) < oo for some k € N and i € Zsy. Then, we have
C (Tﬂ%l) = C (7772 - 1’I111’l{]{77€}) ’
with convention ¢ (n,i) =0 for any i <0.
Remark 2.2. Note that if n € Q,, then sx(n,i) < oo for any k € N and i € Zy.

Therefore, by combining the bijectivity of ( and Theorem [2.1, the initial value prob-
lem of the BBS({) can be solved when the initial configuration is an element of €Q,.

2.2. The k-skip map. To study the relationship between the 10-elimination and
the seat number configuration, we introduce the k-skip map, ¥, : Q - Q, k e N,
defined as

Uy () () =1 (sk (n,2)) -
We may call ¥y (n) the k-skipped configuration (of n). In this subsection, we in-

vestigate some basic properties of (Vy),y from the viewpoint of the seat number
configuration. A key observation is that W, shifts the seat numbers as follows :

Proposition 2.1. Suppose that n € Q. For any k,{ € N, 0 € {1,]} and z € N, we
have

Ui () () = nie (si (2)) - (2.7)
In particular,
r (\II]C (n) ,l‘) =T (nv Sk (ZL‘)) .
As a consequence of Proposition .1, we obtain the following semigroup property
of (\Dk)kelzo :
Proposition 2.2. Suppose that n €. For any k,¢ €N and x € Zsy, we have
U (Ve (n)) (2) = Wree (0) (2) -
In addition, we will also show that Uy induces a shift operator of (Cx) ey -

Proposition 2.3. Suppose that n €. For any k e N, { € Zsq and i € Zsy, we have
Ce (We (1) ,7) = Ceae (1,7) -



From Theorem [2.I] and Proposition 2.2, we see that ¥, and 7, are both shift
operator of different variables, but in general, they do not commute. We can obtain
the following formulas only in the special cases Ty, ¢ =1, co.

Proposition 2.4. For any n € ). and k € N, we have
Uy (Tin) = T1 Wk (1)
Uy (Tean) = Too W, (Ti) - (2.8)
Proof of Proposition 2.4 For any k,¢,m e N and i € Z,,, we have
Gn (Vi (Ten) 1) = Guaw (0,7 = (m+ k) A L)
Con (TyV () ;1) = Cnar (myi—m A L) .
Then, we see that
G (Wi (Ten) i) = Gk (1,8 = (m+ k) A L)
= Gt (Tomemyne—mneny i —m A L)
= G (ToW5 (Timstyne—mnen) ,7)

and that when ¢ = 1, 00, the quantity (m + k) A ¢ —m A £ does not depend on m € N.
For such cases, from the bijectivity of (, we have (2.§]). O

In the rest of this subsection we will prove Propositions 2.1], and 2.3 First,
we prepare some lemmas. Then we will give the proofs of the propositions.

Lemma 2.2. For any k,{ €N, z,w € Zyg, 2 <w and o € {},l}, we have

Sk(nvw)

Do (e (my)) = Y nie(y)- (2.9)
y=z y=8k(7hz)
In particular, we have
skp(n,z+1)-1
> M (y)=0.
y:Sk(%Z)*l

Proof of Lemma[Z2. Since all (k+{,0)-seats in [si (1, 2) , sk (n,w)] are included in
(sk(n,y);2 <y <w), we have (2.9)). O

Lemma 2.3. For any k € N and x € N, we have
We(n, sk (n,x)) =L for any 1<l<k+1 if n(sp(n,z)) =1,
Wy (n,sk(n,2)) =0 forany 1 <l<k+1ifn(sk(n,z))=0.

In particular, if Wy (n, sk (n,2)) >0 for some 1 <l <k+1, then Wy (n, sk (n,x)) =¥
for any 1 <€ < k+1. Also, if Wye(n,sr(n,x)) < € for some 1 < € < k+1, then
Wy (n, sk (n,2)) =0 for any 1 <l <k+1.

(2.10)

Proof of Lemmal[Z.3. Observe that

T(n’sk (77,:L‘)) + Z Z M+t (Sk (77790)) =1

(eN oe{t, 1)

Then, (2I0) is a direct consequences of (2.1]), (2.4]) and Lemma 2.1 O



Lemma 2.4. For any ke N, {>2 and x € Zy,
Wieer (0,81 (n,2)) =k + £ -1,
Moo (56 (2 + 1)) = 1 if and only if { Wewe (1,55 (n,2)) =0, (2.11)
n s (o +1)) = 1,
and
Wie-1 (n, 81 (n, 7)) =0,
Mo (k. (n, 2+ 1)) =1 if and only if { Whae (0, 5% (7)) = 1, (2.12)
n(sg(n,z+1))=0.
For the case £ =1,

. ) Wit (n’ Sk (77@)) =0,
771;1 (sk(n,x+1)) =1 if and only if {77 (i (mz+1)) = 1. (2.13)
and
) . W+(,S(,ZL‘))=1,
Mooy (sk (n, 2 +1)) = 1 if and only if {77 (ks:(Z xk+ 717)) _o. (2.14)

Proof of Lemma[2.7. We only prove (2.11]) and then (2I3). ([2I2) and (2I4) can

be proved in the similar way. Since the necessity (<) of (211 is clear from Lemma
2.2 we will show the sufficiency (=) of (2.11]).

We observe that from Lemma 2.2 for any m,n € N, z € Zyy and s,, (n,2) <y <
Sm (n,z+1)—1 we have

Winin (777 Sm (777 Z)) = Whin (777 y) . (2'15)
If 771Tg+z (s (x+1)) =1, then we have n(sx(x+1)) =1, Wrae (7, sk (n,z+1)=1) =0,

and

Wi (0,8 (m,x+1)-1) =1, (2.16)

for any 1 <m < k+ /¢ —1. For the case £ > 2, from (ZI5) and (2I6) we see that
Wit (sk(n,2)) >0, and thus from Lemma 23] we have

Wioer (n,se(nyz+1)=1)=k+0(-1,
Moo (sk(n,z+1)) =1 implies { Wiee (1, s (n,2+1) = 1) =0,
n(sk(nz+1))=1,
and
Wioer (n,se(nyz+1)=1)=k+0-1,
{W]ﬁ.g (n,sx(n,x+1)-1)=0,

Wk‘+€—1 (nask‘ (n,l’)) = k+€_ ]-7

if and only if
Y {Wk+€ (777 Sk (na l‘)) =0.

Hence (ZI7]) is proved.
Next we will show (2I3). Since the sufficiency is clear from (2I5), we check

the necessity. From the assumption Wy, (1, s (1,2)) = 0 and Lemma 2.3 we see
that W1 (1, s (n,2)) = 0. Then, from 7 (s; (n,2+1)) = 1, Lemmas and [2.3]
we get Wi (n, sk (n,2+1)—=1) =0 and Wy (n, s, (n,z+1) - 1) = k. Hence we have

nh.y (i (n,z+1)) =1 and (ZI3) is proved. ]



Proof of Proposition[2.1. We use induction on the space variable z € N. First we
consider the case x = 1. Observe that in this case either n!  (sx(n,1)) = 1 or
r(n,sk(n,1)) =1 holds. On the other hand, we have

Wi (Wi (1),1) = Wi () (1) =1 (sx (1)) -

Hence, (2.7) holds for = = 1.
From now on we assume that up to z, (Z7) holds for any k,¢ € N. Then, from
[2.4) and Lemma [2.2] for any k,¢ € N and 0 <y <2 we obtain

We (W (0).9) = 3 (T ()} (2) — Wi () (=)

—_

=S (o (2 () = b (5 ()

-1
(v)

IS

I3

]
Ead

- (nmz (2) T’/J;‘+€ (Z))’

and thus from (2.]) we get

M(\

W, (W, (1) z (T ()] (2) ~ T ()} (2))

sk(y)

=, Z (nk+m ~ o (Z))

m=1 z=1

= Wiee (0,5 () = Wi (0,51 (y)) -
Therefore, from Lemmas and 2.4l for o0 =t and ¢ > 2 we have
Wt (W, () ,2) =€-1,
U, (n)} (z+1)=1if and only if { Wy (Vi (n),x)=0-1,
U () (x+1) =1,
Wie-1 (0,56 (2)) = Wi (n, 51, () =€ -1,
if and only if { Wi+e (1, s (2)) = Wi (1,5 (2)) =€ -1,
n(sp(z+1)) =1,
Wieer (0,86 () =k+0-1,
if and only if { Wise (1, s, (2)) =k +0-1,
(s (z+1)) =1,
if and only if !, (s (z+1)) = 1.

~ 3
L

For the case ¢ =1, we obtain

Wi (Y (), @) =0,
Ui () (z+1) =1,
Wis1 (, 81 (7)) =0,
n(sp(z+1)) =1,
if and only if n},, (sx (z +1)) = 1.

Ui ()} (2 +1) = 1 if and only if {

if and only if {

The case o =} can be proved in the similar way. ([l



Proof of Proposition[2.2. We observe that from Proposition 2] if y = sp(V(n), x),
for some k e Nu {oo}, £ € N and x € N, then sy(n,y) = ske(n,z). Hence, for any
keNu{oo}, (€N and z € Z, we have

sk(We(n),x)

se(e(n),z)= ), r(\Pz('fz),y)+(Z > \Ifz(n)Z(y))

y=1 heNge{t,|}

sk(We(n),x)

y=1

T(n,Sz(n,y)H(Z > nz’m(Se(n,y)))

heN oe(1.4}

Sk+£ (77733)

7“(77,y)+(2 > nélh(y))
y=1 heNge{t,|}

=& (nv Sk+t (777 :L‘)) ) (2'17)

where at the third equality we use Lemma From the above, we obtain

Ui (e (n)) (z) = We (n) (s (Ye(n),2))
=n(se (s, (Ve (n),2)))
=1 (8¢ (10,8 (0, 8k40 (1,7))))
=1 (Sk+e (1, 7))
= Wee (n) (7).

0

Proof of Proposition[2.3. From Proposition 2] Lemma[2Z2 and (217, for any k, { €
N and 7 € Zso we have

s (We(n),i+1)

G(Te(m),i)= > (T () =T ()i ()

y=s(We(n),i)+1
sk(We(n),i+1)

- X W (y)) — W ()hr (5 (T (1) i + 1))

y=sk(¥e(n),7)

sk(We(n),i+1)

= > o, (se (n,y))) 1 pey (50 (0, &0 (1, S0 (n, 0+ 1))))
y=s (W (n).1)

Sk+z(’77i+1)

= Z nli% (y)) - 7711+Z+1 (Slﬁ-f (ﬁ,i + 1))

Y=Sk+e(n:1)

= CIC-J (777 Z) .

3. 10-ELIMINATION

In this section, we will first briefly recall 10-elimination. Throughout this section,
Q = {0,1}V, but we often regard n € Q as an element in {0,1}” by setting 7(z) = 0
for = < 0.



z 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

7z 0 1 1 o0 o 1 11 0O 1 0O 1 1 O O O 1 O

d(n) 0 1@ o0 1.1 1D o900 0D 0 0 0 0 0 0 0 0 0

o ¥ W 1 1 X ®Wo o OO0 O O O O O O O

Py(n) OO 1 1®® 9o 0 o0 00 O OO O O O O O O O

Dg(p) Y 0o 0 0 0O 0O OO O O O O O 0 O 0 0 O
FIGURE 1. Recursive construction of ®,(n) for k =1,2,3,4.

3.1. Definition of the 10-elimination. For a given ball configuration 7 € Q..,, we
will recursively construct a sequence (9 (1) ; k€ N) c Q. and corresponding 10-
rigging (J1°(n) ; keN) c ZY,. First, we regard n as a sequence of 1 and 0, i.e., n =
n(0)n(1)n(2)...n(x) ..., and we say that n(x)n(z+1) is a 10-pair in n if n(z) = 1 and
n(x+1) =0. Then, we denote by ®;(n) the ball configuration obtained by removing
all 10-pair in n and renumbering the remaining 1s and Os from left to right. In Figure
0 we give an example of ®1(n) constructed from 7 = 011001110101100011000. ...
Next, we explain how to construct Ji°(n) from 7. We will denote by (10)™,m € N
the m consecutive 10s, i.e., (10)! = 10, (10)? = 1010, (10)? = 101010, and so on.
Observe that all (10)™s are sandwiched by some X =n(x),Y =n(z +2m + 1) such
that n(z-1)n(x) # 10 and n(x+2m+1)n(x+2m+2) # 10 where we use the convention
n(-1) = n(0) = 0, and after one step time evolution, all such (10)™s are removed,
ie.,

10-elimination

n=...XA0)my ... BN o ()= XY ...

Now, according to the values of X, Y and m, we write a number on the right shoulder
of X as follows :

e if XY =11,01,00, then we write X (™),
e if XY =10, then we write X(m-1),

Then, the 10-rigging J{° (1) = (Jllo(n’i))iezzo ,J19(,4) c N is defined as
J110(77’Z~) - {{1,...,771} if Tn(i?:X(m) andeN,
o] otherwise.

Finally, we suppose that we have constructed ®; (7). Then, ®4.1(n) and J0, (1)
are defined as

Cpi1(n) = 21 (Pu(m)) . Jidy () = Ji° (Pu(n)) -

10



For example, for the ball configuration used in Figuredl, J}° () is given by
() (ki)=(1,5),(2,0),(4,0).
Jlio (n,i) = {1.2} (ki) =(1,4),
%) otherwise.

Note that since 1 € Qco, P () =000... for sufficiently large k.
It is known that BBS(¢) can be linearized via the 10-elimination as follows :

Theorem 3.1 (Theorem 2 in [MIT], Theorem 22 in [KNTW]). Suppose that n €
Q. Then for any ke N, L e Nu{oo} and i € Zsg, we have

T (T, i) = J° (i =k A L)
with convention J°(n,i) =@ for i <0.

3.2. On the relation to the seat number configuration. In this subsection,
we will show the following.

Theorem 3.2. Suppose that € Q... Then, for any k € N and i € Zg, we have

O () =W (n), |J°(,0)] = G (n,0). (3.1)
From Theorem and Proposition 2.3 we see that the 10-elimination can be
considered as a shift operator on (2.

Proof of Theorem[3.3. First we observe that it is sufficient to show (3.1 for k = 1.
Actually, if (0] holds for k =1, then from Propositions and 2.3 we have
Dy (1) = @1 (D1 (n)) = @1 (V1 (n)) = W1 (Y1 (n)) = Va(n),

and

[30Cn, D) = [°(@1 () . 0)] = [0 (W1 () ,0)] = G (W () 1) = G2 (1.4) -
Hence, by repeating the above argument, (3.I]) can be proved for any k € N.

From now on we will show ([B.]). Fix Q € Q... Observe that n can be decomposed
as follows:

n=0%7m01%m €™ 1®MO®™  my = oo, (3.2)
where 28", 2=0,1, r € ZyyU {oo} is the r successive z’s and ny,...,n; € N satisfy
1
an‘ = Z n(z).
i=1 ze€lxo

Note that 280 = @. By using the above decomposition, we can see that the 10-
elimination removes the rightmost “1” (resp. the leftmost “0”) of all consecutive 1’s
(resp. 0’s) except for the origin, and thus ®,(n) is expressed as

P, (n) = 0®mo@m-lgemi-l  gemi-lyeni-lg@ee
On the other hand, Wy (1) skips the leftmost “1”(resp. “0”) of all consecutive 1’s
(resp. 0’s) except for the origin. Therefore we obtain
W, (n) = 0®mo1@m-1g@mi-1  g@mi-1j@n-1eeo
=01 (n).

Finally we will show [J{%(n,%)| = 1 (n,4). Assume that [J{%(n,i)| = m,m € Zs.
Then, by considering the meanings of ®;(n) and W¥;(n) via the decomposition (B.2))
again, we have the following.
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e For the case 1 (s (1)) =n(sg(i+1)) = 1. Then, we obtain

1 (sk (D) =1)n (s (4)) .0 (s (i+ 1) = 1) (s (i + 1)) = 1(10)™1,
where we use the convention X (10)%Y = XY for X,Y € {0,1}. Since all “0”s
inn(sp(i)+1)...n(sp(i+1)) are (1,])-seats, from (20 we have

Si(’i+1)

Gmi)y= > ni(y) -ns(y) =m.

y=s1(i)+1
e For the case 1 (s; (1)) =0,n (s, (i+1)) =1. Then, we obtain

1 (sk (@) ..n(sp (i+1) = 1)n (s (i + 1)) = 0(10)™1.

Since all “0”s in (s, (1) +1)...n(sx(i+1)) are (1,])-seats, from (2.06) we
have
si(i+1)

i)=Y ni(y) -ns(y) =m.

y=s1(7)+1
e For the case 1 (s, (7)) =0,n (s, (i+1)) =0. Then, we obtain

1 (sk(8) .0 (sp (i +1) = 1)n (s (4 + 1)) = 0(10)™0.
Since all “1"sin n(sp (i) +1)...n(s,(i+1)) are (1,1)-seats, we have
si(i+1)

Gmiy= Y nl(y)-ni(y) =m.

y=s1(i)+1
e For the case n(sx (7)) =1,n(sx (i +1)) =0. Then, we obtain

1 (s (1) .-.n (s (i +1) = 1) (s (i + 1)) = 1(10)™*10.
Since all “0”sinn (s, (i) +1)...n(sp(i+1)-1) are (1,])-seats and s;, (i + 1)
is a (2,|)-seat, from (Z0) we have
Si(’i+1)

i)=Y ni(y) -ns(y) =m.

y=s1(i)+1

From the above, we have (B.1)) for £ = 1. O

Remark 3.1. We note that both the 1-skip map and the 10-elimination remove the
same 0’s, but they may remove different 1’s, see Figure[d. In other words, the 10-
elimination may remove 1 located at x such that 77; () =1 for some £ >2. We also
note that the 1-skip map is a more natural elimination than the 10-elimination in
terms of solitons, see [MSSS|, Section 2.1] for the relation between the seat number
configuration and solitons identified via the Takahashi-Satsuma algorithm.

4. BBS ON THE WHOLE-LINE

Throughout this section, €2 is given by
;g — 1 1
Q=17ne{0,1}*; lim — Y n(y) <.
L= |{L‘| y=—x 2
First, we recall the definition of the BBS(¢) on the whole-line, and then we introduce

the seat number configuration and the k-skip map on 2. Since in the rest of this
paper, we mainly consider the BBS(o0), and thus we write 1" := Ty, for simplicity

12
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FiGUrE 2. Difference between the 1-skip map and the
10-elimination.

of notation. Next, we introduce the seat number configuration and the k-skip map
for the whole-line case. We note that many notions are natural extensions of those
introduced in Section 2] the same symbols will be used.

We also note that {0, 1} can be considered as a subset of  in the following sense.

{0,132 {neQ; n(x) =0 for any v <0}.

Thus, the half-line case is completely included in the whole-line case described below.

4.1. Seat number configuration on the whole-line. First, we introduce the
carrier with capacity ¢ to define the one-step time evolution of the BBS(¢) on the
whole-line. For any 7 € ), we define s, (7, z) recursively as follows :

S00(1,0) := max{x <0; i (2n(z) - 1) <0 for any z < x} : (4.1)

Y=z

and

Seo(1),1) = min{x > Soo(m,i=1) 3 > (2n(z) 1) <0 for any z < x},

Y=z

Se0(1M,—1) 1= max {:c <Soo(n,—i+1) 5 Y (2n(x) 1) <0 for any z < :c} (4.2)
y=z

for any ¢ € N, with convention min @ = co and max @ = —oo. Observe that if n € 2,

then sq (7, —1) > —oo for any i € Zo. Then, it is not difficult to check that by changing

the starting point from 0 to se. (7, =), W (n®,-) can be defined on [s.,(1n, —1), 00)NZ

by using the same construction described in Introduction, where

: n(x) @2 5.(n,-1),
@) (z) := 4.
7 (x) {O otherwise. (4.3)
Then, for any 7,5 € N, i < 7, we see that
Soo (770)7 _Z) = Soo (777 _Z) (44)
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As a result, for any i € Zsg, W, (n®,-) and W, (n*+1) ) are consistent, i.e., for any
T 2 Seo (777 _i)7

Wy (n(i),x) =W, (77(”1),:10) : (4.5)

Hence, W, (n,z) = lim;, o W, (n®,z) is well-defined for any x € Z. As a conse-
quence, the one-step time evolution of the BBS (¢) on the whole-line can also be
described by the operator T; : Q — Q defined via (LI)). Similarly, for any k € N
and i € Zsg, Wi, (0D +) : [S00(n,=i),00) N Z — {0,1} can be defined by changing the
starting point from 0 to s (7, -%), and one can check the consistency of Wy, (n®, x)
and W, (n(*D x) for any = > seo(n,-i). Hence, Wi (1, ) = limjoo Wi (0, 2) is
also well-defined for any k € N and x € Z. In particular, from (Z1I), for any ¢ ¢ N
and x € Z, we have

W, (77#70) = kz—:lwz (77@)-

For later use, we state the above procedure as a lemma.

Lemma 4.1. Suppose that n € Q. Then, for any k € N, i € Zsy and x > s (1, 1),
we have

Wk (n(l)ax) = Wk (77(”1)71‘) .
In other words, the value of Wy (n,-) on [Se(n,—i),00) is independent of n(x),z <
Seo(n,—1) — 1.

Now, we can define the seat number configuration 17 € {0,1}%, ke N, o € {1,!}
by the same equations (2.2]) and (23]). Also, we define r (n,-) € {0,1}% as

r(na)=1-% > ni(2).

keN oe(1.0)

Then, from (21]), (2.4) and Lemma [£.1] we have

xT

Wi(nz)= > (nh @) -m (v)), (4.6)

Y=So0(M,—1)+1

for any k €N, i € Zyg and x > So, (1, —1). Also, thanks to Lemma [£1] as in the half-
line case (Lemma [2]), we obtain the following basic property of the seat number
configuration.

Lemma 4.2. Suppose that n € Q. Then, for any ke N, i <0 and x > s« (n,1), we
have the following.

(1) m, (w) = 1 implies Ty iy (0 () =15 (y)) =1 for any 1< L< k.
(2) ny () =1 implies D=5 (1) +1 (ng (y) —ny (y)) =0 forany 1 <0< k.
(3) r(n,x) =1 implies ¥5_ i (1 (W) =ny (y)) =0 for any ¢ e N.

For later use, we note the relationship between the seat number configuration
and the notion of slots and corresponding slot configuration introduced by [FNRW]J.
Since we will not use the definition of slots in the subsequent sections, we do not
give it in this paper, see [FNRW, Section 1] for the precise definition of slots. As in
the half-line case, we can obtain the following.
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Proposition 4.1. Suppose that € Q and |$e (1,7)| < 0o for any i € Z. Then, for
any k eN and x € Z,

nt (x) + ) (z) =1 if and only if v is a (k- 1)-slot but not a k-slot.

Proof of Proposition[{.1]. This is a direct consequence of [MSSS| Proposition 2.3]
and Lemma [£T1 O

Then, for any k € Nu{oo}, we define & (,-): Z - Z and sy (n,") : Z - ZU{oo} as
fk(ﬂax)—fk(ﬁax—l):=7”(77>9U)+Z Z 77134(95)7

leNoe{1,l}
gk (777 Soo (777 0)) = 07

and

se(n,x) =min{y eZ; & (n,y) =z} (4.7)

Note that s defined via (A7) coincides with s, defined via (ZI)-(42). For later
use, we note that thanks to Lemma 4.1 Lemma also holds for the whole-line
case.

Lemma 4.3. Suppose that n € Q. Then, for any k,{ e N, z,w € Z, z < w and
o €{0,1}, we have

w Sk(nvw)
Yonga(se(my)) = > 0. (y).
Y=z y=5k(1,2)

Finally, for any k € N and i € Z, we define (x(n,-) : Z - Zu{oo} by (Z.3]). Thanks to
Proposition [4.I], we see that our  coincides with the slot decomposition introduced
by [FNRWI, see also [MSSS|, Proposition 2.3] for the half-line case.

The dynamics of the BBS (o0) can be linearized through (, but an offset is
required.

Theorem 4.1. Suppose that n € Q and si (n,i+1) < 0o for some k € N and i € Z.
Then, we have

G (Tn,i+k+op(n)) =G (n,i),

where the offset oy, is given by

0

0k (1) 1= S0 (1,0) = 560 (T, 0) +2 > Y i (y) -2 i > Ty (y) -

Y=So0(1,0)+1 £=1 Y=S00 (Tn,0)+1 £=1

Remark 4.1. From Proposition [4.2 which will be described in the next subsection,
we see that the following quantity

T k T k
> oxmw- Y XT)
Y=S00(n,0)+1 £=1 Y=Soo(Tn,0)+1 £=1
does not depend on x € Z. Hence, by setting x = Soo(11,0), Soo(n,0), we have
Ok (77) = _ék (777 Soo (Tna 0)) - Wk (777 Soo (T777 O))
= fk (T77> Soo (nv 0)) - W (T77> Soo (717 0)) .
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Remark 4.2. Since we compute the offset with respect to the origin while [FNRW]
computes the offset with respect to the tagged k-slots, the values of the offsets are
different. The offset in [ENRW] is independent of ((¢),.., but the formula [ENRW]|
(3.1)] is not very easy to compute. On the other hand, our offset o, may depend on

(o for some L < k, but a simple formula is obtained. Moreover, the proof of Theorem
[£1) is much simpler than that of [ENRW), Theorem 4.1].

The proof of Theorem [Tl will be given in Section .2

Remark 4.3. Note that ¢ can be considered as a map ¢ : Q. - ZNy%, and it is shown

in [ENRW] that ¢ is a bijection between Q, ¢ Q and Q c ZY %, where Q, and Q are
defined as

Q= {n € |sw (n,i)] < 00 for any i, se (n,0) =0},

Q::{CGZIEOXZ; ng(i)<oof0ranyi}.

keN
4.2. Proof of Theorem [4.1l To show Theorem [4.1] we need the following property
of the seat number configuration.

Proposition 4.2. For anyne(), ke N and x € Z, we have

ni(z) = Tl (). (4.8)
In addition, n}(z) = 1 implies

r(Tn,z)+ Y, Toy(w) = 1.
L2k

Proof of Proposition[{.3 First, we note that for the half-line case, the assertions of
this proposition have been proven in [MSSS|, Proposition 3.1]. In the proof of [MSSS|
Proposition 3.1], the boundary condition of the function Wy, (n, z) := 1-Wy, (Tn, ) is
given by Wy, (n,0) = 1 for any k € N, but one can check that the proof does not depend
on the boundary condition. Instead, the following condition Y;_; (1-2T7(y)) <
0, = € N is essential, and this condition trivially holds for the half-line case. For the
whole-line case, the following inequality

xT

Y, (1-2Tn(y)) <0,

y:SW(nvi)+1
holds for any i € Z and x > So, (1,7). Therefore, by following the strategy of [MSSS|

Proposition 3.1], we obtain ([£2) for n(?). Hence, from Lemma ], by taking the
limit ¢ — oo, we have (£.2)) for any 7 € . O

Proof of Theorem[{.1l First we note that from Lemma [£.2] ¢ (n,7) can be repre-
sented as

Ck(ﬁai)Zerz% nli(x)zla fk(ﬁax)ﬂ}‘—‘@EZ; ThTCJrl (l‘)zl, fk(ﬁaff)ZiJle
= eZ; () =1, & (o) =if|-[{zeZ; g, (1) =1, & (o) =i+ 1}].

Hence, from Proposition 4.2 we have
G (Tnyi)=[{zeZ; np(x) =1, & (Tn,z) = i}]
- ‘{er : fr;}m (x)=1, & (Tn,x) =1+ 1}‘
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Now we show that for any k € N, the following quantity

gk (Tﬁaﬂf) _gk (77,1’) - W (Tnv'r) - Wi (77,1’)

is independent of € Z and equal to ok (7). Actually, from (@3H), (£6) and proposi-
tion 4.2l we have

gk (Tnvx) - &k (717@ - Wi (Tnvx) - W (TIJ) - (500 (nvo) ~ S0 (Tnvo))

Qi( i e (y) - i Tn}(y)) T 2> Soo (1,0)

) 1 \y=se(n,0)+1 Y=500(T1,0)+1

ok s=(10) sw(Tn0)
2> 1 > mw) - >, Tni(y) T < Seo (1,0) = 1,
=1\ y=z+1 y=x+1

= 05 (1) = (800 (11,0) = 500 (T',0)).

In particular, from (@3]), (48], Lemma and proposition L2 if x = s;_1 (n,4) for
some i € Z and r(n,z) = 0, then we obtain

Wk (77737) + Wk (T’I],.ﬁl]) = ka
and thus we get
gk (Tnvx)_gk (nvx) :k+0k (77) (49)
From the above, we have
=[{zeZ;m(2)=1 &Ga)=if|-[{zeZ; m,, (2) =1, & (n,2) =i+ 1}
=[{weZ; Tol(x) =1, & (Tn,x) =i+k+o,(n)}|
—‘{er : Tnlz(x) =1, & (T, x) =i+k+0k(n)+1}‘
=G (Tn,i+k+ox(n)),
and thus Theorem [4.1] is proved. O
4.3. The k-skip map on the whole-line. In this subsection, we will show how

the propositions stated in section can be generalized. For the whole-line case,
we define the k-skip map ¥, : Q2 - Q as

Wy, () () =n(sk (7 +& (n,0))).

Recall that n® is defined in (£3]). As we observed in Lemma [L.], we also have the
following.

Lemma 4.4. Suppose that n€). Then, for any k €N, i € Zsy and
x> & (N, S0 (n,-1)) =& (1,0), we have

Uy (n(i)) (z) =Ty (7)(”1)) (z). (4.10)
In particular, for any x € Z we have

W () (2) = im W (39) ().

Proof. From (f4]), we see that & (W, z) = & (n+D,z) for any = > s (9,-1).
Hence, we get sp (7D, x) = s, (n(*D,z) for any x > & (9,50 (n,—1)). Thus we

obtain (£.I0). O
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Now, we generalize Propositions 2.1] and 2.3] for the whole-line case as follows

Proposition 4.3. Suppose that n € Q. Then, for any k,l €N, o € {1,l} and x € Z,

we have
Vi (n)y (=) = niey (s (0,2 + & (1,0))). (4.11)
In addition, we have
Wi (W (1)) () = Wi (0) (), (4.12)
and
e (W (1) ,7) = Qe (1,4) - (4.13)
Proof. First we show (£IT]). Thanks to Lemma [£.4] it is sufficient to show that
Ui (1), () = 1. (1 (n,2+ & (1,0))) (4.14)

for any i € Zso, k, L €N, o€ {1,|} and x € Z. We fix i € Zs( and define 7() € Q as
7 (2) =0 (2 + 50 (1, -1)) .

Since 7 (7, x) = 1 for any = < 0 and 7(?) can be regarded as an element of {0, 1}V,
from Proposition 2.1 we get

U (1), (@) = (1), (51 (19,))

for any £k, €N, o € {1,]} and x € Z. On the other hand, by direct computation, for
any x € Z we obtain

fk (ﬁ(Z)wx) = gk (n(l)ux + S0 (777 _Z)) - fk (77(2)7 Soo (777 _Z)) )

and thus we have

si (17, 2) = 51 (0 2+ & (07, 500 (1, 1)) ) = 500 (1.1) -

From the above, we obtain

)= 3 (3:0)

(sk (77 2 x) + Seo (77,—2'))

—77“ (s (1,2 + & (1), 500 (1,-1))))

=0 (1) (2 + & (19, 500 (n,~0)) = & (19, 0)) ,

for any k,¢ € N and x € Z. In particular, we have
(1) (56 (0 2+ & (), 500 (1, -4)) )
= (7)., (51 (79, 2)) = Uy (7D); ()
=0 (D)) (2 + & (1D, 500 (1, -1)) = & (n?,0)) ,

for any k, ¢ € N, 0 € {1,]} and x € Z. Therefore we have ([LI4]). For later use, we note
some equations derived from (£I1]). We observe that from ([@.I1), if y = s, (V¢ (1) ,x)
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for some k e Nu{oo}, £ € N and x € Z, then s,(n,y+&:(n,0)) = ske(n, z). Hence, for
any ke NuU{oo}, £ € N and x € Z, we have

s (We(n),2) —su (Pe(n),2-1)
sk (Te(n).2)

- D r(\lfg(n),y)-F(Z R A (y))

y=5k(¥e(n),z-1)+1 heNge{t,|}
sk (We(n),x)

= Z T(nvsf(n7y+§f(n70)))+(z Z 77?+h(5€(77>y+&(7770))))

y=5k(Ve(n),x=1)+1 heNoe{t,}
Sire(n,7)

= > rmw+ Y Y )

y=sk+e(nx-1)+1 heNoe{1,]}

=& (M, skee (0,2)) =& (0, Spee (0,2 - 1)),

where at the third equality we use the fact that (sgn(7,2))zez € (S£(7,2))zez for
any k € N and h e Nu{oo}. By using the same computation, for any k € Nu {co}
and £ € N, we obtain

sk (We (1) ,0) = s (Ve (1) ,0)

== ) > > ey (v)

Y=S00 (Vy(n),0)+1 heNoe{1,|}
0

== 2 2 2 M)

Y=8c0(1,0)+1 heN oe{1,}

= _gé (777 0) )

and for any k,/ € N, we also get

0

ék‘ (\IIZ (77) 70) = Z Z Z \Ilf (77)24—/1 (y)

Y=500 (¥y(n),0)+1 heNge{t,|}
0

- Z Z Z 771}7+z+h(y)

Y=500(n,0)+1 heN ge{1,|}

= St (1,0) - (4.15)
In particular, for any k e Nu{oo}, £ € N and z € Z, we have
Sk (\IIZ (77) ,SL’) = 55 (777 Sk+e (777 SL’)) - 55 (777 O) : (416)

Next we show (£12). From (£I5) and (£I6), for any k,¢ € N and x € Z we have

i (Ve () (2) = We () (s (Ve (), 2+ & (Ve (n),0)))
=Wy (1) (& (1, Sk+e (0,2 + Egae (1,0))) = e (0,0))
=1 (50 (1,8 (M, S0 (0,7 + Eie (0,0)))))
=1 (Skee (0,2 + Eie (0,0)))
= Wiie () (),

and thus we obtain (£.12).
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Finally we show (AI3)). From (411 and (4I6), for any k,¢ € N and 7 € Z, we
have

G (We (n),4)
51 (e (n).i+1)

oo (T () =Y ()i (1))

y=sk(Ve(n),i)+1
sk (We(n),i+1)

= >, o (U)L(y)) — e () r (51 (We () i+ 1))

y=sk(We(n),1)

Eo(M:8k40(n,i+1))=Ee(0,0)

= >, Moy (se(n,y+& (n,O))))—nng(Se(n,é‘z (1, Skee (0,7 +1))))
y=€0(N,5k+2(1,8))=€¢(n,0)

Sk (n,i+1)

=l 2 nfﬁz(y))—mZM(SM(n,Hl))

y=5k+0(n,%)

= Ckﬁé (777 Z) )
and thus we obtain (£.I3]).

We conclude this section by describing the relation between T" and Wy.

Proposition 4.4. Suppose that n €. Then, for any k € N and x € Z, we have

T, (n) ( -3 (W () ,o>) v () ()

Proof. Thanks to ([AI2)), it is sufficient to consider the case k = 1. Suppose that
TV, (n) (x+7(n,0)) =1. Then, there exists £ € N such that

T, (n); (x+7(n,0)) = 1.
From (4.8) and (£I1]), we have
iy (s1. (047 (0,0) + & (0,0))) = W1 (n)y (w+7(1,0)) = L.
Again by using ([A8]), we obtain
Trpj,y (s1 (2 +7(0,0) + & (1,0))) = 1.
On the other hand, from (4.9) we get

& (T, s1(n,z+7(n,0) + & (n,0)))

=z +7(n,0)+& (1,0) + 1+ 01 (n)

=z +71(n,0)+& (Tn,0) + Wy (n,0)+ Wy (Tn,0)
=x+& (Tn,0).

Since the site s; (n,x+7(n,0) +&1 (n,0)) is a (£+1,1)-seat in T, we have

S1 (T777x+§1 (T777O)) =51 (77737+7’ (7770) +§1 (7770)) :
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Hence we have
Uy (Tn); (2) = T,y (51 (T + €0 (T,0)))
= Tﬁgn (Sl (777 r+r (777 0) + §1 (777 0)))
=1,
and thus we see that TWq (n) (x +7(n,0)) =1 implies ¥ (Tn) (z) = 1. By the same
computation, we can also show that Wy (7'n) () = 1 implies TW; (1) (z + 7 (n,0)) =

1.
UJ

5. DISTRIBUTION OF k-SKIPPED CONFIGURATION AND LONG-TIME BEHAVIOR
OF INTEGRATED BALL CURRENT

In this section we investigate the distribution of Wy (n) when the distribution
of i belongs to a class of invariant measures introduced by [FG]. In addition, we
derive the long-time behavior of the integrated current of Wy (n). Throughout this
subsection, we restrict the state space €2, c €2, defined as

D, :={neQ; |Se (1) | < oo for any i € Z}.
Also, we define Q,cQ, as
Q, = {neQ; ss(n,0)=0}.
In Section [B.1] we prepare some notions and then we describe our results in Section
5.2

5.1. Excursion. First, we introduce the notion of excursion, which will be used
to define a class of invariant measures of the BBS. For any n € Z,, we say that a
sequence (e; )?:0 ,e; €{0,1} is a excursion with length 2n + 1 if

m 2n
e0=0, Y (2¢;-1)>0forany 1<m<2n, Y (2¢;-1)=0.

J=1 J=1

We denote by &, the set of all excursions with length 2n + 1, and denote by & :=
Unez.o €n the set of all excursions. There is a natural injection ¢ : & - {0,1}% given

by
g. l<az<e,
[(0) (@) = {0
and €y := ¢ (&) is written as
Q= {ne{0,1}%; n(x)=0for any x <0 or x> se (1,1)}.

Observe that for any € € £ and k € N, we have W (¢ (¢)) € ;. Hence, the following
map

otherwise,

Uy () =07 (W (1 (). (5.1)

is well-defined for any &£, and we call ¥y, : £ - € the k-skip map for excursions. Also,
we extend the notion of ¢ for excursions. For any € € £ and k € N we define

Gr (€)=, G (e (e),i).

i€Z
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Note that we can obtain the following formula of |¢|.

le| = Seo (1(€),1) =1+ 2> kG (e). (5.2)

keN

In addition, from Proposition 23, we see that Uy, is a shift operator of ¢ :
Proposition 5.1. For any e € £ and k,¢ € N, we have

Ck (@ (5)) = Crse () -

Now we introduce a family of probability measures on £ via (i : &€ - Zs. For any
a = () pepys We define

A= {a = (a)pen c [0, )" 5 Zo:= 3 [1 alik(s) < Oo}'
ee€ keN
Then, for any « € A, we define a canonical probability measure v, on £ as
1
Vq (5) = Z_ H Oéik(a).
a keN
Observe that from (5.2), for any € € £, we get

pla)=Ey, [le]]=1+23, > kG (2) va (e).

ee& keN
We denote by A, c A the set of all a € A such that p(a) < oo, i.e.,

At = {a = (ar)pey €A DY kG (e)va (e) < oo}.

ce€ keN
We introduce a shift operator 6 : A - A defined as

fa), = —tL 5.3
(b= 2 (53)

It is known that if o € A, then fa € A,, see [FG, (3.1), Theorem 3.1] for details.
Now we compute the distribution of ¥y (¢) when the distribution of ¢ is given by
Vg

Lemma 5.1. Suppose that o€ A. Then, for any k € N and &' € £ we have
Vo ({€& 5 Ui(e)=€"}) =gy (€). (5.4)

Proof of Lemma[5.1. From Proposition 5.1l and the uniformity of v,, it is sufficient
to show that

Vo (G (W1 (€)) =my for any k € N) = vy, (¢ (€) = ny, for any k € N)

for n = (ng)4ez., © (Zso)" such that ny = 0 for sufficiently large k. For such n, we
define i

Em):={ee&; ((e)=ny for any k e N}.

It is known that |€ (n)| is given via the so-called Fermionic formula,

|E (Il)| _ Io—o[ (2 Zezkn(g - k)nZ + nk) ’

k=1 Tk
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see [KTT] for details. Then, from Proposition [5.1] we have
Vo (¢ (U1 (€)) =ny, for any k € N)

- iya (Crs1(e) =ny for any ke N, (7 (¢) =n)

_ 1—[ kJrl 0 (2 z€2m+1(£ - m)nﬁ—l + nm—l) ojo (2 Zg>2(£ 1)71[ 1+ n) a?

C“ keN m=2 MNp-1 £ n
— i H O[nk el (2 2£2m+1(£ - m)ng + ’[’Lm) ( 1 )2 Soso(b-1)np 1 +1
Za e k+1 a2 . e

H (9 nk H (2 ZszH(E - m)né + nm)

Z ( 1- keN m=1 Nm

= Vga (Ck (5) = ny, for any k eN),
where we use the equation Zy, = Z,(1 - aq) [EG| (3.22), (3.29)], and

i T+n n_( 1 )“1
n=0 n 7 1_y ’
for any x € Zso and y € (0,1). O

Next we observe that 1 € Q, can be constructed from excursions as follows. For
any (&), € EZ, we define I ((g;),.,) as

t(eg) () if 0 <o <leo| -
t(eq) ()  iffeq|<ax<-1,
i—1
I((€i)yez) () =110 (e)) () if i >1 and Z lem| < < Z |em| -
-1 -1
t(g;) () if i < 2and—2|z—:m|<x<— > leml -
m=i+1

then we can check that [ is injective and I (£%) = Q.. For later use, we prepare the
following formula.

Lemma 5.2. Suppose that (;),., € EZ. Then for any k € N, we have

Ui (1 ((e)5e2)) = 1 (P (£3)),) - (5.5)
Proof of Lemmal[22. This is a direct consequence of Lemma [A1], (1)), (5.I)) and
0 ifi=0,

lem|  ifix1,

Soo (1 ((€0)iez) +7) =} m=0

0

We then denote by fi,, o € A*, the probability measure on Q. induced by the
product probability measure [, .z Vs (€;),€; € € on EZ via the map /. In addition,
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for any « € A%, we define a probability measure pu, on €2, as

Soo(my1)-1
Sy @ 1= s [ die ()X i @),

for any local function f : {0,1}? - R, where 7,y € Z is a spatial shift operator
defined as 7, f (1) == f (n (- +y)). Then, the following result is shown by [FG].

Theorem 5.1 (Theorem 4.5 in [EG]). Suppose that o € A*. Then, i, is a shift-
stationary invariant measure of the BBS( ), i.e., for any x € Z and local function

J{0,1}7 >R,
[ dna O f o) = [ dua O f @), [ dua (o) f ()= [ dua(n) £ ().

In the rest of this subsection, we consider another family of invariant measures
introduced in [FG]. We define parameter sets Q, Q* as

keN

Q:= {C] = (@ )gen € [0, 1) Z ka < Oo}’

Q= {q= (@) € Q5 D kaw < 00}-

keN
For any ¢ € Q, we define a probability measure ¢, on £ as
2% e ks
00 (E) o H qgk(€) (1 _ C_Ik) Y oen e (€) '
keN

Then, the one-to-one correspondence between v, and ¢, has been shown by [FGI.
To state their result, for any o € A and g € Q, we define ¢(a) and «a(q) as

o k=1,

q (o) = Xk > 9 (5.6)
6 (1 - qe())™2
k-1

a(g)=a[1(1-aq) . (5.7)
/=1

Theorem (Theorem 3.1 in [FG]). The maps (5.6) and (B1) are the inverse of each

other. Moreover, we have
((A)=9, a(Q)=4A,
and
q(AT)=Q", a(Q")=A"
In particular, for any q € Q, we have
Pgq = Va(q)- (5.8)

Thanks to (5.4) and (5.8)), we have the distribution of Wy, (¢) under ¢,. We define
a shift operator 0: Q - Q as G, := Q1.

Lemma 5.3. Suppose that q € Q. Then, for any k € N and €’ € £, we have
pg({ee&; Wi(e) =¢"}) = g, ().
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Proof of Lemmal2.3. We observe that for any k € N,

k-1

« (éQ)k = qk+1 g (1 - QZH)ZUC_K)

— a(Q)k+1
(1-a(q))™
= (0a(q))y, -

Hence we have « (6’~q) = 0a(q). By using this relation k£ times, we have « (ékq) =
0ka (q) for any k € N. Thus from (54) and (5.8)), we have

g ({e€&; Wi(e) =€"}) =va) ({e€&; Ui(e) =¢€'})
= Vgka(q) ()
=V (ikq) (€")
= g ()
O

We note that ¢, can be extended over £% and €2, in the same way as we did for

Vo. We denote by QAﬁq, q € Q*, the probability measure on Q. induced by the product
probability measure [1...; ¢, (€i),e; € £ on £ via the map I. In addition, for any
g € 9F, we define a probability measure ¢, on €2, as

800(7771)71

Ld%(ﬁ)f(n) ::MAdéq(n) S o f),

y=0
for any local function f:{0,1}Z - R. We note that from (5.8)), we have
Pq = Ha(q), (5.9)
for any ¢q € Q.

5.2. Distribution of k-skipped configuration. If the distribution of n is u,,
then we can compute the distribution of Wy (n). Recall that 6: A - A is defined by

B.3).
Theorem 5.2. Suppose that o = (), € A*. Then, for any k € N and local
function f:{0,1}* > R, we have

Adﬂa () f (Wi (n)) = /S;dﬂeka (m) f(n), (5.10)
and
/s; dpta (n]see (1,0) = 0) f (Vi () = /S; dpigra (N)See (1,0) =0) f(n). (5.11)

Proof of Theorem[2.4. First we show (5.10). From Proposition (dI2), it is sufficient

to consider the case k = 1. First we observe that for any n € Q. and 0 < y <
Se0 (1,1) = 1, we have

Uy (n(@+y)=n(si(nC+y),z+& (M(-+y),0)) +y)
=n(s1(n,x+& (n,9))).
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In addition, for any i € Z and local function g : {0,1}* - R, we have

Jdita ) 7erirg ) = [ dita ()9 ()

Since Wy () does not depend on ¢; (¢ (¢),-), from the above observations and (53],
we obtain

[ dita () £ (01 ()
Soo(m,1)-1
- o i)Y F s s )
1 E1(1,800(m,1))=1 51(,5+1)-1 -
) f dfie (1) JZ(:) ymz(;m') f(n(si(n,-+35)))
1 500 (W1.(17),1)-1
=y o) Y (G ) = (0.0 (B ()
[&1(e0)|-1 )
P (Oé /SZ I; dva (21 ; (2 (t(20)5) + 1) 7t ([ ((\Ill (5i))iez))
1
) e J1, 0 @
|‘I’1(€0)| 1 )
fdz/a (€0) = 0 (2G (¢ (€0),0) + )75 f (I((Ei)iel\{o} U (0)))
le%1 leol-1
) ﬁ (12— 041 )./ gdi/ea (ci) ;} 7i.f (1 ((€1)ie2))
-2 (2 1) [ dian () 7 ),

where at the fourth equality we use the relation
S1 (7772 + 1) - 81 (777Z) = 2C1 (777Z) +1.
On the other hand, since

|\i/1(50)|—1

> (s1(e(e0),5+1)=s1(e(e0),5)) = el

j=0

by integrating both sides with respect to v,, we obtain
20(1
p(00) (T +1) = p(a).

Therefore (5.10) is proven.
Finally we show (5.I1]). Since

[, dna Gllsce (1.0 =0) f(n) = [ e () £ ().

by using (5.4) and (5.5]), we have (B.1T). O

By combining (5.9) and Theorem [5.2] we have the distribution of ¥y () under
Pq-

26



Corollary 5.1. Suppose that q € Q*. Then, for any k € N and local function
f:{0,1}%2 > R, we have

S doa s () = [ dog, () 1 ().

and
[ 6, (rlswe (1,0) = 0) £ (W () = [ A6, (rls (1,0) = 0) £ ().

5.3. Two-sided Markov distribution case. If (1(x)),., is a two-sided stationary
Markov chain, then we can show that (W (1) (z)),.; is also a two-sided stationary
Markov chain. Before describing the precise statement, we prepare some notations
and recall some facts on Markov chains on {0,1}. In the following discussion, we
denote the transition matrix of a given two-sided stationary Markov chain (n(z)),.,
by P = (p(r,s)), g, Where

P (r,8) =P (n(1) = sn(0) = 1),

and assume that p("(0,1) + p(1,1) < 1. If we define at,b(" as
a™ = pM(0,1)p™ (1,0),
b 2= pM(0,0)p™(1,1),

then a( b satisfies 0 < a( <1, 0 < b <1 and Va(® + Vb < 1. In addition,
p™ (0,0) and p( (1,0) are expressed in terms of a( b0 as

L—a+b+\/(1-(a+b))* - dab
5 ,
L+a-b+\/(1-(a+b))*—dab
5 .

Conversely, for a given a,b such that 0 <a<1,0<b<1 and \/a + Vb < 1, one can
construct a transition matrix with condition p(0,1) + p(1,1) < 1. Actually, we can
show the following.

Lemma 5.4. We define

P = {(p(i,j))mo’l c[0,1]'; > p(ig)=1,i=0,1, p(0,1) +p(1,1) < 1},

j=0,1

P (0,0) =

p™ (1,0) =

and
0= {(a,b) c[0,1)%; a>0, \/6+\/l_)<1}.
In addition, we define a map @ : P — Q as

Q((p(5,4));:;-01) = (p(0,1)p(1,0),p(0,0) p(1,1)).
Then, Q is a bijection between P and Q.

Proof of Lemmal5.4 From the definition, it is clear that @ is injective. To show
that () is surjective, we define a map P: Q@ - R* as

1-a+b+\/(1-(a+b))?~4ab  l+a-b—\/(1-(a+b))*-4ab
= 7.9 .. = 2 2 .
P(a.b)=(p (a,b,z,j))w:m Lra-bi/(1-(a+b))2-dab  1-a+b—/(1-(a+b))%-4ab
2 2
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By a direct computation, one can show that P(Q) c P, and Qo P (a,b) = (a,b) for
any (a,b) € Q. Hence @ gives a bijection between P and Q. O

Remark 5.1. We note that P = Q='. In addition, if we define F (a,b) as
1= (a+b) /(1= (a+b))*-dab
F(ab):= o b>0,
a b=0,

then P (a,b) can be represented as

1 F(a,b)
P (a’ b) -1. 1+Pl;’(aa£bb) 1+F (a,b) )
(—“;@%b; D b(1+F (a,b))

We note that F (ab,b) coincides with the generating function of the Narayana num-
bers.

Now we describe the statement on the distribution of (¥ (n) (2)),., When (7 (2)),,
is a two-sided stationary Markov chain.

Theorem 5.3. Suppose that (1(x)),.; i a two-sided stationary Markov chain on
{0,1}, and QM (0,1) + QM (1,1) < 1. Then, (¥1(n)(x)),y is also a two-sided
stationary Markov chain such that

(W1(m) = M p¥i(m) — L
a 5 5 (5.12)
(1-am) (1-am)
Proof of Theorem[5.3. From [FG, Lemma 3.7, Corollary 4.8|, it is known that the

distribution of (7 ()),., can be expressed as p,, where « is given by ay, := a( (b !

for any k € N. On the other hand, from Theorem [5.2] we see that the distribution
of (W1 (1) (1)) ez 3 100y and

am (b gmpm ( b(m) )’“

(b0 = (1—a® ~ (1—am)?\(1-am)?

for any k£ € N. Hence, (V) (n) (2)),.; is a two-sided stationary Markov chain on
{0,1}, and a("1(M) (Y1) is given by (B.12). O

5.4. Integrated current of k-skipped configuration. First we recall the notion
of energy of the BBS configuration. For any 7 € {2 with the condition ¥ ., n(x) < oo
and k e Nu{oo}, we define Ej (n) as

k
DAGIEDIIWHEIE

l=1 xeZ

We note that F.(n) is equal to the total number of 1s in 7, and Ex(n) can be
represented as

Er (1) = B (7) = Eoo (Vi (1)) -

In [MSSS], it is shown that Ej(n) coincides with the notion of the k-energy defined
via the crystal theory formulation [FOY]. When we consider the infinite ball con-
figuration, then Fj(n) may become infinite, but still we can consider the current of
the energy.
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In this subsection, we consider the long-time behavior of the integrated current
C™ (¥ (n)), where C™ (n) is defined as

O () = S Wi (179,0)

m=
n—

= o

M3

WZ (Tm777 O) )

~
I
—

m=0

for any n € 2. We note that the quantity C™(n) can be considered as the integrated
current of F(n) at the origin. Hence, the asymptotic behavior of C™ (¥ (n)) is
closely related to that of the integrated current of the k-energy Ej(n).

In [CKST], the law of large numbers (LLN), central limit theorem (CLT) and
large deviations principle(LDP) of C™ have been proved when (7 (z)),.; is a two-
sided stationary Markov chain on {0,1}, and Q(0,1) + Q((1,1) < 1. Moreover,
under the same assumption on (7 (x)),.;, they show that n — T is ergodic. Before
presenting their results, we prepare some notations. For any p,q € [0,1) such that
p+q<1, we define m,,, and v, , as

m = p(l—p—i—q) v ::p((l—p)(1+q)2+2q(1+p)2)
P (+p-g(-p-g)7 L+ (1-q) .

Theorem 5.4 (Theorem 3.34 in [CKST]). Suppose that (n(z)),.; is a two-sided
stationary Markov chain on {0,1}, and QM (0,1) + QM (1,1) < 1. Then, we have

. con
Hm n(?7) =M@ (0,1),Q(1,1) @5+
and
C™(n) —nmgm ()
lim (n)l OPONITULY N (0,1) in distribution,

N2 VoM (0,1),Q(M(1,1)

where N (0,v) is the standard normal distribution. In addition, n=*C™ (n) satisfies
a large deviation principle with rate function given by [CKST, (3.39)].

By combining Theorem [5.3] and Theorem [5.4] we obtain the LLN, CLT and LDP
of C™ (¥ (n)) as follows :

Corollary 5.2. Suppose that (n(x)),.; i a two-sided stationary Markov chain on
{0,1}, and QM (0,1) + QM (1,1) < 1. Then, for any k € N, we have

O (W ()

n—>00 n

= Morm (0,1),QYrM(1,1) -5+
and

lim cr (\I]k (77)) - an(‘l'k(n))(0,1),@('1%(77))(1,1)

n—>00

B =N (0,1) in distribution.
N2VGwEM) (0,1),QYK0M) (1,1)

In addition, n=*C™ (U (1)) satisfies a large deviations principle with certain rate
function.
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