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THE PRIMITIVE COMPARISON THEOREM IN CHARACTERISTIC p

BEN HEUER

Abstract. We prove an analogue of Scholze’s Primitive Comparison Theorem for proper
rigid spaces over an algebraically closed non-archimedean field K of characteristic p. This
implies a v-topological version of the Primitive Comparison Theorem for proper finite type
morphisms f : X → Y of analytic adic spaces over Zp. We deduce new cases of the Proper
Base Change Theorem for p-torsion coefficients and the Künneth formula in this setting.

1. Introduction

Let C be an algebraically closed complete field extension of Qp. The so-called Primitive
Comparison Theorem, due to Scholze [Sch13a, Theorem 1.3][Sch13b, Theorem 3.17], following
earlier work of Faltings [Fal02], is a fundamental result in p-adic Hodge theory relating étale
and coherent cohomology: It says that for any proper rigid space X over C, the natural map

Hn
ét(X,Fp)⊗OC/p→ Hn

ét(X,O+/p)

is an almost isomorphism for any n ≥ 0. The Primitive Comparison Theorem has seen plenty
of applications in recent years, evidencing its importance: Originally introduced by Scholze
in the proof that Hn

ét(X,Fp) is finite [Sch13a, Theorem 5.1], it has since been used as a
crucial ingredient to construct the Hodge–Tate spectral sequence [Sch13b, Theorem 3.20], to
prove p-adic Poincaré duality [Zav21, Theorem 1.1.4][Man22, Theorem 1.1.1], various results
on the arithmetic of Shimura varieties [Sch15, Theorem IV.2.1][Pan22, Theorem 4.4.2], local
constancy of higher direct images in étale cohomology [SW20, Theorem 10.5.1], and Proper
Base Change for p-torsion coefficients [BH22, Theorem 3.15], to name just a few applications.

1.1. The Primitive Comparison Theorem over Fp((t)). The first goal of this article is
to prove a very close analogue of the Primitive Comparison Theorem in characteristic p:

Theorem 1.1. Let K be an algebraically closed non-archimedean field over Fp((t)). Let X be
a proper rigid space over K. Then for any n ≥ 0, the natural map

Hn
ét(X,Fp)⊗Fp

OK/t ∼−→ Hn
ét(X,O+/t).

is an almost isomorphism which is compatible with Frobenius actions.

At first glance, this may seem surprising from the perspective that in general, the dimension
of the étale cohomology dimFp

Hn
ét(X,Fp) can be strictly smaller than that of the coherent

cohomology dimK Hn
ét(X,O). However, we will argue that Theorem 1.1 should be regarded as

a result about the perfection Xperf. In fact, we deduce it from the following stronger result:

Theorem 1.2. Let L be any Fp-local system on Xét. Then for any n ≥ 0, the natural map

Hn
ét(X,L)⊗Fp

OK → Hn
ét(X

perf ,L⊗Fp
O+)

is an almost isomorphism, compatible with Frobenius actions. Second, the sequence

0→ Hn
an(X,L⊗O)φ-np → Hn

an(X,L⊗O)→ Hn
an(X

perf ,L⊗O)→ 0

is short exact, where −φ-np denotes the subspace on which the Frobenius φ is nilpotent.
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2 THE PRIMITIVE COMPARISON THEOREM IN CHARACTERISTIC p

In particular, this yields a canonical and functorial decomposition

Hn
an(X,L⊗O) = Hn

an(X,L⊗O)φ-np ⊕Hn
ét(X,L)⊗Fp

K.

As an example application, Theorem 1.2 implies the analogue of [Sch13a, Theorem 1.1] in
characteristic p, namely that Hn

ét(X,L) is a finite group for any n ∈ N. Indeed, we have

dimFp
Hn

ét(X,L) ≤ dimK Hn
an(X,L⊗O)

where L⊗O is a vector bundle, and equality holds if and only if φ is bijective on Hn
an(X,O).

1.2. A v-topological relative version over Zp. Scholze deduces from the Primitive Com-
parison Theorem a relative version for any smooth proper morphism f : X → S of locally
Noetherian adic spaces over Qp: For any Fp-local system L on X , there is an almost isomor-
phism

Rnfét∗L⊗O
+
S /p→ Rnfét∗(L⊗O

+
X/p)

of sheaves on Sét (we refer to §2.3 for the definition of almost isomorphisms in this setting).
As a consequence of Theorem 1.1, this works more generally when S is an analytic adic space
over Zp. In fact, we also prove a more general variant of this comparison that works for the
much larger v-site Sv of S, as well as for other topologies. This is implicitly a comparison of
cohomology for the base-change X ×S S′ → S′ to any perfectoid space S′ → S:

Theorem 1.3 (v-topological Primitive Comparison). Let S be any analytic adic space over
Zp with a topologically nilpotent unit ̟ ∈ O(S). Let f : X → S be a proper morphism of
finite type of adic spaces. Let L be an Fp-local system on X. Then for any n ≥ 0, the natural
morphism

(Rnfv∗L)⊗Fp
O+

S /̟ → Rnfv∗(L⊗Fp
O+

X/̟)

is an almost isomorphism of sheaves on Sv.

Here S could be an adic space over Qp or Fp((t)), but we also allow e.g. “pseudo-rigid

spaces” like S = Spa(ZpJT K〈Tp 〉[
1
T ]) which have geometric fibres in characteristic 0 as well

as p. Such spaces are of interest e.g. to the geometry of eigenvarieties in the context of
Coleman’s Spectral Halo [AIP18]. With an eye towards applications to p-adic families of
Galois representations, this is one motivation to study “t-adic Hodge theory” over Fp((t)).

1.3. Proper Base Change. As an application of the Primitive Comparison Theorem over
Fp((t)), we prove new cases of the Proper Base Change Theorem in the context of étale
cohomology of adic spaces: Huber showed such a result in the case of prime-to-p-torsion
coefficients [Hub96, Theorem 4.4.1]. The third goal of this article is to prove the missing case
of p-torsion sheaves (at least for local systems), following a strategy of Bhatt–Hansen [BH22,
§3] and Mann [Man22] over Qp. Together with Huber’s result, this combines to show:

Theorem 1.4. Let f : X → S be a proper morphism of finite type of analytic adic spaces
over Zp. Let L be an étale-locally constant torsion abelian sheaf on Xét. Let g : S′ → S be
any morphism of adic spaces and form the base-change diagram in locally spatial diamonds:

X ′ S′

X S.

g′

f ′

g

f

Then the base-change map
g∗Rfét∗L→ Rf ′

ét∗g
′∗L

is an isomorphism.

As an application, this implies a Künneth formula for rigid spaces (Theorem 5.6), extending
the case of prime-to-p-torsion sheaves due to Berkovich [Ber93, Corollary 7.7.3].

Our concrete motivation for Theorem 1.3 and Theorem 1.4 are applications to the study of
moduli spaces in p-adic non-abelian Hodge theory in [HX24]: Roughly speaking, by the idea
of “abelianisation”, it is possible in this context to understand Hodge theory of non-abelian
groups in terms of results in the relative Hodge theory of abelian groups, such as Theorem 1.3.
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2. Setup, Notation, Recollections

2.1. Rigid spaces. Throughout, we work with adic spaces in the sense of Huber [Hub94].
By a non-archimedean field, we mean a pair (K,K+) consisting of a field K equipped with an
equivalence class of non-trivial valuations on K with respect to which K is complete, together
with an open and integrally closed subring K+ ⊆ K. We can always take K+ to be the ring
of power-bounded elements OK = K◦, but we will also need to consider general K+. We
often omit K+ from notation when it is clear from context.

By a rigid space over K we mean by definition an adic space X → Spa(K,K+) that is
locally of topologically finite type over (K,K+). Accordingly, we say that a morphism of rigid
spaces is proper when it is proper in the sense of Huber, [Hub96, Definition 1.3.2]. When
K+ = K◦, then a rigid space X over (K,K◦) is proper in this sense if and only if it is the
adification of a classical rigid space in the sense of Tate that is proper in the sense of Kiehl.

More generally, we will mainly work with analytic adic spaces X over Zp. One criterion
that guarantees the sheafiness in this setting is the notion of sousperfectoid spaces of [HK].

2.2. Diamonds. To any analytic adic space over Zp, Scholze associates in [Sch22, §15] a
locally spatial diamond X♦, which is a v-sheaf on the site of perfectoid spaces over Fp. It is
given by sending Y to the set of isomorphism classes of tuples ((Y ♯, i), h : Y ♯ → S) where Y ♯

is an untilt of Y , i : Y ♯♭ ∼−→ Y is a fixed isomorphism, and h is a morphism of adic spaces.
We often drop the −♦ from notation and denote by Xqproét and Xv the quasi-pro-étale,

respectively the v-site of X♦ in the sense of [Sch13a, §14]. We also have the étale site of
X♦, which is canonically isomorphic to Xét by [Sch22, Lemma 15.6]. All of these sites are
ringed sites equipped with natural structure sheaves OXét

, OXqproét
and OXv

. For example,

the latter is given by sending ((Y ♯, i), h) to O(Y ♯). We often drop the index from notation.

2.3. Almost mathematics. We use almost mathematics in the sense of Gabber–Ramero
[GR03], in the following sheaf version from [Sch13a, Corollary 5.12]: If Y is an analytic adic
space, an O+-module N on Yét is defined to be almost zero if it is annihilated by the subsheaf
of ideals I ⊆ O+ given on U ∈ Yét by those elements of O+(U) which have valuation < 1
at every point of U . As usual, we then say that a morphism of O+-modules is an almost
isomorphism if kernel and cokernel are almost zero. When Y lives over a perfectoid field K,
this agrees with the usual definition in terms of the ideal of topologically nilpotent elements
of K+. For any diamond Y , we make the analogous definitions on the v-site Yv.

2.4. Cohomological comparisons. We will frequently use the following result of Scholze:

Proposition 2.1 ([Sch22, Proposition 14.7, Proposition 14.8]). Let X be any locally spatial
diamond. Let F be a sheaf of abelian groups on Xét and denote by ν : Xqproét → Xét and
µ : Xv → Xqproét the natural morphisms of sites. Then for any n ∈ N, the natural maps

Hn
ét(X,F ) ∼−→ Hn

qproét(X, ν∗F ) ∼−→ Hn
v (X,µ∗ν∗F )

are isomorphisms. Moreover, ν∗ and µ∗ are fully faithful.

For this reason, it is harmless to drop the pullbacks to simplify notation, and we will freely
regard any sheaf F on Xét as a v-sheaf without indicating this in the notation.

We are particularly interested in the case that X is an adic space over Spa(Fp). In this
case, the diamond X♦ is represented by a perfectoid space, namely the perfection Xperf of
X in the sense of [Sch15, Definition III.2.18]. In particular, we need to be more careful than
with étale sheaves when we are dealing with the natural structure sheaves: For example,



4 THE PRIMITIVE COMPARISON THEOREM IN CHARACTERISTIC p

the natural morphism OXét
→ ν∗OXqproét

is an isomorphism when X is perfectoid, but not
otherwise if X lives over Fp. On the other hand, we do have the following result for the
integral subsheaves O+ ⊆ O, which we will use freely throughout the following (we note,
however, that we will only need the “almost” version of this result, which is easier to see):

Proposition 2.2 ([Heu22, Corollary 2.15]). Let X be any sousperfectoid adic space over Zp

that has a topologically nilpotent unit ̟ ∈ O(X)×. Then for any n ∈ N, the natural maps

Hn
ét(X,O+/̟) ∼−→ Hn

qproét(X,O+/̟) ∼−→ Hn
v (X,O+/̟).

are isomorphisms (not just almost isomorphisms). This also holds when X is a rigid space.

Proof. The comparison of étale and v-cohomology is [Heu22, Corollary 2.15]. The comparison
to quasi-pro-étale cohomology follows from this: We clearly have

H0
ét(X,O+/̟) ⊆ H0

qproét(X,O+/̟) ⊆ H0
v (X,O+/̟)

and the composition is an equality, so the inclusions are equalities. For n ≥ 1, the presheaf
U 7→ Hn

v (U,O
+/̟) on PerfK vanishes after étale sheafification, hence also after quasi-pro-

étale sheafification. This implies the case of n ≥ 1. �

3. A Primitive Comparison Theorem in characteristic p

The aim of this section is to prove the absolute version of the Primitive Comparison
Theorem in characteristic p > 0: Let (K,K+) be an algebraically closed non-archimedean
field of characteristic p and let ̟ be a pseudo-uniformiser. Let X be a proper rigid space
over (K,K+). There is a natural homomorphism of K+/̟-modules

Hn
ét(X,Fp)⊗K+/̟ → Hn

ét(X,O+/̟),

exactly like in the Primitive Comparison Theorem in characteristic 0. The goal of this section
is to prove that, to our surprise, this turns out to be an almost isomorphism.

Definition 3.1. Let R be an Fp-algebra and denote by F the Frobenius. Let M be any
R-module equipped with an F -semilinear map φ : M → M . We denote the φ-nilpotent
subspace of M by

Mφ-np := {m ∈M | φd(m) = 0 for d≫ 0}.

By semi-linearity, this is clearly an R-submodule of M . The goal of this section is to show:

Theorem 3.2. Let X be any proper rigid space over (K,K+). Let L be an Fp-local system
on X. Then for any n ≥ 0:

1. The following natural map is an almost isomorphism compatible with Frobenius:

Hn
ét(X,L)⊗Fp

K+/̟
a
= Hn

ét(X,L⊗O+/̟).

2. The following natural map is an almost isomorphism compatible with Frobenius:

Hn
ét(X,L)⊗Fp

K+ a
= Hn

ét(X
perf ,L⊗O+).

3. Let φ = id⊗ F on L⊗O. Then there is a short exact sequence of K-vector spaces

0→ Hn(X,L⊗O)φ-np → Hn(X,L⊗O)→ Hn(Xperf ,L⊗O)→ 0.

The key idea for the proof is that the right place to look for a Primitive Comparison
Theorem in characteristic p is the perfection Xperf. Indeed, part 2 can be interpreted as a
“Primitive Comparison Theorem for the perfection Xperf”. The analogous statement of part
2 clearly becomes false if we replace Xperf by X : For example, for a supersingular elliptic
curve, we have H1

ét(X,Fp) = 0 but dimK H1
ét(X,O) 6= 0. In particular, the natural map

Hn
ét(X,O+)→ Hn

ét(X
perf,O+)

is in general not injective. However, by Proposition 2.2, we do have an isomorphism

Hn
ét(X,O+/̟) = Hn

v (X,O+/̟) = Hn
ét(X

perf ,O+/̟).

Indeed, this can be seen directly by considering the Frobenius F : O+/̟ → O+/̟p on Xét.
It is clearly injective. It is surjective because for any local section f of O+, the equation
T p +̟T + f defines a finite étale cover of X over which f acquires a p-th root T in O+/̟.
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Finally, we interpret part 3 of Theorem 3.2 as saying that the comparison of étale and
coherent cohomology on Xperf still gives a useful statement for X because the coherent
cohomology of Xperf can be described explicitly in terms of that of X . More explicitly:

Corollary 3.3. We have

Hn
ét(X,Fp)⊗Fp

K = Hn
ét(X,O)/Hn

ét(X,O)φ-np.

In particular,
dimFp

Hn
ét(X,Fp) ≤ dimK Hn

ét(X,O)

and equality holds if and only if φ is bijective on Hn
ét(X,O).

We deduce the following finiteness result which is an analogue of [Sch13a, Theorem 1.1]:

Corollary 3.4. For any n ∈ N, the group Hn
ét(X,L) is finite. It vanishes for n > dimX.

We note that the vanishing is in degrees > dimX , rather than for > 2 dimX as is the case
for Fl-coefficients for l 6= p, or in the case of characteristic 0.

Proof. By Kiehl’s Proper Mapping Theorem, Hn
ét(X,O) is a finite dimensional K-vector

space. By [dJvdP96, Proposition 2.5.8], it vanishes for n > dimX . �

Corollary 3.5. Let n ∈ N and set r(n) := dimFp
Hn(X,Fp). Then for F any one of the

sheaves O, O+a, O+a/̟ on PerfK , there are compatible Frobenius-equivariant isomorphisms

Hn(Xperf, F ) ∼= F (K)r(n).

Corollary 3.6. We have a canonical identification

Hn
ét(X,L) = Hn(X,L⊗O)φ=id.

Remark 3.7. Corollary 3.6 bears a close relation to the “Riemann–Hilbert correspondence
in characteristic p”:

1. It is closely related to the Riemann–Hilbert correspondence of Mann [Man22, §3.9,
Theorem 3.9.23], which also gives this statement, at least when X is smooth.

2. When X is algebraic, Corollary 3.6 is closely related to the Riemann–Hilbert corre-
spondence of Bhatt–Lurie: In particular, via the usual comparison theorems for étale
cohomology, [BL19, Theorem 10.5.5] also implies Corollary 3.6 in the algebraic case.

Finally, we obtain the following general vanishing result for “supersingular” varieties:

Corollary 3.8. Let n ∈ N. Let X be a proper rigid space over K such that the Frobenius on
Hn(X,O) is nilpotent. Let F be any one of the following sheaves on Xperf: O, O+a, O+a/̟,
Zp, Qp, Z/p

d for some d ∈ N, or O♯, O+a,♯, with respect to a fixed untilt of K. Then

Hn(Xperf , F ) = 0.

Proof. The case of O follows from Theorem 3.2.3, the case of Z/p from Theorem 3.2.2. All
other cases follow from these by long exact sequences and limits. �

Corollary 3.4 combines with previous results of Huber and Scholze to show the following:

Theorem 3.9. Let X → Spa(L,L+) be a proper rigid space over any non-archimedean field
(L,L+). Let F be any étale-locally constant torsion abelian sheaf of finite type on Xét. Then
for any n ∈ N, the group Hn

ét(X,L) is finite and vanishes for n > 2 dimX.

Proof. We can decompose F as the direct sum of its ℓ-primary parts for each prime ℓ to
reduce to the case that F is ℓ-power torsion. By considering ℓ-torsion subsheaves, we see that
F is a successive extension of Fℓ-local systems, hence we can reduce to this case. Let p be
the characteristic of the residue field of L. We now distinguish three cases:

In case that ℓ 6= p, the result is due to Huber: By [Hub96, Proposition 8.2.3(ii)], we can
without loss of generality assume that L+ = L◦. Then the result is [Hub07, Corollary 5.4].
The vanishing for n > 2 dimX is also due to Huber, [Hub96, Corollary 2.8.3].

In case that ℓ = p and char(K) = 0, the result is due to Scholze, [Sch13a, Theorem 1.1] in
the context of the Primitive Comparison Theorem.

In case that ℓ = p and char(K) = p, the statement is Corollary 3.4. �
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3.1. O+-cohomology is finitely generated. In this subsection, we can work with a general
non-archimedean field K over Zp with non-discrete value group Γ ⊆ R. Let OK = K◦ be the
ring of integers. Let ̟ ∈ OK be a pseudo-uniformiser.

For the proof of Theorem 3.2, we will draw on the strategies of [Sch13a, §2 and §5] and
the one surrounding [Sch12, Proposition 6.10], supplemented by some additional semi-linear
algebra input. We start with the following variant of the definitions in [Sch13a, §2]:

Definition 3.10. Let M,N be OK-modules and let ǫ ∈ Γ>0 := Γ ∩ R>0. We fix an element
̟ǫ ∈ K such that |̟ǫ| = |̟|ǫ.

1. We write M ≈ǫ N if there are morphisms of OK-modules fǫ : M → N , gǫ : N → M
such that fǫgǫ = ̟ǫidN , gǫfǫ = ̟ǫidM . We write M ≈ N if M ≈ǫ N for all ǫ ∈ Γ>0.

2. We say that M is almost finitely generated (resp. presented) if for all ǫ ∈ Γ>0, there
is a finitely generated (resp. presented) OK-module Nǫ such that M ≈ Nǫ.

3. We say that M is almost finite free of rank r if M ≈ Or
K for some r ∈ N.

4. M has bounded torsion if there is k ∈ N such that M [̟k] = M [̟l] for all l > k.
5. We say that M is bounded torsion if there is k ∈ N such that M = M [̟k].

Lemma 3.11. Any bounded OK-submodule M of Kr is almost finite free.

Proof. After rescaling, we may assume that M ⊆ Or
K . By [Sch13a, Proposition 2.8.(ii)], it

suffices to prove that M is almost finitely presented. The case of r = 1 is [Sch13a, Exam-
ple 2.4.(i)]. The statement then follows inductively using [Sch13a, Lemma 2.7.(ii)]. �

Lemma 3.12. Let X be a reduced proper rigid space over Spa(K,OK). Let V be a finite
locally free O+-module on Xét. Let U be an étale cover of X by finitely many affinoid rigid
spaces Xi → X. Then for any n ≥ 0, there is a short exact sequence

0→M → Ȟn(U , V )→ N → 0

where M is bounded torsion and N is an almost finite free OK-module.

Proof. Consider the Čech complex C+ := Č∗(U , V ). The complex C := C+[ 1̟ ] obtained by
inverting ̟ is a complex of Banach K-vector spaces that computes the coherent cohomology
Hn(X,V [ 1̟ ]) where V [ 1̟ ] is a vector bundle. By Kiehl’s Proper Mapping Theorem, this is a
finite dimensional K-vector space for all n. By [Mum70, §II.5 Lemma 1], it follows that there
is a bounded complex of finite dimensional K-vector spaces L with a quasi-isomorphism

f : L→ C.

Due to the boundedness, we can choose a subcomplex L+ ⊆ L of finite free K+-modules
such that L = L+[ 1̟ ] and such that f has an integral model f+ : L+ → C+. Since f
is a quasi-isomorphism, the mapping cone Cone(f+) becomes an exact complex of Banach
K-vector spaces after inverting ̟. Note that since any space U in the Čech nerve of U is
a reduced affinoid rigid space, O+(U) ⊆ O(U) is open and bounded. Arguing exactly as
in [Sch12, Proposition 6.10.(iii)], it follows using the Banach Open Mapping Theorem that
the cohomology groups of Cone(f+) are bounded torsion. Since L+ is a bounded complex
of finite free K+-modules, it follows from exact sequences that Hn := Hn(C+) has bounded
torsion. Setting M = Hn[̟∞] and N := Hn/M , we see that N is a bounded OK-submodule
of a finite-dimensional K-vector space. Thus N is almost finite free by Lemma 3.11 �

3.2. Proof of Theorem 3.2. Returning to the setup of Theorem 3.2, we now assume that
K is an algebraically closed non-archimedean field of characteristic p. Let us denote by F the
Frobenius on K. We begin with some preparations for the proof of Theorem 3.2.3.

Lemma 3.13. 1. Let V be a finite dimensional K-vector space with an F -semilinear
map φ : V → V . Then there is a short exact sequence of K-vector spaces

0→ V φ-np → V → lim
−→φ

V → 0,

where V φ-np := {v ∈ V | φd(v) = 0 for d≫ 0} was defined in Definition 3.1.
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2. Let M be an almost finite free OK-module and let φ : M → M be an F -semilinear
map. Then there is an exact sequence

0→Mφ-np →M → lim
−→φ

M → L→ 0

where L is almost finitely presented. In particular, lim
−→φ

M is almost finite free.

Proof. Part 1 can be deduced from the theory of φ-modules as developed in [Ked10][BL19]
but it is also easy to see directly: (kerφd)d∈N is an increasing chain of sub-vector spaces of V .
Since V is finite dimensional, this chain stabilises for some d≫ 0. Thus also imφd stabilises
and one checks directly that it gets identified with lim−→φ

V . The desired sequence is now simply

0→ kerφd → V → imφd → 0 for d≫ 0. This proves part 1.
Towards part 2, we first note that, in particular, U := lim

−→φ
V is a finite dimensional

K-vector space on which φ is a bijective F -semilinear map. Since K is algebraically closed,
it follows that there is a basis of elements v ∈ U on which φ(v) = v: This is the special case
of n = 1 and Sn = Spec(K) of [Kat73, Proposition 4.1.1]. See also [BL19, Theorem 2.4.3].

We can use this to prove the second part as follows: Left-exactness of the sequence is clear
from 1. Replacing φ by φd and M by M/ kerφd, we may therefore without loss of generality
assume that φ is injective. By part 1, it is then bijective after inverting ̟, so we may find
a basis of M [ 1̟ ] of elements vi ∈ M for which φ(vi) = aivi for some a ∈ K. Choose now an
injection i : Or

K →M with ̟-torsion cokernel which exists by Definition 3.10, and let M0 be
its isomorphic image. Then we may rescale the vi so that their OK-span N is contained in
M0, and so that ai ∈ OK for all i. Then N → M0 → M is an injection whose cokernel C is
annihilated by ̟k for some k ∈ N. Thus, in the limit, we obtain a sequence

0→ lim
−→φ

N → lim
−→φ

M → lim
−→φ

C → 0

in which the last term is
a
= 0: Indeed, the image of φd : C → C is ̟k/pd

-torsion with respect
to the module structure via F d : K → K.

We have thus reduced to the case that M = N = Or
K is spanned by OK-basis vectors vi

for which φ(vi) = aivi. We can thus reduce to r = 1 and φ : OK → OK being given by a · F
for some a ∈ OK . We then see that as an OK-module via F d : OK → OK , we have

coker(OK
φd

−→ OK) = a−
∑d−1

i=0
p−i

OK/OK .

It follows that

L = coker(OK → lim
−→φ

OK) ≈ a−
p

p−1OK/OK .

This is clearly almost finitely presented. Finally, it follows that lim
−→φ

M is an extension of

almost finitely presented modules, thus is itself almost finitely presented, thus almost finite
free by [Sch13a, Proposition 2.8.(ii)] since it is torsionfree. �

Proposition 3.14. Let X be any proper rigid space over (K,OK). Let L be an Fp-local
system on Xét. Then for all n ≥ 0, we have:

1. There is r ∈ N and an OK-linear almost isomorphism, compatible with Frobenius,

Hn
ét(X

perf ,L⊗O+)
a
= Or

K .

2. For any étale cover U of X by finitely many affinoids trivialising L, we have

lim
−→φ

Ȟn(U ,L⊗O+) ≈ Hn
ét(X

perf ,L⊗O+).

Proof. We first observe that we may without loss of generality assume that X is reduced:
Indeed, let Xred → X be the reduction, then we have Xred

ét = Xét. With respect to this
identification, there is k ∈ N such that the Frobenius F k : O+

X → O
+
X factors through O+

Xred .

It follows that Xperf = Xred,perf , and lim
−→φ

Ȟn(U ,L⊗O+
X) = lim

−→φ
Ȟn(U ,L⊗O+

Xred ).

Set E := L⊗O+, this is a finite locally free O+-module on Xét. For any étale map Y → X ,
we have Y ×X Xperf = Y perf . Let Uperf be the cover of Xperf obtained by perfecting U . By
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comparing Čech cohomology, it follows from almost acyclicity of O+ on affinoid perfectoid
spaces that

RΓ(Xperf, E)
a
≃ Č∗(Uperf , E)

a
= (lim
−→φ

Č∗(U , E))∧

where −∧ denotes the term-wise (i.e. underived) ̟-adic completion. Since X is reduced, we
may apply Lemma 3.12: For any n, we have a short exact sequence

0→M → Ȟn(U , E)→ N → 0

where N is almost finite free and M is bounded torsion. Upon applying lim
−→φ

, the first term

thus becomes lim
−→φ

M
a
= 0. By Lemma 3.13, we deduce that

W := Hn(lim
−→φ

Č∗(U , E)) = lim
−→φ

Ȟn(U , E) ≈ lim
−→φ

N

is an almost finite free OK-module of rank r (we may commute Ȟ and lim
−→

since the cover U

is finite). In particular, the cohomology of lim
−→φ

Č∗(U , E) is almost torsionfree in all degrees.

For any k ∈ N we now set
Mk := Hn

ét(X
perf , E/̟k).

Then Mk is computed up to almost isomorphism by the complex

Č∗(Uperf , E)/̟k = (lim
−→φ

Č∗(U , E))/̟k

where the quotient by ̟k is underived. Since lim
−→φ

Č∗(U , E) consists of flat Oa
K-algebras and

the cohomology is almost finite free in all degrees, we may commute cohomology and quotient
and deduce that

Mk ≈W/̟k.

In particular, Mk is almost finitely generated. Moreover, the system of OK-modules (Mk)k∈N

has the following properties:

• The natural maps pk : E/̟k+1 → E/̟k and qk : E/̟k ·̟
−−→ E/̟k+1 induce maps

pk : Mk+1 →Mk and qk : Mk →Mk+1 such that qk ◦ pk = ̟ and the sequence

M1
qk◦···◦q1−−−−−→Mk+1

pk−→Mk

is exact in the middle.
• The absolute Frobenius Fk : O+/̟k ∼−→ O+/̟pk induces isomorphisms

Fk : Mk ⊗OK/̟k OK/̟pk ∼−→Mpk.

We are thus in a position to apply [Sch13a, Lemma 2.12], which deduces from the above input
that there are compatible almost isomorphisms (not just ≈ relations)

Ma
k
∼−→ (Oa

K/̟k)r

such that pk, qk and Fk are identified with the obvious maps on the right hand side. Moreover,
as the proof shows, these are induced by an isomorphism lim←−k

Ma
k
∼= (Oa

K)r. Next, since Xperf

is perfectoid, we have Hn
ét(X

perf , E) = Hn
v (X

perf , E) and using repleteness of Xperf
v ([BS15,

§3]), it follows that there is an almost isomorphism

Hn
ét(X

perf ,L⊗O+)
a
= lim
←−k

Hn
ét(X

perf ,L⊗O+/̟k)
a
= lim
←−k

Mk
a
= Or

K

that matches up the Frobenius morphisms on both sides. Finally, since W is almost finitely
free, it follows that

W ≈ lim
←−k

W/̟k ≈ lim
←−k

Mk
a
= Hn

ét(X
perf ,L⊗O+). �

As we have worked over OK in the above, we need a version of an argument appearing in
the proof of [Sch13a, Theorem 5.1] to reduce the general case of (K,K+) to this:

Lemma 3.15. Let K be any non-archimedean field over Zp with pseudo-uniformiser ̟.
Let X → Spa(K,K+) be a separated adic space. Let L be an Fp-local system on X. Let
X ′ → Spa(K,OK) be the base-change to the subspace Spa(K,OK) →֒ Spa(K,K+). Then

1. Hn
ét(X,L) = Hn

ét(X
′,L),

2. Hn
v (X,O+/p⊗ L)

a
= Hn

v (X
′,O+/p⊗ L).
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Here, to avoid the question whether any object in Xét is sheafy, we regard X as a diamond.

Proof. Part 1 is [Hub96, Proposition 8.2.3(ii)]]. Alternatively, working in Xv, it follows from
the case of O♭ by the Artin-Schreier sequence 0→ Fp → O♭ → O♭ → 0 tensored with L.

For part 2, it suffices by considering Čech nerves of étale covers to prove the statement
when X is affinoid and L = Fp. We first deal with the case that Char(K) = 0: By considering

the Čech nerve of any affinoid pro-étale perfectoid cover X̃ → X , we can reduce to the case
that X is affinoid perfectoid. Here the case n = 0 follows from the explicit formula for fibre
products of affinoid perfectoid spaces [Sch12, Proposition 6.18], and the higher cohomology
vanishes by almost acyclicity.

For Char(K) = p, since we work in the v-topology, we may replace K and X by their
completed perfections, so again the statements follow from the perfectoid case. �

Proof of Theorem 3.2. By Lemma 3.15, we may assume that K+ = OK . In this case, Propo-
sition 3.14 says that

Hn
ét(X

perf,L⊗O+)
a
= Or

K
a
= K+r

for some r. Part 2 now follows from the Artin–Schreier exact sequence

0→ L→ L⊗O
id⊗(x 7→xp−x)
−−−−−−−−−→ L⊗O → 0

on Xperf
proét like in [Sch13a, Theorem 5.1]: Since the almost isomorphism of Proposition 3.14

respects the Frobenius action, the cohomology sequence in degree n becomes identified with
the short exact sequence

0→ Fr
p → Kr x 7→xp−x

−−−−−−→ Kr → 0

for r = dimFp
Hn

ét(X,L). It is thus itself short exact, proving that

Hn
ét(X

perf ,L) = Hn
ét(X

perf ,L⊗O)φ=1 ∼= Fr
p.

Now the same Artin–Schreier sequence for O+ instead of O shows part 2.
For part 1, we first consider the long exact sequence of the sequence

0→ O+ ·̟
−−→ O+ → O+/̟→ 0

on Xperf
ét . Using the 5-Lemma, we deduce from part 2 that this yields an almost isomorphism

Hn
ét(X

perf ,L)⊗K+/̟ ∼−→ Hn
ét(X

perf ,L⊗O+/̟).

We now use that Xét = Xperf
ét , hence Hn

ét(X,L) = Hn
ét(X

perf ,L). On the other hand, we have

Hn
ét(X,L⊗O+/̟) = Hn

ét(X
perf ,L⊗O+/̟) by Proposition 2.2.

For part 3, let U be an étale cover of X by finitely many affinoids trivialising L. Set
Ȟn := Ȟn(U ,L⊗O+), then

V := Ȟn[ 1̟ ] = Ȟn(U ,L⊗O) = Hn(X,L⊗O).

By Proposition 3.14,

lim
−→φ

V = Hn
ét(X

perf ,L⊗O).

The short exact sequence of Lemma 3.13.1 now gives the desired sequence

0→ Hn(X,L⊗O)φ-np → Hn(X,L⊗O)→ Hn(Xperf ,L⊗O)→ 0.

This finishes the proof of Theorem 3.2. �

4. A v-topological Primitive Comparison Theorem

Building on earlier work of Faltings, Scholze’s Primitive Comparison Theorem was first
formulated in [Sch13a, Theorem 5.1] as saying that for a smooth proper rigid space X over an
algebraically closed non-archimedean field (C,C+) over Qp, one has an almost isomorphism

Hn
ét(X,Fp)⊗ C+/p = Hn

ét(X,O+
X/p).

Scholze deduced a relative version [Sch13a, Corollary 5.12], and later removed the smoothness
assumption. We can combine this with Theorem 3.2 to obtain the following:
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Theorem 4.1. Let S be a locally Noetherian analytic adic space over Zp with a topologically
nilpotent unit ω ∈ O(S)×. Let f : X → S be a proper morphism of finite type of adic spaces.
Let L be an Fp-local system on X. Then for any n ∈ N, the natural morphism

(Rnfét∗L)⊗Zp
O+

S /̟ → Rnfét∗(L⊗Zp
O+

X/̟)

is an almost isomorphism of sheaves on Sét.

Proof. In the case that S lives over Qp, this is due to Scholze. As it is not recorded in the
literature in this generality, we sketch how to deduce the statement in this case from [Sch13a,
§5][Sch13b, §3][Zav21, §6.3], without claiming any originality (any mistakes are due to us):

When L = Fp and ̟ = p and f is smooth, this is proved in [Sch13a, Corollary 5.12] by
deducing it from the absolute case of S = Spa(C,C+), which is [Sch13a, Theorem 5.1].

When S = Spa(C,OC) and L = Fp and̟ = p but f is not necessarily smooth, it is [Sch13b,
Theorem 3.17]. The case of general L follows from this by the following strategy explained
in [Zav21, Lemma 6.3.7]: By arguing as in [Sta, 0A3R], we can find a finite étale morphism
g : X ′ → X of rigid spaces of degree coprime to p on which g∗L admits a filtration whose
graded pieces are isomorphic to Fp. Then L is a direct factor of g∗g

∗L via the normalised
trace map. As a direct sum of maps is an almost isomorphism if and only if each factor is,
it suffices to prove the result for g∗g

∗L. By induction on the length of the filtration we can
therefore further reduce to L = g∗Fp.

By [Hub96, Corollary 2.6.6], we then have L = Rg∗Fp, hence

Rf∗L = R(f ◦ g)∗Fp.

By the smooth case of Theorem 4.1 applied to g and Fp, we also have

L⊗O+/p = Rg∗Fp ⊗O
+/p

a
= Rg∗(O

+/p),

⇒ Rf∗(L⊗O
+/p)

a
= R(f ◦ g)∗O

+/p.

This shows the Theorem for S = Spa(C,OC), ̟ = p.
Next, we consider general 0 6= ̟ ∈ C for S = Spa(C,OC): The Frobenius morphism

defines an isomorphism

F k : O+/p1/p
k

→ O+/p

which shows the case of ̟ = p1/p
k

. By the 5-Lemma, we deduce the case of ̟ = pa/p
k

for
any a ∈ N. Since Z[ 1p ]≥0 is dense in the value group of C, this is enough to get an almost

isomorphism for general ̟.
By Lemma 3.15 and Proposition 2.2, the case of S = Spa(C,OC) implies that of Spa(C,C+).
The general relative case can now be deduced from this and Theorem 3.2 following the

proof of [Sch13a, Corollary 5.12], [Zav21, Lemma 6.3.7]. We postpone the details to the proof
of Theorem 4.3 below, where we will give a more general version of this kind of argument. �

Remark 4.2. Mann has recently given in [Man22, Corollary 3.9.24] a generalisation of the
Primitive Comparison Theorem from morphisms of adic spaces over Qp to certain “bdcs”
maps of p-bounded locally spatial diamonds, phrased in terms of his 6-functor formalism.
While this is very general, it is not clear whether the assumption that f ! preserves all small
colimits applies in the characteristic p setup over Fp((t)), which is the main focus of this article.

The main goal of this section is to prove the following improvement of Theorem 4.1 which
allows more general topologies:

Theorem 4.3. Let S be an analytic adic space over Zp with a unit ̟ ∈ O(S)× that is
topologically nilpotent locally on S. Let f : X → S be a proper morphism of finite type of adic
spaces. Let L be an Fp-local system on X. We endow S with one of the following topologies:

1. τ = v, or
2. τ = qproét, or
3. τ = proét if S is locally Noetherian, or
4. τ = ét if either S is sousperfectoid and f is smooth, or if S is locally Noetherian.
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Then for any n ∈ N, the following natural map on Sτ is an almost isomorphism:

(Rnfτ∗L) ⊗Zp
O+

S /̟→ Rnfτ∗(L⊗Zp
O+

X/̟).

Here we use the notion of almost mathematics on Sτ explained in §2.3.
In comparison to Theorem 4.1, this Theorem allows more general S and more general

topologies: For example, for the v-topology, Theorem 4.3 is in effect a Primitive Comparison
Theorem for the base-change f ′ : X ′ → S′ of f to any perfectoid space S′ → S. This means
that we leave the rigid world even if f is a morphism of rigid spaces.

Remark 4.4. Regarding the finite type assumption in Theorem 4.1 and 4.3, we note that
properness only requires “+weakly finite type”, whereas we impose the stronger assumption
“finite type”, see [Hub96, Definition 1.10.14]. This is necessary to ensure that the geometric
fibres of f are proper rigid spaces. We thank Yicheng Zhou for pointing this out to us.

In fact, for τ = v or τ = qproét, we do not need to assume that X and S are represented
by adic spaces: Instead, we can allow f : X → S to be any qcqs morphism of locally spatial
diamonds such that for every point s : Spa(C,C+) → S valued in a non-archimedean field,
the base-change X ×S s → Spa(C,C+) is a proper rigid space. This is useful to avoid
problems with sheafiness in the non-Noetherian setup which arise for example when dealing
with non-smooth proper morphisms over perfectoid spaces.

For the proof of Theorem 4.3, we use that by [Hub96, §2.5], there is a good notion of
geometric points for analytic adic spaces. More generally, it is implicit in [Sch22, §11, §14]
that this works for locally spatial diamonds:

Definition 4.5. Let X be a locally spatial diamond. For any x0 ∈ |X |, let N (X, x0) be the
category of pairs (U, u) of a quasi-compact étale morphism U → X with a lift u ∈ |U | of x0.

Lemma 4.6. There is an algebraically closed non-archimedean field (C,C+) with compatible
maps Spa(C,C+)→ U such that

Spa(C,C+) = lim
←−

U∈N (X,x0)

U → X

and this map sends the closed point of Spa(C,C+) to x0.

Definition 4.7. A map x : Spa(C,C+)→ X of this form is called a geometric point of Sét.

Proof. By [Sch22, Lemma 11.22], there exists a limit

Y := lim
←−

U∈N (X,x0)

U → X

in locally spatial diamonds with a distinguished point y ∈ |Y | lifting x0. By [Sch22, Proposi-
tions 11.23, 11.26], Y is strictly totally disconnected. On the other hand, any open neighbour-
hood of y in Y has to be the whole space, so Y is also connected. By [Sch22, Proposition 7.16],
it follows that Y = Spa(C,C+) where (C,C+) is an algebraically closed perfectoid field. �

Definition 4.8. For any sheaf F on Xét, we define the stalk of F at the geometric point x

Fx := lim
−→

U∈N (X,x0)

F (U).

This is clearly functorial in F . Slightly more generally, for any morphism s : Spa(L,L+)→ X
where (L,L+) is an algebraically closed non-archimedean field, consider the category N (s) of
quasi-compact étale maps U → X through which s factors. In the above, this is equivalent to
the category N (X, x0) where x0 is the image of the closed point of Spa(L,L+) in |X |. Then

we obtain a factorisation Spa(L,L+)→ Spa(C,C+)
x
−→ X . We then set Fs := Fx = Γ(s−1F ).

Lemma 4.9 ([Sch22, Proposition 14.3]). Let X be a locally spatial diamond. A morphism
f : F → G of abelian sheaves on Xét is an isomorphism if and only if the morphism of stalks
fx : Fx → Gx is an isomorphism at every geometric point x of X.

We can then prove the following diamantine version of [Hub94, Proposition 2.6.1]:
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Lemma 4.10. Let S be an analytic adic space over Zp and let f : X → S be a qcqs morphism
of locally spatial diamonds. Let L be an Fp-local system on Xv and let G = O+/̟⊗L or G = L

on Xv. Let F be the étale sheafification of the pre-sheaf on Sét sending U 7→ Hn
v (X ×S U,G).

Then for any geometric point s : Spa(C,C+)→ S of Sét, we have an isomorphism

Fs = Hn
v (X ×S s,G).

If X ×S s→ Spa(C,C+) is a rigid space, this moreover equals Fs = Hn
ét(X ×S s,G).

Proof. The statement is local on S, so we may assume that S is affinoid. Then the assumptions
guarantee that X is spatial, so by [Sch22, Proposition 11.24] we can find a strictly totally

disconnected quasi-pro-étale perfectoid cover X̃ → X . It is clear from the definition that
any such map is automatically quasi-compact and separated, hence it follows from [Sch22,
Lemma 7.19] that any space in the Čech nerve is still affinoid perfectoid.

It is clear from the definition that we have

(4.11) Fs = lim
−→U∈N (s)

Hn
v (X ×S U,G).

We can compute the right hand side using Čech cohomology of the cover X̃ → X . As the
same is true for Hn

v (X ×S s,G), we may therefore reduce to the case that X is perfectoid.
Moreover, it suffices to consider maps U → S which are standard-étale, as these are cofinal in
the system of all étale maps. Then the fibre products X ×S U are again affinoid perfectoid.
Since we have s = lim

←−
U , it is clear that in diamonds, we have

X ×S s = lim
←−U

X ×S U.

The case of G = L is now immediate from [Sch22, Proposition 14.9].
For the case of G = O+/̟ ⊗ L, we use the following definition and lemma:

Definition 4.12. Let Z be an affinoid adic space over K and let (Zi)i∈I be a cofiltered
inverse system of affinoid adic spaces over K with compatible morphisms Z → Zi. We write

Z ≈ lim
←−
i∈I

Zi

if the induced map |Z| → lim←−i
|Zi| of the underlying topological spaces is a homeomorphism

and the induced map lim
−→i
O(Zi)→ O(Z) has dense image.

Lemma 4.13. Assume that Z ≈ lim
←−i∈I

Zi are as in Definition 4.12 and that Z and all Zi

are moreover affinoid perfectoid spaces. Let L be an Fp-local system on Zi,ét for some i ∈ I.
We also denote by L the pullbacks to Z and Zj for j ≥ i. Then for any n ∈ N,

Hn
ét(Z,O

+/̟ ⊗ L) = lim
−→
j≥i

Hn
ét(Zj,O

+/̟ ⊗ L).

Proof. This is a special case of [Heu22, Lemma 2.16]. We summarise the argument for the
reader’s convenience: For any i ∈ I and any étale morphism Ui → Zi that is either finite étale
or a rational open immersion, one easily verifies that Z ×Zi

Ui ≈ lim
←−j≥i

Zj ×Zi
Ui (see e.g.

[Heu21, Lemma 3.13]). By a Čech-argument, we can therefore reduce to the case of L = Fp.
For this we have

H0
ét(Z,O

+)/̟ = lim
−→
i∈I

H0
ét(Zi,O

+)/̟,

this can easily be seen directly from the definition of ≈ (use that f ∈ O(Z) lies in O+(Z) if
and only if |f(z)| ≤ 1 for each z ∈ |Z|). We refer to [Heu21, Lemma 3.10] for details.

Since Zét-qcqs = 2- lim
−→i

Zi,ét-qcqs by [Sch22, Proposition 6.4], the case n = 0 of the lemma

follows by sheafification. The case of general n follows by considering Čech-cohomology. �

As X ×S U is affinoid perfectoid, we have by [Sch22, Proposition 6.5] that

X ×S s ≈ lim
←−U

X ×S U.

By Lemma 4.13 and Proposition 2.2, this implies that

Hn
v (X ×S s,O+/̟ ⊗ L) = lim

−→U
Hn

v (X ×S U,O+/̟ ⊗ L).



THE PRIMITIVE COMPARISON THEOREM IN CHARACTERISTIC p 13

The right hand side equals Fs by (4.11). This gives the desired isomorphism. Finally, when
X ×S s is a rigid space, we have Hn

ét(X ×S s,G) = Hn
v (X ×S s,G) by Proposition 2.2. �

Proof of Theorem 4.3. Let S′ → S be any morphism in Sτ where S′ is an adic space and
form the base-change diagram

X ′ S′

X S.

g′

f ′

g

f

Let F be the étale sheafification of the presheaf on S′
ét defined by

(4.14) U → Hn
τ (X

′ ×S′ U,O+
X′/̟ ⊗ g′∗L).

We note that by Proposition 2.2, the given assumptions on S in each case ensure that

Hn
τ (X

′ ×S′ U,O+
X′/̟ ⊗ g′∗L) = Hn

v (X
′ ×S′ U,O+

X′/̟ ⊗ g′∗L).

We claim that the natural morphism of sheaves on S′
ét

ϕ : (Rnf ′
ét∗g

′∗L)⊗O+
S′/̟ → F

is an isomorphism. Due to Proposition 2.1, this implies the Theorem after a further sheafifi-
cation on S with respect to the τ -topology.

To prove the claim, it suffices by Lemma 4.9 to see that its stalk ϕs at any geometric point
s : Spa(C,C+)→ S′ is an isomorphism. By Lemma 4.10, this stalk identifies with

ϕs : H
n
ét(X

′ ×S′ s,L)⊗ C+/̟ → Hn
ét(X

′ ×S′ s,O+
X′/̟ ⊗ L).

But X ′ ×S′ s→ s is a rigid space over Spa(C,C+). The map ϕs is therefore an isomorphism
by Theorem 4.1 when char(K) = 0, and by Theorem 3.2 when it is char(K) = p. �

Remark 4.15. If X → S is a morphism of rigid spaces, one can alternatively prove the result
by rigid approximation: Let S′ → S be any morphism from an affinoid perfectoid space and
let S′ ≈ lim

←−
Si be a rigid approximation over S. Then for any n, one can show that the map

lim
−→i

Hn
v (X ×S Si,O+/̟)→ Hn

v (X ×S S′,O+/̟)

is an isomorphism. Note that X ×S Si is a rigid space. In particular, this shows that
Hn

ét(X ×S S′,O+/̟) = Hn
v (X ×S S′,O+/̟) (which is not a priori clear – recall that we

consider X×SS
′ as a diamond which need not come from a sheafy adic space). Consequently,

with more work, the sheaf F from (4.14) could in fact be identified with Rnfét∗(O
+
X′/̟⊗g′∗L).

5. Proper Base Change for locally constant sheaves

As one of the many applications of the Primitive Comparison Theorem, it is known that
one can use it to prove Proper Base Change results for étale cohomology of adic spaces over
Qp: This strategy can be found in the work of Bhatt–Hansen [BH22, Theorem 3.15], and it
is also implicit in the work of Mann, who proves a very general Proper Base Change result
for O+/̟-modules [Man22, Theorem 1.2.4.(iv)].

As an application of Theorem 3.2, we now explain an instance of this argument that works
for analytic adic spaces over Zp, giving new proper base change results in this generality.

Throughout this section, we let (K,K+) be any non-archimedean field over Zp with pseudo-
uniformiser ̟.

Theorem 5.1 (Proper Base Change). Let f : X → S be a proper morphism of finite type of
analytic adic spaces over Zp. Let L be an étale-locally constant torsion abelian sheaf on Xét.
Let g : S′ → S be any morphism of adic spaces and form the base-change diagram in locally
spatial diamonds:

X ′ S′

X S

g′

f ′

g

f
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Then for any n ∈ N, the following natural map is an isomorphism:

(5.2) g∗Rnfét∗L→ Rnf ′
ét∗g

′∗L.

Remark 5.3. Before discussing the proof, let us detail the relation of Theorem 5.1 to previous
instances of non-archimedean Proper Base Change results in the literature:

1. The case of Theorem 5.1 of ℓ-torsion coefficients for ℓ 6= p follows from work of Huber,
as does the case when g has dimension 0 [Hub96, Theorem 4.4.1]. In general, the case
of p-torsion coefficients was left open in [Hub96].

2. Another closely related result, due to Scholze, is [Sch22, Corollary 16.10], which gives
the result when f is any qcqs morphism of locally spatial diamonds and L is prime-
to-p-torsion. It also gives the p-torsion case when g is quasi-pro-étale.

3. The case when f and g are morphisms of rigid spaces in characteristic 0 is due
to Bhatt–Hansen [BH22, Theorem 3.15], who more generally work with Zariski-
constructible sheaves. On the other hand, we work with more general adic spaces:
Indeed, over Qp, we are particularly interested in the case that S′ is perfectoid, which
we use in [HX24] for applications to p-adic moduli spaces in non-abelian Hodge theory.

4. In characteristic 0, when f is additionally smooth, Theorem 5.1 also follows from a
result of Mann [Man22, Theorem 1.2.4.(iv)]. Mann’s Theorem is a priori a base change
for O+/p-modules. Under the additional assumptions, one can translate this to a
Proper Base Change for Fp-modules, cf [Man22, Theorem 3.9.23, Corollary 3.9.24].

5. In characteristic p, our proof of Theorem 5.1 has some conceptual similarities with
Bhatt–Lurie’s proof of Proper Base Change for p-torsion sheaves in the algebraic
setting of schemes over Fp, using their Riemann–Hilbert correspondence [BL19, §10.6].

Like Bhatt–Hansen and Mann, we will use Primitive Comparison to deduce Theorem 5.1
from a base-change statement for O+/̟-modules. In our setup, the latter is given by the
following observation: Let (C,C+) be an algebraically closed complete extension of (K,K+).

Lemma 5.4 ([Heu21, Proposition 4.2]). Let X be any proper rigid space over (C,C+). Let
L be any Fp-local system on X. Let Y be any affinoid perfectoid space over (C,C+). Then

Hn
ét(X × Y,L⊗O+/̟)

a
= Hn

ét(X,L⊗O+/̟)⊗O+/̟(Y ).

Proof. This is a slight generalisation of a statement in the proof of [BH22, Lemma 3.25], as
well as of [Heu21, Proposition 4.2]. Either proof goes through in this setting, as we now

explain: Since X is quasi-compact and separated, we can find a quasi-proétale cover X̃ → X

by an affinoid perfectoid space such that all spaces X̃i in the Čech-nerve are still affinoid

perfectoid. It follows that also X̃×Y → X×Y is a cover with this property. We may assume

that L becomes trivial on X̃. Then by almost acyclicity, the cohomology of L ⊗ O+/̟ is

almost acyclic on each X̃i and X̃i × Y . Via Proposition 2.2, we can therefore compute:

Hn
ét(X × Y,L⊗O+/̟) = Hn

v (X × Y,L⊗O+/̟)
a
= Ȟn(X̃ × Y → X × Y,L⊗O+/̟)

a
= Ȟn(X̃ → X,L⊗O+/̟)⊗O+/̟(Y )
a
= Hn

ét(X,L⊗O+/̟)⊗O+/̟(Y )

where in the second line we have used that O+(X̃i × Y )/̟
a
= O+(X̃i)/̟ ⊗ O+(Y )/̟ and

that O+(Y )/̟ is flat over OK/̟. �

Proof of Theorem 5.1. The sheaf L is the direct sum of its ℓ-power torsion subsheaves for
all primes ℓ. By Remark 5.3.2, it remains to treat p-power torsion sheaves. By considering
p-torsion subsheaves, L is the successive extension of étale-locally free Fp-modules, so we can
reduce to this case. By Lemma 4.9, it suffices to prove that (5.2) is an isomorphism on stalks
at geometric points s′ = Spa(L,L+) → S′ for algebraically closed non-archimedean fields
(L,L+) over (K,K+). By Lemma 4.10, it thus suffices to prove that for s := g ◦ s′, the map

Hn
ét(Xs,L)→ Hn

ét(X
′
s′ ,L)

is an almost isomorphism, where Xs := X ×S s and X ′
s′ := X ′ ×S′ s′. We have thus reduced

to the case that S = Spa(C,C+) and S′ = Spa(L,L+) are both geometric points.



THE PRIMITIVE COMPARISON THEOREM IN CHARACTERISTIC p 15

As an Fp-vector space W is trivial if and only if W ⊗Fp
L+/̟ is almost trivial, it suffices

to see that the map

Hn
ét(Xs,L)⊗ L+/̟ → Hn

ét(X
′
s′ ,L)⊗ L+/̟

obtained by tensoring with L+/̟ is an almost isomorphism. Via the Primitive Comparison
Theorem 4.1, this map gets identified in the almost category with the map

Hn
ét(Xs,L⊗O

+/̟)⊗C+/̟ L+/̟→ Hn
ét(X

′
s′ ,L⊗O

+/̟)

This is an almost isomorphism by Lemma 5.4. �

We obtain the following analogue of [Sch13a, Corollary 3.17(ii)] for Sqproét and Sv:

Corollary 5.5. Let f : X → S be a proper morphism of finite type of analytic adic spaces over
Zp. Let L be an étale-locally constant torsion abelian sheaf on Xét. Let τ ∈ {proét, qproét, v}.
Then for any n ∈ N, the natural base-change map

λ∗Rnfét∗L
∼−→ Rnfτ∗λ

∗L

for the morphism λ : Sτ → Sét is an isomorphism

Here, as before, when dealing with τ = proét, we always tacitly assume that X is locally
Noetherian, as this is assumed in the definition of Xproét in [Sch13a, §3].

Proof. Let g : S′ → S be a perfectoid space in Sτ . By Proposition 2.1, we have

Hn
τ (X ×S S′,L) = Hn

ét(X ×S S′,L).

By Theorem 5.1, the étale sheafification of this over S′
ét is g

∗Rnfét∗L. Upon τ -sheafification,
this shows the desired result. �

Theorem 5.6 (Künneth formula). Let f : X → S and g : Y → S be morphisms of analytic
adic spaces over Zp such that f is proper of finite type and g is qcqs. Form the base-change
diagram:

X ×S Y Y

X S

h

f ′

g′ g

f

Let n ∈ N and let L be an étale-locally constant n-torsion abelian sheaf on Xét. Then for
any Z/n-module E on Yét, we have a natural isomorphism

Rhét∗(g
′∗L⊗ f ′∗E) = Rfét∗L⊗Rgét∗E.

This extends the case of prime-to-p-torsion due to Berkovich [Ber93, Corollary 7.7.3].

Proof. The cup product defines a natural morphism from right to left. To see that this is a
quasi-isomorphism, it suffices by Lemma 4.9 to check this on stalks at any geometric point
x : Spa(C,C+)→ S. By Lemma 4.10, this reduces us to the case that S = Spa(C,C+).

With our preparations, we can now essentially follow the proof of [Ber93, Corollary 7.7.3]:
We first write

Rhét∗(g
′∗L⊗ f ′∗E) = Rgét∗Rf ′

ét∗(g
′∗L⊗ f ′∗E).

By [Hub96, Proposition 5.5.1], we have Rf ′
ét∗(g

′∗L⊗ f ′∗E) = E ⊗Rf ′
ét∗g

′∗L, so this is

= Rgét∗(E ⊗Rf ′
ét∗g

′∗L).

By Theorem 5.1, we have Rf ′
ét∗g

′∗L = g∗Rfét∗L, so this is

= Rgét∗(E ⊗ g∗Rfét∗L).

We now use that by Theorem 3.9, the complex of Z/n-modules Rfét∗L is perfect. We can
therefore invoke the projection formula [Sta, 0944] to see that the above term is

= Rfét∗L⊗Rgét∗E. �
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Corollary 5.7. Let C be an algebraically closed non-archimedean field. Let X be a proper
rigid space over C and let Y any qcqs analytic adic spaces over C. Then for any n ∈ N,

RΓét(X × Y,Z/nZ) = RΓét(X,Z/nZ)⊗RΓét(Y,Z/nZ).

Finally, we note that in algebraic setups, Theorem 5.1 generalises to constructible sheaves.
For simplicity, let us restrict attention to the case where S′ is stably uniform.

Proposition 5.8. Let f : X → S be an algebraisable proper morphism of rigid spaces over
(K,K+). Let L be any algebraic Zariski-constructible torsion abelian sheaf on Xét. Let
g : S′ → S be a morphism of adic spaces where S′ is stably uniform and form the base-change
diagram in locally spatial diamonds:

X ′ S′

X S

g′

f ′

g

f

Then for any n ∈ N, the following natural base change maps are isomorphisms:

1) g∗Rnfét∗L
∼−→ Rnf ′

ét∗g
′∗L,

2) λ∗Rnfét∗L
∼−→ Rnfv∗λ

∗L

where λ : Xv → Xét is the natural morphism.

Proof. The statement is local on S′, so we may assume that S′ and S are affinoid. We
can moreover assume that S is reduced as passing to the underlying reduced space does not
change either étale or v-sites. Recall that any reduced rigid space is stably uniform. By
[Heu21, Proposition 3.17], we can therefore find a “rigid approximation”, namely a cofiltered
inverse system (Si → S)i∈I of smooth morphisms from affinoid rigid spaces such that

S′ ≈ lim
←−
i∈I

Si.

In particular, we then have X ′ = lim
←−i∈I

X ×S Si in locally spatial diamonds. This reduces us

to the case where S′ is rigid and there is m such that g factors into an étale map S′ → S×Am

composed with the projection π : S × Am → S. We can therefore reduce to the case that
S′ = S×Am and g : S′ → S is algebraic. Let falg : Xalg → Salg be the morphism of schemes
for which falg,an = f , and similarly for π. By [Hub96, Theorem 3.7.2] and the preceding
discussion, we have

π∗Rnfét∗L = π∗(Rnfalg
ét∗L

alg)an = (πalg∗Rnfalg
ét∗L

alg)an,

Rnf ′
ét∗π

′∗L = (Rnf ′alg
ét∗ π′alg∗Lalg)an.

Part 1) now follows from classical Proper Base Change.
Part 2) follows from 1) by letting S′ range through all perfectoid spaces over S. �
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