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In the present work, we construct the Lagrangians including three-meson, meson-diquark-antidiquark ver-
tices, such that the diquark-antidiquark component as well as the molecular component are introduced within
the effective field theory. With the obtained effective potentials projecting to spin 0, 1 and 2, we solve the
Bethe-Salpeter equation with the on-shell approximation, and find that X(4500) can be explained as the mixture
of components D∗+s D∗−s , AcqĀcq and AcsĀcs with IG(JPC) = 0+(0++). In addition, another two resonances with
quantum numbers IG(JPC) = 0+(1++) and IG(JPC) = 0+(2++) are predicted.

I. INTRODUCTION

In Refs. [1–3], the LHCb collaboration announced their ob-
servation of four resonant states in the invariant mass spectra
of J/ψϕ. Two of them are named as X(4140) and X(4274)
with JPC = 1++, and the other two are named as X(4500) and
X(4700) with JPC = 0++. In the present work, we focus only
on the X(4500) state of which the mass and width are [4]

m = 4474 ± 4 MeV, Γ = 77+12
−10 MeV,

respectively.
After the discovery of the LHCb collaboration mentioned

above, there are many works investigating the structure of
X(4500). X(4500) was studied by QCD sum rules in Refs.
[5–9]. The authors in Refs. [5, 6] explained X(4500) as
the D-wave tetraquark with JP = 0+, while the author in
Refs. [7–9] claimed that X(4500) can be explained as a 2S
tetraquark with the configuration [cs]A[c̄s̄]A. Maiani et al in
Ref. [10] attributed X(4140), X(4500) and X(4700) to 1S, 2S
and 2S diquark-antidiquark states, respectively, and proposed
the X(4274) to correspond rather two, almost degenerate, un-
resolved lines with JPC = 0++, 2++. In the studies of the quark
model [11, 12], X(4500) is explained as the orbital or radial
excitation tetraquark. However, in Ref. [13] Yang and Ping
found that there was no matching state to X(4500) in their
calculation within the chiral quark model. According to the
diquark-antidiquark model [14, 15], X(4500) could be inter-
preted as the excitation of the diquark-antidiquark state in the
S wave. Ref. [16] found that it was hard to ascribe X(4500)
to the rescattering effects of the P-wave threshold, which im-
plied that X(4500) could be a genuine resonace. In addition,
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the works [17–19] identified the state X(4500) as 4P charmo-
nium.

From the above discussion, we see that the configuration
of X(4500) is not so clear. Thus, in the present work we re-
examine X(4500) and try to reveal its nature.

In Ref. [20], we extended the hidden local symmetry to
the meson-diquark sector, where the charmed mesons and
charmed diquarks were viewed as the external fields, the light
pseudoscalar mesons were Goldstone bosons, and the light
vector mesons were gauge bosons. Then the Lagrangian of
the vertices involving charmed meson, charmed diquark and
light diquark were constructed. Note that only the color an-
titriplet diquarks were taken into account, since the interac-
tion between the quarks of an antitriplet was attractive, while
that of a color sextet was repulsive. Using the Lagrangian,
we calculated the effective potentials corresponding to the
mason-meson and diquark-antidiquark coupled channels. By
solving the Bether-Salpeter equation, we found that the Zcs
states could be explained as the mixture of hadronic molecule
and the diquark-antidiquark state. In Ref. [21], this formal-
ism was extended to the bottomonium-like meson sector. By
calculating the effective potentials with the Lagrangians con-
structed and solving the Schrödinger equation, we found that
the Zb states discovered by the Belle collaboration could be
interpreted as molecular states slightly mixing with diquark-
antidiquark states.

In the present work, we use the model of Refs. [20, 21],
and try to study whether we could explain the X(4500) state in
the framework of the mixture of molecular states and diquark-
antidiquark states.

The structure of the paper is organized as follows. After the
introduction, the theoretical framework is described in Sec.
II. The numerical results and discussion are shown in Sec. III.
Finally, a brief summary is given in Sec. IV.
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II. FORMALISM

A. The effective Lagrangian

In the present work, we consider the spontaneously break-
ing symmetry of [U(3)L ⊗U(3)R]global ⊗ [U(3)V ]local, such that
the pseudoscalar mesons π, K and η(′) are introduced as Gold-
stone bosons, and the vectors ρ, ω, K∗, K̄∗ and ϕ are gauge
bosons. Taking into account both the parity and charge conju-
gation, the Lagrangians we need are constructed as follows

L1 = ia1(Pα̂∥µDµP† − DµPα̂||µP†)

ia2(Pα̂⊥µP∗µ† − P∗µα̂⊥µP†)

a3(ϵµναβP∗να̂⊥αDµP∗†β + ϵ
µναβDµP∗βα̂⊥αP∗†ν )

+ia4(P∗να̂
µ
∥
DµP∗ν† − DµP∗να̂µ

∥
P∗†ν ), (1)

L2 = e1(iPDµS aAaµ†
c − iAaµ

c DµS a†P†)

+e2(iPAa
µDµS a†

c − iDµS a
c Aa†

µ P†)

+e3(ϵµναβPAa
µνA

a†
cαβ + ϵ

µναβAa
cαβAa†

µνP
†)

+e4(iP∗µDµS aS a†
c − iS a

c DµS a†P∗†µ )

+e5(ϵµναβP∗µDνS aAa†
cαβ + ϵ

µναβAa
cαβDνS a†P∗†µ )

+e6(ϵµναβP∗µAa
ναDβS a†

c + ϵ
µναβDβS a

c Aa†
ναP∗†µ )

+e7(iP∗µAaµνAa†
cν − iAa

cνA
aµν†P∗†µ )

+e8(iP∗µAa
νAaµν†

c − iAaµν
c Aa†

ν P∗†µ )

+e9(iP∗µνA
aµAaν†

c − iAaν
c Aaµ†P∗†µν), (2)

L3 = h1(iS a
c α̂

µT
∥

DµS a†
c − iDµS a

c α̂
µT
∥

S a†
c )

+h2(ϵµναβAa
cµνα̂

T
∥αDβS a†

c + ϵ
µναβDβS a

c α̂
T
∥αAa†

cµν)

+h3(iAa
cµα̂

µT
⊥ S a†

c − iS a
c α̂

µT
⊥ Aa†

cµ)

+h4(iAa
cµα̂

T
∥νA

aµν†
c − iAaµν

c α̂T
∥νA

a†
cµ)

+h5(ϵµναβAa
cµα̂

T
⊥νA

a†
cαβ + ϵ

µναβAa
cαβα̂

T
⊥νA

a†
cµ), (3)

where

DµP = ∂µP + iPα†
∥µ
= ∂µP + iPα∥µ,

DµP∗ν = ∂µP∗ν + iP∗να
†

∥µ
= ∂µP∗ν + iP∗να∥µ,

DµS a
c = ∂µS a

c − iS a
cα

T
∥µ,

DµAa
cν = ∂µAa

cν − iAa
cνα

T
∥µ,

DµS a = ∂µS a − iVµS a − iS aVT
µ ,

DµAa
ν = ∂µAa

ν − iVµAa
ν − iAa

νV
T
µ ,

Aa
cµν = DµAa

cν − DνAa
cµ,

Aa
µν = DµAa

ν − DνAa
µ,

α∥µ = (∂µξRξ
†

R + ∂µξLξ
†

L)/2i,

α⊥µ = (∂µξRξ
†

R − ∂µξLξ
†

L)/2i,
α̂∥µ = α∥µ − Vµ,

α̂⊥µ = α⊥µ,

ξL = eiσ/Fσe−iΦ/2Fπ ,

ξR = eiσ/FσeiΦ/2Fπ .

In the above equations, P and P∗µ are charmed meson
fields, which are defined as P = (D0,D+,D+s ), P∗µ =
(D∗0,D∗+,D∗+s )µ. The light mesons fields read

Φ =
√

2

á √
3π0+η+

√
2η′

√
6

π+ K+

π− −
√

3π0+η+
√

2η′
√

6
K0

K− K̄0 −2η+
√

2η′
√

6

ë
,(4)

Vµ =
gV
√

2

Ü
1
√

2
(ρ0 + ω) ρ+ K∗+

ρ− − 1
√

2
(ρ0 − ω) K∗0

K∗− K̄∗0 ϕ

ê
µ

. (5)

For the diquark sector, only the color antitriplet diquarks
are taken into account as mentioned in Sec. I. And the color-
antitriplet-diquark fields are given in the following

S a =

Ü
0 S ud S us

−S ud 0 S ds

−S us −S ds 0

êa

, (6)

Aa
µ =

á
Auu

1
√

2
Aud

1
√

2
Aus

1
√

2
Aud Add

1
√

2
Ads

1
√

2
Aus

1
√

2
Ads Ass

ëa

µ

, (7)

S a
c = (S cu, S cd, S cs)a, (8)

Aa
cµ = (Acu, Acd, Acs)a

µ, (9)

where S a is the light scalar diquark field, Aa
µ the light axial

vector diquark field, S a
c the charmed scalar diquark field and

Aa
cµ the charmed axial vector diquark field. The superscript

a = 1, 2, 3 is the color index. In Eqs. (2) and (3), the Einstein
summation convention is used, i.e, the repeated color indexes
mean the summation over them. On the other hand, the uni-
tary gauge σ = 0 is taken, such that ξL = ξR = e−iΦ/2Fπ .
Comparing L1 with the Lagrangian in Ref. [22], we have

a1 = −
β

mP
, a2 = −2g, a3 = −

g
mP∗

, a4 =
β

mP∗
. (10)

For g, we take the full width of D∗+ from PDG [4], and get
g = 0.58 ± 0.01. The parameter β is determined by the vector
meson dominance [22, 23], i.e., β ≈ 0.85. gV is determined
from the experimental value of gρππ, i.e., gV = 5.80±0.91 [24].
For L2 and L3, there are two sets of coupling constants ei (i =
1, 2, ..., 9) and h j ( j = 1, 2, ..., 5), of which the values are still
unknown. In the present work, we naively use the 3P0 model
to determine them. Their values are listed in Table I. Note that
we cannot fix the sign of e3, e5 and e6, because the relative
phases between the amplitudes obtained from the Lagrangian
and 3P0 model cannot be determined. For e7, e8 and e9, we
use the phases in Ref. [20], which explain the Zcs well and get
the values of them. Besides, the masses of the diquarks are
taken from Ref. [25].
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TABLE I: The values of the low energy constants in the Lagrangian.1

e1(GeV−1) e2(GeV−1) e3(GeV−2) e4(GeV−1) e5(GeV−2)

-6.939 4.161 ±1.520 4.039 ±1.588

e6(GeV−2) e7(GeV−1) e8(GeV−1) e9(GeV−1) h1(GeV−1)

±2.595 2.840 16.778 -11.098 -0.190

h2(GeV−2) h3(GeV0) h4(GeV−1) h5(GeV−1)

±0.356 -0.290 -1.632 ±0.032

B. Flavor wave function

The quantum numbers of the systems that we considered in
the present work are IG(JPC) = 0+(0++), 0+(1++) and 0+(2++).
Recalling the isospin doublets (Acu, Acd) and (Ācu,−Ācd), we
have the wave functions of this system

|XD∗s D̄∗s ⟩ = |D
∗+
s D∗−s ⟩, (11)

|XAcq Ācq
⟩ =

1
√

2
(|AcuĀcu⟩ + |Acd Ācd⟩), (12)

|XAcs Ācs
⟩ = |AcsĀcs⟩. (13)

C. The effective potentials

The Feynman diagrams corresponding to the transitions of
the channels D∗sD̄∗s, AcqĀcq and AcsĀcs are shown in Fig. 1. For
the transition amplitudes obtained with the Feynman rules,
we project the polarization vector products into different spin
states, using the spin projectors defined as

P(0) =
1
3
ϵ⃗1 � ϵ⃗2ϵ⃗

†

3 � ϵ⃗
†

4 , (14)

P(1) =
1
2

(ϵ⃗1 � ϵ⃗
†

3 ϵ⃗2 � ϵ⃗
†

4 − ϵ⃗1 � ϵ⃗
†

4 ϵ⃗2 � ϵ⃗
†

3 ), (15)

P(2) =
1
2

(ϵ⃗1 � ϵ⃗
†

3 ϵ⃗2 � ϵ⃗
†

4 + ϵ⃗1 � ϵ⃗
†

4 ϵ⃗2 � ϵ⃗
†

3 )

−
1
3
ϵ⃗1 � ϵ⃗2ϵ⃗

†

3 � ϵ⃗
†

4 , (16)

1 In Ref. [20], the values of e7, e8 and e9 in Table I should be e7 = 2.840
GeV−1, e8 = 16.778 GeV−1 and e9 = −11.098 GeV−1. And in Ref. [21],
hi (i = 1, 3, 4) should be corrected as h1 = −0.084 GeV−1, h3 = −0.266
GeV−1 and h4 = −1.457 GeV−1. However, these corrections do not change
the results and conclusions in these two papers.

where P(0), P(1) and P(2) correspond to spin 0, 1 and 2, re-
spectively. Finally, the effective potentials are given by

VD∗+s D∗−s →D∗+s D∗−s
ϕ = −

β2g2
V

2m2
P∗

m2
D∗s (s − u)

1
m2
ϕ

, (17)

VD∗+s D∗−s →Acq Ācq

Aqs
= −

√
3

2
mD∗s mAcq

[
e2

8

s − 2m2
Acq

2
+ e8e9(m2

D∗s

+m2
Acq
− u) + e2

9

s − 2m2
D∗s

2

ô
1

m2
Aqs

, (18)

VD∗+s D∗−s →Acs Ācs

Ass
= −

√
3mD∗s mAcs

ñ
e2

8

s − 2m2
Acs

2
+ e8e9(m2

D∗s

+m2
Acs
− u) + e2

9

s − 2m2
D∗s

2

ô
1

m2
Ass

, (19)

VAcq Ācq→Acq Ācq

ρ0/ω
= −

1
4

h2
4g2

Vm2
Acq

(s − u)
1

m2
ρ0/ω

, (20)

VAcu Ācu→Acd Ācd
ρ+ = −

1
2

h2
4g2

VmAcu mAcd (s − u)
1

m2
ρ+

, (21)

VAcu Ācu→Acs Ācs
K∗+ = −

1
2

h2
4g2

VmAcu mAcs (s − u)
1

m2
K∗+

, (22)

VAcd Ācd→Acs Ācs

K∗0 = −
1
2

h2
4g2

VmAcd mAcs (s − u)
1

m2
K∗0
, (23)

VAcs Ācs→Acs Ācs
ϕ = −

1
2

h2
4g2

Vm2
Acs

(s − u)
1

m2
ϕ

(24)

for spin 0, 1 and 2 with the Mandelstam variables

s = (p1 + p2)2, (25)
u = (p1 − p4)2. (26)

It is worth mentioning that the factor
√

3 in Eqs. (18) and
(19) origins from the color wave function of the diquark-
antidiquark component.

D. The Bethe-Salpeter Equation with On-shell Approximation

With the interaction potentials obtained above, using the
Bethe-Salpeter equation in its on-shell factorized form, we ob-
tain the scattering amplitudes of the T -matrix

T = (I − VG)−1V, (27)

where the matrix V corresponds to the transition amplitudes,
of which the elements are given by Eqs. (17)-(24) after pro-
jecting to the s-wave. For the Mandelstam variable u, we ne-
glect the product k⃗1 · k⃗3 which corresponds to p-wave contri-
bution, i.e.,

u ≈
m2

1 + m2
2 + m2

3 + m2
4

2
+

(m2
1 − m2

2)(m2
3 − m2

4)
2s

−
s
2
.

(28)
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Ass

AcsD∗−s

AcsD∗+s

Aqs

AcqD∗−s

AcqD∗+s

ϕ

AcsAcs

AcsAcs

ρ/ω

AcqAcq

AcqAcq

K∗

AcsAcq

AcsAcq

ϕ

D∗−sD∗−s

D∗+sD∗+s

FIG. 1: The diagrams of interaction terms on hadron levels.

In Eq. (27), G is a diagonal matrix in which the nonzero ele-
ment Gii is the two-meson loop function

Gii = i
∫

d4q
(2π)4

1
q2 − m2

i1 + iϵ
1

(P − q)2 − m2
i2 + iϵ

, (29)

where the subscript i denotes the label of a channel, Pµ is the
total four-momentum of the two mesons in the loop, qµ is the
four-momentum of one of the particles, and mi1, mi2 are the
masses of the two particles in the loop. The loop integral Eq.
(29) is logarithmically divergent and can be regularized by the
cutoff of three momentum, which has been done in Ref. [26],
given by

Gii =
1

32π2


ν

s

log
s − ∆ + ν

…
1 + m2

i1

q2
max

−s + ∆ + ν
…

1 + m2
i1

q2
max

+ log
s + ∆ + ν

…
1 + m2

i2

q2
max

−s − ∆ + ν
…

1 + m2
i2

q2
max

 − ∆s log
m2

i1

m2
i2

+
2∆
s

log
1 +
…

1 + m2
i1

q2
max

1 +
…

1 + m2
i2

q2
max

+ log
m2

i1m2
i2

q4
max

−2 log

Ñ1 +

√
1 +

m2
i1

q2
max

éÑ
1 +

√
1 +

m2
i2

q2
max

é ,

(30)

TABLE II: Pole positions in the second Riemann sheet depending on
the cutoff.

qmax (MeV) 900 1000 1100

Pole (MeV) 4488.0±i 29.6 4485.8±i 24.9 4482.2±i 21.3

TABLE III: The modules of the couplings to the
D∗+s D∗−s /AcqĀcq/AcsĀcs channels with different cutoffs.

qmax (MeV) 900 1000 1100

gD∗+s D∗−s (MeV) 5244 5408 5340

gAcq Ācq (MeV) 3784 3726 3610

gAcs Ācs (MeV) 10513 9795 9122

where qmax is the three-momentum cutoff, ∆ = m2
i2 − m2

i1, and
ν =

√
[s − (mi1 + mi2)2][s − (mi1 − mi2)2] . Eq. (30) justifies

on the first Riemann sheet, on which the bound state locates.
If one would look for the pole of resonance or virtual state, the
loop function needs to be extrapolated to the second Riemann
sheet, i.e.,

GII
ii = GI

ii + i
ν

8πs
. (31)

The T -matrix close to a pole behaves like

Ti j =
gig j

s − sR
, (32)

where the channels i, j=D∗sD̄∗s, AcqĀcq, AcsĀcs, gi is the cou-
pling to channel i, and Re(sR) and Im(sR) give the mass and
one half of the width of the resonance found. The coupling
for a certain channel is obtained as

g2
i = lim

s→sR
Tii(s − sR) (33)

The sign of the coupling to the D∗sD̄∗s channel is chosen as
positive, and those for the other channels are then determined
by the following formula

gi

g j
= lim

s→sR

Tii

Ti j
. (34)

III. NUMERICAL RESULTS

In our formalism, there is only one free parameter, the cut-
off in the loop functions Gii, which is chosen as the normal
value around 1 GeV with some uncertainties. By solving the
Bethe-Salpeter equation, we obtain the pole positions and the
modules of the couplings to all the channels depending on the
cutoff, which are presented in Table II and III.

For the channels D∗+s D∗−s /AcqĀcq/AcsĀcs with quantum
number IG(JPC) = 0+(0++), if reasonably choosing the cut-
off qmax as 900 MeV, we obtain a resonance pole at (4488.0 ±
29.6i) MeV on the second Riemann sheet. In Fig. 2, we plot
the squared module of the T -matrix depending on the complex
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FIG. 2: Three dimension plot of |Ti j|
2 on the second Riemann sheet

with the complex variable s. The cutoff is chosen as 900 MeV.

s. And one sees that there are a couple of poles located on the
lower and upper half complex plain. This agrees with the con-
clusion with respect to the Schwaz reflection principle, i.e. if
the pole on the lower half plain is viewed as the main pole,
the one on the upper half plain is the corresponding conjugate
pole. The corresponding mass and width of this pole are in
good agreement with those of X(4500) observed by the LHCb
collaboration. In view of this result, we find that X(4500) can
be explained as a mixture of the channels D∗+s D∗−s , AcqĀcq, and
AcsĀcs. The modules of the couplings to the three channels are
obtained as |gD∗+s D∗−s | = 5244 MeV, |gAcq Ācq

| = 3784 MeV, and
|gAcs Ācs

| = 10513 MeV, respectively, indicating that the AcsĀcs
component is dominant.

In addition, our results predict that the resonances of the
D∗+s D∗−s /AcqĀcq/AcsĀcs systems with the quantum numbers
IG(JPC) = 0+(1++) and 0+(2++) also exist. The masses and
widths of these states are the same as those of the pole found
for the X(4500), which are degenerate states, since the effec-
tive potentials of these two states are the same as X(4500).
The couplings to the channels D∗sD̄∗s, AcqĀcq and AcsĀcs are
also the same as those listed in Table III, which indicates that
the AcsĀcs component is dominant.

Finally, we simply discuss the possible decay channels of
the obtained states by considering the conservation of energy,
momentum, parity, and C parity. In addition to the J/ψϕ chan-
nel, these three resonances can decay into the D∗sD̄∗s and D∗D̄∗

channels. In addition, the resonances with IG(JPC) = 0+(0++)
and 0+(1++) can also decay to the channels DsD̄s/DD̄ and
DsD̄∗s/D

∗
sD̄s/DD̄∗/D∗D̄, respectively. Further experiments

can probe the properties of these states via these decay chan-
nels.

IV. SUMMARY

In the present work, we employ the symmetry of
[U(3)L ⊗ U(3)R]global ⊗ [U(3)V ]local to the meson-diquark sec-
tor, and construct the Lagrangians describing the interactions
of the D∗+s D∗−s /AcqĀcq/AcsĀcs systems, where Acq (Acs) is
the diquark component containing charm and q (s) quark.
With the effective potentials obtained by the Feynman rule,
we solve the Bethe-Salpeter equation, and find a pole on
the lower half-plane of the second Riemann sheet located at
(4488.0 ± i29.6) MeV with the cutoff qmax = 900 MeV. This
resonance is identified as the X(4500) observed by the LHCb
collaboration, since the obtained mass and width is in agree-
ment with the experimental values measured by the LHCb
collaboration. This means that X(4500) can be explained as
the mixture of the molecular and diquark-antidiquark com-
ponents. We also evaluate the couplings to all the chan-
nels, i.e., |gD∗+s D∗−s | = 5244 MeV, |gAcq Ācq

| = 3784 MeV, and
|gAcs Ācs

| = 10513 MeV, indicating that the diquark-antidiquark
component AcsĀcs is dominant.

Besides the J/ψϕ decay channel, the open charm channels,
i.e., D(∗)

s D̄(∗)
s and D(∗)D̄(∗), may also be much importance for

these states decaying. Future experiments can make further
studies of these states via such decay channels.
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