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The definition of heat current operator for systems for non-pairwise additive interactions and
its impact on related lattice thermal conductivity (κL) via molecular dynamics simulation (MD)
are ambiguous and controversial when migrating from conventional empirical potential models to
machine learning potential (MLP) models. Empirical model descriptions are often limited to three-
to four-body interaction while a sophisticated representation of the many-body physics could be
resembled in MLPs. Herein, we study and compare the significance of many-body interaction
to the heat current computation in one of the most popular MLP models, the Moment Tensor
Potential (MTP) [1]. Non-equilibrium MD simulations and equilibrium MD simulations among
four different materials, PbTe, amorphous Sc0.2Sb2Te3, graphene, and BAs, were performed. We
found inconsistency between the simulation thermostat and its implemented heat current operator
in our non-equilibrium MD results which violate law of energy conservation and suggest a need
for revision. We revisit the virial stress tensor expression within the calculator and identified the
lack of a generalised many-body heat current description in it. We uncover the influence of the
modified heat current formula that could alter the κL results 29% to 64% using the equilibrium
MD computational approach. Our work demonstrates the importance of a many-body description
during thermal analysis in MD simulations when MLPs are in concern. This work sheds light on
a better understanding of the relationship between interatomic interaction and its heat transport
mechanism.

I. INTRODUCTION

MLP has recently gained popularity in the applica-
tion of computational materials engineering, especially
for molecular dynamics (MD) simulations. Before the in-
troduction of MLP, empiricial potential functions, such
as Born-Mayer-Huggins (BMH) potential [2], Tersoff [3]
potential, and Sillinger and Weber (SW) potential [4]
are implemented under a limited description to the in-
teratomic interaction when used in conventional MD.
They often fail to describe interactions of defects, sur-
faces, or metastable states. MLP alternatively provides
a more generalized data-driven construction of the in-
teratomic interaction model. Various established MLP
models, for instance, neuroevolution potential (NEP) [5],
gaussian approximation potential (GAP) [6], MTP [1],
enable machine learning and training of the mathemat-
ics models coefficient over an expandable basis function
set with desirable accuracy to encompass the complexity
of many-body interaction within the local atomic envi-
ronment neighborhood. MLP empowers more versatile
applications such as simulations of the hydrogenation of
amorphous silicon using GAP [7] and interfacial diffu-
sion between Ge-Se alloy and Ti metal using MTP [8]
that are not possible to accurately describe with conven-
tional over-simplified potential due to complex physical
interactions. MLPs are now a crucial utility in the sim-
ulation field for material reseachers to investigate novel
materials and explore advanced applications.

A readily available software package, Machine Learn-
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ing Interatomic Potential (MLIP), has been developed
by Novikov et al. [1] to address the need for a robust
and computationally effective MLP. The MLIP features
the MTP machine learning model with an interface to
the software LAMMPS [9]. Studies demonstrated the
package as an effective interatomic potential in the re-
search of thermal transport and phonon properties of
different materials such as superionic conductor AgCrSe2
[10], wurtzite Boron Arsenide [11] and multiple 2D mate-
rials [12]. Compared with other MLP models, MTP and
its software package deliver an easy-to-use toolkit with
better balance among performance, speed, and accuracy
as compared with GAP, spectral Neighbor Analysis Po-
tential (SNAP), and Neural Network Potential (NNP)
[13]. These advantages of the MLIP program introduce
new opportunities to the material research community to
predict lattice thermal conductivity (κL) and the ther-
mal transport mechanism of a wide range of materials
through MD simulation.
The study of thermal conductivity of materials is a cru-

cial application of molecular simulation analysis in which
MLPs are actively employed within the field. Experimen-
tal measurements often show challenges in determining
heat transport properties of materials due to limitations
in sample preparation and accuracy of empirical model.
Theoretical computation results of κL can be approxi-
mated through MD simulation approaches in which un-
certainty are controlled. Three popular MD techniques,
namely equilibrium MD (EMD), non-equilibrium MD
(NEMD), and approach-to-equilibrium MD (AEMD)
have been generally employed by researchers. The EMD
based on the Green-Kubo formula facilitates computa-
tion of κL by relating heat current autocorrelation func-
tions under the dissipation-fluctuation theorem as shown
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in [14].

κL =
1

3V kBT 2

∫ ∞

0

⟨J(0) · J(t)⟩dt (1)

where κL , V , kB , T , and J represent the thermal con-
ductivity coefficient, volume of simulation cells, Boltz-
mann’s constant, temperature, and the heat current, re-
spectively.

The NEMD or direct method [15] is conducted using
a simulated, steady temperature gradient to study the
heat current and κL using Fourier’s law for heat con-
duction which is a direct analogous to an experimen-
tal measurement. A heat source and a heat sink sand-
wiched with a microcanonical NVE ensemble domain
are usually defined to provide steady heat current con-
ditions. The third method, the approach-to-equilibrium
technique [16], aims at simulating and capturing the out-
of-equilibrium system responses of the temperature gra-
dient when it returns to the equilibrium state. Two con-
necting domains, equilibrated at different temperatures,
are modeled in a controlled simulation. The MD then
allows energy flows between the two temperature blocks
under a microcanonical NVE simulation. By fitting the
evolution to the temperature difference between the two
blocks ∆T with the first exponential decay time τ , the
thermal conductivity of a material can be estimated.

Among the three methods, both EMD and NEMD are
considered more popular in analyzing κL of various ma-
terial systems. The two techniques require the compu-
tation of the heat current of the simulation domain. Al-
though there exist reports on the usage of MTP in deter-
mining κL by MD simulation approaches [17], there is a
lack of focus on the computation of the heat current itself.
Since both EMD and direct approach require solving for
the simulation model heat current element to obtain κL,
it is crucial to understand how the MTP model evaluates
the heat flux component of the system.

The heat current evaluation for MTP was implemented
within the LAMMPS/MLIP interface but its deviation is
ambiguous. The essence of the heat current calculation
falls into Hardy’s expression of heat current in solid [18].

J =
∑
i

∑
j

(ri − rj)(
∂Ei

∂rj
· vj) (2)

which ri, vi and Ei represent position, velocity and to-
tal energy of atom i, respectively. This expression can
be further simplified and was expressed as Eq. 3 in the
LAMMPS package [9, 19], where ei is the per-atom en-
ergy and Wi is the atomic virial stress tensor.

J =
1

V

∑
i

eivi −
∑
i

Wivi (3)

In the MLIP packages, the potential component of the
heat current, presented as the second summation term

on the right hand side in Eq. 3 was calculated as

Jpot = −
∑
i

Wivi =
∑
i

∑
i ̸=j

rij(
∂Ui

∂rij
· vi) (4)

Recently, a modification to the LAMMPS MD package
brought new insight into how to handle and compute heat
current in the simulation problem. Boone et al. [19] and
Surblys et al. [20] suggested including the many-body
interaction to the atomic stress formula, replacing pair-
wise virial stress with a centroid virial stress tensor. The
modification results in a higher heat current value in their
example of butane, octane, and polystyrene which led to
a highest reduction up to 25% of κ in butane. To transfer
the idea of many-body heat current computation into
MLP models, a generalized formula was developed [21]
which is yet to be translated into other MLP systems.
The potential contribution of the heat current can be
written as Eq. 5

Jpot = −
∑
i

Wivi =
∑
i

∑
i ̸=j

rij(
∂Uj

∂rji
· vi) (5)

It is worth noting that the expression to the atomic
virial stress of atom i is different with a subscript index of
the atomic energy derivative term that swaps from i to j
when comparing equation 4 with 5. The derivation of the
many-body heat current formula suggested that the orig-
inal heat current expressed by the MLIP was a pair-wise
interaction expression that assumes a premise of Ui = Uj

that energy between a pair of atoms only depends on
their distance rij as discussed in Ref. [21]. Although
MTP potential provides a mathematical model that con-
siders the many-body interactions between atomic local
environment when evaluating the energy and forces of the
system, the MLIP software construction shows a lack of
ability to express the heat current under a many-body
context. We intend to demonstrate the significance of
employing the generalized many-body heat current for-
mula with examples of various materials in this paper.

II. COMPUTATION DETAILS FOR MD
SIMULATIONS

With our aim to illustrate the needs and effect of mod-
ifying the heat current description to express the non-
pairwise contribution in MTP, we perform four sets of
MD simulations over different materials, namely PbTe,
amorphous Sc0.2Sb2Te3, graphene, and BAs. These ex-
amples were selected to cover a range of order of mag-
nitude from 10−1 to 103 W/mK in κL and a variety of
spatial complexity and symmetry order. The four chosen
materials are able to generally validate the potential im-
pact of the generalized many-body heat current formula
to the computed heat current and its influence on κL.
Both NEMD and EMD were performed for each of the
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FIG. 1: A simplified single-layered graphene model for NEMD simulation. Green, blue and red sections represent
the fixed end, the heat sink and the heat source, respectively.

mentioned material examples to demonstrate the signifi-
cance of the heat current formulation modification in this
work.

MTP interatomic potentials for the four respective ma-
terials are prepared by a passive MTP training utiliz-
ing the MLIP packages. Training sets for PbTe, amor-
phous Sc0.2Sb2Te3, and graphene are extracted from es-
tablished works of Cheng et al. [22], Wang et al. [23],
and Rowe et al. [24], respectively. The training set for
BAs was prepared independently in a similar manner de-
scribed in Mortazavi’s work [25] through sampling atomic
structure configurations in ab-initio MD (AIMD) simu-
lation trajectories of a 5 × 5 × 5 supercell of BAs using
the Vienna Ab-initio Simulation Package (VASP) [26].
Forces and energies of 408 configurations sampled from
200-900 K were evaluated under the density functional
theory (DFT) framework using the VASP package. The
exchange-correlation functional was approximated using
the projector-augmented wave (PAW) method [27] incor-
porated with the Perdew-Burke-Ernzerhof (PBE) gener-
alized gradient approximation (GGA). A 2 × 2 × 2 Γ-
centered k -point mesh with a kinetic energy cutoff of 600
eV was employed. The energy convergence threshold was
set to be 10−7 eV for all the single point self-consistent
energy calculations.

The NEMD simulation was employed to calculate the
room temperature heat current for PbTe, amorphous
Sc0.2Sb2Te3, graphene, and BAs using the MTP poten-
tials trained respectively. We adopted a similar heat cur-
rent validation approaches in Ref. [28] to uncover the ne-
cessity of expressing the heat current through the many-
body heat current formula when incorporating the MTP
potential. A steady temperature gradient centered at 300
K along the y-direction of the periodic orthogonal mod-
els was employed with a fixed end to insulate heat flow
between the heat sink and source. Fig. 1 shows an exam-
ple of the schematic diagram of a single-layered graphene
model of 44400 atoms. The model spans a length of
around 473 nm, a width of 2.5 nm, and a 3 nm vacuum
space in the out-of-plane direction, which we found to be

a decent balance between the simulation dimension with
at least 300 nm in the characteristic heat flow direction
and a computational expense of around 10000 cpu hours
for each simulation.

The other two bulk material models of PbTe and amor-
phous Sc0.2Sb2Te3 were structured in similar configura-
tions with reduced cell sizes since their expected ther-
mal conductivities are significantly lower with a shorter
phonon mean free path when compared to graphene. The
lengths of the simulation cells were chosen to be 32 nm,
and 45.7 nm, respectively. The amorphous Sc0.2Sb2Te3
model was built to contain a much higher number of
atoms of 18000 due to a larger unit cell for representing
a disordered structure. The model of BAs was scaled to
have length of 486 nm which is similar with the graphene
structure as their room temperature phonon mean free
path are comparable at the range of 2 to 10 µm [29, 30].

All four sets of NEMD simulations were carried out in
two stages. A time step of 1 fs was chosen for all four
models. The simulation domain, except the fixed end
section, was first equilibrated at the center temperature
of 300 K for 200 ps under an NVT canonical ensemble.
The system was then run for another 2 ns under an NVE
ensemble with a steady and uniform temperature gradi-
ent applied to the heat source and heat sink through a
Langevin thermostat at 350 K and 250 K, respectively.
We considered the first 0.5 ns of the run to stabilize the
system under such a temperature gradient and recorded
the heat current accounted for by the Langevin heat
baths and the calculated heat current through the MLIP
interface for the remaining 1.5 ns of the run.

Another angle to visualize the impact of using the
many-body heat current formula in the MTP potential is
the change in κL computed by the EMD methods. This
technique involves intensive evaluation of heat current us-
ing the MLIP interfaces and brings insight into its legiti-
macy. The numbers of atoms in each model were selected
to be 1728, 11520, 1800, and 1728 for PbTe, amorphous
Sc0.2Sb2Te3, graphene, and BAs, respectively. Five inde-
pendent simulations, each containing 10 complete auto-
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correlation windows, were performed on each material.
The first four correlation windows were discarded and
30 sampled heat current auto-correlation functions were
completed for all four examples. The correlation times
were chosen to be 40 ps and 80 ps for PbTe and amor-
phous Sc0.2Sb2Te3, respectively. Graphene and BAs have
higher κL and use a correlation time of 1000 ps. The
simulation time step was set to be 1 fs. All simula-
tions were first equilibrated at 300 K under an NVT
ensemble and later ran a length covering 10 correlation
time windows under the NVE ensemble. The heat cur-
rent auto-correlation function was calculated in the lat-
ter half of the MD simulations as implemented within
the LAMMPS package and we computed the κL of each
material subjected to both the original and the modified
heat current formula using Eq. 1.

III. RESULTS AND DISCUSSIONS

A. NEMD Simulation for Direct Heat Current
Evaluation

We first consider the cubic PbTe crystal. The NEMD
simulation result in Fig. 2(a) illustrates the overall cu-
mulative heat passed through the heat source and sink
as orange dash line, which was evaluated within the
LAMMPS implementation of the ensemble thermostat.
On the other hand, the cumulative heat evaluated by
MTP across the simulation domain, as drawn in blue
line, deviates from the overall NEMD heat current bal-
ance. The result shows strong evidence that the original
implementation of virial stress heat current formula that
involves only pairwise interaction fails to represent the
accurate heat current component in the MD simulation,
undermining the validity of using the MLIP software in
computing κL using the MD approaches. Comparing Fig.
2(a) and (b), the introduction of the many-body heat
current formula significantly improves energy balance be-
tween heat current within the simulation thermostat sys-
tem and the intrinsic heat current of the sandwiched re-
gion evaluated by MTP. These simulations suggest that
the original method underestimates the actual heat cur-
rent by around 50% and could impact the result of κL

calculation by direct method MD simulations.
A more complex material with a disordered structure

of amorphous Sc0.2Sb2Te3 shows a similar trend to PbTe,
suggesting that the issue of the MTP original heat cur-
rent representation is general regardless of the structure
complexity of the subject. This ternary phase change
material was constructed by melt and quench of a large
unit cell consisting of 180 atoms with a lattice param-
eter of length up to 18 Å, assuring the randomness of
atomic configurations well within the MTP interaction
cutoff radius. A similar comparison of the cumulative
heat current from the MD simulation heat bath and the
evaluated heat current within the simulated domain is
shown in Fig. 3. The original heat current implemen-

(a) Original

(b) Modified

FIG. 2: Accumulative heat of NEMD simulations of
PbTe using (a) original MLIP interface and (b)

modified MLIP interface with many-body heat current
formula correction.

tation underestimates the heat current by around 40%
while the many-body heat current correction shows bet-
ter agreement between the simulation heat bath and the
heat current computed by the MTP potential. This re-
sult also indicates a significant improvement in the eval-
uation of heat current using the many-body formula un-
der a disordered and locally more sophisticated atomic
neighborhood environment.

Then, we extend the research to the effect of the
many-body heat current correction on the 2D material
graphene. The cumulative heat current of the non-
equilibrium simulations suggests the existence of a sim-
ilar discrepancy between the average heat current on
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(a) Original

(b) Modified

FIG. 3: Accumulative heat of NEMD simulations of
amorphous Sc0.2Sb2Te3 using (a) original MLIP
interface and (b) modified MLIP interface with
many-body heat current formula correction.

the ensemble thermostats and the heat current evalu-
ated by the virial stress heat current formulation of the
LAMMPS/MLIP interface package across the simulation
domain. The original formula leads to the biggest differ-
ence among four testing system, 75% lower than the MD
simulation thermostats. The modified many-body heat
current formula shows a significant improvement between
the heat baths’ overall heat current and the MTP poten-
tial. This result agrees with the recent study of graphene
by Dong et al. [28], where MTP potential model was
compared with other neural network based models which
had adapted to the many-body heat current interation
description. Fig. 4 provides key evidence to the incapa-

(a) Original

(b) Modified

FIG. 4: Accumulative heat of NEMD simulations of
graphene using (a) original MLIP interface and (b)

modified MLIP interface with many-body heat current
formula correction.

bility of the original implementation in the MLIP package
in determining the heat current in a 2D system.

Finally, we find in the non-equilibrium simulation that
BAs behaves differently from the previous three mate-
rials. The cumulative heat current of the original im-
plementation in Fig. 5 reveals a slight underestimation
of heat current computed by the original heat current
expression. The modified many-body heat current re-
sults exhibit better agreement among the overall heat
current evaluated by the MD simulation thermostat and
the MTP computed heat current, while the original pair-
wise heat current reveals a small deviation in the 1.5 ns
time frame. This implies the possibility that the many-
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(a) Original

(b) Modified

FIG. 5: Accumulative heat of NEMD simulations of
BAs using (a) original MLIP interface and (b) modified
MLIP interface with many-body heat current formula

correction.

body interaction component in the potential component
to the heat current is less significant in the case of BAs.

B. EMD Simulation for Thermal Conductivity

We then compare the effect on κL computed based on
the Green-Kubo method using the EMD approach. Un-
der the same simulation cell size and constraint, PbTe
shows a 64% increase of κL from 0.97 to 1.59 W/mK
when comparing the original heat current formula and
the modified many-body heat current formula. Fig. 6
shows the thermal conductivity against the correlation

(a) Original

(b) Modified

FIG. 6: Averaged κL of PbTe at 300K from 30
independent heat auto-correlation functions against

correlation time using (a) original MLIP interface and
(b) modified MLIP interface with many-body heat

current formula correction. Shaded red area represents
upper and lower bounds within one standard deviation.

time of PbTe during EMD. The modified formula shows
better agreement with experimental result [31] of 1.52
W/mK, suggesting that the migration to many-body
heat current implementation is a more complete descrip-
tion for the MTP potential.

κL of amorphous Sc0.2Sb2Te3 was then evaluated
which revealed a decrease in κL from 0.21 to 0.15
W/mK. The result shows better agreement with Ref.
[23], in which κL was computed with Allen-Feldman
and sinusoidal approach-to-equilibrium MD (SAEMD)
approaches. Fig. 7 reveals a noisy yet distinguishable
change between the modifications. Regarding the pre-
vious example of PbTe, one may anticipate a similar in-
crease in κL with a more complete heat current contribu-
tion from the many-body interaction component. How-
ever, in this case of amorphous Sc0.2Sb2Te3, the impact
of including many-body heat current causes a decrement
of 29% in κL. The result suggests that the correction
to the heat current formula only indicates the potential
pitfall of the original heat current value and its auto-
correlation, and does not guarantee the behavior of its



7

(a) Original

(b) Modified

FIG. 7: Averaged κL of amorphous Sc0.2Sb2Te3 at
300K from 30 independent heat auto-correlation

functions against correlation time using (a) original
MLIP interface and (b) modified MLIP interface with
many-body heat current formula correction. Shaded red

area represents upper and lower bounds within one
standard deviation.

auto-correlation function and its impact on κL.

Extending the concept into 2D material, the Green-
Kubo EMD result shown in Fig. 8 reveals an increment
of the heat current auto-correlated thermal conductiv-
ity of graphene compared before and after the modifica-
tion. The κL rises 51% from 1060 to 1605 W/mK which
are considerably smaller than other reported MD simu-
lations by Fan [5], Zhang [32] and Gu [33], ranging from
around 2300 to 2900 W/mK. The increment of κL sug-
gests that the integration of many-body contribution of
heat flux plays a significant role into κL of graphene.
The discrepancy in our EMD result with other literature
can be due to the size effect of our supercell. Similar
MD results were reported by Pereira and Donadio [34]
who found that graphene convergence behaves differently
when compared to other materials due to failing in sam-
pling low-frequency acoustic flexural mode at small sim-
ulation sizes. A recent work by Fan et al. [35] further
hints to the idea of a lack of flexural mode contribution
as they decompose the contribution of in-plane and out-

(a) Original

(b) Modified

FIG. 8: Averaged κL of graphene at 300K from 30
independent heat auto-correlation functions against

correlation time using (a) original MLIP interface and
(b) modified MLIP interface with many-body heat

current formula correction. Shaded red area represents
upper and lower bounds within one standard deviation.

of-plane components to κL of graphene. It is revealed
that the graphene thermal conductivity is dominated by
out-of-plane mode up to 60-70%. Increment in κL after
the correction implies an underestimation of the in-plane
κL contributions in the original MTP formula. Despite
a better agreement with previous theoretical prediction
could be expected by a larger simulation supercell, the
computation time is formidable with current computing
resources. As we are focusing on the missing of account-
ing effect of the many-body heat current formula to the
MTP potential in the existing interface packages, the cur-
rent result is sufficient to demonstrate the presence of a
many-body heat current contribution.

The final example is BAs which we also find an
interesting trend for the change in κL based on the
Green-Kubo method. As shown in Fig. 9, a decrease
of 19% from 1260 to 1017 W/mK of κL is recorded.
Compared to the experimental results of Tain et al. [36]
who reported κL of BAs at room temperature varies from
450±60 to 1160±130 W/mK across various measurement
locations on multiple samples, our result based on MD
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(a) Original

(b) Modified

FIG. 9: Averaged κL of BAs at 300K from 30
independent heat auto-correlation functions against

correlation time using (a) original MLIP interface and
(b) modified MLIP interface with many-body heat

current formula correction. Shaded red area represents
upper and lower bounds within one standard deviation.

simulation lies within the range of the measurements.
A computation study based on perturbation theory
and phonon Boltzmann’s transport equation (PBTE)
reported a κL of around 1400 W/mK incorporating
both three- and four-phonon interactions. The difference
between Green-Kubo and PBTE methods on κL may be
related to the higher-order phonon scattering processes
unfolded in MD simulations or phonon-boundary scat-
terings from the size effect. However, as shown in Fig.
5, the difference of BAs overall cumulative heat current
between the original and modified formula is trivial.

This indicates that despite an insignificant change in
terms of the averaged absolute value of the heat current
between the original and the many-body heat current
formula, the heat current auto-correlation function can
still be altered and distinguishable between the two
models.

IV. CONCLUSION

In summary, we demonstrated the significance of
many-body interaction when considering the heat cur-
rent of a model system and MTP was selected as
the workhorse of MD simulation. A modification of
the LAMMPS/MLIP interface was implemented based
on the generalized many-body heat current formula.
Four examples namely PbTe, amorphous Sc0.2Sb2Te3,
graphene, and BAs, covered an extensive range in terms
of order of magnitude in κL and crystal geometry com-
plexity. All examples except BAs show a large difference
between the MTP evaluated heat current and the actual
overall heat current of the NEMD simulation. We further
presented that the modification improves the agreement
of the MTP calculated heat current and the overall heat
current of the MD simulation, suggesting an underesti-
mation of the heat current value without considering the
many-body contribution.
The κL comparison of the four examples reveals the

significant importance of the corrections. Both low κL

materials (PbTe and amorphous Sc0.2Sb2Te3) demon-
strated better results with alignment to published ex-
perimental and computational data, while graphene and
BAs results lie within a reasonable range of values. Our
calculation suggested that the rectified heat current can
impact the computed κL up to 64%, especially for low
κL materials. This work illustrates the significance of
adopting the generalized many-body heat current for-
mula and its underlying influence on the thermal con-
ductivity computed based on MD simulation approaches
using the MTP heat current operator.
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