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1 Introduction and Summary

Symmetry is a powerful tool for studying physical processes. In general, symmetries provide
selection rules for dynamical processes and can be used to constrain RG flows. Recently,
the notion of symmetry in quantum theories has been expanded to include the action of
all topological operators which goes beyond the notion of group-like symmetries. These
topological operators, along with their braiding and fusion, are instead described by category
theory and are referred to as “generalized” or “categorical symmetries.” For a review of
generalized/categorical symmetries see [1-7] and sources therein.

A particularly useful tool for studying the general symmetry structure of a quantum
theory is the Symmetry TQFT or SymTFT for short [2, 8-22]. To a given d-dimensional
QFT, we can associate a (d + 1)-dimensional TQFT (defined by the symmetry category?')
which encodes all of the symmetries (and their anomalies [8, 16-19]) of the physical QFT.
If we take our QFT on the spacetime manifold Xy, then the associated SymTFT is placed

!Here we will not define the symmetry category as it is relatively complicated and even the type of category
differs by the dimension of the QFT/SymTFT.



Figure 1: In this figure we illustrate the idea of the SymTFT in the sandwich/slab config-
uration where the QFT boundary is on the left (blue) and the quiche boundary is on the
right (orange). In (a) we illustrate the SymTFT as a TQFT on the interval which admits
a set of topological operators with non-trivial braiding. In (b) we show some topological
operators (green lines) of the SymTFT can be pushed into the boundary where they act as
the topological operators that generate the symmetry, while other topological operators (red
lines) can terminate on the boundary representing operators that are charged under the global
symmetries.

on the manifold Yy, = Xy x [0,1]. If we parametrize the interval (sometimes called “the
sandwich” or “the slab”) by a coordinate ¢ € [0,1], then the boundaries of Y41 at ¢t = 0,1
must correspond to non-trivial boundary conditions of the SymTFT. By convention, we take
t = 0 to be the boundary associated to the QFT while the boundary at ¢ = 1 is a topological
boundary (called the “quiche” boundary). The SymTFT is comprised of a collection of
topological operators which describe the possible topological symmetry operators in the QFT
as well as their fusion, and linking. Their expression in the QFT is explicitly controlled by
the choice of quiche boundary condition.

See for example Figure 1. The advantage of the SymTFT over the standard construction
of SPT phases is that it admits a description of more general global symmetries in QFTs
such as non-invertible and categorical symmetries and allows one to capture the topological
manipulations via changing the symmetry boundaries.

The utility of the SymTFT is that it gives us a uniform mechanism to extract the “topo-
logical sector” of a QFT. Because the interval is topologically trivial, the path integral of
the SymTFT on the interval identifies the topological operators on the QFT boundary with
their realization on the quiche boundary. Alternatively, since the SymTFT is topological,
we can dimensionally reduce along the interval, colliding the quiche boundary with the QFT
boundary, thereby fixing the topological sector of the QFT by the quiche boundary conditions.

There is also a dual picture where one quantizes the SymTFT along the interval (i.e.
use t as a “time” coordinate). In this picture, the boundary conditions correspond to states
on which the topological operators of the SymTFT act and the path integral on the interval



(again being topologically trivial) computes the inner product between these states. In this
picture, it is clear that fixing the quiche boundary state projects the QFT onto a particular
state which realizes how the topological symmetry operators act in the QFT.

Because of the role of the quiche boundary condition in realizing how the symmetry
category of the SymTFT acts in the QFT, we can discuss the possible realizations of a
particular symmetry category in terms of the SymTFT on the semi-infinite line, }/}d_l’_]_ =
X4 x Ry, independent of the QFT; much in the same way one can discuss the property of
groups independent of a representation. There, we can discuss all possible topological quiche
boundaries and different possible symmetry protected gapped phases that can realize a given
symimetry.

While the SymTFT is a ubiquitous tool for studying symmetries in QFT, thus far it has
only been used to study finite categorical symmetries including for example finite groups,
duality defects, and certain non-invertible symmetries [2, 8-19, 22]. However, in order to
have a complete framework to study all symmetries, one would also like to understand how
to describe continuous symmetries and their interaction with finite symmetries using the
framework of the SymTFT. This is important for example in studying gapless, interacting
theories that arise from spontaneously breaking a continuous global symmetry.

In this paper, we will demonstrate how to one can incorporate continuous symmetries
into the framework of symmetry TQFTs. Here we will give a Lagrangian formulation of
these theories and perform our analysis within that framework. We will primarily focus on
U(1) p-form global symmetries although we will also propose a SymTFT for GO symmetries
where G is a continuous non-abelian Lie group. Although one may be able to describe a
U(1)®) global symmetry of a QFT and its 't Hooft anomalies in terms of more traditional
SPT phases, their description in using the SymTFT is more powerful because it naturally
allows more general manipulations such as discrete gauging and, as we will see, captures the
interplay of U(1)(®) symmetry with more general symmetries such as non-invertible global
symmetries.

For a d-dimensional QFT with U (1)®) global symmetry we can express the SymTFT for
a U(1)® global symmetry in terms of the action:

i -
Su) = o /dap+1 ANha—p_1, (1.1)

where a1 is a (p+1)-form U(1) gauge field and hg—p_; is a R-valued (d —p — 1)-form gauge
field. This TQFT is reminiscent of the Zy SymTFT which is described by a BF theory [23—
25], and indeed, one can restrict to the ZE\I;) subsector of the U(1)®) SymTFT and reproduce
the standard BF action. We can heuristically think of the U(1)®) as the Z%’) SymTFT in the
limit N — oo where NBy_p—1 + hq—p—1 and A, 1 — apy1

1

N )
SZN = or /dAp_H A Bd_p_1 — SU(l) = - /dap+1 VAN hd—p—l , (1.2)



which straightforwardly describes the symmetry defect operators that source flat background
U(1)®) connections.

Similar to the Zy SymTFT, the U(1)®) symmetry can be described in terms of the pair
of topological operators

Wa(y) =80 | Wy(D) = e fh (1.3)

for n € Z and a € U(1) which have non-trivial linking.?

The possible quiche boundary conditions are given by the familiar Dirichlet and Neumann
boundary conditions which fixes either a,41 (diagonalizes W) or hq_,_1 (diagonalizes W,)
respectively. However, note that the Neumann boundary condition for this SymTFT only
sums over the flat U(1) connections. In Section 3 we analyze this theory, its operators and
boundary conditions, and demonstrate how spontaneous symmetry breaking is encoded in
the SymTFT. Additionally, we discuss how one can modify the structure of the SymTFT to
dynamically gauge the U(1) global symmetry on the boundary by summing over all of the
states in all defect Hilbert spaces.

Additionally, in Section 4 we discuss several applications of the continuous SymTFT
such as how anomalies are realized and how they prevent the existence of Neumann bound-
ary conditions and how non-invertible chiral Q/Z symmetry in 4d are realized in the U(1)?
SymTFT.

Finally, in Section 5 we propose a symmetry TQFT that we believe may encode the
continuous, non-abelian G(¥ global symmetries in a QFT. Our proposal is that

Sow = 5= [ Te (A ki) | (14)

where the trace is over the defining representation. Here fy is the G(©) field strength and hq_;
is a Lie[G(?)] = g-valued (d — 1)-form gauge field which together transform under G(¥) gauge
transformations as

for— 929, ha—1+— g (ha—1+ DXg—2)g , (1.5)

where \y_ is a g-valued (d — 2)-form transformation parameter.

In addition to the fact that this is the clear generalization of the abelian action, it is also
similarly related to the topologically B-twisted 3d N = 4 G(©) gauge theory [26-29]. The
non-abelian BF theories we propose here have additionally been studied in dimension four in
(30, 31].

This theory contains a series of Wilson lines Wr = TrgP et$ @1 admits both Dirichlet
and Neumann boundary conditions, and can describe anomalies in analogy with the SymTFT
for U(1) global symmetry. However, these TQFTs are non-trivial and require further study

2We are unsure what the proper categorical description should be; however we suspect that it is related
to the categories of line operators in topologically twisted 3d N' = 4 Yang-Mills theory that are described in
[26-29).



as it is unclear what the full spectrum of topological operators are in this theory (due to
issues with normal ordering for non-abelian Wilson-type operators of dimension greater than
1) and what becomes the G symmetry defect operator in the QFT with Dirichlet boundary
conditions.

Note Added: While preparing edits for the second version of this paper, the papers [32-34]
were also submitted, which discuss similar ideas.

2 SymTFT Review

In this section, we will briefly review the idea of the SymTFT [2], taking the case of Zy
O-form symmetry as our primary example. For more details see [2, 4, 6-11].

Consider a d-dimensional QFT T on a spacetime manifold X;. We will assume that this
theory has a global symmetry structure that is determined by a collection of topological op-
erators. Due to the standard picture of anomaly inflow, it is natural to expect that one may
be able to describe these topological symmetry operators in terms of a (d + 1)-dimensional
TQFT on a manifold Y41 which has a boundary component X;. In this picture, the topo-
logical operators of the TQFT would become the topological symmetry operators of the QFT
on the boundary, but their braiding and fusion would be determined by the behavior of the
bulk operators in the TQFT.

However, for any non-trivial symmetry, one must have a non-trivial TQFT which in
general will have a non-trivial dependence (i.e. the Hilbert space, partition function, and
etc.) on the choice of bounding manifold Y;,;. For example, if Y1 has non-trivial bulk
cycles/topology away from its boundary 0Y;1 = X4 (i.e. non-trivial Hy (Y441, X4)), then
the TQFT partition function will sum over all possible topological operators wrapping these
cycles.

The framework of the the Symmetry TQFT or (“SymTFT” for short) indeed uses this
idea, but solves the problem of choosing a (d + 1)-dimensional manifold in a very clever way.
The SymTFT gives a canonical choice of Yz,1 by coupling the QFT on X, to a TQFT in
one higher dimension on Yy = Xy x [0, 1] where ¢ € [0, 1] parametrizes the interval where
t = 0 is the boundary on which the dynamical QFT resides. Since the interval is topologically
trivial there will be no dependence on the (d+ 1)-dimensional physics except on an additional
choice of boundary condition at ¢ = 1. Since we do not want to add additional degrees of
freedom introduced into our QFT by the SymTFT, we demand that the boundary condition
at t = 1 is topological (i.e. gapped). See Figure 2 for the setup. For reasons that will become
clear, we will refer to this boundary as the “quiche boundary.”

This construction allows us to isolate the behavior of the topological symmetry operators
of the QFT and describe them in terms of the topological operators of the (d+ 1)-dimensional
SymTFT. One way to see this is the following. Since the SymTFT is topological and the
interval is topologically trivial, the theory does not depend on the size of the interval. In
particular, we can take the limit as the size of the interval goes to zero. In this limit, we are
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Figure 2: In this figure we illustrate the setup of the SymTFT. In (a) we show the SymTFT
as a TQFT on the interval which has a gapped boundary on one end (quiche boundary) and
the dynamical QFT at the other end. This configuration is sometimes called “the sandwich”
as we can collapse the interval due to the fact that the SymTFT is topological, thereby
“sandwiching” the two boundaries together. In (b) we show the SymTFT where we only focus
on the gapped boundary. This configuration is often called “the quiche” as the SymTFT has
an open boundary.

effectively taking the product of the topological boundary and the QFT, so the bulk operators
are completely reduced to those that exist in both the QFT and the quiche boundary.

Here, the product reproduces the path integral of the QFT in a certain phase that is de-
termined by the quiche boundary conditions. This can be computed by either computing the
partition function on the sandwich with the appropriate boundary conditions or equivalently
by taking the inner product of the QFT boundary state with the quiche boundary state. In
this way, the SymTFT encodes the possible topological manipulations one can perform on
the QFT path integral in terms of the different choices of quiche boundary conditions.

This picture of taking the product of the QFT with the quiche boundary by reducing the
interval is an intrinsic feature of the SymTFT: we can think of it as defining an action of the
topological boundary of the SymTFT on the QFT (in our convention the SymTFT acts on
the QFT as a right module). Because of this action, we can think of the SymTFT with the
quiche boundary as an independent object, much like how we study groups independently of
their representations. This object (i.e. the SymTFT on a half-space X; x R_) is often called
“the quiche.”



2.1 Zy SymTFT

Let us now specify to the example of a d-dimensional QFT with Zg\?) global symmetry on
X4.3 We want to couple the d-dimensional theory to the (d + 1)-dimensional SymTFT on
X4 % [0,1]. Here, the SymTFT is described by the 1-form Zy BF theory which has the
Lagrangian:

N
S = Z/dal Aba_t (2.1)
2

where a1 and by_; are U(1)-valued 1-form and (d — 1)-form gauge fields respectively. This
theory contains Zy Wilson lines of a; gauge field and the Zy Wilson surfaces of the bg_1
gauge field*

Wo(y) = ™% | Wi (T) = embebar | pnomeZy . (2.2)

These operators have the following non-trivial braiding relation
(W (7)Win () = &% LinkCeD)- (2.3)

We additionally want to point out that the surface operators glafdar gng B fdhar are
topological and gauge invariant, but are trivial operators in the SymTFT.

We now want to consider the SymTFT quiche. In any (Euclidean) TQFT there is a one-
to-one mapping between codimension 1 boundary conditions on X; and states in the TQFT
Hilbert space quantized on Xy H[X4]. The reason is that the Euclidean signature of the
TQFT allows us to quantize along the t-direction or along some orthogonal direction along
Xg4. This gives two equivalent descriptions of a spacetime boundary in a TQFT.

For the Zy SymTFT, we can use the fact that a; and by_; are canonically conjugate
variables to see that there are two dual bases of orthonormal states/boundary conditions for
the SymTFT: 1.) states that diagonalize the a; and 2.) states that diagonalize the b;_; fields.
More precisely, the two classes of states diagonalize the gauge invariant operators 1.) W, ()
and 2.) W, (I'). By convention, we call these boundary conditions 1.) “Dirichlet” denoted
|D4) and 2.) “Neumann” denoted |Np):

1) Wo(7)|Da) = ™4 Dy) ,  2) Wy(S)|Np) = ¥ B|Ng) . (2.4)

Generally, we will work with the basis of Dirichlet states which we will usually write as
|A) := |D4). We will always refer to the Neumann states by |Np) and will revert to the
notation |D4) for Dirichlet state whenever there is possible ambiguity.

As is standard in canonical quantization, these two boundary conditions are related by
a Fourier transform:

e%fAUBVD'

1
Np) =
| B> /‘Hl(Xd7ZN)‘A€H1(XZd;2A¢ZN) (25)

3For simplicity, we will only focus on the case of O-form global symmetries, but the cases for general Zg\’,’)

symmetries will follow with straightforward modification.
4The operators Wyn, Wy~ where p,q € Z act as trivial operators in the TQFT because they have trivial
linking with all operators and can be absorbed by a shift of bg—1 or a1 respectively by a non-flat gauge field.



Note that here we choose to normalize A; so that it is a Zy C U(1) gauge field — matching
most of the discussion in our paper.

Similarly, the Dirichlet boundary condition can be constructed from the Neumann bound-
ary condition by inverse Fourier transform:

1 iN
|A) = Z e~ 3x JAYB | Np) 5
VIHT(X,, Zy))| B (R ) (2.6)

This procedure which allows us to go back-and-forth between Dirichlet and Neumann bound-
ary conditions is formally gauging the associated Zs\?) or 2%72)

global symmetry as appropri-
ate on the boundary. This procedure is often referred to as a type of condensation as we can
implement these gaugings by summing over all possible boundary insertions of the b-surfaces
or a-lines respectively. Thus in the two cases, we condense the b-surface operators to go from
Dirichlet to Neumann (since they implement the gauge transformations for the a; gauge field)
or a-line operators to go from Neumann to Dirichlet respectively.

To better understand the notion of condensation, let us first consider the Dirichlet bound-
ary condition. Here, the a-line operators are diagonalized by the states |A). On the other
hand, the b-surface operators act non-trivially on the Dirichlet states by shifting A by a flat
Zpn gauge field since the b-surface operators source a flat background gauge field for a.

A closely related construction of the Dirichlet states in H[X ] are the states in the defect
Hilbert space Hyy, [X4]. Here we construct the defect Hilbert space by inserting a Wilson line
Wi, () so that it stretches along the ¢-direction and intersects X4 along at a point z € Xz and
quantizing the theory on Xy in this background. This Hilbert space is spanned by Dirichlet
states which again diagonalize the a-lines. However, due to the fact that the W, () have
non-trivial linking with the W, (3), we see that the associated Neumann states are all trivial.
This should come as no surprise because going from Dirichlet to Neumann is accomplished
by gauging a symmetry under which all of the states in Hyy, [X,4] are charged.

Since the Neumann boundary condition |Np) is the analogous Dirichlet boundary condi-
tion for the b-surface operators (WV,), we can similarly define the defect Hilbert space Hyy, [X4]
where we have inserted a bulk W,(X) operator that stretches along the time direction so that
¥ intersects X4 along a (d — p — 2)-manifold ¢. For similar reasons, the Hyy,[X4] does not
admit boundary conditions which diagonalize the W, () operators since this would require
gauging the Z%_z) global symmetry under which all states in Hyy, [Xg] are charged.

Often, we will not differentiate between the Dirichlet states of Hyy, [X4] and H[X,4] or
the Neumann states of Hyy,[Xq] and H[X4]. Rather we will think of the states of the defect
Hilbert space |A)w, € Hw,[Xq] as constructed from |A) € H[Xg] and |[Np)w, € Hw,[X4] as
constructed from |Ng) € H[X4] which we “dress” with (or really intersect with) a bulk W,,(v)
or W, (X) operator as appropriate. With this viewpoint, we can say that if we start with a
Dirichlet boundary condition |A), we can end a W, line operator on the boundary. However,
condensing the W, operators (i.e. gauging the Zg\(,]) symmetry on the boundary) so that when
we pass from |A) — |Np) ending the W,, operators are prevented on the boundary.



Now that we have discussed the Zg\?) SymTFT, we would like to discuss how the Zg\?)
quiche acts on a QFT with Zgg) global symmetry. Because we are considering a theory with
a group-like global symmetry, we know explicitly how to couple the partition function to a
background gauge field: Z7[A;]. Because of this, we can also gauge the symmetry to arrive
at the theory 7 /Zy by summing over the Zg\e) background gauge fields:

S e e gy,
AleHl(Xd;QWﬂ'ZN)

ZT/ZN [Ba—1] = ‘Hl(Xd; Zw)) (2.7)

where we have included a background gauge field By for the quantum/dual 2%72) global

symmetry. The SymTFT allows us to unify both of these in terms of a state representing the
boundary QFT which is given by

(QFT|= > ZrlAl(4]. (2.8)

AEH (Xg; 27 ZN)

Additionally, we can also present the state in terms of the Neumann boundary conditions by

(QFT| = > Z7 25 (B) (Na| . (2.9)
BeH1(X ;27 ZN)

We can then realize the background and dynamically gauged theories by sandwiching the
SymTFT quiche with Dirichlet and Neumann boundary conditions respectively. In terms of
the Dirichlet presentation of (QFT|, the inner product is given by

(QFT|A) = Z7[A]
3 e [ AUB(QFT|A)

FT|Np) =
(QFT|Np) (X, Zy)

AeHY (X4; 2 Zy) (2.10)

_ ¥ ear [ AP Zr(A]

=7 Bl .
X, 2| 725 Bl

AEH (Xg;27Zy)

Here, the defect Hilbert spaces Hy,,Hyw, also have a natural interpretation. In par-
ticular, we can end the a/b-Wilson operators on charged operators in the QFT. These two
perspectives are more natural in the Dirichlet/Neumann presentation of (QFT| respectively
in which case we can elevate each term in the sum

Zr[AL (Al — (Op(2))a (Alw,

~ (2.11)
Z /2y B] (NB| — (Op(0))B (NBlW, ,

where here O,(x) carries charge p under ZE\?) and (5p/(0) carries charge p’ under the quan-

tum/dual symmetry ZE\C;_Z).
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Figure 3: In this figure we illustrate how the operator Op,(x) in the QFT requires dressing
with a Wilson line W) () for the case of Neumann boundary conditions.

Note that whether or not there exists a gauge invariant operator that is charged under the
ZS\(;) or 2%72) global symmetry is dependent on the realization of the Zg\?) global symmetry
in the QFT. For the case of O,(x), the operator is only charged under a global symmetry in
)

operator and does not constitute a good operator in our theory — rather it must be dressed by

the case where we do not gauge ZS\? . In the gauged case, Op(x) is not a gauge invariant local

a Wilson line W),(y) where 0y = x in X4. For the case of (5,)(0), the operator is only charged
under a global symmetry when we gauge ZS\O[). In the ungauged case, (5]; is not a well defined
operator but rather must also be dressed by a W, (X) surface operator where 93 = o.

We can see this from inserting corresponding W,(v) and W,(X) in the SymTFT and then
reducing along the interval. In the case of the Neumann boundary condition on the quiche
boundary, the Zgg) global symmetry is not gauged. Here, the W) () can end on the QFT
boundary but not on the quiche boundary. See Figure 3. Rather, on the quiche boundary, the
Wy (7y) operator must be continued by a boundary W),(7y) operator, reflecting the fact that the
operator Op(7) is not a gauge invariant operator. On the other hand, the W, (X) operators
can end on the the QFT and Neumann boundary state where they source an operator that
is charged under the dual quantum ZS\C;_Z) —i.e. a vortex-type operator.

Now consider reducing the SymTFT along the interval with the Dirichlet boundary con-
dition so that the Zg\?) global symmetry is not gauged in the QFT. Now, we can end the
Wy () Wilson line on both the QFT and quiche boundary in which case we can interpret
the bulk W),(vy) as enforcing the transformation properties of O,(x) in the QFT under Zg\?)
global transformations that are enacted by bulk W, (X) operators. In the case of the Dirichlet
boundary condition, we can also end the W,(X) operator on the QFT boundary, but in the
quiche boundary, it must be continued by a boundary W, operator. This reflects the fact
that 6p(0) is not a well defined operator and must be attached to a W,(¥) operator as with

O, for Dirichlet boundary conditions.

,10,



2.2 Reducing to Zy; C Zy SymTFT

One feature which will be important for our discussion of the U(1) SymTFT is how we can
reduce the SymTFT from Zy — Zj; where M divides N. This reduction can be realized in
two complimentary ways.

First, let us consider taking the action for the ZS\?) SymTFT:

iN
S=— [ dag Nby_ 2.12
o ay d—1 » ( )

and decompose N = nM. We can reduce to the ZS&) SymTFET if we restrict
Bd,1 = nbd,1 . (213)

If we plug this restriction directly into the action, we find

in M y M
S = m /da1 ANbg_1 +— 7 /da1 ANBg_1, (2.14)
2w 2

which indeed describes the ZS\(/)[) SymTFT. This corresponds to restricting the set of operators

W, =¢e?Pfa oW, = p =01, M—1. (2.15)

We can also think of this reduction from Zy — Zj,s as a projection which can be enacted

by gauging the Z%d_l) subgroup which is generated by Wy = '™ $ar

. Here we see that this
gauging will restrict the operators W), for p =0, ..., M — 1 and project out the operators that
have non-trivial linking with it: W, where ¢ ¢ nZ.

There is an alternative reduction of the Zy SymTFT to the Zj; SymTFT. Instead of
gauging the Z%d_l) global symmetry of the Zy BF theory, we can instead gauge the Zg)
global symmetry. This sums over all insertions of the operators Wjs,. This reduces the set
of non-trivial line operators to W, where ¢ = 0,..., M — 1 and projects out the Wilson lines
except those of the form Wy,,. At the level of the Lagrangian, this is equivalent to presenting

the SymTFT as

Y
Sy = o / ar Adby_s | (2.16)
and restricting A; = nay so that
,inM M
SZN = o /a1 ANdbg_1 —— 727_‘_ /A1 Adbg_1 . (2.17)

These two reductions describe similar physics and simply correspond to a choice of operators

that generate the Zj; global symmetry.
More generically, it is possible to decompose Z%}W—SymTFT into a coupled ZS&)— and
ZS\(,])—SymT FT. This coupling is determined by whether or not Zyps splits as a direct product

— 11 —



of Zn x Zpr or not. This depends on whether or not ged(N, M) is non-trivial. For our
following discussion we will use the presentation of Zy discrete gauge theory in terms of
discrete cohomology.

In the case where ged(M,N) = 1, Zny = Zn X Zps and the Zg\%\/l-SymTFT trivially
factorizes into a Zg\g)—SymTF T and a ZS\?)—SymTFT. This can be seen by starting with the
ZWY) ,-SymTFT

2me
SNM - W /Al U 5Bd_1 B (218)

where the fields are discrete co-chains By_; € C9Y(M;Znnr), A1 € CY(M;Zyyy). Since
ged(M, N) = 1, there exist p,q € Z such that

pM +gN =1, (2.19)
which allows us to decompose
Ay = qNa™ +pMa™ | By = NoM) Y (2.20)

To see that this is a “faithful” change of variable, notice that § a(lM) =4 agN) = 1 corresponds
to § Ay =1 and fbglj‘fl) =q, fb((ﬁ)l = p corresponds to § Bs_1 = 1; thereby generating the
entire field space. If we then plug this decomposition into the action we find

omi pM 2mi qN
S = m’ jz{(N)uéb(N)+ meq MYy epM) (2.21)

which can be brought to the form

27 N N 211 M M
§=" pa usby + Mfcé YuaM) (2.22)

by adding the integral counter terms
Sur. = 2miq 7{ o™ U b + 2rip f{ o™ U M) (2.23)

Indeed, the spectrum of operators can be matched between the Zg\%w—SymTFT and that
of the product SymTFT. Denoting (W1, Wy), (W1, W) as the generators of the spectrum of
topological operators of the Zg\(})—SymTFT and the Zg\?)—SymTFT respectively, then

(WWy s Wiy) = (W)4(W7)P, Wwawy) (2.24)

generate the topological operators of the Zg\(/)[)N-SymTF T.
When M, N are not coprime, Zyjs is more generally an extension of Zy by Zjys. Due
to the factorization when ged(M,N) = 1, it suffices to demonstrate how to factorize the
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Z532,+Q—SymTFT into Zyr and Zyq components. In this case, the decomposition in (2.20) is

modified to
Ay =Nl +a , Bg1=NPbii+bg1, (2.25)

where a1,bg_1 are Zyp-valued gauge fields and dl,l;d,l are Zpyaq-valued gauge fields. This
decomposition is supplemented by the additional shifts in the Zyp+q lift:

a1 —s a1 + NP — A\, a} — + N9\, ) (226
ba—1+—>bg—1+NPAy_1 , bg1+—>bg_1+NIAg_1—ANg_1.
Plugging this into the action, we get
g = 2m a1u5bd1+/a1u5bd1+ 2mi /dluébd_l, (2.27)
Np NpPt+a

up to integral terms. Here the mixed term can be interpreted as a sort of “mixed anomaly”
which requires the extension of the symmetry transformations above (2.26).

We can additionally check that the action in (2.27) realizes the operator spectrum for
Zggz,+q—SymTFT. Here, because of the gauge transformations in (2.26) that are necessary for

(0)

the action to be invariant under the Z,;, gauge transformations, the b4_;-surfaces must be of

the form
2mi k D, p+q
Wi = exp § T (N b1 + bd,l) . k=0, NPT _1 (2.28)
and the Wilson lines must be of the form
2mip -
szexp{NWf(Nqaﬁal)} , q¢q=0,...,NPTT 1, (2.29)

which together generate the topological operators of the nglﬂ SymTFT. Here the quantiza-
tion of operators has additional factors of 2r/NP*4 due to the fact that we are working with

the integral-valued fields.

2.3 Anomalies of Zg\g) in the SymTFT

One powerful feature of the SymTFT is that it provides a way to encode both the global
symmetries of a QFT and their anomalies [8, 17-19]. Although we do not say that the
SymTFT nor the symmetries are innately anomalous, any realization of the symmetry in
a QFT or conversely an action of the SymTFT (thought of as the TQFT with a quiche
boundary) on a QFT will be anomalous.

Let us illustrate how these anomalies can be realized in the case of the Zg\?) SymTFT

with an example. In 4d QFTs with a ZE\?) global symmetry, there is a unique, purely Zg\?)
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anomaly which can be given by the 5d SPT phase:®
1K

A= oz

/Al ANdA1 NdA7 (2.31)

where A; is the integral lift (i.e. U(1) representative) of a Zy gauge field which is normalized
e — N nez. (2.32)

In the SymTF'T, this anomaly is incorporated by adding a corresponding Chern-Simons term

K

1N
SSymTFT = e /da1 N b3 + 512

/a1 ANday Aday . (2.33)

One of the well known features of anomalies is that they prevent the gauging of corresponding
symmetry. In the context of the SymTFT, the Chern-Simons term obstructs the existence of
the Neumann boundary condition. We can see this as follows.%

First let us consider the theory with the action in (2.33). Adding the Chern-Simons term
has the effect of shifting the equations of motion:

Ndbs
27

da K
N—=0 |, + ——day ANda; =0 . (2.34)
2 82
Because of this, the Wilson line operator einfar ig still topological, and to see that the
b-surface is topological, we must use the fact that equations of motion imply da = 0.

The fact that the anomaly prevents Neumann boundary conditions can be seen directly
from studying these operators. The Chern-Simons term in the action above can be interpreted
as giving the W, operator a non-trivial expectation value

2 s
<Wp(2)> — eﬁfﬁ]p Llnk(Z,E,E) (235)

I

where here the Link is given by the triple self-intersection number [8, 35, 36]. Because of
this, condensing the W, operators in an attempt to construct the Neumann state from the
Dirichlet state as in (2.5) will lead to the empty state: |A) — 0. In this way, the anomaly
prevents the Neuamann boundary state.

We can also solve for the possible boundary conditions by studying the Lagrangian: they
are given by the Lagrangian subspaces of phase space so that the boundary contribution to

5In terms of discrete cohomology elements, this anomaly is given by

21

A= N | @ UB(a1) U B(ar) . (2.30)

5In the SymTFT literature [8, 9, 17-19], the anomaly is said to obstruct the existence of a “fiber functor.”
Physically, this is the existence of a pair of boundary conditions which are “orthogonal” in phase space. In
other words, there are no pair of boundary conditions that we can impose on the interval so that the path
integral describes the trivially gapped phase. In terms of the boundary QFT, this is the statement that an
anomaly obstructs the theory from flowing in the IR to a trivially gapped phase.
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the variation of the action vanishes. The boundary variation can be computed directly as:

1N iK
0S5, = — dar AN | b3+ ——=a1 ANd =0. .
SymTFT = 5 . ay < 3+ N a1> (2.36)
Here, the boundary conditions can be reduced to solving:
Nbg K
1) 5a1‘Xd =0 or 2) ? + mal AN dal}Xd =0. (237)

Here, the first condition is the standard Dirichlet boundary condition. The second boundary
condition, is the would-be Neumann boundary condition; however, there are several problems
with 2.). First, the boundary conditions are not compatible with the bulk equations of
motion. Since the boundary conditions are not compatible with the bulk equations of motion
(in addition to not being gauge invariant), the space of solutions to the boundary conditions
intersects the bulk phase space transversely except for where a1 A da; = 0 and b3 = 0. These
restrictions are over determined — they do not form a Lagrangian subspace of phase space —
and hence do not form good boundary conditions.” Indeed, if there was a Neumann state that
was constructed in this way, we would be able to trivialize the SymTFT (which corresponds to
the existence of a trivially gapped phase) by considering the sandwich between the Dirichlet
and Neumann state. However, it is well known that these anomalies obstruct the existence
of a trivially gapped phase.

3 SymTFT for U(1)® Symmetry

In this section we discuss the SymTFT for describing U(1) global symmetries. Here, we first
present the SymTFT and study its operator content on a closed manifold Y;41 and then study
the canonical quantization of the theory on Xy x R;. Next we consider the SymTFT on the
quiche configuration where we describe its possible gapped boundaries and the behavior of
the bulk operators on the boundary. Using this, we then describe how the SymTFT couples
to a QFT on the interval and discuss the behavior of the U(1)(®) symmetry and the operators
of the SymTFT in the QFT.

We then discuss how different IR phases of a QFT with U(1) global symmetry are realized
in the SymTFT and how to realize different global structures of the U(1)(®) symmetry. Finally,
we conclude the section with a discussion of how the SymTF'T can be used to couple the QFT
to non-flat connections and we additionally comment on the dynamical gauging of the U(1)
Symmetry.

The (d+ 1)-dimensional SymTFT for a U(1)®) global symmetry in a d-dimensional QFT

is described the action .
)

S—/ da 1/\7Ld, 1, (3.1
o Y P+ D )

"Technically, one could consider the theory for which a1 A da; = 0, however it is not usually what we mean
by Zn BF theory (it would require some additional interaction or restriction on the path integral) and indeed
would correspond to a strange global symmetry for which we only allow ourselves to couple to Zx bundles
with this extra constraint that trivializes the putative anomaly.
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where a, is a p-form U(1) gauge field and ha_1 is a (d — p — 1)-form R gauge field. For
simplicity, we will focus on the case where p = 0 for the rest of this section, and drop the
subscripts denoting the rank of the form. It is straightforward to generalize our discussion to
the case with generic p.
Let us begin by studying the topological operators in the theory. From a;, we can
construct the Wilson line
Wn(y) =e"h®, nez. (3.2)

Similarly, one can construct the surface operator from Ed,lz
o) = § i, (33)
r

which is gauge invariant as %d_l is a R gauge field. It is convenient to introduce the Wilson
type surface operator of the form

Wa(D) = eiefch o co,1), (3.4)
which has non-trivial braiding with the operator W, (v):
<Wn(’}/)Wa(F)> _ eZTrinaLink('y,F) . (3'5)

Here, « effectively takes value in [0,1) because the flux sum over the di% forces Q(I') to be
valued in 277Z, thus W, (I') where n € Z should be identified as the identity operator as we
will show momentarily.

3.1 Canonical Quantization

In order to study the SymTFT placed on X4 x [0, 1] where X, is a compact d-dim manifold,
one must understand the boundary conditions of the SymTFT. As is standard for TQFTs,
the topological boundary conditions can be described in terms of the states of the TQFT
where we canonically quantize along the same manifold. Here we will perform this canonical
quantization to derive the allowed boundary conditions.

For simplicity, we will assume H?(Xy,Z) is torsion free (or equivalently, there is no
torsion 1-cycle in Xy) throughout the paper. A boundary condition is specified by a state in
the Hilbert space quantized on X4, which we now study following [37]. For simplicity, we will
take X4 = T but the result generalizes to X, with no torsion 1-cycle straightforwardly. For
this, consider placing the theory on X; x Ry, and rewrite the action as

L oo N N N
S:Z/ dt/ aAh+ aidh+ da A hy (3.6)

27 —00 X4
where we have decomposed any n-form w = w+ dt Aw; into a n-form w and a (n —1)-form wy

on X4, and we use d to denote the exterior derivative on X . We also suppress the subscript
denoting the degree of the forms to simplify the equations.
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We immediately see that h; and a; are Lagrangian multipliers enforcing da = @ = 0.
Together with the gauge transformation of the a and E, we learn that the classical phase space
containing flat U(1) connections a and flat R connections E modulo gauge transformations.
It is then convenient to introduce operators

Xv—f v e H\(T%,2) = 7",

(3.7)

Or = jl{h, TeH; (1T%,2)=7".
r

Notice that while Or is gauge invariant, X, is not and the large gauge transformation of a
will shift X, — X, + 27n where n € Z. To proceed, we now take the basis {7;}¢ ; and
{T; }j:1 for H1(Xg4,7Z) and Hy—1(Xg4,7Z) such that their intersection numbers satisfy

#(%’ n Fj) = (51']' . (3.8)

Let us denote the corresponding operators X,,, Qr; as X; and Q;. Due to the intersection of
7, L', we find the commutation relations

[Xi, Q]] = 27Ti5ij . (39)

The Hilbert space can be constructed by viewing the operator X; as the coordinate and Q;
as the momentum. Notice the large gauge transformation which forces X; ~ X; 4+ 27 means
the system is a particle on a ring, therefore the eigenvalues of the momentum operator Q;
must be quantized. There are two complete orthonormal lzag‘es of the Hilbert space. One
ik-X

basis (Dirichlet) diagonalizes the Wilson line operators e and are spanned by |6) for

0 € (R/2nZ)% where
¢Xi|gh = i g) = e%|0) | e T9)g) = |0+ 2ra) (3.10)

where @ € (R/Z)?. Here we can then interpret the eigenvalues €% as describing the holonomy
of flat U(1) connection on T

The other basis (Neumann) diagonalizes the Q; operators and is spanned by |¢;) for
7 € 2nZ% where

Qild) =ald) , *¥|g) =g 2xk) . (3.11)
The two basis obey the standard orthonormality conditions

Because these bases offer a resolution of the identity, the partition function will satisfy cutting
and gluing conditions, as we would expect from a Lagrangian QFT, one the TQFT axioms set
out in [38]. However, we would like to point out that our SymTFT violates one axiom which
requires the Hilbert space associated to a compact manifold X, to be finite dimensional. This
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is standard for example in 2d fusion category symmetries where the SymTFT is captured by
its Drinfeld center, which automatically satisfies the finiteness axiom and forms a modular
tensor category (MTC). Therefore, one should be cautious in applying results there that
follow from these axioms.

In our case, however, not only are the spectrum of the bulk line operators not finite (which
is required by the definition of a MTC), but also they are parameterized by a continuous
variable valued in R/Z (together with an integer Z). We will leave the proper description of
the mathematical structure together with understanding how to generalize the known results
on TQFTSs satisfying the Atiyah axioms to future study.

These two bases are related by the Fourier series transform

=

1 i =7
0= Gz 2 1D (3.13)

ge2nzd

Note that one can see that in both the Dirichlet and Neumann bases, that the integer h-Wilson
surfaces, here written as e < acts as the identity operator.

Quantizing the theory on a generic manifold X; will lead to a basis of states labeled
by gauge inequivalent flat U(1) connection A’s on X; which diagonalize the Wilson lines

operators
cthe4) = e $ A 4). (3.14)

Acting with the Wilson surface operator ¢ $r2 on the other hand will shift the background

2mic #(yNI)

field by introducing an additional non-trivial holonomy e along the 1-cycle v which

has non-trivial intersection with T'.

3.2 Gapped Boundaries of the SymTFT and Coupling to a QFT

We can also derive the allowed boundary conditions/states for the quiche from the Lagrangian
perspective. This will be beneficial for studying the case where the SymTFT has additional
couplings which arise for example in the case of QF T's with anomalous U(1) global symmetries.

The consistent boundary conditions of the theory are given by the (gauge invariant) sub-
spaces of field space for which the boundary contribution to the action vanishes. For the U(1)
SymTFT, the variation of the action leads to boundary term

7 ~
5sybnd=_? SaAh . (3.15)

T X4

In addition, the construction of the SymTFT requires quotienting by the gauge transforma-
tions that are non-trivial on the boundary due to the state-boundary correspondence. Thus,
we require that the gauge transformation of the action also vanishes:

i ~ -~
SgaugeS | yg = 5 /X daAX , Sh=d\. (3.16)
d
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The topological boundary conditions are therefore given by either 1.) fixing a‘bn g=Atobea
flat gauge field while h fluctuates, or 2.) by fixing h g — 0 while allowing a to fluctuate®. The
first of these is the Dirichlet boundary condition while the second is the Neumann boundary
condition.

Here, we focus on the following two type of topological boundary conditions:

1. The path integral sums over a such that a|bn 4 = A up to gauge transformation where

A is a flat connection, as well as h such that %‘Im , 1s flat and has integer holonomy;

2. The path integral sums over P such that mbn 4 = 0 up to gauge transformations and all

flat connections a .
bnd

The first of these is the Dirichlet boundary condition while the second is the Neumann bound-
ary condition.

Let us focus on the Dirichlet boundary condition. Here, the fact that we only fix the
boundary condition a‘bn 4 = A up to gauge transformation is due to the fact that we require
gauge invariant boundary conditions and matches the result from the canonical quantization.
The corresponding states, which we denote as |A), are labelled by gauge inequivalent flat
U(1) connections A € HY(X4,R/Z) on Xy

Ay e Hx, , AcH' (X4R/Z). (3.17)

Thus, in the path integral we are only fixing a‘bn 4 up to gauge transformations which means
that the boundary variation of a is given by a gauge transformation 5a} pa — dp and the
vanishing of the boundary variation of the action

i — .
5S‘bnd:_27r/x danh=—g_ | donh, (3.18)
d d

requires d%‘ png = 0 and frﬁ € 2nZ for I' € Cy_1(X4,7Z). As a result, the h Wilson surface

operators are topological on the boundary and the integer h Wilson surface operators et d
act as trivial operators.

We would like the derive the inner product of the Dirichlet boundary conditions from
the path integral. Let us compute the partition function on Y;41 = Xy x [0,1] and fix the
boundary conditions a‘ =01 = Ar.r up to gauge equivalence.

With these boundary conditions, we can rewrite the action as

i - ~ ~
S =— ANdh + — Ar Nhr —Ap AN h
- /Y andi+ o | (ALARL = Arnhe) (3.19)

where h L/R = %‘ 1.1 Tespectively which are flat R connections with 27Z holonomies.

8We can additionally fix 71|bnd # 0 by adding a boundary term as we will discuss later in this section.
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Now we would like to compute the partition function with these boundary conditions:
(Ar|AR). Let us integrate out the bulk gauge field a. This imposes a constraint on h:

(Ar|AR) = / (] 6(dR) e37 xaALrhL—Ariha) (3.20)

This delta function localizes the path integral to the constrained space of R-valued gauge
fields h which satisfy:

—dhy =0 , dh=0. (3.21)

>

The first of these imposes that h L= h R+ dx where A = — fol dt ﬁt and the second imposes
hr € Z%71(Xy4;277Z). The path integral then localizes:

(AL|AR) = /[dﬁL] e# Jx,(AL—=AR)ARL+ALAIX
d (3.22)
= /[d/\] o7 Ixg(AL=ARINN _ 5([AL — AR]) ,

where in the second step we replace the integral over flat connections with 277 holonomy
hy, with the integral over U(1) (d — 2)-form connection A. Notice that this is valid (up to a
normalization factor) because Ay — Ap is a flat connection, therefore only the flux sum d\
would contribute non-trivially and reproduce the holonomy sum of ﬁL. Here, we see that
the inner product enforces that A; — Ap is the trivial cohomology class which we denote as
d([AL — AR)), reproducing the inner product from canonical quantization in (3.12).

Now we would like to discuss the Neumann boundary condition. From the previous
discussion, we expect this class of boundary condition is labelled by gauge inequivalent flat
R connections mbn ; With 27Z holonomies, or equivalently, (d — 1)-form Z gauge fields. This
holonomy can be conveniently represented as the flux part of the field strength dB of a
boundary U(1) (d — 1)-form gauge field B. To realize such a boundary conditions, we add
the additional gauge invariant boundary term

7
nd = — ANdB . 2
Sb d o / a (3 3)
This modifies the boundary variation of the action
i ~
65,.4= —%/5(1 A (h—dB), (3.24)
so that the Neumann boundary conditions are given by fixing

mbn 4 = dB up to R gauge transformation (3.25)

while allowing a to be a general flat U(1) connection on the boundary, which guarantees the
vanishing of (3.23) and the gauge variation (3.16). Because of this, we can naturally identify
the Neumann boundary condition

Nas) = /A ] eI A (3.26)
0
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where A /G is the space of flat U(1) connections modulo gauge transformations where By_o
is a (d — 2)-form U(1) gauge field.” Note that the phase labeled by dBy_» is similar to the
case of the standard (i.e. dynamical) gauging of the U(1) symmetry except that for flat gauge
fields the Neumann boundary condition only depends on the flux dB;_s instead of the full
(d — 2)-form gauge field By_s.

This decomposition allows us to compute the inner product of the Neumann boundary
conditions:

<NdB\NdB/> = / [dA] [dA’] <A\A’> efﬁ J(AndB—A'NdB’)
Ao/G | (3'27)
= /A /g[dA] eaw J ANdB—dB') _ 5[dB]7[dB/] .
0

Notice that because the A integral is only taken over the space of flat U(1) connections, it
only sets equals the flux of the B and B’ up to R gauge transformations, which we denote as
d1aB),[aB1)- Note that these fluxes, and therefore the Neumann states themselves, are classified
by a set of integers and have an inner product of the form of a Kronecker delta function as

we found in the canonical quantization.

Now, let us describe the operator content of the SymTFEFT in the presence of the two
boundary conditions. With the Dirichlet boundary condition |A), the a-Wilson lines are
diagonalized as in the case of canonical quantization. Due to the linking of the a-Wilson lines
and h-Wilson surfaces, we see that the h-Wilson surface acts non-trivially on the boundary
state:

eofoh|Ay = |4 | A— A =2rad(T). (3.28)

Additionally, as in the case of the Zx; SymTFT, the Wilson lines can end terminate on the
boundary to construct defect Hilbert spaces.

In the Neumann boundary condition, the h-lines are diagonalized by the boundary state.
Due to the action of the h-surfaces on the Dirichlet states, we see that:

eiafﬁ’NB> _ eiade‘NB> ) (3'29)

The fact that ¢ Ed € 277 is also reflected in the canonical quantization computation from
the previous section as in (3.11). Similarly, the action of the a-Wilson line shifts:

" |Np) — [Np) . dB'—dB=2mni(y) . (3:30)

Now we are ready to describe how to couple the SymTFT to QFT. Let’s consider a d-dim
QFT T on X4 with U(1)(® global symmetry. In the SymTFT on X4 x [0,1]; the QFT lives

9Here we will implicitly normalize our path integral by the (regulated) volume of Ao/G = H'(X4;U(1)),
but will suppress the normalization factor for convenience.
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(QFT| D)

Figure 4: An operator O,, with charge n under the U(1)() symmetry in the SymTFT is
captured by a Wilson line stretching between O,, on the QFT boundary (blue) and a point
on the Dirichlet boundary (orange). The Wilson surface W, becomes the U(1) symmetry
operator.

at t = 0 while the quiche boundary lives at ¢t = 1. The QFT boundary is naturally described
by a state

@rr| = | [dA] Zr14] (4], (3.31)
HY(X4,R/Z)

where Z7[A] is the partition function of the theory T coupled to flat background U(1) con-
nection A’ on Xj.

Pairing the QFT state with a Dirichlet boundary state |A) on the quiche boundary effec-
tively leads to the inner product of the two boundary states (QFT|A). Using the orthogonality
of the Dirichlet states, we recover the partition function of the theory 7 coupled to the flat
U(1) connection A:

(QFT|A) = Z7[A] . (3.32)

With the Dirichlet pairing, a local operator O, in the QFT with charge n under the
U (1)(0) symmetry is captured a Wilson line that stretches across the slab so that the quiche
boundary state is an element of the defect Hilbert space as shown in the Figure 4. Here the
action of a U(1)(®) symmetry operator on O, is captured by encircling the end point of the
Wilson line on the Dirichlet boundary with the associated operator W, (T').

Generically, in a QFT with U(1)®) symmetry there are codimension-2 (non-topological)
surface operators S, bounded by the corresponding U(1) symmetry operator.'® As a result,
around the these operators, the background gauge field has holonomy e where o € U(1). In

10T hese operators will become the more familiar Gukov-Witten surface operators (which are also sometimes
known as Aharanov-Bohm strings) in the phase where we gauge the U (1)(0) symmetry [39, 40].
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Wa
Sa Sa
QFT| D) QFT

Figure 5: A non-local codimension-2 surface operator S, bounding the open U(l)(o) Sym-
metry operator in the QFT is described by the Wilson surface W, terminates on the operator
Sa-

the sandwich picture, these S, in the QFT boundary are constructed from a W, (I") surface
terminating on the QFT boundary. However, since W, (I') can not end on the Dirichlet
boundary, the W, operator must extend along the Dirichlet boundary when it reaches the
end of the interval as shown in Figure 5. After shrinking the sandwich, the tail of W, on the
Dirichlet boundary condition naturally becomes the U (1)(0) symmetry operator that bounds
So in the QFT.

Similarly, we can couple the QFT state with the Neumann boundary condition:

(QFT|Np) = / [dA] Z7[A] e2x $ ANE (3.33)
Ao/G

This is the partition function where we have performed a “flat gauging” of the U(1) symmetry
— i.e. we have summed over only flat gauge U(1) connections with a phase determined by
a fixed choice of ﬁ‘ g € H 9=1(Xy4;Z) which we represent as the flux of the “dual” U(1)
background gauge field B. While the above mathematical manipulation is allowed, it is
slightly unclear what the correct physical interpretation of such a gauging is. We will leave a
discussion of such a gauging to future discussions.

3.3 Spontaneous Symmetry Breaking of U(1) Global Symmetry

An important feature of the SymTFT is that it provides a tool which an be used to classify
the possible IR phases of generic QFT's that realize a given symmetry structure. Due to its
topological nature, the SymTFT is particularly well suited to classify the possible topological
phases that can realize a certain categorical symmetry.!? These topological phases can be

71t is certainly an interesting question whether or not one can use the SymTFT to additionally classify the
conformal phases that can realize a given symmetry. Classifying such conformal phases would correspond to
classifying the conformal boundary conditions of the SymTFT. We will not classify these conformal boundary
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achieved by considering the possible (topological) states (QFT| and how they can be paired
with the topological states of the quiche boundary [2, 8-22, 41, 42].

First, let us consider the case where (QFT| = (Np| with the quiche boundary condition
|A). As in the case of the ZS\?) SymTFT, since the two bases of boundary conditions are

fourier transforms of each other, we see that the partition function:
(QFT|A) = (Np|A) = / [A(A/| A e27 Jxg A1B _ o3r [xg ANE
Ao/G

encodes the trivial SPT phase for the U(1)(®) symmetry.'?
Another phase of U(1) global symmetries is the case when there is spontaneous symmetry

(3.34)

breaking. In the case of a Zy global symmetry, the spontaneous symmetry breaking phase
is described by the Dirichlet state. The reason is that the Dirichlet boundary conditions
encapsulate the E—symmetry operators (which realize the domain walls) as well as charged
operators (in the defect Hilbert spaces) which act as the order parameter.

For continuous symmetries, the arguments from Zy generalize straightforwardly. This
implies that the QFT phase that realizes the spontaneous symmetry breaking should also be
realized by a Dirichlet state, possibly dressed by a non-trivial phase. Indeed, we can see this
by noting that the orthogonality relation for the Dirichlet-Dirichlet boundary conditions can
be rewritten in the more suggestive way as

(A|A) = 6([A— AT]) = /[dw] (A - A —dyp), (3.35)

where ¢ is a periodic scalar field corresponding to gauge transformation parameter of the
U(1) gauge field. Since ¢ is a periodic scalar field dp € H'(X4;Z) and we are imposing a
Dirac delta function on the cohomology classes [A] — A;] € HY(M;U(1)).

Here we see that the inner product can be interpreted as the partition function over the
field configuration space of a U(1)-valued Goldstone boson. This is suggestive that we should
identify this phase with the spontaneous symmetry breaking (SSB) phase of the U(1)(®) global
symmetry without a kinetic term.

In order to determine the correct (QFT| = (SSB| to describe the spontaneous symme-
try breaking, we would like to also match the partition function of the Goldstone mode by
(QFT|A). To incorporate the kinetic term, we consider the state

58| = [ a4 e by | A L e i XTRCEY
0 0
and it’s straightforward to check that

(SSB|A) = / (diple™ 72 Jx, (Bt Aot a) (3.37)

conditions here, but will give to a couple important examples. See [12] for a discussion of conformal boundary
conditions in the SymTFT for finite symmetries.

12 Actually, the pairing (Ngp|A) is a non-trivial SPT of the U(1)(® x Z(?~2) global symmetry where Z(¢~2
is the “dual” quantum symmetry described by the Neumann conditions. But it is the trivial SPT if we restrict
to the U(1)<0) symmetry by fixing dB4s—2 = 0.
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which reproduces the partition function of a Goldstone boson coupling to a flat U(1) connec-
tion A.

As one can see, the (SSB| breaks the topological invariance, therefore does not represent
a topological boundary condition of the SymTFT. This is not a surprise as the standard
kinetic term for the Goldstone boson breaks topological invariance but preserves conformal
symmetry, so (SSB| can be interpreted as a conformal boundary condition of the SymTFT. In
a general QFT, the IR phase at finite energies will exhibit quantum corrections. Indeed, the
standard U(l)(o) SSB phase will generically have higher order corrections as well as couplings
to other dynamical sectors. These theories can still be consistently coupled to the U(1)
SymTFT due to the non-linearly realized U(1) symmetry. They will have a different (i.e.
non-conformal) (QFT| state which includes the higher order corrections.

We conclude by mentioning that the state corresponding to the spontaneously symmetry
breaking of U(1)/Zy subgroup of U(1) can be constructed similarly following (3.36)

<SSBN| — /[dA] /[dgp]e_ﬂ:'lz fxd(dlp—i-NA)/\*(dsD—i-NA)(A’ ) (3.38)

3.4 Global Form of Symmetry: U(1) vs U(1)/Zy

Now let us discuss how the global form of the U(1) global symmetry is realized. Here by the
global form of the symmetry we mean fixing our global symmetry to be U(1) (where the unit
charge is 1) v.s. U(1)/Zn (where the unit charge is N).

It is straightforward to write down the SymTFT for U(1)/Zy symmetries, where we
simply need to replace the U(1) gauge field a1 to be the U(1)/Zx gauge field in the action
(3.1). Notice that we can also start from a U(1) SymTFT and gauge a Zg\lf)—form symmetry
to get the U(1)/Zyx SymTFT.

To see this, one could rewrite the U(1)(?-SymTFT as a coupled theory between (U(1)/Zy)©)-
SymTFT and a Zy-SymTFT:

S = L /da1 /\Ed—l + Z]V/dAl NBg_1— Z]V/dal NBg_1 (3.39)
2 27 27
where a1 is a U(1)/Zy gauge field and A;, By are U(1) gauge fields and Ed_l is a R gauge
fields. We want to emphasize here that because a; is a U(1)/Zy gauge field, it is not possible
to absorb aj into A; and the last term is indeed non-trivial.
Without the coupling term between U(1)/Zn-SymTFT and Zn-SymTFT, the spectrum
of topological operators are given by

ez‘qNﬁ{m7 eia§rﬁd—1’ q €7, aE[O,l/N)a

ind A in ¢ B (3.40)
e e -1 nelyn, neELy.

When there is a coupling, the way the flux sums identify operators is modified. The flux sum

of ¢ dB;;r” € 7, instead of identifying the charge N A;-Wilson line N ¢ 41 with the trivial
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operator, now identifies that line with the minimal a;-Wilson line (which is of charge N as
ay is a U(1)/Zn connection)

eiNggw Al o eiNﬁ/ “a (3.41)

Because of this, we can match the U(1) line operator spectrum:
W, ~ eltfa x ipN § A1 , n=qg+ Np where ¢qe{0,---,N—1}. (3.42)
Similarly, the flux sum of ¢ dQ% € %Z identifies
e Fha-1 o ¢i§ B (3.43)
which extends the U(1)/Zy to U(1) and we can match the symmetry operators as
Wa ~ eio/fffldfleiq‘de—l , a = O/ + % , (344)
where o/ € [0,1/N) and ¢ € {0,---,N — 1}. It is straightforward to check that these
identifications preserve the desired braiding relation to describe a U(1)-SymTFT.

To get the U(1)/Z-SymTFT itself, we only need to gauge the Zg\lf)—symmetry generated by
the surface operator e $ Ba-1_ This will project out all the A;-Wilson lines, thereby effectively
setting Bq_1 = A; = 0 in the action (3.39) and resulting in the (U(1)/Zy)®)-SymTFT.

The form of U(1)@-SymTFT (3.39) also allows us to naturally describe some other
boundary conditions one can get with U(1)(?-SymTFT. For instance, starting with U(1)(®
global symmetry and gauging a Zg\?) subgroup will lead to the symmetry (U(1)/Zy)© x
ng,l_g) -form symmetries with a mixed 't Hooft anomaly. The new symmetry is described by

the same U(l)(o)—SymTFT, and the discrete gauging is simply realized by picking different
boundary states'3

1 AN [ AYUBg 1| 4
Ay; By = e2m IXa TP Ay + A
‘ >U(l)/ZN VIHY X4, ZN)] Afleng(;%?ZN) ‘ >U(1) (3.45)

where A, is a U(1)/Zy gauge field with a choice of U(1) lift Ay, and the field By_; is the
background gauge field for the dual ZS\C,l_m symmetry. On the other hand, the description
of the U(1) SymTFT in (3.39) is more natural for simultaneously realizing the (U(1)/Zy)®
)

symmetries is the one generated by condensing the a;-Wilson lines together with the By_1-

and dual Z%_Q) symmetry: the boundary condition realizing (U(1)/Zy)© x Zg\‘?_2 global

Wilson surface operators and the coupling term characterizes the mixed ’t Hooft anomaly

between (U(1)/Zx)©® and 2%72).

3Note that the general boundary condition (including this discrete gauging) can come with an additional
topological term for the Zg\(,)) gauge field and the U(1) gauge field. We will not consider these additional terms
in this paper.
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3.5 Non-Flat Connections and Dynamical U(1) Gauging

In this subsection, we will describe how to realize non-flat connection in the SymTFT and
also give a description of dynamical U(1) gauging in the SymTFT. We want to warn the
readers that the construction here is quite different from the one in conventional SymTFT:
the boundary states corresponding to the non-flat connections are not states in the SymTFT
Hilbert space, but rather states in some defect Hilbert space. Subsequently, the sandwich
description of the dynamical U(1) gauging is achieved by coupling a U(1) gauge theory to
the SymTFT where the monopole (charged operators) and the symmetry operators of the
dual U (1)(d_3) magnetic symmetry both live on the boundary, but can be pushed into the
SymTFT bulk by a change of variables.

We will first describe how we can realize Dirichlet boundary conditions with non-flat
connection. As discussed previously, imposing the Dirichlet boundary condition ai|pgy = A1
where dA; # 0 violates the gauge invariance due to a surface term under gauge transformation.
On the other hand, it is possible to cancel this by adding a bulk term.

To see this, we go back to the action in terms of decomposed fields on Xy x [0, 1]

. 1 _ _ _
5:2/ dt/ aAh+ aydh + da ATy (3.46)
2 0 X4

and consider adding an extra bulk term

. 1

AS = -1 dt/ dA ATy | (3.47)
2 Jo X,

where A is a generic U(1) connection along Xy-direction and does not depend on ¢t. Adding

AS does not affect the boundary term arising from the variation of the action, but will

introduce non-trivial surface term under the gauge transformation to ensure gauge invariance

when the boundary value a; is non-flat. To see this, notice that the gauge transformation of

the decomposed fields are

E—>E+Q, %tﬁﬁt—d}\vt'i-z?

(3.48)
a—a+dp, a—a+ ¢,
where we decompose the gauge transformation parameter A for h = h+dX as
AX=dtAN+A. (3.49)
Then, we find, up to total derivative along X  direction,
S|
B ~
5gaugeS - Z/ dt 7(@/\3) )
2 0 Xy at
(3.50)

i 1 0 ~
5gaugE(AS) = _% 0 dt . a(ﬂ/\é) )
d
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so that S + AS is gauge invariant. Thus, one can realize a non-flat U(1) connection as the
Dirichlet boundary condition of a; on the boundary by adding the term (3.47).

In the special case where 5-dA is the Poincare dual of some (d—2)-cycle ¥ € Hy_o(Xq4,Z),
the bulk term

i orl 7 . el 7 i h
e—AS — 627\' fO dthd @/\ht — erO dth ht = erZx[O,l]t h (351)

is nothing but an integer h Wilson surface extending along the t-direction — more generally it
is a smeared h-Wilson surface given by (3.47). This means we should interpret the boundary
states representing the U(1) connections whose field strength is 27d2(X) should be viewed

as a state in the defect Hilbert space of the operator e Joxpo, P, Based on this, we then
view a generic state representing a non-flat connection A, as a state |A,f)) in the defect
Hilbert space Hr where F is the field strength associated to the connection A,;. Here use
the notation |A)) to differentiate states in defect Hilbert spaces Hp from the Hilbert space
of the theory.

Notice that if [Ar)) and |A;, ;)) belong to the same defect Hilbert space Hp, then A; , —
Apy is a flat connection, as the corresponding AS for the two connections are identical. Their
inner product is then computed identically to before except that there is a non-zero base-point
connection A, .

Proceeding as before, we find that after imposing large gauge invariance on the bound-
aries, the inner product on a defect Hilbert space Hp is given by

/ (A — A) A d)\> —S([A=A)) (3.52)
Xa

(1) = [iaes (5

™

where |A)),|A")) € Hp and X is (d — 2)-form U(1) gauge field which serves as a Lagrangian
multiplier to set A = A up to gauge transformation.

We can then define the extended Hilbert space H = @D Hr as the formal sum over all
defect Hilbert spaces. The inner product on each H g then lifts to H as

(A1) = [N a0 a4 (3.53)

for |A)),|A")) € 7{. The QFT state can be naturally extended to a state in 7 by incorporating
the non-flat connections as:

(QFT| = /A /g[dA']ZﬂA']e‘Z?fXd AN ) (3.54)

where A/G is the space of all U(1) connections modulo gauge transformations.
In a similar spirit, one can define an “extended Neumann” state

INg)) = /A aa) o) (3.55)

where By_9 is a background (d — 2)-form U(1) gauge field. Notice that since the extended
Neumann state sums over non-flat gauge fields A, the state |[Np)) depends on the the full
data of the (d — 2)-form gauge field By_s.
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Evaluating the inner product then leads to the partition function of the theory 7 with
U(1) dynamically gauged

<<QFT‘NB>> — / [dA/] {dA] Z’T[A/] efﬁ fXd dA//\*dA/+# fXd dAANB <<A/|A>>
A/G
U [ [dAN[dA) Zr[Ane 3 Sxa BN A T AANB 5 L (AN g

N g

_ /A/g[dA] Zr1A] o507 Iy AN AT [ dANB Z7juw(Bl -

This inner product has the bulk interpretation of summing over all insertions of integer
h-Wilson surfaces with fixed end points on the QFT and quiche boundaries up to bulk topo-
logical deformations.

In order to study the operators in this theory, we can rewrite the path integral as

~ 1 ’ 14 i 7
(QFTINg)) = [ a4 dA)(da)[dh) Zr (e 57 Ixa M50 Py 0D Do a0

(3.57)
where the path integral over A, A’ is taken over all U(1) connections on X,y and the path
integral over a is taken over all the a’s with the boundary condition al(—g = A’ and af=1 = A
up to a gauge transformation. Notice on the domain where A" — A is not flat, then the
SymTFT part of the action is not gauge invariant and therefore the total contribution to the
partition function on this domain will vanish identically.

Here, we see that the bulk theory is modified by the appearance of an extra dynamical
field A along the Xy direction, which leads to a TQFT like picture of the magnetic quantum
U(1)(4=3) symmetry. Namely, the charge n codim-3 monopole operator placed on ¥ C X in
the QFT can be lifted to a (non-topological) codim-3 monopole operator for a; supported on
I' =X x [0,1]; in the bulk that lives at the end of a charge n h-surface operator. The surface
ia§ dA’

operator e wrapping o C X then lifts to the non-trivial operator e $ox (103 4 (due to

its linking with the bulk monopole operator) and plays the role of the U(1)(4=3) symmetry

operator. The operator ' $oxito) 4

can then be pushed to the quiche boundary (t9 — 1)
where it becomes the operator e’ $, 44 Because of this, we can physically interpret the state
|Np)) as introducing a free U(1) gauge theory on the quiche boundary (described by A) which
is then identified with the dynamical degrees of freedom of the 7 /U(1) theory (described by
A") by computing the path integral over the bulk degrees of freedom (described by a,ﬁ).
Although the boundary state |[Np)) is not a standard boundary condition in the SymTFT
since it is a formal sum over boundary conditions with bulk operators inserted, this construc-
tion is still useful for understanding U (1) global symmetries in QFTs as we will demonstrate
in the next section. We will leave the search for a SymTFT which realizes all U(1) connections

as genuine states in the Hilbert space to future study.
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4 Applications

In this section we discuss several applications and extensions of our construction of the Sym-
metry TQFT for U(1) global symmetries.

4.1 U(1)© ‘¢t Hooft Anomalies

First we would like to discuss how anomalies of U(1) global symmetries are incorporated into

the U(1)-SymTFT. Here we will focus on the cubic anomaly of a single U(1)(®) in a 4d QFT

which is given by the 5d anomaly SPT:!
IR
2472

/ a1 Nday Adaq . (4.1)
Y5

In the SymTFT such an anomaly is encoded by adding an analogous Chern-Simons term so
that the total bulk action is
iR

2472

SZZ/ dalA}VL3+
2 Ys

/ a1 Nday Adaq . (4.2)
Y5

This additional term has several effects. First, let’s consider the operators in the bulk. The
5d CS term modifies the equation of motion of a; to be

df}vlg = 8%da1 Aday . (4.3)

Generically, this implies that the h-surface operator €' $rhs is no longer topological in the
bulk. Furthermore, similar to the case of Zy-SymTFT discussed in Section 2.3, the surface
operator e’® $vh3 in the bulk now has non-trivial self triple intersection. This implies that
we can not consistently construct the Neumann boundary condition by the condensation of
these operators on the boundary [8, 17, 18] and therefore we can not realize a trivially gapped
phase via pairing with the Dirichlet boundary with the Neumann boundary.

To demonstrate this as well as other effects of the 5d CS term, we study the SymTFT
placed on a manifold with boundary. The surface terms on the boundary from the variation
of the action and the gauge variation are given by

oS = — dai N\ (7L3 + iCLl A da1> ,
bnd 27T X4 67T (4 4)
1 ~ K )
6gauges‘bnd = - ; day N Ao + Byl /X pday Nday
4 4

where the gauge transformation is given by a1 — a1 + do, 713 — 77:3 + dXs. Notice that the
anomaly term leads to a boundary contribution to the gauge variation of the action.

4The 5d anomaly SPT phase is the Chern-Simons term whose variation is a boundary term which describes
the variation of the partition function. In terms of the descent formalism, the derivative of the 5d SPT action
is the “anomaly polynomial” which is an integral-quantized characteristic class.
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On the other hand, if the boundary value a; ‘bn , 1s flat, then the extra contribution due
to the 5d CS term vanishes. Therefore, it is straightforward to define a Dirichlet bound-
ary condition realizing flat U(1) background gauge field following the previous construction
in Section 3.2. Furthermore, the vanishing of da; also guarantees that the el on the
boundary is topological and realizing the U(1) global symmetries.

One way to see that this anomaly obstructs the Neumann boundary condition for a; is
the following. From (4.4), we see that the Neumann boundary conditions, which are described
by the solutions to

71,3 + 6%611 A daq o =0, (4.5)
are not compatible with the bulk equation of motion (4.3). Thus we recover the well-known
fact that the anomaly of U(1) global symmetry prevents the existence of trivially gapped
phase realizing anomalous U(1) symmetry [43].

Now, we want to demonstrate that the SymTFT (4.2), when turning on non-flat connec-
tions on the boundary, produce the anomalous phase familiar in the 4d QFT. In this case, we
must carefully define the path integral. With the bulk defect term (3.47) to source a non-flat
boundary gauge field, the variation of the action is modified to

1 ~ K
5(S+AS ‘ — 2 say A (hs+ 2ay Aday)
(§+ ) bnd 27 Jx, a ( 3+ 67Ta1 al) (4.6)
i ~ 1K ’
auge A = 5 —dA .
(5g g (S + S) b o » (da1 d 1) A Ao + Y /X4 pdai N day

Naively, one may want to define the path integral as summing over the bulk a; gauge field
such that al‘ wna = A1 up to gauge transformations. However, this leads to non-vanishing
surface term under gauge variation as

K

Ogauge(S + AS) nd 2472

/ pdA1 NdAL #0 (4.7)
Xy

for generic A; and ¢.

To construct the gauge invariant quiche state, one can start with the path integral where
one sums over all bulk gauge field a; such that al{ pa = A1, and sum over all the gauge
transformations A; — A; + dep.

Notice that a boundary gauge transformation can be described by a bulk gauge trans-
formation a; — a; + dy where dgp’bnd # 0. Such a gauge transformation will shift aq|p,q to
a1|pnd + d@|pnd, and therefore relates different strict Dirichlet boundary conditions (where we
do not sum over boundary gauge transformations in the path integral and fix the boundary
value of a; exactly) which we denote |A))o. Note that these are not physical states in the
Hilbert space as we have not yet imposed gauge invariance. This allows us to compute that
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the strict Dirichlet states transform with a phase under a boundary gauge transformation:

0= hjeSlat] = e pdiph] — o dh] e~Sla'—deh
|4)) /[dadh]e Sla.h] /[dadh]e Slatdip—dyp,h] / [da’ dh) S[a’—dgp,h]

alpna=A alpna=A a'|ppg=A+de

L P (1)
a/ |yna=A+dyp

= eﬁ fX4 pdALndAy ’A + d(p>>0 .
In order to construct gauge invariant states, we must integrate over the gauge orbit of a

strict Dirichlet states with an additional anomalous phase:
) = [l sz Du et g (1.9

In the setting of the SymTFT, this phase naturally arises from pairing the gauge-dependent
state with a partition function that exhibits the same anomalous phase. This does not affect
the construction of the extended QFT state (3.54) since the theory 7 has the corresponding
't Hooft anomaly. Namely, the combination ({A1|Z7[A1] is gauge invariant provided that
ZrlA +dx] = ZT[Al]e_ﬁ Jxs XdAlAdAl, therefore the extended QFT state

dA, Axd A,

(QFT| = /A (dAY) Zr[Ay] ¢ P o{(44] (4.10)

remains well-defined. The extended Dirichlet state for the quiche boundary can additionally
be cured by dressing the state with a the bulk SPT phase as described in [2]:

A)) = / (dg] Zspr[A +de] |A+ dg)o - (4.11)

Physically, this is analogous to the statement that the SymTFT is Witt equivalent to the
anomaly SPT phase by condensing Wilson lines, for our case where the topological theory
has an infinite-dimensional Hilbert space/set of Wilson lines.

The inner product between ((QFT| and |A)) then computes the gauge invariant combi-
nation of the partition function that is dressed by the (d 4 1)-dimensional SPT phase:

((QFT|A) = Zqrr[A] X Zspr[A] . (4.12)

The extended Neumann state (3.55), on the other hand, is ill-defined, consistent with the fact
that one can not dynamically gauge the U(1) symmetry when there is an anomaly.

4.2 Mixed U(1)©® x U(1)® Anomaly and Non-Invertible Q/Z Symmetry

In a 4d theory with U(l)i?) x U (1)((10) global symmetry we can write down the SymTFT as

i ~ -
Suyxu() = 2W/aleu Ahs+dAr N Hs . (4.13)
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These symmetries admit a mixed anomalies: without loss of generality we will consider the
case where the theories have a mixed U(1)2 x U(1) 4 anomaly. This anomaly will prevent the
existence quiche boundary conditions which realizes the symmetries as simultaneously gauged

in the QFT. However, it does not prevent boundary conditions which realizes the U(l)go) or

U(l)(j) as gauged in the QFT. However, in the phase where U(l)go) is gauged, the U(l)i?)
will exhibit an ABJ anomaly.’® As discussed in [46, 47], a U(1)(® global symmetry in a 4d
QFT with an ABJ anomaly of this type should be converted into a non-invertible (Q/Z)(©
global symmetry. Here we will demonstrate how the U (1) x U(1)(®) SymTFT will capture
this non-invertible symmetry with the appropriate choice of quiche boundary conditions.

In the SymTFT, the U(1)2 x U(1) 4 anomaly can be accounted for by adding the term

AS = ik/A1 p do1 1 doy (4.14)
8
When we add this coupling, the allowed boundary variation is modified:
55‘ = Z‘/(5611/\ E3+£A1/\da1 +(5A1/\ﬁ3 . (4.15)
bnd o 2

As in the case of the U(1) self-anomaly, these boundary conditions do not allow simultaneous
Neumann boundary conditions for ay, A;.
The anomaly also changes the bulk equations of motion for Hs, hs:

_ ok -k
dHs + —dai ANda1 =0 , dhs+ —dAi Ada; =0. (4.16)
A7 27

These are not compatible with the Neumann boundary conditions described by the boundary
variation of the action in (4.15). We would like to comment that one can add a boundary
term to the action which allows us to choose either the h or H equations of motion to be
compatible with the corresponding Neumann boundary condition. However, there does not
exist a boundary term that makes both of them simultaneously compatible — this is prevented
by the term describing the anomaly.

On a closed manifold without boundary the ﬁg, 1?[3 surfaces are topological due to the
other equations of motion:

da1 dAl

“an_oy o Y. 417

2 2w ( )

However, in the presence of a boundary we can turn on daj,dA; # 0 in which case the
hs, Hs-surfaces may not be topological.

Here we will consider fixing the Dirichlet boundary condition for A; so that A is a flat

gauge field. In the case with flat Dirichlet boundary conditions for ai, the Hj3 surface is

topological. However, for generic boundary values of a; — such as in a generic defect Hilbert

15 Alternatively, in the phase where U(1)4 is gauged, U(1), participates in a 2-group [44, 45]. We will not
discuss this scenario in this paper.
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space where a; is not flat — the ﬁg surfaces are not topological except for the surfaces of the
form e'# $(Hs+ra1Adar)  Thig is consistent with the fact that upon dynamically gauging the
global U(l)((lo) symmetry, the corresponding ABJ anomaly will break the group-like symmetry
U (1) A Zk.

However, as discussed in [46, 47], the ABJ anomaly for a U(1)(®) global symmetry trans-

0) global symmetry.

mutes the broken group-like symmetry into a non-invertible Q/ YA
To realize this Q/Z non-invertible symmetry in the U(1)? Symmetry TQFT, we can
construct the topological operator associated to the H-surface by dressing the bare H-surface

with a fractional quantum hall state

D Y] = AVP[Syay] x ethe s pg= % , (4.18)
where ANP[a1] is the minimal Zy TQFT [48] which satisfies
S AVP[S: ] = AVP[D: ] x e s S (419)

This composite operator D,[3] is topological as the non-topological nature of the H3-Wilson
surface and ANP[%; a1] cancel. However, due to the non-trivial structure of the product of the
ANP[S; a1] operators [48], the D,[¥] will now generate a non-invertible symmetry structure
(46, 47].

This operator Dy[X] is innately topological (i.e. independent of the boundary condition).
However, when we take a; to have (flat) Dirichlet boundary conditions, the operator factorizes
into the product of two topological operators — one of which is the group-like ﬁ[g—Wilson

surface.

5 Comments on Continuous Non-Abelian 0-form Symmetries

In this section we will propose a Symmetry TQFT for a non-abelian, continuous 0-form global
symmetry. Our proposal is a simple extension of the U(1) SymTFT where we interpret R as
the Lie algebra of U(1).

Let us take G to be a continuous non-abelian Lie group and consider a G gauge field a;
and a g = Lie[G]-valued (d — 1)-form gauge field hy_1. Here we will consider the case where
hq—1 transforms under the adjoint representation of G. We can then construct a topological
action

S = 2;_/ Tr [fg VAN hdfl] , (5.1)

where f5 is the field strength of a;. Using this action to define a quantum theory is more

subtle than the U(1) case as the non-abelian gauge transformations requires one to introduce

ghost fields or use BRST/BV-quantization. In this paper, we will not discuss such subtleties.
The equations of motion

fo=0, Dh41=0, (5:2)
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where D is the covariant exterior derivative, imply that the Wilson line W = TrP eifa ig
topological. As mentioned in the introduction, the definition of a gauge invariant h-surface is
subtle because the notion of path ordering, which is necessary for non-abelian gauge invari-
ance, does not naturally extend to surface operators of higher dimension.

In this theory we can still diagnose the possible boundary conditions. This can be done
from the Lagrangian formalism either by doing canonical quantization'® or by looking at the
boundary conditions from the variation of the action as above. Here we will take the approach
of studying the boundary variation of the action.

The boundary variation of the action and the gauge variation of the action are given by

5S‘bnd = /X Tr[bay A hg—] 5gauges‘bnd = /X Tr[fa A Xg—2] - (5.3)
d d

We then see that there are two boundary conditions

1. ap is fixed and flat up to gauge transformations and Dh = 0 with the constraint that
Tr[A § hq—1] € 27Z where A is any co-root of G;

2. hq_1 = 0 up to gauge transformations and a; flat.

Boundary condition 1.) is the natural Dirichlet boundary condition |A;) while 2.) is naturally
the Neumann boundary condition |N). As in the case of the U(1) gauge field, this SymTFT
straightforwardly accommodates flat G-gauge fields. However, it is unclear how to construct
the analogous defect Hilbert spaces that allow for G-gauge fields with non-trivial characteristic
classes since it is unclear how to construct the corresponding gauge invariant h-surfaces as
discussed above.

The Dirichlet boundary conditions clearly form an orthogonal set among the space of flat
G-connections modulo gauge transformations as any pair of (gauge) inequivalent connections
will require a non-trivial field strength in the bulk which will be projected out by the inte-
gral over h. The Neumann boundary conditions can then be constructed by summing over
Dirichlet boundary conditions as the G-connection is free on the boundary.

When coupling to the QFT, we can define the QFT state as above

(QFT| = /A /g[dAﬂ Zqrr[Ai] (Al , (5.4)

where the path integral is over the space of flat G-connections Ay modulo gauge transforma-
tions G. The Dirichlet boundary condition then exhibits the coupling of the QFT to a flat
background gauge field:

(QFT[A1) = Zgpr[Ai] - (5.5)

1Here is one place where the subtlety associated to ghost fields arises. As is standard, the canonical
quantization of the non-abelian gauge theory requires projecting onto gauge invariant states which requires
BRST/BV quantization or the introduction of ghost fields.
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Additionally, this SymTFT has the capacity to encode the anomalies of G global

symmetries. This can be accomplished by introducing the corresponding Chern-Simons term

S— 2;/ T [fo A 1] —i—i/C’S,{[al] , (5.6)

where C'S;[ai1] is the Chern-Simons polynomial with coefficient x € Z of the G-connection a;.

As above, this will make the Neumann boundary condition ill defined and obstructs us from
gauging the G(©) global symmetry in the QFT.

Because this TQFT we proposed above captures these universal features of G(©) global
symmetries, we believe that this does indeed describe the G(©) SymTFT. We believe it is an
interesting open problem to understand this TQFT, its operator spectrum, and categorical
description in general dimension. In d = 2 dimensional QFTs (i.e. a 2+ 1d SymTFT), this
symmetry has been studied as the topological sector of 3d N = 4 twisted G(©) gauge theory
in [26-29] and directly studied in 4d in [30, 31].

Acknowledgements

The authors would like to thank Ken Intriligator, John McGreevey, Po-Shen Hsin, Ibrahima
Bah, Konstantinos Roumpedakis, Dan Freed, Gregory Moore, Sakura-Schafer-Nameki, Tudor
Dimofte, Theo Jacobson, and especially Thomas Dumitrescu for helpful discussions. TDB
is supported by Simons Foundation award 568420 (Simons Investigator) and award 888994
(The Simons Collaboration on Global Categorical Symmetries). Z.S. is supported by the US
Department of Energy (DOE) under cooperative research agreement DE-SC0009919, Simons
Foundation award No. 568420 (K.I.), and the Simons Collaboration on Global Categorical
Symmetries on the initial stage of this project.

References

[1] C. Cordova, T. T. Dumitrescu, K. Intriligator, and S.-H. Shao, “Snowmass White Paper:
Generalized Symmetries in Quantum Field Theory and Beyond,” in Snowmass 2021. 5, 2022.
arXiv:2205.09545 [hep-th].

[2] D. S. Freed, G. W. Moore, and C. Teleman, “Topological symmetry in quantum field theory,”
arXiv:2209.07471 [hep-th].

[3] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, “Generalized Global Symmetries,” JHEP
02 (2015) 172, arXiv:1412.5148 [hep-th].

[4] S. Schafer-Nameki, “ICTP Lectures on (Non-)Invertible Generalized Symmetries,”
arXiv:2305.18296 [hep-th].

[5] T. D. Brennan and S. Hong, “Introduction to Generalized Global Symmetries in QFT and
Particle Physics,” arXiv:2306.00912 [hep-ph].

[6] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden, D. S. W. Gould, A. Platschorre, and
H. Tillim, “Lectures on Generalized Symmetries,” arXiv:2307.07547 [hep-th].

— 36 —


http://arxiv.org/abs/2205.09545
http://arxiv.org/abs/2209.07471
http://dx.doi.org/10.1007/JHEP02(2015)172
http://dx.doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
http://arxiv.org/abs/2305.18296
http://arxiv.org/abs/2306.00912
http://arxiv.org/abs/2307.07547

[7] S.-H. Shao, “What’s Done Cannot Be Undone: TASI Lectures on Non-Invertible Symmetry,”
arXiv:2308.00747 [hep-th].

[8] J. Kaidi, E. Nardoni, G. Zafrir, and Y. Zheng, “Symmetry TFTs and anomalies of
non-invertible symmetries,” JHEP 10 (2023) 053, arXiv:2301.07112 [hep-th].

[9] J. Kaidi, K. Ohmori, and Y. Zheng, “Symmetry TFTs for Non-invertible Defects,” Commun.
Math. Phys. 404 no. 2, (2023) 1021-1124, arXiv:2209.11062 [hep-th].

[10] L. Kong, T. Lan, X.-G. Wen, Z.-H. Zhang, and H. Zheng, “Algebraic higher symmetry and
categorical symmetry — a holographic and entanglement view of symmetry,” Phys. Rev. Res. 2
no. 4, (2020) 043086, arXiv:2005.14178 [cond-mat.str-el].

[11] F. Apruzzi, F. Bonetti, I. n. Garcia Etxebarria, S. S. Hosseini, and S. Schafer-Nameki,
“Symmetry TFTs from String Theory,” Commun. Math. Phys. 402 no. 1, (2023) 895-949,
arXiv:2112.02092 [hep-th].

[12] L. Bhardwaj, L. E. Bottini, D. Pajer, and S. Schafer-Nameki, “The Club Sandwich: Gapless
Phases and Phase Transitions with Non-Invertible Symmetries,” arXiv:2312.17322 [hep-th].

[13] F. Apruzzi, F. Bonetti, D. S. W. Gould, and S. Schafer-Nameki, “Aspects of Categorical
Symmetries from Branes: SymTFTs and Generalized Charges,” arXiv:2306.16405 [hep-th].

[14] L. Bhardwaj and S. Schafer-Nameki, “Generalized Charges, Part II: Non-Invertible Symmetries
and the Symmetry TFT,” arXiv:2305.17159 [hep-th].

[15] M. van Beest, D. S. W. Gould, S. Schafer-Nameki, and Y.-N. Wang, “Symmetry TFTs for 3d
QFTs from M-theory,” JHEP 02 (2023) 226, arXiv:2210.03703 [hep-th].

[16] Z. Sun and Y. Zheng, “When are Duality Defects Group-Theoretical?,” arXiv:2307.14428
[hep-th].

[17] C. Zhang and C. Cérdova, “Anomalies of (1 4 1)D categorical symmetries,” arXiv:2304.01262

[cond-mat.str-el].

[18] C. Cordova, P.-S. Hsin, and C. Zhang, “Anomalies of Non-Invertible Symmetries in (3+1)d,”
arXiv:2308.11706 [hep-th].

[19] A. Antinucci, F. Benini, C. Copetti, G. Galati, and G. Rizi, “Anomalies of non-invertible
self-duality symmetries: fractionalization and gauging,” arXiv:2308.11707 [hep-th].

[20] M. Cveti¢, J. J. Heckman, M. Hiibner, and E. Torres, “Fluxbranes, Generalized Symmetries,
and Verlinde’s Metastable Monopole,” arXiv:2305.09665 [hep-th].

[21] F. Baume, J. J. Heckman, M. Hiibner, E. Torres, A. P. Turner, and X. Yu, “SymTrees and
Multi-Sector QFTs,” arXiv:2310.12980 [hep-th].

[22] J. A. Damia, R. Argurio, and E. Garcia-Valdecasas, “Non-invertible defects in 5d, boundaries
and holography,” SciPost Phys. 14 no. 4, (2023) 067, arXiv:2207.02831 [hep-th].

[23] G. T. Horowitz, “Exactly Soluble Diffeomorphism Invariant Theories,” Commun. Math. Phys.
125 (1989) 417.

[24] J. M. Maldacena, G. W. Moore, and N. Seiberg, “D-brane charges in five-brane backgrounds,”
JHEP 10 (2001) 005, arXiv:hep-th/0108152.

— 37 —


http://arxiv.org/abs/2308.00747
http://dx.doi.org/10.1007/JHEP10(2023)053
http://arxiv.org/abs/2301.07112
http://dx.doi.org/10.1007/s00220-023-04859-7
http://dx.doi.org/10.1007/s00220-023-04859-7
http://arxiv.org/abs/2209.11062
http://dx.doi.org/10.1103/PhysRevResearch.2.043086
http://dx.doi.org/10.1103/PhysRevResearch.2.043086
http://arxiv.org/abs/2005.14178
http://dx.doi.org/10.1007/s00220-023-04737-2
http://arxiv.org/abs/2112.02092
http://arxiv.org/abs/2312.17322
http://arxiv.org/abs/2306.16405
http://arxiv.org/abs/2305.17159
http://dx.doi.org/10.1007/JHEP02(2023)226
http://arxiv.org/abs/2210.03703
http://arxiv.org/abs/2307.14428
http://arxiv.org/abs/2307.14428
http://arxiv.org/abs/2304.01262
http://arxiv.org/abs/2304.01262
http://arxiv.org/abs/2308.11706
http://arxiv.org/abs/2308.11707
http://arxiv.org/abs/2305.09665
http://arxiv.org/abs/2310.12980
http://dx.doi.org/10.21468/SciPostPhys.14.4.067
http://arxiv.org/abs/2207.02831
http://dx.doi.org/10.1007/BF01218410
http://dx.doi.org/10.1007/BF01218410
http://dx.doi.org/10.1088/1126-6708/2001/10/005
http://arxiv.org/abs/hep-th/0108152

[25]

[26]

[27]

[32]

[33]

[34]

T. Banks and N. Seiberg, “Symmetries and Strings in Field Theory and Gravity,” Phys. Rev. D
83 (2011) 084019, arXiv:1011.5120 [hep-th].

A. Ballin, T. Creutzig, T. Dimofte, and W. Niu, “3d mirror symmetry of braided tensor
categories,” arXiv:2304.11001 [hep-th].

K. Costello, T. Creutzig, and D. Gaiotto, “Higgs and Coulomb branches from vertex operator
algebras,” JHEP 03 (2019) 066, arXiv:1811.03958 [hep-th].

K. Costello and D. Gaiotto, “Vertex Operator Algebras and 3d N' = 4 gauge theories,” JHEP
05 (2019) 018, arXiv:1804.06460 [hep-th].

N. Garner, “Twisted Formalism for 3d N/ = 4 Theories,” arXiv:2204.02997 [hep-th].

A. S. Cattaneo, P. Cotta-Ramusino, J. Frohlich, and M. Martellini, “Topological BF theories in
three-dimensions and four-dimensions,” J. Math. Phys. 36 (1995) 6137-6160,
arXiv:hep-th/9505027.

A. S. Cattaneo, P. Cotta-Ramusino, F. Fucito, M. Martellini, M. Rinaldi, A. Tanzini, and
M. Zeni, “Four-dimensional Yang-Mills theory as a deformation of topological BF theory,”
Commun. Math. Phys. 197 (1998) 571-621, arXiv:hep-th/9705123.

A. Antinucci and F. Benini, “Anomalies and gauging of U(1) symmetries,” arXiv:2401.10165
[hep-th].

F. Apruzzi, F. Bedogna, and N. Dondi, “SymTh for non-finite symmetries,” arXiv:2402.14813
[hep-th].

F. Bonetti, M. Del Zotto, and R. Minasian, “SymTFTs for Continuous non-Abelian
Symmetries,” arXiv:2402.12347 [hep-th].

Z.-F. Zhang and P. Ye, “Topological orders, braiding statistics, and mixture of two types of
twisted BF theories in five dimensions,” JHEP 04 (2022) 138, arXiv:2104.07067 [hep-th].

P. Putrov, J. Wang, and S.-T. Yau, “Braiding Statistics and Link Invariants of
Bosonic/Fermionic Topological Quantum Matter in 241 and 3+1 dimensions,” Annals Phys.
384 (2017) 254-287, arXiv:1612.09298 [cond-mat.str-el].

S. Elitzur, G. W. Moore, A. Schwimmer, and N. Seiberg, “Remarks on the Canonical
Quantization of the Chern-Simons-Witten Theory,” Nucl. Phys. B 326 (1989) 108-134.

M. Atiyah, “Topological quantum field theories,” Inst. Hautes Etudes Sci. Publ. Math. 68
(1989) 175-186.

S. Gukov and E. Witten, “Gauge Theory, Ramification, And The Geometric Langlands
Program,” arXiv:hep-th/0612073.

S. Gukov and E. Witten, “Rigid Surface Operators,” Adv. Theor. Math. Phys. 14 no. 1, (2010)
87-178, arXiv:0804.1561 [hep-th].

L. Bhardwaj, L. E. Bottini, D. Pajer, and S. Schafer-Nameki, “Gapped Phases with
Non-Invertible Symmetries: (1+1)d,” arXiv:2310.03784 [hep-th].

L. Bhardwaj, L. E. Bottini, D. Pajer, and S. Schafer-Nameki, “Categorical Landau Paradigm
for Gapped Phases,” arXiv:2310.03786 [cond-mat.str-el].

— 38 —


http://dx.doi.org/10.1103/PhysRevD.83.084019
http://dx.doi.org/10.1103/PhysRevD.83.084019
http://arxiv.org/abs/1011.5120
http://arxiv.org/abs/2304.11001
http://dx.doi.org/10.1007/JHEP03(2019)066
http://arxiv.org/abs/1811.03958
http://dx.doi.org/10.1007/JHEP05(2019)018
http://dx.doi.org/10.1007/JHEP05(2019)018
http://arxiv.org/abs/1804.06460
http://arxiv.org/abs/2204.02997
http://dx.doi.org/10.1063/1.531238
http://arxiv.org/abs/hep-th/9505027
http://dx.doi.org/10.1007/s002200050465
http://arxiv.org/abs/hep-th/9705123
http://arxiv.org/abs/2401.10165
http://arxiv.org/abs/2401.10165
http://arxiv.org/abs/2402.14813
http://arxiv.org/abs/2402.14813
http://arxiv.org/abs/2402.12347
http://dx.doi.org/10.1007/JHEP04(2022)138
http://arxiv.org/abs/2104.07067
http://dx.doi.org/10.1016/j.aop.2017.06.019
http://dx.doi.org/10.1016/j.aop.2017.06.019
http://arxiv.org/abs/1612.09298
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1007/BF02698547
http://dx.doi.org/10.1007/BF02698547
http://arxiv.org/abs/hep-th/0612073
http://dx.doi.org/10.4310/ATMP.2010.v14.n1.a3
http://dx.doi.org/10.4310/ATMP.2010.v14.n1.a3
http://arxiv.org/abs/0804.1561
http://arxiv.org/abs/2310.03784
http://arxiv.org/abs/2310.03786

[43] S. R. Coleman and B. Grossman, “’t Hooft’s Consistency Condition as a Consequence of
Analyticity and Unitarity,” Nucl. Phys. B 203 (1982) 205-220.

[44] C. Cérdova, T. T. Dumitrescu, and K. Intriligator, “Exploring 2-Group Global Symmetries,”
JHEP 02 (2019) 184, arXiv:1802.04790 [hep-th].

[45] F. Benini, C. Cérdova, and P.-S. Hsin, “On 2-Group Global Symmetries and their Anomalies,”
JHEP 03 (2019) 118, arXiv:1803.09336 [hep-th].

[46] C. Cordova and K. Ohmori, “Noninvertible Chiral Symmetry and Exponential Hierarchies,”
Phys. Rev. X 13 no. 1, (2023) 011034, arXiv:2205.06243 [hep-th].

[47] Y. Choi, H. T. Lam, and S.-H. Shao, “Noninvertible Global Symmetries in the Standard
Model,” Phys. Rev. Lett. 129 no. 16, (2022) 161601, arXiv:2205.05086 [hep-th].

[48] P.-S. Hsin, H. T. Lam, and N. Seiberg, “Comments on One-Form Global Symmetries and Their
Gauging in 3d and 4d,” SciPost Phys. 6 no. 3, (2019) 039, arXiv:1812.04716 [hep-th].

— 39 —


http://dx.doi.org/10.1016/0550-3213(82)90028-1
http://dx.doi.org/10.1007/JHEP02(2019)184
http://arxiv.org/abs/1802.04790
http://dx.doi.org/10.1007/JHEP03(2019)118
http://arxiv.org/abs/1803.09336
http://dx.doi.org/10.1103/PhysRevX.13.011034
http://arxiv.org/abs/2205.06243
http://dx.doi.org/10.1103/PhysRevLett.129.161601
http://arxiv.org/abs/2205.05086
http://dx.doi.org/10.21468/SciPostPhys.6.3.039
http://arxiv.org/abs/1812.04716

	Introduction and Summary
	SymTFT Review
	ZN SymTFT
	Reducing to ZMZN SymTFT
	Anomalies of ZN(0) in the SymTFT

	SymTFT for U(1)(0) Symmetry
	Canonical Quantization
	Gapped Boundaries of the SymTFT and Coupling to a QFT
	Spontaneous Symmetry Breaking of U(1) Global Symmetry
	Global Form of Symmetry: U(1) vs U(1)/ZN
	Non-Flat Connections and Dynamical U(1) Gauging

	Applications
	U(1)(0) `t Hooft Anomalies
	Mixed U(1)(0)U(1)(0) Anomaly and Non-Invertible Q/Z Symmetry

	Comments on Continuous Non-Abelian 0-form Symmetries

