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Deep Block Proximal Linearised Minimisation Algorithm for Non-convex Inverse
Problems*
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Abstract. Image restoration is typically addressed through non-convex inverse problems, which are often solved
using first-order block-wise splitting methods. In this paper, we consider a general type of non-convex
optimisation model that captures many inverse image problems and present an inertial block prox-
imal linearised minimisation (iIBPLM) algorithm. Our new method unifies the Jacobi-type parallel
and the Gauss-Seidel-type alternating update rules, and extends beyond these approaches. The
inertial technique is also incorporated into each block-wise subproblem update, which can acceler-
ate numerical convergence. Furthermore, we extend this framework with a plug-and-play variant
(PnP-iBPLM) that integrates deep gradient denoisers, offering a flexible and robust solution for
complex imaging tasks. We provide comprehensive theoretical analysis, demonstrating both sub-
sequential and global convergence of the proposed algorithms. To validate our methods, we apply
them to multi-block dictionary learning problems in image denoising and deblurring. Experimental
results show that both iBPLM and PnP-iBPLM significantly enhance numerical performance and
robustness in these applications.
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1. Introduction. Image processing is crucial in solving a broad spectrum of inverse prob-
lems. Over the past decades, a large body of literature has been proposed to address imaging
challenges. These range from classic models, such as the Rudin-Osher-Fatemi (ROF) model
[41], to modern approaches like dictionary learning [1] and tight frame-based methods [14].
Among these, the dictionary learning paradigm stands out for its ability to approximate clean
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images (I) using dictionaries (D) and corresponding sparse coefficient vectors (X)), effectively
framed as DX = I. However, relying on the ¢y norm to maintain sparsity in X makes this
optimisation problem non-convex and involves multiple variables.

Different from other models, the dictionary learning approach aims to approximate the
clean image I using the dictionary D and the corresponding sparse coefficient vector X. This
leads to the following image denoising model:

o1
(1.1) %11)?5\\17)(—5/\\2+)\D¢D(D)+)\X¢X(X),

where Y is the input image, Ap and Ax are positive parameters, ¢p and ¢ x are regularisers of
D and X, respectively. The optimal D and X are typically obtained via alternating-based [17]
or block-based [58] algorithms. The clean image is then reconstructed by DX = I. However,
this model does not adapt well to other image restoration tasks. To address this, the Bayesian
Maximum A Posteriori theory is incorporated to establish a more general model:

1
(1.2) 31)1&5”31 Y|+ gHDX —~I|?+Apdp(D) + Axdx (X),

where 7 is a positive parameter and B is a linear operator for different image restoration
tasks. For instance, when B is the identity operator, (1.2) functions as a denoising model;
conversely, when B is a sampling operator, the model serves as a super-resolution model. Due
to the sparsity of the dictionary learning model, detailed information can often mistakenly
treated as noise. To preserve edge details, the works of that [22] and [53] introduced the
total variation prior into model (1.2). Furthermore, various plug-and-play learning priors are
utilised to replace the traditional knowledge-based regularisation, introducing inexplicitness
and non-convexity into the model. Consequently, existing methods may not efficiently solve
these complex models.

The aforementioned non-convex dictionary learning model motivates us to consider the
following type of structural non-convex optimisation problem:

P
(1.3) min {F (@1, ap) = > 0 (zi) + h(z1,...,2p) | x; € R”i},
i=1
where h is a block-coordinate-wise Lipschitz smooth function and 6;,7 = 1,...,p, are proper

closed (possibly non-convex) functions. The Jacobi-type and the Gauss-Seidel-type block
coordinate descent (BCD) methods are two categories of solving methods for (1.3). Both
methods deal with each block-variable z; individually in (1.3). The Jacobi-type methods [18,
38, 59] update the variables in parallel, while the Gauss-Seidel-type algorithms [5, 11, 20, 26]
update them alternately, one by one. However, their effectiveness depends on the complexity
of solving the block-wise subproblems.

Block-wise subproblems typically involve evaluating the proximal operator [34] of certain
functions, which may include total variational (T'V) or learning-based regularisation in inverse
image problems. However, most of these proximal subproblems lack a closed-form solution,
particularly in cases of implicit learning regularisation. Fortunately, the plug-and-play [50]
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(PnP) method can effectively address this challenge by alternately solving the subproblems
using a trained deep neural network.

Contributions. To our knowledge, no existing work integrates the Gauss-Seidel-type
BCD algorithms with the PnP approach. This paper aims to fill this gap. Additionally,
this paper seeks to unify the Jacobi-type and the Gauss-Seidel-type BCD methods within
a single algorithmic framework. Furthermore, inertial acceleration is introduced to enhance
convergence speed, and the theoretical convergence of the unified algorithm, with or without
the PnP prior, is examined. We highlight:

e We introduce a novel general inertial block proximal linearised minimisation (iBPLM)
algorithm framework for solving the non-convex and non-smooth optimisation problem
of that (1.3). Our new method synthesises the Jacobi-type parallel and the Gauss-
Seidel-type alternating update rules, thereby enhancing performance and properties.

e Secondly, inspired by the principles of the Plug-and-Play (PnP) method, we redefine
the iBPLM algorithm as the PnP-iBPLM. This version integrates gradient step-based
deep priors. It significantly boosts the algorithm’s ability to tackle more intricate and
challenging optimisation problems. As a result, it sets a new standard in algorithm
performance and adaptability.

e By employing the Kurdyka—Lojasiewicz property, we have rigorously proved the sub-
sequential and global convergence of both the iBPLM and PnP-iBPLM algorithms.
This provides a solid theoretical underpinning, ensuring consistent performance across
a range of complex optimisation scenarios.

o We extensively validate the theory with a range of numerical and visual results for
image denoising and deblurring tasks. We demonstrate that our framework leads to
better approximations than existing techniques.

The remainder of this work is organized as follows. In section 2, we review some related
works including the block coordinate descent optimisation algorithms, inertial acceleration,
plug-and-play methods, and basic knowledge of dictionary learning-based methods in image
restoration. After that, the proposed algorithms with and without deep denoiser are theoret-
ically analyzed in section 3. In section 4, the imaging models with two blocks and four blocks
are tested to illustrate the effectiveness of the proposed schemes. Final remarks are given in
section 5.

2. Related Work.

2.1. BCD-based Optimisation Algorithms. Block coordinate descent (BCD) methods
are commonly used for imaging problems by updating one block of variables at a time while
fixing others. These methods can be broadly categorised into two types: alternating-based
and block-based. Alternating-based methods, such as the proximal alternating linearised min-
imisation (PALM) algorithm, update subsets of variables sequentially, effectively merging the
benefits of proximal operators with alternating minimisation. PALM is particularly effective
for non-smooth and non-convex problems, and it has demonstrated global convergence under
specified conditions [11]. Recent studies have further validated its effectiveness and conver-
gence properties in various settings [51, 52]. There are three principal types of block-based
methods: classical block-based [49], proximal block-based [37], and proximal gradient block-
based [11] methods. The classical block-based method alternates the minimisation of block
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functions within the objective but may be inadequate for non-convex problems. The proximal
block-based method enhances this approach by integrating block functions with a proximal
term, thereby ensuring global convergence under specific conditions [5]. The proximal gradient
block-based method, on the other hand, minimises a proximal linearisation of the objective
and achieves global convergence when block functions are Lipschitz smooth [11]. Moreover,
when block functions exhibit relative smoothness, further studies have demonstrated global
convergence [9, 28, 3, 19].

2.2. Inertial Acceleration. Numerous studies have focused on enhancing the convergence
rate of gradient-based first-order methods, as demonstrated in [30, 35, 55]. A widely adopted
strategy involves incorporating an inertial force, often referred to as extrapolation, into the
iterative scheme. This approach leverages the outcomes of the previous two iterations to up-
date the next iterate, ultimately resulting in the development of inertial accelerated methods.
Well-known techniques such as the classic heavy-ball method and Nesterov acceleration are
exemplary of this type of accelerated method. In convex settings, extensive research has shown
that the convergence rate can be theoretically accelerated by selecting optimal extrapolated
schemes [8, 7, 10]. Over the past decade, inertial acceleration has been adapted for non-convex
optimisation [2, 35, 32, 31, 20, 36, 56], and has been effectively integrated into BCD-based
optimisation algorithms [57, 59, 37, 26, 20]. The convergence of these inertial methods to a
stationary point can be guaranteed under the Kurdyka—Lojasiewicz framework for non-convex
problems [5]. Although the inertial effect may not theoretically accelerate the convergence
rate in non-convex settings, numerous practical implementations have demonstrated its effec-
tiveness.

2.3. Plug-and-Play (PnP) Algorithms. PnP methods integrate denoising priors into
splitting algorithms, which are widely used for imaging problems [65]. PnP-ADMM, intro-
duced by Venkatakrishnan et al. [50], replaces the proximal subproblem with a denoising prior,
offering a flexible framework for image restoration. Subsequent approaches like PnP-FBS [54]
and PnP-DRS [13] have demonstrated empirical success across diverse applications. However,
theoretical guarantees are limited, often relying on assumptions such as denoiser averaging
or nonexpansiveness [45, 46]. A significant challenge is ensuring nonexpansiveness in deep
denoisers, which is crucial for convergence. Off-the-shelf deep denoisers often lack 1-Lipschitz
continuity, which affects performance [64]. Ryu et al. [42] proposed normalising each layer
using its spectral norm, but this limits residual skip connections. The work of that [24] ad-
dressed this by training a denoiser with a gradient-based PnP prior. Recent advancements
have led to exploring convergence guarantees and applying combined PnP methods with ex-
trapolated DYS algorithms [55]. These developments potentially enhance both convergence
and applicability in complex inverse problems.

2.4. Dictionary Learning-based Image Restoration. Dictionary learning is a powerful
technique for image restoration. The goal is to learn a dictionary from given data so that each
image patch can be sparsely represented by a linear combination of dictionary atoms. This
method is especially effective for inverse problems like image denoising and deblurring. The
seminal work by Aharon et al. [1] introduced the K-SVD algorithm. It iteratively refines both
the dictionary and the sparse representations, leading to significant improvements in image
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Table 1
Comparative Overview of Existing Techniques. This table delineates differences in problem settings,
algorithm designs, and convergence results. Abbreviations include: Non. (Non-convex), Para. (Parallel), Alter.
(Alternating), Iner. (Inertial), PnP (Plug-and-Play), Sub. (Subsequential), and Global (Global convergence).

ExisTING TECHNIQUES Problem setting ‘ Algorithm design ‘ Theoretical results
h Non. 6; Non. Para. Alter. Iner. PnP  Sub. Global

(Xu & Yin, 2013) [57] v X X v v X v v
(Razaviyayn et al., 2014) [38] 4 X v X 4 X v X
(Hong et al., 2017) [21] X X X v v X v v
(Xu & Yin, 2017) [59] v v 4 X 4 X v 4
(Teboulle & Vaisbourd, 2020) [47] v v 4 X X X v 4
(Hien et al., 2020) [26] v v X v 4 X v v
(Yang et al., 2020) [62] 4 X X v X X v v
(Sujithra & Sugitha, 2022) [44] v v X X X v X X
(Phan et al., 2023) [20] v v X v 4 X v v
(Gan et al., 2024) [18] v v 4 X X v X X
Ours 4 v 4 v v v v v

quality. Subsequent research has expanded on this foundation, exploring various aspects of
dictionary learning and sparse coding [14, 17, 29]. Moreover, recent advancements focus
on integrating dictionary learning with deep learning techniques. This integration involves
learning the dictionary from neural networks [33, 43] or combining it with the PnP method
to handle the dictionary learning model [44, 61]. However, most of these studies overlook the
theoretical analysis of the dictionary-based model.

The aforementioned methods are primarily encompassed within the framework of prob-
lem (1.3). We detail the most relevant works along with their problem settings, algorithm
designs, and theoretical analyses in Table 1. This summary clearly demonstrates that our pro-
posed iBPLM and PnP-iBPLM algorithms comprehensively cover all these aspects, effectively
addressing the limitations identified in previous studies and providing a robust, theoretically
sound framework for optimisation.

3. Proposed Method. This section details our proposed unified inertial block proximal
linearised minimisation method and its Plug-and-Play (PnP) variant, along with establishing
their theoretical convergence.

Notation. Denote z; := (21,22, ...,%i-1), T5i = (Tis1, Tis2, ..., Tp), and Ty = (T, T5;).
The distance between a point x € R” and a closed and convex set G € R™ is defined as
dist(z,G) = mingeg |z — y|. The indicator function for G assigns 0 to all z € G and +oo
otherwise. For v > 0, the proximal operator of the function f is defined by Prox,;(z) :=

arg minyegn { £ () + 5 |y —[*}.

3.1. Inertial block proximal linearised minimisation algorithm. We first propose an in-
ertial block proximal linearised minimisation (iBPLM) algorithm for solving the non-convex
and non-smooth model of that (1.3), referred to as Algorithm 3.1. This algorithm can be
utilised to handle dictionary learning models with explicit regularisation.

By introducing a weight matrix W := (w;;)pxp, Algorithm 3.1 establishes a unified frame-
work. This framework incorporates the Jacobi-type parallel update rule among task blocks,
as well as the Gauss-Seidel-type alternating update within each block. Specifically, the matrix
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Algorithm 3.1 Inertial block proximal linearised minimisation algorithm (iBPLM)
0 1 0

Initialisation: Select w;; € [0,1] for j < i and w;; =1 for j > 4. Given z}, set z;" = z;.
for k=1,2,3,... do
Update a:;?’Z =(1- fwij)x?“ + wijx;?, Vi, j=1,2,...,p.
for:=1,2,3,...,pdo
Choose af € [0,1).
Update &¥ = 2% + o (aF - 2F-1);
Update zf*! = P1r03><,ygc(,i(§ci?C - vaih(:%f,azif)).
end for '
if stopping criterion is satisfied, then
Return (xlf,xg,...,x]; .
end if
end for
W is employed to compute 3:;“, defined as x;” =(1- wij)x?“ + wijxf forall¢,7=1,2,...,p,

where w;; € [0,1] for j <i and w;; = 1 for j > 4. When w;; =1 and w;; =0 V j <4, the matrix
W =W; and W = Wy defined by:

1 1 - 1 1 1 - 1

1 1 -« 1 1 1
(3.1) O e S I

1 - 1 1 0o - 0 1

Algorithm 3.1 simplifies to the Jacobi-type and Gauss-Seidel-type BPLM, respectively.
Additionally, to accelerate the convergence of the unified algorithm, an inertial step is incor-
porated into the updates of the block-subproblems.

We review the definitions of subdifferential and Kurdyka-Lojasiewicz (KL) property for
further analysis.

Definition 3.1. [6, 12] (Subdifferentials) Let f : R™ — (-oco,+00] be a proper and lower
semicontinuous function.
(i) For a given x € domf, the Fréchet subdifferential of f at z, written by of (x), is the
set of all vectors u € R™ satisfying

o f@) = @)~ (- 2)
st v~

>0,

and we set df (z) = @ when z ¢ dom.

(ii) The limiting-subdifferential, or simply the subdifferential, of f at x, written by 0f(z),
is defined by

(3.2) Of(x) ={ueR" |3 2" >z, st. f(z) > f(z) and Of (%) 5 u* - u}.

(ili) A point z* is called (limiting-)critical point or stationary point of f if it satisfies
0€df(xz*), and the set of critical points of f is denoted by critf.

This manuscript is for review purposes only.



DEEP BLOCK PROXIMAL LINEARISED MINIMISATION ALGORITHM 7

Next, we recall the KL property [5, 12], which is important in the convergence analysis.

Definition 3.2. (KL property and KL function) Let f : R" — (—o0,+00] be a proper and
lower semicontinuous function.
(a) The function f is said to have KL property at z* € dom(9f) if there exist n € (0, +00],
a neighborhood U of x* and a continuous and concave function ¢ : [0,1n) - Ry such
that
(i) ¢(0) =0 and ¢ is continuously differentiable on (0,n) with ¢’ > 0;
(ii) for allz e Un{z e R"| f(a*) < f(2) < f(x*) +n}, the following KL inequality
holds:

(3:3) ¢ (f(z) = f(2"))dist(0,0f (2)) > 1.
(b) If f satisfies the KL property at each point of dom(9f), then f is called a KL function.

Remark 3.3. KL functions exhibit remarkable versatility and are extensively applied in
various domains, including semi-algebraic analysis, subanalytic analysis, and log-exp func-
tions. Concrete examples of KL functions can be found in [5, 6, 12]. These examples encompass
many common instances such as ¢)-norm (where p > 0), indicator functions of semi-algebraic
sets, and a majority of convex functions.

Now we begin to analyse the theoretical convergence of iBPLM. To do so, we need the
following mild assumption.

Assumption 3.4. The gradient of h is block-coordinate-wise Lipschitz continuous; that is,
for a given x.;, it holds that

|Vib(@i, 22i) = Vil (yi, w2i) | < Li(wsi) |loi —yil, fori=1,2,...,p

Denote Lf i= Li(aht :1:];), and L* := max{Lf’,i =1,2,...,p}. We summarise the property

<t ?
of F' in the following proposition.

Proposition 3.5. For the sequence {:Ek} generated by the proposed iBPLM algorithm, it
must satisfy

Ha;f” - foz,k =1,2,...

2o |

p p

(3.4) F*)+ Y %y P s Py ¢ 3

=1 =1

where £F = _O‘%fﬁcf‘raf_’ oF = l-af Lo ,‘;k P Ly =y wi Lk
3 k3

Proof. Tt follows from Algorithm 3.1 that

I _ D .
s and wp =30 Wei-

2P = argmin {(:L’l Sy v G )) ’Yk | — 2F)% + 01(:1:1)} ,

Ty i
which implies that
(@f - af, vin(af, 28)) + Hw - 27|+ 0i(a)
2F

(3.5) :
> (- gk ih(iF,x )> tox 7 ”xkﬂ E 12 4 0,05,
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Hence,

(ot - 2 Tt at)) ¢ Ll - 2412 40,2
(3.6) , @
> — |2t = 2F )P + 0 ().
7

Since V;h is Lipschitz continuous, we have

Lk
(3.7) h(@ft 2t ah) bl ot aly) - (2 - ol vik(al]t af o) < ’lek+1 zi %

Combining (3.6) and (3.7), and recalling the definition of F' in (1.3), we have

F(a5! af o) + (o k”—ﬂ:z,v (2t ak k) - vin(al, o))

Lk
k+1 _k+1 _k k+1 k2 k  ~ky2 k+1 k2
> F(ag 2 al) + — IIJU+ 7| __k”x'_xz'” ”Hw+ 7|
2’71 2%’
(3-8) k+1  k+1 E+1 k2 af k+1 k k k-1 k+1 k2
=F(od oo >z)+2,yk||w B I O A S A 22 |l = 27
’L
1-af - o
> (2t af ™ aly) + . k ZH R R el Et el
2v; 2;
Note that
< ]'Hl_ivi'c’v'h(mlz;—l? k lji)_vih(A?axk"z >
) Y
<xk+1_x17v1h(xljz+17 T, >z) vlh(‘rkl)) ( f+1_x§7vih(xk’z)_vih( k 7‘Z))
kLk‘
k+l k k+1 k, kel _ ok £R1y2
(3:9) <t - 2F | Vih(ak] 2f, 28) - Vih(aM)| + ’ZZII%‘+ 7+ QZIIw o
i-1 krk
k+1 _ _k ky k+1 k @i Ly k(2 af Lk £R12
< g™ z'“(ZwijL |l5* —96]-||)+#|Isvi+ -] "+ Z2ll|fv i
j=1

where Lk = maxZ{Lk i = 1,2,...,p}. Since F(aF*1) - F(a%) = 8 (F(akt 2l 2k,
F(akt 2k 2k)) with oFtL = {xf“,---,xfg”} and 2" = {2F, ---,x’;} according to the definition
of F'in (1.3), it follows from (3.8) and (3.9) that

p ko krk  k
i L

k Pk k12
F(x") + 2Zk o EARE
i=1 Vi
P1—af —AFLF - afAFLk
> F(ah*) + 3 % WLy e
i=1 2%
P [ ky k+l Kk
(3.10) =2l = Y wi LYy - 2|
i=1 J=1
ety l-of —AFLE—obyFLE L wiIP L L o
s P+ 3120 Dabt g S ey
= 272 2
Pl —af —AFLE — bk LE — ARl
= F@*) 4 ) e A L

271.

1l
—_

(2
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where w] = Z§=i +1 Wqi- This completes the proof. |

Note that if the sequences {¢F} and {4F} are positive and adhere to certain relationships,
the variant of the objective function in (1.3) is non-increasing with respect to the iteration
number k. The following lemma outlines the parameter conditions.

Lemma 3.6. Let {2*} be the sequence generated by the iBPLM algorithm. If £F < sk

for some constant C € (0,1), and there exists a positive parameter | such that min; k{ } >1
then we have

(3.11) S et = 2f | < +oo.
k=01=1
Proof. (i) It follows from Proposition 3.5 that
k > gzk k k-1)2 k+1 L 5zk k+1 _ k2
(3.12) F(a®)+ 2 5 lai =i 72 ™) + 3] oo lai™ —afP k=12,

i=1 i12

where d“ and 5;-“ are positive parameters and 5{”1 < C&f for some constant C € (0,1). Hence,
we have

2o |

(313) k+1)+i ”xk+1 —(leHQ <F({L‘k) ZC 7, Hx —fL’k IH

i=1

Summing up k=0 to K — 1, we get

UL AT S T &G ke
- +
F(x )+ZZTII%~ -~z [T+ (1-0) Z?Z”xi -z |
i=1 k=0 i=1
(3.14) »
<F(a:0) + ’1 H
This completes the proof. |

Remark 3.7. Indeed, it is not difficult to guarantee the parameter condition {f“ < C(Sf .
For instance, if W = W5 and the parameters are constant such that af = oy and fyf =~y; for all
k, it holds that w! = 0, and the condition {f” < Cdf can be satisfied if

(3.15) O<%<Lii’ and OSai<F7;Z.

Note that in the implementation, as discussed in [27, 60], one can initialise the algorithm
with larger values of a; and ~;. If these parameters do not meet the required conditions,
they should be decreased by a constant ratio. This adjustment is necessary if the sequence
generated by the algorithm becomes unbounded, or if the successive changes in the sequence
do not diminish sufficiently fast.

Our first theoretical result concerns the subsequential convergence of the iBPLM to a
stationary point of (1.3). This result is detailed in the following theorem.
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Theorem 3.8. Suppose that Proposition 5.5 and Lemma 3.6 hold. Assume that the sequence
{xk} generated by the proposed iBPLM Algorithm is bounded. Every limit point x* of {a:k} is
a critical point of problem (1.3).

Proof. Suppose a subsequence {:L'k"} of {:Ek } converges to x* € X. Lemma 3.6 implies that

kn+1 N

zFn=l 5 2* and x x*. Choosing z; =z} and k = k,, in (3.5), we obtain

n SRn k:’ru‘ 1 SRhn

(a7 -t vih(iy =$¢iz))+-2 ol =@ P+ 0i(af)
(3.16) ) i

= 2wkn”$5"+1"ff"”2'*9i($f"+1)

i
Since V;h is Lipschitz continuous, we have
(3.17)
kntl | kntl Kk kn+1 k kn+1 kn+1 k L o 2

(g™ o @) — (g™ af, o) = (2" — o, Vil(e g™ af a5p)) < — -l -]

From the definition of F', we have

. Lo kel akny2 fentl  kntl kn fent1 .

(3.18) hmsup2—kn||;gi g ? 4 h(af et 2ty + 0, (2t < F(27).
n—oo .

(A

From the low semi-continuous and for z;, we have
(3.19) F(z™) < h(aZ;,zi,xl;) + 60;(x;),
which means that z; is the minimiser of the problem

(3.20) min h(xl;, x;,x%;) + 0;(2;).
@;

Then from the optimality condition, we complete the proof. |

We demonstrate the global convergence of iBPLM if the objection function in (1.3) satisfies
the Kurdyka—Lojasiewicz property in the following theorem.

Theorem 3.9. Suppose that Proposition 3.5, Lemma 3.6, and assumption 3.10 hold. As-
sume that the sequence {xk} generated by the proposed iBPLM Algorithm is bounded. Let h
be a continuously differentiable function, F' is a KL function and together with the existence

— k —
of | in Lemma 3.6, we also assume there exists | > 0, such that maxivk{%"} <. For C in
Proposition 3.5 satisfying C < /I, the whole generated sequence {x*} of the proposed iBPLM
algorithm is convergent.

Assumption 3.10. ([20], Assumption 3) Let u;(x, z) = h(z) + 27%”3: — 2|2+ {x - 2,V;h(2)),
for any bounded subset of X and any x,z in this subset, for s; e O, ui(z,2), there exists
ti € Oy, f(x) such that

Isi —till < Bif| = - 2|

for some constant B; that may depend on the subset.
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Lemma 3.11. (/26], Theorem 2) Let ® : RN — (=00, +00] be a proper and lower semicon-
tinuous function which is bounded from below. Let A be a generic algorithm which generates a
bounded sequence {zk} by 20 e RV, 2F+1 ¢ .A(zk) Jk=0,1,... Assume that there exist positive
constants p1, p2 and p3 and a non-negative sequence {py} oy such that the following conditions
are satisfied:

(i) Sufficient decrease property:

p1 2 = 2 < pag? < B () - @ (2F1) k=01,
(ii) Boundedness of subgradient:
le’“lH < p3gp, Wt € 0P (zk) fork=0,1,...

(iii) KL property: ® is a KL function.
(iv) A continuity condition: If a subsequence {zk”} converges to z then ® (zk") converges
to ®(Z) as n goes to oo.
Then we have Y.72 ¢ < 0o, and {zk} converges to a critical point of ®.

Hence, according to the Assumption 3.10 and Lemma 3.11, we prove theorem 3.9 as follows.

Proof. Let x* be a limit point of {z*}. From Theorem 3.8 we have z* is a critical
point. Deﬁne; Fi(z,y) = F(z) + X7 % |z — yi||*. Let 2F = (2%, 2F71), ¢F = 5 [2*+ —x"’H2 +
% ka - xk_lu . As the generated sequence {xk} is assumed to be bounded in the following,
we verify the conditions of Lemma 3.11 for F?(z*, 2*1) with §; = (1 + CI)/2.

(i) Sufficient decrease property:
From (3.13), we have

(3:21) F(a*) + ol - af P < P(ah) + Clat -

)

hence, FO(2F) - F°(z*+1) > (1- C1) 3.
(ii) Boundedness of subgradient:
Note that

8,3F5(x,y) =0F(z) + [5i (s - yz)|7,:1m]’ and 8yF‘5(a:,y) = [52' (yi - 931)|z:1m]»

with the optimality condition we have

k
(3.22) Vih(af,25Y) - Vih(2M) + a—;(fﬂf —ai ) € Oy, (w2 25 + 0:(2)).

7

By Assumption 3.10, there exist sf € Oy, u; (if”,iig’l) and vf’ € 00; (:Ef”) such that

k
. a. _
(3.23) Vih(zh, Z8) — vz + —Z(azf —2h Ty = sF ok,
[

and there exists t € 9,,h (2"*!) such that

(3.24) |si = t;] < Bi |]a"" = (af, 28] -

i
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We note that tf + vf €0, F (IL‘k+l) by Assumption 3.10. On the other hand,
(3.25) |t +of| = ||tF - s+ s+ of|| < B |2 - (af, 25| L 200 H:U A

which implies the boundedness of the subgradient.

(iii) KL property:
Since F' is a KL function, F? is also a KL function.

(iv) A continuity condition:
Suppose zF* — z*, Lemma 3.6 implies that if z*» — z*, then z — x*. Hence
z* = (z*,2*). On the other hand, we know that for i € [p], h(azf 1y 10, (mk”) -
h(z*)+0;(z}). Hence F(z*") converges to F'(z*), which leads to F (zk"“) converges

kn—1

to FO(z%).
From Lemma 3.11, the whole generated sequence {xk} of the proposed iBPLM algorithm is
convergent. |

Moreover, if the function ¢ appearing in the KL inequality takes the form (s) = cst?

with 6 € [0,1) and ¢ > 0, we can derive the convergence rates for both sequences {z*} and
{F(z")}.

Theorem 3.12. Let {fck} be a sequence genmerated by iBPLM. Suppose that Assumptions
in Theorem 3.9 are satisfied. If {:rk} 18 bounded and the function v appearing in the KL
inequality takes the form ¢(s) = ¢s'™0 with @ € [0,1) and ¢ > 0, then the following statements
hold. (i) If @ = 0, the sequences {a:k} and {F (mk)} converge in a finite number of steps to x*
and F*, respectively. (ii) If 6 € (0,1/2], the sequences {Ik} and {F (:L‘k)} converge linearly to
x* and F*, respectively. (iii) If 6 € (1/2,1), there exist positive constants 01,92, and N such
that | : (z%) - F* <8k 21 for all k> N.

Because this theorem can be proven by using the same techniques as those in the proofs
of Attouch and Bolte [4, theorem 2], we omit the detail of the proof.

3.2. Plug-and-Play iBPLM Algorithm. In this section, we propose the following plug-
and-play inertial block proximal linearised minimisation (PnP-iBPLM) algorithm 3.2 to solve
the non-convex optimisation problem (1.3). Our approach extends the iBPLM algorithm by
integrating deep priors as regularisers, enhancing the robustness of the optimisation process.

We update the z; (i = 1,2,...,p)-subproblems using the gradient step Denoiser [16, 55],
defined by

(3.26) Dy, =1-Vgs,i=1,2,....,p,

which is obtained from a scalar function
1 2
(3'27) 9o; = 5 ”:‘C - NUz(x)” )

where the mapping Ny, (x) is implemented using a differentiable neural network. This enables
the explicit computation of g,, and ensures that g,, has a Lipschitz gradient with a constant
L (where L < 1). Originally, the denoiser D,,, described in (3.26), is trained to denoise images
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Algorithm 3.2 Plug-and-play iBPLM algorithm (PnP-iBPLM)
Initialisation: Select w;; € [0,1] for j <4 and w;; = 1 for j >i. Given a9, set ;! = z0.
for k=1,2, 3 . do
Update 3: = (1 fu)”):z”€+1 +wijx§, Vi, j=1,2,...,p
fori=1, 2 ,3,...,pdo
Choose af €[0,1).
Update &¥ = 2% + ozf(:n k1Y
Update z¥*1 =D, (2F - /! Vzh(xl, L ).

end for
if stopping criterion is satisfied, then
Return (xlf,xg,...,x]; .
end if
end for

degraded by Gaussian noise of level o;. Notably, the denoiser D, takes the form of a proximal
mapping of a weakly convex function, as detailed in the next proposition.

Proposition 3.13 ([55], Proposition 4.1). Dy, (x) = prox,_ (), where ¢o, is defined by

(3.28) ¢Ui<x)=:gai(2>;3(w))—-§Hi?gj(w)-—x\z,i::1,2,~.,p,

if x € Im (Dy,), and ¢y, (x) = +oo otherwise. Moreover, ¢y, is %—weakly convex and Vg, is
L= -Lipschitz on Im (Dy,), and ¢4, () > go, (), Yo e R™.

In the following, we present the convergence results of PnP-iBPLM Algorithm.

Theorem 3.14. Let gy, : R™ = Ru {+00} of class C? with L-Lipschitz continuous gradient
with L <1, and Dy, = I = Vg, and h is a lower semi-continuous function. Suppose that h and
Jo, are bounded from below, then the sequence {xk} generated by the proposed PnP-iBPLM
Algorithm, which is assumed to be bounded. Then,

(i) for positive parameters ff and 5f satisfy 5;7”1 < C’éf for some constant C € (0,1), we
know that with 0; := ¢, the following holds

3.99 F(zF pg k_ ok=1)2 5 p( gkt pﬁ kel _ k)2 1_
(3.29) (z )+Z 9 sz Z; H > F(x )+Z QHCL‘Z 27 |7,k =0,1,-
i=1 i=1

k
(ii) if there exists a positive parameter [ such that minivk{%‘} > 1, then we have

(3.30)

IIMg

n 2
ZHk“ 2" < +oo.
0i=1

(iii) every limit point z* of {l’k} is a critical point.
(iv) suppose assumption 3.10 hold. Let F' be a KL function and together with the existence
— k —
of l in Lemma 3.6, we also assume there exists | >0, such that maxi,k{%'} <l. For C

in Proposition 3.5 satisfying C < 1/, the whole generated sequence {xk} of the proposed
PnP-iBPLM algorithm is convergent.
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Proof. The PnP-iBPLM algorithm is a special case of the problem in (1.3) with 6; = ¢,
with given assumptions. Therefore, it follows from Proposition 3.5, (i) holds; from Lemma 3.6
that (ii) holds; and from Theorem 3.8 that (iii) is confirmed. Conclusion (iv) can be derived
from Lemma 3.11 and Theorem 3.9. This completes the proof. |

Remark 3.15. Note that in the implementation, we can select part of the subproblems
solved by the gradient-step denoiser, leading to hybrid methods. Furthermore, according to
[23, Lemma 1], ¢, () in (3.28) satisfies the Kurdyka-Lojasiewicz (KL) property if g,, is real
analytic [25] in a neighborhood of z € R™ and its Jacobian matrix Jg,, (x) is nonsingular. The
analyic nature of g,, can be assured for a wide range of deep neural networks. Additionally,
the nonsingularity of Jg¢,,(z) can be guaranteed by assuming L < 1 as discussed in [23]. For
more discussions on general conditions under which the KL property holds for deep neural
networks, we refer to [15, 63]. Therefore, selecting a neural network for g,, that guarantees
the KL property of ¢, (x) during implementation is attainable.

4. Experimental Results. We validate our proposed iBPLM and PnP-iBPLM algorithms
on two inverse problem tasks: image denoising and image restoration. We test the algorithms
using two blocks in the image denoising task and four blocks in the image restoration task,
both employing dictionary learning-based models. Following standard protocol, we use two
widely recognised metrics: Peak Signal to Noise Ratio (PSNR) and Structural Similarity
Index (SSIM). All experiments in this section were run using PyTorch on an NVIDIA RTX
A6000 GPU.

Table 2

4.1. iBPLM for Image De- Denoising results of the proposed framework with Tx = 0.5, and
noising. For the specific inverse K-SVD for noise levels o = [25,50,75,100].

problem (1.1), following the pro-
posed iBPLM algorithm, we set
h(D7X) = %HDX—Y”2a GX(X) =

NOISE METRIC DEGRADED K-SVD [40] XiBPLM

MxlXlo and 0p(D) = ApIDI' =B i wm ot ot
This definition is consistent with PSNR 14.16 9197 22.91
the traditional dictionary learning, o =50 SSIM 59.75 86.64 89.73
enabling the dictionary learning de- PSNR 10.64 18.79 20.17
noising model to be solved using o=15 SSIM 42.64 79.31 82.20
our iBPLM algorithm. We start o = 100 PSNR 8.14 17.38 17.92
by comparing our technique against SSIM 30.84 73.61 73.78

that of K-SVD [40].

Table 2 provides a comparative analysis of denoising performance between the well-
established K-SVD method and our proposed iBPLM framework (with 7x = 0.5) across a
range of noise levels. This analysis underscores the iBPLM framework’s superior performance
in enhancing both PSNR and SSIM metrics across all tested scenarios. At the lower noise
level of o = 25, the iBPLM not only improves upon the ‘Degraded’ baseline but also edges
out K-SVD in SSIM, showcasing its acute capability to preserve image structural integrity
even in subtler noise environments. As noise levels escalate, the resilience of iBPLM becomes
even more apparent; it consistently records higher SSIM values than K-SVD, which points
to its robust ability to maintain visual quality and textural details under more severe noise
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() Original (f) Observed (20.17/55.56)g) K-SVD (26.71/84.76) (h) iBPLM (27.31/85.86)

Figure 1. Image restoration results (PSNR/SSIM) with Gaussian noise level 25. Visualisation comparing
our technique with K-SVD [40], with two examples presented in (a)-(d) and (e)-(h), respectively.

conditions. This trend holds true even at the very high noise setting of o = 100, where iB-
PLM continues to deliver superior structural preservation as indicated by its higher SSIM
scores. The consistent outperformance of iBPLM across various noise intensities highlights
its potential as a particularly effective tool for applications demanding high fidelity image
restoration.

The visual results in Figure 1 further support our iBPLM framework in preserving detail
and enhancing image quality compared to K-SVD. For the butterfly image, iBPLM restores
intricate wing patterns with greater clarity and less noise, as indicated by the higher PSNR and
SSIM scores. In the house image, iBPLM demonstrates its strength in rendering architectural
details and textures more sharply, particularly in areas such as the roof and surrounding
foliage. These images visually support the numerical findings, showing iBPLM’s superior
performance in reducing noise while maintaining the integrity of the original images.

Furthermore, some detailed analysis of weight parameter 7x and inertial parameters ap
and ax are provided. We plot the PSNR, SSIM, and energy curves of our methods in Figure
2 to showcase the performance of different weight parameter 7x values from iteration 2 to
8. The extrapolated parameters ax and ap are analyzed in Figure 3. Specifically, the range
of ax and ap is set to [0.001,0.25,0.5,0.75,0.999]. The PSNR surface indicates that the
final performance is influenced by the extrapolated parameters. Furthermore, we plot the
energy curves of inertial parameter ay (with ap = 0.5 fixed) and ap (with ax = 0.5 fixed)
along the iteration. Specifically, variations in ax and ap lead to different energy convergence
rates, showcasing the importance of these parameters in refining the model’s efficiency and
effectiveness. Overall, these results underscore the robustness of our proposed denoising model
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Figure 2. PSNR, SSIM, and energy curves of the proposed methods with different Tx values from iteration
21to 8.
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Figure 3. Effect of ax and ap in iBPLM algorithm on ‘butterfly’ with noise level 25. The first image is
the PSNR surface under different ax and ap. The second one is the energy curves of different ax with fived
ap =0.5. The third one is the energy curves of different ap with fired ax =0.5. The comparisons of the second
and third plots are conducted through log-log scale analysis.

and the beneficial role of parameter tuning in achieving superior image quality.

4.2. PnP-iBPLM for Image Restoration. For this specific inverse problem, given the
input image Y with some linear operator B, the image restoration model can be formulated
as follows:

N 2L Bir o2 A _v2
(4.1) X%I’?’Z2||DX I+ S = Z]" + Axdx (X) + Ap¢p(D) + Az¢z(Z) + [ BI - Y7,

where D is the dictionary, X is the corresponding sparse coefficient, I is the latent image, and
1, B, Ax, Ap, Az and Aj are positive parameters. The ¢p, ¢x, and ¢z serve as regularisers for
D, X, Z, respectively. However, we simplify the iteration by applying only one denoiser in 0.
For the variables D and X in the dictionary learning method, we use the regularizer according
to their definition to better fit the meaning of the model. For 67, we use the data-fitting term
to constrain the image restoration model. Following the proposed PnP-iBPLM algorithm,
this model can be solved by setting h(X,D,I,Z) = 2|DX - I|* + g”[ - Z|1%, 0x = Axdx(X),
0p = pop(D), 0; = %HBI—YHQ, 0z = z¢7(Z). The following are the more specific settings.
For X-subproblem, we have

ket o1 ok 2k ||
(4.2) X" e argmin X - X" +9xh%|| +Axox(X),
X 2

where ﬁ’)“( = nDkT(Dka —I%), XF = XF 4 ax(XF - Xk, D*" s the conjugate of DF,
ap €[0,1], and vx € (0,1/Lx), Lx is the Lipschitz constant. Following the definition of the
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traditional dictionary learning model, we set ¢x(X) = |X|o to describe the sparsity of the
coefficients. Hence, the X-subproblem can be solved by the hard-shrinkage method.
For D-subproblem, we have

(4.3) DF*! ¢ arg min —HD DF + VDhDH + Apdp(D),
D

where bk = n(DFXF - M)XK DF = DF + ap(DF - DF1), XF = XF 4y (XF1 = XF) XK i
the conjugate of X*, ap €[0,1], 7x € [0,1], and yp € (0,1/Lp), Lp is the Lipschitz constant.
Following the definition of the traditional dictionary learning model, we set ¢p(D) = | D|>.
Hence, the D-subproblem has a close-formed solution.

For I-subproblem, we get

(4.4) I**! = argmin —HI i* +thH + —||BI Y2,
I

with A% = (1% = DEX*) + (1% - Z%), I* = I* + a;(IF - I*1), D¥ = DF + rp(D**! - DF),
Xb = XF 4 e (XF - XF), o € [0,1], 7p € [0,1], 7x € [0,1], and ~7 € (0,1/Ly), Ly is the
Lipschitz constant. I-subproblem also has a close-formed solution.

For the Z-subproblem

(4.5) Z¥1 ¢ argmin —HZ Zk+’YthH +Az02(2),
Z

where hE = B(ZF - TF), ZF = ZF + ay(ZF - ZFY), TF = IF + 7 (I — I%), 77 € [0,1], and
vz €(0,1/Lyz), Lz is the Lipschitz constant. Hence it can be solved by a deep denoiser

(4.6) ZF = Da(2k —vzh, 'YZ)\Z)~

More specifically, we use the classical DRUNet [64] as our deep gradient step denoiser.
DRUNet incorporates both U-Net and ResNet architectures and takes an additional noise
level map as input, achieving state-of-the-art performance in Gaussian noise removal. Similar
to the setting in [55, 24|, we regularize the training loss of D, using the spectral norm |- ||g
of the Hessian of g, as follows

(4‘7) 'CS(U) = Ex~p,§g~./\/'(0,z72) [”DG (X + 50) - X”2 +0.01 maX(HVZQJ (X + ga) HS ) 09)]

to ensure the Lipschitz constant of Vg, is less than 1, which is consistent with Section 3.2.
Berkeley segmentation dataset, Waterloo Exploration Database, DIV2K dataset, and Flick2K
dataset are applied as the training sets.

Note that we follow the setting in the [55, 24], only noise level {2.55,7.65,12.75} are
considered in training. After training, we apply the pre-trained deep gradient step neural
network as the denoiser to handle the image restoration problem of heavy Gaussian noise.
Experiments show that our method can even handle the image corrupted with heavy motion
blur and Gaussian noise.

This manuscript is for review purposes only.



18 C. HUANG, Z. WU, Y. CHENG, T. ZENG, C. SCHONLIEB, AND A. AVILES-RIVERO

Table 3
Average PSNR (dB) and SSIM (%) results of different restoration models for MB(20,60)/o = 25. We refer
to ’Equivariant’ as 'Equi.’, and denote our approach with a *.

Datasets Metric Degraded DPIR [64] DiffPIR [66] BEqui. [48] SNORE [39] DYSdiff [55] *PnP-iBPLM

Set3C PSNR 14.75 20.78 20.64 22.82 22.14 22.67 23.05
SSIM 50.85 84.67 85.41 90.68 86.95 89.46 90.71
CBSD10 PSNR 17.58 24.14 23.24 24.74 24.01 24.51 24.77
SSIM 31.08 74.27 70.97 75.70 70.91 74.94 76.17
Set17 PSNR 17.79 24.16 22.76 24.65 24.17 24.46 24.74
SSIM 42.20 77.75 73.86 80.42 77.08 79.88 80.85
Set18 PSNR 18.21 25.56 22.86 26.25 25.51 26.03 26.22
SSIM 51.49 83.76 79.47 87.94 84.15 86.81 87.50
Kodak24 PSNR 18.24 24.99 24.23 25.25 24.70 25.16 25.50
SSIM 36.30 79.97 77.51 81.19 75.73 79.79 81.03

We begin by comparing our proposed PnP-iBPLM against the existing techniques of that
DPIR [64], DiffPIR [66], Equivariant [48], SNORE [39], DYSdiff [55]. Table 3 illustrates the
performance of our proposed PnP-iBPLM technique across various datasets at a noise level of
o, comparing favorably with established restoration models like DPIR, DiffPIR, Equivariant,
and SNORE. Notably, PnP-iBPLM consistently achieves top-tier SSIM scores, supporting
its exceptional capability in preserving image structure and texture, particularly evident in
the CBSD10, Setl7, and Kodak24 datasets where it leads with the highest SSIM values.
While its PSNR scores are occasionally outperformed by the Equivariant model, PnP-iBPLM
demonstrates robust overall effectiveness in PSNR, as well, especially highlighted in Set18
and Kodak24. This performance underscores the algorithm’s utility in producing high-quality
restorations across different types of images and conditions, confirming its adaptability and

(e) Equi. (28.66/95.17) (f) SNORE (27.26/89.88)g) DYSdiff (28.18/93.78) (h) Ours (29.06,/94.75)

Figure 4. Image restoration results (PSNR /SSIM) with motion blur kernel MB(20,60) and Gaussian noise
level 25. We refer to ’Equivariant’ as Equi.’. Visualisation comparison of our scheme and some state-of-the-
art PnP-based methods: (c) DPIR [64], (d) DiffPIR [66], (e) Equivariant [48], (f) SNORE [39], (g) DYSdiff
[55], and (h) Our PnP-iBPLM.
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1

(e) Equi. (21.62/75.47) (f) SNORE (21.47/70.52) (g) DYSdiff (21.68/74.35) (h) Ours (21.92/76.i1)

Figure 5. Image restoration results (PSNR/SSIM) with motion blur kernel MB(20,60) and Gaussian noise
level 25. We refer to ’Equivariant’ as 'Equi.’. Visualisation comparison of our scheme and some state-of-the-
art PnP-based methods: (¢) DPIR [64], (d) DiffPIR [66], (e) Equivariant [48], (f) SNORE [39], (g) DYSdiff
[55], and (h) Our PnP-iBPLM.

17.12/68.42)(c) DPIR (22.51/92.11) (d) DiffPIR (
L4

(e) Equi. (22.82/92/78) (f) SNORE (22.78/91.28)(g) DYSdiff (22.90/92.60) (h) Ours (23.12/93.01)

Figure 6. Image restoration results (PSNR /SSIM) with motion blur kernel MB(20,60) and Gaussian noise
level 25. We refer to ’Equivariant’ as ’Equi.’. Visualisation comparison of our scheme and some state-of-the-
art PnP-based methods: (c) DPIR [64], (d) DiffPIR [66], (e) Equivariant [48], (f) SNORE [39], (g) DYSdiff
[55], and (h) Our PnP-iBPLM.

This manuscript is for review purposes only.



20 C. HUANG, Z. WU, Y. CHENG, T. ZENG, C. SCHONLIEB, AND A. AVILES-RIVERO

strength in handling complex noise levels and various degradation types.

The visual results depicted in Figures 4, 5, and 6 further support the quantitative find-
ings discussed earlier, affirming the superior performance of PnP-iBPLM in image restoration
tasks. Clear and crisp details are preserved in the denoised images produced by PnP-iBPLM,
showcasing its ability to effectively remove noise while retaining essential image features. Com-
parative analysis against existing techniques such as DPIR, DiffPIR, Equivariant, SNORE,
and DYSdiff further solidifies PnP-iBPLM’s position as a state-of-the-art solution for high-
fidelity image restoration.

5. Conclusion. In this paper, we proposed the inertial block proximal linearised min-
imisation (iBPLM) algorithm, a novel framework for effectively solving non-convex inverse
problems in image processing. Addressing the limitations of existing optimisation algorithms,
our approach bridges the gap between block-based and alternating-based methods, combin-
ing their strengths while mitigating their weaknesses. By integrating extrapolation techniques
and deep denoisers within the framework, our PnP-iBPLM algorithm demonstrates robustness
and effectiveness in handling non-convex and non-smooth problems, supported by theoretical
analysis. Our work contributes significantly to the fields of optimisation and image process-
ing, providing a novel solution for non-convex inverse problems. The superior performance of
the iBPLM and PnP-iBPLM algorithms in image denoising and restoration tasks underscores
their potential for a wide range of applications.
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