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POSET POLYTOPES AND PIPE DREAMS: TYPES C AND B

IEVGEN MAKEDONSKYI∗ AND IGOR MAKHLIN∗∗

Abstract. The first part of this paper concerns type C. We present new explicitly
defined families of algebro-combinatorial structures of three kinds: combinatorial bases
in representations, Newton–Okounkov bodies of flag varieties and toric degenerations of
flag varieties. All three families are parametrized by the same family of polytopes: the
marked chain-order polytopes of Fang and Fourier which interpolate between the type
C Gelfand–Tsetlin and FFLV polytopes. Thus, in each case the obtained structures
interpolate between the well-known bases, Newton–Okounkov bodies or degenerations
associated with the latter two polytopes. We then obtain similar results for type B
after introducing a new family of poset polytopes to be considered in place of marked
chain-order polytopes. In both types our constructions and proofs rely crucially on a
combinatorial connection between poset polytopes and pipe dreams.
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Introduction

In modern Lie theory several kinds of structures have established themselves as useful
tools providing combinatorial insights into the geometry of flag varieties and into the
representation theory of the respective algebras. These tools include toric degenerations
of flag varieties ([32, 10, 1, 35, 54]), their Newton–Okounkov bodies ([36, 25, 40, 29, 28])
and various combinatorial bases in representations, in particular, PBW-monomial bases
([24, 20, 50, 34, 13]).
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Furthermore, it is somewhat typical for a structure of one of these kinds to be accom-
panied by structures of the other kinds. This phenomenon is observed in a range of works
in which an algebro-combinatorial datum of a certain form is shown to provide several of
the above structures. Perhaps, the first and best-known example are the string polytopes
due to [46, 6] which parametrize crystal bases in representations and were later shown to
define toric degenerations of Schubert varieties ([10]) and Newton–Okounkov bodies of
flag varieties ([36]). This setting is extended by the birational sequences of [20] which pro-
vide toric degenerations, Newton–Okounkov bodies and monomial representation bases.
A different approach is via semigroups of essential signatures and the associated poly-
topes which provide PBW-monomial bases, toric degenerations and Newton–Okounkov
bodies ([25]). Yet another type of underlying datum is given by matching fields which
again provide toric degenerations and Newton–Okounkov bodies ([15, 16]) as well as
PBW-monomial bases ([49]). We now explain a certain discrepancy between general the-
ory and explicit examples observed in this field which is one of the motivations for this
project (see also [14, page 1] for a much broader perspective).

In each of the above settings the respective datum must satisfy certain assumptions
for the desired structures to exist. Finding instances in which these assumptions hold
is highly nontrivial, let alone enumerating such instances. This leads to a shortage of
known explicit examples of the mentioned structures, especially of concrete definitions
which would work in some “general” situation rather than just “small” cases. Specifically,
in the above works explicit examples which cover all type A flag varieties and/or all finite-
dimensional sln-representations are essentially of two families. The first is the “Gelfand–
Tsetlin” family of constructions arising as follows: the toric degeneration due to [57, 32,
44] is given by the Gelfand–Tsetlin polytope of [31] which is also a Newton–Okounkov
body ([43]) and enumerates several combinatorial representation bases ([31, 52, 21]). The
second is the “FFLV” (Feigin–Fourier–Littelmann–Vinberg) family: the PBW-monomial
basis given by the FFLV polytope ([24]) and the corresponding Newton–Okounkov body
and toric degeneration ([25]). In other classical types explicit examples are even scarcer
with only some of the constructions in these two families having known counterparts.

In this regard, a notable advancement was made in [28] using marked chain-order
polytopes (or MCOPs, introduced in [19], see also [56, 3]). Fujita shows that all MCOPs
associated with the Gelfand–Tsetlin poset provide Newton–Okounkov bodies and toric de-
generations of type An flag varieties and also parametrize certain monomial bases. These
polytopes form a large (i.e. growing with n) family that includes both the Gelfand–Tsetlin
and FFLV polytopes. Thus, [28] provides new large families of explicit examples of each
of the three mentioned structures and generalizes the mentioned “Gelfand–Tsetlin” and
“FFLV” families. The approach in [28] is via a certain geometrically defined valuation
which provides the desired Newton–Okounkov body, the existence of the toric degener-
ation is then implied by a general result of [2]. The work [49] was initiated with the
aim of realizing these MCOP toric degenerations more directly as Gröbner (or sagbi)
degenerations of the Plücker algebra, similarly to the classical approach in [32]. This was
done via a newly found connection between MCOPs and pipe dreams which was then
also used to construct new PBW-monomial bases and standard monomial theories.

In this paper our goal is to address the discussed shortage of examples in Dynkin
types B and C by constructing new families of toric degenerations, Newton–Okounkov
bodies and PBW-monomial bases given by explicitly defined poset polytopes. There are
substantial differences from type A presenting several challenges which will be outlined
below. However, let us first mention that [28, Section 7] explains in detail why its method
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does not generalize to type C. For us this serves as an additional motivation to look for
an extension of the “pipe dream method” used in [49] to type C and beyond.

Let us briefly overview our setup. We consider the type Cn Gelfand–Tsetlin poset
P , cf. (1). With a subset O ⊂ P and an integral dominant weight λ we associate
the corresponding MCOP QO(λ) ⊂ RP . The extremal choices of O provide the type
C Gelfand–Tsetlin polytope of [5] and the type C FFLV polytope of [23], other cases
interpolate between these two. For a regular λ the toric variety of QO(λ) is cut out by
IO, a toric ideal in the polynomial ring C[J ] with variables labeled by order ideals in P .
The complete symplectic flag variety F is cut out by the Plücker ideal I that lies in a
polynomial ring denoted by S. Furthermore, the negative roots are enumerated by poset
elements: (i, j) ∈ P for every negative root vector fi,j ∈ sp2n(C). Finally, we denote the
irreducible representation by Vλ, its highest-weight vector by vλ and the corresponding
equivariant line bundle on F by Lλ. We prove the following.

Theorem C.1

(a) (Theorem 1.7.4.) A certain isomorphism ψ : C[J ] → S maps IO to an initial ideal
of I. Hence, the toric variety of QO(λ) with regular λ is a flat degeneration of F .

(b) (Theorem 1.8.3.) For a certain unimodular transformation ξ of RP the vectors∏
f
xi,j

i,j (vλ) with x ranging over the lattice points of ξ(QO(λ)) form a basis in Vλ.
(c) (Theorem 1.9.5.) The polytope QO(λ) is (up to translation) the Newton–Okounkov

body of F associated with the line bundle Lλ and a certain valuation ν.

The key ingredients of this theorem are the maps ψ, ξ and ν which depend on O. These
maps are defined in terms of combinatorial objects which we call type C pipe dreams.
These can be viewed as a way of associating a permutation of a 2n-element set with
every subset of P (cf. Example 1.3.2). Our type C pipe dreams can be viewed as special
cases of the usual type A pipe dreams introduced in [7], they should not be confused with
other symplectic analogs of pipe dreams appearing in the literature ([27, 39, 53, 30]).

A crucial difference from type A is that the Plücker algebra S/I does not have a
similarly convenient realization as a subalgebra of a polynomial ring generated by de-
terminants, which would allow for explicit sagbi degenerations. It can be realized as a
quotient of such a subalgebra but constructing explicit degenerations of this quotient is
difficult. Instead, we use a certain Schubert variety as an intermediate step between the
flag variety and the toric varieties. Specifically, we notice that the type Cn flag variety
can be degenerated into a type A2n−1 Schubert variety (see Corollary 1.6.6, this fact is
somewhat reminiscent of the results in [12] that realize PBW-degenerate flag varieties
of types A and C as Schubert varieties). Now, this Schubert variety is realized by an
algebra R that can be generated by determinants, this allows us to obtain the toric rings
S/IO as further sagbi degenerations of R. The latter sagbi degenerations then play a
major role in the proofs of all parts of Theorem C. In particular, we show that general
sagbi degenerations of R provide PBW-monomial bases (Lemma 1.8.2). We also show
that for every O we obtain a standard monomial theory in the Plücker algebra which can
be interpreted in terms of a certain class of Young tableaux (Corollary 1.7.9).

In type B the first problem is to define analogs of MCOPs which would form a family
interpolating between the type B Gelfand–Tsetlin polytope of [5] and the type B FFLV
polytope defined in [50]. This family is parametrized by subsets O of the same poset P ,
for a weight λ we denote the corresponding polytope QB

O(λ). The definition is similar
to that of MCOPs but involves scaling along certain coordinates. Although QB

O(λ) is

1Parts (a) and (c) of this theorem were announced without proof in the FPSAC extended abstract [48].
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not necessarily a lattice polytope, its intersection with a certain lattice contains dimVλ
points. This allows for the desired Lie-theoretic applications.

Now, in type B we find the Plücker algebra to be unfeasibly complicated for our pur-
poses and instead we choose an approach via essential signatures similar to [25]. We
show that the lattice points of a transformed version of QB

O(λ) form the set of essential
signatures: perhaps surprisingly, the most difficult part here is dealing with the case
of fundamental λ. The geometric results concerning toric degenerations and Newton–
Okounkov bodies are then derived using the embedding of the partial flag variety Fλ into
the P(Vλ). This also leads to a family of standard tableau theories (Remark 2.6.7). The
main results are summed up by

Theorem B.

(a) (Theorem 2.5.2.) For a certain unimodular transform ΠB
O(λ) of QB

O(λ) the vectors∏
f
xi,j

i,j (vλ) with x ranging over the lattice points in ΠB
O(λ) form a basis in Vλ.

(b) (Theorem 2.6.3.) The toric variety of QB
O(λ) is a flat degeneration of Fλ.

(c) (Theorem 2.6.6.) For a regular SO2n+1-weight λ polytope of QB
O(λ) is (up to trans-

lation) a Newton–Okounkov body of the complete flag variety Fλ.

Note that the generality of Theorem B(b) is slightly greater than that of Theorem C(a)
while for parts (c) the situation is reverse. This is explained by the difference in ap-
proaches and our desire to contain the presentation within reasonable limits. The main
combinatorial ingredients of all three constructions in Theorem B are defined using the
same notion of pipe dreams as in type C.

We conclude the introduction with a few remarks. For general O the structures pro-
vided by Theorems C and B are new but some of those obtained in the special cases of
Gelfand–Tsetlin and FFLV polytopes appear in the literature. In Type C the resulting
six structures (or variations thereof) are due to [10, 36, 23, 25, 41, 51]. In type B the ba-
sis for the Gelfand–Tsetlin case and the toric degeneration and Newton–Okounkov body
for the FFLV case appear to be new, the three remaining cases are due to [10, 36, 50].
Finally, the first obstacle to extending these results to type D is finding an appropriate
family of polytopes, in particular, a type D analog for FFLV polytopes is not known.

1. Type C

1.1. Type C Lie algebras and representations. Choose an integer n ≥ 1 and con-
sider the Lie algebra g = sp2n(C) with Cartan subalgebra h. Denote the simple roots by
α1, . . . , αn ∈ h∗. We have an (orthogonal) basis ε1, . . . , εn in h∗ such that αi = εi − εi+1

for i ≤ n− 1 and αn = 2εn. The positive roots are indexed by pairs of integers i, j such
that i ∈ [1, n] and j ∈ [i + 1, n] ∪ [−n,−i]. The root αi,j is equal to εi − εj when j > 0
and to εi + εj when j < 0. In particular, αi = αi,i+1 for i ≤ n − 1, αn = αn,−n and the
roots αi,−i are long.

Denote the fundamental weights by ω1, . . . , ωn. We write (a1, . . . , an) to denote the
weight λ = a1ω1+· · ·+anωn. For an integral dominant λ (i.e. all ai ∈ Z≥0) the irreducible
representation with highest weight λ is denoted by Vλ, its highest-weight vector by vλ.

In terms of the orthogonal basis one has ωi = ε1+· · ·+εi. For a weight λ = (a1, . . . , an)
we denote its coordinates with respect to the basis ε1, . . . , εn by (λ(1), . . . , λ(n)) so that
λ(i) = ai + · · ·+ an.

1.2. Type C poset polytopes. Consider the totally ordered set

(N,⋖) = {1⋖ · · ·⋖ n⋖−n⋖ · · ·⋖−1}.
4



Definition 1.2.1. The type C Gelfand–Tsetlin poset (P ,≺) consist of pairs of integers
(i, j) such that i ∈ [1, n] and i ≤ |j| ≤ n. The order relation is given by: (i1, j1) � (i2, j2)
if and only if i1 ≤ i2 and j1 ⋖− j2.

Below is the Hasse diagram of (P ,≺) for n = 2.

(1)

(1, 1) (2, 2)

(1, 2) (2,−2)

(1,−2)

(1,−1)

Marked chain-order polytopes (MCOPs) were introduced in the paper [19] and the
polytopes we consider below are a special case of this notion.

Let A ⊂ P be the set of all (i, i). Throughout the section we fix a subset O ⊂
P containing A, the polytopes are determined by this choice. We give two equivalent
definitions, a proof of the equivalence can be found in [26, Subsection 3.5]. It should be
noted that in the terminology of [26] the polytope defined below is the marked chain-order
polytope defined by the following data. One considers the poset (P ′,≺) obtained from
(P ,≺) by adding an element p satisfying p ≻ (i, j) for all (i, j), the subset of marked
elements A ∪ {p}, the marking associating λ(i) to (i, i) and 0 to p and the partition
P\A = P\O ⊔ O\A.

Definition 1.2.2. For an integral dominant g-weight λ the MCOP (or type C poset
polytope) QO(λ) ⊂ RP consists of points x such that:

• xi,i = λ(i) for all 1 ≤ i ≤ n,
• all xi,j ≥ 0,
• for every chain (p, q) ≺ (i1, j1) ≺ · · · ≺ (im, jm) ≺ (r, s) with (p, q) ∈ O and all
(iℓ, jℓ) /∈ O one has

xi1,j1 + · · ·+ xim,jm ≤ xp,q − xr,s,

If O = P , then QO(λ) is a Berenstein–Zelevisnky polytope constructed in [5], it is also
known as the type C Gelfand–Tsetlin polytope. It consists of points x with xi,i = λ(i)
and xi,j ≥ xi′,j′ ≥ 0 whenever (i, j) � (i′, j′). If O = A, then QO(λ) is the type C
Feigin–Fourier–Littelmann–Vinberg (FFLV) polytope of [23] given by restricting the sum
over every chain in P\A. Other cases can be said to interpolate between these two.

Let J denote the set of order ideals (lower sets) in (P ,≺). For k ∈ [1, n] let Jk consist
of J such that |J ∩ A| = k, i.e. J contains (k, k) but not (k + 1, k + 1). For X ⊂ P let
1X ∈ RP denote its indicator vector.

Definition 1.2.3. For J ∈ J denote

MO(J) = (J ∩ O) ∪max≺(J)

where max≺ is the subset of ≺-maximal elements. The type C poset polytope QO(ωk) is
the convex hull of all 1MO(J) with J ∈ Jk. For λ = (a1, . . . , an) the polytope QO(λ) is
the Minkowski sum

a1QO(ω1) + · · ·+ anQO(ωn).

Since QO(ωk) is a 0/1-polytope, the set {1MO(J)}J∈Jk
is its vertex set and also its set of

lattice points. It is not hard to check that |Jk| =
(
2n
k

)
−
(

2n
k−2

)
= dimVωk

. More generally,
the following holds.
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Lemma 1.2.4 ([26, Corollary 3.1.9]). For an integral dominant λ = (a1, . . . , an) and a
lattice point x ∈ QO(λ) there exists a unique sequence of order ideals J1 ⊂ · · · ⊂ Jm in
J such that

x = 1MO(J1) + · · ·+ 1MO(Jm)

and for every k exactly ak of the Ji lie in Jk.

This shows that the number of lattice points in QO(λ) does not depend on O. A
fundamental property of the type C Gelfand–Tsetlin polytopes QP (λ) and type C FFLV
polytopes QA(λ) is that both have dimVλ lattice points. We deduce

Corollary 1.2.5. QO(λ) contains exactly dim Vλ lattice points.

Another rather helpful feature of the lattice point sets is the so-called Minkowski sum
property (which also follows from Lemma 1.2.4):

Theorem 1.2.6 ([22, Theorem 2.8]). For any integral dominant weights λ and µ one has

QO(λ+ µ) ∩ Z
P = QO(λ) ∩ Z

P +QO(µ) ∩ Z
P .

1.3. Type C pipe dreams. Let SN denote the group of all permutations (automor-
phisms) of the set N . For (i, j) ∈ P let si,j ∈ SN denote the transposition which
exchanges i and j and fixes all other elements (si,i = id).

Definition 1.3.1. For M ⊂ P let wM ∈ SN be the product of all si,j with (i, j) ∈ M
ordered first by i increasing from left to right and then by j increasing with respect to ⋖

from left to right.

Note that wM is fully determined by M\A. However, it will be more convenient for us
to associate permutations to subsets of P rather than P\A.

A diagrammatic approach to this notion which motivates the name “pipe dreams” (this
term is due to [42]) is as follows. Let the poset (P ,≺) be visualized as in (1). The pipe
dream of the set M ⊂ P consists of 2n pipes enumerated by N each of which can be
thought of as polygonal curve with vertices at elements of P . For i ∈ [1, n] the ith pipe
enters the element (i,−i) from the bottom-right and continues in this direction until it
reaches an element ofM ∪A, after which it turns left and continues going to the bottom-
left until it reaches an element of M , after which it turns right and again continues to
the top-right until it reaches an element of M ∪ A, etc. Meanwhile, for i ∈ [−n,−1] the
ith pipe enters the element (i,−i) from the top-right and then also turns each time it
encounters an element of M ∪A. It is then easy to see that the last element of P passed
by the pipe will be (1, wM(i)).

Example 1.3.2. The pipe dream of the setM = {(1, 1), (1, 3), (1,−2), (2, 2), (2, 3), (3,−3)}
is shown below with each pipe in its own colour (here n = 3). One obtains

wM(1, 2, 3,−3,−2,−1) = (−2, 1,−3, 2, 3,−1)

which agrees with wM = s1,1s1,3s1,−2s2,2s2,3s3,−3.
6



(1, 1) (2, 2) (3, 3)

(1, 2) (2, 3) (3,−3)

(1, 3) (2,−3)

(1,−3) (2,−2)

(1,−2)

(1,−1)

More formally, for i ∈ N and M ⊂ P we will view the ith pipe of M as a sequence
(i1, j1) ≻ · · · ≻ (im, jm) in P . This sequence forms a saturated chain, starts with (i1, j1) =
(|i|,−|i|) and and ends with (im, jm) = (1, wM(i)).

Remark 1.3.3. Pipe dreams of type C can be thought of as special cases of classical
type A pipe dreams. Indeed, consider the type A2n−1 Gelfand–Tsetlin poset Q consisting
of (i, j) with 1 ≤ i ≤ j ≤ 2n. One can view P as the “left half” of Q by identifying
(i, j) ∈ P with (i, 2n + 1 + j) ∈ Q when j < 0. The 2n pipes in the type C pipe dream
of M ⊂ P will just be end parts of the 2n pipes in the type A pipe dream of M ⊂ Q.

The choice of the subset O provides a “twisted” correspondence between subsets and
permutations and also associates an element of N with every element of P . These corre-
spondences play a key role in our construction.

Definition 1.3.4.

• For M ⊂ P denote wO
M = w−1

O wM .
• For J ∈ J we use the shorthand wO,J = wO

MO(J).

• For (i, j) ∈ P let 〈i, j〉 denote the order ideal of all (i′, j′) � (i, j).
• We set r(i, j) = wO,〈i,j〉(i).

In other words, wO
M(i) is the number of the pipe in the pipe dream of O which ends

in the same element as the ith pipe of M . To understand the value r(i, j) one may
think of a “pipe” which, instead of starting in some (ℓ,−ℓ), starts from (i, j) going to the
bottom-left and then turns at elements of O. The value r(i, j) is the number of the pipe
in the pipe dream of O which ends in the same element as this “pipe”.

Example 1.3.5. Consider n = 3 and

O = {(1, 1), (1, 3), (1,−2), (2, 2), (2, 3), (3, 3), (3,−3)}.

The pipe dream of O coincides with the pipe dream of the set M in Example 1.3.2, hence
wO(1, 2, 3,−3,−2,−1) = (−2, 1,−3, 2, 3,−1). One can compute

wMO(〈2,−3〉)(1, 2, 3,−3,−2,−1) = (3,−3, 2, 1,−2,−1),

wO,〈2,−3〉(1, 2, 3,−3,−2,−1) = (−2, 3,−3, 2, 1,−1).

In particular, r(2,−3) = 3. Furthermore, one may check that r(1, 1) = 2, r(1, 2) = −3,
r(1, 3) = −2, r(1,−3) = 3, r(1,−2) = 1, r(1,−1) = −1, r(2, 2) = −3, r(2, 3) = 2,
r(2,−3) = 3, r(2,−2) = −2, r(3, 3) = −3, r(3,−3) = 3 (cf. Proposition 1.3.6(b)).

7



We list some properties of these notions which we will use, occasionally without ref-
erence. On a general note, let us mention that while we aim to keep our combinatorial
arguments concerning pipe dreams rigorous and complete, it should still be helpful to
visualize these arguments and the reader is encouraged to do so.

Proposition 1.3.6.

(a) For J ⊂ Jk and i ∈ [1, k] consider the ⋖-maximal j with (i, j) ∈ MO(J). Then
wO,J(i) = r(i, j).

(b) For i ∈ [1, n] the set {r(i, j)}j∈[i,n]∪[−n,−i] coincides with [i, n] ∪ [−n,−i].
(c) For any J ∈ Jk and i ∈ [1, k] one has |wO,J(i)| ≥ i.
(d) For ℓ ∈ [1, n] the ℓth pipe of O contains all (i, j) with r(i, j) = ℓ.
(e) For (i, j) ∈ P one has |r(i, j)| ≥ i and |r(i, j)| ⋖− −j.

(f) For (i, j) ∈ O suppose there exists a ⋖-minimal j′ ⋗ j with (i, j′) ∈ O. Then
|r(i, j)| ⋖− −j′.

Proof.
(a) It is evident that the ith pipe of MO(J) coincides with the ith pipe of MO(〈i, j〉),

the claim follows by Definition 1.3.4.
(b) First, note that the values r(i, j) for a given i must be pairwise distinct. Indeed,

suppose the ith pipes of MO(〈i, j1〉) and MO(〈i, j2〉) end in the same element. Let (i′, j′)
be the ≺-maximal element contained in both pipes. For either pipe the element preceding
(i′, j′) is determined by the direction in which the pipe leaves (i′, j′) and whether (i′, j′)
lies in the respective set. However, we have i′ < i and j′ ⋖− min⋖(j1, j2) which means

that (i, j′) lies in MO(〈i, j1〉) if and only if it lies in MO(〈i, j2〉). The direction in which
the pipe leaves (i′, j′) must be the same in both cases by our choice of (i′, j′). Hence, we
obtain a contradiction unless the pipes fully coincide, i.e. j1 = j2.

Now, the r(i, j)th pipe ofO ends in same element as the ith pipe ofMO(〈i, j〉). Consider
the ≺-maximal element (i′, j′) contained in both of these pipes. Similarly to the above we
can’t have (i′, j′) ≺ (i, j) because such a (i′, j′) lies in MO(〈i, j〉) if and only if it lies in O.
Hence (i, j) lies in both pipes. This implies (i, j) � (|r(i, j)|,−|r(i, j)|) and |r(i, j)| ≥ i.

(c) This is immediate from the previous two parts.
(d) In the proof of part (b) we have seen that the r(i, j)th pipe of O contains (i, j).
(e) In the proof of part (b) we already showed that (i, j) � (|r(i, j)|,−|r(i, j)|) which

implies both inequalities.
(f) In this case the r(i, j)th pipe of O contains (i, j′): this is the first element in the

pipe of the form (i, ℓ). Consequently (i, j′) � (|r(i, j)|,−|r(i, j)|). �

1.4. Transformed poset polytopes. Pipe dreams allow us to define a unimodular
transformation of the MCOP which is sometimes more convenient to work with.

Definition 1.4.1. For (i, j) ∈ P let ǫi,j denote the basis vector in RP corresponding to
(i, j). Let ξ : RP → RP be the linear map defined on ǫi,j as follows. If j 6= i, consider the
⋖-maximal j′ ⋖ j such that (i, j′) ∈ O and set

ξ(ǫi,j) =

{
ǫi,r(i,j) − ǫi,r(i,j′) if i 6= j,

ǫi,r(i,i) if i = j.

Obviously, one may order the ǫi,j so that ξ(ǫi,j) is equal to ǫi,r(i,j) plus a linear com-
bination of (zero or one) subsequent vectors. This shows that the matrix of ξ is the
product of a unitriangular matrix and a permutation matrix, hence ξ is unimodular. We
denote ΠO(λ) = ξ(QO(λ)), this is a unimodular transform of the MCOP. The following
proposition describes the lattice points of ΠO(ωk).
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Proposition 1.4.2. For J ∈ Jk the coordinate ξ(1MO(J))i,j is 1 if j = wO,J(i) and
i ∈ [1, k] and 0 otherwise:

ξ(1MO(J)) = 1{(1,wO,J(1)),...,(k,wO,J(k))}.

Proof. By the definitions of MO(J) and ξ for any i ∈ [1, k] one has

ξ


 ∑

(i,j)∈MO(J)

ǫi,j


 = ǫi,r(i,j′)

where j′ is ⋖-maximal among j with (i, j) ∈ MO(J). However, by Proposition 1.3.6(a)
we have r(i, j′) = wO,J(i) and the claim follows. �

Example 1.4.3. Consider n = 3 andO = {(1, 1), (1, 3), (1,−2), (2, 2), (2, 3), (3, 3), (3,−3)}
as in Example 1.3.5 and J = 〈(2,−3)〉 ∈ J2. Then ξ(1MO(J)) = 1{(1,−2),(2,3)}.

Example 1.4.4. Note that for O = A one has wO = id and r(i, j) = j for any (i, j).
Consequently, in this case ξ(x)i,j = xi,j for any (i, j) /∈ A while ξ(x)i,i is found from∑

j ξ(x)i,j = xi,i = λ(i) for x ∈ QO(λ). This means that the polytopes QA(λ) and ΠA(λ)

are almost the same: they project into the same polytope in ZP\A and this projection is
unimodularly equivalent to both. For O = P the map ξ is less trivial and the polytope
ΠP (λ) differs substantially from QP (λ), see Examples 1.7.5 and 1.8.5.

Note that, in view of Definition 1.2.3, all QO(λ) with regular λ have the same normal
fan. Hence, the same holds for the ΠO(λ). We give a multiprojective realization of the
toric variety of ΠO(λ) with regular λ (which is isomorphic to the toric variety of QO(λ)).

Consider the product

PJ = P(CJ1)× · · · × P(CJn).

Its multihomogeneous coordinate ring is the polynomial ring C[J ] in variables XJ where
J ∈ J is nonempty. Consider also the polynomial ring C[P ] in variables zi,j with (i, j) ∈
P . Let ϕO : C[J ] → C[P ] be given by

ϕO(XJ) =

|J∩A|∏

i=1

zi,wO,J(i).

Theorem 1.4.5. For regular λ the toric variety of ΠO(λ) is isomorphic to the zero set
of the ideal IO = kerϕO in PJ .

Proof. For k ∈ [1, n] consider the subring C[Jk] ⊂ C[J ] generated by XJ with J ∈ Jk.
Then the kernel of the restriction ϕk of ϕO to C[Jk] cuts out the toric variety of ΠO(ωk) in
P(CJk). Indeed, by Proposition 1.4.2 the lattice points of ΠO(ωk) are enumerated by Jk

and ϕk maps XJ to the exponential of the corresponding point. Furthermore, in view of
Proposition 1.2.6 the polytope ΠO(ωk) is normal, hence the kernel of such a map defines
its toric variety.

Now, the toric variety of the Minkowski sum

ΠO(ω1) + · · ·+ΠO(ωn) = ΠO((1, . . . , 1))

has a standard multiprojective realization. It is given by the kernel of the map ϕO because
the latter is obtained by combining the maps ϕk corresponding to the summands, see,
for instance, [26, Lemma 1.8.3] for a general statement and proof. �
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1.5. Gröbner and sagbi degenerations. A monomial order on a polynomial ring
C[xs]s∈S is a partial order < on the set of monomials with the following two properties.

• The order is multiplicative: for monomials M1,M2 and s ∈ S one has M1 < M2 if
and only if M1xs < M2xs.

• The order is weak, i.e. incomparability is an equivalence relation.

Note that every total order is weak and weak orders are precisely the pullbacks of to-
tal orders. Moreover, every monomial order can be obtained by applying a monomial
specialization and then comparing the results lexicographically. We will not be using
this general fact, see [38, Theorem 1.2] for a proof and further context (there the term
“monomial preorder” is used instead).

For a monomial order < and a polynomial p ∈ C[xs]s∈S the initial part in< p is equal
to the sum of those monomials occurring in p which are maximal with respect to < taken
with the same coefficients as in p. For any subspace U ⊂ C[xs]s∈S its initial subspace
in< U is the linear span of {in< p}p∈U . One easily checks that the initial subspace of an
ideal is an ideal (the initial ideal) and the initial subspace of a subalgebra is a subalgebra
(the initial subalgebra).

Definition 1.5.1. For a monomial order < on C[xs]s∈S and a subalgebra U ⊂ C[xs]s∈S
a generating set {pt}t∈T ⊂ U is called a sagbi basis of U if {in< pt}t∈T generates in< U .

Next, consider another polynomial ring R = C[yt]t∈T and a homomorphism ϕ : R →
C[xs]s∈S. Let < be a total monomial order on C[xs]s∈S and let ϕ< : R → C[xs]s∈S be
the homomorphism mapping yt to in< ϕ(yt). Consider the pullback of < with respect to
ϕ<: set M1 <

ϕ M2 if and only if ϕ<(M1) < ϕ<(M2). Evidently, <
ϕ is a monomial order.

A standard fact relates initial ideals and initial subalgebras (cf. e.g. [9, Lemma 1.5.3]):

Proposition 1.5.2. If the ideal kerϕ is homogeneous and the set {ϕ(yt)}t∈T is a sagbi
basis of ϕ(R) with respect to <, then kerϕ< = in<ϕ kerϕ.

Proof. For p ∈ R note that if ϕ<(in<ϕ p) 6= 0, then it is a scalar multiple of a monomial
and, moreover, ϕ<(in<ϕ p) = in< ϕ(p). We deduce that ϕ<(in<ϕ p) = 0 if ϕ(p) = 0, i.e.
in<ϕ kerϕ ⊂ kerϕ<.

In view of the sagbi basis assumption we have ϕ<(R) = in< ϕ(R). Since kerϕ is
homogeneous, the algebras ϕ<(R) and R/ in<ϕ kerϕ are graded with finite-dimensional
components, also the latter surjects onto the former. However, passing to initial subspaces
preserves graded dimensions. Thus, the surjection is an isomorphism since

grdimϕ<(R) = grdim in< ϕ(R) = grdimϕ(R) = grdim(R/ in<ϕ kerϕ). �

The geometric motivation for considering initial ideals and subalgebras is that they
provide flat degenerations. The following theorem is essentially classical, for a proof in
the setting of partial monomial orders see [38, Theorem 3.2, Proposition 3.4].

Theorem 1.5.3. For every monomial order < on R and ideal I ⊂ R there exists a
flat C[t]-algebra A such that A/〈t〉 ≃ R/ in< I while for any nonzero c ∈ C one has
A/〈t− c〉 ≃ R/I.

Suppose the ideal I is homogeneous. In geometric terms the above theorem means that
we have a flat family over A1 for which the fiber over 0 is isomorphic to ProjR/ in< I
while all other fibers are isomorphic to ProjR/I. This flat family is known as a Gröbner
degeneration of the latter scheme into the former. In the setting of Proposition 1.5.2
we obtain a flat family with fiber over 0 isomorphic to Proj(in< ϕ(R)) and other fibers
isomorphic to Projϕ(R), this special case is known as a sagbi degeneration. Note that
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since the order < is total, in< ϕ(R) is generated by a finite set of monomials, i.e. it is a
toric ring and kerϕ< is a toric ideal. This means that the fiber over 0 is a toric variety and
we have a toric degeneration. In these constructions Proj can be replaced with MultiProj
if I is multihomogeneous with respect to some grading.

1.6. The type C Plücker algebra and the Schubert degeneration. Consider the
polynomial ring S = C[Xi1,...,ik ]k∈[1,n],{i1⋖···⋖ik}⊂N . This ring is the multihomogeneous
coordinate ring of the product

PA = P(C(
2n
1 ))× · · · × P(C(

2n
n )).

For every variable Xi1,...,ik in S we consider the k × k determinant

Ci1,...,ik = |zi,j|i=1,...,k,j=i1,...,ik .

Let IA ⊂ S denote the kernel of the homomorphism ϕA from S to C[zi,j]i∈[1,n],j∈N taking
Xi1,...,ik to Ci1,...,ik . As is well known, the zero set of IA in PA is the partial flag variety of
GL(CN) of signature (1, . . . , n), hence the subscript.

Next, for {i1 ⋖ · · ·⋖ ik} ⊂ N with k ∈ [0, n− 2] consider the linear expression

Li1,...,ik = Xi1,...,ik,1,−1 + · · ·+Xi1,...,ik,n,−n ∈ S.

Here we use the standard conventionXi1,...,ik = (−1)σXiσ(1),...,iσ(k)
for a permutation σ ∈ Sk

(in particular, Xi1,...,ik = 0 if two subscripts coincide). Let L denote the linear span of
all Li1,...,ik . Let F denote the complete flag variety G/B of the group G = Sp2n(C) with
B ⊂ G the Borel subgroup.

Theorem 1.6.1 (see, e.g., [17]). The zero set of IA + 〈L〉 in PA is isomorphic to F .

Definition 1.6.2. A tuple (i1, . . . , ik) in N is admissible if its elements are pairwise
distinct and for every ℓ ∈ [1, n] the number of elements with |ij| ≤ ℓ does not exceed ℓ.
Let Θ denote the set of all admissible tuples of the form (i1⋖ · · ·⋖ ik) and Θ′ denote the
set of all non-admissible tuples of the same form.

Theorem 1.6.3. There exists a monomial order ≪ on S such that

(a) in≪ L = span(Xi1,...,ik)(i1,...,ik)∈Θ′ and
(b) in≪(IA + 〈L〉) = IA + 〈Xi1,...,ik〉(i1,...,ik)∈Θ′ .

Proof. Part (a) is essentially proved in [47], let us introduce the necessary notation.
Consider the lattice ZN with basis {ζj}j∈N . We define a ZN -grading on S (which should
be thought of as the GL(CN )-weight) by setting

wtA(Xi1,...,ik) = ζi1 + · · ·+ ζik .

We make use of an alternative order on the set N :

−1⋖′ 1⋖′ · · ·⋖′ −n⋖
′ n.

Now, consider the lexicographic ≪ order on ZN such that
∑

i∈N aiζi ≪
∑

i∈N biζi if for
some i ∈ N one has ai < bi and aj = bj for all j ⋖

′ i. We extend this order to monomials
in S by setting M1 ≪ M2 if and only if wtAM1 ≪ wtAM2. It is not hard to check that
the restriction of this order to the set of variables is inverse to the order defined in [47,
Definition 1.4]. Therefore, using [47, Lemma 1.16] we obtain part (a).

By part (a) we have

in≪(IA + 〈L〉) ⊃ IA + 〈Xi1,...,ik〉(i1,...,ik)∈Θ′ .

We show that we have a reverse inequality between graded dimensions of the ideals which
provides part (b).
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Let TA be the set of standard monomials
∏m

ℓ=1Xiℓ1,...,i
ℓ
kℓ

for which them tuples (iℓ1, . . . , i
ℓ
k)

are the columns of a semistandard Young tableau. This means that kℓ ≥ kℓ+1 and
iℓj ⋖−

′ iℓ+1
j for all ℓ ≤ m− 1 and j ≤ kℓ+1 (the elements increase non-strictly within rows)

and iℓj ⋖
′ iℓj+1 (the elements increase strictly within columns). Let TC ⊂ TA consist of

those monomials for which all (iℓ1, . . . , i
ℓ
k) are admissible (i.e. the tableau is symplectic

semistandard).
It is a classical fact that TA maps to a basis in S/IA. This implies that the image of

TC spans S/(IA+ 〈Xi1,...,ik〉(i1,...,ik)∈Θ′). However, by [17, Theorem 3.1] the subset TC also
maps to a basis in S/(IA + 〈L〉). We obtain the desired inequality. �

Denote C[Θ] = C[Xi1,...,ik ](i1,...,ik)∈Θ. We define a homomorphism ρ1 : S → C[Θ] as
follows. Theorem 1.6.3(a) shows that for every (i1, . . . , ik) ∈ Θ′ there exists a unique
R ∈ span(Xi1,...,ik)(i1,...,ik)∈Θ such that Xi1,...,ik − R ∈ L. We set ρ1(Xi1,...,ik) = R. For
(i1, . . . , ik) ∈ Θ we set ρ1(Xi1,...,ik) = Xi1,...,ik . The kernel of ρ1 is 〈L〉.

Next, for k ∈ [1, n] let Θk denote the set of k-element tuples in Θ. Let I denote the
image ρ1(IA + 〈L〉) = ρ1(IA). Then the zero set of I in

P = P(CΘ1)× · · · × P(CΘn)

is again the complete flag variety. In other words, ρ1 corresponds to an embedding of
P into PA and the image of this embedding contains the symplectic flag variety. The
quotient C[Θ]/I = S/(IA + 〈L〉) is the symplectic Plücker algebra.

Now, let ρ0 : S → C[Θ] be the homomorphism taking everyXi1,...,ik with (i1, . . . , ik) ∈ Θ

to itself and allXi1,...,ik with (i1, . . . , ik) ∈ Θ′ to zero. Let Ĩ be the image ρ0(IA). A version
of Theorem 1.6.3(b) is the following.

Corollary 1.6.4. Ĩ is an initial ideal of I.

Proof. The monomial order ≪ defined in the proof of Theorem 1.6.3 can be restricted

to C[Θ], we show that in≪ I = Ĩ. We have seen that the set TC projects into a basis

in both S/(IA + 〈L〉) = C[Θ]/I and S/(IA + 〈Xi1,...,ik〉(i1,...,ik)∈Θ′) = C[Θ]/Ĩ. Hence, the

ideals have the same graded dimensions and it suffices to show that Ĩ ⊂ in≪ I.

Indeed, the ideals IA and Ĩ are wtA-homogeneous. For a nonzero wtA-homogeneous

p ∈ Ĩ we have p = ρ0(q) for some wtA-homogeneous q ∈ IA and q = in≪ q′ for some
q′ ∈ IA + 〈L〉. Since ρ1 replaces every variable Xi1,...,ik /∈ C[Θ] occurring in q′ with a
linear combination of ≪-smaller variables, we have in≪ ρ1(q

′) = p. �

We will construct flat degenerations of the flag variety by considering initial ideals of

Ĩ which will then be initial ideals of I by Corollary 1.6.4. The advantage of Ĩ is that its
initial ideals are especially convenient to obtain in the language of sagbi degenerations in
view of the following. Let us define a homomorphism ϕ : C[Θ] → C[P ]. For (i1, . . . , ik) ∈
Θ let Z(i1, . . . , ik) be the matrix with rows 1, . . . , k and columns i1, . . . , ik such that
Z(i1, . . . , ik)a,b = za,b if |b| ≥ a and Z(i1, . . . , ik)a,b = 0 otherwise. Set

ϕ(Xi1,...,ik) = Di1,...,ik = |Z(i1, . . . , ik)|.

In other words, Di1,...,ik is obtained from Ci1,...,ik by setting all zi,j with (i, j) /∈ P to zero.
We denote the image ϕ(C[Θ]) ⊂ C[P ] by R.

Proposition 1.6.5. Ĩ is the kernel of ϕ.

Proof. Let FA denote the partial flag variety of GL(CN ) of signature (1, . . . , n) cut out
by the ideal IA. The space CN is spanned by {ei}i∈N and every ordering of this basis

12



defines a Borel subgroup in GL(CN ) consisting of elements whose matrices in this ordered
basis are lower triangular. We consider the Borel subgroup BA given by the ordering
e−1, e1, . . . , e−n, en, i.e. with respect to ⋖′.

To prove the proposition we consider Schubert varieties in FA with respect to the
Borel subgroup BA. Recall that such a variety is the orbit closure BAx where x ∈ FA

is a (C∗)N -fixed point. Such a point is given by a tuple I = (i1, . . . , in) in N , it is the
point xI ∈ PA with multihomogeneous coordinates xIi1,...,ik = 1 and all other coordinates

0. Denote the Schubert variety BAxI by XI . The vanishing ideal of XI has a standard
description: it is generated by IA together with all Xℓ1,...,ℓk such that ℓ1 ⋖

′ · · ·⋖′ ℓk and
for at least one r ∈ [1, k] we have ℓr ⋖

′ ir. In particular, the vanishing ideal of X(−1,...,−n)

is IA + 〈Xi1,...,ik〉(i1,...,ik)∈Θ′ . Hence, X(−1,...,−n) is contained in the subspace P ⊂ PA where

it is cut out by Ĩ ⊂ C[Θ]. We now use the fact that the vanishing ideal of a Schubert
variety can alternatively be characterized as a kernel.

Consider the projection π : GL(CN ) → FA mapping g to the flag

g span(e1) ⊂ · · · ⊂ g span(e1, . . . , en).

Let M ∈ CN×N be the matrix of g in the basis {ei}i∈N , then the multihomogeneous
coordinate π(g)j1,...,jk is equal to the minor of M spanned by rows j1, . . . , jk and columns
1, . . . , k. Now consider the element w ∈ GL(CN) mapping ej to e−j. We have π(w) =

x(−1,...,−n). Consequently, π(BAw) = X(−1,...,−n).
Now, let Y ⊂ C2n×n denote the set of 2n×n matrices of rank n. We can write π = π2π1

where π1 : GL(CN ) → Y forgets columns −1, . . . ,−n and π2 : Y → FA maps a matrix
to the flag spanned by its columns. However, π1(BAw) ⊂ Y consists of those 2n × n
matrices M for which Mj,i = 0 for (i, j) /∈ P . Also, for a matrixM ∈ Y the homogeneous
coordinate π2(M)i1,...,ik is equal to Di1,...,ik |zi,j=Mj,i

if (i1, . . . , ik) ∈ Θ and to 0 otherwise.

Thus, the Schubert variety π2π1(BAw) is cut out in P by the kernel of ϕ. �

Corollary 1.6.6. The zero set of Ĩ in P is the Schubert variety X(−1,...,−n), it is isomorphic
to MultiProjR. In particular, X(−1,...,−n) is a flat degeneration of F .

1.7. Toric degenerations. The following key property of (twisted) type C pipe dreams
will let us define an isomorphism between C[J ] and C[Θ] providing the toric degeneration.

Lemma 1.7.1. For J ∈ Jk the tuple (wO,J(1), . . . , wO,J(k)) is admissible.

Proof. This is immediate from Lemma 1.3.6(c) �

The key ingredient of our first main result is the following map.

Definition 1.7.2. Let ψ : C[J ] → C[Θ] be the homomorphism such that for J ∈ Jk:

ψ(XJ) = XwO,J(1),...,wO,J(k).

Example 1.7.3. Consider O and J as in Example 1.4.3. We have ψ(XJ) = X−2,3.

The map ψ encodes a correspondence J 7→ (wO,J(1), . . . , wO,J(k)) between order ideals
and admissible tuples. For the first claim in the below theorem (ψ is an isomorphism) we
will show that this is, in fact, a bijection between order ideals and unordered admissible
tuples. By this we mean that for every admissible tuple there is exactly one order ideal
corresponding to a permutation of this tuple.

Theorem 1.7.4. The map ψ is an isomorphism. Furthermore, the image ψ(IO) is an
initial ideal of I. Hence, the toric variety of the polytope QO(λ) with regular λ is a flat
degeneration of F .
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Example 1.7.5. Consider the case O = P . One has MP (J) = J and one sees that for
J ∈ Jk the tuple (wJ(1), . . . , wJ(k)) decreases with respect to ⋖. We also have

w−1
P (1, . . . , n,−n, . . . ,−1) = (−n, n, . . . ,−1, 1).

This means that the tuples (wP ,J(1), . . . , wP ,J(k)) are precisely the admissible subse-
quences of (1,−1, . . . , n,−n). Furthermore, the ideal IP is the Hibi ideal of the distribu-
tive lattice J\{∅}: it is generated by binomials of the form XJ1XJ2 −XJ1∩J2XJ1∪J2 . The
fact that the image of such an ideal under ψ is an initial ideal of I can be viewed as a
type C analog of the classical result in [32]. This toric degeneration was first obtained
in [10] (in rather different terms).

Example 1.7.6. Consider O = A. One has MA(J) = max≺ J ∪ (A ∩ J) while wA = id.
One may check that the tuples

(wA,J(1), . . . , wA,J(k)) = (wMA(J)(1), . . . , wMA(J)(k))

with J ∈ Jk are precisely those which have the following form. These tuples are admissible
and any element i ⋖− k of the tuple must be in position i while the elements i ⋗ k are

arranged in decreasing order with respect to ⋖. In the terminology of [4] these are the
tuples forming one-column symplectic PBW tableaux. The defining ideal IO of the toric
variety of the type C FFLV polytope has a more complicated explicit description than in
the previous example. The fact that the toric variety of the type C FFLV polytope is a
flat degeneration of F is due to [18].

To prove the second claim in Theorem 1.7.4 we will show that for a certain monomial
order < on C[P ] the algebra ϕO(C[J ]) ≃ C[Θ]/ψ(IO) is equal to in< R. Since R =
ϕ(C[Θ]), this will let us apply Proposition 1.5.2. We now define the order <.

Definition 1.7.7. We introduce a lexicographic order on ZP , to do so we first define
a total order on P . Every (i, j) ∈ P can be uniquely expressed as (i, r(i, j′)). We set
(i1, r(i1, j1)) < (i2, r(i2, j2)) if i1 < i2 or (i1 = i2 and j1 ⋖ j2) with one exception. If
i1 = i2, j1 ⋖ j2, (i1, j1) ∈ O and there is no j1 ⋖ j′ ⋖− j2 with (i1, j

′) ∈ O, we set

(i1, r(i1, j1)) > (i2, r(i2, j2)). Now, for distinct d, d′ ∈ ZP we set d < d′ if for the <-
minimal (i, j) such that di,j 6= d′i,j we have di,j > d′i,j. We also view < as a total

monomial order on C[P ] by setting zd < zd
′
if d < d′.

One may alternatively describe the total order defined on the set of (i, j) ∈ P with
a chosen i as follows. Let a1 ⋖ · · · ⋖ aℓ be those elements for which (i, aj) ∈ O. First
consider the total order <′ for which (i, j1) <

′ (i, j2) when j1 ⋖ j2 unless j1 = ak for some
k and ak ⋖ j2 ⋖ ak+1 (if k = ℓ, the second inequality is omitted). To define < we reorder
the elements via r by setting (i, r(i, j1)) < (i, r(i, j2)) if and only if (i, j1) <

′ (i, j2). For
instance, the <′-maximal (i, j) is (i, aℓ), hence, the <-maximal (i, j) is (i, r(i, aℓ)) = (i, i).

Set Di1,...,ik = (−1)σDiσ(1),...,iσ(k)
for σ ∈ Sk and any admissible tuple (i1, . . . , ik).

Proposition 1.7.8. For J ∈ Jk one has

in<DwO,J(1),...,wO,J(k) = zξ(1MO(J)) =
k∏

i=1

zi,wO,J(i).

Proof. It suffices to show for every i ∈ [1, k] that zi,wO,J(i) is <-maximal among variables

of the form zi,wO,J(j) with j ∈ [i, k]. Recall that wO,J(i) = r(i, ℓ) for the ⋖-maximal ℓ such
that (i, ℓ) ∈ MO(J). Suppose that zi,wO,J(j) > zi,wO,J(i) for some j ∈ [i + 1, k]. Consider
the jth pipe of MO(J), it passes through some (i, ℓ′). Consider the ⋖-minimal such ℓ′,
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then r(i, ℓ′) = wO,J(j). Note that before passing through (i, ℓ′) the jth pipe of MO(J)
turns at least once and, since it only turns at elements of J , we obtain (i, ℓ′) ∈ J .

If ℓ′ ⋗ ℓ, then (i, j′) /∈ O for all ℓ ⋖ j′ ⋖− ℓ′. That is since all such (i, j′) ∈ J and

(i, j′) ∈ O would contradict our choice of ℓ. Since (i, ℓ) ∈ J ∩O, we are in the exceptional
case in Definition 1.7.7 and obtain zi,r(i,ℓ′) < zi,r(i,ℓ) contradicting our assumption.

Now suppose that ℓ′ ⋖ ℓ. If (i, ℓ′) /∈ O, we again have zi,r(i,ℓ′) < zi,r(i,ℓ). If (i, ℓ′) ∈ O,
then the jth pipe ofMO(J) turns at (i, ℓ

′) and prior to that it turns at some other (i, ℓ′′).
In other words, there must exist (i, ℓ′′) ∈MO(J) with ℓ

′′ ⋗ ℓ′ which is passed by this pipe
prior to (i, ℓ′). Note that, since the pipe necessarily turns at least once prior to (i, ℓ′′), we
may not have (i, ℓ′′) ∈ max≺ J , hence (i, ℓ′′) ∈ J ∩O. Consequently, we also have ℓ′′ ⋖− ℓ.

Hence, ℓ′ ⋖ ℓ′′ ⋖− ℓ for some (i, ℓ′′) ∈ O and again zi,r(i,ℓ′) < zi,r(i,ℓ). �

Note that the algebra C[P ] is graded by the group of integral weights: grad zi,j = εi. In
particular, gradDi1,...,ik = ωk and the subalgebra R is graded by the semigroup of integral
dominant weights. The ring C[Θ] is graded by the same semigroup with gradXi1,...,ik =

ωk, the ideals I, Ĩ and the map ϕ are grad-homogeneous. For U a grad-homogeneous
subspace or quotient of C[P ] or C[Θ] and integral weight λ we denote the respective
homogeneous component by U [λ]. The component (C[Θ]/I)[λ] of the Plücker algebra is
known to have dimension dimVλ. Proposition 1.6.4 the provides dimR[λ] = dimVλ.

Proof of Theorem 1.7.4. Note that the points 1MO(J) with J ∈ J are pairwise distinct,

hence the zξ(1MO(J)) are pairwise distinct monomials. Proposition 1.7.8 then implies that
the sets {wO,J(1), . . . , wO,J(k)} with J ∈ Jk are pairwise distinct. Since |Jk| = |Θk|,
we deduce that every variable Xi1,...,ik ∈ C[Θ] is equal to ±XwO,J(1),...,wO,J(k) for a unique
J ∈ Jk. This provides the first claim.

Now, Proposition 1.7.8 also implies that every monomial zξ(1MO(J)) is contained in
in< R, i.e. ϕO(C[J ]) ⊂ in<R. However,

dimϕO(C[J ])[λ] = |QO(λ) ∩ Z
P | = dimVλ = dimR[λ]

and we deduce that ϕO(C[J ]) = in< R. Moreover, we see that the determinants Di1,...,ik

with (i1, . . . , ik) ∈ Θ form a sagbi basis of R with respect to <. In the notations used in
Proposition 1.5.2 we have ϕ< = ϕOψ

−1 and the proposition provides

in<ϕ Ĩ = ker(ϕOψ
−1) = ψ(IO).

By Proposition 1.6.4 and transitivity ψ(IO) is also an initial ideal of I.
The last claim is, of course, an application of Theorem 1.5.3. �

To conclude this subsection we briefly discuss the connection to standard monomial
theories. Lemma 1.2.4 shows that the set of products XJ1 . . .XJm with J1 ⊂ · · · ⊂ Jm
projects to a basis in C[J ]/IO. Hence, the set of products ψ(XJ1) . . . ψ(XJm) with J1 ⊂
· · · ⊂ Jm projects to a basis in C[Θ]/ψ(IO). The fact that ψ(IO) is an initial ideal of I
then provides the following.

Corollary 1.7.9. The set of all products ψ(XJ1) . . . ψ(XJm) with J1 ⊂ · · · ⊂ Jm projects
to a basis in the symplectic Plücker algebra C[Θ]/I.

Remark 1.7.10. Bases of the above form are known as standard monomial theories. In
the case O = P this basis is de Concini’s basis parametrized by symplectic semistandard
tableaux considered above as TC (modulo swapping i and −i which actually coincides
with the conventions in [17]). In the case O = A we obtain the basis parametrized by
symplectic PBW-semistandard tableaux described in [4].
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In general, with every monomial ψ(XJ1) . . . ψ(XJm) in our basis we can associate a
Young tableaux whose (m+1− i)th column contains the elements wO,Ji(1), . . . , wO,Ji(k)
where Ji ∈ Jk (we use English notation). We can then declare the resulting tableaux to
be (semi)standard so that our basis is enumerated by such tableaux. Of course, in the
cases O = P and O = A we recover the aforementioned families of tableaux.

1.8. PBW-monomial bases. For (i, j) ∈ P\A let fi,j denote the root vector in g cor-
responding to the negative root −αi,j . Consider the space V = CN with basis {ei}i∈N .
The Lie algebra gl(V ) consists of matrices with rows and columns indexed by N . Let
Ei,j ∈ gl(V ) denote the matrix with the element in row i and column j equal to 1 and all
other elements 0. Recall that the symplectic Lie algebra g is standardly identified with a
subalgebra of gl(V ) as follows:

fi,j =

{
Ej,i − E−i,−j if j ∈ [i+ 1, n],

Ej,i + E−i,−j if j ∈ [−n,−i].

This realization allows us to view the space ∧kV as a g-representation. We denote
elements of the multivector basis in ∧kV by ei1,...,ik = ei1 ∧ · · · ∧ eik . We identify the
fundamental representation Vωk

with the subspace U(g)(e1,...,k) ⊂ ∧kV and assume that
vωk

= e1,...,k. We also recall how the matrix Ea,b acts on multivectors. If {i1, . . . , ik}
contains b but not a, then Ea,b maps ei1,...,ik to ej1,...,jk where j1, . . . , jk is obtained from
i1, . . . , ik by replacing b with a. Otherwise Ea,bei1,...,ik = 0.

For d ∈ ZP
≥0 we use the notation

f d =
∏

(i,j)∈P\A

f
di,j
i,j

where the factors are ordered first by i increasing from left to right and then by j in-
creasing with respect to ⋖ from left to right.

The ring C[P ] is also graded by GL(V )-weights by setting wtA(zi,j) = ζj − ζi. Recall
the order ≪ on ZN (page 11). We say that a monomial order <′ on C[P ] is ≪-compatible
if for any two monomials M1, M2 such that wtA(M1) ≪ wtA(M2) one has M1 <

′ M2.

Lemma 1.8.1. Consider a≪-compatible total monomial order <′ on C[P ] and k ∈ [1, n].

(a) A basis in Vωk
is formed by the vectors f dvωk

such that zd = ± in<′ Di1,...,ik for some
(i1, . . . , ik) ∈ Θ.

(b) For any d′ ∈ ZP
≥0 the decomposition of f d′vωk

in the above basis only contains vectors

f dvωk
for which d′ ≤′ d.

Proof.
(a) We have in<′ Di1,...,ik = ±z1,iσ(1)

. . . zk,iσ(k)
for some σ ∈ Sk. Consider the element

vi1,...,ik = f1,iσ(1)
. . . fk,iσ(k)

vωk
∈ Vωk

,

where factors of the form fi,i are omitted. Recall that Vωk
⊂ ∧kV . Let us extend the

order ≪ to the set of multivectors: ej1,...,jk ≪ ej′1,...,j′k if wtA ej1,...,jk ≪ wtA ej′1,...,j′k where

wtA ej1,...,jk = ζj1 + · · ·+ ζjk − ζ1 − · · · − ζk.

Then we have
vi1,...,ik ∈ ceiσ(1),...,iσ(k)

+
⊕

ej1,...,jk≫eiσ(1),...,iσ(k)

Cej1,...,jk

where c 6= 0. Indeed, if iσ(j) 6= −j for some j ∈ [1, k], then fj,iσ(j)
= Eiσ(j),j ± E−j,−iσ(j)

and if iσ(j) = −j, then fj,iσ(j)
= 2Eiσ(j),j . Hence, the product f1,iσ(1)

. . . fk,iσ(k)
expands
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into a linear combination of products of the elements Ej,i. One of these products is
Eiσ(1),1 . . . Eiσ(k),k, it occurs with coefficient c = ±2|{j|iσ(j)=−j}|. All others either act on
vωk

trivially or map it into a multivector ej1,...,jk ≫ eiσ(1),...,iσ(k)
. Indeed, applying Eiσ(j),j

to a multivector adds δ1 = ζiσ(j)
− ζj to its wtA-grading while applying E−j,−iσ(j)

adds
δ2 = ζ−j − ζ−iσ(j)

. However, δ2 ≫ δ1 since j is ⋖′-minimal among −j, j, −iσ(j) and iσ(j).
Hence, the ≪-minimal multivectors occurring in the decompositions of the various

vi1,...,ik are pairwise distinct. Thus, these vectors are linearly independent. The number
of such vectors coincides with dimVωk

and we obtain part (a).
(b) Similarly, in f d′ expand every fi,j with j 6= −i as Ej,i ± E−i,−j and express f d′vωk

as a linear combination of products of the Ei,j applied to vωk
. Each summand is a

scalar multiple of a multivector. Similarly to part (a) one shows any multivector ej1,...,jk
occurring in this sum satisfies the non-strict inequality

(2) wtA ej1,...,jk ≥≥ wtA z
d′ =

∑
d′i,j(ζj − ζi).

We have seen that for (j1, . . . , jk) ∈ Θ the ≪-minimal multivector occurring in vj1,...,jk
is ej1,...,jk . Hence, the decomposition of f d′vωk

in the basis found in part (a) may not
contain vj1,...,jk with wtA ej1,...,jk ≪ wtA z

d′ . Let vj1,...,jk occur in this decomposition,
denote in<′ Dj1,...,jk = ±zd, note that wtA z

d = wtA ej1,...,jk . The ≪-compatibility of the
order implies that either d′ <′ d or wtA z

d′ = wtA z
d. Since ej1,...,jk occurs in f d′vωk

with a nonzero coordinate, wtA z
d′ = wtA z

d is only possible if equality holds in (2), i.e.

ej1,...,jk = ±
∏
E

d′i,j
j,i vωk

. However, since the factors in
∏
E

d′i,j
j,i are ordered by i increasing

from left to right, it can only act nontrivially on vωk
if zd

′
is a summand in the determinant

Dj1,...,jk . We obtain zd
′
≤′ zd. �

Lemma 1.8.2. Suppose that for a total monomial order <′ on C[P ] the Di1,...,ik form a
sagbi basis of R with respect to <′. Then for an integral dominant weight λ the vectors
f dvλ with zd ∈ in<′ R[λ] form a basis in Vλ.

Proof. Suppose first that <′ is ≪-compatible. Let λ = (a1, . . . , an). We have a standard
embedding

Vλ ⊂
n⊗

i=1

V ⊗ai
ωi

= Uλ

identifying vλ with
⊗

v⊗ai
ωi

. Recall that in Lemma 1.8.1(a) we obtained a basis in Vωk

consisting of vectors vi1,...,ik with (i1, . . . , ik) ∈ Θk. For every vi1,...,ik we have in<′ Di1,...,ik =
±zd for some d ∈ ZP . We set deg vi1,...,ik = d obtaining a ZP

≥0-grading on every Vωk
. We

extend these gradings multiplicatively to Uλ, for u ∈ Uλ we denote its deg-homogeneous
components by ud, d ∈ ZP

≥0.

Let us view <′ as an order on ZP
≥0. We claim that for zd ∈ in<′ R[λ] the vector

u = f dvλ ∈ Uλ has ud 6= 0 and uc = 0 for all c 6≥′ d. This will then provide the linear
independence of such vectors and by dimR[λ] = dimVλ we obtain a basis.

Indeed, expand

u = f d(v⊗a1
ω1

⊗ · · · ⊗ v⊗an
ωn

)

via the Leibniz rule into a sum over all ordered decompositions of d into a1 + · · · + an
parts. By the sagbi basis assumption we have at least one decomposition

d =

n∑

k=1

ak∑

i=1

dki
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such that zd
k
i ∈ in<′ R[ωk] for all d

k
i , i.e. z

dki has the form in<′ ±Di1,...,ik . The corresponding
summand in our expansion of u will just be a product of the respective vi1,...,ik and
will have deg-grading d. We might have multiple such summands if we have multiple
decompositions of the above form but they will be pairwise distinct summands in ud.

Now consider a decomposition d =
∑∑

dki such that zd
k
i /∈ in<′ R[ωk] for at least one

dki . Then Lemma 1.8.1(b) implies that the corresponding summand

u′ =
a1⊗

i=1

f d1i vω1 ⊗ · · · ⊗
an⊗

i=1

f dnj vωn

has u′c 6= 0 only for c such that d <′ c. Hence, ud 6= 0 and uc = 0 for all c 6≥′ d.
Finally, relax the assumption that <′ is ≪-compatible. Consider the order <′

A defined
as follows: zd <′

A zd
′
if either wtA z

d ≪ wtA z
d′ or wtA z

d = wtA z
d′ and zd <′ zd

′
. The

order <′
A is ≪-compatible by construction. However, for (i1, . . . , ik) ∈ Θ one has

in<′ Di1,...,ik = in<′
A
Di1,...,ik .

The sagbi basis property then implies that in<′ R[λ] = in<′
A
R[λ]. Therefore, the claims

of the lemma for <′ and <′
A coincide. �

We now easily obtain the main result of this subsection.

Theorem 1.8.3. The vectors fxvλ with x ∈ ΠO(λ) ∩ ZP form a basis in Vλ.

Proof. Denote λ = (a1, . . . , an). Recall the order < from Definition 1.7.7. We check that
the space in< R[λ] has a basis formed by the monomials zx with x ∈ ΠO(λ) ∩ ZP . For
λ = ωk this is by Proposition 1.7.8. For general λ the claim follows from two facts. The
first is the Minkowski sum property of the polytopes ΠO(λ): Theorem 1.2.6 evidently
holds when QO is replaced by ΠO. The second is that the Di1,...,ik form a sagbi basis in
R with respect to <, this was shown in the proof of Theorem 1.7.4. Together these facts
show that (1) the set of zx with x ∈ ΠO(λ)∩ZP is the set of all products of a1 + · · ·+ an
monomials of which ak lie in in< R[ωk] and (2) that the set of monomials in in<R[λ] is
also described in this way. The theorem now follows directly from Lemma 1.8.2. �

Example 1.8.4. As mentioned in Example 1.4.4, the polytopes ΠA(λ) and QA(λ) have
the same projection to RP\A and this projection is unimodularly equivalent to both of
them. This means that the basis {fxvλ|x ∈ ΠA(λ) ∩ ZP} coincides with {fxvλ|x ∈
QA(λ) ∩ ZP} and is the type C FFLV basis constructed in [23].

Example 1.8.5. In view of Proposition 1.4.2 and Example 1.7.5 the set ΠP (ωk) ∩ ZP

consists of all points 1{(1,i1),...,(k,ik)} for which (i1, . . . , ik) is an admissible subsequence of
(1,−1, . . . , n,−n). The set ΠP (λ)∩ZP is then found as the Minkowski sum of the former
sets. The authors are not aware of the resulting basis {fxvλ|x ∈ ΠP (λ) ∩ ZP} appearing
in the literature although a basis of similar structure is studied in [51].

1.9. Newton–Okounkov bodies. We follow [37, 36] associating a Newton–Okounkov
body of F with a line bundle L, a global section τ of L and a valuation ν on the function
field C(F ).

Definition 1.9.1. For a total group order <′ on ZP a (ZP , <′)-valuation ν on C(F ) is a
map ν : C(F )\{0} → ZP such that for f, g ∈ C(F )\{0} and c ∈ C∗ one has

(1) ν(fg) = ν(f) + ν(g),
(2) ν(cf) = ν(f),
(3) if f + g 6= 0, then ν(f + g) ≤′ max<′(ν(f), ν(g)).
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We note that in condition (3) it is, perhaps, more standard to dually require the
valuation of the sum to be no less than the minimum. However, these two approaches
differ only by reversing the total group order and the above is more convenient to us.

Definition 1.9.2. For a line bundle L on F , a nonzero global section τ ∈ H0(F ,L),
a total group order <′ on ZP and a (ZP , <′)-valuation ν on C(F ) the corresponding
Newton–Okounkov body of F is the convex hull closure

∆(L, τ , <′, ν) = conv

{
ν(σ/τ⊗m)

m

∣∣∣∣m ∈ Z>0, σ ∈ H0(F ,L⊗m)\{0}

}
⊂ R

P .

We choose an integral dominant λ = (a1, . . . , an) and let L be the G-equivariant line
bundle on the flag variety associated with the weight λ. In terms of the embedding F ⊂ P

given by the ideal I this bundle is the restriction ofO(a1, . . . , an) to F . Hence, H
0(F ,L) is

naturally isomorphic to RC[λ] where RC denotes the symplectic Plücker algebra C[Θ]/I.
We choose τ ∈ H0(Fλ,L) as the image of the monomial

∏n
k=1X

ak
1,...,k ∈ C[Θ][λ] in RC.

We consider the total group order on ZP denoted by <A in the proof of Lemma 1.8.2:
x <A y if either wtA z

x ≪ wtA z
y or wtA z

x = wtA z
y and x < y. (Here zx ∈ C[z±1

i,j ](i,j)∈P
and we consider the natural extension of wtA to Laurent polynomials.)

To define the valuation ν we first define a valuation on RC. Recall the homomorphism
ϕ< = ϕOψ

−1 from C[Θ] to C[P ] (cf. proof of Theorem 1.7.4) mapping the variable ψ(XJ)

to zξ(1MO(J)). We have a (ZP , <A)-filtration on C[Θ] with component C[Θ]x for x ∈ ZP

spanned by monomials M with ϕ<(M) ≤A zx (where we view <A as a monomial order
on C[P ]). This induces a filtration on RC with components RC

x = C[Θ]x/(I ∩ C[Θ]x).
For an element p ∈ RC\{0} we set ν(p) to be the <A-minimal x for which p ∈ RC

x . Since
C(F ) consists of fractions p/q where p, q ∈ R[µ] for some µ, we can extend the valuation
to C(F ) by ν(p/q) = ν(p)− ν(q).

Lemma 1.9.3. The map ν is a (ZP , <A)-valuation on C(F ).

Proof. It suffices to show that properties (1)–(3) from Definition 1.9.1 hold for the map
ν : RC\{0} → ZP , since every valuation on an integral domain extends to a valuation on
its field of fractions by the given formula.

For a map ν obtained from a filtration (RC
x )x∈ZP in the above way property (1) is

equivalent to the associated graded algebra grRC being an integral domain. Now, grRC

is isomorphic to grC[Θ]/ gr I with respect to the filtration on C[Θ] its restriction to
I. Here grC[Θ] is naturally isomorphic to C[Θ]. Under this isomorphism gr I ⊂ C[Θ]
is seen to be the initial ideal in<

ϕ<
A
I where <ϕ<

A is the pullback of <A to C[Θ] (cf.

Proposition 1.5.2): for two monomials M1 <
ϕ<

A M2 if and only if ϕ<(M1) <A ϕ<(M2).
However, by the definition of <A, the order <ϕ<

A amounts to comparing two monomials
in C[Θ] first by ≪ (in the sense used in Corollary 1.6.4) and then by <ϕ<=<ϕ. Hence,

in<
ϕ<
A
I = in<ϕ(in≪ I) = in<ϕ Ĩ = ψ(IO)

as seen in Corollary 1.6.4 and Theorem 1.7.4. We conclude that gr I = ψ(IO) is prime
and grRC is indeed an integral domain.

Finally, property (2) is obvious and property (3) is just the fact that the filtration
(RC

x )x∈ZP is compatible with the order <A. �

For every k ∈ [1, n] we have a unique J ∈ Jk such that wO,J(i) = i for i ∈ [1, k],
denote xk = 1MO(J). For λ = (a1, . . . , an) denote xλ = a1x1 + · · · + anxn. Note that
ξ(xk) = 1{(1,1),...,(k,k)}, hence, ξ(xλ)i,i = λ(i) while other of ξ(xλ) coordinates are 0.

Theorem 1.9.4. ∆(L, τ , <A, ν) = ΠO(λ)− ξ(xλ).
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Proof. For (i1, . . . , ik) ∈ Θ let Yi1,...,ik denote the image of Xi1,...,ik in RC. Since the ideal I
is quadratically generated, any polynomial in Xi1,...,ik + I contains the monomial Xi1,...,ik .
Hence, the minimal RC

x containing Yi1,...,ik is the image of the minimal C[Θ]x containing
Xi1,...,ik . This provides

zν(Yi1,...,ik
) = ϕ<(Xi1,...,ik) = zξ(1MO(J))

where J is such that XJ = ±ψ−1(Xi1,...,ik). This implies that

ν(RC[ωk]\{0}) ⊃ ν({Yi1,...,ik}(i1,...,ik)∈Θk
) = {ξ(1MO(J))}J∈Jk

= ΠO(ωk) ∩ Z
P .

By property (1) this extends to ν(RC[µ]\{0}) ⊃ ΠO(µ) ∩ ZP for any integral dominant
µ. However, a general property of valuations is that |ν(U\{0})| ≤ dimU for any finite-
dimensional subspace U . In view of dimRC[µ] = |ΠO(µ) ∩ ZP | we obtain

ν(RC[µ]\{0}) = ΠO(µ) ∩ Z
P .

We also have

ν(τ) =

n∑

k=1

akν(Y1,...,k) =

n∑

k=1

akξ(xk) = ξ(xλ).

Note that L⊗m is the line bundle associated with the weight mλ so that H0(F ,L⊗m) =
RC[mλ] and that the section τ⊗m equals τm ∈ RC[mλ]. We now see that for any m ∈ Z>0

we already have

conv

{
ν(σ/τ⊗m)

m

∣∣∣∣ σ ∈ H0(F ,L⊗m)\{0}

}
=

ΠO(mλ)− ν(τm)

m
= ΠO(λ)− ξ(xλ). �

It is now easy to deduce that QO(λ) is (up to translation) also a Newton–Okounkov

body of F . Indeed, consider the order <ξ
A on Z[P ] given by x <ξ

A y if ξ(x) <A ξ(y).

For p ∈ C(F )\{0} set νξ(p) = ξ−1(ν(p)). Evidently, νξ is a (ZP , <ξ
A)-valuation and the

following is a direct consequence of Theorem 1.9.4.

Theorem 1.9.5. ∆(L, τ , <ξ
A, ν

ξ) = QO(λ)− xλ.

2. Type B

2.1. Type B Lie algebras and representations. In this section we consider the Lie
algebra g = so2n+1(C). We use the notations h, αi, ωi, (a1, . . . , an) ∈ h∗, Vλ and vλ
similarly to type C. We also have a basis ε1, . . . , εn in h∗ such that αi = εi − εi+1 for
i ≤ n − 1 and αn = εn. The positive roots are again indexed by pairs of integers i, j
such that i ∈ [1, n] and j ∈ [i + 1, n] ∪ [−n,−i], i.e. (i, j) ∈ P\A. The root αi,j is equal
to εi − εj when j > 0 and to εi + εj when −i < j < 0 while αi,−i = εi. In particular,
αi = αi,i+1 for i ≤ n− 1, αn = αn,−n and the roots αi,−i are short.

In the type B case one has ωi = ε1 + · · ·+ εi for i ≤ n− 1 and ωn = (ε1 + · · ·+ εn)/2.
For a weight λ = (a1, . . . , an) we again denote its coordinates with respect to the basis
ε1, . . . , εn by (λ(1), . . . , λ(n)). Explicitly: λ(i) = ai + · · ·+ an/2.

Let fi,j denote the root vector corresponding to the negative root −αi,j . We will make
use of the matrix realization of g. Let V denote a (2n + 1)-dimensional complex space
with a basis enumerated by the set [−n, n]. The Lie algebra gl(V ) consists of matrices
with rows and columns enumerated by [−n, n], for i, j ∈ [−n, n] let Ei,j ∈ gl(V ) denote
the matrix with 1 at position i, j and all other elements 0. Then g can be identified with
a subalgebra of gl(V ), one such identification (see [11, Section 8.3]) is given by

(3) fi,j =

{
Ej,i − E−i,−j if |j| > i,

E0,i − 2E−i,0 if j = −i.
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The above realization equips V with a g-module structure. For k ≤ n − 1 the
corresponding fundamental representation is Vωk

= ∧kV with highest-weight vector
vωk

= e1 ∧ · · · ∧ ek while Vωn is the 2n-dimensional spin representation. One also has
V2ωn = ∧nV with highest-weight vector v2ωn = e1 ∧ · · · ∧ en.

2.2. Type B poset polytopes. We define another family of polytopes associated with
the poset (P ,≺). Fix a subset O ⊂ P containing A and not containing any elements
from B = {(i,−i)}i∈[1,n].

Definition 2.2.1. For an integral dominant g-weight λ the type B poset polytope QB
O(λ) ⊂

RP consists of points x such that:

• xi,i = λ(i) for all 1 ≤ i ≤ n,
• all xi,j ≥ 0,
• for every chain (p, q) ≺ (i1, j1) ≺ · · · ≺ (im, jm) ≺ (r, s) with (p, q) ∈ O and all
(iℓ, jℓ) /∈ O one has

xi1,j1 + · · ·+ xim,jm ≤ xp,q − cxr,s

where c equals 1/2 if (r, s) ∈ B and 1 otherwise.

Example 2.2.2. In the case O = P\B one obtains a Berenstein–Zelevinsky polytope
(due to [5]) which we refer to as the type B Gelfand–Tsetlin polytope. In the case O = A
one obtains the polytope studied in [50] which we term the type B FFLV polytope.

Remark 2.2.3. Note that Definition 2.2.1 also makes sense when O∩B is nonempty. In
fact, the requirement O ∩ B = ∅ is not particularly restrictive because QB

O(λ) does not
change when an element of B is added to or removed from O. Consequently, although
the assumption O ∩B = ∅ allows for a nicer wording of some of the below results, they
can, nonetheless, be generalized to the case of arbitrary O ⊃ A using this observation.

One sees that if λ = (a1, . . . , an) with an even (i.e. λ(n) is integer), then QB
O(λ) is

obtained from the type C poset polytope QO((a1, . . . , an/2)) by scaling by a factor of
2 along the n coordinates corresponding to B. Of course, this relation between type B
and type C poset polytopes also holds when an is odd if one generalizes Definition 1.2.2
verbatim to all (not just integral) dominant weights. Note, however, that in the latter
case QB

O(λ) will not be a lattice polytope. As a polytope in RP it will actually have no
lattice points due to all xi,i being non-integers for x ∈ QB

O(λ), however, other coordinates
of vertices of QB

O(λ) may be non-integers as well. For example, the vertices of QB
O(ωn)

are the points (1MO(J) + 1J∩B)/2 with J ∈ Jn.
The above explains why in the case of odd an the point set relevant to us is not

QB
O(λ) ∩ ZP but the set of points lying in a different (affine) lattice, namely 1O/2 + ZP .

Our approach will be to consider a certain transformation of QB
O(λ) under which points

of this lattice are mapped to integer points. However, we will first discuss the lattice
point set QB

O(λ) ∩ ZP in the case of even an.

Definition 2.2.4. Consider J ∈ J and D ⊂ [1, n] such that (i,−i) ∈ J for all i ∈ D.
Recall the set MO(J) (Definition 1.2.3). Let xJ,D ∈ RP denote the point with

xJ,Di,j =





0 if (i, j) /∈MO(J),

1 if (i, j) ∈MO(J) and ((i, j) /∈ B or i ∈ D),

2 if (i, j) ∈MO(J) ∩B and i /∈ D.

In the above definition note that (i,−i) ∈ MO(J) if and only if (i,−i) ∈ J and xJ,Di,−i

equals 1 or 2 depending on whether i ∈ D.
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Lemma 2.2.5. For an integral dominant λ = (a1, . . . , an) with an even and a lattice
point x ∈ QB

O(λ) ∩ ZP there exist unique sequence of order ideals J1 ⊂ · · · ⊂ Jm in J
and set D ⊂ [1, n] such that

x = xJ1,∅ + · · ·+ xJm−1,∅ + xJm,D

and for k ≤ n− 1 exactly ak of the Ji lie in Jk while an/2 of the Ji lie in Jn.

Proof. First, note that if all xi,−i are even then the statement follows from Lemma 1.2.4
applied to the polytope QO(a1, . . . , an/2) and the point y with yi,−i = xi,−i/2 and other
coordinates the same as in x. The corresponding set D in this case is empty, of course.

Now let D be the set of those i for which xi,−i is odd. Consider the point x′ with
x′i,−i = xi,−i +1 for i ∈ D and other coordinates the same as in x. One easily checks that

x′ also satisfies Definition 2.2.1 and hence lies in QB
O(λ). Indeed, the first two conditions

are obvious while in the third condition one has two possibilities. Either all appearing
coordinates are the same for x and x′ or (r, s) = (i,−i) for some i ∈ D. In the latter case
in the inequality for x the left-hand side is in Z while the right-hand side is in 1/2 + Z.
This means that the inequality for x is strict, hence it also holds for x′.

Since x′i,−i is even for all i, we have a decomposition x′ = xJ1,∅+· · ·+xJm,∅ of the desired
form. Note that Jm contains all (i, j) with xi,j 6= 0 (which is equivalent to x′i,j 6= 0). This

lets us consider the point xJm,D, we obtain

x = xJ1,∅ + · · ·+ xJm−1,∅ + xJm,D.

Uniqueness follows from the fact that Jm must be the smallest order ideal containing
all (i, j) with xi,j 6= 0 and D must be as above, Jm−1 must be the smallest order ideal

containing all (i, j) with xi,j − xJm,D
i,j 6= 0 and so on. �

Corollary 2.2.6.

(a) For k ≤ n − 1 the set of lattice points in QB
O(ωk) consists of all points of the form

xJ,D with J ∈ Jk.
(b) The set of lattice points in QB

O(2ωn) consists of all points of the form xJ,D with
J ∈ Jn.

Remark 2.2.7. Polytopes obtained from order polytopes by scaling along coordinates
are studied in [8] under the name lecture hall polytopes and exhibit interesting lattice point
properties. It seems plausible that this work can be extended to a theory of (lecture hall)
MCOPs by generalizing the above results to general posets.

2.3. Transformed type B poset polytopes. We now define a transformed version
of QB

O(λ) similarly to the type C case, however, here the transformation also includes a
projection onto RP\A. Consider the linear map ξ : RP → RP as in Definition 1.4.1 (where
the values r(i, j) are given by Definition 1.3.4). Let π denote the standard projection
RP → RP/A. We set ΠB

O(λ) = πξ(QB
O(λ)).

Note that for any x ∈ RP and i ∈ [1, n] one has
∑

j ξ(x)i,j = xi,i. Let Wλ ⊂ RP be the

affine subspace of points x with xi,i = λ(i). One sees that ξ(Wλ) consists of x such that∑
j xi,j = λ(i) for every i. Hence, πξ maps Wλ bijectively onto RP\A. In particular, πξ is

an affine equivalence between QB
O(λ) and ΠB

O(λ). Furthermore, we have the following.

Proposition 2.3.1. Consider integral dominant λ = (a1, . . . , an).

(a) If an is even, then the affine lattice Wλ ∩ ZP is mapped bijectively to ZP\A by πξ.
(b) If an is odd, then the affine lattice Wλ ∩ (1O/2 + ZP ) is mapped bijectively to ZP\A

by πξ.
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Proof. For (a) first note that πξ maps Wλ ∩ZP injectively into ZP\A. Now, for y ∈ ZP\A

we have πξ(x) = y where x = ξ−1(x′) and x′ ∈ ZP is uniquely determined by x′i,j = yi,j
for (i, j) ∈ P\A and x′ ∈ ξ(Wλ) (recall that ξ is unimodular).

For (b) note that

(Wλ ∩ (1O/2 + Z
P ))− 1O/2 =Wλ−ωn ∩ Z

P

and the above is mapped bijectively onto ZP\A. However, Definition 1.4.1 implies that
ξ(1O) =

∑
i ǫi,r(i,ji) where ji is ⋖-maximal such that (i, ji) ∈ O. Since the ith pipes of O

and MO(〈i, ji〉) coincide, we have r(i, ji) = i and πξ(1O) = 0. �

From here on we largely shift our attention to the polytopes ΠB
O(λ) and their lattice

points. The above proposition shows that those are in bijection with the set

QB
O(λ) ∩ (an1O/2 + Z

P ).

We point out, however, that ΠB
O(λ) will still not be a lattice polytope when an is odd

even though we will be studying its lattice points (see Example 2.3.7).

Proposition 2.3.2. For xJ,D with J ∈ Jk one has πξ(xJ,D)i,j = 0 when i > k, otherwise

πξ(xJ,D)i,j =





0 if j 6= wO,J(i),

1 if j = wO,J(i) and ((i, j) /∈ B or i ∈ D),

2 if j = wO,J(i) and (i, j) ∈ B and i /∈ D.

Proof. The first claim is immediate since xJ,Di,j = 0 whenever i > k.

Recall that wO,J(i) = r(i, j) for the ⋖-maximal j such that (i, j) ∈ MO(J). Since
(i,−i) /∈ O, we have r(i,−i) = −i for all i. Hence, wO,J(i) = −i holds if and only if
(i,−i) ∈ J . Let D′ consist of all i for which (i,−i) ∈ J , we see that the last case in the
proposition’s statement occurs if and only if j = −i and i ∈ D′\D.

Thus, if D = D′, the claim follows directly from Proposition 1.4.2 because in this case
xJ,D = 1MO(J). To pass to the general case note that

xJ,D = xJ,D
′

+
∑

i∈D′\D

ǫi,−i.

Hence, we are to check that πξ(ǫi,−i) = ǫi,−i. Note that we have r(i, j) = i for the
⋖-maximal j such that (i, j) ∈ O. We obtain

πξ(ǫi,−i) = π(ǫi,r(i,−i) − ǫi,r(i,j)) = ǫi,−i. �

We now give a description of the set ΠB
O(λ) ∩ ZP\A. For D ⊂ [1, n] let yD ∈ RP\A be

the point with yDi,−i = 1 for i ∈ D and all other coordinates zero.

Lemma 2.3.3. For an integral dominant λ = (a1, . . . , an) consider y ∈ ΠB
O(λ) ∩ ZP\A.

(a) If an is even, there exist unique sequence of order ideals J1 ⊂ · · · ⊂ Jm in J and set
D ⊂ [1, n] such that

y = πξ(xJ1,∅) + · · ·+ πξ(xJm−1,∅) + πξ(xJm,D)

and for k ≤ n− 1 exactly ak of the Ji lie in Jk while an/2 of the Ji lie in Jn.
(b) If an is odd, there exist unique sequence of order ideals J1 ⊂ · · · ⊂ Jm in J and set

D ⊂ [1, n] such that

y = πξ(xJ1,∅) + · · ·+ πξ(xJm,∅) + yD

and for k ≤ n− 1 exactly ak of the Ji lie in Jk while (an − 1)/2 of the Ji lie in Jn.
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Proof. Part (a) is immediate from Proposition 2.3.1 and Lemma 2.2.5.
For part (b) let D be the set of all i for which yi,−i is odd. By part (a) it suffices to show

that y−yD ∈ ΠB
O(λ−ωn). We have a unique point x ∈ Wλ∩(1O/2+ZP ) with πξ(x) = y.

However, we have seen that πξ(ǫi,−i) = ǫi,−i and πξ(1O) = 0, hence πξ(xD) = yD where
xD = 1{(i,−i)|i∈D} + 1O/2. Therefore, it suffices to check that x− xD ∈ QB

O(λ− ωn).
To do so one verifies that x−xD satisfies Definition 2.2.1. The first two conditions are

immediate from the corresponding conditions for the point x and polytope QB
O(λ). In the

third condition, when passing from x to x− xD the left-hand side does not change. The
right-hand changes only if (r, s) /∈ O and (r, s) 6= (i,−i) for any i ∈ D. In the latter case,
however, the right-hand side decreases by 1/2 originally being in 1/2 + Z and becoming
an integer. Since the right-hand side is an integer, the inequality remains true. �

Corollary 2.3.4. The set ΠB
O(ωn) ∩ ZP\A consists of all points of the form yD.

Corollary 2.3.5. For any integral dominant λ one has |ΠB
O(λ) ∩ ZP\A| = dimVλ.

Proof. Lemma 2.3.3 shows that the number of integer points in ΠB
O(λ) does not depend

on O. However, in the case of O = P\B the sets QB
O(λ) ∩ ZP when λ(1) ∈ Z and

QB
O(λ)∩(1O/2+ZP ) when λ(1) ∈ 1/2+Z are studied in [5] and shown to have size dimVλ.

See definition of an o2r+1-pattern and Theorem 4.2 in loc. cit. By Proposition 2.3.1 these
sets are in bijection with ΠB

O(λ) ∩ ZP\A.
Alternatively, in the case of O = A one has ξ(x)i,j = xi,j for (i, j) ∈ P\A and hence

ΠB
A(λ) = π(QB

A(λ)). Such a polytope is shown to have dimVλ integer points in [50,
Corollary 2.2]. �

Corollary 2.3.6. For integral dominant λ = (a1, . . . , an) and µ = (b1, . . . , bn) with at
least one of an and bn even one has

ΠB
O(λ+ µ) ∩ Z

P\A = ΠB
O(λ) ∩ Z

P\A +ΠB
O(µ) ∩ Z

P\A.

Proof. Since ΠB
O(λ+µ) = ΠB

O(λ)+ΠB
O(µ), we are to show that any x ∈ ΠB

O(λ+µ)∩ZP\A

can be decomposed into a sum of two points, one in ΠB
O(λ) ∩ ZP\A and the other in

ΠB
O(µ) ∩ ZP\A. However, this is seen directly from Lemma 2.3.3 by decomposing x and

then splitting the summands into two groups in the appropriate way. �

Example 2.3.7. Let n = 2, O = {(1, 1), (2, 2), (1,−2)}. First consider QB
O(ω1). Its four

vertices are the points xJ,∅ with J ∈ J1: (1, 0, 0, 0, 0, 0), (1, 1, 0, 0, 0, 0), (1, 0, 1, 0, 0, 0),
(1, 0, 1, 2, 0, 0) where x ∈ RP is written as (x1,1, x1,2, x1,−2, x1,−1, x2,2, x2,−2). It will also
have one more integer point: xJ,{1} = (1, 0, 1, 1, 0, 0) where J = {(1, j)}j∈N . Meanwhile,
QB

O(ω2) has five vertices: (1
2
, 0, 0, 0, 1

2
, 0), (1

2
, 0, 1

2
, 0, 1

2
, 0), (1

2
, 0, 1

2
, 1, 1

2
, 0), (1

2
, 0, 1

2
, 0, 1

2
, 1),

(1
2
, 0, 1

2
, 1, 1

2
, 1); these are the xJ,∅/2 with J ∈ J2. The last four formQB

O(ω2)∩(1O/2+ZP ).
Next one checks that r(1, 1) = −2, r(1, 2) = 2, r(1,−2) = 1, r(1,−1) = −1, r(2, 2) = 2,

r(2,−2) = −2 and, writing y ∈ RP\A as (y1,2, y1,−2, y1,−1, y2,−2), derives

πξ(x1,1, x1,2, x1,−2, x1,−1, x2,2, x2,−2) = (x1,2, x1,1 − x1,2 − x1,−2, x1,−1, x2,−2).

One sees that ΠB
O(ω1) has vertices (0, 1, 0, 0), (1, 0, 0, 0), (0, 0, 0, 0), (0, 0, 2, 0) and one

more integer point (0, 0, 1, 0). This matches dimVω1 = 5 (Corollary 2.3.5). Meanwhile,
ΠB

O(ω2) will have five vertices: (0, 1
2
, 0, 0), (0, 0, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (0, 0, 1, 1) and

four integer points (the last four). This matches dim Vω2 = 4. One may check that
ΠB

O(2ω2) = 2ΠB
O(ω2) has dimV2ω2 = 10 integer points and ΠB

O(ω1+ω2) = ΠB
O(ω1)+ΠB

O(ω2)
has dimVω1+ω2 = 16 integer points (in the latter case every integer point is a sum of integer
points in the summands in view of Corollary 2.3.6, in the former case this is not true).
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Remark 2.3.8. Evidently, versions of Corollaries 2.3.5 and 2.3.6 can also be stated for
the type B poset polytopes QB

O(λ) where instead of integer point sets one would consider
intersections with the respective lattices from Proposition 2.3.1.

2.4. Essential signatures. In type B we first construct PBW-monomial bases while the
existence of other objects is derived therefrom. We obtain these bases using the language
of essential signatures due to Vinberg.

For d ∈ Z
P\A
≥0 let f d denote the PBW monomial

∏
i,j f

di,j
i,j ∈ U(g) ordered first by i

increasing from left to right and then by j increasing with respect to ⋖ from left to right.

Definition 2.4.1. For a total group order < on ZP\A and an integral dominant weight

λ we say that a vector (or signature) d ∈ Z
P\A
≥0 is essential for < and λ if

f dvλ /∈ span{f d′vλ|d
′ < d}.

A PBW monomial f d is essential for < and λ if d is.

Evidently, for any total group order < the set of vectors f dvλ such that d is essential
for < and λ forms a basis in Vλ. The following is a key property of essential signatures,
we give a proof since sources such as [33, 25] place restrictions on the group order.

Proposition 2.4.2. If d is essential for < and λ while d′ is essential for < and µ, then
d+ d′ is essential for < and λ+ µ.

Proof. For c ∈ Z
P\A
≥0 and integral dominant ν let Vν [<c] ⊂ Vν denote the subspace spanned

by all vectors f c′vν with c′ < c. We are to show that f d+d′vλ+µ /∈ Vλ+µ[<d+ d′].
Let us view Vλ+µ as a submodule of Vλ ⊗ Vµ so that vλ+µ coincides with vλ ⊗ vµ. Then

Vλ+µ[<d+ d′] ⊂ Ud,d′ = Vλ[<d]⊗ Vµ + Vλ ⊗ Vµ[<d
′].

Indeed, for c < d + d′ we can expand f c(vλ ⊗ vµ) into a sum of vectors of the form
(f c1vλ)⊗ (f c2vµ) with c1 + c2 = c and, therefore, c1 < d or c2 < d′.

Now, if we expand f d+d′(vλ ⊗ vµ) in similar fashion, then we will obtain a sum of
(f dvλ)⊗ (f d′vµ) and other products (f c1vλ)⊗ (f c2vµ) with c1 < d or c2 < d′. Thus,

f d+d′vλ+µ ∈ (f dvλ)⊗ (f d′vµ) + Ud,d′

and it remains to show that (f dvλ)⊗ (f d′vµ) /∈ Ud,d′ . However, this follows from f dvλ /∈
Vλ[<d] and f

d′vµ /∈ Vµ[<d
′], i.e. the essentiality of d and d′. �

2.5. PBW-monomial bases. We now fix a total group order < and simply write “es-
sential for λ” presuming <. For d ∈ ZP\A set d(i) =

∑
|j|>i di,j + di,−i/2.

Definition 2.5.1. First let us define a total order on P\A. Every (i, j) ∈ P\A can be
uniquely expressed as (i, r(i, j′)). We set (i1, r(i1, j1)) < (i2, r(i2, j2)) if i1 < i2 or (i1 = i2
and j1⋗ j2) with one exception. If i1 = i2, j1⋗ j2, (i2, j2) ∈ O and there is no j2⋖ j′ ⋖− j1
with (i1, j

′) ∈ O, we set (i1, r(i1, j1)) > (i2, r(i2, j2)).
Now consider distinct d, d′ ∈ ZP\A. Consider the <-minimal (i, j) such that di,j 6= d′i,j.

If d′(i) < d(i), we set d′ < d. If d′(i) = d(i), we set d′ < d when d′i,j > di,j.

In other words, the order < on elements (i, j) with a fixed i is reverse to the one
in Definition 1.7.7. Note, however, that for the ⋖-maximal ℓ with (i, ℓ) ∈ O we have
r(i, ℓ) = i, hence (i, r(i, ℓ)) /∈ P\A and is excluded from the order instead of being
<-minimal among the (i, j). Instead, the <-minimal (i, j) is (i, r(i,−i)) = (i,−i).

The main result of this subsection is as follows.
25



Theorem 2.5.2. For integral dominant λ a signature is essential for λ if and only if it
lies in ΠB

O(λ). Consequently, the vectors f yvλ with y ∈ ΠB
O(λ) ∩ZP\A form a basis in Vλ.

Theorem 2.5.2 is proved by induction on λ using Proposition 2.4.2 and Corollary 2.3.6.
The most difficult part the proof is the induction base, i.e. the case of fundamental weights
and 2ωn. We next give a series of preparatory definitions and statements. We make use
of the isomorphism Vωk

≃ ∧kV and consider the actions of essential monomials in terms
of multivectors.

In a PBWmonomial f d we may express every root vector as a sum of two Ea,b according
to (3) and expand this product into a sum of products of the Ea,b which can be viewed
as elements of U(gl2n+1(C)). If a product Ea1,b1 . . . Eam,bm occurs in this expansion we
say that it occurs in f d (note that the summands in the expansion are pairwise distinct).
We also say that ei1,...,ik occurs in v ∈ ∧kV if it appears with a nonzero coefficient in the
expression of v in the multivector basis.

If {i1, . . . , ik} contains b but not a, the matrix Ea,b maps ei1,...,ik to ej1,...,jk where
j1, . . . , jk is obtained from i1, . . . , ik by replacing b with a. Otherwise Ea,bei1,...,ik = 0.
Hence, every product of the Ea,b maps the highest weight vector e1,...,k to another multi-
vector or to 0. In particular, if ei1,...,ik occurs in f de1,...,k, then we must have a product
C = Ea1,b1 . . . Eam,bm such that C occurs in f d and Ce1,...,k = ±ei1,...,ik .

To prove that ΠB
O(ωk) ∩ ZP\A is the set of essential signatures for ωk we will use the

following approach. For every d in this set (that is d = πξ(xJ,D) for some J ∈ Jk) we
choose a distinguished product CJ,D occurring in f d in such a way that CJ,De1,...,k occurs
in f de1,...,k but not in any f d′e1,...,k with d′ < d.

Definition 2.5.3. For k ∈ [1, n] and a point xJ,D with J ∈ Jk consider i ∈ [1, k] and
j = wO,J(i). Let r denote the number of i′ > i with i′ ∈ D. Set

EJ,D
i =





Ej,i if |j| > i and r is even,

E−i,−j if |j| > i and r is odd,

E0,i if i = −j, i ∈ D and r is even,

E−i,0 if i = −j, i ∈ D and r is odd,

E−i,0E0,i if i = −j, i /∈ D and r is even,

E0,iE−i,0 if i = −j, i /∈ D and r is odd,

1 if i = j.

Let CJ,D ∈ U(gl2n+1(C)) denote the PBW monomial
∏k

i=1E
J,D
i ordered by i increasing

from left to right. Let eJ,D denote the image CJ,De1,...,k.

Example 2.5.4. Consider the case n = 4, O = {(1, 1), (1,−3), (2, 2), (2,−3), (3, 3), (4, 4)}.
Consider J = 〈1,−1〉 ∪ 〈3,−3〉 ∈ J3. We have

wO,J(1) = −1, wO,J(2) = −3, wO,J(3) = 3, wO,J(4) = −4.

Hence, CJ,D and eJ,D can be written out as below. Here note that the eJ,D are pairwise
distinct, this actually holds for all possible eJ,D (Corollary 2.5.9). Also, the reader may
compare this example to the general description of eJ,D given by Proposition 2.5.6.

CJ,∅ = E−1,0E0,1E−3,2E−4,0E0,4, eJ,∅ = e−1,−3,3,−4;

CJ,{1} = E0,1E−3,2E−4,0E0,4, eJ,{1} = e0,−3,3,−4;

CJ,{4} = E0,1E−1,0E−2,3E0,4, eJ,{3} = e0,2,−2,−1;

CJ,{1,4} = E−1,0E−2,3E0,4, eJ,{1,3} = e1,2,−2,−1.
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First of all, let us point out that CJ,D indeed occurs in f d where d = πξ(xJ,D), since
it is obtained by choosing one of the two summands in (3) for every fi,j in the product.
Now, by Proposition 2.3.2 every fi,j with |j| > i occurs in f d in degree 0 or 1 while
fi,−i can occur in degrees 0, 1 and 2. Also note that at most one of E0,i and E−i,0 acts
nontrivially on any multivector. This allows us to describe CJ,D in the following way.
For a root vector fi,j with |j| > i appearing in f d we choose the first summand in (3) if
the number of root vectors of the form fi′,−i′ appearing in f d in degree 1 and to the right
of fi,j is even. We choose the second summand if this number is odd. For a root vector
fi,−i appearing in f d we choose the only summand which acts nontrivially considering the
choices we have made for factors to the right. The latter is possible and eJ,D is indeed
a nonzero multivector in view of Proposition 2.5.6 which describes eJ,D explicitly. First,
however, we prove a lemma.

Lemma 2.5.5. Consider J ∈ Jk, let D denote the set of i for which (i,−i) ∈ J . For
i ∈ D one has wO,J(i) = −i. Furthermore, for i1, i2 ∈ D ∪ {0, n+ 1} and i1 < i < i2 one
has i1 < |wO,J(i)| < i2.

Proof. We have seen that r(i,−i) = −i. For i ∈ D we have (i,−i) ∈ MO(J) and
wO,J(i) = r(i,−i) by Proposition 1.3.6(a), this implies the first claim.

For the second claim recall that wO,J(i) = r(i, j) for the ⋖-maximal j such that (i, j) ∈
MO(J). We get |r(i, j)| ≥ i > i1 from Proposition 1.3.6(e).

Now first suppose that (i, j) /∈ O. Then (i, j) ∈ max≺ J and, since (i1,−i1), (i2,−i2) ∈
max≺ J , we must have −i2 ⋖ j ⋖ −i1. We deduce |r(i, j)| ≤ −j < i2 from Proposi-
tion 1.3.6(e). If, however, (i, j) ∈ O, then we have two possibilities. First: there exists
a j′ ⋗ j with (i, j′) ∈ O which implies (i, j′) /∈ J . Hence −i2 ⋖ j′ ⋖ −i1 and Proposi-
tion 1.3.6(f) provides |r(i, j)| ≤ −j′ < i2. Second: no such j′ exists and r(i, j) = i. �

In other words, the above proposition shows that for i1, i2 ∈ D∪{0, n+1} with i1 < i2
the image wO,J(]i1, i2[) consists of numbers whose absolute value is again in ]i1, i2[ (we
write ]i1, i2[ for the set of all integers i1 < i < i2 and similarly use the notations [i1, i2[
and ]i1, i2]). In particular, when i2 6= n + 1 precisely half of the numbers with absolute
value in ]i1, i2[ appear in the image wO,J([1, k]).

Proposition 2.5.6. Consider xJ,D with J ∈ Jk and D = {i1 > · · · > iℓ}, additionally
denote iℓ+1 = 0. Then the vector eJ,D is a nonzero multivector. Furthermore, let K ⊂
[−n, n] with |K| = k be the set of subscripts of this multivector. Then j ∈ K if and only
if one of the following holds.

(i) j ∈ wO,J(]i1, k]) or
(ii) j ∈ wO,J(]i2r+1, i2r[) for some r ∈ [1, ⌊ ℓ

2
⌋] or

(iii) |j| ∈]i2r, i2r−1[ for some r ∈ [1, ⌊ ℓ+1
2
⌋] and j 6= −wO,J(i) for any i ∈]i2r+1, i2r[ or

(iv) j = ±i2r for some r ∈ [1, ⌊ ℓ
2
⌋] or

(v) j = 0 and ℓ is odd.

Proof. By Lemma 2.5.5 we have |wO,J(i)| > i1 if and only if i > i1. By the same
proposition for s ∈ [0, ℓ− 1] we have |wO,J(i)| ∈]is+1, is[ if and only if i ∈]is+1, is[. Hence,
the number of j satisfying condition (i) is k− i1 and the number of j satisfying condition
(ii) for a given r is i2r − i2r+1 − 1 while for condition (ii) it is i2r−1 − i2r − 1. We see that
the total number of j satisfying (i), (ii) or (iii) is k − ℓ. Since conditions (iv) and (v)
provide ℓ further numbers, we deduce that in total precisely k distinct j ∈ [−n, n] satisfy
one of the conditions and the first claim follows from the second.

27



Now for s ∈ [1, k] denote

esJ,D = EJ,D
s . . . EJ,D

k e1,...,k

so that e1J,D = eJ,D. Let Ks denote the set of subscripts of the multivector esJ,D. Note that

for i ∈]i1, k] the element EJ,D
i is equal to EwO,J(i),i, E−i,0E0,i or 1. In all three cases EJ,D

i

acts by replacing the subscript i with wO,J(i). Since |wO,J(i)| ≥ i (Proposition 1.3.6(c)),
one sees that every eiJ,D with i ∈]i1, k] is nonzero and Ki1+1 is obtained from [1, k] by

replacing the subset ]i1, k] with the image wO,J(]i1, k]). The set Ki1 is obtained from

Ki1+1 by replacing i1 with 0 since EJ,D
i1

= E0,i1.

Next, for i ∈]i2, i1[ the element EJ,D
i equals E−i,−wO,J(i), E0,iE−i,0 or 1 but in all three

cases it replaces −wO,J(i) with −i if possible. We claim that this is indeed always
possible and hence each of the corresponding eiJ,D is nonzero. Suppose that, on the

contrary, i′ ∈]i2, i1[ is the largest number for which ei
′

J,D = 0. Since for i ∈]i′, i1[ we

have |wO,J(i)| ∈ [i, i1[, we see that Ki′+1 is the union of [1, i′], the image wO,J(]i1, k]), the
singleton {0} and the difference

(
[i′ + 1, i1[ ∪ ]− i1,−i

′ − 1]
)
\{−wO,J(i)}i∈[i′+1,i1[.

In particular, j with |j| ∈ [i′+1, i1[ is not contained in Ki′+1 if and only j = −wO,J(i) for
some i ∈ [i′ + 1, i1[. Since −wO,J(i′) is clearly not of this form, the remaining possibility

is |wO,J(i)| = i but both E0,i′E−i′,0 and 1 act nontrivially on ei
′+1
J,D . This allows us to

describe Ki2+1 and Ki2 differs from Ki2+1 by replacing 0 with −i2.
By similar arguments we see that, more generally,

• Ki2r+1+1 differs from Ki2r by replacing ]i2r+1, i2r[ with w
O,J(]i2r+1, i2r[),

• Ki2r+1 differs from Ki2r+1+1 by replacing i2r+1 with 0,
• Ki2r+2+1 differs from Ki2r+1 by replacing ]i2r+2, i2r+1[ with

(
]i2r+2, i2r+1[ ∪ ]− i2r+1,−i2r+2[

)
\{−wO,J(i)}i∈]i2r+2,i2r+1[,

• Ki2r+2 differs from Ki2r+2+1 by replacing 0 with −i2r+2.

The proposition follows. �

Our choice of eJ,D attaches a nonzero multivector occurring in fπξ(xJ,D)e1,...,k to every
lattice point πξ(xJ,D) with J ∈ Jk. We claim that this is a bijection between the set of
lattice points in ΠB

O(ωk) (or Π
B
O(2ωn) if k = n) and the basis of multivectors in ∧kV . Next,

one may order the points πξ(xJ,D), J ∈ Jk according to < which induces an ordering of

the vectors fπξ(xJ,D)e1,...,k and also of the multivectors eJ,D. These two orderings define a
square matrix expressing the first set of vectors via the second set of vectors (the second
set is a basis by the previous claim). We further claim that this matrix is triangular and

nondegenerate which would then imply that the fπξ(xJ,D)e1,...,k also form a basis in ∧kV .
These claims are immediate from the following.

Proposition 2.5.7. For a point xJ,D with J ∈ Jk denote d = πξ(xJ,D). Then the
multivector eJ,D occurs in f de1,...,k and does not occur in f d′e1,...,k for any d′ < d.

Proof. Suppose that eJ,D occurs in f d′e1,...,k for some d′ ≤ d. Then we have a product C ′

occurring in f d′ such that C ′e1,...,k = ±eJ,D. We prove that C ′ = CJ,D, this will imply
that d′ = d (because a summand C ′ occurring in f d′ determines d′). It will also imply
that C ′′e1,...,k 6= ±eJ,D for any other C ′′ occurring in f d and hence eJ,D occurs in f de1,...,k.

Let the set Ei consist of all Ej,i and E−i,j for which |j| > i or j = 0, i.e. all those
Ea,b which occur in some fi,j . Denote C = CJ,D, both C and C ′ when read from left to
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right start with a (possibly empty) product of elements of E1, followed by a product of
elements of E2, etc. Since C and C ′ act nontrivially on e1,...,k, the last n− k products are
empty in both cases.

For i ∈ [1, n + 1] write C[<i] (resp. C ′[<i]) to denote the subword in C (resp. C ′)
consisting of all the appearing Ea,b ∈

⋃
i′<i Ei′ taken in the same order and to the same

powers. Similarly, for i ∈ [0, n] let C[>i] (resp. C ′[>i]) denote the subword in C (resp.
C ′) consisting of all Ea,b ∈

⋃
i′>i Ei′. By induction on i we show that C[<i] = C ′[<i] for

all i ∈ [1, k + 1].
The induction base i = 1 is trivial. Consider the induction step from i ∈ [1, k] to i+1.

In view of the induction hypothesis, d′(i) ≤ d(i) (cf. Definition 2.5.1). Set j = wO,J(i).
Note that if j = i, then d(i) = 0, hence d′(i) = 0, and the induction step is immediate.

Let j⋗i. Suppose d′(i) = 0, i.e. C ′[>(i−1)] = C ′[>i]. Both of the nonzero multivectors
C[>i]e1,...,k and C ′[>i]e1,...,k have i as a subscript but not −i because all Ea,b appearing
in C[>i] and C ′[>i] have |a|, |b| 6= i. Thus, the subscript sets of the multivectors

C[>(i− 1)]e1,...,k = EJ,D
i C[>i]e1,...,k, C ′[>(i− 1)]e1,...,k = C ′[>i]e1,...,k

are distinct because the action of EJ,D
i removes i from or adds −i to the subscript set.

However, both of these multivectors are mapped to ±eJ,D by C[<i] = C ′[<i]. This is
impossible since any product of the Ea,b which does not vanish on two multivectors with
distinct subscript sets maps them to multivectors with distinct subscript sets.

Thus, d′(i) > 0. Since d(i) ∈ {1, 1/2}, there is exactly one j′ such that d′i,j′ > 0.
If d′(i) = d(i) = 1, then d′ ≤ d implies (i, j′) ≤ (i, j) (the order in Definition 2.5.1).
Otherwise we have d′(i) = 1/2 and j′ = −i which again implies (i, j′) ≤ (i, j) since (i,−i)
is <-minimal among all (i, j).

Suppose j = −i, then j′ = j. If di,−i = d′i,−i = 1 (i.e. i ∈ D), then exactly one of E0,i

and E−i,0 appears in each of C and C ′. For the induction step we need to show that these
two factors are the same. Indeed, suppose that E0,i appears in C but E−i,0 appears in
C ′. The multivectors E0,iC[>i](e1,...,k) and E−i,0C

′[>i](e1,...,k) must have the same set of
subscripts since both are mapped to ±eJ,D by C[<i]. This is impossible since 0 is among
the subscripts of E0,iC[>i](e1,...,k) but not among the subscripts of E−i,0C

′[>i](e1,...,k).
The case of E−i,0 appearing in C and E0,i appearing in C ′ is symmetric.

Let di,−i = 2, i.e. i /∈ D. Then the subscript set of EJ,D
i C[>i]e1,...,k contains −i but not

i. If d′i,−i = 1, then C ′[>(i − 1)] differs from C ′[>i] by a factor of E0,i or E−i,0 and the
subscript set of C ′[>(i− 1)]e1,...,k contains, respectively, neither or both i and −i. Again
we have a contradiction with

(4) EJ,D
i C[>i]e1,...,k = ±C ′[>(i− 1)]e1,...,k.

Hence d′i,−i = 2 and C ′[>(i− 1)] = E ′C ′[>i] where E ′ is either E−i,0E0,i or E0,iE−i,0. We

check that E ′ = EJ,D
i . Indeed, if, for instance, E ′ = E−i,0E0,i while E

J,D
i = E0,iE−i,0, then

0 is among the subscripts of EJ,D
i C[>i]e1,...,k but not C ′[>(i− 1)]e1,...,k contradicting (4).

We may now assume that |j| > i, in particular, i /∈ D. Let C ′[>(i−1)] = E ′C ′[>i], then
E ′ is a product of d′i,j′ ∈ {1, 2} factors of the form Ea,b. Denote D = {i1 > · · · > iℓ} and
choose r so that i ∈ ]ir+1, ir[ where i0 = n+ 1 and iℓ+1 = 0. First, let r be even meaning

that EJ,D
i = Ej,i. The subscripts of Ej,iC[>i]e1,...,k do not include −i (since −i is not

among the subscripts of C[>i]e1,...,k) or 0 (since r is even, see proof of Proposition 2.5.6).
Hence, j′ 6= −i, otherwise the subscripts of C[>(i − 1)]e1,...,k would contain 0 or −i
contradicting (4). Therefore, d′i,j′ = 1 and E ′ = Ej′,i, we are to show that j′ = j.

We see that j′ is among the subscripts of E ′C ′[>i]e1,...,k. Furthermore, C[<i] contains

no factors of the form Ea,j′. Indeed, EJ,D
i′ = EwO,J(i′),i′ for i

′ ∈ (ir+1, i) while E
J,D
i′ with
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i′ ≤ ir+1 only contain Ea,b with |a|, |b| ≤ ir+1 < i < |j′|. Thus, j′ must be among the
subscripts of eJ,D. In view of Proposition 2.5.6, to complete the case of even r we may
show that |j′| ∈ ]ir+1, ir[ and j

′ is not equal to wO,J(i′) for any i′ ∈]ir+1, ir[\{i}.
Consider a, a′ such that r(i, a) = j and r(i, a′) = j′. Proposition 1.3.6(a) describes a

as the ⋖-maximal element for which (i, a) is contained inMO(J). Denote the j′th pipe of
the set O by P, it contains (i, a′) by Proposition 1.3.6(d). Recall that (i, j′) ≤ (i, j) (the
order in Definition 2.5.1), let us show that if (i, j′) < (i, j), then P contains an element
(i, a′′) /∈ J . Indeed, if (i, a′) /∈ J , we set a′′ = a′. If (i, j′) < (i, j) but (i, a′) ∈ J , then
we cannot have (i, a) ∈ O: otherwise (i, a) would be ≺-maximal among elements of the
form (i, b) contained in J ∩O, hence (i, j) would be <-minimal among all (i, r(i, b′)) with
(i, b′) ∈ J . This leaves only one possibility: (i, a) ∈ (max≺ J)\O and (i, a′) is ≺-maximal
among elements of the form (i, b) contained in J ∩O. However, this lets us choose a′′ as
the element covering a in the order ⋖, the element (i, a′′) will lie in P because we have
(i, b) /∈ O for all a′ ⋖ b⋖ a′′.

Let the pipe P start with (p1, q1), . . . , (pm, qm) where (p1, q1) = (|j′|,−|j′|) and (pm, qm) =
(i, a′′). Note that all (pℓ, qℓ) /∈ J , however, all elements of the forms (ir, b) and (ir+1, b)
lie in J . Since pm = i ∈ ]ir+1, ir[ and (pℓ−1, qℓ−1) covers (pℓ, qℓ), we deduce that all
pℓ ∈ ]ir+1, ir[, thus, |j

′| ∈ ]ir+1, ir[.
Now, for i′ ∈ ]i, ir[ we have wO,J(i′) = r(i′, b) for a certain (i′, b) ∈MO(J). Since i

′ > i
and (i′, b) ∈ J , we see that (i′, b) is not in P and hence wO,J(i′) = r(i′, b) 6= j′. Also, no
i′ ∈ ]ir+1, i[ can satisfy wO,J(i′) = j′, otherwise C ′ contains the subword

EwO,J(i′),i′ . . . EwO,J(i−1),i−1Ej′,i = Ej′,i′ . . . EwO,J(i−1),i−1Ej′,i

which acts trivially on ∧kV . This shows that j′ = j and completes the case of even r.
The case of odd r is similar. In this case EJ,D

i = E−i,−j and the subscripts of
E−i,−jC[>i]e1,...,k include i and 0. This again implies j′ 6= −i and d′i,j′ = 1, one shows
that j′ = j. It is checked that −j′ is not among the subscripts of eJ,D and it remains to
show that |j′| ∈ ]ir+1, ir[ and −j′ is not equal to −wO,J(i′) for any i′ ∈]ir+1, ir[. Here the
argument is the same as for even r, the only difference being that in the last step one
considers the subword E−i′,−wO,J(i′) . . . E−(i−1),−wO,J(i−1)E−i,−j′. �

Corollary 2.5.8. The set of lattice points in ΠB
O(ωk) with k ≤ n− 1 (resp. in ΠB

O(2ωn))
is the set of essential signatures for ωk (resp. 2ωn).

As already mentioned, the following fact is also immediate from Proposition 2.5.7.

Corollary 2.5.9. Every nonzero multivector ei1,...,ik is equal to ±eJ,D for exactly one
pair J,D with J ∈ Jk.

The final ingredient needed to prove Theorem 2.5.2 is

Proposition 2.5.10. The set of lattice points in ΠB
O(ωn) is the set of essential signatures

for ωn.

Proof. A description of the spin representation Vωn can be found in [11, Section 13.5]. It
is spanned by vectors vD with D ranging over subsets of [1, n]. The vector vD has weight
ωn −

∑
i∈D εi and we assume v∅ = vωn . Furthermore, if i /∈ D, then fi,−ivD is a nonzero

multiple of vD∪{i}.

By Proposition 2.3.4 the set ΠB
O(ωn) ∩ ZP\A consists of all yD with D ⊂ [1, n]. By the

above, f yDvωn is a nonzero multiple of vD. To show that the signatures yD are essential
we check that if a PBW monomial f d has g-weight −

∑
i∈D εi, then d ≥ yD. Indeed,

suppose d 6= yD and consider the <-minimal (i, j) such that di,j 6= (yD)i,j. If j 6= −i,
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then d(i) ≥ 1 > yD(i) and we immediately have d > yD. If j = −i, then d(i) > yD(i)
unless i ∈ D and di,−i = 0. But in this case the ith coordinate with respect to the basis
ε1, . . . , εn of the g-weight of f d will be 1/2 rather than −1/2. �

Proof of Theorem 2.5.2. We have already established the claim for λ = ωi and λ = 2ωn.
We proceed by induction on (the sum of coordinates of) λ. Consider λ which is not
fundamental and not 2ωn. Then λ can be written as λ = µ + ν where µ = (a1, . . . , an)
and ν = (b1, . . . , bn) are nonzero integral dominant weights and at least one of an and bn
is even. By Proposition 2.3.6 we have

(5) ΠB
O(λ) ∩ Z

P\A = ΠB
O(µ) ∩ Z

P\A +ΠB
O(ν) ∩ Z

P\A.

By the induction hypothesis and Proposition 2.4.2 all elements of the right-hand side
of (5) are essential signatures for λ. However, by Proposition 2.3.5 the left-hand side
of (5) contains exactly dimVλ points which completes the step. �

2.6. Toric degenerations and Newton–Okounkov bodies. We show how the con-
structed monomial bases can be utilized to obtain toric degenerations and a Newton–
Okounkov bodies of flag varieties. The approach in this subsection can be viewed as an
extension of the methods in [25].

Let G denote the Lie group SO2n+1(C). Fix an integral dominant λ = (a1, . . . , an)
with an even. Consider the projectivization P(Vλ) and let [vλ] ∈ P(Vλ) denote the class
of vλ. The orbit Fλ = G[vλ] is the partial flag variety associated with λ.

Remark 2.6.1. By considering Spin2n+1(C) instead of SO2n+1(C) we can define Fλ for
odd an as well. However, Fλ is determined up to isomorphism by the set of those k for
which ak 6= 0 and so is the toric variety of QB

O(λ). Therefore, the assumption that an is
even does not make (the second claim of) Theorem 2.6.3 less general.

For d ∈ Z
P\A
≥0 denote Kd =

∏
i,j(di,j!). By Theorem 2.5.2 we have a basis in Vλ

consisting of the vectors vy = f yvλ/Ky with y ∈ ΠB
O(λ) ∩ ZP\A. This basis induces

homogeneous coordinates on P(Vλ) and identifies its homogeneous coordinate ring with
S = C[Xy]y∈ΠB

O(λ)∩ZP\A . The subvariety Fλ is cut out by an ideal I ⊂ S. With respect

to the standard Z-grading the mth homogeneous component of S/I is identified with
H0(Fλ,OFλ

(m)) and has dimension dim Vmλ by the Borel–Weil theorem.
The toric variety of ΠB

O(λ) (and hence of QB
O(λ)) is also cut out by an ideal IO ⊂ S.

This ideal is the kernel of the map ϕO to the ring C[P\A, t] = C[t][zi,j ](i,j)∈P\A given by

ϕO(Xy) = tzy = t
∏

(i,j)∈P\A

z
yi,j
i,j .

The zero set of IO coincides with the toric variety of ΠB
O(λ) because the polytope ΠB

O(λ)
is normal, the latter follows from Lemma 2.3.3.

Now consider the exponential map exp : g → G and the map θ : CP\A → G given by

θ((ci,j)(i,j)∈P\A) =
∏

exp(ci,jfi,j)

with the factors ordered as usual first by i increasing from left to right and then by j.
Let U− ⊂ G denote the unipotent subgroup tangent to n− =

⊕
i,j Cfi,j. We will use the

following standard fact (see, for instance, [55, Proposition 8.2.1]).

Proposition 2.6.2. The map θ is an isomorphism (of varieties) between CP\A and U−.

Theorem 2.6.3. IO is an initial ideal of I and, consequently, the toric variety of QB
O(λ)

is a flat degeneration of Fλ.
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Proof. We have the following map between affine spaces:

θ(-)vλ : CP\A → Vλ.

Note that this map is polynomial because the elements fi,j act nilponently. In other
words, we have polynomials py ∈ C[zi,j ](i,j)∈P\A indexed by y ∈ ΠB

O(λ) ∩ ZP\A such
that the coordinates of the vector θ((ci,j))vλ in the basis {vy} are the values py|zi,j=ci,j .
These values are also the homogeneous coordinates of the point θ((ci,j))[vλ] ∈ P(Vλ). By
Proposition 2.6.2 we have θ(CP\A)[vλ] = U−[vλ], the latter orbit is open in Fλ (it is the
open Schubert cell). Hence, I is the kernel of the map ϕ : Xy 7→ tpy from S to C[P\A, t].

The polynomial py will be a linear combination of those monomials zd for which the
coordinate of f dvλ corresponding to vy is nonzero. Every such monomial will occur with
a nonzero coefficient. Any such d satisfies d ≥ y because the signature y is essential for
λ (Theorem 2.5.2). Also note that the monomial zy appears in py with coefficient 1 due
to our choice of the value Ky. This means that in> py = zy where > (note the direction)
is naturally viewed as a monomial order on C[zi,j](i,j)∈P\A. If we extend > to a total
monomial order on C[P\A, t] by setting tm1zd1 > tm2zd2 when m1 > m2 or (m1 = m2

and d1 > d2), we have in> tpy = tzy.
We see that ϕO(Xy) = in> ϕ(Xy) so in the notations of Proposition 1.5.2 we have

ϕO = ϕ>. The proposition will imply that IO = kerϕO is an initial ideal of I = kerϕ if we
show that ϕO(S) = in> ϕ(S), i.e. that the elements tpy form a sagbi basis. By construction
we have ϕO(S) ⊂ in> ϕ(S). Furthermore, both ϕO(S) and ϕ(S) are homogeneous with
respect to degree in t and have an mth homogeneous component of dimension

|ΠB
O(mλ) ∩ Z

P\A| = dimVmλ.

Therefore, ϕO(S) and in> ϕ(S) have equal graded dimensions and hence coincide. �

For the remainder of this subsection we assume that λ is regular so that Fλ is the
complete flag variety. Consider the line bundle L = OFλ

(1), i.e. the G-equivariant line
bundle associated with the weight λ. In the proof of Theorem 2.6.3 we have identified
H0(Fλ,L) with the image of the degree 1 homogenous component of S under ϕ. This is
the subspace in C[P\A, t] spanned by the polynomials tpy, y ∈ ΠB

O(λ) ∩ ZP\A. Choose
τ ∈ H0(Fλ,L) as τ = tp0 = t.

By Proposition 2.6.2 and since λ is regular, the map c 7→ θ(c)[vλ] is a bijection from
the space CP\A to the open Schubert cell U−[vλ]. This provides a birational equivalence
between CP\A and Fλ and lets us identify C(Fλ) with the field K = C(zi,j)(i,j)∈P\A. Here
h ∈ K is identified with the function taking value h|zi,j=ci,j at the point θ((ci,j))[vλ]. The

highest term valuation on K given by the monomial order > is a map ν : K\{0} → ZP\A

defined as follows. For p ∈ C[zi,j](i,j)∈P\A one sets zν(p) = in> p and extends ν to K so

that ν(gh) = ν(g) + ν(h). This is a (ZP\A, >)-valuation (defined as in Definition 1.9.1).
Similarly to Subsection 1.9 we have

Definition 2.6.4. The Newton–Okounkov body of Fλ associated with L, τ and ν is the
convex hull closure

∆ = conv

{
ν(σ/τ⊗m)

m

∣∣∣∣m ∈ Z>0, σ ∈ H0(Fλ,L⊗m)\{0}

}
⊂ R

P\A.

Theorem 2.6.5. ∆ = ΠB
O(λ).

Proof. Since L⊗m = OFλ
(m), we have identified H0(Fλ,L

⊗m) with ϕ(S[m]) where S[m]
is the degree m component in S. This provides an isomorphism between the ring⊕

mH
0(Fλ,L

⊗m) and ϕ(S). In particular the space H0(Fλ,L
⊗m)/τ⊗m ⊂ K is precisely
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ϕ(S[m])/tm. The latter space is spanned by all products py1 . . . pym where y1, . . . , ym
are points in ΠB

O(λ) ∩ ZP\A. Note that ν(py1 . . . pym) = y1 + · · · + ym. However, by
Proposition 2.3.3 all lattice points in ΠB

O(mλ) have the form y1 + · · ·+ ym. Thus,

(6) ΠB
O(mλ) ∩ Z

P\A ⊂ ν

(
H0(Fλ,L

⊗m)

τ⊗m
\{0}

)
.

However, the left-hand side of (6) has cardinality dimVmλ while the right-hand side has
cardinality no greater than dimH0(Fλ,L

⊗m) = dimVmλ, therefore, the two sides coincide.
We deduce that for any m:

conv

{
ν(σ/τ⊗m)

m

∣∣∣∣ σ ∈ H0(Fλ,L
⊗m)\{0}

}
=

conv(ΠB
O(mλ) ∩ ZP\A)

m
= ΠB

O(λ). �

Let us now define a total order >̂ on ZP as follows. For distinct x, x′ ∈ ZP consider
the minimal i such that

∑
j xi,j 6=

∑
j x

′
i,j and set x>̂x′ if

∑
j xi,j >

∑
j x

′
i,j. If no such

i exists, set x>̂x′ if π(x) > π(x′). Next, define a linear map ρ : RP\A → RP so that for
y ∈ ZP\A one has ρ(y)i,i = −

∑
j yi,j and ρ(y)i,j = yi,j when j 6= i. Of course, πρ(y) = y

and ρ(y)>̂ρ(y′) if and only if y > y′.
We next define another total order >ξ on ZP by setting x >ξ x′ if ξ(x)>̂ξ(x′). We

also define a map νξ : K\{0} → ZP by setting νξ(h) = ξ−1ρ(ν(h)). Simply by tracing
the definitions one checks that this is a (ZP , >ξ)-valuation. The corresponding Newton–
Okounkov body is

∆ξ = conv

{
νξ(σ/τ⊗m)

m

∣∣∣∣m ∈ Z>0, σ ∈ H0(Fλ,L⊗m)\{0}

}
⊂ R

P .

Since 0 ∈ ΠB
O(λ), we have a unique point xλ ∈ QB

O(λ) ∩ ZP such that πξ(xλ) = 0.

Theorem 2.6.6. ∆ξ = QB
O(λ)− xλ.

Proof. One sees that ξ(xλ)i,i = λ(i) while all other ξ(xλ)i,j = 0. This implies

(7) ρ(ΠB
O(λ)) = ξ(QB

O(λ))− ξ(xλ)

since ρ(ΠB
O(λ)) consists of x such that π(x) ∈ ΠB

O(λ) and all
∑

j xi,j = 0 while ξ(QB
O(λ))

consists of x such that π(x) ∈ ΠB
O(λ) and

∑
j xi,j = λ(i). Applying (7) we compute

∆ξ = ξ−1ρ(∆) = ξ−1ρ(ΠB
O(λ)) = QB

O(λ)− xλ. �

Remark 2.6.7. We conclude this section with a brief discussion of Young tableaux. Since
we do not work with Plücker coordinates on the type B flag variety, we do not obtain
standard monomial theories and an analog of Corollary 1.7.9. However, the above still
provides a certain notion of standard tableaux which can, for instance, be used to write
character formulas. Consider λ = (a1, . . . , an) with an even. For a lattice point y ∈ ΠB

O(λ)
consider the decomposition given by Lemma 2.3.3(a). We may encode this decomposition
by a tableau Ty whose (m+1− i)th column contains the elements wO,Ji(1), . . . , wO,Ji(k)
where Ji ∈ Jk. In addition, the ith element in the first column is marked if i ∈ D. We
may declare tableaux of the form Ty to be standard. This family consists of tableaux
obtained for the type C highest weight (a1, . . . , an/2) according to Remark 1.7.10 where,
in addition, the ith element of the first column can be marked if it is equal to −i. For
O = P\B we obtain the Koike–Terada SO(2n+1)-tableaux of [45]. For O = A we obtain
a new family of type B tableaux which are the symplectic PBW-semistandard tableaux
of [4] with marked elements in the first column.
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We may now define the weight µ(T ) of a tableau T to be the sum of sgn(a)ε|a| over all
non-marked elements a in T . Theorem 2.5.2 then implies that the character of Vλ is the
sum of eµ(T ) over all standard tableaux T , similarly to the classical theory.
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edition, 2008. 31

[56] R. P. Stanley. Two poset polytopes. Discrete & Computational Geometry, 1:9–23, 1986. 2
[57] B. Sturmfels. Algorithms in Invariant Theory. Texts & Monographs in Symbolic Computation.

Springer, Vienna, 1993. 2

36


	Introduction
	1. Type C
	1.1. Type C Lie algebras and representations
	1.2. Type C poset polytopes
	1.3. Type C pipe dreams
	1.4. Transformed poset polytopes
	1.5. Gröbner and sagbi degenerations
	1.6. The type C Plücker algebra and the Schubert degeneration
	1.7. Toric degenerations
	1.8. PBW-monomial bases
	1.9. Newton–Okounkov bodies

	2. Type B
	2.1. Type B Lie algebras and representations
	2.2. Type B poset polytopes
	2.3. Transformed type B poset polytopes
	2.4. Essential signatures
	2.5. PBW-monomial bases
	2.6. Toric degenerations and Newton–Okounkov bodies

	References

