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ABSTRACT

Blazars exhibit multiwavelength variability, a phenomenon whose underlying mech-
anisms remain elusive. This study investigates the origin of such variability through
leptonic blazar emission simulations, focusing on stochastic fluctuations in environ-
mental parameters. By analyzing the spectral indices of the power spectral densities
of the variability, we assess their relationship with the underlying fluctuations. Our
findings reveal that the variability spectral indices remain almost independent of the
variations responsible for their emergence. This suggests a complex interplay of factors
contributing to the observed multiwavelength variability in blazars.

Keywords: –

1. INTRODUCTION

Blazars are a subclass of active galactic nuclei
known to be some of the brightest persistent
multi-wavelength sources in the sky (Urry &
Padovani 1995; Abdollahi et al. 2020). Blazars
possess jets of relativistic particles propagating
along their central region’s rotation axis which
is closely aligned to our line of sight. The rela-
tivistic bulk motion of the emission region leads
to highly Doppler-boosted observed emission.
Radio up to UV/X-ray radiation is produced by
leptonic synchrotron emission, while the mech-
anisms producing the high-energy spectral com-
ponent (X-ray through γ-rays, in some cases up
to TeV energies) are still up for debate. Some
candidate mechanisms include inverse Compton
scattering (Begelman & Sikora 1987; Maraschi
et al. 1992; Dermer & Schlickeiser 1993; Sikora

et al. 1994; Ghisellini et al. 2010; Böttcher et al.
2013), proton synchrotron radiation, and photo-
pion production and subsequent decay of pions
and muons, initiating electromagnetic cascades
(Mannheim & Biermann 1992; Mannheim 1993;
Mücke & Protheroe 2000; Böttcher et al. 2013).

Blazar emission exhibits unpredictable vari-
ability across the entire electromagnetic spec-
trum. This variability is observed on both short
(minutes up to days) and long (weeks up to
years) time scales (e.g., Albert et al. 2007; Aha-
ronian et al. 2007; Ackermann et al. 2016; Arlen
et al. 2013; Chatterjee et al. 2021). Multiwave-
length blazar observation campaigns (e.g., Nils-
son et al. 2018; Abdollahi et al. 2020; Peñil et al.
2024; MAGIC Collaboration et al. 2024) elu-
cidated the phenomenology of blazar variabil-
ity in some detail. However, the exact cause(s)
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of this phenomenon still elude(s) the scientific
community.

One of the characteristics routinely found
in long-term observations of blazar variabil-
ity as well as Galactic X-ray binaries is ei-
ther simple or broken power-law spectra in the
power spectral densities (PSDs) of their light
curves (H. E. S. S. Collaboration et al. 2017;
Goyal 2020; Bhatta & Dhital 2020; Goyal et al.
2022). Therefore it is plausible that some
type of stochastic process is at work producing
the multiwavelength variability such that emis-
sion power and temporal frequency are anti-
correlated, i.e. P (f) ∝ f−α, also commonly re-
ferred to as coloured noise. Furthermore, some
works quantifying the power law indices have
found that these indices do not necessarily agree
between different wavebands (e.g. Goyal et al.
2022).

Various models have been developed that ex-
hibit colored noise variability, but are often con-
strained by the duration of particular events,
rendering them effective only temporarily. Very
few models attempt to explain continuous sus-
tained variability over the large range of ob-
served variability time scales (e.g., Finke &
Becker 2015). Recent papers, including Tavec-
chio et al. (2020); Adams et al. (2022); Brill
(2022), employ stochastic differential equations
to model high-energy blazar variability with
some success, adding to the growing evidence
for the role of stochastic processes in these phe-
nomena.

This work attempts to understand how vari-
ability can arise assuming some self-sustaining
process manipulates key parameters in the emit-
ting region in a stochastic manner. Details of
the model and methodology are explained in
Section 2. Section 3 presents the main results
of the paper followed by a discussion and con-
clusions in Section 4.

2. MODEL SETUP

2.1. Leptonic one-zone Emission Model

We use a leptonic one-zone blazar emission
model to simulate multi-wavelength blazar vari-
ability (Diltz & Böttcher 2014; Zacharias et al.
2017, 2022; Thiersen et al. 2022; Zacharias
2023). The model assumes that all emission is
produced by a single homogeneous volume/zone
located close to the central region, contain-
ing isotropically distributed relativistic leptons
(electrons and possibly positrons). Due to the
relativistic nature of the leptons they produce
non-thermal emission via synchrotron (radio up
to UV and/or X-ray radiation) and inverse-
Compton radiation (X-ray up to very high-
energy [VHE] γ-rays). Furthermore, the blob
travels at relativistic speed with bulk Lorentz
factor Γ with respect to the central region.
The observer’s line of sight is closely aligned
to the jet axis (θobs < 10◦). This results
in strongly Doppler boosted non-thermal emis-
sion, characterized by the Doppler factor δ =
(Γ [1 − βΓ cos θobs])

−1, where βΓ is the velocity
(normalized to the speed of light) correspond-
ing to Γ. The νFν peak fluxes are boosted by
a factor δ4 into the observer’s frame. Addition-
ally, radiation frequencies are boosted by a fac-
tor δ and timescales in the co-moving frame are
shortened in the observer’s frame by a factor
δ−1.

Our code solves the time dependent Fokker-
Planck and radiation-transfer equations for the
lepton and photon populations in the emission
region. The calculations account for radiative
cooling from synchrotron emission and inverse
Compton scattering of the synchrotron spec-
trum itself (synchrotron-self Compton; SSC;
Konigl (1981); Marscher & Gear (1985); Ghis-
ellini & Maraschi (1989)) as well as external
photon fields, i.e. accretion disc, broad-line re-
gion and/or dusty torus photons (Ghisellini &
Madau 1996; Böttcher et al. 1997; B lażejowski
et al. 2000; Ghisellini & Tavecchio 2008). Addi-
tionally γ-γ pair production and external pho-
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ton absorption effects are accounted for in the
model. Accelerated relativistic leptons are in-
jected at each time step with a power law energy
spectrum, representing the typical non-thermal
electron spectra resulting in most known astro-
physical acceleration mechanisms.

2.2. Blazar Parameters

Table 1 shows the parameters for two syn-
thetic blazar types used in this work, similar
to the ones used in Thiersen et al. (2022): a
flat spectrum radio quasar (FSRQ) and a high
synchrotron-peaked BL Lac object (HBL). The
parameters for these blazars were chosen to be
as closely matched as possible while maintaining
the characteristics of their classification. This
is done to eliminate unintentional side effects
due to differences in blazar parameters as far
as possible. Although observed HBLs generally
exhibit redshifts z ≲ 0.5, we use the same red-
shift for both source types in order to allow for a
direct comparison. Placing the simulated HBL
at z = 1.0 implies decreased fluxes and a slight
shift of the SED towards lower frquencies, which
do not meaningfully impact the variability re-
sults.

The differences in parameters are mainly the
different lepton spectra of the two blazars.
Compared to the leptons in the FSRQ model,
the leptons in HBL models possess higher
Lorentz factors to produce the necessary sig-
nificant SSC emission in X-rays up to VHE
γ-rays. However, the synchrotron emission
in radio up to soft X-rays also produced by
HBL-leptons would be overestimated with mag-
netic fields strengths similar to the FSRQ case,
which therefore warrants the lower magnetic
field strength for the HBL. The higher Lorentz
factors of the leptons in the HBL case increase
the peak frequency of the synchrotron emission
such that the spectrum can be classified as HBL.

Furthermore, the differences in electron injec-
tion index and co-moving injection luminosity
of the electron spectrum are adjusted to bal-

ance the spectral energy distributions (SEDs)
to be realistic. Figure 1 shows the steady-state
SEDs of the two blazars, illustrating also which
cooling mechanisms dominate in each case.

We derive light curves in the optical (R band),
X-ray (0.2 – 10 keV), HE (100 MeV – 300 GeV),
and VHE (20 GeV – 300 TeV) γ-ray domains as
indicated in Fig. 1. These domains are chosen
to be representative of current and future in-
struments such as Swift-XRT, Fermi -LAT and
CTAO.

2.3. Stochastic Variations

We assume that a self-sustaining process ex-
ists that can change a parameter or parameters
in the emission region following our generated
stochastic variations. For simplicity and to iso-
late the signatures of variations of individual
parameters, the stochastic variations are limited
to vary only a single parameter in each realiza-
tion of the model.

Four different parameters were used as varying
parameters: the maximum electron Lorentz fac-
tor, γmax, the electron injection luminosity, Linj,
the magnetic field strength, B, and the elec-
tron spectral index, q. All these parameters are
plausible candidates to change in different ac-
celeration processes (Summerlin & Baring 2012;
Mościbrodzka & Falcke 2013; Zech & Lemoine
2021; Zhang et al. 2022).

The algorithm for producing synthetic light
curves by Timmer & Koenig (1995) is employed
here to produce the variations. The algorithm
takes a power spectral density (PSD) as input
to produce a periodogram – the Fourier trans-
form of a time series – that maps to a noisy ver-
sion of the input PSD. This noise is generated
by means of mapping normally distributed ran-
dom variables that depend on the input PSD.
Applying an inverse Fourier transform on the
periodogram produces a time series which rep-
resents the synthetic light curve.
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Table 1. Initial model parameters for the representative FSRQ and HBL blazar cases. These parameters
remain fixed unless they represent the varying parameter of the respective simulation realization. The
subscript 0 indicates the parameter’s initial value.

Definition Symbol FSRQ HBL

Magnetic field B0 1.70 G 0.40 G

Blob radius R 3.0 × 1016 cm 3.0 × 1016 cm

Ratio of the acceleration to escape time scales η 1.00 1.00

Escape time scale tesc 10.0 R/c 10.0 R/c

Redshift to the source z 1.0 1.0

Minimum Lorentz factor of the electron injection spectrum γmin 1.0 × 102 1.0 × 104

Maximum Lorentz factor of the electron injection spectrum γmax,0 1.0 × 104 1.0 × 106

Bulk Lorentz factor Γ 20.0 20.0

Observing angle relative to the axis of the BH jet θobs 5.0 × 10−2 rad 5.0 × 10−2 rad

Doppler factor δ 20.0 20.0

Electron injection index q0 2.8 2.5

Co-moving injection luminosity of the electron spectrum Linj,0 5.0 × 1043 erg/s 1.0 × 1042 erg/s

Mass of the super massive black hole MBH 8.5 × 108M⊙ 8.5 × 108M⊙

Eddington ratio lEdd 1.0 × 10−1 1.0 × 10−4

Initial location of the blob along jet axis d 6.5 × 1017 cm 6.5 × 1017 cm

Radius of the BLR RBLR 6.7 × 1017 cm -

Effective temperature of the BLR Teff 5.0 × 104 K -

Effective luminosity of the BLR LBLR 1.0 × 1045 erg/s -

Figure 1. Steady-state spectral energy distributions (SEDs) for the FSRQ (left) and HBL (right). The
gray bands depict the energy ranges over which the flux is integrated to generate the optical, X-ray, and HE
and VHE γ-ray light curves.
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The time series is manipulated appropriately
to represent a scale factor or an offset of the
varying parameters and to fall within physical
limits both numerically and physically imposed.
The respective parameter scale factors span
the following ranges: γmax/γmax,0 ∈ [0.1, 4],
Linj/Linj,0 ∈ [0, 4], B/B0 ∈ [10−2, 3],
q ∈ [q0 − 1, q0 + 1].1 These manipulations are
such that the underlying indices in the PSDs
are not affected. Five different values of the
PSD index α of the variations were explored:
α = 1.0, 1.5, 2.0, 2.5, and 3.0.

2.4. Variation Permutations

Variability is generated for each permutation
of blazar parameters, variation PSD indices and
varying parameters – 40 permutations in total.
For each permutation a total of 100 simulations
were run to obtain good statistics. Further-
more, in order to test the robustness of our re-
sults and ensure that there are no artefacts due
to the finite time resolution of the simulations,
we run every simulation twice, once with a short
time step and once with a long time step, with
the respective time steps differing by a factor of
∼ 20. In addition to testing the statistical ro-
bustness of our simulations, this also allows us
to explore an extended range of temporal fre-
quencies, referred to as short- and long-time-
scale frequencies for the short- and long-time-
steps, respectively.

The short-time-step case used a co-moving
time step of ∆t = 2 hours which translates to
∆tobs = 720 seconds in the observer’s frame.
Cooling time scales for the radiation mecha-
nisms in the observer’s frame given the blazar
parameters in Table 1 range between ∼ 102 sec-
onds up to ∼ 105 seconds depending on the en-
ergy of the leptons (Thiersen et al. 2022). Due
to Doppler and redshift effects this time step
duration translates to the effective temporal fre-

1 Parameters subscripted with 0 indicate the value at the
steady-state SED solution.

quencies in the observer’s frame falling within
the range [7.18 × 10−7, 2.9 × 10−3] Hz.

Similarly, in the long-time-step case ∆tobs =
1.5 × 104 s (∆t = 1.5 × 105 seconds in the
co-moving frame) which is much longer than
most of the cooling time scales of the emission
processes involved. This case probes tempo-
ral frequencies in the range [3.48 × 10−9, 1.41 ×
10−5] Hz in the observer’s frame. The overlap,
[7.18 × 10−7, 1.41 × 10−5] Hz, allows for testing
the consistency of the model for different time
step sizes.

Light curves were generated for a total of 8000
simulations. For each of the permutations a
waveband-specific average fractional variability
(Vaughan et al. 2003; Schleicher et al. 2019),
and PSD power law index is calculated from the
light curves. The average fractional variability
for a permutation is calculated from the frac-
tional variability of each of the light curves of
its 100 simulations. The standard deviation of
the fractional variability data is used as error
bar. The waveband-specific average PSD power
law index of a permutation is derived by first
calculating an average PSD. This is done by cal-
culating the average and standard deviation for
the power in each temporal frequency over the
100 simulations of a permutation. A power law
is then fitted to the average PSD to determine
the average PSD index.

3. RESULTS

Figures 2 and 3 show the averaged PSDs of
simulated variability for each permutation of
blazar parameters and varying parameter with
input PSD power law index of 2.0. The vari-
ability indices within the overlapping frequency
range are compatible within error margins. The
power differences between the short- and long-
time-scale simulations are due to keeping the
magnitude of input parameter variations the
same for both time step cases. This leads to a
proportional shift in the power of each temporal
frequency. Most notably, the variability indices
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Figure 2. Variability PSDs for the FSRQ case with variation power law index 2.0. Blue: long-time-scale
frequencies. Red : short-time-scale frequencies. Varying parameters as indicated in the titles and wavelengths
as indicated in the panels.

for all cases are larger than the variation index
of 2.0.

We do not show PSDs for the other variation
indices, as they look rather similar to Figs. 2 and
3. The main results of these plots are the vari-
ability indices in the overlap region of the short-
and long-time-scale simulations. The compari-
son is shown in Figs. 4 and 5 for all parame-
ter variations and variation indices. The results
show that the short- and long-time-scale indices
are mostly consistent with each other. With few
exceptions, the comparison between the varia-
tion and variability PSD indices shows no strong
evidence of proportionality as most results are

compatible with a constant index of the vari-
ability within error margins of 2σ.

The exceptions from the aforementioned com-
patibility with constant variability index are for
the FSRQ the X-ray variability indices for vary-
ing (a.1) magnetic field and (a.2) electron spec-
tral index; and for the HBL the (b.1) X-ray and
(b.2) VHE γ-ray variability for varying maxi-
mum Lorentz factor, (c) optical variability for
magnetic field variations and (d) HE γ-rays for
electron spectral index variations.

In some cases the variability produced in dif-
ferent wavebands in the model is of so small
amplitude that it can be considered practically
unobservable. Figures 6 and 7 show the aver-
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Figure 3. Same as Fig. 2, but for the HBL case.

aged fractional variability, Fvar, as a function of
frequency for the different permutation cases.
The fractional variability of the simulated light
curves is low compared to typical observations,
in some cases with values as low as 10−3. This
is likely due to relatively low amplitudes of the
input parameter variations, but is not expected
to have a significant impact on the PSD char-
acteristics of the light curves. As expected, the
fractional variability increases with steeper vari-
ation temporal indices, as this leads to increased
power at low frequencies of the underlying pa-
rameter variations.

4. DISCUSSION AND CONCLUSION

This work shows that a time-dependent one-
zone leptonic blazar model with stochastic pa-

rameter variations produces variability patterns
that are almost independent of the PSD power-
law index of the input parameter variations and
of the time step used for the simulations. How-
ever, it is unphysical for such a power law trend
to extend indefinitely to lower temporal fre-
quencies. Therefore, some cut-off is expected,
but no clear indications of such a cut-off were
found in our results.

The consistency of a constant temporal spec-
tral index for the variability suggests that it is
unlikely that the PSDs of blazar variability are
dominated by the temporal characteristics of
the underlying physical conditions in blazars,
specifically the changes in the injected elec-
tron spectrum (i.e. maximum Lorentz factor,
injection luminosity, and electron spectral in-
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Figure 4. PSD index comparisons for the FSRQ simulations. Blue: long-time-scale frequencies; Red :
short-time-scale frequencies. Varying parameters as indicated in the titles and wavebands as indicated in
each panel.

dex) and magnetic field variations tested in this
work. As a caveat, we note that the magnetic-
field variations simulated in our work do not
reflect the drastic changes expected in case of
magnetic reconnection.

This leads to the conclusion that the variabil-
ity power law index is not intrinsically deter-
mined by the temporal spectrum of underly-
ing single parameter fluctuations in the emis-
sion region. However, the temporal variations
of physical parameters are still expected to be
a plausible cause for small amplitude flux varia-
tions which continuously occur even in quiescent
states in blazars.

A further caveat is that the fractional variabil-
ity produced by our simulations is significantly
smaller than typically observed in blazar light
curves. While this could be remedied by larger-
amplitude parameter variations in our simula-
tions, we do not expect this difference to have
a significant impact on the PSD characteristics
of the simulated light curves.

In our previous work (Thiersen et al. 2022)
we studied only a single variation index (2.0)
and concluded that the resulting PSD index was
similar to the variation index. However, a fit of
the PSD was not done, and thus the results in
both studies are compatible. However, we con-
cluded in Thiersen et al. (2022) that there is
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Figure 5. Same as Fig. 4, but for the HBL case.

a high likelihood that the variability PSD re-
flected the PSD of the varying parameter. This
is refuted in this work given that the variabil-
ity index as a function of the variation index
is compatible with a constant value throughout
the various cases. As in our previous work, we
find that the model does not produce waveband-
dependent variability spectral indices as found
in observations. This is an indication that in re-
ality blazar emission does not originate from a
single emission zone; see, e.g., Aharonian et al.
(2023) for an example of observational evidence
for this. Therefore, a multi-zone emission model
with emission zones quasi-causally connected
would be better suited for simulation of variabil-
ity that is more representative of observed vari-
ability patterns. Furthermore, one can also ar-

gue that single parameter variations are highly
unlikely and not physically plausible which sup-
ports the hypothesis of using multi-parameter
variations. This is left for future investigations.

A similar study was conducted by Polkas et al.
(2021), but they employed observed light curves
from Fermi-LAT in order to generate single pa-
rameter variations. Similar to our conclusions,
they found that single parameter variations are
unable to reproduce the observed variability.
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Figure 6. Fractional variability for the FSRQ case with colours indicating the short-/long-time-step
simulations and PSDs fit by power-laws with indices provided in the legend.
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