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ABSTRACT

One may divide the Standard Model of particle physics into two parts: quantum chromody-
namics (QCD) and the unified theory of electroweak interactions. QCD is supposed to be
the fundamental theory describing strong interactions whose basic components are gluons
and quarks. It is a Poincaré invariant quantum gauge field theory built upon the SU(3)-
colour gauge group. Fifty years of study suggest that two basic phenomena characterise
QCD, namely, colour-field confinement and dynamical chiral symmetry breaking (DCSB).
Colour confinement expresses the empirical fact that isolated gluons and quarks have not
been captured in detectors. It means that every observable system is a bound state. Hence,
a solution to QCD must rely heavily on nonperturbative methods.

This thesis describes the use of Dyson-Schwinger equations (DSEs) to study baryon
bound states in QCD. The DSEs lie within the class of continuum Schwinger function meth-
ods (CSMs) and provide a nonperturbative, symmetry-preserving, continuum approach to
solving QCD. In principle, the DSEs are a coupled system of nonlinear integral equations,
whose solution delivers results for each of the Schwinger functions (Euclidean space Green
functions) that are needed to complete a definition of the theory. In practice, this tower
of equations is truncated, so that only approximate solutions are delivered. Notwithstand-
ing that, the results deliver far-reaching insights; and with increasing sophistication in the
development of nonperturbative truncation schemes, the approximations are becoming in-
creasingly accurate.

In this work, octet baryon axial, induced pseudoscalar, and pseudoscalar form factors are
calculated using a symmetry-preserving treatment of a vector x vector contact interaction

(SCI). The baryons are considered as quark-plus-interacting-diquark bound states, whose
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structure (wave function) is obtained by solving a Poincaré-covariant Faddeev equation.
Since it preserves symmetries, all consequences of partial conservation of the axial current
are manifest. The SCI is characterised by algebraic simplicity, involves no free parameters,
and, experience shows, has good predictive power. For instance, one finds that octet baryon
axial properties are consistent with only minor violations of SU(3)-flavour symmetry. This
outcome can be interpreted as a dynamical consequence of emergent hadron mass (EHM).
Considering neutral axial currents, the SCI delivers predictions for the flavour separation
of octet baryon axial charges and, consequently, produces values for the associated SU(3)
singlet, triplet, and octet axial charges. The results indicate that, at the hadron scale (3,
valence degrees of freedom carry approximately 50% of an octet baryon’s total spin.

This general analysis is followed by a detailed SCI study of proton spin structure, with
calculations of the rest-frame quark+diquark angular momentum decomposition of the pro-
ton wave function canonical normalisation constant and the proton axial charge. The SCI
analysis of the normalisation yields results that are consistent with more realistic studies,
e.g., its value is largely determined by quark+diquark S-wave components, albeit with signif-
icant, destructive P-wave and strong, constructive S ® P-wave interference terms. Moreover,
the results for the angular momentum decomposition of the axial charge and its flavour sep-
aration are similar to those of the canonical normalisation constant. Interestingly, the ratios
of d and u quark contributions to the proton axial charge, gdA /g%, which are computed sep-
arately from S-wave, P-wave and S ® P-wave interference, are roughly the same, i.e., all
approximately —0.5.

Proton structure is one of the principal topics in hadron physics. Its study is expected
to reveal key features of both the origin of mass and strong interaction dynamics. This
work therefore extended the above analyses to an examination of in-proton parton helicity
(spin) distribution functions (DFs). Basic to its success was exploitation of the existence of
an effective charge in QCD which defines an evolution scheme for both unpolarised and po-
larised parton DFs that is all-orders exact. Using Ansdtze for hadron-scale proton polarised
valence quark DFs, constrained by CSM calculations of the flavour-separated axial charges
and insights from perturbative quantum chromodynamics, predictions are delivered for all
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proton polarised DF's at the measurement scale Q% = 3GeV?2. The pointwise behaviour of
the predicted DFs and, consequently, their moments, shows good agreement with results
inferred from data. Notably, flavour-separated singlet polarised DFs are found to be small.
On the other hand, the polarised gluon DF, AG(x;(c), is large and positive. Based on
these results, one finds f01.05 dx AG(z;¢{c) = 0.214(4) and that experimental measurements
of the proton flavour-singlet axial charge should return a value a§'(¢c) = 0.35(2).
Keywords: octet baryon, axial current, continuum Schwinger function methods

(CSMs), Poincaré-invariant quantum field theory, emergent hadron mass (EHM)
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Chapter 1
INTRODUCTION

Atomic and nuclear physics research spanning over a century has revealed that all matter is
made up of particles, including the atoms that make up our bodies, which in turn contain
a dense nucleus at their core. This core is made up of nucleons, i.e., protons and neutrons,
which belong to a larger group of fm-scale particles known as hadrons. In the process
of investigating hadrons, it has been discovered that they are complicated bound states
of quarks and gluons. The quarks and gluons interact with each other by strong interac-
tions which are described by a Poincaré-invariant quantum non-Abelian gauge field theory;
namely, quantum chromodynamics (QCD). While perturbation theory is a crucial tool for
studying high-energy processes in the Standard Model, QCD is fundamentally different in
that it cannot be studied with perturbation theory when it comes to observable low-energy
characteristics of hadrons. The set of experimental and theoretical approaches employed
to investigate and map the infrared domain of QCD is known as strong-QCD (sQCD) [1]
and they must deal with nonperturbative phenomena, such as dynamical chiral symmetry
breaking (DCSB) and confinement of quarks and gluons.

QCD is marked by two emergent phenomena: DCSB and confinement, which have
significant implications. These phenomena are particularly apparent in the pion, and the
properties of the pion, in turn, indicate a close relationship between confinement and DCSB.
As the pion is both a quark-antiquark bound state and a Nambu-Goldstone boson, it oc-
cupies a distinct position in Nature. Therefore, understanding the properties of the pion

is crucial for revealing some fundamental aspects of the Standard Model. As a result of



confinement, colour-charged particles cannot exist in isolation and thus cannot be directly
observed. Instead, they combine to form colour-neutral bound states. The phenomenon
of confinement is supported by empirical evidence, but lacks a formal mathematical proof.
To address this gap, the Clay Mathematics Institute established a “Millennium Problem”
award of $1-million for a proof that the SU.(3) gauge theory is mathematically well-defined
[2]. One potential outcome of solving this problem would be a resolution of the question
of whether the confinement conjecture is correct in pure-gauge QCD. The fundamental
challenge of gluon and quark confinement is a pressing issue in modern science because it
plays a crucial role in ensuring the absolute stability of the proton. Without confinement,
isolated protons would decay, hydrogen atoms would be unstable, nucleosynthesis would be
a random occurrence without any long-lasting effects, and the Universe would lack the nec-
essary components for the formation of stars and life. Thus, the existence of the Universe
fundamentally depends on the phenomenon of confinement.

While the realisation and nature of confinement in real-world QCD is still under ex-
ploration, the other principal non-perturbative feature of QCD is DCSB, which is better
understood. DCSB leads to the generation of mass from nothing. It is essential to note
the term “dynamical” as it is different from spontaneous symmetry breaking. The latter
typically involves the introduction of a scalar field into the action of the theory under ex-
amination, while DCSB arises naturally during the process of quantisation of the classical
chromodynamics of massless gluons and quarks. Although there is no simple change of
variables in the QCD action that can display DCSB, a large mass-scale is generated by this
phenomenon. DCSB is the most significant mass generating mechanism for visible matter
in the Universe, responsible for approximately 98% of the proton’s mass.

The aim of hadron physics is to offer a quantitative understanding of the characteristics
of hadrons by solving QCD. Studying the properties and structure of hadron is the central
subject of hadron physics. It provides the opportunity to raise and address the fundamental
questions in QCD: what is confinement; what is DCSB; and how are they related? The
hadron spectrum has long been a research topic in quantum mechanics. The constituent-
quark and potential models have extensively studied this problem, see, e.g., Refs. [3-5] and
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related literature. However, they do not provide a unified physical description of light-quark
mesons and baryons [6]. The former require an accurate representation of DCSB. Although
QCD sum rules [4, 7] avoid some of these challenges, they face the issue of having an excessive
number of parameters, such as the vacuum condensates. To properly address this issue, it
is necessary to compare the inferred values of these parameters with those obtained from
realistic nonperturbative analyses of QCD or from experimental data. Recently, there has
been a vigorous attempt to combine ideas from the light-front formulation of quantum field
theory with models derived from the concept of gauge-gravity duality [4, 8, 9]. Nevertheless,
a challenge arises when attempting to connect the many parameters utilised in this approach
with the single mass-scale present in QCD.

During the past thirty years, CSMs [10-14], realised via Dyson-Schwinger equations
(DSEs), have grown into a powerful tool for the analysis of hadron physics observables. In-
deed, the DSEs have achieved marked successes, especially during the past decade [15-28],
particularly in relation to understanding the causes and various manifestations of emer-
gent hadron mass (EHM). DSEs correlate the features of meson and baryon ground- and
excited-states within a single, symmetry-preserving framework. In this context, symmetry-
preserving implies adherence to Poincaré covariance and satisfies the relevant Ward-Green-
Takahashi identities. The challenges surrounding DSE analyses revolve around the fact that
the equation for each n-point function is connected to those for higher n-point functions
[10, 11]. For instance, the gap equation for the quark 2-point function is linked with that
for the gluon 2-point function and the gluon-quark 3-point function. As a result, in order
to establish a manageable problem, truncations are required.

The principal focus of this thesis is the study of the properties and structure of octet
baryons, especially those of proton, within the DSE framework. A central aim of ongoing
theoretical and experimental efforts is to comprehend nucleon structure because the nucleon
is the simplest composite object made of three valence light quark [29]. Nucleon form factors
encode its fundamental properties, for example, expressing the charge distribution of its
charge carrying constituents.

Nucleon electromagnetic form factors are quite well known, however, much more needs
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to be understood about their axial and induced-pseudoscalar form factors, which measure
nucleon responses to probes associated with the isovector axial-vector current. Such form
factors characterise neutrino-nucleon scattering [30-33], exclusive pion electroproduction
[34-37] (e.g., e~ p — m pr), radiative muon capture [38-40], and ordinary muon capture[41-
44).

At zero momentum transfer, the nucleon axial form factor gives the axial charge g4 =
G 4(0), which can be measured with high precision from neutron -decay experiments [45—
48]. The nucleon induced pseudoscalar coupling, g}, can be determined via the ordinary
muon capture process, i~ +p — n + v,, from the singlet state of the muonic hydrogen
atom at the muon capture point Q? = O.88mi (43, 44, 49-51], where m, is the muon
mass. Additionally, kindred decays of hyperons have also attracted much attention [52, 53]
because they present an opportunity to shed light on the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element |V,s|. Hyperon axial charges are also important in effective field
theory of octet baryons[54, 55] because they enter the expansions of all quantities in chiral
perturbation theory. Compared with nucleon, little empirical information is available on
hyperon axial charges.

The flavour-dependent axial charges of the octet baryons, i.e., the singlet axial charge
gff), the isovector axial charge gff) and the SU(3) octet axial charge gff) are also fundamental
observables in hadron physics. They provide insights into the spin structure and properties
of baryons. The charge gg)) should indicate the measurable total spin of a given baryon
that results from the spins of its valence degrees-of-freedom. Notably in this connection, an
angular momentum decomposition of the proton axial charge, gfj’;, exhibits contributions
to its spin that are associated with quark+diquark orbital angular momentum. It is not
zero; hence, the proton’s spin cannot be attributed solely to the sum of valence quark spins.
Indeed, as is widely known, in quantum field theory, valence quark partons are just one
of the factors that contribute to the structure of the proton and the pion. These things
highlight the importance of studying the proton’s polarised parton distribution functions
(DFs): they are an essential part of understanding proton structure.

This thesis is structured as follows. In Chapter 2, I describe the DSE formalism under
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a symmetry-preserving treatment of a vector x vector contact interaction (SCI), including
the gap equation for the dressed quark propagator; the Bethe-Salpeter equation (BSE) de-
scribing two-body problems and the Faddeev equation relevant for the three-body bound
states. I also discuss practical calculations in this chapter. In Chapter 3, octet baryon axial,
induced pseudoscalar, and pseudoscalar form factors are computed using the SCI. Consider-
ing neutral axial currents, I describe the SCI predictions for the flavour separation of octet
baryon axial charges and, therefrom, values for the associated SU(3) singlet, triplet, and
octet axial charges. Based on the work in Chapter 3, I then elucidate the angular momentum
decomposition of the proton’s axial charges in Chapter 4. The contributions of the various
quark+diquark orbital angular momentum components to the canonical normalisation are
also obtained with a view to revealing the structure of the wave function. In Chapter 5, pre-
dictions for all polarised parton DF's are delivered. The keys to this progress are existence
of an effective charge in QCD which defines an evolution scheme for both unpolarised and
polarised parton DFs that is all-orders exact and development of well-constrained Ansdtze
for the hadron scale in-proton valence quark helicity DFs. I summarise and provide an

outlook in Chapter 6.



Chapter 2

SYMMETRY-PRESERVING TREATMENT
OF A CONTACT INTERACTION

2.1 Introduction

The DSEs are an infinite tower of coupled integral equations relating the Schwinger functions
of a quantum field theory to each other.! A quantum field theory is completely defined once
all its n-point Schwinger functions are known. However, it’s impossible for one to solve
infinitely many coupled integral equations. So it is unavoidable that the tower of coupled
equations must be truncated at some point. This implies that the tower of equations has
to be truncated at a certain value of n, which corresponds to the maximum number of legs
on any Schwinger function that is utilised in the self-consistent solution of the equations.

A symmetry-preserving truncation scheme applicable to hadrons was introduced in
Refs. [56, 57]. That procedure generates a BSE from the kernel of any gap equation for which
the diagrammatic content is known. In that scheme, all Ward-Green-Takahashi (WGT)
identities [58-61] are preserved, without fine-tuning, and hence, current-conservation and
the appearance of Goldstone modes in connection with DCSB are ensured. Within DSEs,
a symmetry-preserving treatment of vector x vector contact interaction has proven to be a
reliable tool in describing the properties and structure of hadron ground states. So I use it
to carry out much of the work in this thesis.

The aim of this thesis is to study the properties and structure of baryons based on DSE,

!'Schwinger functions may be called the Euclidean Green functions for a theory. In principle, they are
connected to standard Green functions via a straightforward analytic continuation in the time variable. See
Ref. [27] (Sec. 1) for additional information.



where the one-body gap equation, two-body BSE and three-body Faddeev equation play
roles. In this chapter, I will describe them in detail. Sec.2.2 introduces the symmetry-
preserving treatment of a vector x vector contact interaction (SCI) used in this thesis.
Sec. 2.3 provides the form of the SCI gap equation, including its regularisation scheme, and
explains how to solve it. In Sec. 2.4, I analyse the homogeneous and inhomogeneous vertex

BSEs. The Faddeev equation is discussed in Sec.2.5.

2.2 Contact interaction

In the continuum analysis of hadron bound states, the basic element is the quark + antiquark
scattering kernel. At leading order in the widely-used symmetry-preserving approximation
scheme, known as rainbow-ladder (RL) truncation [56, 57], that kernel can be written as

follows:

Kala’l,azaé = guv(k)[ivu]alo/l [i’yll]azaé ) (213)

Guv(k) = G(K*)T}, | (2.1b)

where k = p1 —p] = py —pa2, with p1 2, p} 5 being, respectively, the initial and final momenta
of the scatterers, and kQTZfV = k25uv — kuky.

é‘ serves as the defining element; and it is currently known that, owing to the emer-
gence of a gluon mass-scale [62-64], G is nonzero and finite at infrared momenta. Hence,
when considering long-wavelength hadron properties, it can reasonably be approximated as

follows:

G(K) = To® (2.2)

In QCD [64]: mg =~ 0.5GeV, ar ~ 7. Following Ref.[65], this value of m¢ is retained
herein. Using Eq. (2.2) and exploiting the fact that a SCI cannot support relative momentum
between the constituents of a meson bound-state, the interaction in Egs. (2.1) can be reduced

to:

VY go"
CI IR . .
“7(0410/1,0120/2 = mié[lvu]oqa’l [Z’YM]QQO/Q . (23)
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The SCI expresses an elementary form of confinement by including an infrared regu-
larising scale, Aj;, when defining all integral equations relevant to bound-state problems
[66]. This expedient removes momenta below Aj;, thereby eliminating the thresholds for
the quark-antiquark production. The standard choice is A;; = 0.24 GeV = 1/[0.82fm]| [67],
which introduces a confinement length scale roughly comparable to the proton radii [68].

Ultraviolet regularisation is necessary for all integrals in SCI bound-state equations.
This process breaks the connection between infrared and ultraviolet scales that is charac-
teristic of QCD. As a result, the associated ultraviolet mass scales, A,y, become physical
parameters. These parameters can be interpreted as upper limits for the regions in which

distributions within the associated systems are practically momentum-independent.

2.3 Gap equation

o - +

Figure 2.1: DSE for the quark propagator (gap equation). The lines with red balls are
the dressed quark propagators; the curly line with green ball represents the dressed-gluon
propagator; the blue ball is the dressed-quark-gluon vertex.

For a quark, the SCI gap equation, depicted in Fig.2.1, expressed in Euclidean space

(see Appendix A.1 for the conventions used), is written as:

S7Hp) = Sy (p) +Z(p) (2.4a)

Sot(p) =iv-pt+m, (2.4b)
T d*

X(p) = 1277;22 / ﬁws(q)w. (2.4¢)

where m is the quark current-mass. At zero temperature and chemical potential, the most

general Poincaré covariant solution of this gap equation involves two scalar function. There



are three common, equivalent expressions

_ 1 oz
S(p) = iy ~pA (p2) B (p2) = v Pt i (p2) = —17Y - poy <p2> +o0g <p2> . (25)

In the second form, Z(p?) is called the wave-function renormalisation and M (p?) is the
dressed-quark mass function.
Introducing the first expression of the quark propagator into Egs. (2.4), one obtains the

following

. B 167 IR d4q 1
i pA(pT) +B\p7) =iy ptm+— mg | @m)i iy qA () + B (@) "
167 arr / dq  —iv-qA(¢*) + B (¢?)

=1y-pt+tm+ Ymé (%)4% PA? (q2) B2 (qQ) V-

(2.6)

If one then multiplies Eq. (2.6) by (—iv - p) and subsequently evaluates a matrix trace over

Dirac indices, then one obtains

- 327w a1 dq A (q2)
A (p2> =1- 122/ (27) (p-q) A (D) L B (&) (2.7)

It is straightforward to show that [d*q(p-¢)F (p% q*) = 0 (Appendix A.2), and so

A <p2> =1. (2.8)

On the other hand, multiplying Eq. (2.6) by Ip and evaluating a trace over Dirac indices,
then
64 d* B (¢
B(p?) =m+ S [ L0, @
3 mg ) (2m)* A% (¢?) + B2 (¢?)

Using the result in Eq. (2.8), one finds

B (1) _m+647ram/ d'q _B(@) (2.10)

3 ’mé (27r)4 q® + B2 (q2)

(2.9)

Since the integral here is p?—independent, a p?—independent solution must be obtained.

Thus, any nonzero solution must be of the form

B <p2> = constant = M . (2.11)



Inserting Eq. (2.11) into Eq. (2.10), one obtains

647 R, / dq 1
M = M— —
m 2 | Gmig+ 2

3 mg
4 ar [ 1
mt SWmé/o s M2

(2.12)

where d*q = ¢® sin? 6; sin #2dqdf1db>d¢ and s = ¢* with ds = 2qdq.
A heat-kernel-like regularisation procedure is useful in formulating the SCI, viz. one
writes
00 T2, —72, (3+M2) . 77'1-27,(3+M2)
! :/ dre~T(s+M?) %/ dre—T(stM?) _ € ¢
0 o

s+ M? ’

2.13

where 7 v are, respectively, infrared and ultraviolet regulators, i.e. Ty = 1/Ayy, T =

1/A;. Using Eq. (2.13), then Eq. (2.12) becomes

4 .
M =m+ M5 (M2 (2.14)
3rmg,

where C}'(0) = o [I'(—1,072,) = I'(—=1,072)], with I'(s,z) being the incomplete gamma
function

F(s,x):/ dtt~te . (2.15)
T

The “iu” superscript stresses that the function depends on both the infrared and ultraviolet
cutoffs.

In general, functions of the following form arise in solving SCI bound-state equations:
o) =T(n—1,072) —T(n—1,072), C(c) = 6C.(0), n € ZZ . (2.16)

See Appendix A.2 for more details.

Finally, one obtains the SCI dressed-quark propagator:
S~Hp) =iy-p+ M (2.17)

with M, the dynamically generated dressed-quark mass, obtained by solving Eq. (2.14).
Importantly, there is a critical value of aIR/mé such that, for all values of this ratio

which exceed the critical value, a M # 0 solution exists even when m = 0 — see, e.g.,
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Ref. [14] (Sec.2.2). This is an expression of DCSB in the SCI.

2.4 Bethe-Salpeter equation

By projecting the quark-antiquark four-point Schwinger function onto a specified J* quan-
tum number channel, a vertex that satisfies an inhomogeneous BSE can be derived. When
referring to a vertex equation, one inevitably needs to discuss Ward-Green-Takahashi iden-
tities (WGTTI), which are basic to preserving symmetries in quantum field theory. A meson,
characterised by two valence-quarks, with specific J quantum numbers, appears as a pole
in the corresponding projected vertex. By equating the residues on both sides of the in-
homogeneous BSE, one finds the meson Bethe-Salpeter amplitude by solving the resulting
homogeneous BSE. It is important to observe that, as a consequence of EHM, any inter-
action capable of creating mesons as bound states of a quark and antiquark can generate
strong colour-antitriplet correlations between any two dressed quarks contained within a

hadron. These are the so-called diquark correlations. (See the discussion of Eq. (2.45).)

2.4.1 Meson and diquark

Figure 2.2: Homogeneous Bethe-Salpeter equation for a quark+antiquark-meson amplitude.
Blue ball - the bound state amplitude; and the line with red ball - dressed quark propagator.
K is the two-particle irreducible quark+antiquark scattering kernel.

In QCD, mesons emerge as bound states seeded by a valence quark + valence antiquark.

A study of their properties may begin with the solution of a homogeneous BSE, such as
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that depicted in Fig. 2.2 and represented mathematically as follows:

d*t
(2m)4

where I' is the bound-state’s Bethe-Salpeter amplitude (BSA) and x(t; P) = S(t + P)I'S(t)

C(p: P = / 0t PYo K5 (8 p; P) (2.18)

is its Bethe-Salpeter wave-function, where S is the dressed-quark propagator. The ¢, u, s and
r represent colour, flavour and spinor indices, and K is the relevant two-particle irreducible
quark+antiquark scattering kernel. This equation possesses solutions for that discrete set
of P%-values which correspond to the masses-squared of the bound states.

In rainbow-ladder truncation and with the interaction in Eq.(2.3), the homogeneous
BSE for a meson with specific J quantum numbers, composed of quarks with flavours f

and g, with {f,g = u,d, s}, i.e., lying within SU(3) flavour, can be written as

4 a a
[y (03 P) = — mZ, /(%)4%25]”(75—1-13) [ (; P)Sg(t)?%. (2.19)
This equation has a solution for P2 = —m%g.

The BSA of such a meson, written with full colour, flavour, and spinor structure, takes

the form:
P P
T} (p; P) = M @ 15, @ T75 (p; P) (2.20)

where the the colour-singlet character is expressed in A\ = diag{1,1,1} and the flavour

matrices are given by
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0 V2 0 0 0 0 1 0 0
the=10 0 0|, tw=|+v2 00|, 0 =10 -1 0],

0 0 0 0 00 0 0 0

0 0 V2 0 0 0 10 0
ts=]00 0 |, tm=] 0 00|, t . go:=us]|01 0|,

00 0 V2 0 0 00 -2

00 0 0 0 0 V2 0 0
=100 V2|, =10 0 0], Vypu=D] 0 V2 0

00 0 0 V2 0 0 0 V2

) ) ) ) ) (2.21)
Using 2221 <>‘—2a§) =Crl = %1, one can obtain

P 16mar d*t P
ng (p; P) = — 3mé / (271_)47u5f(t + P)ng (t; P)Sg(t)’m- (2.22)

Since the integrand does not depend on the external relative momentum, p, a symmetry

preserving regularisation of Eq. (2.22) results in solutions that are independent of p. Here

I demonstrate the nature of the BSE through two relevant examples, viz. the pseudoscalar
P

meson (J = 07) and the vector meson (J* =17).

The solution for a pseudoscalar meson can be written as

v P

1'%, (P) = ysiE 15 (P) + %F[m(P)} , (2.23)

where Mg = MyMy/ [My+ Mgy]|. If one inserts Eq.(2.23) into Eq.(2.22) and employs
the symmetry-preserving regularisation of the contact interaction explained below — see

Eqgs. (2.52) — one obtains the following explicit form of the homogeneous BSE:

By (P?) | o | KEE KEP || By (P?)

oy | 3mmZ | lfal gl 2y | (2.24)
F[f’ (P) Kre Krrp F[f?z] (P)
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with

2
[fg] _ 3mmg my + mg / o My + oMy 5, 2
= 1- ila, P 2.2
KEE = Jom 7 M+ 01, A VAN ¥ My, O\ (O" ) o (225)
2 1
rg P A 5iu - 2
Kigp = 2N, / da [aMy + aM,) C; (wfg (a,P )) , (2.25b)
9IM?2
Kif = 52 Kip (2.25¢)
1 _
rclfal — —2/0 da [MfMg +aM? + aMg] Clu (wfg <a,P2)> , (2.25d)

where wyz(a, P) = dMJ% + oz]Wg2 + adP?(& =1 —a). Eq.(2.24) is a eigenvalue problem: it
has a solution at a single value of P? = —mfcg < 0, at which point the eigenvector describes
the meson’s Bethe-Salpeter amplitude.

In the computation of observables, one must use the canonically-normalised Bethe-

Salpeter amplitude, i.e., the amplitude F% is rescaled so that

dit —o- A
where N. = 3 and I'y5(P) = C'T'4;(P)TC. Using % = 2P##, one has
1= -4k, p) (2.27a)
= | ip2 o 27a
d't - o-

With of the canonically normalised Bethe-Salpeter in hand, the leptonic decay of a

pseudoscalar meson is described by the following matrix element:

<0 ’€79’Yu75qf| Pfg(P)> C= fJQE_P

(2.28)
Y / 200 357y (t + P (P)Sy(t)]
Straightforward algebra now yields the following result:

Ne [£3] [£3]

fts = 33 M KBy + K Ry (2:29)
In the same manner, for a vector meson, one has
1- 1

Lutra)(P) = 7 Eggap (P (2.30)
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where

Y =W = paFu (2.31a)
v-P
’Y,U o P,, (2.31b)

and ’yu + Y = Y, SO Pl/ylf =0 and P,v,; = v - P. Using steps similar to those above, one

arrives at the vector meson mass equation

1— g/} (—mff§71)> =0, (2.32)
where

1
K{fa} (p2) — 2aIR2/ da [MfMg — o?M]% — ong2 — 20407]32} C_iu (wfg) . (2.33)
0

3mmg,
In this case the canonical normalisation condition can be written

4
T.s(P)P, = thrD/(;l&f}y[fg)(—P) ai Sp(t+ P)Th gy (P)S,(t) - (2.34)

Summing over the Lorentz indices, Eq. (2.34) can be rewritten in the form

1 0

dit —;
Netwp [ Pl (“K)S0+ PTG (IS0 (239)
K=P

" 30P,

So, the canonical normalisation condition is readily expressed as follows:

1 mZ d
__g "¢ % pAsa}(p2 , (2.36)
E{Qfg} dmragr dP? ( ) R
(r207)
where M fg1-)? is the solution of Eq. (2.32).

The leptonic decay of a vector meson with total momentum P and polarisation A is

described by

(Ol | VI(PN)) = Figq- (f@l*fﬁ

(2.37)
=N, / 1t VHSf(t—i—P) F}; (P)Sg(t)] ,

where {ei‘L|>\ = —,0,+} are the three possible polarisation vectors. Contracting with e;\L and
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using standard properties of such vectors, Eq. (2.37) can be written in the form

Ne [ d* -
F(raa=)m(sa0-) = 5 / @mi UP {wa(tJrP)Fu(fg)(P)Sg(t)] : (2.38)
Then, one readily obtains the following result

SNCmé _ 9
f(fg,lf)m(fg,k) = 78%0413 Kta (P ) Ergy - (2.39)

Based on the SCI analysis of pseudoscalar mesons in Ref. [65], the SCI analysis in

Ref. [69] is improved by keeping all light-quark parameter values but fixing the s-quark

K

s through a least-squares fit to mea-

current mass mg, and K-meson ultraviolet cutoff, A
sured values of mg, fx, whilst imposing the following relation:

™

K K12 Alll{/ T w12 Auv
aIR(AuV)[Auv] In A :aIR(Auv)[Auv] In A (240)

This procedure eliminates one parameter by imposing the physical constraint that any
increase in the momentum-space extent of a hadron wave function should correspond to
a reduction in the effective coupling between the constituents. Only w/d, s quarks are
considered herein.

In Ref. [65], the procedure was also applied to the c-quark/D-meson and b-quark/B-
meson. The complete set of results is reproduced in Table 2.1. The evolution of A, with

mp is described by the following interpolation (s = m%):
Auy(s) = 0.3061n[19.2 4 (s/m2 — 1)/2.70] . (2.41)

Using the SCI, colour-antitriplet quark+quark correlations (diquarks) with spin-parity
JP, constituted from quarks with flavour f and g, are described by a homogeneous BSE

that is readily inferred from the BSE for the meson with spin-parity J =7, i.e., Eq. (2.19):

a )\a

TQ 4 -r !
e [y i+ QT @is-al [ | BT a2

mg,
where the superscript “T” indicates matrix transpose. The flipping of the sign in parity

occurs because fermions and antifermions have opposite parity.
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Table 2.1: Couplings, aqr/m, ultraviolet cutoffs, Ay, and current-quark masses, my, f =
u/d, s, c, b, that deliver a good description of flavoured pseudoscalar meson properties, along
with the dressed-quark masses, M, and pseudoscalar meson masses, mp, and leptonic decay
constants, fp, they produce; all obtained with mg = 0.5 GeV, A;; = 0.24 GeV. Empirically,
at a sensible level of precision [70]: m, = 0.14, fr = 0.092; mx = 0.50, fx = 0.11;
mp = 1.87, fp = 0.15; mp = 5.30, fp = 0.14. (Isospin symmetry is assumed and
dimensioned quantities are listed in GeV.)

quark R /T A m M mp fp
T l=wu/d 0.36 0.91 0.0068,, /4 0.37 0.14 0.10
K 5 0.33 0.94 0.164 0.53 0.50 0.11
D c 0.12 1.36 1.39, 1.57 1.87 0.15
B b 0.052 1.92 4.81 4.81 5.30 0.14

Similar to a meson, the BSA of a diquark can be written as:
-F —F J-F.C
irf, (K)=Hf @I, (K)=Hj ot o] < (K)C, (2.43)

where: the colour-antitriplet character is expressed in {Hg od=1,2,3} = {i\T, —i\5 iA?},
with {\¥, k = 1, ..., 8} being Gell-Mann matrices, s0 (H)c e, = €c1epe; With the Levi-Civita

tensor €, ¢,cy; the flavour structure is expressed via

0 1 0 0 0 1 0 0 0
=1 -100], t%=]0 ool, th=l0 0o 1],
0 0 0 ~1.0 0 0 -1 0
V2 0 0 010 0 0 1
tha=1 0 00|, ty=[100|, the=]00 0], (2.44)
0 00 000 1 0 0
0 0 0 000 00 0
thy=10v2 0|, th=l001]., thh=]00 o
0 0 0 010 0 0 V2

Here, C' = 97, is the charge-conjugation matrix.
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Using the following properties of Dirac matrices, C"y;‘fC’T = —, and of Gell-Mann

matrices, Y0 H; A" [H;]" = =A%, then it is straightforward to show that

J_P7C . —_—

116ma d*t s
_ IR / ( 47MSf(t + P)F;g 7C(t; P),S’g(f;)f-}/‘u . (245)

2 3mg 2r)
This equation explains the observation that an interaction capable of binding mesons also
generates strong diquark correlations in the colour-3 channel. It follows, moreover, that
one may obtain the mass and Bethe Salpeter amplitude for a diquark with spin-parity J ¥
from the equation for a J¥-meson in which the only change is a halving of the interaction
strength.

It is now easy to obtain the masses and amplitudes of the 07 and the 17 diquarks:

+ . - P
U5y C(P) =5 | Bl (P) + 37— Fira (P)] | (2.46a)
fg
1*.c AL
Lo (P) =1 Epay (P), (2.46b)

where My, = MM,/ [M r+ Mg]. The masses and associated amplitude functions satisfy
simply modified versions of Egs. (2.24), and Egs. (2.33), (2.36).

Table 2.2: Masses and canonically normalised correlation amplitudes obtained by solv-
ing the diquark BSEs. Recall that isospin-symmetry is assumed. (Masses listed in GeV.
Amplitudes are dimensionless.)

Mud] Erya) Flua) M us) Bl Flug)
0.78 2.71 0.31 0.94 2.78 0.37
M fuu} Eruuy M s} Erusy M5} Erssy
1.06 1.39 1.22 1.16 1.33 1.10

Following the same procedures used for mesons, one can solve the diquark BSEs and
calculate the corresponding normalisation constants. As initially observed in Ref.[71], ow-
ing to similarities between their respective Bethe-Salpeter equations, one may consider a

colour-antitriplet J© diquark as the partner to a colour-singlet J~F meson. Thus, the BSEs
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for J diquark are solved using the dressed-quark propagators and the values of Ay, asso-
ciated with the J~* mesons [72, 73]. The calculated diquark mass-scales and canonically
normalised amplitudes are listed in Table 2.2. (As explained in Appendix C of Ref. [74],
when using the SCI, a slight modification of the canonical normalisation procedure for a
given diquark correlation amplitude is necessary, resulting in a < 4% recalibration, which

is already included in Table 2.2.)

2.4.2 Ward-Green-Takahashi identities

In any study of low-energy hadron observables, it is critical that the relevant WGT identities
[58-60] be satisfied. Failing this, it is impossible, e.g., to preserve the pattern of chiral
symmetry breaking in QCD and hence a veracious understanding of hadron mass splittings
is not achievable. WGT identities are also very important for preserving the conserved
vector current (CVC) and partially conserved axial-vector current (PCAC). For instance,
if one dose not ensure satisfaction of the vector WGT identity when computing the pion
elastic electromagnetic form factor, it cannot be guaranteed that the pion will have unit
charge [75].

The axial-vector WGT identity (AVWGTI), which expresses chiral symmetry and its

breaking pattern is
QuTEQ) +i[my+mg] TI(Q) = 57" (k) ins + 55, (k) (247)

where () is the incoming momentum of the vertex, and k4 and k are the quark’s outgoing
and incoming momentum. In order to focus on basics, I ignore the flavour matrix of the
vertex here.

The two vertices in Eq. (2.47) are determined by inhomogeneous BSEs, viz. in RL trun-

cation:

167 aqr d*t

D@ =55 = =5 [ (5oyi7e Sy TEUQ)Sy Ea (2.48)
16 d*
I9(Q) =5 — ;:;g / (27:)4’}/asf(t+)rgg(Q)Sg(t)’7a. (2.48Db)
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One must therefore implement regularisations of these inhomogeneous BSEs that maintain
Egs. (2.48).
To see what this entails, contract Eq. (2.48a) with @, and combine it with the AVWGTI
in Eq. (2.47) and the gap equation in Eq. (2.14). This yields the following two identities:
M, n My
¢+ Mg (g+ Q)+ M
Q-q Q-(¢+Q)

¢+ Mg (q+Q)*+ M

64T arr
(My —my) + (Mg —my) = 3 mé/

-

Re-expressing the integrals using Feynman parameterisation, one can arrive at

(My —my) + (Mg —mg) = - Brom //

3mG

, (2.49a)

(2.49D)

Mf—l-Mg B
q +wfg (an)]

(GMy — alMy)(M} — M + (& — 2)Q°)

[qQ + wfg (Oc, Q)]

(2.50)

and

A 1 1.2
0= do 2T T s Q) 2.51
/q /0 e+ wp( Q) 2

where wyq(a, Q) = dM]% + aM + aaQ?. One must enforce Egs. (2.50) and (2.51) when-
ever possible in the following. In doing so, one is defining a regularisation scheme for the
model that ensures preservation of the AVWGTI. Taking into account the expressions in

Appendix A.2, one finds that this entails

dorr ! iu N
(Mg =)+ 0y = my) =% [ (€™ s Q) — (@t~ ady)
(MZ M2+ (6— )@ (wpy(, Q)| . (2520)
1
= [ daC™(usy(a,Q) + Ci*(upy (. Q). (2.52D)

With such a symmetry-preserving treatment of the contact interaction, the solutions of

Eqgs.(2.48) have the general form

I9(Q) = 157 PLY(Q%) + s i PIE Q) +iQus P (QP) | (2.53a)
i (Q) = ins B1(Q) + ;MQ FI9(Q%), (2.53b)
fg
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where Q,ﬁf =0, ’yg + vﬁ = Yy
If one inserts Eq. (2.53b) into Eq. (2.48b) and employs the symmetry-preserving regu-
larisation explained in Egs.(2.52), then one arrives at the following algebraic equation for

the two terms in the pseudoscalar vertex:

ET9 (Q? 1
(@) =[I-K! : (2.54a)
F19(Q?) 0
1 0 ICfg ’Cfg
[-K= - 40‘“:‘2 be BE (2.54b)
0 1| T | Kl Kl

where the kernel elements are given in Eq.(2.25). (Owing to a slight notation change in
treating the inhomogeneous BSE in this subsection, one must here identify g with g in
Eq. (2.25).) As promised, a straightforward calculation reveals the presence of a pole at the
lightest fg-pseudoscalar state (07). From the term Kgp, it is easy to obtain the following
relation:

(my +my) B77 (Q* = 0) = M; + M, (2.55)

Now, returning to the axial-vector vertex. Substituting Eq. (2.53a) into Eq. (2.48a) and

drawing on Eq. (2.47), one finds

Pl (%) =1~ WFJ‘Q (@) (2.56)

One can determine ijg (Q?) by contracting Eq. (2.53a) with the transverse projection

operator v57),,(Q) = V5 (9 — QuQu/QQ)f

1
pfo <Q2) _ , (2.57a)
T 1+ K% (Q?)
20ir (1 .
K19 (QQ) - / do [M M, + aM? (2.57b
AV 37Tm% 0 fg f )

—i—ong2 + 20[0?622} Ci <wfg (a, Q2)> :

The transverse part of the axial-vector vertex exhibits a pole at the mass of the lightest fg

axial-vector state (11).
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Only the computation of sz J(Q?) remains. This may be accomplished by, first, con-
tracting Eq. (2.53a) with iy5Q,, and then, using Eq. (2.47) and the gap equations, one arrives
at

Q*PJ(Q?) = (M + My) — (my +my) ET9(Q?). (2.58)

According to Eq. (2.55), it is clear that limg2_, Q2P2ff (Q2) = 0. Consequently, PQng (Qz)
is regular at Q% = 0.

Using Eq. (2.55) in solving Egs. (2.54), one can obtain

f 2 _
mg+mg K17.(Q? =0) — 1

Inserting F/9(Q? = 0) into Eq. (2.56), one finds

K (@2 =0) 1
1 K5(@*=0)  1-K5(Q>=0)

Pl (@ =0) =1+ (2.60)

Comparing Kﬁ/ (QQ) in Eq. (2.57) with IC;% (Qz) in Eq. (2.25), one reads Kﬁ/ (Q2 = 0) =
—IC%; (Q2 = 0). Thus,
1

P (@ =0) = ST AT Pif (@*=0). (2.61)

This establishes that the axial-vector vertex is regular at () = 0 when the current-quark
masses are nonzero.

Evidently, a symmetry-preserving calculation of the axial-vector and pseudoscalar ver-
tices has succeeded.

Following similar procedures, one can develop a symmetry-preserving calculation of the

vector and scalar vertices. Detailed discussions are contained in Refs. [65, 74, 76].

2.5 Faddeev equation

Herein, each baryon’s dressed-quark core is described via the solution of a Poincaré-covariant
Faddeev equation, like that depicted in Fig. 2.3. The approach is built upon the quark—plus—
interacting-diquark picture of baryon structure introduced in Refs. [77-79]. An updated

perspective on this picture is provided in Refs. [80-83].
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Pd

Pq

Figure 2.3: Integral equation for the Poincaré-covariant matrix-valued function W, the
Faddeev amplitude for a baryon with total momentum P = p, + pg = kq + k4 constituted
from three valence quarks, two of which are always contained in a nonpointlike, interacting
diquark correlation. ¥ describes the relative momentum correlation between the dressed-
quarks and -diquarks. Legend. Shaded rectangle — Faddeev kernel; single line — dressed-
quark propagator [Section 2.3]; I' — diquark correlation amplitude [Section 2.4.1] and double
line — diquark propagator. Ground-state J = 1/2% baryons contain both flavour-antitriplet—
scalar and flavour-sextet—axial-vector diquarks.

The Faddeev equation is derived following the observation, mentioned above, that an
interaction which binds mesons also generates strong diquark correlations in the colour-3
channel. The validity of the diquark approximation in the quark-quark scattering kernel
is supported, e.g., by the explicitly three-body analyses in Ref.[84]. In the quark+diquark
approach, there are two contributions that bind three valence quarks within a baryon [85].
One part is expressed in the formation of tight (but not pointlike) quark+quark correlations.
The other is the attraction generated by the quark exchange depicted in the shaded area
of Fig. 2.3, which ensures the diquark correlations within the baryon are fully dynamical.
Namely, no quark is special because each one participates fully in all diquarks allowed by
its quantum numbers. The continual rearrangement of the quarks ensures, inter alia, that

the baryon’s dressed-quark wave function adheres to Pauli statistics.

2.5.1 General structure of the Faddeev amplitudes

The Faddeev amplitude of a spin-1/2 baryon may be represented as follows:
U=U; 4+ Uy 4 Us, (2.62)

where the subscript identifies the bystander quark and, e.g., W12 are obtained from W3
through a cyclic permutation of all quark labels. I employ the simplest realistic representa-
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tion of ¥, where an octet baryon is comprised of a sum of scalar and axial-vector diquark

correlations:
+ +
Us(pj,aj,95) = N5 (j.cj,05) + N3 (pj. 05, 05) (2.63)

with (pj,aj, ;) being the momentum, spin and flavour labels of the quarks constituting
the bound state, and P = p; + po + p3 is the system’s total momentum.

It is plausible that pseudoscalar and vector diquarks may contribute to the Faddeev
amplitude of a ground-state octet baryon. However, they have opposite parity compared to
the ground-state baryon and hence can only appear in concert with nonzero quark angular
momentum. Given that the ground-state baryon is expected to have minimal quark or-
bital angular momentum, and considering that these diquark correlations are considerably
more massive than the scalar and axial-vector diquarks, they can safely be ignored when
computing the properties of the ground state. This is confirmed in Refs. [86-88].

The scalar diquark piece in Eq. (2.63) takes the form

T1T2
NS (ps, i, 7) = [drg+ <;P[12];K> ACOD (R [ WS (e, P)]7

a3z ?

ooz (2.64)

US4, P) = S'(¢; P)u(P),

where: K = p1 + pa = pgia}, Ppg) = P1 — P2, £ = (=pqizy + 2p3)/3;

1

K2+ mi o)

AGOT (K (2.65)

is a propagator for the scalar diquark formed from quarks 1 and 2, with my+ the mass-scale
associated with this 07 diquark; T’ ?+ is the canonically-normalised Bethe-Salpeter ampli-
tude describing the relative momentum correlation between the quarks, given in Eq. (2.43);
S’ is a 4 x 4 Dirac matrix describing the relative quark-diquark momentum correlation

within the baryon, also including the colour-singlet matrix \J/+/3; and the spinor satisfies
(iy- P+ Mp)u(P)=0=1u(iy- P+ Mp), (2.66)

with Mp the mass obtained by solving the Faddeev equation. The spinor, u, is normalised
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such that u(P)u(P) = 2Mp, and
2MpAy(P) =Y u(Pio)u(P;o) = Mg —iy- P, (2.67)
o=+
where in this line I have explicitly indicated the spin label. (See Appendix A in Ref. [89] for

more details.) I note that u also possesses another column-vector degree of freedom, wviz.

r1 ufud]

up = | ro d{uu} | (2.68a)
r3  u{ud}
r1  dfud]

Un = | ro u{dd} | (2.68Db)
r3  d{ud}

r1 —v/2s[ud]

1
up = V3| ulds] — d[us] ; (2.68¢)
r3 u{ds} — d{us}
r1 ufus]
us+ = | ry s{uu} | (2.68d)
r3  u{us}
r1 slus]
uzo = | ry s{us} | - (2.68e)
r3  u{ss}

Since this work assumes isospin symmetry, the unlisted octet charge states may be ob-
tained from those above by applying an isospin-lowering operator. These states are mass

degenerate with those written explicitly. The colour antisymmetry of W3 is implicit in dpot
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The axial-vector part of Eq. (2.63) is

T172
+ + (1 i1t i 73
N (pi> iy 7)) = [drz{u <2P[12]§K> A,(u’/l )(K) [‘I’f (4; P)]a )
aa 3 (2.69)
UM (6 P) = AL (4 Pyu(P),
where
i1t v
A () = K2+in2 S + ;;"K (2.70)
(i) (i7)

is a propagator for the axial-vector diquark formed from quarks 1 and 2 and the remaining
elements in Eq. (2.69) are straightforward generalisations of those in Eq. (2.64).

For completeness I note that since it is not possible to combine an isospin-0 diquark with
an isospin-1/2 diquark to obtain isospin-3/2, the spin- and isospin-3/2 decuplet baryons
contain only axial-vector diquark correlations. (Isospin-3/2 vector diquarks play practically
no role [82].) This establishes the pattern for the remaining decuplet baryons, allowing

them to be expressed via

\I’%O(pi’ahgpi) = DéJr(pjaa]?(pJ) ’ (271)

with

N A

+ (1
drzl,u (217[12}; K ,
araz “ (2.72)

1
D3" (pj, o, 5) =

U (6 P) = Dy, (6 P)uy(P),
where u,(P) is a Rarita-Schwinger spinor and, similar to octet baryons, in constructing
the Faddeev equations one may focus on that member of each isospin multiplet which has
maximum electric charge, viz.

{uu}s {us}s

s [t oo = | ]

{us}u {ss}u

(1]
*
Il

, ug = [ {ss}s } . (213)

Although simple to understand visually, the flavour structure expressed in Eq. (2.68) is
not that best suited for calculations. Instead, it is more convenient to proceed by asso-

ciating a flavour-space column vector with the baryon spinor: so that, e.g., Eq. (2.68¢) is
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re-expressed as follows:

Sius Alfus Afss A
Wpozo = W0 A+ WL A+ U ] @ = (2.74)

/3
where £, = column(1,0,0], f4 = column[0, 1,0] and f; = column]0, 0, 1].The column vector
that should be used is determined by the baryon, B, and the specified diquark.

The general forms of the matrices S'(¢; P), AL((; P) and D}, (¢; P), which characterise
the momentum-space correlation between the quark and diquark in the octet and decuplet
baryons, respectively, are described in Refs. [90-92]. The requirement that S?(¢; P) represent

a positive energy baryon, i.e., an eigenfunction of A, (P), entails

S'(t; P) = s (¢; P) S'(¢; P) + sb(¢; P) S*(4; P), (2.75a)
SY(¢; P) = Ip, S2(4; P) = (m - PID) : (2.75b)
where (Ip);s = Oy, 2= 1, P2 = —1. In the baryon rest frame, 8%72 describe, respectively,

the upper, lower component of the bound-state baryon’s spinor.
Placing the same constraint on the axial-vector component, one obtains
6
AL(6;P) =" pl(6; P)ys AR (£ P), (2.76)
n=1

where ({+ =0, 4+0-PP, v+ =~,+~-PB)

A=~ -0+P,, Al=—iP,,  A}=ny.-0tit,
A A (2.77)
AL =il AS =k A3 AS =yl i — Ad
Finally, because D}, (¢; P) is also an eigenfunction of A (P), one obtains
D}, (6; P) = 8'(6; P) 6, + 1.4, (6 P) £ (2.78)

with 8¢ and A?, given by obvious analogues of Eqs. (2.75) and (2.76), respectively.

With detailed forms available for the dressed-quark propagators, diquark Bethe-Salpeter
amplitudes, and diquark propagators — such as those determined by the SCI — one can now
formulate Faddeev equations for the baryons. As illustrated in Fig. 2.3, the kernels of

these equations involve the breakup and reformation of diquarks through the exchange of
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a dressed-quark. Thus, the Faddeev equation for an octet baryon, satisfied by W3, is

S™ (k; P)u(P) :_4/ d4l4M(k,l;P) Sf(l;P)U(P) (2.79)
AL (ks P)u(P) (2m) AL(L; Pyu(P)

where one factor of “2” appears because V3 is coupled symmetrically to ¥; and Wo, and I
have evaluated the colour factor “-2” (see Appendix A.3).
The kernel in Eq. (2.79) is

Mk, 1 P) = | g (2.50)
(M), (M),
with
MG =T (k3 laq) S (lag = ko) Ty (ks —Faa) S (1) A7) (1)
(Mo)™ =T (k_islgq) 57 (lag — ko) T% (Ip: —kga) S (1g) AS") (1) | -
(M) = T (k11 1) ST (Igg — k) T% (1ks —kaq) S (1) A0 (1) '
(M), = T (151ag) S (fag = ko) T (1o —ag) 8 (1) A" (1)

where k_; = kq — &g, It = lg — 3kgqs by = b kg = k,lyg = —L + P,kgq = —k + P. The
decuplet baryons’ Faddeev equations are similar to those of the octet baryons, but simpler.
In proceeding, I follow Ref. [93] and implement a simplification; namely, in the Faddeev

equation for a baryon of type B, I represent the quark exchanged between the diquarks as
T 9B
SH(k) = =£2 (2.82)

where gp = gs = 1.18 for octet baryons and gg — g10 = 1.56 for decuplet baryons [89].
This is a variant of the so-called “static approximation”, originally introduced in Ref. [94],
and since then it has been employed in studies of various nucleon properties — see, e.g.,
Refs. [72, 73, 95-100]. In conjunction with the diquark correlations produced by Eq. (2.3),
whose Bethe—Salpeter amplitudes are momentum-independent, Eq. (2.82) produces Faddeev
equation kernels that are also momentum-independent. Consequently, Eqgs. (2.75) and (2.76)

simplify dramatically, containing only those terms that are independent of the relative
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momentum:
S'(¢; P) — S'(P) = s'(P)Ip,
(2.83)
Ay (15 P) = AL(P) = a1 (P)ivsyu + aa(P)ys By -

I would like to emphasise that the utilisation of Eq.(2.82) is a matter of convenience
rather than necessity. It is employed because it allows us to present algebraic formulas that
reveal qualitative characteristics of the Faddeev equation and enable reliable insights into
the mechanisms of bound-state formation and level ordering. Eliminating this simplifica-

tion introduces significant additional complexity without material gains in either insight or

quantitative agreement with observation [101].

2.5.2 Explicit example: A baryon

Here I illustrate the construction of the Faddeev equation by considering the A baryon. The
A baryon is an isospin-0, J¥ = (1/2)* state composed of a single quark from each flavour,
resulting in a somewhat complicated spin-flavour amplitude.

Considering Eq. (2.68c), the ground-state A may be formed by five possible diquark
combinations:

[ud)o+s, [uslo+d, [ds]o+u, {us}i+d, {ds}+u. (2.84)

One can immediately see that [ud]p;s has I = 0 whilst the others do not possess good
isospin. This results in a mixing effect that make it difficult to distinguish between the A
and X° isospin-eigenstates. Consequently, constructing the flavour structure of the Faddeev
kernel becomes a complex task.

States with good isospin can be constructed in the following manner: with

[ud]s 1 0 0 0 0
[us]d 0 55 -5 0 0
V= [ds|u , O0=10 % % 0 0 ; (2.85)
{us}d 0 0 0 % —%
{ds}u 00 0 5 5
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then each of the entries in the new column vector

V2[ud]s,

[us]d — [ds]u,

[us]d + [ds]u,
{us}d — {ds}u,

{us}d + {ds}u,

has good isospin, with the isospin indicated.

I=0
I=0
I=1 |,
I=0
I=1

(2.86)

According to Fig.2.3, one can establish that the column vector V satisfies a Faddeev

equation of the form V = K45V, which may be written explicitly as follows:

[ud]s
[us]d
[ds|u

{us}d

{ds}u

0
Klus) jud)
K{ds),ud)
Kusy fud)

K{ds} jud)

Kud) [us]
0

K44, [us]
0

K {ds} Jus)

Kiuq),[ds)
Ky as)

0

K usy,[ds)

0

Kud) {us)
0

Kgs),{us}
0

K{ds) {us)

Kiuq), {dsy
Kys) (ds)
0
K usy {ds)
0

[ud]s
[us]d
[ds]u )

{us}d

{ds}u
(2.87)

where, e.g. K[uq) [us] depicts the disintegration of a [us] scalar diquark through emission

of a dressed u-quark, which subsequently combines with the d-quark to form a [ud] scalar

diquark, leaving the s-quark as a bystander. In the kernel, the repeated flavour label always

indicates the exchanged quark.

For the convenience of later statements, I introduce a new notation to represent the

flavour structure in Eq. (2.44):
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0 10
t=ld =1 1 o o
0 00
V2 0 0
=l =1 g 0 0
0 00
0 0 0
=l = | o /3 0
0 0 0

t2:[us] =

£5={ud} _

t8:{ds}

Using the notation above, one may write

Kuds =

where, e.g., K12 = K[yq)[us]-

0
Ko
K
Ke1

Kgi

K9
0
Ko
0
Ky

K3

Ksge

0 0 0
=l =1 o 1],
0 -1 0
00 1
=k =109 0 0],
100
00 0
t=lsb=19 0 o
0 0 V2
i ~(2.88)
Kig
Kog
0 , (2.89)
Kes
0

Calculating the flavour factor (see Appendix A.3) and using isospin symmetry, one ar-

rives at

Kuds =

0  Ki2

Ka1
—Ka
—Ke1

Ke1

0

Ka3

0
Ke2

—Ki3
Ka3

0

Ke2

0

—Ki6 Kis
0 K
Kos O . (2.90)
0 Kes
Kes 0

Explicit forms of the entries here are presented in Appendix B.2.

Owing to the presence of mixing in the K4, kernel, which obscures the A and X9
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isospin-eigenstate baryons, I will proceed by utilising the matrix O in Eq. (2.85) to construct

a non-mixing kernel:

0
V2K
Kuds = OK,qs0T = 0
—V2K61

0

V2K 12
—Kas
0
—Ke3
0

0
0
Kas
0
Kes

—Kas
0
—Kes
0

—V2K 16

0
0
Kas
0
Kes

(2.91)

According to Eq. (2.86), rows 1, 2, 4 map I = 0 into itself, whereas rows 3, 5 do the same
for (I,1,) = (1,0).

Focusing on the I = 0 sector, one arrives at the following Faddeev equation for the A
baryon: Vj = K2 Vi, i.e., explicitly,

uds

V2[ud)s 0 V2K1s —V2K16
1 1
— [us]d — [ds]u = V2Ka1  —Kazs  —Kas NG [

V2
{us}d — {{ds}u —V2Ks1 —Kgz  —Kes {us}d — {ds}u
(2.92)

V2[ud]s
usld — [ds]u

Substituting Egs. (2.79) and (2.83) into Eq.(2.92), the specific Faddeev equation of the

A-baryon can be obtained:

s'(P) 0 V2K \f’le _\flclﬁg s'(P)

5[2’3](P) \/§ng(1) —’ng IC281 IC282 sl (P) (2.93)
6,8 o 6,8 ’ ’

a[1 ](P) _\[K:Gll K613 IC6181 IC6182 a[1 ](P)
6,8 8

a[z ](P) _fK621 K623 _’Cégsl _IC6282 ](P)

Again, compact algebraic expressions for each of the entries in the kernel matrix are listed
in Appendix B.2.

Equation (2.93) is an algebraic eigenvalue problem, the solution to which yields the mass
of the dressed-quark-core of the A-resonance and the associated Faddeev amplitude. The
specific Faddeev equations of other baryons can be obtained in a similar way. They are all

algebraic and this enables, e.g., a clear understanding of the dynamical character of quark
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Table 2.3: Masses and unit normalised Faddeev amplitudes obtained by solving the octet
baryon Faddeev equations defined by Fig. 2.3.The row label superscript refers to Egs. (2.68):
for the A-baryon, 79 is a scalar diquark combination; otherwise, it is axial-vector. Canoni-
cally normalised amplitudes, explained in connection with Eq. (2.94), are obtained by divid-
ing the amplitude entries in each row by the following numbers: n?" = 0.157, n = 0.177,
n> = 0.190, nZ = 0.201. (Masses listed in GeV. Amplitudes are dimensionless. Recall that
isospin-symmetry is assumed.)

mass 5" s"2 aj? ay? ap? ay’
P 1.15 0.88 —0.38 —0.063 0.27 0.044
n 1.15 0.88 0.38 0.063 —0.27 —0.044
A 1.33 0.66 0.62 —0.41 —0.084
PN 1.38 0.85 —0.46 0.15 0.22 0.041
= 1.50 0.91 —0.29 0.021 0.29 0.052

exchange in baryon bound states.

All the elements necessary to construct the baryon Faddeev kernels are now in hand. The
value of Ay, in each Faddeev equation is selected as the scale linked to the lightest diquark
in the bound state, because this is always the smallest value and, hence, the dominant
regularising influence.

Solving the Faddeev equations, one obtains the masses and amplitudes listed in Ta-
ble 2.3. The row labels in the table correspond to those identified in Eqgs. (2.68). Regarding
the masses, I note that the values are deliberately 0.20(2) GeV above experiment [70] be-
cause Fig. 2.3 describes the dressed-quark core of each baryon. To obtain a complete baryon,
resonant contributions should be incorporated into the Faddeev kernel. Such “meson cloud”
effects are known to lower the mass of octet baryons by ~ 0.2 GeV [18, 82, 88, 102-104].
(Similar effects are reported in quark models [105, 106].) Their impact on baryon structure
can be estimated using dynamical coupled-channels models [4, 107-110], but that is beyond
the scope of the present Faddeev equation analyses.

Notwithstanding these considerations, the quark+diquark picture of baryon structure
yields a ¥ — A mass splitting that aligns well with experiment. This is because the A

is primarily a scalar diquark system, whereas the > possesses more axial-vector strength:
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scalar diquarks are lighter than axial-vector diquarks.

The Faddeev amplitudes in Table 2.3 are unit normalised. When calculating observables,
one must use the canonically normalised amplitude, which is defined via the baryon’s Dirac
form factor in elastic electromagnetic scattering, F1(Q* = 0). To wit, for a baryon B,
with n, u valence-quarks, ng d valence-quarks and ng s valence-quarks, one decomposes the

Dirac form factor as follows:
FB(Q? = 0) = nue  FPU(0) 4 ngeq FPA(0) + nees FE2(0) (2.94)

where e, 45 represent the quark electric charges, expressed in units of the positron charge.
It is subsequently straightforward to calculate the single constant factor that, when used
to rescale the unit-normalised Faddeev amplitude for B, ensures F{?%(0) = 1 = FP%(0) =
FlBS(O). So long as a symmetry-preserving treatment is employed for the elastic scattering
problem, this single factor guarantees that all three flavour-separated electromagnetic form

factors are unity at Q2 = 0. Detailed examples are provided elsewhere [95].
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Chapter 3

OCTET BARYON AXIALVECTOR AND
PSEUDOSCALAR FORM FACTORS

3.1 Introduction

The proton, p, is the only stable hadron and the best known bound state in the baryon
octet. Except for protons, all the other octet baryons decay. In many respects, these
baryons’ semileptonic decays are theoretically the easiest to understand because only one
strongly interacting particle is involved in the initial and final states. The neutron, n, (-
decay: n — pe” v, is the archetypal process, the study of which has a long history [111, 112].
Despite that, related decays of hyperons have also attracted much attention [52, 53], in part
because they present an opportunity to shed light on the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element |V,s| and thereby complement that provided by K3 decays (see
Sec. 12.2.2 in Ref. [70]). It is also of great importance to understand the octet baryons’
axial-vector form factors, since they provide insights into the pattern of flavour SU(3)
symmetry breaking.

Within the Standard Model, the semileptonic decay B — B'¢~ vy, where B and B’ are
the initial and final octet baryons and ¢ denotes a lepton, involves a valence-quark ¢ in B
transforming into a valence-quark f in B’. The associated axial-vector transition matrix

element are determined by two Poincaré-invariant form factors:

T P(K, Q) = (B'(P')|AL(0)|B(P)) (3.1a)

Q.

5 MB/BGP/B(Qz) up(P). (3.1b)

= ap (P | 7.G5 B(Q%) +
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Here G5 B(Q?) is the axial form factor and GBP(Q?) is the induced pseudoscalar form
factor; P and P’ are, respectively, the momenta of the initial- and final-state baryons,
defined such that the on-shell conditions are fulfilled, P¢) . P() = —mQB7 g, With mp pr
being the baryon masses — again, I work with the Euclidean metric conventions explained in
Appendix A.1); Mpp = (mp +mp)/2; and up p/(P) are the associated Euclidean spinors.
(I have suppressed the spin label. See Appendix B in Ref. [92] for details.) Furthermore,
K = (P + P’)/2 is the average momentum of the system and @ = P’ — P is the transferred

momentum between initial and final states:

—K? = §(mb +mp) + 1Q° = 3Spp + Q% (3.:2a)

Once more, I work in the isospin symmetry limit m,, = mg =: my, i.e., assume degenerate
light-quarks, and treat the s valence quark as approximately twenty-times more massive
[70], viz. mg ~ 20 m;. The overall flavour structure is described by the Gell-Mann matrices

{M|j =1,...,8} so that the flavour-nonsinglet axial current operator can be written

AL (x) = (@) T 9579(x) | (3.3)

where g = column|u, d, s] and T79 is the valence-quark flavour transition matrix. Hence,
for example, the s — u transition is described by 7% = (A* 4+ i)\%)/2.

A related form factor, G5B/B (Q?), is associated with a kindred pseudoscalar current

JF (K, Q) = (B (PP (0)| B(P) (3.4a)
= up (P')y5 G5(Q*) up(P), (3.4b)
where 775{9 () = ¢(z)T79v5q(x) is the flavour-nonsinglet pseudoscalar current operator.

This form factor is important because, amongst other things, owing to DCSB, a corollary
of EHM [21-26], one has a partial conservation of the axial current (PCAC) relation for

each baryon transition (2msy = my + my):

0= QuJEB(K,Q) + 2imp, JP'P (K, Q) (3.5a)
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Q2
i,

CEP @) = 3PP @) (3.5b)

= GEP(@Q)
Note that the product s, GF'B(Q?) is renormalisation point invariant; neither of these two
factors alone possesses this property.

It should be pointed out that PCAC is an operator relation and thus the identities in
Egs. (3.5) are satisfied for all Q2. They state that the longitudinal component of the axial-
vector current is fully determined by the related pseudoscalar form factor and its intensity
is modulated by the ratio of the sum of current-quark masses participating in the transition
to the sum of the masses of the involved baryons. The former are determined by Higgs
boson couplings into QCD, whereas the latter are largely determined by the scale of EHM.
Therefore, this Q-divergence serves as a measure of the interplay between nature’s two
known mass-generating mechanisms.

Focusing on the case of neutron 8 decay, Egs. (3.5) lead to the well-known Goldberger-
Treiman relation and establish the validity of the pion pole dominance approximation for
G%'. Considering instead a prominent hyperon decay, e.g., A — pe™ I, one recognises that
Gé’A exhibits a pole at the mass of the charged kaon, i.e., when Q? +m%< = 0. GZ‘A is regular
in the neighbourhood of m%( because it is tied to the transverse part of the axial current.

Then G%A also has a pole at mg. Further, one can define a KpA form factor as follows:

2 2
GEN@) = g G (), (36)

where fx is the kaon leptonic decay constant, then Egs. (3.5) entail

GPMN0) = — P Gepa(0), (3.7)

providing an estimate of the KpA coupling in terms of the A — p transition’s axial-vector
form factor at the maximum recoil point. As will become apparent, this relation holds true
with an accuracy better than 1%.

The evidently diverse physics relevance of octet baryon axial-vector transitions empha-
sises the importance of calculating the associated form factors. However, despite their

being some of the simplest baryonic processes, this does not imply that their calculation
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is simple. Studies of meson semileptonic transitions [65, 74, 76, 113, 114] have shown that
delivering predictions for the required processes demands dependable calculations of the
Poincaré-covariant hadron wave functions and the related axial-vector interaction currents
and careful symmetry-preserving treatments of the involved matrix elements.

Considering their significance in understanding modern neutrino experiments [115-119],
weak interactions and parity violation experiments, the nucleon axial and pseudoscalar
form factors have recently attracted a lot of attention, in studies using continuum and lat-
tice methods, e.g., Refs. [120-125]. Regarding hyperon semileptonic decays, analyses using
an array of tools may be found, e.g., in Refs. [126-134]. Here, I use CSMs [17, 18, 20-28] to
extend this body of work on octet baryon axial-vector transitions. Namely, I construct ap-
proximations to the transition matrix elements based on solutions of a symmetry-preserving
collection of integral equations for the relevant n-point Schwinger functions, n = 2—6. This
approach has become feasible owing to the recent development of a realistic axial current
for baryons [121, 122].

In Refs. [121-123], the so-called QCD-kindred framework was used to compute all form
factors associated with the nucleon axial and pseudoscalar currents. A straightforward
thought is that one could extend it to hyperons. However, that would require significant
effort. An expeditious alternative is to simplify the analysis by using the SCI, introduced in
Refs. [67, 69, 89] and detailed above. As already remarked, this approach ensures algebraic
simplicity; moreover, very importantly, it provides for the parameter-free unification of octet
baryon axial-vector transitions with an array of other baryon properties [73, 95, 98, 101]
and studies of the semileptonic decays of pseudoscalar mesons [65, 74, 76]. By adopting
this approach, one benefits from numerous studies [72, 73, 98, 99, 101, 135-141] which
have shown that SCI predictions provide a valuable quantitative guide when interpreted
judiciously. In fact, SCI results often provide both a useful first estimate of an observable
and a means of checking the validity of algorithms used in calculations that rely (heavily)
upon high-performance computing.

In Sec. 3.2, I sketch the current which ensures preservation of all PCAC identities when

the baryons involved are described by the Faddeev equation illustrated in Fig.2.3. The
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sketch is complemented by Appendix C, which is an extensive description of results for
elements that appear in the currents but were not mentioned in the previous chapter.
Using that information, Sec. 3.3 presents and analyses SCI predictions for the axial, induced
pseudoscalar, and pseudoscalar transition form factors of the octet baryon. This is followed
by a discussion of the flavour separation of octet baryon axial charges and their connection
to the fraction of baryon spin carried by valence degrees of freedom in Sec. 3.4. Section 3.5

provides a summary.

3.2 Baryons’ axial current

My analyses of octet baryon axial-vector transition form factors are based on solutions
of the Poincaré-covariant Faddeev equation depicted in Fig.2.3. When inserted into the
diagrams drawn in Fig.3.1, these solutions deliver a result for the current in Eq.(3.1),
which ensures Egs. (3.5), and all their corollaries for each transition. Details can be found
in Refs. [121, 122]. For subsequent reference, Table 3.1 provides a useful separation of the

current in Fig. 3.1.

Table 3.1: Enumeration of terms in the current drawn in Fig. 3.1.

1. Diagram 1, two distinct terms: (.J) g — probe strikes dressed-quark with scalar diquark
spectator; and (J >qA — probe strikes dressed-quark with axial-vector diquark spectator.

2. Diagram 2: (J )g‘(f — probe strikes axial-vector diquark with dressed-quark spectator.

3. Diagram 3: (J >({1CSIA} — probe mediates transition between scalar and axial-vector di-

quarks, with dressed-quark spectator.

4. Diagram 4, three terms: (J)5 — probe strikes dressed-quark “in-flight” between one
scalar diquark correlation and another; (J >é§? A dressed-quark “in-flight” between a

scalar diquark correlation and an axial-vector correlation; and (J)24 — dressed-quark

“in-flight” between one axial-vector correlation and another.

5. Diagrams 5 and 6 — seagull diagrams describing the probe coupling into the diquark
correlation amplitudes: (J)ss. There is one contribution from each diagram to match
every term in Diagram 4.
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Figure 3.1: Currents that ensure PCAC for on-shell baryons which are described by the
Faddeev amplitudes produced by the equation depicted in Fig.2.3: single line, dressed-
quark propagator; undulating line, axial or pseudoscalar current; I', diquark correlation
amplitude; double line, diquark propagator; and y, seagull terms. A legend is provided in
Table 3.1 with details in Appendix C.1.

The first step in this analysis of octet baryon transitions is the SCI calculation of every
line, amplitude and vertex in Figs. 2.3 and 3.1. The calculations of dressed quark propaga-
tors, diquark correlation amplitudes and Faddeev amplitudes were described in Chapter 2.
The remaining calculations are detailed in Appendix C.2. By combining the results and
employing appropriately selected projection operators, predictions for the baryon axial and
pseudoscalar form factors in Egs. (3.1b) and (3.4b) are readily obtained. It is worth noting
that Eq. (3.1a) entails that GE/B is entirely determined by the Q-transverse part of the

baryon axial current [122].

3.3 Calculated form factors

3.3.1 Axial form factors

In the isospin-symmetry limit, there are six distinct charged current semileptonic transi-
tions between octet baryons. My predictions for the corresponding G 4(Q? = 0) values are

recorded in Table 3.2. In the Cabibbo model of such transitions, which assumes SU(3)-
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Table 3.2: SCI predictions for ¢§'7 = GE'B(Q? = 0) compared with experiment [70] and
other calculations: Lorentz covariant quark model [126]; covariant baryon chiral pertur-
bation theory [127]; and a 1QCD study [132], which used large pion masses (m, = 0.55—
1.15GeV). Quoted error estimates are primarily statistical.

n—p YT oA A—p YT —n =05 v E- A
SCI 1.24 0.66 —0.82 0.34 1.19 0.23
[70] 1.28 0.57(3) ~0.88(2) 0.34(2) 1.22(5) 0.31(6)
26| 127 0.63 —0.89 0.26 1.25 0.33
[127] 127 0.60(2) —0.88(2) 0.33(2) 1.22(4) 0.21(4)
132  1.31(2) 0.66(1) —0.95(2) 0.34(1) 1.28(3) 0.27(1)

flavour symmetry, the couplings in Table 3.2 are described by only two distinct parameters

(see Table 1 in Ref. [53]): D and F. In these terms, one finds
D =078, F =043, F/D = 0.56, (3.8)

via a least-squares fit to the SCI results, with a mean absolute relative error between
SCI results and Cabibbo fit of just 3(2)%. Clearly, the SCI predicts that the violation
of SU(3) symmetry in these transitions is small, which confirms the conclusion of many
studies. This is also shown in the comparison between n — p and Z° — XF. The former
corresponds to a d — wu transition, and the latter to a s — w transition; yet, in the Cabibbo

model, G%Jrao

(0) = G*"(0), and this identity holds true with an accuracy of 4% in the SCI
calculation. Similarly, it is observed in experimental results.

It is valuable to provide supplementary context for the results in Eq. (3.8). So I note
that a covariant baryon chiral perturbation theory analysis of semileptonic hyperon decays
yields D = 0.80(1), F = 0.47(1) and F'/D = 0.59(1) [127]; and a three-degenerate-flavour
lattice QCD (1QCD) computation yields F//D = 0.61(1) [134].

When considering the empirical fact of approximate SU(3)-flavour symmetry in the val-
ues of octet baryon axial transition charges, one should note that it does not result directly

from any basic symmetry. Hence, the apparent near symmetry is actually a dynamical

outcome. The underlying source of any SU(3)-flavour symmetry breaking is the Higgs-
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boson-generated splitting between the current masses of the s and | = u, d valence quarks.
However, as mentioned earlier, ms/m; ~ 20. Therefore, there must be something strongly
suppressing the expression of this difference in observable measurements.

The responsible agent is EHM [21-26]. For instance, leptonic weak decays of pseu-
doscalar mesons proceed via the axial current and frx/fr ~ 1.2. These decay constants
serve as order parameters for chiral symmetry breaking, with this effect being primarily
dynamical for Nature’s three lighter quarks (see Fig.2.5 in Ref.[24]). Similarly, one finds
SU(3)-flavour symmetry breaking on the order of 10% [76] in the axial form factors for
semileptonic decays of heavy-+light pseudoscalar mesons to light vector meson final states.
Finally, comparing the hadron-scale valence-quark distribution functions of the kaon and
pion, one learns that the u quark carries 6% less of the kaon’s light-front momentum than
does the u-quark in the pion [142, 143].

Focusing on the case in this thesis, i.e., octet baryon semileptonic transitions, ms/m; ~
20 leads to a dressed-quark mass ratio My/M; ~ 1.4 — Table 2.1; namely, a huge suppres-
sion caused by EHM. In turn, this leads to a ~ 14% difference in diquark masses, smaller
differences in diquark correlation amplitudes, and, consequently, differences of even smaller
magnitude (~ 3%) between the leading scalar-diquark components of the Faddeev ampli-
tudes of the baryons involved. In addition, Tables C.1 and C.2 reveal that the s — u and
d — u quark-level weak transitions are similar in strength. This is not surprising, since these
axial vertices are obtained by solving BSEs which are similar to those that yield the diquark
correlation amplitudes. Finally, therefore, regarding the n — p:Z% — £+ comparison, e.g.,
Table 3.3 reveals that the transition is dominated by the scalar diquark components; hence,
these transitions should have similar strengths.

Table 3.3 highlights a curious aspect of the quark+diquark picture; namely, the s — u
quark transition .~ — n does not receive a contribution from Diagram 1 in Fig. 3.1 because
the only scalar diquark component in X~ is d[ds] and the neutron does not contain a
[ds] diquark. Nevertheless, scalar diquarks continue to be the dominant contributors to
917}127 through Diagrams 3 and 4. Additionally, it is worth recalling that axial form factors
derive solely from Q-transverse pieces of the baryon current [122], resulting in no seagull
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Table 3.3:

Diagram separation of octet baryon axial transition charges, presented as a
fraction of the total listed in Table 3.2—Row 1 and made with reference to Fig. 3.1.

(5 (g (Na (D&ad  (DE &Y (DAl
g 0.29 0.013 0.072 0.35 0.19 0.051 0.028
gh>" 0.27 0.016 0.023 0.42 0.28 —0.008
gZA 0.45 0.083 0.33 0.082 0.044 0.013
gﬁz_ 0.13 —0.051 0.57 0.42 —0.076 0.008
g5 = 0.41 0.011 0.064 0.36 0.12 0.020 0.013
gAzf 1.02 —0.072 0.12 0.12 —0.28 0.023 0.076

. . !
contributions to G]j B,

Despite the dominance of scalar diquark components, Table 3.3 indicates that axial-

vector correlations also play a material role in the transitions. For example, (J)

{SA

qq  is large

}

in all cases but would vanish if axial-vector diquarks were ignored in forming the picture of

baryon structure. Their influence is further emphasised below.

Table 3.4: Interpolation parameters for octet baryon axial transition form factors, Eq. (3.9).
(Every form factor is dimensionless; so each coefficient in Eq. (3.9) has the mass dimension
necessary to cancel that of the associated s(GeV?) factor.)

90 g1 g2 h l2
G 1.24 1.97 0.29 2.44 1.12
GA®™ 0.66 1.19 0.16 2.73 1.48
e 0.82 1.00 0.074 1.80 0.68
GnE” 0.34 0.43 0.093 1.86 0.75
GEE 1.19 3.28 0.33 3.35 1.82
GA= 0.23 0.90 —0.011 4.42 2.14
Ont=@Q*¢ (—m%;fg, 2M?%, ), the calculated SCI result for G%'(Q? = zm%) is reliably

interpolated using the following function

GEB(s) =

g0+ 915+ gas®

14115+ 1ps2
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with the coefficients listed in Table 3.4. It is drawn in Fig.3.2A and compared with both
the CSM prediction from Ref.[122], which is produced using QCD-kindred momentum
dependence for all elements in Figs.2.3 and 3.1, and a dipole fit to low-Q? data [33]. As
typically found with the SCI: the Q% < M7 results are quantitatively sound (M is the
dressed-mass of the lighter quarks — Table 2.1); but the evolution of form factor with
increasing Q% is too slow [67, 69, 89], i.e., SCI form factors are too hard at spacelike
momenta.

The full set of ground-state octet baryon axial transition form factors is depicted in
Fig. 3.2B. Interpolations of these functions are achieved using Eq. (3.9) along with the rele-
vant coefficients from Table 3.4.

Fig. 3.2C displays the curves from Fig. 3.2B renormalised to unity at z = 0 along with
the pointwise average of the renormalised functions. Introducing a dimensionless radius

squared associated with the curves drawn, viz.

R/ d / ’
(P5 ) = —6Mp 5 3 G5 P (@)/GEP O (3.10)
in terms of which the usual radius is TEIB = AE'B /Mp/p, one can obtain the following

comparisons:

AAYT /apn apA japn anXT japn AR FTEO japn AAET /apn
PA™ P A [Ty PR [Ty TR Ta Ta /747 (3.11)
, .

1.22 0.89 0.90 1.05 1.00

which provide a quantitative representation of the pattern that can be read “by eye” from
Fig. 3.2C. Evidently, removing the Mp/p kinematic factor has exposed a fairly uniform
collection of axial transition form factors: the mean value of the ratio in Eq.(3.11) is
1.01(13). Considering that SCI form factors are typically hard, the individual SCI radii are
likely underestimated; nevertheless, their size relative to fﬁn can serve as a reliable guide.

So, for a physical interpretation of these ratios, comparing the SCI result for fﬁn with that

in Ref. [122], one has finSCI/fT[lzg] = 0.76 and fT[lQ?} = 3.40(4). The dipole fit to data in
Fig. 3.2A yields rin[gg} = 3.63(24).

Considering the x-dependence of the axial transition form factors presented in Fig. 3.2C,
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Figure 3.2: Panel A. G%'(z = Q*/m3%;): SCI result computed herein — solid red curve;
prediction from Ref. [122] — short-dashed purple curve within like-coloured band; and dipole
fit to data [33] — long-dashed gold curve within like-coloured band. Panel B. Complete array
of SCI predictions for octet baryon axial transition form factors: GEB(z = Q*/M3, ).
Panel C. As in Panel B, but with each form factor normalised to unity at x = 0. The
thinner solid black curve is a pointwise average of the six transition form factors.
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it is noteworthy that at x = 2 the mean absolute value of the relative deviation from the
average curve is 16(8)%. Evidently, the magnitude of SU(3)-flavour symmetry breaking
increases with Q?, i.e., as details of baryon structure are probed with higher precision. This
may also be highlighted by comparing the « = 2 values of the n — p and 20 — X1 curves
in Fig.3.2C: at © = 2, the ratio is &~ 1.2. In the case of SU(3)-flavour symmetry, it would

be unity.

3.3.2 Induced pseudoscalar form factors

The SCI result for the n — p induced pseudoscalar transition form factor, G p(z), is reliably

interpolated using the following function:

/ + 918+ 9252
GB'B(s) = 90
P (s) 141154 lg9s?

2
mPfg MB’B

R(s) (3.12a)

R(s) =

, 3.12b
s+ m%afg Mfg ( )

with the coefficients listed in Table 3.5. It is drawn in Fig.3.3A and compared with both
the CSM prediction from Ref. [122], which is produced with QCD-kindred momentum de-
pendence for all elements in Figs.2.3 and 3.1, and results from a numerical simulation of
1QCD [125]. Evidently, there is fair agreement between the SCI result and calculations that

have a closer connection to QCD.

Table 3.5: Interpolation parameters for octet baryon induced pseudoscalar transition form
factors, Eq. (3.12a). (Every form factor is dimensionless; so each coefficient in Eq. (3.12a)
has the mass dimension necessary to cancel that of the associated s (GeV?) factor.)

B 90 g1 g2 I ly
o 2.01 4.22 0.70 2.96 1.57
GAZ™ 1.25 2.09 0.24 2.59 1.25

e 1.18 1.91 0.15 2.18 0.80
G 0.50 0.44 0.061 1.39 0.29
GEE 1.97 2.38 0.060 1.84 0.43
GAE™ 0.40 1.34 —0.014 3.91 1.88
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Table 3.6: Diagram separated contributions to @ = 0 values of octet baryon induced
pseudoscalar transition form factors, Glfi/B , presented as a fraction of the total listed in
Table 3.5—Column 1 and made with reference to Fig. 3.1.

()5 (7). (Nag (DD (J)ex (J)ss
a 0.54 0.051 0.072 0.35 0.018 —0.039
gz 0.43 0.054 0.023 0.42 0.023 0.051
g 0.81 0.073 0.32 —0.064 —0.14
e 0.46 —0.047 0.56 —0.19 0.22
g5 = 0.66 0.036 0.061 0.33 —0.048 —0.033
gh=" 1.57 —0.23 0.10 0.091 0.13 —0.66

The induced pseudoscalar charge can be determined by muon capture experiments,

wE+p =y, +n
N m
gy = 2m’"]‘V Gp(Q* =0.88m7), (3.13)

where m, is the muon mass. The SCI yields g; = 10.3. For comparison, I record that
Ref. [122] predicts g, = 8.80(23), the MuCap Collaboration reports g, = 8.06(55) [43, 44],
and the world average value is g; = 8.79(1.92) [144]. Consequently, one might infer that
the SCI result is possibly overestimated by around 15%. When evaluating this outcome, it
is worth recalling that our SCI analysis is largely algebraic and parameter-free.

Referring to Fig. 3.1, a diagram breakdown of G]]%,B(O) is presented in Table 3.6. Once
again, it is evident that scalar-diquark correlations and 0" <+ 17 transitions play a dominant
role in forming the induced pseudoscalar transition charges. In these cases, however, each
form factor also receives seagull contributions. They are largest in the case of 2~ — A, where
the final state has all three possible types of scalar-diquark correlation. Here, the seagull
terms must offset the large contribution from Diagram 1. Significant seagull contributions
are also observed in A — p and ¥~ — n: in the former transition, they exhibit constructive
interference with Diagram 4 to compensate for a large contribution from Diagram 1; in the
latter, they interfere destructively with Diagram 4. These effects are required by PCAC
and guaranteed by our SCI analysis.

The full set of induced pseudoscalar transition form factors for ground-state octet
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Figure 3.3: Panel A. (m;/My)G5' (z = Q*/m3): SCI result computed herein — solid red
curve; prediction from Ref. [122] — short-dashed purple curve within like-coloured band; and
1QCD results [125] — green points. Panel B. Complete array of SCI predictions for octet
baryon axial transition form factors: GE B(z = Q?/M%,5)/R(x), Eqs. (3.12). Panel C. As
in Panel B, but with each form factor normalised to unity at z = 0. The thinner solid black
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curve is a pointwise average of the other six curves.
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baryons is plotted in Fig. 3.3B. Division by the factor R(x), defined in Eq. (3.12b), removes
kinematic differences associated with quark and baryon masses and pseudoscalar meson
poles. Interpolations of these functions are provided by Eq.(3.12a) with the appropriate
coefficients from Table 3.5. Fig. 3.3C redraws these curves renormalised to unity at x = 0
along with the pointwise average of the rescaled functions. Within the displayed range, the
average is similar to the n — p curve; and at x = 2, the mean absolute value of the relative
deviation from the average curve is 20(14)%. Once again, these panels reveal that the size
of SU(3)-flavour symmetry breaking increases with Q2. In this case, comparing the z = 2
values of the n — p and 2% — X7 curves in Fig. 3.3C, the ratio is ~ 1.2, which is alike in

size with that for the axial transition form factors.

3.3.3 Pseudoscalar form factors

Similar to Eq. (3.6), the TN N form factor is defined via the pseudoscalar current in Eq. (3.4):

2
GWNN(QQ)W‘ZVCM - %G@”(QZ). (3.14)

In this context, the Goldberger-Treiman relation reads:

GP(0) = %ng(o)' (3.15)
Reviewing Egs. (3.5) and Table 3.4, it becomes evident that the relation is satisfied in the

SCI. Furthermore, one can obtain the value of the 7NN coupling constant from the residue

of GE"(Q?) at Q> + m2 = 0:

Ir . 2, 2\ MU ~pn 2
NN =1 1 —Lar 3.16
genn o= i (@7 /mi) e GEH(QY) (3.16a)
104, (3.16b)

The SCI prediction is in fair agreement with the results obtained using QCD-kindred mo-
mentum dependence for all elements in Figs. 2.3 and 3.1, viz. 1.29(3) [122]; extracted from
pion-nucleon scattering data [145], 1.29(1); inferred from the Granada 2013 np and pp scat-

tering database [146], 1.30; and determined in a recent analysis of nucleon-nucleon scattering
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Table 3.7: Row 1. Pseudoscalar transition couplings defined by analogy with Eq. (3.16a).

Row 2. Value of this quantity at ¢ = 0 instead of at ¢ = —m%fg. Row 3. Relative difference

between Rows 1 and 2.

TN TAY KpA KnX KY= KA=

e 1.24 0.66 ~0.83 0.34 1.21 0.25

=0 1.24 0.66 —0.82 0.34 1.19 0.23
% difference 0.16 0.15 1.5 1.8 1.7 9.1

Table 3.8: Diagram separated contributions to Q? = 0 values of octet baryon pseudoscalar
transition form factors, presented as a fraction of the total listed in Table 3.9 —Column 1
and made with reference to Fig. 3.1.

()5 (J)q (Nad (&Y ()es ()
s 0.51 0.048 0.083 0.38 0.017 —0.039
g A 0.40 0.050 0.025 0.44 0.039 0.048
g 0.71 0.094 0.35 —0.032 —0.12
ger" 0.36 —0.057 0.59 —0.068 0.18
g= = 0.57 0.028 0.073 0.38 —0.015 —0.028
gh=" 1.49 —0.20 0.14 0.13 0.040 —0.60

using effective field theory and related tools [147], 1.30.

Couplings for all pseudoscalar transitions, defined analogously to Eq. (3.16a), are listed
in Table 3.7. Clearly, Gp,,5'5(0)(fp;,/Mp'B) serves as a good approximation to the on-
shell value of the coupling in all cases except the A=~ transition, which is somewhat special
owing to the spin-flavour structure of the A, Eq. (2.68c). This was emphasised in relation
to Table 3.6. Nevertheless, even in this case, the ¢ = 0 value provides a reasonable guide.

The values presented in Table 3.7 can be compared with the results from the quark-
soliton model (see Table 3 in [130]). Converted using empirical baryon masses and meson
decay constants, the mean value of §7 := {|g§3?91313/91[:1>f?;01]3,3 — 1]} is 0.18(17).

Similar comparisons can be made with the couplings used in phenomenological hy-

peron+nucleon potentials [148, 149], obtaining §7 = 0.21(17) and 0.15(14), respectively.
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The dynamical coupled channels study of nucleon resonances in Ref. [110] uses SU(3)-flavour
symmetry to express hyperon—+nucleon couplings in terms of g, yn. Compared to those cou-
plings, one finds ¢ = 0.17(15). Rescaling the value of g,y used therein to match the SCI
prediction, then §7 = 0.16(14). In this last case, the non-zero difference is an indication of
the size of SU(3)-flavour symmetry violation in {gp, p/p}. These comparisons with phe-
nomenological potentials indicate that the SCI predictions for the couplings in Table 3.7
could serve as useful constraints in refining such models.

Referring to Fig. 3.1, a diagram breakdown of G5B/B(O) is presented in Table 3.8. Once
again, it will be observed that scalar diquark correlations are predominant and 07 < 17
transitions play a significant role in building the pseudoscalar transition charges. Moreover,
the pattern of diagram contributions is similar to what is observed in Gg/B (0), again largely

as a consequence of Eq. (3.5): recall, seagulls play no role in Gle (0).

Table 3.9: Interpolation parameters for octet baryon pseudoscalar transition form factors,
Eq. (3.17). (Every form factor is dimensionless; so each coefficient in Eq. (3.17) has the mass
dimension necessary to cancel that of the associated s (GeV?) factor.)

C 90 g1 92 L I
GY" 1.24 0.13 0.12 0.19 0.13
GA¥ 0.66 0.19 0.075 0.36 0.18

-ant 0.82 0.26 0.14 0.39 0.25
GpE~ 0.34 —0.13 0.019 —0.30 0.050
GEE 1.19 1.10 0.26 1.03 0.42
GA= 0.23 0.097 —0.014 0.73 —0.12

The SCI result for the n — p pseudoscalar transition form factor, G(x), is reliably

interpolated using the following function:

g0+ 915+ g2s”

B'B
G5 (S) - 1 T llS 4 l232 R(S)7 (317)

with R(s) given in Eq.(3.12b) and the coefficients listed in Table 3.9. It is plotted in

Fig.3.4A and compared with both the CSM prediction from Ref.[122], which is obtained
o1
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Figure 3.4: Panel A. (m;/My)GE" (z = Q*/m%): SCI result — solid red curve; prediction
from Ref.[122] — short-dashed purple curve within like-coloured band; and 1QCD results
[125] — green points. Panel B. Complete array of SCI predictions for octet baryon axial
transition form factors: GB'P(x = Q?/M3,5)/R(z), Egs. (3.12). Panel C. As in Panel B,
but with each form factor normalised to unity at z = 0. The thinner solid black curve is a
pointwise average of the other six curves.
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by using QCD-kindred momentum dependence for all elements in Figs.2.3 and 3.1, and
results from a numerical simulation of 1QCD [125]. The SCI prediction is in fair agreement
with that from a numerical simulation of IQCD. The SCI result is harder than the CSM
prediction in Ref. [122], which should be closer to reality. Therefore, it is worth considering
the possibility that the 1QCD result may also be too hard.

Figure 3.4B illustrates the complete set of pseudoscalar transition form factors for
ground-state octet baryons, each divided by the factor R(z) to remove kinematic differences
associated with pseudoscalar meson poles and masses. Interpolations of these functions are
indicated by Eq.(3.17) with the appropriate coefficients listed in Table 3.9. In Fig.3.4C,
I present each of the curves from Fig.3.4B after renormalising them to unity at x = 0
alongside the pointwise average of the renormalised functions. At z = 2, the mean absolute
value of the relative deviation from the average curve is 7(5)%. Focusing on the Z° — %+
curves in Fig. 3.4C: at x = 2, the ratio is ~ 1.2, similar to that observed with G%}EO. It is
worth mentioning that although G2=™ (z)/R(z) does not exhibit a strictly decreasing trend

with increasing x within the displayed domain, GA=" (x) itself does.

3.4 Valence spin fraction

The axial-vector current considered above involves three distinct isospin multiplets and a
singlet, which in the isospin symmetry limit may be characterized by the following four
baryons: p, ¥, 2= and A. Following Ref.[123], T consider neutral-current processes and
carry out a flavour separation of Gf{ in each case. The obtained results at Q? = 0 define a

flavour separation of octet baryon axial charges:

g = gzu — gid, (3.18a)
g3 = e — 9is - (3.18b)
93 =—9id — Tis - (3.18¢)

gh = Ghu+9ha— 9k (3.184)

The flavour-separated charges are of particular interest because gfh measures the con-
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tribution of the valence-h-quark to the light-front helicity of baryon B, i.e., the difference
between the light-front number density of h quarks with helicity parallel to that of the
baryon and the corresponding density with helicity antiparallel. Subsequently, one can

define the singlet, triplet, and octet axial charges for each baryon, respectively:

ay = g4, + 9%+ 94, (3.19a)
af = g, — 95, (3.19b)
af = g, + 954 — 295, - (3.19¢)

af indicates the spin of baryon B arising from the spin of the valence quarks [150]. Com-
puted within the SCI framework, this quantity is associated with the hadron scale, (y; =
0.33GeV [142, 143, 151, 152], whereat all properties of the hadron are carried by valence
degrees of freedom. Consequently, any difference between the SCI value of af and unity
should measure the fraction of the baryon’s spin attributed to quark+diquark orbital an-
gular momentum.

The information presented in Appendix C.2 is sufficient to complete the calculation
of the charges in Eq.(3.18). Table 3.10 reports the contributions to each charge from
the diagrams in Fig.3.1. Qualitatively, the results are easily understood using the legend
in Table 3.1, the spin-flavour structure of each baryon specified in Egs. (2.68), and the
Faddeev amplitudes in Table 2.3. For example, regarding the s-quark in the A: the s[ud]
quark+diquark combination is strong in the Faddeev amplitude, so gﬁ s receives a dominant

contribution from Diagram 1 scalar diquark bystander; the valence s quark is never isolated

A

alongside an axial-vector diquark, hence (J)

= (; and Diagram 3 provides the other
leading contribution, which is fed by the strong wu[ds] — d[us] combination transforming
into u{ds} — d{us}. Concerning u and d quarks in the A: the u <> d antisymmetry of the
amplitude’s spin-flavour structure entails that whatever contribution gﬁu receives, — gf‘ g Will
be of the same size with opposite sign (weak charges of the u and d quarks are equal and

opposite); and diagrams involving scalar diquarks must dominate because such diquarks

are the most prominent components in the Faddeev amplitude.
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Table 3.10: With reference to Fig. 3.1, diagram contributions to flavour separated octet
baryon axial charges, Eq. (3.18). “0” entries are omitted. Naturally, in the isospin-symmetry
limit, the results for ¥~ are obtained by making the replacement gf;r — 9§;§ and for the
— . = =0
=0, via g3, = 95,

(5 g at &Y s BT A
9 0.36 —0.016 0.11 0.22 0.13 0.028
— ' 0.031  —0.022 0.22 0.24 —0.064 0.007
a5 0.40 —0.008 0.15 0.14 0.15 0.023
—g% 0.064  —0.014 0.17 0.085 —0.014 0.001
—gfl; 0.013 —0.020 0.20 0.24 —0.044 0.005
—gig —0.61 0.019 —0.066 —0.24 —0.026 —0.005
A 0.086  —0.014 0.019  —0.087  —0.17 0.035
—gﬁd —0.086 0.014 —0.019 0.087 0.17 —0.035
—gﬁs —0.36 —0.044 —0.21 —0.038 —0.016 —0.003

Notwithstanding the dominance of scalar diquark contributions in all cases, axial-vector
diquarks also play a significant role. I highlighted this with the importance of u[ds]—d[us] <>
u{ds} — d{us} in the A; and it is also worth emphasising the size of the (J )ﬁ contribution,
which for singly represented valence quarks in p, ¥7 is much larger in magnitude and has
the opposite sign to that connected with the doubly-represented quark.

The summed results for each gf i and the corresponding singlet, triplet, and octet axial
charges are listed in Table 3.11: the pattern of the SCI predictions is similar to that in a
range of other studies (see Table III in Ref. [131]). Based on this information, I first present

the following axial charge ratios for each baryon:

sty st ==, 85 A A
gﬁd/giu 9is /94  9Aa/9As gA(u+d)/gAs

—0.50 —0.34 —-0.43 —0.40

(3.20)

Evidently, if one considers u + d as effectively the singly represented quark in the A, the
ratio of axial charges for singly and doubly represented valence quarks is roughly the same
in each baryon, viz. —0.42(7). Further, the magnitude of the ratio is smallest when the
singly represented quark is heavier than the doubly represented quark.

It is also worth recalling that the SCI yields results that are in agreement with only
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Table 3.11: Net flavour separated and SU(3) baryon axial charges obtained by combining
the entries in Table 3.10 according to Egs. (3.18), (3.19). “0” entries are omitted. Recall
that these results are for the elastic/neutral processes; hence, the a3B entries need not exactly
match those in Row 1 of Table 3.2.

B 9% 94 94 ag ay ag
D 0.83 —0.41 0.42 1.24 0.42
>t 0.85 —0.29 0.56 0.85 1.42
=- —0.40 0.93 0.53 0.40 —2.26
A —0.13 —0.13 0.67 0.41 —1.61

small violations of SU(3)-flavour symmetry, Eq. (3.8). Thus, one may compare the proton

results in Table 3.11 with the following flavour-symmetry predictions:

P
9ag F-—-D p SF—D
=£d = = —0.39 = =0.43. 3.21
&, 2F BT F+D (3:21)
There is a reasonable degree of consistency.
Such agreement is significant as textbook-level analyses yield g% a/ g4, = —1/4 in non-

relativistic quark models with uncorrelated wave functions. The enhanced magnitude of the
SCI result can be attributed to the presence of axial-vector diquarks in the proton. Namely,
the fact that the Fig.3.1—Diagram 1 contribution arising from the {uu} correlation, in
which the probe strikes the valence d quark, is twice as strong as that from the {ud}, in
which the probe strikes the valence u quark. The relative negative sign means this increases
| g% at a cost to g%. Consequently, the highly correlated proton wave function, obtained as
a solution of the Faddeev equation in Fig. 2.3, lodges a significantly larger fraction of the
proton’s light-front helicity with the valence d quark.

The enhancement remains when all elements in Figs. 2.3 and 3.1 exhibit QCD-kindred
momentum dependence, but with a diminished magnitude [122]: ¢ /9%, = —0.32(2).
Compared to that analysis, the larger size of the SCI result is likely attributable to the

momentum independence of the Bethe-Salpeter and Faddeev amplitudes it generates. This

SS

or contribution

limits the suppression of would-be soft contributions, e.g., the two-loop (J)

in row 2 of Table 3.10 is roughly five-times larger than the analogous term in Ref.[122],
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significantly enhancing the magnitude of ¢’} -

Referring to Table 3.11, a3B and af are conserved charges, i.e., they are the same at
all resolving scales, (. This does not hold for the individual terms in their definitions,
Egs. (3.19b) and (3.19¢): the flavour-separated valence quark charges gﬁ”u, gffd and gfs
evolve with ¢ [150]. Consequently, the value of aOB , which is identified with the quark spin
contribution to the baryon’s total J = 1/2, changes with scale — it diminishes slowly with
increasing (; and as noted above, the SCI predictions in Table 3.11 are made with respect
to the hadron scale ( = (3 = 0.33 GeV [142, 143, 151, 152].

Textbook-level analyses yield aég = 1 in nonrelativistic quark models with uncorrelated
wave functions. Thus, in such pictures, all the baryon’s spin entirely originates from that
of its constituent valence quarks. Herein, on the other hand, considering the hadron scale,
then the valence degrees-of-freedom in octet baryons carry roughly one-half the total spin.
The mean is

al = 0.50(7). (3.22)

Given that there are no other degrees-of-freedom at this scale and considering that the
Poincaré-covariant baryon wave function derived from the Faddeev amplitude discussed in
Section 2.5 properly describes a J = 1/2 system, the remainder of the total-J must reside

in the quark+diquark orbital angular momentum. In keeping with such a picture, this

remainder is largest in systems with the lightest valence degrees-of-freedom: aff = a{} <
oF ~ of.

3.5 Summary

The SCI was used to make predictions for the axial, induced-pseudoscalar, and pseudoscalar
transition form factors of ground-state octet baryons. This advance contributes to the
ongoing efforts of unifying an array of baryon properties [72, 73, 95-100] with analogous
treatments of semileptonic decays of heavy+heavy and heavy+light pseudoscalar mesons to
both pseudoscalar and vector meson final states [65, 76]. The study required an extensive

set of calculations, involving the solution of a collection of integral equations for an array
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of relevant n = 2-6-point Schwinger functions, e.g., gap, Bethe-Salpeter, and, of special
importance, Faddeev equations, which describe octet baryons as quark-plus-interacting-
diquark bound-states. Naturally, owing to its symmetry-preserving nature, all mathematical
and physical expressions of PCAC are manifest.

Our implementation of the SCI has four parameters, viz. the values of a mass-dependent
quark+antiquark coupling strength chosen at the current-masses of the u/d, s, ¢, b quarks.
Since their values were fixed elsewhere [65], the predictions for octet baryons presented
herein are parameter-free. The SCI possesses several merits, including its algebraic sim-
plicity, paucity of parameters, simultaneous applicability to a wide variety of systems and
processes, and potential to provide insights that connect and explain numerous phenomena.

Regarding the axial transition form factors of octet baryons, G4, SCI results exhibit
agreement with a small violation of SU(3)-flavour symmetry [Sec.3.3.1]; and our analysis
revealed that this outcome arises as a dynamical consequence of EHM. Namely, the gen-
eration of a nuclear size mass scale in the strong interaction sector of the Standard Model
serves to mask the impact of Higgs-boson generated differences between the current masses
of lighter quarks. Moreover, the spin-flavour structure of the Poincaré-covariant baryon
wave functions, described in the presence of both flavour-antitriplet scalar diquarks and
flavour-sextet axial-vector diquarks, plays a key role in determining the axial charges and
form factors. Significantly, although scalar diquark contributions are dominant, axial-vector
diquarks still play a material role, particularly evident in the values of the flavour-separated
charges. Therefore, as observed with numerous other quantities [81, 153, 154], a sound
description of observables requires the inclusion of axial-vector correlations in the wave
functions of ground-state octet baryons.

The SCI also provides a satisfactory description of the induced-pseudoscalar transition
form factors, Gp, for octet baryon [Sec.3.3.2]. Qualitatively, similar formative elements
are involved in both Gp and G 4. The material difference lies in the contribution of seagull
terms to the current [Fig. 3.1]. G 4 is associated with the transverse component of the baryon
axial current and thus does not receive any seagull contributions. Conversely, seagull terms
play a role in all calculated induced pseudoscalar form factors, being particularly significant
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for == — A, A — p and ¥~ — n. Each Gp(Q?) displays a pole at Q? = —m%,, where
mp = My, Mg, the pion or kaon mass, depending on whether the underlying weak quark
transition is d — u or s — wu.

Owing to the partial conservation of the axial current, which entails that the longitudinal
part of the axial-vector current is entirely determined by the corresponding pseudoscalar
form factor, there exists an intimate connection between the induced pseudoscalar and
pseudoscalar transition form factors, Gps, in every case. Therefore, viewed from the correct
perspective, all that is mentioned about Gp applies equally to G5. A new feature is the
correlation between G5 and various meson+baryon couplings, which can be inferred from
the residue of G5 at Q2 + m% = 0 [Table 3.7]. As computed, the SCI prediction for the mpn
coupling aligns reasonably well with other calculations and phenomenology.

Working with neutral axial currents, SCI predictions were obtained for the flavour sep-
aration of octet baryon axial charges and, consequently, values for the associated SU(3)-
flavour singlet, triplet and octet axial charges [Sec.3.4]. The singlet charge corresponds to
the fraction of a baryon’s total angular momentum carried by its valence quarks. The SCI
predicts that, at the hadron scale, (3 = 0.33 GeV, this fraction of proton is approximately
42%. As there are no other degrees of freedom at (3, the remainder can be attributed to
quark+diquark orbital angular momentum.

Numerous analyses have consistently demonstrated that, when viewed prudently, SCI
results serve as a valuable quantitative guideline. Notwithstanding this, it is worth verifying
the predictions described herein by employing the QCD-kindred framework, which has
been employed widely in studying properties of the nucleon, A-baryon, and their low-lying
excitations [82, 121-123, 155-157]. This holds particularly true for the results concerning
octet baryon spin structure. Furthermore, with continuing progress in the development of
the ab initio Poincaré-covariant three-body Faddeev equation approach to baryon structure
[158-161], it is expected that octet baryon axial and pseudoscalar current form factors can
soon be delivered independently of the quark+diquark scheme. Comparisons between the
results obtained from the various frameworks can contribute to the improvement of both

approaches. Additionally, it would be valuable to extend the analyses herein to baryons
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containing one or more heavy quarks; especially, e.g., given the role that Ay, — A.e” D, may

play in testing lepton flavour universality [162].
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Chapter 4

ANGULAR MOMENTUM
DECOMPOSITION OF PROTON AXIAL
CHARGE

4.1 Introduction

Questions concerning the composition of baryons have been a subject of inquiry for ap-
proximately a century. The (constituent) quark model [163], along with its subsequent
three-body potential models [3, 5, 83, 164, 165], has provided answers that exhibit an ap-
pealing simplicity within the framework of quantum mechanics. In these models, baryons,
formed from combinations of u, d, s valence quark flavours, can be categorised into multi-
plets of SU(6)®0(3), labelled by their flavour content, spin, and orbital angular momentum.
From this perspective, the proton, constituted from two u valence quarks and a d valence
quark, is viewed as an S-wave ground-state.

Quark models have widespread practical applications; however, when it comes to spec-
tra, they typically yield masses for radial excitations of the ground state that are notably
higher compared to the lowest-mass orbital angular momentum excitation, see Sec.15 in
Ref. [70]. The best-known example is the Roper resonance, N (1440)%+, discussed elsewhere
[18], which is predicted to lie above the nucleon’s parity partner, N (1535)%_7 contrary to
experimental observations. Potential models face challenges from quantum chromodynam-
ics, which demands a Poincaré covariant depiction of baryon structure, leading to a Poincaré

invariant explanation of their properties [166]. Additionally, while the total angular mo-
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mentum of a bound state remains Poincaré-invariant, any separation into spin and orbital
angular momentum components carried by the system’s identified constituents is not [167].
Consequently, potential model wave functions may only offer a basic reference for baryon
structure, particularly evident when it comes to assignments to SU(6) ® O(3) multiplets.

CSMs provide a good alternative for studies of baryon composition [15-28]. As seen
above, in this framework a baryon is described by using a Poincaré-covariant three-body
Faddeev equation, whose solution provides the mass and bound state amplitudes. It is worth
noting here that baryon properties have been calculated [84, 158, 160, 161] at leading-order
using a systematic, symmetry-preserving truncation scheme [168-170]; and ongoing efforts
aim to implement more sophisticated truncations [171].

Meanwhile, the simplified quark-plus-interacting-diquark picture of baryons continues
to be successfully employed, As described in Chapter 2, the approximation is efficacious be-
cause any interaction capable of forming mesons as dressed-quark + antiquark bound states
must also lead to strong colour-antitriplet correlations between any two dressed quarks
within a hadron. It is worth reiterating that the diquark correlations discussed herein are
completely dynamical, appearing in a Faddeev kernel that necessitates their continuous
breakup and reformation. Therefore, they are fundamentally distinct from the point-like,
static diquarks introduced over fifty years ago [172] to address the so-called “missing reso-
nance” problem [173]. The highly active nature of valence quarks within diquarks entails
that the spectrum produced by Fig. 2.3 exhibits a richness beyond the explanation of two-
body models, something also observed in numerical simulations of lattice-regularised QCD
[174].

A quark+diquark Faddeev equation analysis of the four lowest-lying (I = %, JP = %i)
baryons, where, as usual, I is isospin and J¥ is spin-parity, is presented in the Ref. [88].
These states included the nucleon and its lightest excitations. It was found that, projected
into the rest frame, the nucleon wave functions have significant S-wave components; yet they
also contain material P-wave structures and the canonical normalisation receives measurable
S ® P-wave interference contributions. This result is consistent with that in the previous

chapter: the quark+diquark orbital angular momentum must contribute to its spin. So, in
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this chapter, using the SCI, I study the angular moment decomposition of proton’s axial
charge as a continuation and supplement to the work in Chapter3. The analysis sheds
light on the amount of the proton’s spin that may be attributed to quark+diquark orbital
angular momentum.

The procedure for a partial wave decomposition of (%,%Jr)—baryon bound-state wave
functions is outlined in Sec.4.2. Solutions for contributions from the various quark+diquark
orbital angular momentum components to the canonical normalisation of the Poincaré-
covariant proton wave function and the proton axial charges are described and analysed in

Sec.4.3. Section 4.4 provides a summary.

4.2 Partial wave decomposition

In Sec.2.5, I provided a detailed introduction to the baryon Faddeev equation. The Fad-
deev amplitudes, \I/JP, can be obtained by solving the Faddeev equation, i.e., Eq.(2.79).
Then, crucially for what follows in connection with angular momentum decompositions
of baryon properties, the (unamputated) Faddeev wave function, &7 P, can be computed
from the amplitude ¥~/ " simply by attaching the appropriate dressed-quark and -diquark
propagators.

1+

Adapting Eqgs. (2.64), (2.69), the wave function of a J = " state can be expressed in

terms of the following matrix-valued functions:
% (¢; P) = S(£+ P/3)A" (2P/3 — 0)T5="" (¢; P)

2
=35 (52, 0. P) SE(¢; Pyu(P), (4.1a)
k=

—_

L' (6, P) = S+ P/3)AL, (2P/3 — )U=Y (¢, P)

6
> (ew : p) s Ak (6; PYu(P), (4.1b)

k=1
where the forms of S¥ and A% have been exhibited in Egs.(2.75b) and (2.77). It is only
when working with the wave function that meaningful angular momentum decompositions

become available. No information on bound state angular momentum is directly available
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from a bound state amplitude.

According to Ref. [90], the rest frame orbital angular momentum operator is given by

. 1 .
L= ieijkLJk, (4.2)

whose square characterises the orbital angular momentum,
L’® = L(L +1)®. (4.3)

Here, @ is the spinor wave function with positive parity and positive energy and the tensor
L% reads
3
LR = (=) | phag —Pi=— | » (4.4)
2 “opk " opl
where a = 1, 2, 3 runs over the three valence quark degrees-of-freedom.

In the wave function of Egs. (4.1), the only relative momentum is that between the quark

and diquark, ¢. Hence, the operator L? now takes the form

9 .0 0
2 7 P22 % pJ
L _<2£ i evngaﬂw). (4.5)

By applying the operator L? to the basic Dirac components of the functions in Egs. (4.1),
one obtains the orbital angular momentum of each component.
Here, in order to enable comparisons with typical formulations of constituent quark

models, I list the set of baryon rest-frame quark+diquark angular momentum identifications:

S: S A2, Bl= (Ai + Ai) : (4.6a)
P: §% Al B2-= (Aﬁ n AS) 02 = (2A§ - Ag’) /3, (4.6b)
D: Cl= (2A§ - Ai) /3; (4.6¢)

viz. the scalar functions associated with these combinations of Dirac matrices in a Faddeev

wave function possess the identified angular momentum correlation between the quark and
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Figure 4.1: Legend for interpretation of Figs. 4.2 —4.4, identifying interference between the
various identified orbital angular momentum basis components in the baryon rest frame.

diquark. Those functions are:

S:  §1,az,(az + 2as) /3; (4.7a)
P: &y, ay, (a4 + 2ag) /3, (a4 — dg) ; (4.7b)
D: (63 — d5) . (47C)

4.3 Solutions and their features

4.3.1 Canonical normalisation

Using the assignments in Fig.4.1, the distinct contributions from each partial wave to
the proton’s canonical normalisation constant are depicted in Fig.4.2. (Recall that the

canonical normalisation constant is related to the Q? = 0 value of the charge form factors
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0.1
0.0

-0.1 ]

Figure 4.2: Contributions of the various quark—+diquark orbital angular momentum com-
ponents to the canonical normalisation of the Poincaré-covariant proton wave function after
rest-frame projection. The values drawn are listed in Table D.1.

linked to the electrically charged members of a given hadron multiplet: in this case, that
is the proton Dirac form factor.) From Fig.4.2, in the rest frame, one observes that the
proton canonical normalisation is largely determined by S-wave components, but there
are significant, destructive P-wave contributions and also strong, constructive S ® P-wave
interference terms. There is no contribution from D-wave. These results are consistent with
those obtained in the QCD-kindred framework whose interaction is momentum-dependent
[82].

Working with the results in Table D.1, one arrives at SCI prediction for the contributions
of the various diquark components to the canonical normalisation. They are listed in Table
4.1. While the [ud]o+ scalar diquark (SC) is dominant, material contributions also owe
to the {ud}i4, {uu}1+ axial-vector diquarks (AV): roughly 74% of the proton’s canonical
normalisation constant is provided by the scalar diquark and the remainder owes to the

axial-vector diquark. The QCD-kindred framework gives similar results [82]. It is notable
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Table 4.1: Contributions of the various diquark components to the canonical normalisation

SC | AV
SC 1074 | 0
AV | 0 ]0.26

that, unlike the results predicted by the QCD-kindred framework, SC ® AV interference

contribution are absent because there are no contributions arising from the photon coupling

to the exchange quark in the SCI case [95].

4.3.2 Axial charges

0.15

0.10

0.05 ]

0.00 ]

—0.05]

Figure 4.3: Contributions of the various quark+diquark orbital angular momentum com-
ponents to gff) after rest-frame projection. The values drawn are listed in Table D.2.

In Sec.3.4, I provided SCI predictions for the proton’s axial charge along with their
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Table 4.2: Contributions of the various diquark components to the axial charge gff) =0.42
— see Table 3.11.

SC | AV
SC | 0.12 | 0.09
AV [ 0.09 | 0.12

flavour separation at @2 = 0. Here, I will dissect the SCI predictions in order to expose
the various quark+diquark orbital angular momentum contributions to these quantities,
following the scheme employed for the canonical normalisation.

The contributions of various quark+diquark orbital angular momentum components to
gff) are depicted in Fig.4.3. Comparing with Fig. 4.2, the axial charge gff) results share a
similar pattern: the contributions from S-wave components dominate, but there are signifi-
cant, destructive P-wave contributions, as well as strong, constructive S®P-wave interference
terms. From the results listed in Table D.2, one can see that, if only S-wave components

are considered, the value of gff) is underestimated: gff% s/ gff) = 0.74, where gff% g is the

value of gff) obtained by including only S-wave components.

Similar to the case of the canonical normalisation, drawing on the results in Table D.2,
I obtain predictions for the contributions of the various diquark components to the axial
charge gff), as shown in Table4.2. It will be observed that with this formulation of the
SCI the contribution of the scalar diquark (0.118) is approximately equal to that of the
axial-vector diquark (0.123). I am currently working to understand whether this outcome
is accidental or a special feature of the SCI. As shown by a comparison between Ref. [123]
(Table 1) and Table 3.10 herein, it is not true in general.

In contrast to the results for the canonical normalisation, which measures the electric
current, there is a large contribution arising from SC ® AV interference when the axial
current is used instead.

The contributions of various quark+diquark orbital angular momentum components to

the flavour-separated charges g and —gffl are depicted in Figs.4.4. The results of g% and
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Figure 4.4: Panel A. Contributions of the various quark+diquark orbital angular momen-
tum components to gY after rest-frame projection. Panel B. Contributions of the various

quark+diquark orbital angular momentum components to —gfﬁ after rest-frame projection.
The values drawn are listed in Table D.2.
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Table 4.3: g% and gﬁ contributions broken into rest-frame quark+diquark orbital angular
momentum components.

0.60 | 0.28 | 0.00
0.28 | -0.33 | 0.00
0.00 | 0.00 | 0.00

-0.29 | -0.15 | 0.00
-0.15 | 0.18 | 0.00
0.00 | 0.00 | 0.00

Slv| w9 vl w s
n
~
o)

—gfl are similar to those of gff). When summing over the same set of orbital angular

momentum components, one can derive the results presented in Table 4.3. It is interesting
that the ratios of gffl to g4 for each pair of results in Table 4.3 are roughly the same, viz.

all approximately equal to the final result listed in Eq. (3.20):

g4 /g4 = —0.50. (4.8)

At present, I am working to uncover which particular aspects of the SCI lead to this outcome.

4.4 Summary

As a continuation and complement to the findings presented in Chapter 3, I calculated the
angular momentum decomposition of the canonical normalisation and axial charge of the
proton.

The SCI predictions for the proton’s canonical normalisation are, in many ways, similar
to the results obtained with the QCD-kindred framework, whose interaction is momentum-
dependent: the proton canonical normalisation constant is dominated by S-wave contribu-
tions, there are significant destructive P-wave contributions, and strong S® P-wave construc-
tive interference terms. The SCI also predicts that roughly 74% of the proton’s canonical

normalisation constant is provided by the scalar diquark and 26% by axial-vector diquark.
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However, SC ® AV interference does not contribute to the SCI canonical normalisation, an
outcome which differs from the prediction of the QCD-kindred framework.

The results for contributions from the various quark+diquark orbital angular momentum
components to the proton’s axial charge gff) and its flavour separation into g% and —gj‘f‘
pieces are typically similar to those of canonical normalisation. It is interesting that the

ratios of gj‘fl to g%, computed from S-wave, P-wave and S ® P-wave interference, are the

similar and all roughly equal to the net result, gj‘fx /9%~ = —0.50.
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Chapter 5

POLARISED PARTON DISTRIBUTION
FUNCTIONS AND PROTON SPIN

5.1 Introduction

It is worth highlighting that the proton is the most fundamental bound-state in Nature. In
isolation, it is stable; at least, the lower limit on its lifetime is many orders-of-magnitude

greater than the ~ 14-billion-year age of the Universe. Moreover, the proton is characterised

2.

by two fundamental Poincaré invariant quantities: mass squared, mgy;

and total angular
momentum squared, J? = J(J + 1) = 3/4. One can also incorporate parity, P = +1, in
which case the proton is identified as a J* = %Jr state.

As discussed above, according to contemporary theory, the proton is composed of three
valence quarks: u + u + d, which interact based on the rules described by the Lagrangian
density of quantum chromodynamics. QCD itself is a Poincaré-invariant quantum non-
Abelian gauge field theory. It is worth emphasising that P is a Poincaré invariant quantum
number. On the other hand, every separation of J into a sum of orbital angular momentum
(L) and spin (S), L + S, is observer dependent. Therefore, there is no correlation between
P and L in QCD and no objective (Poincaré-invariant) significance for L and S individually
[166].

Assuming isospin symmetry, as I have done throughout, so that u and d quarks are

1

mass-degenerate, then the full wave function of the JX = §+ proton can be described

by a Poincaré-covariant four-component spinor whose complete form involves 128 distinct
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scalar (Poincaré-invariant) functions [158, 160]. It follows that in any observer-dependent
reference frame, this wave function includes S-, P- and D-wave orbital angular momentum
components. The nature of the angular momentum represented by these components relies
on the degrees-of-freedom (dof) employed to solve the proton bound-state problem. Typi-

cally, these dof vary with the resolving scale of any probe utilised to measure the property

1
2

of the proton. In QCD, there is no specific scale at which the proton J = 5 can be regarded
simply as the sum of the spins of its valence dof [175]. Similar observations can be made
about mg; namely, the distribution of proton mass among its constituents depends upon
the choices of variables and frame made when solving the bound-state problem. Either or
both of these may rely on the resolving scale employed to specify the problem.

As evident from the discussions in previous chapters, these remarks highlight again
that there is no objective meaning to any decomposition of the proton’s J = % into sub-
components of any kind. Such a decomposition is contextual and only attains significance
once choices of variables and frame are established. A convenient approach is to project
Poincaré-covariant wave functions onto the light-front because the wave functions obtained
thereby are the probability amplitudes associated with parton distribution functions (DFs)
[176-178].

The selection of variables is more complex. Herein I adopt a perspective characteristic
of CSMs. Namely, at the hadron scale, (3 < m,, QCD bound-state problems are most
efficiently solved by employing dressed-parton dof: dressed-gluons and -quarks, each of
which possesses a momentum-dependent mass. As explained above, this approach is firmly
founded in QCD theory and has been widely employed with phenomenological success - see,
e.g., Refs. [24-28, 179-181] for discussions of both facets. Notably, (3 represents the scale

at which all properties of a given hadron are determined by its valence quasiparticle dof

[142, 143, 182).
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Table 5.1:  Gegenbauer coefficients that define the hadron-scale valence quark DFs in
Eq. (5.1). Each entry should be divided by 103.

ay,
1 2 3 4 5
403 112 7.31 —-104 —4.90
6 7 8 9 10
—0.0474 1.15 0.828 0.334 0.0635
ar;
1 2 3 4 5
482 161 20.8 —11.5 —7.11
6 7 8 9 10
—0.430 1.50 1.03 0.349 0.0543

5.2 Results based on Faddeev equation

As I have repeatedly highlighted, EHM is an essential characteristic of strong interac-
tions. In the absence of Higgs boson couplings into QCD, it entails the dynamical gener-
ation of a nuclear-scale mass for the proton, m, ~ 1GeV, accompanied by the formation
of massless pseudoscalar Nambu-Goldstone bosons [183]. As a consequence of EHM, any
quark+antiquark interaction that accurately describes meson properties also generates non-
pointlike diquark correlations in multiquark systems, something which Sec. 2.4 discussed in
detail. This justifies the use of the quark+diquark Faddeev equation (Fig. 2.3) in describing
proton properties. Working with this simplification offers the advantage that at most 16
(instead of 128) scalar functions are sufficient to fully express the Poincaré-covariant proton
wave function.

In proceeding to a discussion of proton helicity DF's, the following predictions from the

quark+diquark Faddeev equation at the hadron scale are important.

(i) The proton consists of both isoscalar-scalar (SC) and isovector-axial-vector (AV) di-
quark correlations, with the AV correlations being responsible for & 35% of the wave
function canonical normalisation [184]. (This is the result of the QCD-kindred ap-

proach.)
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(i)

(iid)

In the rest frame, the quark+diquark Faddeev wave function of the proton contains
S-, P- and D-wave orbital angular momentum components — see Fig.3a in Ref.[82],

which, in using the QCD-kindred approach, improves upon Fig. 4.2 above.

Calculated unpolarised valence quark DFs in a proton with the preceding two features

are reliably interpolated using a finite sum of Gegenbauer polynomials [154]:
q(z;Cn) = ngld0z®(1 — 2)® |1+ Zaq07/2 2z)| , (5.1)

ny = 2n, = 2, where the coefficients are listed in Table 5.1.

Consistent with experiment [70], the predicted proton axial charge is g4 = 1.25(3)
[123], where the uncertainty arises from that on the masses of the SC and AV diquarks:
mgc ~ 0.8 GeV; may =~ 0.9 GeV. Furthermore, the u quark fraction of the axial charge

is g% /ga = 0.76(1); that of the d quark is g4 /g4 = —0.24(1); and g4 /g% = —0.32(2).
The singlet axial charge of the proton is Ref.[27] (Sec.9):
ap = 0.65(2) . (5.2)

At (4 the remainder of the proton spin is lodged with quark+diquark orbital angular

momentum, as was illustrated in Chapter 3, using the SCI.

I stress here that because results obtained with the QCD-kindred framework are more

realistic [123], they are used in this analysis of proton helicity DFs instead of those obtained

with the SCI in Chapter 3.

5.3

Polarised valence quark distributions at (y

In order to deliver a Faddeev equation based prediction for the polarised valence quark

DFs at the hadron scale, it is necessary to extend the methods used for the unpolarised

DFs in Ref.[154], centred on the vector current, to the axial current case. Recently, a

symmetry-preserving axial current suitable for use with a solution of the quark+diquark
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Faddeev equation has been derived [121, 122]; but additional time will be necessary before
it can be applied to the calculation of polarised valence quark DF's.

In the meantime, I employ a phenomenological approach to address the issue, similar
to those used, e.g., in Refs. [185, 186]. I also utilise constraints suggested by perturbative
QCD analyses [187] to formulate straightforward Ansdtze for the polarised DFs. It is worth

enumerating the constraints imposed.

(a) At low-z, there is no correlation between the helicity of the struck quark and the
helicity of the parent proton. Therefore, the ratio of polarised to unpolarised DFs must
approach zero: as x — 0, Ag(x; (y)/q(x; (3) — 0. Drawing on Regge phenomenology,
I implement this by expressing Ag(z; (3) o< 299" g(x; (3 ), where dap = % represents
the difference between the intercepts of the vector and axial-vector meson Regge

trajectories [188].

(b) At high-z, both the polarised and unpolarised valence quark distributions exhibit the

same power-law behaviour, viz. Ag(x)/gq(x) — constant # 0 as  — 1.

These constraints are implemented using four distinct mappings: Ag(z;¢y) =

sqri(x, 'yiq)q(a:; Cy), with s,=1=—s,,

T1($,’7) = \/E/[1 + ’V\/E] s TQ('T”V) = \/-%/[’Y + \/;3] ) (533‘)
r3(x,7) = Vo /[l + 7], ra(z,y) = Va/[y +al. (5.3b)

In each case, ’yf is fixed by requiring fol de Agq(x; (y) = gi. Referring to Sec. 5.2-item (iv),
this yields the values listed in Table 5.2. Note that these profiles are in agreement with
results obtained from basis light-front quantisation applied to solve a model Hamiltonian
for the proton [189], as well as with ongoing studies of proton DF's using a Faddeev equation
with a contact interaction [100].

The resulting Ansdtze for the hadron-scale polarised valence quark DFs are illustrated
in Fig. 5.1, wherein they are compared with the corresponding unpolarised DF's calculated
in Ref. [154] — reproduced by Eq. (5.1) with the coefficients listed in Table 5.1.

At this point, considering that the x = 1 value of any ratio of valence quark DFs is

76



Table 5.2: Referring to Eq. (5.3), central values of the mapping parameters, 77, that
reproduce the given quark’s contribution to the proton axial charge.

i 1 2 3 4
yE 0.350 0.621 0.575 0.853
V¢ 1.47 1.26 2.62 1.60
1.0f
T 0.5/
%
(@)
J 00
~0.5[ . e s
0.0 0.2 04 0.6 0.8 1.0

Figure 5.1: Hadron scale polarised valence quark distributions: solid red curves — u quark;
and dashed blue curves — d quark. In each case, there are five curves, viz. the four produced
by the mapping functions in Eq. (5.3), with the coefficient values in Table 5.2, and the
average of these curves. Context is provided by the unpolarised valence quark distributions:
xu(xz; (y)/2 — dot-dashed red curve; and [—xd (x;(y)/2] — dotted blue curve.

independent of the scale [190], one can present an updated version of Table 1 in Ref. [191]
— see Table 5.3. The general agreement between my results based on the Faddeev equation
and those in the “Faddeev” column demonstrates that reliable estimates are provided by the
simple formulae introduced in Ref. [191] for use in analysing nucleon Faddeev wave functions
to obtain x — 1 values of DF ratios without the necessity of calculating the z-dependence
of any DF. Viewed alternately, the agreement lends support to our proposed Ansdtze for
the polarised valence quark DF.

Now it is pertinent to discuss the matter of helicity retention in hard scattering processes

[187, 194]. If this notion holds true, then Ad/d =1 = Au/u on x ~ 1 — see Table 5.3-
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herein Faddeev SC only SU(4) pQCD
Fr 2 3
54 0.45(5) 0.49 i 2 3
d 0.23(6) 0.28 0 i i
Kd —0.14(3) —0.11 0 -1 :
Lu 0.63(8) 0.65 1 z 1
&d —0.38(7) —0.26 0 -1 1
A? 0.15(5) 0.17 1 0 1
AR 0.58(8) 0.59 1 2 1

Table 5.3: Predictions for x = 1 value of the indicated quantities. Column “herein” collects
predictions from Ref. [154] and those obtained using the polarised DF's in Fig.5.1. “Fad-
deev” reproduces the DSE-1/realistic results in Ref. [191], obtained using simple formulae,
expressed in terms of diquark appearance and mixing probabilities. The next two columns
are, respectively, results drawn from Ref. [192] — proton modelled as being built using an el-
ementary scalar diquark (no AV); and Ref. [193] — proton described by a SU(4) spin-flavour
wave function. The last column, labelled “pQCD,” lists predictions made in Refs. [187, 194],
which assume an SU(4) spin-flavour wave function for the proton’s valence-quarks and that

a hard photon may interact only with a quark that possesses the same helicity as the target.
(3/7~0.43.)

column 5. However, these ratios remain invariant under QCD evolution (DGLAP [195-
198]); such evolution cannot result in a zero in a valence quark DF; and fol deAd (x;(y) =
gj‘fl < 0. As a result, helicity retention necessitates the presence of a zero in Ad (x;(y).
Current precision data indicate that if such a zero exists, then it must occur at = 2 0.6
[199-207].

Since I have modelled the polarised valence quark distributions, I cannot provide a
CSM argument either supporting or contradicting helicity retention. In fact, there are
currently no calculations of the polarised valence quark distributions available within any
nonperturbative framework that can be directly linked to QCD. Nevertheless, the mappings
in Eq. (5.3) exclude the possibility of a zero in Ad (x;(3). This choice is motivated by the
observations that no viable direct calculation of Ad (x; (3 ) yields a result with a zero on the
valence quark domain — see, e.g, Refs. [150, 189, 208], and phenomenological DF global fits

do not provide any strong evidence for the existence of such a zero Ad (z) [209]. However, a
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zero in Ad (z;(y) is engineered in the model of Ref. [185]. It can be affirmed with certainty
that QCD-connected calculations of the polarised valence quark distributions are highly
desirable, along with the related data on x 2 0.6. The latter have been obtained by the
CLAS RGC Collaboration [210] and the E12-06-110 Collaboration [211], and completed
analyses can reasonably be expected within a few years.

A related matter pertains to the d /u (equivalently Fi'/FY) ratio in Table 5.3. Columns
“herein”, “Faddeev” and “pQCD” agree, within uncertainties. The first two are derived
from calculations of the proton’s Poincaré-covariant wave function, which incorporates
scalar and axial-vector diquarks with dynamically prescribed relative strengths, as described
in Sec.5.2-item (i). This wave function corresponds to a structured leading-twist hadron-
scale proton distribution amplitude (DA) [184, 212]. However, as the scale increases, it is
anticipated that all such structure is eliminated as the DA approaches its asymptotic form
and the wave function begins to exhibit SU(4) spin-flavour symmetry [213]. In this case,
since d /u(x = 1) is invariant under evolution, the “pQCD” prediction can be interpreted as
a constraint on the relative strength of SC and AV correlations in the hadron-scale proton
wave function; and that constraint is satisfied if, and only if, the Faddeev wave function
possesses the properties described in Sec. 5.2-item (i). Notably, this relative strength also
offers an explanation [81, 154] for modern data on FJ'(z)/F} (x) [214] and its extrapolation
[153]: on z ~ 1, FI'/FY = 0.437(85).

Caveat 1. Before proceeding further, it is important to note that all polarisation “data”
reproduced herein were derived from analyses of experiments that employ one or another
set of the available global DF fits to another body of experiments. Consequently, the
“data” values and uncertainties are dependent on the reliability of the chosen global fit.
Furthermore, there is no assurance of consistency between the newly provided experiment
and the body used to produce the existing global fit. As a result, the reported “data” are
not objective. In contrast, as I now explain, the predictions presented herein arise from an

internally consistent, unified treatment of all DF's.

79



5.4 Polarised quark distributions at (> = 3 GeV?

Given that (g is the scale at which the dressed valence quark dof carry all the properties of
the proton, the all-orders extension of QCD evolution, as described in Refs. [151, 152, 215,
216], can be used to determine all proton DFs at any scale ¢ > (3. This approach has been
successfully used to predict proton and pion unpolarised DFs [81]. More recently, it has
also been successfully used to extract the pion mass distribution from available data [217].
Herein, I use it to provide predictions for proton polarised DFs.

This all-orders evolution scheme is based on a single proposition [216]:

P1 - In the context of Refs. [218, 219], there exists at least one effective charge, ayp(k?),
which, when used to integrate the leading-order perturbative DGLAP equations, defines
an evolution scheme for parton DFs that is all-orders exact.
Such charges are not necessarily process-independent (PI); hence, not unique. Nevertheless,
the possibility of a PI effective charge is not ruled out. The charge, denoted &, discussed in
Refs. [64, 143, 215], has proved suitable and I adopt it herein. Using &, one can predict (3 =
0.331(2) GeV. Further details on its connection with experiment and other nonperturbative
extensions of QCD’s running coupling can be found in Refs. [220-222].

Using the method described in Ref. [81] and applying it to the polarised valence DFs
shown in Fig.5.1, one obtains the (¢ = /3 GeV polarised quark DFs drawn in Fig.5.2,
wherein they are compared with data inferred from experiments HERMES [199], COM-
PASS [200], CLAS EG1 [201-204], E06-014 [205] and E99-117 [206, 207]: there is agreement
on the valence quark domain for z 2> 0.2.

Referring to the COMPASS results, lying on = < 0.2, the collaboration’s extrapolations
yield g4 = —0.34(5), g% = 0.71(4), ga = g% — g% = 1.05(6). Comparing this with Sec. 5.2-
item (iv), reveals agreement with the CSM value of g%. This agreement is consistent with
the match between data and my prediction for Ad (x;{c). On the other hand, the data
tend to fall below my prediction for Au(x;{c). This aligns with the observations that the
COMPASS results yield a value for g% — gffl that is 0.83(5)-times the value determined

from neutron -decay. This outcome can be attributed to the low value of g%, which is only
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Figure 5.2: Polarised quark DFs: Au(x;(c) - solid red curves; and Ad (x; {c) — dashed blue
curves. Data: HERMES [199] — circles; COMPASS [200] — diamonds; filled down-triangles
— CLAS EG1 [201-204]; five-pointed stars — E06-014 [205]; filled up-triangles —~E99-117
206, 207).

0.75(3)-times the CSM prediction. (These statements can be made because of the negligible
contribution of polarised antiquark DFs at this scale — see Figs. 5.3 and 5.4.)

The polarised antiquark distributions are depicted in Fig. 5.3a together with values from
Ref. [200]. Given the scale of this image, which is set by the magnitudes of my predictions,
the data exhibit large uncertainties. Consequently, they can only be used to establish
reasonable boundaries for the size of these distributions.

The difference 2[Ad (2;¢c) — Afi(z; Cc)] is illustrated in Fig. 5.3b and compared to the
corresponding result for z[d (z;¢c) — @(x;¢c)] from Refs. [81, 154], which reproduce the
proton antimatter asymmetry reported in Ref. [223]. (This was achieved via a modest Pauli
blocking factor in the gluon splitting function.) Notably, both differences exhibit the same
magnitude and their trend remains similar for z = 0.01: they are related by using P1.
In this case, owing to the considerable uncertainties on the available results [199, 200], a
meaningful comparison with the data cannot be reported.

Figure 5.4 illustrates my predictions for all polarised sea quark DFs. Following the

implementation of all-orders evolution in Ref. [81], one has thresholds at which the influence

of heavier quarks becomes significant in evolution. This accounts for the flavour-separation
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Figure 5.3: (a) Polarised antiquark DFs: Au(z;(c) — solid red curves; and Ad (z;{c) —
dashed blue curves. Data from COMPASS [200]: % — red diamonds; and & — purple squares.
(b) z[Ad (x;¢c) — Au(x;{c)] — solid red curves. For comparison: x[d (z;(c) — u(z;{c)] —
dotted green curve.

amongst the polarised sea DFs. The figure includes results on 2xAs(z;(c) inferred from
data in Ref. [200]. In general, the magnitude aligns with my prediction for this DF; but,
again, the data uncertainties are large. The prediction fo%?m dx Ass(z; ¢c) = 0.0072(1) is
in agreement with the inferred empirical value [200]: —0.01 & 0.01 + 0.01.

In Fig. 5.5, I present predictions for nucleon longitudinal spin asymmetries, which are
defined, for example, as in Chapter 4.7 of Ref. [237]. (The contribution of ¢ quarks is practi-
cally negligible at this scale.) For context, I also present results inferred from data collected
within the past vicennium [201-207, 224], along with selected earlier results [225-236]. The
discrepancy observed between my prediction and inferences at low-x may reflect known

discrepancies between CSM predictions for sea quark DFs and those obtained through phe-
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Figure 5.4: Polarised sea quark distributions at {c. Solid red curves: z[Au + Aulg;
dashed blue curves: z[Ad + Ad]s; z[As + As]s: dot-dashed green curves; z[Ac + Aclg:
dotted orange curves. Context is provided by values of 2xAs(x; (¢) from Ref. [200], wherein
xAs(z;c) = xAs(x; ().

nomenological fits [81, 143]. On the other hand, there is general agreement between my
predictions and data on z 2 0.2. It is highly desirable to have new experiments that can
provide DF information on x = 0.6; particularly in relation to the previously discussed
question of helicity retention. Therefore, the analyses of recently collected data obtained

by the CLAS RGC Collaboration and the E12-06-110 Collaboration are much anticipated.

5.5 Polarised gluon distribution at (> = 3 GeV?

Starting with the hadron-scale DF's depicted in Fig.5.1, the all-orders evolution scheme
provides the polarised and unpolarised gluon DFs at any scale ( > (3. My predictions for
(c are shown in Fig. 5.6.

Regarding phenomenological DF fits, AG(z) is very poorly constrained. This is depicted
by the grey band in Fig. 5.6a, taken from Ref. [238] at ( = 10 GeV. At this scale, my central
result is represented by the dot-dashed (blue) curve. Clearly, similar to unpolarised DF's, on
x < 0.05, my internally consistent predictions for glue (and sea) DFs have larger magnitudes

compared to those derived from phenomenological fits [81, 143]. Notwithstanding this, on
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Figure 5.5: Predictions for proton (solid red) and neutron (dashed blue) longitudinal spin
asymmetries at (c. In each case, the associated band expresses the uncertainty deriving
from Eq. (5.3). Data. Al: red squares — CLAS EG1 [201-204]; pink circles — Ref. [224]; grey
up-triangles — Refs. [225-232]. A': turquoise diamonds — E06-014 [205]; aqua five-pointed
stars — £99-117 [206, 207]; grey down-triangles — Refs. [233-236].

the complementary domain I obtain

1 dx AG(z;¢ =10GeV) = 0.199(3) , (5.4)
0.05
in contrast to 0.19(6) reported in Ref. [238].
My prediction for the ratio AG(x;{c)/G(z;¢c) is shown in Fig. 5.6b. It exhibits excel-
lent agreement with the results presented in Ref. [239]. This is highlighted, for instance, by

comparing the mean value of my result on the domain covered by measurements, which is

0.167(3), to the value 0.113 £ 0.038 & 0.036 reported in Ref.[239].

5.6 Proton spin

It is now pertinent to recall Eq. (5.2), which records that ~ 65% of the proton spin is at-
tributed to valence quark quasiparticle degrees of freedom at the hadron scale. Importantly,
this value remains scale-independent under P1 [216].

On the other hand, measurements of the proton spin are sensitive to the non-Abelian
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Figure 5.6: (a) Polarised gluon DF: AG(x; () — solid purple curves. Gray dashed curve and
band: typical result from phenomenological global fit [238] reported at ( = 10 GeV. Evolved
to this scale, my central prediction is the blue dot-dashed curve. (b) Polarised /unpolarised
DF ratio AG(x;(c)/G(z;(c). The associated band expresses the uncertainty deriving from
Eq. (5.3). For context, I depict values reported in Ref. [239].

anomaly corrected combination [240]

a ! a
as(¢) :ao—nf;?/() dx AG(z; () =: ao—nf;?AG(C), (5.5)

where n; represents the number of active quark flavours: herein, & and P1 evolution are
defined using ny = 4.
By utilising the result for AG(z;(c) from Fig.5.6 to compute the right-hand side of
Eq. (5.5), I predict
ab(Co) = 0.35(2). (5.6)
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This value demonstrates good agreement with that reported in Ref. [241]: 0.32(7).

Notwithstanding the remarks in Chapter 5.1, it is common to present a light-front
breakdown of the proton spin into contributions from quark and gluon spin and angular
momenta:

1 1

5 = 300+ Lal0) + AG() + Ly(0). (57)

This can be achieved unambiguously by exploiting the nature of the hadron scale, viz.

L L =015, AG(G) = 0= Ly(Cn), (5.8)

Lq(CH) = 5 2

and subsequently applying P1 evolution, which is implemented with minor modifications of

Egs. (32) in Ref. [150]. In this manner, I obtain the following central values:
Ly(¢c) = —0.027, AG(¢c) =1.31, Ly(¢c) = —1.11. (5.9)

Clearly, while it starts with a positive value, the fraction of light-front quark angular mo-
mentum decreases steadily with increasing scale, reversing sign at a modest value of the
resolving scale. Meanwhile, the increasing gluon helicity is compensated by a growth in
magnitude of the light-front gluon angular momentum fraction. The asymptotic ({ — o)

limits are discussed elsewhere [242, 243].

5.7 Summary

Starting with Ansdtze for hadron-scale proton polarised valence quark distribution func-
tions, which were developed by using insights from perturbative QCD and constrained by
solutions of a quark+diquark Faddeev equation, and supposing the existence of an effective
charge which defines an evolution scheme for parton DFs (both unpolarised and polarised)
that is all-orders exact, I have provided parameter-free predictions for all proton polarised
DFs at the scale C% = 3GeV2. In doing so, I achieved a unification of proton and pion
DFs. All predictions, both pointwise behaviour and moments, show favorable agreement
with results derived from data. This is exemplified by the results for polarised quark DFs

[Fig. 5.2] and nucleon longitudinal spin asymmetries [Fig. 5.5].
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Of particular significance is the discovery that the proton’s polarised gluon DF,
AG(z;¢c), is positive and large [Fig.5.6]. This prediction can be tested through experi-
ments at next-generation QCD facilities [244, 245]. Moreover, the AG(z;(c) result allows
me to predict that measurements of the proton singlet axial charge should yield a value
ay(¢c) = 0.35(2). This result aligns well with current data.

In the future, this analysis can be put to the test and improved by using a recently devel-
oped symmetry-preserving axial current, which is suitable for a proton described as a bound
state of dressed-quark and fully interacting nonpointlike diquark degrees-of-freedom, to cal-
culate the proton’s hadron-scale polarised valence quark DFs. A first step in this direction is
already in progress, using a careful treatment of a momentum-independent quark+quark in-
teraction. The subsequent natural progression involves extending it to a study of the proton
using QCD-connected Schwinger functions. Longer term objectives encompass analogous
calculations that initiate with a Poincaré-covariant three-body treatment of the nucleon

bound state problem [158, 160].
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Chapter 6
CONCLUSIONS AND OUTLOOK

6.1 Key results

The Standard Model (SM) has one known source of mass, i.e., the Higgs boson (HB),
providing critical contributions to the evolution of the Universe. However, it is now plain
that the Higgs boson is only responsible for 9 MeV out of the proton’s total mass of 939
MeV, accounting for merely 1% of the mass of visible material in the Universe. Plainly,
Nature has another highly effective mechanism for generating mass, which has come to
be known as EHM. EHM single-handedly accounts for 94% of the proton’s mass, with
the remaining 5% arising from constructive EHM + HB interference. The past decade of
progress using CSMs has revealed the three pillars that support the EHM edifice; namely, a
large dynamically generated gluon mass-scale, a process-independent effective charge, and
dressed-quarks whose running masses reach a constituent-like scale at infrared momenta.
Currently, theoretical efforts are underway to reveal the manifold and diverse manifestations
of these pillars in hadron observables. Moreover, these efforts aim to emphasise the various
types of measurements that can be conducted to validate the EHM paradigm. In this thesis,
I exposed some of the roles played by EHM in forming the structure of the baryon octet,
especially the proton, based on continuum Schwinger function methods (CSMs), especially
the Dyson-Schwinger equations (DSEs).

In this thesis, I first introduced the DSEs via a symmetry-preserving treatment of a vec-
tor x vector contact interaction (SCI), explaining: the gap equation for a dressed quark; the
Bethe-Salpeter equation (BSE) that describes two-body scattering and bound-state prob-
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lems; and the Faddeev equation appropriate for baryons treated as quark-plus-interacting-
diquark bound states. These are the basic elements for studying baryon structure.

Subsequently, using the SCI, predictions were delivered for octet baryon axial, induced
pseudoscalar, and pseudoscalar form factors, thereby furthering progress toward a goal of
unifying an array of baryon properties with analogous treatments of semileptonic decays of
heavy+heavy and heavy+light pseudoscalar mesons to both pseudoscalar and vector meson
final states. Since the approach is symmetry preserving, all mathematical and physical
expressions of partial conservation of the axial current are manifest.

The SCI results for the axial form factor, G 4, indicate a remarkable degree of agreement
with notions deriving from SU(3)-flavour symmetry, an outcome which can be identified
as a dynamical consequence of EHM. Moreover, the spin-flavour structure of the Poincaré-
covariant baryon wave functions, formulated in the presence of both flavour-antitriplet scalar
diquarks and flavour-sextet axial-vector diquarks, plays a crucial role in determining all form
factors. Taking neutral axial currents into account, SCI makes predictions for the flavour
decomposition of octet baryon axial charges, which yield values for the associated SU(3)
singlet, triplet, and octet axial charges. The findings reveal that, at the hadron scale,
Cx, approximately 40% of the proton’s total spin is carried by valence degrees of freedom.
Given that no other degrees of freedom exist at (3, the remaining spin can be attributed
to quark+diquark orbital angular momentum.

As a continuation of the work on the proton’s axial charge, I calculated the angular
momentum decomposition of the proton’s canonical normalisation and axial charge. The
SCI predictions for the proton’s canonical normalisation are in agreement with the results
obtained using the QCD-kindred framework: the proton’s canonical normalisation constant
is dominated by S-wave components; yet, there are also destructive P-wave contributions
and strong, constructive S ® P-wave interference terms. The results for contributions of the
various quark+diquark orbital angular momentum components to the proton’s singlet axial

charge, gff)

, and its flavour separation ¢! and —g% are similar to those of the canonical
normalisation. It is interesting that the ratios of g% to g% for the various quark+diquark
orbital angular momentum components are the roughly the same, all being ~ —0.50.
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Continuing by formulating Ansdtze for proton hadron-scale polarised valence quark dis-
tribution functions (DF's), developed using insights from perturbative QCD and constrained
by solutions of a quark+diquark Faddeev equation, and supposing the existence of an ef-
fective charge which defines an evolution scheme for parton DFs -— both unpolarised and
polarised — that is all-orders exact, predictions were delivered for all proton polarised DFs
at the scale C% = 3GeV?2. The predicted DFs, both in terms of pointwise behaviour and
their moments, agree favourably with results inferred from data. Of particular significance is
my finding that the polarised gluon DF, AG(x;(c), in the proton is positive and large. This
prediction can be tested through experiments at next-generation QCD facilities [244, 245].
Meanwhile, based on my result for AG(z;(c), I was able to predict that measurements of
the proton singlet axial charge should return a value af((c) = 0.35(2). This result is in

accord with contemporary data.

6.2 Outlook

6.2.1 Nucleon Resonance Electroexcitation

In the past decades, the CLAS Collaboration at Jefferson Laboratory in the USA
have obtained a great deal of data on the electroexcitation amplitudes of nucleon
resonances, including A(1232)3/2F, N(1440)1/2%, N(1520)3/2~, N(1535)1/27,
N(1675)5/2~ and A(1600)3/2%.  These data “demand” a comparison with sound
theory predictions. The QCD-kindred framework has achieved a successful description of
A(1232)3/2%, N(1440)1/2" and A(1600)3/2" electroexcitation form factors. A unified
description of the others using this framework would offer new opportunities for charting
the momentum dependence of the dressed quark mass, which is one of the three pillars
of EHM. So, it would play a very important role in understanding the strong interaction
dynamics that govern the emergence of hadron mass. These things are highlighted

elsewhere [181].
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6.2.2 Semileptonic decay of heavy baryons

An extension of the analyses in Chapter.3 to baryons containing one or more heavy quarks
would be valuable. CP violation (CPV) has been established in the K, B and D meson
systems, but not yet in analogous baryon systems. Therefore, exploring baryon CPV is one
of the most important missions in both experimental and theoretical flavour physics. The
semileptonic decay of heavy baryons can shed light on CPV. In addition, Ay, — A.e” 7, may

play an important role in testing lepton flavour universality.

6.2.3 Distribution functions (DFs) of proton

The proton’s polarised DFs can help understand its spin structure, i.e., resolve the proton
spin crisis. This thesis has made an important contribution, but it can be improved. I
provided an analysis of the proton’s polarised DFs based on Ansdtze. Direct calculation
of proton polarised DFs using wave functions calculated from the Faddeev equation is a
necessary next step.

Plainly, proton DFs provide key information on proton structure, and proton one-
dimensional DFs have been the focus of experiment and theory for more than fifty years.
However, little is known about proton three-dimensional DFs. So, drawing a three-
dimensional image of the proton is a principal focus of many experimental programmes
worldwide, such as the USA electron-ion collider (EIC) and the electron-ion collider in
China (EicC). The analyses in this thesis can readily be extended to tackle the associated

theory challenge.
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Appendix A
CONVENTIONS AND TECHNIQUES

A.1 Euclidean metric

Throughout this thesis, all the work is discussed in Euclidean space. There are deep theo-
retical reasons for adopting this approach. In fact, it is probable that interacting quantum
field theories can only be rigorously defined in Euclidean space. This is discussed, e.g., in
Ref. [27] (Sec.1).

The metric tensor in the Euclidean conventions are

4
a-b=0paub, = auby, (A.1)
p=1
where 6, is the Kronecker delta. Hence, a space-like @), has Q? > 0.

The Dirac matrices are hermitian, 'yL = 7, and satisfy the algebra

{f)/,uv 7V} = 25#1/ . <A2)
I define
)
Opw = 5 [W,%] , Y5 = —Y17Y27374 (A.3)
so that
tr ['YSVu’YV’Yp'Ya] = —4epo,€1230 = 1, (A.4)

where €0 is the completely antisymmetric Levi-Civita tensor in d = 4 dimensions.
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A Dirac-like representation of these matrices is used herein (chiral representation)

o 0 —ic . o0 0
V== s VA=TYm = , (A.5)

ic 0 0 —o9

where the 2 x 2 Pauli matrices are

je)
[y
o
|
~
—_
o

o1 = , 09 = , 03= . (A.6)
10 i 0 0 —1
I use
0010
00 01
V5 = (A.7)
1 0 0O
01 00

As explained in Ref.[10] (Sec.2.3), one may obtain the Euclidean version of any

Minkowski space expression by using the following transcription rules:

Configuration space Momentum space

(A.8)

where A represents GuwYhyA%,. These transcription rules can be used as a blind implemen-
tation of an analytic continuation in the time variable, z : 20 = —iz? with M — ZF and

the same for the momentum £. One also obtain g, — —6,..

A.2 Relevant expressions and relations

Here I record some of the most relevant relations used to derive SCI results and identities.
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There are some useful expressions used in this thesis:

1

d4q 1 U
/ 2t +w 16#26 @),
/ dl¢  w L cing),
/ = T )
@m)* (@2 +w)? 1677 L
Some useful integrals are listed here:
1 &0 1 1
(n—l)/ drt eXp(—TX) = ﬁ

/<>( (

0008 + 6QV55M) F (qQ) :

Feynman parametrisations used in this thesis are

1
1 1
= / da 5
DiD> Jo  [(1- @)Dy +aDs,)

2

1 1 1
—_— = d d
D1 Dy D3 /0 O[/0 y [(1 —a)D1 + of

The colour coefficients can be obtained by

0
Ae)ba oy By,

V3
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A.3 colour and flavour coefficients

coefficients that appear in the Faddeev equation, i.e. Eq.(2.79).

C
= %€AED €CEB % =

1—p8)D2 + a5D3]3

(A.9a)

(A.9b)

(A.9¢)

(A.10a)
(A.10b)
(A.10c)

(A.10d)

(A.11a)

(A.11b)

The baryon Faddeev equations need to be augmented with appropriate colour and flavour
coefficients. Using the colour and flavour matrices of the diquark amplitudes, Eqs.(2.43),

and the quark+diquark amplitudes, Eqs. (2.74), one can calculate the colour and flavour

(A.12)



For the flavour coefficients, I take the calculation of the flavour coefficient of Kio in

Eq.(2.89) as an example:

T
0 0 1 0 10 0
fSTtQ[”S](tl[“d])de=<0 0 1> 0 00 1.0 0 1| =1
-1 00 0 00 0

(A.13)

Others can be obtained in a similar way.
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Appendix B

SELECTED OCTET BARYONS FADDEEV
EQUATIONS

For notational convenience, I define

;g
CB = W, (Bla)

a]’;’i =(1- a)M}% +am? —a(l — a)m%. (B.1b)

where gg is defined in connection with Eq. (2.82), f labels a quark flavour, mp is the baryon’s
mass, and 4 is the diquark label associated with Eq.(2.88), so that m; is the mass of the
associated correlation. Here I should note that this result is a modification of the results

from Ref. [89], which returns my result in the SU(3)-flavour symmetry limit.

B.1 Proton

As previously noted, the proton’s Faddeev amplitude simplifies to the form in Egs. (2.83)
by using Eq.(2.82), i.e.

SP(P) = sp(P)Ip, A" (P) = alpy(P)irsyy + dpa(P)ys P = 4,5, (B.2)

where the superscripts are diquark enumeration labels associated with Eq.(2.88).
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Similar to the analysis in Sec.2.5.2, the proton’s Faddeev equation is written

st (P) K \f’CMl ’C141 \[K142 ’C142 s1 (P)

apy (P) —V2K], 0 V2KL 0 V2K 4, ap (P)

ap(P) | = Kia VKL, Kia,  V2KL.,  Kig, ap(P) | -

apy(P) _\@’C421 0 \/§K4241 0 \f’C4242 apy(P)

apy(P) ’C421 \f/C4241 ’C4241 \[’C4242 ’C4242 apy(P)
(B.3)

where isospin symmetry has been used, so that the Bethe—Salpeter amplitudes for the
{uu};+ and {ud},+ correlations are identical.

Here it is necessary to explain the subscripts of IC: e.g., in ICf2 4,, the label 4 is the
diquark label of proton flavour structure associated with Eq. (2.88), and the label 1 (2) of
41 (42) corresponds to the first (second) term of the axial-vector component, i.e. ab; (a’by).

Using isospin symmetry, it is straightforward to show that
aby(P) = —V2ah;(P).j=1,2. (B.4)

Hence, Eq. (B.3) can be reduced to

Sf(P) K{Dl 3K141 3’C142 Sﬂp)
a?n(P) - ’Cfﬂ _K4141 —’C4142 a5p1(P) . (B.5)
GSPQ(P ) K421 ’C4241 ’C4242 aglgz(P )

The entries in the proton’s Faddeev kernel can be expressed as follows:

1
Kb = cp/ daCy (a;‘;l) (amp + M) (By — (1 — a)%Fl)Q , (B.6a)
Ey
IC141 = cp / daCy ( ) [((BMu +amp) mi + 2a(1 — a)Qm?j;> Eq (B.6b)
4 0

—(1—a) <(Mu + 3amp)mj + 2(1 — a)2Mum§3) ”J\?Fl} :

Kiy, = c% 54 /0 daCy ( ) (amp — M,) [(1 —a)’m% — mi] (B.6¢)
X [El . a)”AZFl] ,
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Eq (Y /.
lell = 071‘3342/0 daCy (ap’l) (amp + M,) [Qmi +(1- a)2m%p} (B.6d)

X [El - a)TfFl] :

KD, = c%?fji /0 daly (o) (amp + M) [(mi —al-aPmB) B (Bée)
+(1-a) <5m§ 91— a)Qm%) T]\’ZFI} :

IC£41 = —c%fét /01 daCq (Uqff) [(47712 - (1- oz)%n%) M,m? (B.6f)
+a(1 - )? (m3 +2(1 - )?m}) mis] ,

Ki 4, = _C%?fni /01 daCy (a?f) [(1 —a)'mb + (1 — a)®*mim? — Qmﬂ (B.6g)
X (amp — M,) ,

2

EF [t s
KD, = c;g?m‘li/[) daC, <a$ ) [Mu (m;L —4(1 - a)2m2m?, (B.6h)

+6(1 — a)4m4}3> +amp (—Qmﬁ +10(1 — a)*m3m% +2(1 — oz)4m1}3)} ,
P Ef (' o ua 4 2,2 2
Kia, = —c’]{,?) 1 / daCy (JP’ > {5m4 —7(1 — a)*mimp (B.61)

my Jo

+2(1 — a)4m?‘3} (amp — M,y,) ,

with Fy, Iy, E4 being canonically normalised Bethe-Salpeter amplitudes for diquarks cor-
responding to enumeration labels i = 1,4 in Eq. (2.88).

Introducing a parameter A on the right-hand side of Eq. (B.5), one obtains an eigenvalue
equation of the form K (P?)V(P?) = A\(P?)V(P?). One repeatedly solves this equation for
increasing values of —P? to obtain the function A(P?). The desired Faddeev amplitude is
obtained at that lowest-magnitude value of P? for which A(P?) = 1. This value of P? is
the baryon’s mass: {m% = —P?| A\(P?) = 1}. (The first excited state in the given channel

is found at the next value of —P? for which the eigenvalue is unity [246], and so on.)
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B.2 Kernel for the A baryon

Here 1 explicitly specify each entry in the Faddeev equation kernel for the A-baryon,

Eq.(2.93):
Kb = 4 [ daCy <0X’2) [ama + M) [MyEy — (1 — a)maF ] (B.7a)
2MyMys J
X [2MysEy — (1 — a)mpaFy]
IC{X61 = LEGQ /1 daCy (UX’6> [<3Mum§ + amp (m% +2(1 - a)%ni)) (B.7b)
Mymg Jo

xXMyE1 — (1 — «) ((m% +2(1 — a)*m3%) M, + 3am§mA> mAFl] ,

_ CX E6
M,m}

/01 daCq (aXﬁ) [amy — M,] [MuEl +(1- a)mAFl] (B.7¢)

x [0 apPm} —m3] ,

U 1
A CA = sl
= Sas rr ’ s u - - B.
Koy 53, M, o daCq (aA ) [ama + M) [MyE1 — (1 — a)mpF] (B.7d)
X [2MysEy — (1 — a)mpFy] |
s 1
KA = A | gaC (U“’2> [2MysEar — (1 — a)m F]2 [amp + M,] (B.7e)
23 4M55 0 1 A ustv2 AL2 A ul .
S 1
A ciEs = (w6
Kos, = 2]\2\%7”%/0 daCy (aA ) [2Mus (amA (mg +2(1— a)Qm?\) (B.71)
+3Mum%) Ey— (1 —a)my (Mu (mg +2(1 - a)Qmi) + 3ozm§mA> Ey|
S 1
IC98 = CAE6/ daCy (au’6) [amp — M,,] [QMUSEQ +(1- OZ)mAFQ] (B.7g)
2 2Musm% 0 A
x [0 apPm} —m3] ,
ci B - s
Kéq = Sﬁum% /O daCy (aA’l) [ama + M) [MyE1 — (1 — a)mpF] (B.7h)

X [2m§ +(1- a)Qmﬂ ,

U
A — cabs
621 — 2
2 3M,mg

/01 daCy (Gf\’l) [amp + M) {Mu (m?j —4(1 - a)Qm%) o) (B.7i)

+(1 — a)my (5m§ —2(1 - a)zm%) Fl] )
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with M,

S E 1
X [2771% +(1- a)2mﬂ ,
A Ee /1 5 w2 2 2,2
= 20 [P0ty (o3?) [2My, (md - 401 - ) &
6M,sm2 Jo A1 %A us (Mg —4(1 — a)*my | Eo

+(1 — a)my (5m§ —-2(1—- a)2m?\> Fg] [amp + M,] ,
1
daCy (o8 [Mqu 4m2 — (1 — a)*m?3
/0 1 ( A ) 6 ( 65— ( ) A)

+a(l — a)®m3 (m% +2(1 - a)Qm%)} ,

s 12
_cAE6

1
3my

_Cf\Eé ld@ u,6 4 2,2 2 4, 4
= 1 aCi (o)) [2mg — (1 — a)*mgmy — (1 — )" my

X [amp — M,] ,

_ A Eg ld Ci (o0 4 2 2 2
= 1 aCy (o)) | My (mg — 4(1 — )" mgmy
3m6 0

+6(1 — a)4mj§> + amy (—9m%1 +10(1 — a)?*m2m3 +2(1 — a)4mj§>] ,

cs E2 1 - "
=A% / daC; (JX’ ) [5mg% —7(1 — a)?m2m3 +2(1 — a)4mj§]

X [amp — M,] ,

(B.7k)

(B.7)

(B.7m)

(B.7n)

(B.70)

= (MyM;)/(M, + Ms) and FEyg), Fi2), Ee being canonically normalised

Bethe-Salpeter amplitudes for diquarks corresponding to enumeration labels ¢ = 1,2,6 in

Eq.(2.88).

The subscripts on K have similar meanings to those in Appendix B.3, e.g., in Ké\l&’ the

labels 6 and 8 are the diquark labels of the A flavour structure associated with Eq. (2.88),

and the label 1 (2) of 6; (82) corresponds to the first (second) term of the axial-vector

component, a, (a%,).

B.3 Xt

According to the flavour structure of the X7 in Eq. (2.68d), one can derive its Faddeev equa-

tion directly from that of the proton by simply making the replacement d — s. However,

since I assumed isospin symmetry in writing the proton’s Faddeev equation, this replace-
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ment is not straightforward. Hence, I provide the complete structure here.

The Faddeev amplitude for the ¥ baryon is expressed in terms of

N

S8 =s3(P)Ip, A = aky (P)insyu + ako(P)ysDy, i = 4,6, (B.8)

where the superscripts are diquark enumeration labels, Eq. (2.88). The associated Faddeev

equation is

s5(P) K3 —\/§’C2241 ]C2261 —\/§K2242 ’CQE@ s3(P)

asy, (P) _\@’Ciz 0 \/ilciﬁl 0 \/§K§162 asy, (P)

a$y (P) | = K2 VKRG, K§e,  V2KGa,  Kie, ag, (P)

a3 (P) —V2Ki, 0 V2KEe 0 V2K, a3y (P)

a$y(P) ’C6222 \/§’C62241 ’Cﬁzgﬁl \/ilc(i@ ’Cb%@ a$y(P)
(B.9)

Regarding the subscripts of K, e.g., in ICEIG ,» the labels 4 and 6 are the diquark labels of the
¥ flavour structure associated with Eq. (2.88), and the label 1 (2) of 4; (62) corresponds to
the first (second) term of the axial-vector component, i.e., a%, (a$,).

The entries in the Faddeev kernel can be expressed as follows:

1 2
KZ, = e / daC (a;ﬂ) (ams; + M,) [Eg—(l—a) dio> F2] : (B.10a)
A 2 M,

E, (Y
K3, = cgm;; /0 daCy (a;"*) [(3Msmi + ams(m? +2(1 — a)QmQE)) E,  (B.10b)
4

(1)

5 <3amgmi + Mg(m3 +2(1 — a)Qm%)) F2:| ,

Ey [V
/C2242 = C%é/o daCy (O’EA) (amy — My) {(1 —a)’m¥ —m3 (B.10c)

iy
my
2M s

X [Eg—l—(l—a) F2:| ,

Es [t & /.
K3, = cp=3 / daCy <02’6> [(3Mum§ + ams(m2 +2(1 — a)2m22)> E»  (B.10d)

—(1—a) 27;\22 <3amgm§ + My (m2 +2(1 — a)Qm%)) F2:| ,
b)) s Ee . u,6 2 9 9
K3, = =2 / daCy (o4°) (ams = My) [(1 = 0)*m} — m3] (B.10e)
m6 0
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E
Ko = C%?)mg/ daCy (U;’Q ams, + M,) [(mi —4(1 — a)zm%) E,

b
’C4262

= csz% daCy (0’;’2> (amys + M,) [(m% —4(1 - a)zm%) E

+(1 = a)—= <5m§ —2(1- a)Qm%) F% )

EsEg [1 .
—c 3752722 /0 daCy (a;’ﬁ) [Mu (m?l <4m(25 —2(1— a)2m22>

+(1— a)%n%m%) +a(l — a)?*mi, (2mi —mg +2(1 — a)%n%)] )

—c¥ % /01 daCy (a;ﬁ) (amy, — M,) [(1 —a)’mé — m%}

X [(1 — a)2m22 + 2m4ﬂ ,

+2(1 — a)®mé (2m2 + 3(1

o F1Es /Oldaa( )[Mu(mz<mg—8<1—a>2m%>

Cx
3m4m6

£2(1 - am(amd + (1~ aPmd)) |

X

ELE, 1 B -
%46/ daCy (O‘;’G) 5m3 —2(1 — a)QmQE}

i — (1= a)?md| (ams — M,) .

s, Ea e /01 daCy ( ) M, (mi <4m% +(1- a)QmZE)

Cy
3m4m6

—2(1 — a)%z%m%) + a1 — a)?mi, <2m§ —mi+2(1 - a)2m22>] ,
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(B.10f)

(B.10g)

(B.10h)

(B.10i)

(B.10j)

(B.10k)

(B.101)

(B.10m)

(B.10n)



S _ _u Eake ! 2 9 2
614, — —Cx do Cl ( ) |:(1 — a) msy — My (BlOO)
172 3m4m6 0

y {(1 — a)Pm + ng} (ams, — M,) |

w E1Es
K4, = c% S 3mam? /0 daCy ( ) [Ms (mi(m% +4(1 — a)®m?) (B.10p)

+2(1 — a)?*mi (3(1 — a)?mé — 4m§)) + amy, (mZ(S(l —a)’m¥ — 9Im?)
#2(1 = am (o + (1 - a)m))]

EsEs (1
Py o A6 2 22
IC6242 = 237'71477’@6/0 dO[Cl ( ) [5m6 - 2(1 - Oé) m2j| (Bloq)

X [’mi —(1- a)QmQE] (amy — M,) ,
E2
ICEI L= —Cs / doCq [Mqu 4m2 — (1- a)2m2 (B.10r)
6.6 E3mﬁ ( ) 6 < 6 E)
+a(l — a)2m% (m% +2(1 - a)QmQE)] ,
O Eg 4, 4 2
Ké6, = “3mi o do‘cl ( ) [(1 —a)mb + (1 — )?m2md — 2m6} (B.10s)

X (ams — M,,) ,
2

IC6261 =ch—x /0 daCy ( ) [(mé —4(1 — a)*mZm% +6(1 — a)4m‘§> (B.10t)

3m6
M, + amsy, (—9mg1 F10(1 — a)2m2m? +2(1 — a)4m§)] ,
Kge, = — / daC1 [5m6 7(1 — a)®mém? +2(1 — a)'m ;} (B.10u)

X (ams — My,) ,

with Fa, Fh, Fjye) being canonically normalised Bethe-Salpeter amplitudes for diquarks

corresponding to enumeration labels i = 2,4, 6 in Eq. (2.88).
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Appendix C
HADRON CURRENTS

C.1 Baryon currents

Using the propagators and amplitudes described above, one can derive the explicit expres-
sion for the baryon current drawn in Fig.3.1. For convenience of reference, I recall the

expression in Eq. (2.74):
Sus A us A ss
Voo = Ui fo + WL f + UL £ (C.1)

where the colour matrix is omitted and £, = column[1,0,0], f; = column[0,1,0], f; =
column|0, 0, 1]. The column vector is determined by B and the specified diquark. I denote

the corresponding row-vector by ]_[h, h =u,d, s and also define
S = diagonal[S,,, Sq, Ss], (C.2)
where the quark propagators are derived from Sec. 2.3,
C.1.1 Diagram 1
Probe couples directly to the bystander quark, Table 3.1, including two contributions:
S A
50 (K, Q) = T (K, Q) + JE(, (K. Q). (C.3)
Using the notation mentioned above,
S = r +
75 = [P BS I @S (-0f¥E(P), (C.4a)
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Tty = [ Uh (PSS AL (04 35(P), (C.4b)

where ESQ = ¢+ P"), the diquark propagators are given in Egs.(2.65) and (2.70), and
fg denotes the regularised four-dimensional momentum-space integral with, matching the
Faddeev equation procedure, Ay, selected as the ultraviolet cutoff linked to the lightest
diquark in the B gj>f B’ process.

The remaining elements in Egs. (C.4) are Egg = ngFgg, Egﬂ = ngfgz, viz. the
dressed-quark-+pseudoscalar, -quark+axial-vector vertices that express the ¢ — f quark
transition. Their calculation is explained in Section2.4.2 and I adapt the results to all
g — f transitions considered in this thesis. Notably, my implementation of the SCI
guarantees the following (and other) Ward-Green-Takahashi identities (ky = k+ Q, m =

diagonal[m,,, mq, ms]):

QuLLA(k s, k) +imTLo (key, k) + il (ky k)m

= S (ky)iysTT9 +insTT9IS™(K). (C.5)

C.1.2 Diagram 2

There is only one term in this case, i.e., probe strikes axial-vector diquark with dressed-

quark spectator:

T ) / . (C.6)
- /E W (PORSOAL (—0 XA (0 —0 )AL (—0 ) fuws(P),

A'A
I‘5(#),/)

form factors need to be calculated; and for that purpose, I employed the procedure detailed

where ., is the axial-vector diquark pseudoscalar (axial-vector) vertex. The associated

in Ref. [122]. The results are collected in Appendix C.2, with those relevant here given in
Eq. (C.13).
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C.1.3 Diagram 3

In this case, there are two terms, i.e., in the presence of a dressed-quark spectator, the
probe strikes an axial-vector (scalar) diquark, inducing a transition to a scalar (axial-vector)

diquark. Writing the former explicitly:

I3, (K, Q) = J50 (K, Q)

) ) ) (.7)
_ /g TS (P')fo S(OAY (—0 TSR, (—,—0 )AL (—00) fu W (P),

where I’g(ﬁ)ﬁ is the axial-vector — scalar diquark transition vertex. Again, it is necessary
to calculate the associated form factors, which I accomplished by following the procedure
outlined in Ref. [122]. The results are collected in Appendix C.2, with those relevant here
given in Eq. (C.14). Naturally, I‘E‘i‘(‘z)ﬁ(ﬁl,ﬁ) FS(A) (0,0".

C.1.4 Diagram 4

Here the probe strikes the dressed-quark that is exchanged as one diquark breaks up and

another is formed:

Q= 5 [ [0 s G sor

T LIy =8,A (C.8)
f9 T g Jit i
X |Skag — OLL (@S (tag = )] T (—hyg)SOA™ (i) W5 (P).

where (-)T denotes matrix transpose, I'(K) = C'T(K)TC, and £,y = —0+ P, kyy = —k+P".
I have omitted Lorentz indices, which can easily be reinstated once the specific transition
is indicated.

Eq. (C.8) contains four terms; but as exploited in the enumeration of Table 3.1, symme-
try relates SA to AS; namely, there are only three distinct contributions.

It is worth highlighting here that in emulation of the SCI formulation of the Faddeev
equation in Section 2.5.1, I have employed a variant of the so-called “static approximation”.

Consistency with this simplification is achieved by writing
S(kgq — OTL? (Q)S(lgqg — k)
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1 1

L i’y'Q—i—Mf—FMg
My M,

r/9 .
Q2 + (Mf + Mg)2

- 75(#)(62)9125’

C.1.5 Diagrams 5 and 6

In a quark—plus—interacting-diquark picture of baryons, it is typically necessary to incorpo-
rate “seagull terms” to guarantee the fulfillment of relevant Ward-Green-Takahashi iden-
tities [247]. Those relevant to the currents in Egs. (3.1) and (3.4) are given in Ref. [122].
Adapted to the SCI, they read

B Q= 3 [ [ A (S0, )

IR =s.4
% S (kqq —z)TFJ52(—k DSOA (0,) fhxp‘]fl (P), (C.10a)
K@@= 3 [ [0 Pl ) Swr )
TV I =s5,A
X S(lgg — k)Txg{;j / I ko) SOA (L) 0 (P, (C.10b)

where, with mp, denoting the mass of the fg pseudoscalar meson,

Q) = QQiQ“Pf BT Q417 (@ (577 | (C.11a)
(@) = Q;Tiggpf T Q4T Q) () |
Q) = g [FJ @naTi+ (571) T Q). (110
W Q) = 5 @;Ti%fg @+ (57 Q). (cana

It is worth noting the following identity:
P ) P ) P P ) T
Qud Q) + 2imyxd 7(Q) = —ins T Q) ~ 177 (Q) (iT77) 5 (C12)

and the kindred relation for the conjugate seagulls.
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X
~
VWO

Figure C.1: Interaction vertex for the le T JQP 2 diquark+probe interaction (¢ = £+ Q):
single line, quark propagator; undulating line, pseudoscalar or axial current; I', diquark
correlation amplitude; double line, diquark propagator; and x, seagull interaction.

C.2 Diquark currents

In Appendix C.1, it was demonstrated that any study of baryon axial and pseudoscalar
currents utilising the quark-+diquark framework of baryon structure requires knowledge of
probe+diquark form factors. I calculated these form factors following the procedure detailed
in Sec.III.C.4 in Ref. [122], which employs the current illustrated in Fig. C.1. Taking into
account the systems involved, there are two form factors associated with each probe: axial-

vector <> axial-vector and axial-vector <+ pseudoscalar.

C.2.1 Axial-vector diquark transition form factors

Using the SCI and considering a {hg} — {hf} transition, the four diagrams depicted in

Fig. C.1 can be expressed as follows:

T5h) o (0, 0) = Ntroe / {0 (~)S @)Dl (@)S(t )T (0 S(-1)T

T

+ L (=) SWILE (o) [S(- )T, (@)S(—-)

_ Ef)hf}(_El)ﬁ(tq—)X{gh}fg(g)ﬁ(_t)T

5(n),0
XU ST (0s(-0)T) (C.13)

where I have made the Lorentz indices explicit, writing with reference to Eq. (2.43), e.g.,

r ;Z = L{,gh}; Nf’ = 2 and the trace is over Dirac and flavour structure; and Q = ¢/ — /,
0 =t 00,
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C.2.2 Axial-vector-scalar diquark transition form factors

Similarly, for the {hg} — [hf] transition, the process described in Appendix C.1.3 can be
represented by the following expression:
3 =k .
500 (¢, 0) = N2troe / (it =) )rsy (@S )T (S ()T

t

M -)S(Lt (0 [S(-¢ Tk, @s(-t)]

~ T sE N OS(1)T

XS (=) (051"} (C.14)

As noted above, F?(i) (0, 0) = FS@)

(0, 0.
C.2.3 Ward-Green-Takahashi identities for diquark currents

It is worth remarking here that, by utilising Egs. (C.5), (C.12) and kindred relations, one

can readily verify the following results:

0= QuIeA (¢, 0) +i2mp T (£, 1), (C.15a)
0= QuIS, (¢, 0) + i2m TEA (0 0) . (C.15b)

These identities were established elsewhere [122]. Being general, they can be used to con-
strain Ansdtze for the vertices involved. Nevertheless, herein, I directly calculate the SCI

results.

C.2.4 Probe-diquark form factors

The expression in Eq. (C.13) yields the following explicit results:

2
1 mp

Sl 0) = — 12 o pyily Qo g (QD) T T (C.16a)
5P meg Q2+m%fg Yoy pfg p B
AA — 7 Qu 2
FSN po(€/7£) - = 8&575£7Q5m alfg(Q )
+ oy [ty (%) + Qi o (QN)] | ThaThs (C.16b)
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Table C.1: Probe-diquark form factors for d — u transitions, which for practical purposes
can be interpolated using Eq. (C.17) with the coefficients listed here. Where written, f =
d,u because I assume isospin symmetry; and the absence of an entry means the coefficient is
zero. (Every k(s) is dimensionless; so each coefficient in Eq. (C.17) has the mass dimension
necessary to cancel that of the associated s (GeV?) factor.)

{fd} — {fu} ap al b1 b2
Ry 0.470 0.173 0.598
KA 0.467 0.023 0.598
mg‘lA 0.470 0.023 0.598
L AA

as
{ds} — {us} agp ay b1 by

a4 0.492 0.137 0.567
KA 0.489 —0.095 0.444 —0.129
mg‘l;‘ 0.492 —0.096 0.444 —0.129
Kol
{ff} — [ud] ap al b1 bg
Ky 0.649 0.094 0.182
kg 0.587 0.335 0.781 —0.037
koA 0.646 0.327 0.751 —0.035
Ko 0.062 0.006 0.703
{(u,d)s} <> [(d,u)s] agp ay b1 b
Ky 0.641 0.152 0.327
kg 0.571 0.255 0.686 —0.031
koA 0.638 0.254 0.679 —0.031
Ko 0.070 0.005 0.728
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Table C.2: Probe-diquark form factors for s — w transitions, which can be interpolated
using Eq. (C.17) with the coefficients listed here. Where written, f = d, u because I assume
isospin symmetry; and the absence of an entry means the coefficient is zero. (Every x(s) is
dimensionless; so each coefficient in Eq. (C.17) has the mass dimension necessary to cancel
that of the associated s (GeV?) factor.)

{fs} = {fu} ao a b1 ba
Ry 0.516 0.131 0.482

KA 0.480 —0.087 0.318 —0.096
A 0.516 —0.093 0.325 —0.095
mt{f“ 0.128 —0.019 0.416 —0.089
{88} — {US} ap ay b1 b2
Ry 0.519 0.113 0.496

KA 0.481 1.807 4.328 2.142
A 0.519 1.877 4.188 2.083
nfgf“ 0.076 0.183 3.090 1.657
{ds} — [ud] ago al bl bg
Ky 0.742 0.173 0.304

Kkt 0.633 0.251 0.578 —0.024
koA 0.712 0.246 0.552 —0.023
KA 0.109 0.006 0.590

{ss} — [us] agp aj b1 b
Ky 0.691 0.179 0.376

ki 0.594 0.199 0.543 —0.023
KA 0.666 0.195 0.527 —0.023
Ko 0.097 0.004 0.616

{fS} — [uf] ago al b1 b2
Ky 0.651 0.144 0.301

kg 0.626 0.243 0.580 —0.025
koA 0.630 0.238 0.556 —0.023
KA 0.024 0.002 0.556
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where ¢ = ¢/ + ¢ and, on the domain Q? € (—m%fg,QM]%, p) the computed form factors

/ fg(QQ), i =p,a,a, a3, are reliably interpolated using the following function:

ap + ais

Q2
= = -7 -1
K'(S ) 1+ 518 + b282 ’ (C 7)

with the coefficients listed in Tables C.1 and C.2 (charged currents) and Table C.3 (neutral

currents). Note that, owing to the identities in Egs. (C.15), HAA((D Kka(0). Moreover, in
AA

the isospin symmetry limit, mgrqy = mypyy, f = d, u; consequently, x5, = 0. Furthermore,
in no case considered herein does /@‘23’4 = 0 contribute more than 1% to any reported quantity.

Turning to Eq. (C.14), one finds:

2
+m
FSA / g M {gh} SA 2 1
O = ThQug e "M ), (C18a)
A (0,0) = T gy + mgany] | GapiS4, (Q2) — 26084 92 (C1sh)
5up Mipf) T Mgn}] | Qapkig fg Q2+ m3, Kayfg .
fa
1
+€MQa—m agfg(QZ)]
MYgny [hf]

where the form factors can again be interpolated using Eq. (C.17) with the coefficients listed

in Tables C.1-C.3.
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Table C.3: Probe-diquark form factors for ¢ — g, g = u,d, s, neutral current transitions,
which can be interpolated using Eq. (C.17) with the coefficients listed here. Where written,
f = d,u because I assume isospin symmetry; and the absence of an entry means the
coefficient is zero. Note that ﬁng = 0 in this case. (Every k(s) is dimensionless; so each
coefficient in Eq. (C.17) has the mass dimension necessary to cancel that of the associated
5 (GeV?) factor.)

{ff}=Af1} ao a by b2
Ky 0.470 0.173 0.598

T 0.467 0.023 0.598

Kot 0.470 0.023 0.598

{ss} — {ss} agp ay b1 ba
Ry 0.547 0.094 0.435

KA 0.475 0.643 1.878 0.723
mgf;‘ 0.547 0.654 1.722 0.649
{fS} — {fs} ap al bl bg
KoFy 0.492 0.137 0.567

Koty 0.489 —0.095 0.444 —0.129
Kot 0.492 —0.096 0.444 —0.129
Kpss 0.564 0.106 0.416

KA 0.494 0.462

ﬁgﬁg‘s 0.564 0.469

{ud} <~ [ud] ap al bl bg
Ky 0.649 0.094 0.182

Kt 0.587 0.335 0.781 —0.037
K 0.646 0.327 0.751 —0.035
Ko 0.062 0.006 0.703

{fS} < [fs] ap al bl bg
Kofy 0.641 0.152 0.327

nflf}f 0.571 0.255 0.686 —0.031
Kalts 0.638 0.254 0.679 —0.031
Kolts 0.070 0.005 0.728

Kipas 0.742 0.160 0.310

Ko/as 0.678 0.189 0.459 ~0.018
Kipas 0.701 0.185 0.434 —0.017
Kaias 0.064 0.002 0.484
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Appendix D

ANGULAR MOMENTUM
DECOMPOSITION

Table D.1: Proton-canonical normalisation contributions broken into rest-frame
quark+diquark orbital angular momentum components, defined with reference to Eqgs. (4.6).

S1 As By Sa Aq Bs Cs C1

S 1030 0.00 0.00 | 027 0.00 0.00 0.00 | 0.00
Az | 0.00 0.03 -0.02 | 0.00 -0.01 0.01 0.06 | 0.00
By | 0.00 -0.02 0.04 | 0.00 0.00 0.01 0.16 | 0.00
S2 | 027 0.00 0.00 |-0.10 0.00 0.00 0.00 | 0.00
A; | 0.00 -0.01 0.00 | 0.00 0.00 0.00 0.00 | 0.00
By | 0.00 0.01 0.01 | 0.00 0.00 -0.02 0.01 |-0.02
Cy | 0.00 0.06 0.16 | 0.00 0.00 0.01 -0.17]-0.01
C: | 0.00 0.00 0.00 | 0.00 0.00 -0.02 -0.01| 0.00

Using the computed solutions of the Faddeev equations for the Poincaré-covariant
baryon wave functions, evaluated in the rest frame, I computed the contributions of
various quark+diquark orbital angular momentum components to the proton’s canonical
normalisation constant. The results are recorded in Table D.1. It is from this table that
the image in Fig.4.2 is drawn. I also calculated the kindred contributions to the proton’s

axial charge and its flavour separation. The results are recorded in Table D.2.
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Table D.2: Proton axial charge contributions broken into rest-frame quark+diquark orbital
angular momentum components, defined with reference to Eqgs.(4.6).

94 | S As B1 So Ay Ba Co C1

S 044 -0.01 0.07 | 0.00 0.00 0.00 0.09 |0.00
A, | -0.01 0.00 0.00 | 0.00 0.00 -0.01 0.01 | 0.00
B 0.07 0.00 0.04 | 0.10 0.00 0.01 0.08 | 0.00
S 0.00 0.00 0.10 | -0.08 0.00 -0.01 -0.08 | 0.00
Ay | 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00 | 0.00
B, | 0.00 -0.01 0.01 |-0.01 0.00 0.00 0.00 | 0.00
Co 0.09 0.01 0.08 | -0.08 0.00 0.00 -0.07 | 0.00
C1 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00 |0.00

S A B | S A B G |G
Si | -0.26 0.00 000|001 000 -0.01 -0.07|0.00
Ay | 000 0.01 0.0 | 000 0.00 -0.01 0.00 | 0.00
By | 0.00 000 -0.04|-0.09 0.00 0.00 0.02 |0.00
S, | 001 0.00 -0.09]| 000 000 001 0.08 |0.00
A; | 000 0.00 0.0 | 0.00 0.0 0.00 0.00 | 0.00
B, | -0.01 -0.01 0.0 | 0.0l 0.0 0.00 0.00 |0.00
Cy | -0.07 0.00 002|008 000 000 0.00 |0.00
¢ | 000 000 000000 000 000 0.00|0.00

9,(4?) St As By S A B Co C1

S 0.18 -0.01 0.07 | 0.01 0.00 0.01 0.02 | 0.00
Ay | -0.01 0.01 0.00 | 0.00 0.00 -0.02 0.01 |0.00
B 0.07 0.00 0.00 | 0.01 0.00 0.01 0.10 | 0.00
S 0.01 0.00 0.01 |-0.08 0.00 0.00 0.00 |0.00
Ay | 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00 | 0.00
By | -0.01 -0.02 0.01 | 0.00 0.00 0.00 0.00 | 0.00
Co 0.02 0.01 0.10 | 0.00 0.00 0.00 -0.07 | 0.00
C1 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00 |0.00
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