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Classification of abelian finite-dimensional C*-algebras by
orthogonality

BOJAN KUZMA AND SUSHIL SINGLA

ABSTRACT. The main goal of the article is to prove that if .A; and A2 are Birkhoff-James isomorphic
C™-algebras over the fields F; and Fo, respectively and if A; finite-dimensional, abelian of dimension
greater than one, then F; = F2 and A; and A are (isometrically) x-isomorphic C*-algebras.

Furthermore, it is also proved that for a finite-dimensional C*-algebra A, we have Ej is the sum of
minimal ideals which are not skew-fields and £% is the sum of minimal ideals which are skew-fields,

where £4 denotes the set of all left-symmetric elements in A and for any subset S C A, the set S*
represents the set of all elements of A which are Birkhoff-James orthogonal to §. A procedure to
extract the minimal ideals which are (commutative) fields is also given.

1. INTRODUCTION

By Gelfand transform every unital abelian complex C*-algebra A is *-isomorphic to C'(X), the
space of complex-valued continuous functions on some compact Hausdorff space. This translates
the study of algebraic properties to the study of topological properties (and vice-versa): C(X)
is x-isomorphic to C(Y) if and only if X and Y are homeomorphic topological spaces. Formally,
Gelfand transform is a contravariant equivalence between the category of unital abelian C*-algebras
and the category of the space of compact Hausdorff spaces (see, e.g., [2, [0 [6] for more information).

Recently Tanaka [23, Theorem 3.5, Corollary 3.6] showed that the same can be achieved by
studying the geometrical properties rather than the topological ones: He characterized abelian
complex C*-algebras among all complex C*-algebras by using only the underlying geometric struc-
ture. Moreover, he showed that two complex abelian C*-algebras are x-isomorphic if and only if
their geometric structures are homeomorphic.

The geometric structure was initially defined in terms of Birkhoff-James orthogonality (see [22,
Definition 3.4]). Figuratively speaking, suppose we obtain a cast of the closed unit ball of the
C*-algebra norm. We are allowed to examine it with a sufficiently long, infinitesimally thin needle
by placing it tangentially in various directions onto the unit sphere of the norm, then translating
it parallelly to the center of the ball and examining the points which the translated needle cuts
out from the boundary. If x is the touching point of the needle and y is the cut-out point of
the translated needle, then the tangentiality of the needle at point x in direction y is equivalent
to ||z + Ay|| > ||z|| for each scalar A, that is, to Birkhoff-James orthogonality of x and y (for

complex C*-algebras, the probing needle has two real dimensions). The geometric structure was
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defined in terms of maximal faces of C*-norm’s unit ball and requires no knowledge of algebraic
operations. Following the approach outlined above we, in [I7, Theorem 2.1], completely classified
the objects in the categories of real or complex finite-dimensional simple C*-algebras by using only
the relation of Birkhoff-James orthogonality, that is, by relying only on the norm structure alone.
Another important aspect of our work was that we worked with real as well as complex C*-algebras
simultaneously and even gave a procedure to characterize the underlying field when the dimension
of space is greater than one. The theory of real C*-algebras is similar to complex C*-algebras,
see [4, 6l 18, 21] (and [19] for a review of their applications) though being able to characterize the
underlying field of a given real or complex C*-algebra, from Birkhoff-James orthogonality alone,
was still a bit surprising.

In this article we continue our work in the categories of finite-dimensional real or complex C*-
algebras and characterize (pseudo-)abelian C*-algebras together with the underlying fields when
the dimension of C*-algebra is greater than one. A few notations are in order. In the sequel, A
will stand for a finite-dimensional C*-algebra over the field F € {R,C}. We will denote the matrix
block decomposition of a complex C*-algebra A by

(1.1) Mp,(C)®--- & M, (C)

for some positive integers n; < --- < my. Similarly, the matrix block decomposition of a real
C*-algebra A will be denoted by

(1.2) M, (K1) @ -+ @ My, (Kp)

where K; € {R, C,H} with real dimension dy, ..., d, such that d; < --- < d; whenever n; = --- = n;

(every A has such decomposition, see [0, Theorem 1.5, Theorem 8.4] for more information).

Recall that a non-zero two-sided ideal of A is minimal if it does not properly contain any other
non-trivial two-sided ideal. We will refer to the sum of those minimal ideals of A which are skew-
fields as a pseudo-abelian summand of A and we will refer to the sum of abelian minimal ideals
as an abelian summand of A. If C*-algebra is decomposed as in (L) or (LZ), then its minimal
ideals coincide with the individual blocks, its pseudo-abelian summand coincides with the sum of
all blocks of size one, and its abelian summand coincides with the sum of all blocks of size one
over the real or complex field; see, e.g., Wedderburn-Artin theorem [7, V.4.6]. Therefore, if F = C
the pseudo-abelian summand coincides with the abelian summand of A. Also, if A is an abelian
C*-algebra, then its pseudo-abelian summand equals A. However, in case F = R the pseudo-abelian
summand might contain a quaternionic block in which case it is not abelian. We will say that A is
a pseudo-abelian C*-algebra if it equals to its pseudo-abelian summand. In the case when F = C
this is the same as an abelian C*-algebra.

Let us briefly discuss also the definition and basic properties of Birkhoff-James (BJ) orthogonality.
For two vectors v, w in a normed space V over a field F, v is said to be BJ orthogonal to w, denoted
by v L w if

lv]] < |lv+ Aw]| for all X € F.
One can easily see that this relation is homogeneous and that, equivalently, v 1 w if and only if

fu(w) = 0 for some supporting functional f, at v (that is, |[f,| = 1 and f,(v) = ||v||), see [13|
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Theorem 2.1] or [8, Equation 2.1]. Therefore, if we define the outgoing neighborhood of v by
(1.3) vE={weV; v.lw
then we have
(1.4) vt = U{ker f; f is supporting functional at v}.
A bijective map ¢: V — V' is a BJ isomorphism between V and V' if
v1lw <<= ¢@w) Lo(w) forallv,welV.

Two normed spaces V and V' are BJ isomorphic if there exists a BJ isomorphism between them.
We can now state our main results. Recall that a finite-dimensional C*-algebra is pseudo-abelian

if it contains contains only blocks of size one in its matrix block decomposition.

Theorem 1.1. Let Ay and As be two BJ isomorphic C*-algebras over the fields F1 and Fo. If Ay
is finite-dimensional pseudo-abelian C*-algebra with dim Ay > 2, then the following are true:
(1) Fy =TFoq,
(2) A1 and Ay are isomorphic as C*-algebras, so in particular, Ay is pseudo-abelian and
dim A; = dim As.

It is immediate that if, in the Theorem[IT] 4; is a finite-dimensional abelian C*-algebra, then Ao
is also abelian. We further remark that BJ orthogonality alone cannot determine the underlying
field in one-dimensional C*-algebras because the real C*-algebra M;(R) = R and the complex
C*-algebra M;(C) = C are BJ isomorphic; see [17, Example 2.2].

The above theorem can be seen as a partial extension of a recent result [23, Corollary 3.6] which
Tanaka proved for complex C*-algebras: if two complex C*-algebras A; and A5 are BJ isomorphic
and one of them is abelian, then they are isomorphic as C*-algebras. Within Theorem below we
will further generalize Theorem [[L1] to include also the possibility when Ay, As are BJ isomorphic
but not pseudo-abelian; when combined, the two theorems imply that the pseudo-abelian summands
of A; and of As are isomorphic as C*-algebras (provided A;, A2 are not one-dimensional). The
characterization is based on the notion of left-symmetricity (see |16, 20] and also [24]). A vector v

in a normed space V is left-symmetric if
(vlw) = (wlov),

and is right-symmetric if (w L v) = (v L w). By using the outgoing neighorhood defined
within (I3) and the incoming neighborhood ~v := {w € V; w L v} it is easily seen that v is
left-symmetric if and only if

vt - lv,
and is right-symmetric if and only if the reversed inclusion holds. For a subset S of V', we will use

the notation Lgs for the set of all left-symmetric vectors relative to S, i.e.
Ls={veS; vInSctvnsy).
In particular, if S = V, then Ly is the set of all left-symmetric vectors. We will also use the

notations Lz := Mvers vt and L3t = ﬂv€£§ vt
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Given a finite-dimensional C*-algebra A, we will call the sum of all its minimal ideals which are
not skew-fields (that is, the sum of all its blocks of sizes bigger than one) to be the nonpseudo-abelian
summand of A. In particular, a finite-dimensioal C*-algebra is a sum of its nonpseudo-abelian and

its pseudo-abelian summands.

Theorem 1.2. Let A be a finite-dimensional C*-algebra over field F. Then, Ej is the nonpseudo-

abelian summand and Ejl is the pseudo-abelian summand of A.

The set Ejl is therefore a C*-algebra and in fact classifies pseudo-abelian finite-dimensional

C*-algebras as follows:

Corollary 1.3. Let A be a finite-dimensional C*-algebras over F. Then A is a pseudo-abelian
C*-algebra if and only if L5+ = A.

Theorem [[.1] suggests that BJ orthogonality alone can determine whether a finite-dimensional
C*-algebra is abelian and, if not, to extract its abelian summand. We will provide a positive
solution to this problem in the Section Bl once we develop the necessary machinery to formalize

the procedure that isolates the quaternionic blocks in the pseudo-abelian summand.

Remark 1.4. (a) Finite-dimensional complex C*-algebras are von-Neumann algebras (see, e.g., [2]
for more on von-Neumann algebras). Recall that an element p of von-Neumann algebra A is called
a central projection if p> = p = p* (a projection) and p commutes with all other elements of A. A
projection p € A is called abelian if pAp is commutative. In case of factor von-Neumann algebras
M, (C), central abelian projections exist only when n = 1. Thus, the abelian summand equals the
complex linear span of abelian central projections. A non-zero projection p is minimal if the only
non-zero projection q € A such that ¢ < p is ¢ = p. Since pAp is also a von Neumann algebra with
p as an identity, it is easily seen that this is equivalent to the fact that pAp is a field. Thus, in case
F = C, Theorem says that Ej is the complex linear span of minimal non-central projections
and Eiﬁ is the complex linear span of abelian central projections (or abelian summand).

(b) In a related study [16, Theorem 3.2] the authors classified elements, left-symmetric relative
to the positive cone of general complex C* algebras. These are exactly scalar multiples of minimal

projections.

A proof of Theorems [[T] and will be given in Section @ In Section [2] we characterize left-
symmetric elements and right-symmetric elements in Lemmas and 2.4l In Lemma 2.4l we prove
that right-symmetric elements are exactly scalar multiples of unitaries. This extends [24) Theorem
2.5] to general finite-dimensional C*-algebras. As a consequence, every BJ isomorphism will map
the set of scalar multiples of unitaries to itself. Section Blis devoted to developing the tools to prove
Theorem [Tl In (B7) and ([B.9]), formulas to find the dimension of an pseudo-abelian C*-algebra 4
are provided and in Corollary B3] a characterization of the underlying field of A is given, provided
the dimension of A is greater than one. Lemma gives a procedure to find the number of blocks
in the matrix block decomposition of an pseudo-abelian C*-algebra. In section Bl we extract the

abelian summand and give a characterization of abelian C*-algebras in terms of BJ orthogonality.
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2. SYMMETRICITY AND SMOOTHNESS

Any A =@, Ar € B M, (Ky;) acts on a column vector = = @h_, zx € K = D, K+
by Az = @f;:l(Akxk). We let (a row vector) z* be its conjugate transpose. If needed we will

regard KZ’“ as a right-vector space over the (skew) field Ky; the above action, when restricted to

a summand K}*, then induces a Kj-linear operator. We regard K as a (right) F-vector space and

equip it with a natural F-valued inner product by

: : : Reyprr, fF=R
<@xk7@yk>F = (zr,ye)r  where (g, yp)r == pa—

*
k=1 k=1 1 Yk

Notice that (zy,yx)r = yjzi only in complex C*-algebras in which case K; = C for each k and
K = Cmt+ne, Notice also that

(2.5) (e, Y N)F = [N Tk, Yi)Es A e Ky

which is clear if F = C and is also clear if F = R and z,y belong to R™ or C". However, if
Zp,yr € H"™ we have (zp\, yp\)p = ReX(y,’;mk))\. Here we decompose y;z, € K = H into its
real and purely imaginary part and use that the conjugation X(y,’;xk))\ maps purely imaginary part
again into purely imaginary part, so Re A(yjzr)A = ARe (yizi)A = |A?Re (yizp).

This inner product defines a norm on K and the induced operator norm for A = @i:l A €

Pi_, My, (Ky) coincides with C*-norm and satisfies

J4
| €D Ax|| = max{||Ay]; 1<k <)
k=1

For its computation, we recall the singular value decomposition for M, (K). It states that for

A € M, (K), there exists K-orthonormal basis {z1,...,z,} and {y1,...,yn} (i.e., xfz; =y y; = dij,

n

Kronecker delta) such that A = ) o;y;x], where oy > -+ > 0, > 0 are singular values of A
i=1

arranged in the decreasing order, with ||A|| = o1 (see [25, Theorem 7.2] for the singular value

decomposition for M,,(H)).
For A = @f;:l Ay € A, we define

Mo(A) = {z € K; [[Az[| = [[A[[[}]}-
We also define Mj(A) = @2:1 MG (Ag) where

Mo(Ax), if [[Agll = [|A]

My (AL = .
() {ok, i 44 < 14|

Notice that My(Ag) is a Kj-subspace of Ki* (see, e.g., [I7, Lemma 3.1]), hence in particular
an [F-subspace, so M{j(A) is also an F-subspace of K. We will prove in the next lemma that

My(A) = M (A); therefore My(A) is also a F-subspace of K. We will use Oy, for the zero matrix
in M, (Kg).



6 B. KUZMA AND S. SINGLA

Lemma 2.1. Let A= @f;:l My, (K) be a C*-algebra and let A,B € A. Then:

(i) B € AL if and only if there exists a normalized vector x € My(A) such that (Az, Bx)r = 0.
(ii) If A= @f;:l Ay is its decomposition, then

V4
Mg (Ag) € My(A) = Mg(A) € @D Mo(Ay).
k=1

Consequently, if || A;|| < max{||Ax||; 1<k <{} =|A|, then
AL = (M@ DA B0, © A & D AY)T

Proof. For (i) we note that the BJ orthogonality of two vectors v and w in a normed space V' depends
only on the two-dimensional subspace generated by v and w. With this in mind, if F = R, consider
the embedding of real C*-algebras M,,(C) and M,,(H) into Ma,(R) and My, (R), respectively.
This way, a C*-algebra A = @f;zl M, (Ky) embeds into My, ,, (F) where dj, = dimg Ky, in case
of F = R and where dj, = dim¢ K = 1 in case of F = C (since Ky = C when F = C). Then, (i)
follows by Stampfli-Magajna-Bhatia-Semrl classification (see [3, Theorem 1] or, for some historical
background, [17, Proposition 3.2] and [10, page 2716]) applied on M-~ 4, ,,, (F).

For (ii), we first show Mo(A) = Mg(A). Let x = @_; ax € My(A). Then, ||Az| = ||All||z|| and

SO
1AI]|z ]| = || Az = ZIIAkka2<ZHAkH lz* < max |Ak|| Z\ka\l = | AI]|z]1?.

Now, it implies equalities overall so that

1Akzil* = | Akl*l|l2k]* = (max || Ax] el = 1A ax]* for all 1 <k < L.

Therefore, if || 4;] < max, ||Ax|| we have x; = 0, while if ||4;| = max, |Axkll, we have z; € My(A;).

It implies My(A) C M;(A). Conversely, if z = @i:l xp € Mj(A), let A be the collection of all
indices 7 such that ||4;|| = ||A||. By definition of Mj(A) we have x; = 0 if k ¢ A, so that

l
1Az > = Al = ) Ail® = | AN Y lla|® = AP ],
k=1

€A 1EA

This proves o € My(A), hence Mj(A) € My(A). The other containment in (ii) follows directly

from the definitions, while the last statement of the lemma follows from (i) and (ii). O

We now begin to investigate algebraic properties of elements of A with BJ orthogonality. Let
us record a trivial observation which classifies the 0 element in terms of BJ orthogonality. We will
tacitly used it in many subsequent lemmas when claiming that BJ orthogonality alone determines

a relevant property:

A=0< A1 A.
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Lemma 2.2. Let A= M, (K;)® - - & M,,(Ky) withn, =---=n, =1 and np41,...,n0 > 2 for
somep > 0. If p =0, then A has no non-zero left-symmetric elements. If p > 1, then the following
are equivalent for a non-zero element A € A:

(i) A is left-symmetric element of A,

(ii) The block decomposition of A has only one non-zero entry and it belongs to M;(K;) for

some i € [1,p].
Proof. Let A be a normalized left-symmetric and let ¢ be such that ||4;]| = ||A]] = 1. Without
loss of generality, A4; = %; = diag (d%, ... ,afh,) is already in its singular value decomposition form

where 1 = [|4;|| = o} > -+ > 0. > 0. Consider now a matrix B; = e}(eb)* € M,,(K;) and let
B = (@2;11 Onk) ® B; ® (@i‘:iﬂ Onk). Notice that A attains its norm on z = (@;;11 Ok) ®e D
(@2:1‘—1—1 0x) and
(Az, Bx)r = (Ase}, Biel)r =0,
so A | B by Lemma 21l Being left-symmetric, this implies B L A. Note also that B attains its
norm only on vectors y € ( ;;11 Ok) ® esK; @ (€B£:i+1 Ok), and maps them into themselves, so
B 1 A forces
0 = (By, Ay)p = (Bjeb, Aseb)r = b,

Similarly, a} =0 for all 2 < j < n;. Thus, 4; = diag(1,0,...,0) = ei(e)*. If now n; > 1,
consider B; = (ae} + be)(ael + beh)* — 1(—bel + aeh)(—be} + aeh)* where (a,b) = (—1/2,v/3/2)
and B = ( 2;11 Onk) ¢ B; & (@izi—i—l Onk). Notice that A attains its norm on =z = ( 2;11 Ok) <)
et D (@f;:m 0x) and that

(Az, Bx)p = (A;e}, Biel g = 0,
so A L B. Notice also that B attains its norm only on a multiple of y = ( 2_:11 0k) @ (ael +
beb) @ (®£:i+1 Ok) and that (By, Ay)r = (Byi, Aiyi)r = a® # 0, so B f A. Hence, A is not
left-symmetric, a contradiction.

The only possibilities left for A are of form a; @ --- @ ap, ® App1 & -+ ® Ay, with ||Ax| < || 4]
for k > p (we identified the 1-by-1 summands with scalars aj € Kj). We first claim that each of

Ay is zero for k > p. Namely, we clearly have

1
0p@M"p+1(KP+1) @"'@Mne(Kf) < (a1 EB"'690410@141)4-1 @"'@AZ) )
(here, 0P denotes p repeated zeros).

Since A is left-symmetric, it implies that X = (@iz_l Ony) @ Apti ® (@f;:p i1 0n,) satisfies
X 1 A. Clearly if X # 0 it achieves its norm only inside its unique non-zero block. Then, however,
X L Aisequivalent to Apy; L Apyy, so that Apy; = 0 since the only matrix in M,, . (Kp+:) which
is orthogonal to all matrices is a zero matrix.

Hence, the only possibilities left for A are of form a; © -+ @ ap 0y & -+ D 0,,. We claim
that only one of a; can be non-zero. Without loss of generality |a;| = ||Al|. Assume ay # 0 and

notice that

0eme 0P @0, & G0y € (al@az@---eaap@onw@---@OW)L,
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but they are not mutually BJ orthogonal. Indeed, cy = 0, and the only possibility for left-symmetric
A is that all, except possibly one, of its blocks are zero and the non-zero block is of size 1-by-1.

It is easily observed that these are indeed left-symmetric elements, namely: given A = a &
{o}r~t g (@i:p Oy, ), choose any B = 3 @ (@£=2 By) € A+, Note that, modulo a multiplication
by scalars, z = 1®0® --- @ 0 is the only norm-attaining vector for A. Then, 0 = (Az, Bx)r =
(a- 1,8 1)r = Re(Ba) (or it equals Ba if F = C). Now, if |3] = ||B||, then z is also a norm-
attaining vector for B and we have B L A. If |3 # || B||, then it is clear that B L A. It implies A

is left-symmetric. O

We now characterize right-symmetric elements. The following lemma which generalizes [17,

Lemma 3.3] will be useful.

Lemma 2.3. Let A = @i:l My, (Kg) be a C*-algebra over F. For elements A = @i,:l Ay and
B = @i:l By, we have A+ C B if and only if for all 1 < i < £, we have M (A;) € Mg (B;) and

there exist non-zero a; € F having the same modulus such that A;x; = o;(Bjz;) for all x; € Mg (A;).

Proof. Let At C BL. If ||A;|| < ||All, then Mg(4;) = {0;} € Mg(B;). Assume || 4;|| = ||A],
let x; € Mp(A;) be a normalized vector and consider the hyperplane H = {X = @f;:l Xy €
A; (X;x;, Ajzg)p = 0} contained in A+ C B+. By [I3, Theorem 2.1] (whose proof works over real
as well as complex normed spaces), we have |F(B)| = || F||||B||, where F(X) = (A;z;, X;x;)r is an
F-linear functional on .A. Hence
[(Asi, Bizi)p| = |F(B)| = [FII|BI| = [[ Az - |l - [ B,

(where last equality follows as an application of Cauchy-Schwarz inequality and the fact that
I1X:|| < || X]|])- Now, we have

[Aii|| - Nlzill - 1Bl = [(Aizi, Biza)e| < |Asill[| Biwill < [[Asil| - (]| - | Bill < [[Aal] - [l - || Bl
So, we get equality throughout, so

1Bl = [1Bi]

and ||B;x;|| = || Bil|||zil|. Also, by the condition of equality in Cauchy-Schwarz inequality, we get
Ajz; = Ni(Bgz;) for some \; = \;j(z;) € F. Now, we prove A;(x;) is independent of x; € My(A4;).
First note that |\;(z;)| = || 4ill/||Bill = || All/||Bl|- Let x4, y; € Mo(A;) be normalized vectors such

that A;x; = p;(Bx;) and Ay, = v;(Byy;). We first observe that there exists a normalized vector
w; € My(A;) such that
pi +vi  (Biwg, Aixy)r + (Biyi, Aiyi)w

5 = 2 = (Bjw;, Ajw;)r;

in the last step we have used the convexity of {(B;z;, A;x;)r; ||zi|| = 1,2; € Mo(A4;)}, the numerical
range of the compression of AfB; to the subspace My(A;) (recall that AfB; is embedded into a
suitable M,,(R), Mg, (R) or My,(R)). Again, w; € My(A4;) implies that A;w; = 7;(B;w;) for
some 7; with || = ||Al|/||B]|. Thus, |u; + vi| = 2||Al|/||B]|. But |w;| = |vi| = [|A||/||B|| and hence

Wi = vi. S0, A\i(x;) is independent of x;.
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Also, |a;] = ||A|l/||B|| for all 4, when M (A;) # {0;} and in case M (A;) = {0;}, we can choose

any «y, so in particular «; = ||A||/||B]|- The converse follows from Lemma 2] (i). O

As an application of Lemma 21l we also get a classification of right-symmetric elements. It
turns out that they are nothing but scalar multiples of unitary elements. For simple complex

finite-dimensional C*-algebra, this follows from [24] Theorem 2.5] (but see also [I7, Lemma 3.7]).

Lemma 2.4. The following are equivalent in o finite-dimensional C*-algebra A over F:

(i) A is a scalar multiple of some unitary U.
(ii) There does not exist a non-zero B € A such that A+ C B*.
(i) A is right-symmetric in A.

Proof. Without loss of generality, let A = M,, (Ky) @ --- & M, (K,).

(i) <= (ii). Notice that the unitaries in M, (K;) & --- & M,,(K;) are of form U; & --- & Uy
where U; is a unitary matrix in M,, (K;). Therefore, A = A; @ --- & Ay is a multiple of unitary
if and only if Mj(A;) = K" for each i. Also, by Lemma 23] there exists non-zero B such that
At ¢ B if and only if dimg, (Mg (A;)) < dimg, (Mg (B;)) for some i. The two claims combined
give the wanted equivalence.

(i) <= (iii). Assume A = @i:l Ay is right-symmetric. We first show that each A €
M, (Kg) is of the same norm. Suppose on the contrary. Without loss of generality ||A;] <
max{||Az|l,..., [|A¢||} = ||A:i|| = 1 where i # 1 and consider X = X; & (A2/2) & --- & (Ay/2) with
|IX1]| = 1 and X; is BJ orthogonal to A;. Then, we have X | A. Due to right-symmetry of A
this implies A 1 X so there exists a normalized vector € My(A) C Span{My(Asz),..., Mo(As)} =
{(0,22,...,20); [JA(0,z2,...,20)| = [|A] - |(0,22,...,2)| and x; € K[*} such that

l
1
(Az, Xaz)p = 5 (Arte, Age) Z | Apay||? = —HAmHZ 40,
k=2
which is a contradiction. This implies ||A1| = max{||A4z2],...,||A¢l|} = ||A]|. Similarly, we get
|A;]| = ||A]| for all 1 < i < ¢. Now, we prove that each A; is a scalar multiple of a unitary matrix.

Let 1 <7 </ be fixed. Recall that (X1 @ --- ® Xy) — (U1 X1V, ..., Ul X, V) is an isometry for
unitaries Uy and Vj, in M,,, (Kj), and hence induces a BJ isomorphism, so we can assume with no
loss of generality that

A; = %; = diag (ot .. ,Ufli)
with of = - - :U;» > J;-H > 2> Ufli > 0 for some j € {1,...,n;}. We claim that j = n; i.e. A;
is a scalar matrix || 4;|| = ||AJ|, and this will imply that A is a scalar multiple of unitary.

Assume, if possible, j < n; — 1 and denote o := % € [0,1), and consider B = B; @& --- @& By
j
where By = Ay if k # i and

By = ei(eq)" + - el qy(ef 1) +a(y)" + 2l (yi)"
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where {eé; 1 < j < n;} denotes the standard basis of K" and

i _ % %+ i _ 9% T ¢ i € T €t ‘ €~ 9%+

T, = —=, = €Tt == ¢ = - 4
TR T T e T TR T T T
Notice that B is already in its singular value decomposition and achieves its norm on yé, which
is mapped into By) = x} while Ay} = ;%(ez +¢%,,) is clearly orthogonal to % in (-,-)p.
Thus, B L A by Lemma [ZIl Because of right-symmetricity of A we then have A 1L B, so there
exists a normalized w = w; @ --- ® wy € Mo(A) = M (A) = @' Mo(Ag) with [|Aw|| = ||A[| and
0= >, (Arwg, Bywg)r. Due to By, = Ay, whenever k # i we see that

0="> Il Akwl® + (Asw, Biwi)r = [|AI* D [lwie|* + (Asws, Biw;)e

ki ki
= [ AI* D llwill? + | Aill{ws, Biws)g
kot
= [ AI* D llwll? + I All(wi, Biwi)r;
ki

in the one but last equality we used that the restriction of A; to the K;-subspace Kf @ O0p—j =
My(A;) = ME(A;) > w; is a of-multiple of identity. Notice also that the compression of B; to

Ij—l 0

this subspace equals ( 0 1-o > and is positive-definite. This gives wy = 0 for every k, a
V2V/1+02

contradiction.

Conversely, if A is a scalar multiple of a unitary then it achieves its norm on every non-zero vector.
Consider an arbitrary B L A; then B achieves its norm on some vector y with (By, Ay)r = 0. Since
A also achieves its norm on the same vector we see that A 1 B also holds, so that A is a right-

symmetric element. O

We note that Lemma [Z4] implies that the set of scalar multiples of unitary elements is invari-
ant under any BJ isomorphism between two finite-dimensional C*-algebras. We end this section
by proving that same holds for smooth elements of finite-dimensional C*-algebras also. We call
A = @f;:l A € A to be smooth if there exists exactly one index ¢ such that ||A4;|| = [|A|l and
dimg, (Mp(A;)) = 1. For example, A = ( ;;11 On,) ® EL, @ (@;;:H—l 0, ) are smooth elements
for all matrix units £, € M,, (K;), which can be easily seen by writing them as E¢, = €% (el)* and
using the fact that |E%,z|| = |(e!)*x| = |2i| < ||z| for z = Py CC;E;- € K, with inequality being
strict except if z = ziel.

There is a well known notion of smoothness in general Banach space V that states that a
vector v € V is smooth if and only if there exists a unique normalized functional f on V such
that f(v) = ||v|| (such f is called a supporting functional for v). We prove below that the two
definitions are equivalent. However before we do that let us note that our definition of smoothness
on finite-dimensional C*-algebras is a special case of Holub’s condition, see [I1]. The equivalence

of Holub’s condition and smoothness has been studied by many authors, for a brief survey see [9].
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In particular, it is known that the two definitions are equivalent for finite-dimensional simple or
abelian C*-algebras, see [I1, Theorem 2.1], [I, Theorem 3.1}, [12, Theorem 3.3|, and [14, Corollary
3.3], [15, Corollary 2.2]. We show below that the same holds for any finite-dimensional C*-algebra.

Lemma 2.5. Let A be a finite-dimensional C*-algebra over F. Then, A € A is a smooth element if
and only if there exists a unique normalized functional f on A such that f(A) = ||A||. Furthermore,
for a smooth element A € A, there exists a unique i such that if x = @f;:l xp € My(A), then x, =0
for all k #£ i and we have

* s
At = (00, @+ ®0p,_, ® (Aiz)a] ®0pyyy B B O0y,)

Proof. First, let A be a smooth element of A. By definition there exists exactly one i such that
I|A; |l = ||A]| which, by Lemma 2] gives the statement about the vectors in My(A). Moreover, we
also have dimg, (Mo(A;)) = 1, so there exists a vector z; € KI'* such that

(2.6) MO(A):0@"'@0@1'2‘Ki@0@”'@0

Then, (i) of Lemma 21 and identity (23)), by which (A(z;7), B(z:7))r = |v|>(Az;, Bx;)r for each
normalized vector x;y € x;K; = My(4;) imply

* 1
At = (On1 @ D0, , D (Ajx)z; Onyyy B+ B Onz) )

This proves the last statement.
To prove the first one, let A be a smooth element which attains its norm on i-th component and

define an F-linear functional f on A as f: (@2:1 Xk) — ”A—li”<Az‘~"3i,Xi5'3i>F- Then, by Cauchy-

Schwarz, f is a normalized functional and f(A) = ||A;]| = ||Al|; also, At = Ker f. By (I4), the
kernel of every supporting functional of A is contained in A+ = Ker f so f is a unique supporting
functional of A.

Conversely, let A € A be such that there exists a unique normalized supporting functional for A.
Assume there exist j # 4 such that ||A4;|| = ||A;] = ||A||. Then there would be normalized vectors
T € sz andy € K?j such that ||A;x|| = [|Al| and || A;y| = || A| so fu: (@i:l Xk) — m(Aix,Xi>F
and fy: (@f;:l Xk) — m(Ajy, Xjy)r would be two distinct supporting (normalized) functionals
for A, which contradicts our assumption that A has a unique supporting (normalized) functional

for A. So, there exists a unique i such that ||4;]| = || A]|. Similar arguments prove that there does
not exist two K;-linearly independent vectors z,y € My(A;) C K. Thus, dimg,(My(A)) =1. O

The next lemma will show that smooth elements are preserved under BJ isomorphism.

Lemma 2.6. Let A be a finite-dimensional C*-algebra over F. Then A € A is a smooth element
if and only if there does not exist B € A such that B+ C A,

Proof. We assume the usual matrix decompositions ([I)-(L2) of A. Let A € A be smooth,
achieving its norm only on ¢-th component, and let B = @i,:l By, satisfy B+ C AL. Notice that
M (By) is a Ky-subspace of K}* for each k. By Lemma 23, B+ C At implies dimg, (Mg (By)) <
dimg, (M3 (Ag)). Thus, for all k # i we have dimg, (M (By)) = 0, i.e., By = 0, while for k =14
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we have dimg, (M (B;)) < 1 with Mg (B;) € Mg (A;). So, either B; = 0 or M (B;) = M (A;) and
Bi|M5‘(A¢) = O[Al'|M6‘(A¢) for some non-zero a € F. The former case gives B+ = 0+ = A, while the
later case gives B+ = AL by (i) of Lemma 21l So B+ C A* is not possible.

Conversely, assume there does not exist B € A such that B+ C AL and suppose, if possible,
that A is not smooth. Then either there exists two distinct 4, j such that ||A;|| = ||A;]| = ||A]| or
there exists j with ||A;|| = [|A|| but dimg,(Mo(A;)) > 1. In the first case, by Lemma 2.1(i),

i ‘ 1 J l 1
(Bosae( @ o) # (@)oo @ o)

k=1 k=i+1 k=1 k=j+1

are both properly contained in A+ because only the first contains ( @izl Onk) DA;D ( 695;:]41 Onk).
In the second case, let z,y € My(A;) be K;-linearly independent. By applying Gram-Schmidt we

can assume that their K;-valued inner product, (z,y) := y*z = 0 € K;. Then, by Lemma 2T[i),

<(k€E0nk) @ (Az)z* © (k§10n,c)>l # <(§Onk) © (Ay)y* @ (kélonkwl

are both properly contained in A+ because only the first one contains (@221 On,) @ (Ay)y* @

(@izi 11 0y, ). Either case is contradictory. So A is a smooth element. O

3. BJ ORTHOGONALITY IN PSEUDO-ABELIAN C*-ALGEBRA

In the next lemma we show that BJ orthogonality characterizes the underlying field in case of
finite-dimensional abelian C*-algebra A = @2:1 M (F) = F¢ over the field F. As usual, we prefer

to write its elements as sequences, though we might still use & notation. We will use the notation
Ra={A; A is right-symmetric element in A}.

Lemma 3.1. Let A = F* be a finite-dimensional abelian C*-algebra over the field F with £ > 2.
Then, the set
{Ah Ae R4\ {0}
has finitely many elements in case of F = R and infinitely many in case of F = C. They are indexed
by the tuples (1,£1,...,%1) in case of R® and are indexed by (1,92, ..., e%) for 6, € [0,27) in
case of C*.
Proof. Any non-zero right symmetric element is a multiple of unitary by Lemma 24l Also, At =
(AA)L for A € F\ {0} because BJ orthogonality is homogeneous. So, we have
{AY; Ae R4 ={(1,00,...,00)"; || =1} U{F* =01}
As for the fact that (1, ag, ..., ay) with |a;| = 1 have different outgoing neighborhoods, notice that
if A= (1,as,...,00) and B = (1,5s,...,B;) satisfy A+ = B+, then by Lemma 23] there exists
A € I such that
(Lag, ... ) = A1, Ba, ..., Be)s
which implies A =1 and A = B. O
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We remark that Lemma[3.Ildoes not hold if £ = 1 because M (R) and M; (C) are BJ isomorphic
(see [I7, Example 2.2]). In the next lemma we give a complete characterization of F¢ among the
finite-dimensional pseudo-abelian C*-algebras. We also provide a formula for the dimension of a
complex abelian C'*-algebra which uses nothing but BJ orthogonality relation. It is simpler than

the one valid in general normed spaces, see [8, Theorem 1.1 and Remark 1.2]. For simplicity we
denote 1-by-1 blocks M; (K) simply as K.

Lemma 3.2. Let A =K @ - - ® Ky be a finite-dimensional pseudo-abelian C*-algebra over the
field F. If A =T, then

(3.7) dim A = [{A+; Ae L4\ {0}}]

However, if F =R and one of K; € {C,H}, then {At; A€ L4\ {0}} is an infinite set.

Proof. By Lemma [2.2] the set of all non-zero left-symmetric elements in A is given by (recall that

0" denotes n repeated zeros)
{(0°7 1, ay, 0°°F); 1<k <fand ap €Ki, \ {0}}.

Now, all non-zero F-multiples of an element share the same outgoing neighbourhood. We further
note that, by Lemma 23(i), i # j and o; € K; \ {0}, o; € K; \ {0} imply

At =(0,...,0,0;,0,...,00t #(0,...,0,;,0,...,0)" = B,

(because My(A) # Mo(B)). Therefore, if A =R’ or C*, then ([B.7) holds.
Finally, let A =K; & --- ® K, be C*-algebra over R with K; € {C,H}. Then

Ay = (14 Xi,0,...,0); (i*=-1€R)
are left-symmetric elements for all A € R\ {0} by Lemma However, Ay # Ai for A # p
because (1 - %’i,O,...,O) € (14 p4,0,...,0)" if and only if = . O

As a direct consequence of Lemma [B.1] with its proof, and Lemma B2 we get the following
corollary which characterizes the underlying fields in an pseudo-abelian C*-algebra with the help

of BJ orthogonality.

Corollary 3.3. Let A be pseudo-abelian C*-algebra over the field F with dimp A > 2. Then F =C
if and only if
|{AL; A€ L} <oo and |{Al; A€ Ry} = 0.

Moreover, F = R if and only if either both sets are infinite or else they are both finite.

Since the above corollary characterizes the underlying field and complex pseudo-abelian finite-
dimensional C*-algebras are completely determined by their dimension, which is given by formula
BT), we already got a complete BJ characterization of complex finite-dimensional pseudo-abelian
C*-algebras. It remains to focus on real finite-dimensional pseudo-abelian C*-algebras, where
we still need to compute the number of blocks over reals, over complexes, and over quaternions.
This will be done by carefully counting the cardinality associated with finite collections of smooth
elements Ay, ..., As € A. By convention, if s =0 we let (;_; Aé = A
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Lemma 3.4. Let A € {M;(C), Mi(H)} be a real C*-algebra. Then, there exist finitely many
smooth elements Aq,...,As in A such that

{B'; Be Lrp_ anoytl <o

If s is the minimal such number, then s = 1 in case of A = M;(C) and s = 3 in the case of

A= M;(H). In both cases, (i, AL is a one-dimensional real vector space.

Proof. As usual, K will denote either the field C or the (skew) field H. Recall from Lemma [2.1] that,
for A = (a), B = (b) € M;(K) (1-by-1 matrices), we have A L B if and only if Re(A-1,B-1) =
Re(ba) = 0 (here, B - 1 is matrix B applied on a vector 1 € K). Therefore, A coincides with the
kernel of the R-linear functional f4: M;(K) — R, given by fa: X = () — Re(ZTa) = Re(ax).
Notice also that the map W — fi from M;(K) to Homg(M;(K), R) is R-linear with zero kernel,
because for W = (w), we have fiy (W) = Re(ww) = |w|? = 0 if and only if W = 0. It implies that
A+ = ker f4 and B+ = ker fp are different whenever A, B are R-linearly independent. Therefore,
if ¥V C M;(K) is a real subspace of dimension at least two, and A = (a), B = (b) € V are R-linearly
independent, then (A + A1 B) and (A + A\2B) are R-linearly independent for A\; # Ay and as such
(A+ MB)t # (A+ XB)t. Thus, the cardinality of {A1; A € V} is infinite. This shows that
s > 1in case K = C and s > 3 in case of K = H. The inequalities are achieved, for example by

using {2} in case of C and {4, j, k} in case of K = H. O

Lemma 3.5. Let A=K ®-- - BKy be a real finite-dimensional pseudo-abelian C*-algebra. Then,

there exists finitely many smooth elements Aq,..., As in A such that
(3.8) {B*; BeLn  ar\{0}}] < oo
If s is minimal such number, then (\;_, Aﬁ = (Ray,...,Ray) for some unimodular numbers

ar € Ky and the cardinality of the set in [B.8) is equal to £, the number of matriz blocks in

A. Furthermore,
(3.9) dim A = s+ ¢.

Proof. In case of a real C*-algebra A = R’ we have, by Lemma 32 s = 0; clearly also dim A = ¢,
which, again by Lemma [B.2] equals the cardinality of (3.8]), and the statement follows by inserting
ar = 1. We now consider the remaining cases of a real C*-algebra when one of the blocks is C or
H with F = R. Without loss of generality, let A = R" @ C¢ @ H" for some r,¢,h > 0. Now, if we
take Ay’s to be all the elements in the finite set {(07, p, 0771, r4+1< 5 <4, p € {4,5,k} NK;},
then Ay are smooth elements. It is straightforward that (ov,...,ap) € (i, A% is possible only if
all o € R, so

S
() 4¢ =R" & (R +0i)° & (R + 0i + 05 + 0k)".
k=1
By Lemma 2] all left-symmetric elements in ();_; A¢ \ {0} are of the form (0!, «,0/7) and
a € R\ {0}. Note that (0771, a, 0°77)+ equals (0771, 1,07)L So,
{BY Beln, 4 \{0}}={B5 B=(0"11077) for 1 <j <4},
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which is a finite set, and (B.8]) holds for some finite s.
Let s be minimal such and let Ay,..., As € A be the corresponding smooth elements for which
(B:8)) holds. Being smooth, Lemma implies that

Af_ = (Ojilv MAwogij)l

for some j (depending on i) and a unimodular p4, € K;. Hence, A is an R-vector subspace of
A =K; & - &K, having only j-th block different from K;. It implies that (;_, A% is also an
R-vector subspace of A. Moreover, by Lemma B.4] its j-th block is at most one-dimensional real
vector space, else ﬂi:l Ay contains infinitely many left-symmetric elements with pairwise distinct
outgoing neighborhoods (relative to j-th block M;(K;) = K, hence also relative to .A), which
would contradict the choice of s. Thus, (;_, Ali = @i:l Ray. for some numbers «j € Ky which
we can assume to be either unimodular or 0.

To finish, define a map sgng: K — K by sgny(a) = 1if a = 0, else sgng(«o) = % and observe that
x — (sgng(ay) @ -« - B sgny(ay))z is an isometry of A, so induces a BJ isomorphism. With its help
we can achieve that (;_; A = @izl Ray, with each ay € {0,1}. This, in turn, is BJ isomorphic
to R™, where m < ¢ is the number of non-zero «;. But since R’ also contains finitely many left-
symmetric elements with pairwise distinct outgoing neighborhoods then, by the minimality of s, we
have m = £ and so ay, = 1 for each k. Thus, (j_; A = @izl Ray, for some unimodular numbers
ar, € K and it contains exactly ¢ non-zero left-symmetric elements with pairwise distinct outgoing
neighborhoods. This shows that the set in (8.8]) has cardinality ¢. By Lemma B.4], we furthermore

have
(3.10) s = c+ 3h.
Now, the dimension of A is clearly equal to
dimg A = r + 2¢ + 4h.
while the number of blocks satisfies £ = r 4+ ¢ + h. This implies s = dim A4 — ¢. O

We say that a subset S C A has property FL if [{A+; A € Ls}] < c0.

Lemma 3.6. Let A be a finite-dimensional pseudo-abelian C*-algebra over R with dim A > 2.
Choose the minimal integer s and the corresponding smooth elements A1,. .., As as in Lemmal30,
and define the set

E:={A € L4 Im such that A" Ak has property FLY}.
k
k#m

Q:ﬂAL

A€l

Then,

consists exactly of elements in A that are zero in nonreal blocks of A. Hence, the cardinality of
{At; AeQncLa\{0}}

coincides with the number of real 1-by-1 blocks in A.
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Proof. Let A=R" @ C®@® H". Using Lemma [3.5]
s J4
() 4t - Do
k=1 k=1

for some unimodular numbers oy, € K. Now, without loss of generality (by multiplying with a
suitable unitary element, i.e., applying a suitable isometry), ap = 1 for each 1 < k£ < /. Since
A are smooth there exist X} such that Ali = Xk,l, where collection of all X} takes the form
(0971,4,0°79) in complex blocks, i.e., for r + 1 < ¢ < r + ¢, and the form (0971, y1;,4,0°79) with
span{ i q, 12,4, 3.} = span{t, g, k} (1 < j < 3) in quaternionic blocks, i.e., for r+c+1 < ¢ </
(because we assumed ay = 1). Without loss of generality, we assume Ay = Xj.

Consider ¢ such that K, € {C,H}. We examine only the slightly more challenging case of K, = H
in the sequel. Then there exists m such that A,, = (0971, H,q, 0¢=9). Let us replace A, with

A= (07"1,1,079).

Now, for each unimodular p € K, we have put = ker fu (here, pt denotes the relative outgoing
neighborhood inside the g-th block M;(K,) = K, and f,(z) = Re(fix) is R-linear functional on
Ky) is a three-dimensional subspace of K,. Then, if y1, po, u3 are R-linearly independent, then
furs fuss fus are also R-linearly independent. Now, since p1 4, pi2,4, 43,4 are purely imaginary and
R-linearly independent, it implies that 1, ji2 4, p3 4 are R-linearly independent, so 1+tn uiqﬂuiq is a
one-dimensional subspace in M (K,) (again, we are using here the relative outgoing neighborhoods,
within g-th block M (K,) only). So, ALﬂﬂkim Al = ©D.., Ry &R for some unimodular 8 € K,
(because by replacing A with A+ affects the g-th block only), which contains only finitely many

left-symmetric elements with pairwise distinct outgoing neighborhoods. It implies
(071, 1,0°79), (097", 11,07 7) €2 for j € {1,2,3}.

Since span(1, pi1,q, f2,q, 113,q) = Kg, then @ == At can only contain elements with zero entries
in g-th block. Since K, was arbitrary non-real block, then {2} can only contain elements with zero

entry in all non-real blocks of A, that is,
QCR &0°®0".

Now we consider those i such that K; = R. By the minimality of s and the fact that we could
assume A; = X}, each A has zero entries in real blocks. Therefore, if we replace some A,
(which has a non-zero entry only in the ¢-th block) with a left-symmetric A, as outlined by the
procedure, then we claim that A also will have a non-zero entry in the ¢-th block: In case this
block is complex, then by the minimality of s, A,, is the only element among {A4,..., As} with
non-zero entry in ¢-th block. Now, if its substitute, A € = would have a zero entry in g-th block,
then (07! @ M;(C) @ 0¢79) C A+ N Mkzm A, This, by Lemma B4, contradicts the fact that
At n ﬂ,ﬁém Ali has property FL.

The arguments when the ¢-th block is quaternionic are similar; the only difference is that by the

minimality of s (and Lemma [B:4) we now have three matrices among {A1,..., A} with non-zero
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entries in this block, and they must be R-linearly independent. Then the substitute, A € Z must
again have non-zero entries only in g-th block.

Therefore. R” 0@ 0" C AJ-ﬂﬂ,#m Aé‘ for every A € = and so R ®0ca0h C O C RTGBOC@Oh,
as claimed. The claim about the number of non-zero left symmetric elements with property F.L

inside () is now clear. O

4. PROOFS OF MAIN RESULTS

Proof of Theorem .4 Without loss of generality, A = @f;:l M, (Ky) with ng = -+~ =n, =1
and npi1,...,ny # 1 for some p > 0. If p = 0, then, by Lemma 22, £4 = {0}, so L5 = A. This
matches with the sum of minimal ideals which are not skew-fields. Also, Eiﬁ = {0}, which agrees

with the statement when there are no skew-field minimal ideals.
If p £ 0, then, by Lemma 221

Lam U (@on) e M) s (D o)

1<i<p k=1 k=i+1

Note that M;(K;)* = {0,.} because 4; } A; for any non-zero A; € My(K;). Thus, if A =
a1 Dapy®Ap 1B DAy € £, then the left-symmetric element (@i: O,Lk)@aj@ ( @f;:jﬂ Onk)
is orthogonal to A; giving that a; = 0 for all 1 < j < p. Hence,

P

l
L= ) A= (D)@ D Ma (K,

AeL g k=1 k=p+1
which coincides with the sum of minimal ideals that are not skew-fields. Moreover,

¢

=N AL:kG?Ml(K;C)@( P o).

AeLh k=p+1

which is the sum of skew-field minimal ideals. O

Proof of Theorem [1.1. Assume there is a BJ isomorphism between A and A’ and A is a finite-
dimensional pseudo-abelian C*-algebra. If ¢ is a BJ isomorphism between A and A’, we get
Loy =d(La), Rar = ¢(R4) and ¢(0) = 0 (since x = 0 is the only element with x L z). Using
Corollary 3] we get A’ is pseudo-abelian. Using BJ isomorphism of A and A’, we have that the
cardinalities of {AL; A € B is left-symmetric} and {A1; A € B is right-symmetric} are same for
B € {A, A'}. Then, using Corollary 3.3, we get F = F’. For F = C, then result follows because the
dimensions of A and A’ are same using ([8.7). Now, we consider the case F = F = R.
Lt A=R" & C @ H" and A’ =R"” & C¢ @ H". Then, by Lemmas and we have

r=r.
By Lemma 3.5 we also have that the number of blocks in A and A’ are same, i.e.,

r+ct+h=r"+d+n.



18 B. KUZMA AND S. SINGLA

The minimal number s such that there exists smooth elements Ay, ..., As for which (B.8]) holds is

also preserved under a BJ isomorphism. Hence, by (3.9), the dimensions of A and A" are same, so
r+2c+4h =1 +2¢ + 4K,

It implies, r = 7/, ¢ = ¢ and h = h’. Consequently, A and A’ are C*-isomorphic. O

5. EXTRACTION OF ABELIAN SUMMAND

Recall from Theorem that, given a finite-dimensional C*-algebra A,
Lyt =C5 if F = C,

or
L =R @CoH" ifF=R,

where r, ¢, h are the numbers of 1-by-1 real, complex and quaternionic blocks in the matrix block
decomposition, respectively. Notice that in case of complex C*-algebra, its pseudo-abelian and
abelian summands coincide and equal to C¢. However, for a real C*- algebra its abelian summand
equals R" @ C¢ and differs from the pseudo-abelian summand when A > 0. Now, we give a procedure
to classify the abelian summand in case of real C*-algebra. Recall that I, the underlying field of A,
can be determined using BJ orthogonality alone when dim EjL > 2, see Corollary B3l and note that
the dimension of the pseudo-abelian C*-algebra LjL can be computed using (3.9]) (this was proven
for real C*-algebra but it holds even for complex C*-algebra since then s = 0 and ([B.9) reduces
to (3.7)). When dim £+ = 1, then the pseudo-abelian and abelian summand of A coincides and
equal to C (if F = C) or R (if F = R), respectively.

Clearly, to extract the abelian summand we only need to work within the pseudo-abelian sum-
mand Ejl and we only need to consider real C'*-algebras, that is, F = R. We will require the
smooth points in EjL. Since EjL is a C*-algebra, its smooth points can be described by BJ
orthogonality alone, see Lemma We will also require a property similar to the property FL,
which was defined just prior Lemma We say that a subset S C Ejl has a relative property
F L with respect to pseudo-abelian summand, PFL for short, if

HXtnLih X € Ls)] < .

Now, we consider the following procedure to extract quaternionic 1-by-1 blocks in Ejl: Start

L4, with property PFL, that consists of smooth points relative

with an arbitrary finite set 2 C
to Ejl and is of minimal possible cardinality (it exists by Lemma [3.5]). By Lemma 2.T] we replace
every element S € Q by § € L4+, which is left symmetric relative to EjL and satisfies SN Ejl =
Stn Ejl. This way we achieve that each element of (2 is left-symmetric relative to EjL and, as
such, belongs to a single block of Eiﬁ (see Lemma [Z2(ii)) It follows from the proof of equation
(BI0) in Lemma B35l that, due to its minimal cardinality, |©2| = ¢+ 3h and no element in Q belongs
to a real block of Ej{ while each complex block of Ejl has one and each quaternionic block of

Ejl has three representatives in €.
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Thus, if |2 < 2, then Ejl is the abelian part (and A is abelian if and only if A = Ejﬁ).
If Q] > 3, let ' be the collection of all 3-subsets (i.e., subsets of cardinality 3) of 2. For each
{X1, X2, X3} € Q' we select (if they exist) all non-zero X € L4, left-symmetric relative to £5*,
such that the three sets
(5.11) (N Stnxtncit, (| Stnx*tncit, (N S‘nxtncit

SeQ\{X1} SeQ\{ X2} Se\{X3}
have property PFL. By Lemma B4 every quaternionic 1-by-1 block contains such a representative
triple in Q (e.g., if {X1, X2, X3} = (0® {¢,7,k} ®0) CO®H® 0; we can take X = (0019 0) €
0 H®O0). Conversely if, for a triple { X7, X2, X3} C €, we can find such a left-symmetric X, then,
by Lemma 22)(ii), X belongs to a single block of Ejl. It is then easy to see that if {X;, X2, X3}
do not belong to the same block (necessarily quternionic), then, by the minimal cardinality of €,
at least one of the three sets in (5.11]) will not have the property PFL, a contradiction.

One also sees that each X must belong to the same quaternionic block containing X7, Xo, X3
and at least one, say Xy, is not in their R-linear span. Then, X 1l N X2L N X3l N Xol vanishes on this
quaternionic block. Therefore, the common outgoing neighborhood of all those triples, together
with all the adjourned vertices X, and intersected by £+, is the abelian summand of A.

To summarize the complete extraction of abelian summand: Start with Ejl. If dim Eiﬁ =1
(cf. @) or if dim L4+ > 2 and F = C (see Corollary B3), then £4 is the abelian summand.
Otherwise, apply the above procedure to get it.

Corollary 5.1. Let A be a finite-dimensional C*-algebra over F. Then, the following are equivalent:
(i) A is abelian.
(i) A = L4 and it contains no quaterninic blocks.
(i) A= EjL and if Ay, ..., As € A is any (hence every) minimal tuple with the property FL,
then it contains no triple for which a non-zero left symmetric X would exist so that (5.11)

would have property FL.
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