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PROJECTIVE VERSIONS OF SPATIAL PARTITION QUANTUM
GROUPS

NICOLAS FAROSS

ABSTRACT. We generalize categories of spatial partitions in the sense of Cébron-
Weber by introducing new base partitions. This allows us to construct additional
examples of free orthogonal quantum groups but yields the same class of spatial
partition quantum groups as before. Further, we use these new base partitions to
show that the class of spatial partition quantum groups is closed under taking pro-
jective versions and in particular contains the projective version of all easy quan-
tum groups. As an application, we determine the quantum groups corresponding
to the categories of all spatial pair partitions and give explicit descriptions of the
projective versions of easy quantum groups in terms of spatial partitions.

1. INTRODUCTION

Spatial partition quantum groups were first introduced by Cébron-Weber in [10]
and are examples of compact quantum groups in the sense of Woronowicz [40, [42].
They generalize easy quantum groups by Banica-Speicher [6] and are obtained by
replacing two-dimensional partitions with three-dimensional spatial partitions.

A spatial partition on m levels p € P™ consists of k - m upper points and ¢ - m
lower points that are partitioned into disjoint subsets by lines. Further, we allow
both upper and lower points to be colored uniformly along the levels. For example,

we have
I—?GP(”, gﬁeP(”, I&LGP(?’).

Given spatial partitions on the same number of levels, we can construct new spatial
partitions by forming their tensor product, involution and composition. A category
of spatial partitions in the sense of Cébron-Weber is a set of spatial partitions that
is closed under these operations and contains the base partitions I(m), I(m) and 1),

;1™ Here, pt™ € P denotes the spatial partition that is obtained by placing m
copies of the partition p along each level.
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By realizing spatial partitions as linear operators, categories of spatial partitions
give rise to concrete C*-tensor categories, which then correspond to spatial parti-
tion quantum groups via Woronowicz Tannaka-Krein duality [41]. In the case of
partitions on one level, these quantum groups are exactly unitary easy quantum
groups [0, 30] and include for example the free orthogonal and free unitary quantum
groups [35], the quantum permutation group [36] or the hyperoctahedral quantum
group [4].

Since easy quantum groups are based on partitions, they form a concrete class
of quantum groups that can be studied and classified using combinatorics [17, 21,
16, (5, 37, 28]. In the case of orthogonal easy quantum groups, the classification has
been completed in [29], whereas the classification in the unitary case is still ongoing.
See for example [31], 15 [18] or the more recent work by Mang [23| 24] 25| 26].

Spatial partition quantum groups have so far been studied in [10, 14]. In [10],
Cébron-Weber show that these quantum groups are closed under glued products,
which implies that the class of spatial partition quantum groups is strictly larger
than the class of easy quantum groups. Further, they provide a partial classification
of categories of spatial pair partitions on two levels and discuss links to the quantum
symmetries of finite-dimensional C*-algebras.

In [14], the author shows that the category P2(2) of all spatial pair partitions
on two levels gives rise to the classical projective orthogonal group PO, yielding
a simpler example of a non-easy spatial partition quantum group. Additionally,
an explicit description of the category of spatial partitions corresponding to the
quantum symmetry group of M,(C) ® C™ is given.

Main results. In [10], Cébron-Weber ask about a generalization of the base parti-
tions £3(™ and ;1™ that still allows the construction of compact matrix quantum
groups from categories of spatial partitions. We answer this question by showing
that the previous two base partitions can be replaced with any pairs of spatial
partitions r and s satisfying the conjugate equations

Pl [ el eI

In the case of one level, the partitions r = | and s = {7} are the only solutions to
these equations. However, in the case m > 2, we do not only obtain the previous
base partitions r = ;3™ and s = ;1™ but also twisted versions like

r=r)d s=[eld and r:(gjgfl, s:r@.

We refer to Proposition B.10] for a characterization of all possible solutions to these
conjugate equations in the context of spatial partitions.

Using our new base partitions, we can now construct additional examples of free
orthogonal quantum groups in the sense of Van Daele-Wang [11]. In the notation
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of [1], these quantum groups are given by OT(F,) and with parameters
E ((Cn>®m N (Cn)é@m7 Fo’(eil R ® eim) = eioflu) R ® eiafl(m)

for all n € Nand o € S,,. See also Proposition [£.14] for more details and the precise
statement in full generality.

Although we can construct new examples of spatial partition quantum groups, it
turns out that using our new base partitions, we obtain the same class of quantum
groups as defined by Cébron-Weber.

Theorem 1 (Corollary [17). Let G be a spatial partition quantum group defined
by any pair of spatial base partitions satisfying the conjugate equations. Then G is
equivalent to a spatial partition quantum group in the sense of Cébron-Weber defined
by the base partitions £3™ and ;1™

More generally, we show in Section [£.3] that permuting the points of any category
of spatial partitions along the levels leaves the corresponding quantum group invari-
ant, which makes it possible to reduce any base partitions to the case of [1™ and
(™) Still, our new base partitions are useful on a combinatorial level and allow us
to show that the class of spatial partition quantum groups is closed under taking
projective versions.

Consider a compact matrix quantum group GG with fundamental representation
u and assume % is unitary. Then its projective version PG is the compact matrix
quantum group defined by the representation u®u. If GG is a classical group, then
PG corresponds exactly to the quotient

PG=G/(GN{A | XeC)).

Further, in the case quantum groups, projective versions have for example been
studied in [2, (5 [7, 20]. In this context, our main result can be formulated as follows.

Theorem 2 (Corollary B0). Let G be a spatial partition quantum group. Then
PG is again a spatial partition quantum group. Moreover, its category of spatial
partitions is given by Flat;,}o.(C), where C C P™) is the category of spatial partitions

corresponding to G and Flat,, . is the functor defined in Section[3.3.

Note that the previous result does not only apply to projective versions PG but
to any compact matrix quantum group defined by a @-product of the fundamental
representation v and a unitary conjugate representation u®. See Section [l for
further details.

As an application, we consider the categories 732(m) of all spatial pair partitions

on m levels. In [6, [14], it is shown that 772(1) corresponds to the classical orthogonal
group O,, and that 772(2) corresponds to its projective version PO,,. Using the previous
theorem, we are now able to generalize these results in Section to all m € N and
obtain

Py

PO, if m is even,
O, if m is odd.
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Finally, we consider projective versions of easy quantum groups in Section [5.3
Since easy quantum groups are a subclass of spatial partition quantum groups, our
main result implies that their projective versions are again spatial partition quantum
groups. Using a result of Gromada [20], we then derive sets of spatial partitions
generating the categories of the projective versions of orthogonal easy quantum
groups with degree of reflection two. This allows us to describe these quantum
groups explicitly as universal C*-algebras defined by finite sets of relations.

Overview. We begin in Section 2] with some preliminaries about compact matrix
quantum groups, their representation categories and Woronowicz Tannaka-Krein
duality. Then, we consider the combinatorics of spatial partitions in Section [3] and
introduce our new base partitions. In particular, we characterize all possible base
partitions and introduce two functors between categories of spatial partitions that
are used to prove our main results.

In Section M, we show how to construct compact matrix quantum groups from
categories of spatial partitions containing our new base partitions and give a de-
scription of these quantum groups in terms of generators and relations. This allows
us to construct the free orthogonal quantum groups OT(F,), before we show that
our new base partitions yield the same class of spatial partition quantum groups as
defined by Cébron-Weber.

Finally, we prove in Section [5l that the class of spatial partition quantum groups is
closed under taking projective versions. Further, we determine the quantum groups
corresponding to the categories PQ(m) of spatial pair partitions and give explicit
descriptions of the projective versions of some orthogonal easy quantum groups in
terms of spatial partitions.

2. PRELIMINARIES

2.1. Notation. We begin by introducing some notations and conventions that will
be used throughout the rest of the paper.
Let o and e be two colors. Then we denote with

{o,0}" :={1,0,0, 00,00 €0 ee c0O,...}

the free monoid generated by {o,e}. It is given by the set of all finite words over
{0, e} with concatenation as multiplication and the empty word 1 as the identity
element. If z € {o,e}", then we denote with |z| the length of the word z and
with z; € {o,e} the i-th color. Further, let =: {o,e}" — {o,e}" be the anti-
homomorphism defined by

G=e, ®=o0, T y=7y-T Yr,y€{oe}".

Next, consider a finite-dimensional Hilbert space V. Then we denote with V
its conjugate Hilbert space where the conjugate of a vector v € V' is denoted by

7 € V. Using colors, we additionally define V° :=V, V*:=V and v° := v, v* := 7
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for all v € V. Further, we extend this notation to tensor products by defining
Ve .=V @...@ V% for all z € {o,e}" with k := |x].

Let n € N. Then we define [n] := {1,...,n} and more generally [n] := [n;] x

- X [ng,] for all n = (ny,...,n,) € N™. Additionally, we introduce the Hilbert
spaces C™ := C™" ® - - - @ C™ with canonical bases given by e; :=e;, ® --- ®¢;,, for
all 2 := (i1,...,in) € [n].

Next, consider two finite-dimensional Hilbert spaces V' and W. Then B(V,W)
denotes the vector space of all linear operators 7: V' — W and we define B(V) :=
B(V,V). Given an orthonormal basis of V' indexed by J and an orthonormal ba-
sis of W indexed by I, we identify elements of B(V,W) with matrices (T})icr je-
Moreover, if T: V — W is a linear operator, then its conjugate T: V — W is given
by T(v) = T(v) for all v € V. Using colors, we additionally write T° := T,T* := T
and T :=T" @ --- @ T for all z € {o, o}* with &k := |z|.

Throughout the rest of the paper, we will use basic facts about C*-algebras, their
tensor products and universal C*-algebras. For more information on these topics,
we refer to [8]. In particular, we will denote with ® the minimal tensor product of
C*-algebras.

Let A be a unital C*-algebra. Then we identify elements v € B(V, W) ® A with
A-valued matrices (u)ies jes With respect to orthonormal bases of V and W index
by J and I. Moreover, we embed B(V, W) into B(V,W)® A via T — T ® 1 and
define the anti-linear map ~: B(V,W)® A — B(V,W) ® A by

(T®a) =T®a* VT € BV,W),ac A.
With respect to the conjugate bases of V' and W, the matrix coefficients of u are
then given by w! = (u})".

Finally, we introduce the Woronowicz tensor products @ and @ from [40]. These

are the bilinear operators defined by

TRa)O(S®b):=TS®a®b €BV)A®A,
T@a)o(S®b)=T®S)®ab eBVaW)® A

foral T®a e B(V)@ Aand S®@be B(V)®@ Aor S®b e B(W)® A respectively.
The matrix coefficients of both operators are given by

ivie 41 02
u@v E uk®v], (u@v); s =ug v

Jij2

with respect to orthonormal bases of V., W and the induced basis of V @ W.

2.2. Compact matrix quantum groups. Compact quantum groups were first
introduced by Woronowicz [40, 42] as a generalization of classical compact groups
and provide the general framework for easy quantum groups and spatial partition
quantum groups. In the following, we will restrict ourselves to compact matrix
quantum groups, which are a class of compact quantum groups defined by a single
unitary representation. We refer to [39, [3] for a detailed introduction to compact
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matrix quantum groups and to [33, 27] for the general case of compact quantum
groups.

Definition 2.1. Let V' be a finite-dimensional Hilbert space, A be a unital C*-
algebra and v € B(V) ® A. Then G := (A, u) is called a compact matriz quantum
group if

(1) A is generated as C*-algebra by the matrix coefficients

{(p@ida)(u) [ ¢ € B(V,C)},
(2) w is unitary and @ is invertible,
(3) there exists a *-homomorphism A: A — A ® A, such that
(idp) ®A)(u) = udwu.

The element u is called the fundamental representation of G. Further, we denote the
C*-algebra A with C'(G) and the dense *-algebra generated by the matrix coefficients
with O(G).

Note that we have chosen a basis-independent definition of compact matrix quan-
tum groups. This allows us to keep track of the tensor product structure of the
underlying Hilbert space V and does not force us to identify C* ® C" with C™ in
an arbitrary way:.

Examples of compact matrix quantum groups are Wang’s free orthogonal and free
unitary quantum groups [35] or its deformations in the sense of Van Daele-Wang [11].
Using the notation of Banica [1], these quantum groups are defined as follows.

Definition 2.2. Let n € N™ I € B(C™) be invertible and denote with .: C* — C™
the linear isomorphism defined by ¢(g;) = e; for all ¢ € [n]. Define the universal
unital C*-algebras

Ao(F) := C*(us; | w is unitary and u = (Fu) @ (Fi)™"),

Au(F) == C*(usj | w and (Fu)u(Fu)™" are unitary)
;)i’je[n}. Then

OF(F) := (A,(F),u), UT(F) := (A (F),u)

are the free orthogonal and the free unitary quantum groups with parameter F.
Moreover, we define O} := O"(id¢n) and U, := U™ (idcn).

generated by the coefficients of a matrix u := (u

Additional examples of compact matrix quantum groups are the quantum permu-
tation group S, [36], the hyperoctahedral quantum groups H," [4] or more generally
easy quantum groups [6] and spatial partition quantum groups [10]. We introduce
spatial partition quantum groups in Section @ which includes easy quantum groups
as a special case. For a more detailed introduction to easy quantum groups, we refer
to [38, [39)].

As in the case of classical groups, one can generalize the notion of subgroup and
isomorphic groups to the setting of compact matrix quantum groups.
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Definition 2.3. Let G and H be compact matrix quantum groups with fundamental
representations v on V and v on W. Then

(1) H is a subgroup of G and we write H C G if there exists a unitary Q: W — V
and a unital *-homomorphism ¢: C(G) — C(H) with

p(u) = QuQ™,
(2) G and H are isomorphic and we write G = H if H C G and the previous
x-homomorphism ¢ is a *-isomorphism,
(3) G and H are isomorphic as compact quantum groups if there exists a unital
s-isomorphism ¢: C(G) — C(H) with
(p®p)oAg=Agop.

Note that an isomorphism between compact quantum groups is more general
and does not respect the fundamental representation of a compact matrix quantum
group. In particular, it allows us to compare quantum groups with fundamental
representations of different dimensions.

Finally, we introduce representations of compact matrix quantum groups, which
will be discussed in more detail in the following.

Definition 2.4. Let G be a compact matrix quantum group. A representation of
G on a finite-dimensional Hilbert space V' is an invertible element v € B(V) ® C(G)
that satisfies

(idpvy ®A)(v) = vOw.

Consider a compact matrix quantum group G on a Hilbert space V. Then its
fundamental representation u € B(V) ® C(G) and the trivial representation 1 €
B(C) ® C(G) are always representations. Further, if v and w are representations,
then both v and v @ w are again representations.

2.3. Representation categories and rigidity. Next, we recall that representa-
tions of a compact matrix quantum group have the structure of a tensor category,
which allows us to formulate Woronowicz Tannaka-Krein duality in the next section.
We refer to [41], 33 27, 19] for more on the representation theory of compact matrix
quantum groups and to [13] for tensor categories in general.

We begin by introducing intertwiners between representations.

Definition 2.5. Let GG be a compact matrix quantum group with representations
von V and w on W. Then the space of intertwiners between v and w is given by

Hom(v,w) :={T € B(V,W) | Tv =wT}.

Consider a compact matrix quantum group G. Then we can construct a category
Rep(G) with objects given by finite-dimensional unitary representations of G and
morphisms Hom(v, w) given by intertwiners between v and w. Additionally, we can
use the @-operator and the adjoint T™ of intertwiners to define a monoidal and a *-
structure on this category. The following proposition summarizes its most important
properties.
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Proposition 2.6. The finite-dimensional unitary representations of a compact ma-
trix quantum group are a concrete monoidal x-category in following the sense:

(1) idy € Hom(v,v) for every representation v on V.

(2) Hom(v,w) is a linear subspace of B(V,W) for all representations v on V
and w on W.

(3) If S € Hom(v,w) and T € Hom(w, z), then ST € Hom(v, ).

(4) If T € Hom(v,w), then T* € Hom(w, v).

(5) If S € Hom(v,w) and T € Hom(zx,y), then S® T € Hom(v®x,wdy).

In addition to the previous properties, the representation category of a compact
matrix quantum group is rigid in the sense that every unitary representation has a
conjugate representation.

Definition 2.7. Let G be a compact matrix quantum group with unitary represen-
tations u® on V and u® on W. Then u® is conjugate to u° if there exist intertwiners
R € Hom(1,u°@®u®) and S € Hom(1,u®* ®u°) satisfying the conjugate equations

(R*®idy) - (idy ®S) = idy,  (S* ®idw) - (idy ®R) = idy .

Note that the representation u*® is also called a dual of u°® and the intertwiners R
and S are called duality morphisms. We refer to [13] and [27] for the definition of
rigidity in a more general context.

In [41], it is shown that the representation category of a compact matrix quantum
groups is generated by tensor powers of its fundamental representation u and its
conjugate representation. Thus, it will be enough to consider only the fundamental
representation u° := u with conjugate u® in the following. Further, we introduce
the notation u® := u*' @...®u% for all z € {o,e}" with k := |z| > 0. In the case
x = 1, we define u' := 1 as the trivial representation.

Note that the conjugate of a representation is not unique but is only determined
up to unitary equivalence. Furthermore, the representation u° is in general not
conjugate to u° since it is not necessarily unitary. However, we show in the following
that any conjugate representation u® is equivalent to u° and this equivalence is
defined by the solutions R and S of the conjugate equations.

Proposition 2.8. Consider a compact matriz quantum group with fundamental
representation u® on 'V and let F € B(V) be invertible. If u® := Fu°F~! is unitary,
then u® and u® are conjugate with duality morphisms R and S given by

1

RY = Fijv SY = (£ )
with respect to any basis of V' and its conjugate basis.
Proof. A proof can be found in [I9]. One checks directly that
u’(u?)" =1 <= R € Hom(l,u°®u*),
u*(u®)" =1 <= S € Hom(1,u*@®u°).
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Thus, R and S are intertwiners. Further, they satisfy the conjugate equations since
(R*®idy) - (idy ®S)=F F, (S*®idp)- (idp®R) = FF.
O

Proposition 2.9. Let G be a compact matriz quantum group with unitary repre-
sentation u® on V. Assume u® is a unitary representation on 'V that is conjugate to
u® with duality morphisms R and S. Then u® = Fu°F~', where F € B(V) is given
by F} = R7* with respect to any basis of V and its conjugate basis.

Proof. The representation u° is equivalent to a unitary representation that is con-
jugate to u°, see [27, Example 2.2.3]. Further, [27, Proposition 2.2.4] shows that
conjugates are unique up to equivalence. Hence, there exists an invertible FeB (V)
such that u® = Fu?F~!. The previous proposition then implies that

R € Hom(1, v @u*), S € Hom(1,u® ®u°),

where R and S are the solutions to the conjugate equations defined by F. Asin [18
Theorem 3.4.6], we compute

(S* ®idy) - (idy ®R) = FF~! € Hom(u®, u®),
which yields
u* = FF WFF' = FwoF .
O

2.4. Woronowicz Tannaka-Krein duality. In the case of classical groups, Tannaka-
Krein duality [12] allows the reconstruction of a compact group from an abstract
category of representations. A similar result for compact matrix quantum groups
was first proven by Woronowicz in [41].

There exist multiple proofs of Woronowicz Tannaka-Krein duality at various levels
of abstraction, see for example [41], 27, 22 19]. In the following, we choose the
approach of Gromada [19], which is most suitable for the setting of categories defined
by partitions. Thus, we begin by introducing the notion of an abstract two-colored
representation category that captures the properties of the representation category
of a compact matrix quantum group discussed in the previous section.

Definition 2.10. Let V be a finite-dimensional Hilbert space. A two-colored rep-
resentation category C is a collection of linear subspaces C(x,y) C B(V®* V%) for
all z,y € {o, ®}" satisfying the following properties:

(1) idye: € C(z,z) for all z € {o,e}".

(2) If SeC(z,y) and T € C(y, ), then ST € C(x, z).

(3) f T € C(x,y), then T* € C(y, z).

(4) If S € C(w,z) and T € C(y, z), then S® T € C(wy, xz).
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(5) There exist R € C(1,0e) and S € C(1, e0) satisfying the conjugate equations
(R* ®1idy) - (idy ®95) = idy, (S* ®idy) - (Idy®@R) = idy.

Woronowicz Tannaka-Krein duality now states that given any two-colored repre-
sentation category C, there exists a unique compact matrix quantum group whose
representation category Rep(G) is given by C.

Theorem 2.11 (Woronowicz Tannaka-Krein duality). Let C be a two-colored repre-
sentation category on a Hilbert space V. Then there exists a unique compact matrix
quantum group G with fundamental representation u® on V' and unitary representa-
tion u® on V., such that

Hom(u®,u¥) = C(z,y) Va,y € {o,e}".

First, let us comment on the uniqueness of the unitary representation u*® in the
previous theorem. Since C contains a pair of morphisms R and S satisfying the
conjugate equations, the representations u° and u® are conjugate. Proposition
then implies that u* = Fu°F~' with F} = R’. Thus, the representation u* is
uniquely determined by the category C.

Next, consider the uniqueness of the quantum group G. The proof of Woronowicz
Tannaka-Krein duality in [I9] shows that all relations of the dense x-algebra O(G)
are spanned by the intertwiner relations

Tu® =uwT  Va,y € {o,e}", T € C(z,y).

Hence, O(G) is uniquely determined by the category C up to *-isomorphism. In
contrast, the C*-algebra C(G) is not unique but it is always possible to choose
C(G) as the maximal C*-completion of O(G). In this case, G is uniquely defined
by the following universal property.

Proposition 2.12. Let G be the compact matriz quantum group in Theorem [2.11]
and H be a compact matriz quantum group with fundamental representation w° on
W and unitary representation w® on W. If there exists a unitary Q: V. — W, such
that

Hom(u", u¥) C (Q_1)®y -Hom(w®, wY) - Q®* Vz,y € {o, e},
then H is a subgroup G via u® — Q 1w°Q.

Motivated by Woronowicz Tannaka-Krein duality and the previous proposition,
we introduce the following notion of equivalence between compact matrix quantum
groups.

Definition 2.13. Let G be a compact matrix quantum group with fundamental
representation u° and conjugate representation u®. A compact matrix quantum
group H with fundamental representation w® on W and unitary representation w*®
on W is called equivalent to G if there exists a unitary Q: V — W such that

Hom(u”, v¥) = (Q~1)*" - Hom(w®, w¥) - Q%* Va,y € {o,e}".
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One can check that the previous definition is indeed an equivalence relation be-
tween compact matrix quantum groups. Further, Woronowicz Tannaka-Krein dual-
ity and the previous discussion show that two compact matrix quantum groups G
and H are equivalent if and only if O(G) and O(H) are x-isomorphic. Moreover,
this isomorphism is given by u = Q 'wQ, where u and w are the fundamental
representations of G and H respectively.

3. COMBINATORICS OF SPATIAL PARTITIONS

In the following, we introduce spatial partitions, their categories and our new
base partitions as purely combinatorial objects. These will then be used again in
Section M to define spatial partition quantum groups. Further, we construct two
functors between categories of spatial partitions that will be used to prove our main
results in Section 4l and Section

3.1. Spatial partitions. We begin with spatial partitions, which are the main
combinatorial objects to define categories of spatial partitions. In contrast to [10],
we will not focus on spatial partitions with only white points, but we will consider
colored partitions as described in [10, Remark 2.7].

Definition 3.1. Let m € N. A spatial partition on m levels is a tuple (z,y, {B;}),
where z,y € {o,e}" and {B;} is a decomposition of the points

(. 2+ ]} x {1, m}

into disjoint subsets called blocks. We call x the upper colors and y the lower colors
of the partition.

Given a spatial partition, we can visualize it as a colored string-diagram as follows.
First, we draw an upper layer consisting of the points (,7) with 1 < ¢ < |z| and
a lower layer consisting of the points (i, j) with |z| < i < |y|, where in both layers
¢ increases from the left to the right and j from the front to the back. Then we
connect all points in the same blocks by lines and assign each upper point (7, j) the
color x; and each lower point (|x| + 4, j) the color y;.

Example 3.2. Consider the spatial partition on two levels with upper colors x = ce,
lower colors y = ooe and blocks

{(1,1),(3,2)},{(1,2), 3, D}, {(2,1), (4, 1)},{(2,2), (4,2), (5,2)}, {(5, 1) }-

Visualizing it as string-diagram yields
12 )2 ‘

'182,2) f
Note that spatial partitions on one level Wlth only white points are exactly the
partitions appearing for example in the definition of the Temperly-Liebe algebra [32],
the Brauer algebra [9] or more generally orthogonal easy quantum groups [4].
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In the following, we denote with (™ the set of all spatial partitions on m levels
and with P (z,y) the set of all spatial partitions on m levels with upper colors
and lower colors y. Further, we introduce the following spatial partitions that will
be used throughout the rest of the paper.

Definition 3.3.
(1) Let = € {o,e}". Then we denote with id, € P (x,z) the identity partition
on x. It is the spatial partition on one level with upper and lower colors
x, where each upper point is directly connected to the corresponding lower

point, e.g.
id, :I, id, :I, idoue :I I I

(2) Let p € PW(x,y) be a spatial partition. Then we denote with p®*) €
PE) (2, y) the amplification of p. It is obtained by placing k copies of p
behind each other, e.g.

idff) _ I I’ m(s) — g%%r?

(3) Let z,y € {o,e} and o € S,, be a permutation on {1,...,m}. Then we
denote with o, € P(™) (1, zy) the spatial partition with lower points zy and
blocks given by {(1,4), (2,0(z))} for all 1 < ¢ < m. For example, we have

M@ =5 2= 032),= 25Tk

where the corresponding permutations are written in cycle notation. Simi-
larly, we denote with o} € P (z,y) the rotated version of o,, with upper

color x and lower color y, e.g.
?@ (132)° = ?@é

;-] Lo
Given spatial partitions on a fixed number of levels m, we can use the following
operations to construct new spatial partitions.
Definition 3.4.
(1) Let p € P (z,y) and ¢ € P (w, 2). Then the tensor product p ® q €
P™) (2w, yz) is obtained by placing p and ¢ next to each other, e.g.

R

(2) Let p € P (x,9). Then the involution p* € P (y,z) is obtained by
swapping the upper and lower points, e.g.

() -
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(3) Let p € P (y,2) and q € P (x,y). Then the composition pq € P (z, 2)
is obtained by first placing ¢ on top of p and identifying the lower points of ¢
with the upper points of p. Then these points are removed and the resulting
blocks are simplified, e.g.

199 - lave - g [

Finally, we introduce the following properties of spatial partitions that will be
used later.

Definition 3.5. Let p € P (z,y) be a spatial partition. Then p is called
(1) inwvertible if there exists a spatial partition p~* € P (y, x) such that p~'p =
id, and pp~* = id,.
(2) n-graded for some n := (ny,...,ny) € N™if ny = n, for all points (i, k) and
(7, ¢) that are in the same block in p.
(3) pair partition if every block of p has size two.

Note that the inverse of a spatial partition p € P (z,y) is always given by

p~! = p* and in this case p and p* are both pair partitions whose blocks form a

bijection between the corresponding upper and lower points, e.g.

p:7§Z, p—lz}g{.

In particular, if p is invertible, then |z| = |y|. In the following, we present a proof
of this statement for the case |z| = |y| = 1, which will be relevant later.

Lemma 3.6. Let p € P (x,y) be invertible with || = |y| = 1. Then p = 0% and
p~t = (oY) for a permutation o € S,,.

Proof. As in [17], we denote with t(p) the number of through-blocks of p, i.e. the
number of blocks of p that contain both an upper and a lower point. Then ¢(p) < m
and equality holds if and only if p = o for a permutation o € S,,. Further,
t(qgp) < min(t(q),t(p)) for any ¢ € P (y,z), see [I7, Remark 2.6]. Thus, if p is
invertible, then

m = t(id{™) = t(p~" - p) < min(t(p~"), t(p)) < t(p) < m.

This shows #(p) = m and similarly one obtains ¢(p~!) = m. Thus, both p and p~!
are of the form o? and (0~')! for a permutation o € S,,. O

3.2. Categories of spatial partitions. Next, we introduce categories of spatial
partitions as purely combinatorial objects. These will be used again in Section [],
where we interpret categories of spatial partitions as representation categories of
compact matrix quantum groups.
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Definition 3.7. A category of spatial partitions on m levels is a subset C C P
that

(1) is closed under compositions, tensor products and involutions,
(2) contains id, and id,.

If C C P is a category of spatial partitions, then we denote with C(z,) the set
of all spatial partitions in C with upper colors x and lower colors y.

Note that in contrast to [10], we do not include the base partitions ;3™ and ;3(™
in the definition. Thus, our definition is more general and includes all categories of
spatial partitions in the sense of Cébron-Weber as special case. However, we will
come back to the role of these base partitions later. Examples of categories of spatial
partitions include

(1) the set PU™ of all spatial partitions on m levels,

(2) the set 732(m) of all spatial pair partitions on m levels,

(3) the set NC € PW of all non-crossing partitions, i.e. partitions that can be
drawn without crossing lines in two dimensions.

Additional examples of categories of spatial partitions can for example be found
in [29, 31, [10]. As in the previous examples, categories of spatial partitions are often
defined by specifying a property of spatial partitions. However, it is also possible to
define categories of spatial partition by a generating set.

Definition 3.8. Let Cy be a set of spatial partitions. Then we denote with C :=
(Co) the category generated by Cy. It is the smallest category of spatial partitions
containing Cy and consists of all finite combinations of elements in Cy and the base
partitions id, and id,.

Consider again the categories of spatial partitions from the previous example.
Using generators, these categories can be written as

PO=(L ) A= 0. Ne= L),

see [29] for further details. Moreover, generators for general P(™ and Pz(m) can be
found in [10].

In the original definition of spatial partition quantum groups in [10], Cébron-
Weber include the additional base partitions 5™ and ;1. These are used in the
construction of spatial partitions quantum groups and guarantee that the represen-
tation u is unitary. However, as discussed in Section 2.3] and Section 2.4] it is only
required that there exists a conjugate representation u® that is not necessarily given
by w. This is equivalent to the existence of solutions to the conjugate equations
in the sense of Definition 2.7 Thus, translating the conjugate equations into the
setting of spatial partitions yields the following definition.

Definition 3.9. Let C C P™ be a category of spatial partitions. Then C is called
rigid if it contains a pair of duality partitions r € C(1, ce) and s € C(1, eo) satisfying
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the conjugate equations
(r* ®id,) - (ido ®s) = id,, (s* ®1id,) - (ide ®@r) = id, .

In the case of spatial partitions on one level, the conjugate equations can be
visualized diagrammatically as follows:

In particular, this shows that r = | and s = {1 are the only solutions in the case
m = 1. Further, one checks that the duality partitions » = ;3™ and s = ;2™
of Cébron-Weber satisfy the conjugate equations, which implies that categories of
spatial partitions in the sense of [10] are always rigid. However, for m > 2, there
exist additional solutions given by spatial partitions like

r=r60d s=[ed and r:ggjgfl, s:r@.

The following proposition characterizes all possible solutions of the conjugate
equations in the context of spatial partitions.

Proposition 3.10. Duality partitions in the sense of Definition are ezxactly of
the form r = 0.4 and s = o, for a permutation o € S,,.

Proof. Fix a number of levels m and assume r € P (1,0e) and s € P™ (1, e0)
are a pair of duality partitions. Define the new partitions ' € P (o, e) and
s’ € P(™) (e, 0) by moving the lower points (1,7) for 1 < i < m to the upper layer.
Then the conjugate equations (visualized only for one level) yield

r
,r,/ Sl
= = , = = .
/ /
S r* r s*

Thus, " and s’ are a pair of inverse partitions and Lemma implies that they
are the form 7/ = 02 and s’ = (¢71). for a permutation o € S,,. Hence, we obtain
r = 0.e and s = o, by moving the upper points (1,4) for 1 < ¢ < m back to the
lower layer.

Conversely, let o € S,, and define the partition r = 0., and s = o,.!. By tracing
the blocks in the first conjugate equation, one checks that each point (1,4) in 7 is
connected to (2,0 (7)), which is again connected to (2,07 (a(i))) = (2,4) in s. Thus,
the first conjugate equation

(r* ®id,) - (ido ®s) = id,

is satisfied. Similarly, one checks that the second conjugate equation is satisfied,
which shows that r and s are duality partitions. O
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So far, we have only considered categories of spatial partition C as purely combi-
natorial objects. However, we can also give them the structure of a category in the
usual sense by defining the set of objects Ob(C) := {0, e}" and the set of morphisms

Hom(z,y) := C(z,y) =CNP"™ (z,y)  Va,y € {o,e}".

Moreover, using the language of categories, the tensor product and involution give
categories of spatial partitions the structure of strict monoidal f-categories. See [13]
for precise definitions of these terms.

Using this framework, we can now show that the duality of the objects o and e in
the sense of Definition implies the duality of z and T for all objects = € {o, e}".
Thus, our notation of rigidity agrees with the general notation of rigidity as for
example defined in [13] and [27].

Proposition 3.11. Let C C P"™ be a rigid category of spatial partitions and x €
{o,e}*. Then C contains a pair of duality partitions r € C(1,2T) and s € C(1,Tx)
satisfying the conjugate equations for x and T, i.e.

(r* ®id,) - (id, ®5) = idy, (8" @idg) - (idg ®r) = idy .

Proof. The statement follows directly by inductively applying [13, Proposition 1.10.7]
in the context of spatial partitions. Alternatively, the duality partitions r and s can
be constructed explicitly by nesting the duality partitions for o and e. O

3.3. Spatial partition functors. Next, we introduce functors between categories
of spatial partitions. These allow us to transform spatial partitions while preserving
their basic operations and will be used in the proofs our main results in Section [
and Section [

Definition 3.12. Let C C P™ and D C P be categories of spatial partitions. A
spatial partition functor F: C — D is given by a function F': {o,e}" — {0, e}" and
functions F': C(z,y) — D(F(x), F(y)) for all z,y € {o, e}" satisfying the following
properties:

(1) F(1) =1 and F(zy) = F(2)F(y) for all x,y € {o,e}"

(2) F preserves the category operators, i.e.

Flp-q)=F(p)-Flq), F@")=F@p), Fpoq=~F(p) oF(q)
for all (composable) p,q € C,
(3) F(idm) = idp(m) for all x € {O7 o}*.
Note that a functor does not necessarily preserve the number of levels of spatial

partitions. Using the language of categories, we also introduce the notion of fully
faithful functors.

Definition 3.13. Let F': C — D be a spatial partition functor. Then F' is called
fully faithful if the functions F': C(z,y) — D(F(x), F(y)) are bijections for all z,y €

{o,e}".
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A simple example of a spatial partition functor is obtained by decoloring spatial
partitions. Formally, we define F': P(™) — P by
F(zx) := ol Va € {o,e}",
F(p) = (O‘x‘> o|y|> {Bz}) \V/p = (zaya {BZ}) € P(m)

Since F preserves the block structure of spatial partitions, one can check directly
that it satisfies all properties in Definition [3.12] and that F' is fully faithful. However,

F' is not surjective in the sense that its image does not contain I(m). In particular,
this shows that the image of a spatial partition functor is not necessarily again a
category of spatial partitions.

Next, we present two additional examples of spatial partition functors that will
be used again in the context of spatial partition quantum groups in Section [4] and
Section

3.3.1. Permuting levels. Let 0,7 € S,, be permutations. Then we obtain a functor
Perm, ,: P™ — P(™ by permuting the levels of white points using o and the levels
of black points using 7. Consider for example o = (12) and 7 = (1)(2). Then

I = Jis

Using the permutation partitions introduced in Definition 3.3 we can define Perm,, ,
as follows.

Definition 3.14. Let 0,7 € S, and define
Gor =05, Qo i =Ts,  Gohi=q5,@¢, Yo,y {o e} |ay| > 1.
Then the permutation functor Perm, ; : P — P g given by
Perm, ,(z) :=x Vr € {o, e},
Perm, . (p) == ¢4, -p-(¢5,)"  VpeP™(x,y).

Example 3.15. Consider again the spatial partition from the initial example with
= (12) and 7 = (1)(2). Then

q;?T=II§@ qf:;:?@?m
k= B - 0

Next, we verify that the permutation functor Perm, , is indeed a spatial partition
functor in the sense of Definition [3.12] that additionally is fully faithful.

which yields
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Proposition 3.16. Perm,, . is a fully faithful spatial partition functor.

Proof. Since Perm, , preserves colors, it follows immediately that it respects the
concatenation of colors. Further, Lemma implies g, . = ¢, L which yields

Perm,,(p)* = ((¢%,)"") - p" - (¢%,)" = Perm,.(p*)  Vp € P (z,y).

Similarly, one verifies directly that

*

Perm,, - (p1 - p2) = Perm, - (p1) - Perm, ,(p2),
Perm,, - (p1 ® p2) = Perm, - (p1) @ Perm, - (p2)

for all (composable) p;, p, € P™. Hence, Perm,, . respects the category operations.
Additionally, we have

Perm, . (id,) = q; , - id, -(qiT)_1 =id, Vz € {o,e}",
which shows that Perm, , is spatial partition functor. Finally, one checks that
Perm, -(Perm,-1 ,-1(p)) = Perm,-1 ;-1 (Perm, -(p)) = p Vp e PM),

which implies that Perm,, is bijective on the sets P (z,y). Thus, it is fully
faithful. O

Finally, we introduce m-graded permutations and show that Perm, . maps cate-
gories of spatial partitions to categories of spatial partitions while preserving rigidity.

Definition 3.17. Let n := (ny,...,n,) € N™. A permutation o € S, is called
n-graded if n; = ng) for all 1 <i < m.

Proposition 3.18. Let 0,7 € S,, be n-graded permutations and C C P be a
n-graded rigid category of spatial partitions. Then Perm, .(C) is again a n-graded
rigid category of spatial partitions.

Proof. Define D := Perm, .(C). Since Perm, . respects the category operations,
it follows directly that D is closed under compositions, tensor products and invo-
lutions. Further, Perm, ,(id,) = id, € D for all z € {o,e}", which shows that
D is a category of spatial partitions. Since C rigid, there exists a pair of duality
partitions r € C(1,0e) and s € C(1, e0) satisfying the conjugate equations. Then
Perm, ,(r) € D(1,0e) and Perm, ,(s) € D(1, eo0) also satisfy the conjugate equa-
tions, which implies that D is again rigid. Finally, observe that permuting the levels
of a n-graded spatial partition by a n-graded permutation yields again a n-graded
spatial partition. Thus, D is also a n-graded category of spatial partitions. 0

3.3.2. Flattening partitions. Next, we introduce the functor Flat,, . that flattens
spatial partitions along the levels and is used in Section [Blin the context of projective
versions of spatial partition quantum groups. Its definition is motivated by [10]
Remark 2.4 & 2.8], where Cébron-Weber consider the bijection

A, k+0x{1,..m}={1,....m-(k+0)}
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that identifies a point (7, j) with the point m - (i — 1) + j. This bijection induces
a bijection between the sets of spatial partitions P (o%, of) and P (o™* o™!) by
rearranging the points accordingly, e.g.

It respects the composition, tensor product and involution of spatial partitions, but
it fails to preserve the base partitions as defined in [I0] when applied to categories
of spatial partitions.

Next, we generalize the previous bijection to the case of m levels and colored
spatial partitions. Note that we reverse the order of black points in the follow-
ing definition since in the context of quantum groups the representation u®w is
equivalent to w®u. See Section [B] for further information.

Definition 3.19. Let m,d > 1 and x,y € {0, e}" with k := |z| and £ := |y|. Define
the bijections

O ALk 0 x {1 medy = {1 (B4 0) - dY x {1, m}
given by
(t-d—d+k+1,7) if (zy), =o,
(i-d—k,j) if (zy), = o,

(i,j+k-m)»—>{
forall 1<i<k+/4 1<j<mand0<k<d.

In the special case = of, y = of and m = 1, we obtain exactly the bijection of
Cébron-Weber from the beginning of the section. A more general case on four levels
is visualized in the following example.

Example 3.20. Consider four levels of points with upper colors x = o and lower
colors y = oe. Then applying ¢ := ¢35 to these points yields

(L4) 2.2) N
%1,2()1"38 ¥ %1 2()2 S ~ (1-1()1‘(22).182’2)
o 5 7 " I yags = (2) (12 (52
22)‘32() ’ S 2) 62() 3.1 (11)‘(5.180’(2 1()0 2
(ZIS 3.1) (3.1 (6,1 % '

where the relabeled points are again rearranged according to our usual convention.

By extending this bijection to the blocks of spatial partitions, we obtain for ex-

II;?“ — II?Q‘{"

In particular, we observe that black points are flattened in reverse order. Using
these bijections ¢’%, from Definition B.19, we can now define the functor Flat,, ..
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Definition 3.21. Let m € N and 2 € {o,e}" with d := |z| > 1. Define the spatial
partition functor Flat,, .: P4 — P by
Flatm,z(o) =2z, Flatmz(o) =Z=Z4 7
and
Flat,, .(p) := (Flat,, .(z), Flat,, .(y), {gpfnyd(Bl)})
for all spatial partitions p := (z,y, {B;}) € P™P.

Y

If z=o0---0, then Flat,, ., preserves colors and only applies the permutations 9024,2\

as in the previous example. However, in the general case, we obtain for example

II;?“ == e
l?%é - KH{

It remains to verify that Flat,, , is indeed a spatial partition functor.
Proposition 3.22. Flat,, . is a fully faithful spatial partition functor.

Proof. By definition, Flat,, . respects the concatenation of colors. Further, Flat,, .
respects compositions and involutions since it permutes the points of spatial only
depending on the upper colors x and lower colors y. Moreover, Flat,, , moves points
at back levels in consecutive groups of size m to the front, which also implies that
it respects tensor products. Finally,

Flat,, .(id™ D) =™ Flat,,.(id1*") = id{™

yields that Flat,, ., maps identity partitions to identity partitions. Thus, Flat,, . is
a spatial partition functor. Additionally, it is fully faithful since the maps @frfd are
bijections. U

The following proposition now shows that the pre-image under Flat,, , preserves
categories of spatial partitions, rigidity and gradings. This will be used again in
Section [, where it allows us to relate the category of a spatial partition quantum
group to the category of its projective versions. Note that the proof relies on our
generalization of base partitions and the statement would not hold in the setting of
spatial partition quantum groups defined by Cébron-Weber.

Proposition 3.23. Let n := (ny,...,n,) € N and z € {o,e}" with d := |z| > 1.
IfC C P™ s a n-graded rigid category of spatial partitions, then

Flat,,'.(C) := {p € P! | Flaty,.(p) € C}
is a (n---m)-graded rigid category of spatial partitions, where

(M- m) = (N, My ooy N,y M) € N4



PROJECTIVE VERSIONS OF SPATIAL PARTITION QUANTUM GROUPS 21

Proof. Define D := Flat;&z(C). Since Flat,, . respects all operations on spatial
partitions, it follows that D is closed under compositions, involutions and tensor
products. Similarly, Flat,, . maps identity partitions to identity partitions, which
implies id, € D for all z € {o, e}". Thus, D is a category of spatial partitions. Now,
assume C is rigid. The Proposition B.I1] shows that there exist spatial partitions
r € C(1,2%) and s € C(1,zz) satisfying the conjugate equations for z and Z. Since
Flat,, . is fully faithful, there exist 7 € D(1, 0e) and s € D(1, o) with Flat,, () =r
and Flat,, .(s) = s. These satisfy the conjugate equations for o and e such that D
is also rigid. Finally, assume C is n-graded. Since Flat,, , only moves levels in
consecutive groups of size m to the front, it follows immediately that D is (n---n)-
graded. U

4. FROM SPATIAL PARTITIONS TO QUANTUM GROUPS

In the following, we use spatial partitions from the previous section to define
spatial partition quantum groups. We then describe these quantum groups in terms
of universal C*-algebras and show that the free orthogonal quantum groups O™ (F,)
can be constructed from our new base partitions. Finally, we show that all resulting
quantum groups are invariant under permuting levels, which implies that our new
base partitions yield the same class of quantum groups as in [10].

Our definition of spatial partition quantum groups follows the one in [10], which
generalizes the definition of easy quantum groups in [6, B0]. However, we discuss
additional technicalities that arise when combining colors with our new base parti-
tions.

4.1. Spatial partition quantum groups. In order to define spatial partition

quantum groups, we need to associate a linear operator 7, IS'” to each spatial partition
p € P However, we first have to introduce some additional notation.

Definition 4.1. Let p € P™(x, y) be a spatial partition and 1, . . ., 4z, J1, - - - yJyl €
N™ be multi-indices of the form 4y = (ix1,...,0km) for 1 < k < |z| and j, =
(Jkas -y Jrm) for 1 <k <|y|. Label each upper point (k,¢) of p with the index i,
and each lower point (|z| + k, ¢) with the index ji . Then define

( >i1,...,i‘z‘ )1 if all points in each block have equal labels,
PAv--dw 10 otherwise.
Example 4.2. Consider the spatial partition p := ?C{* € P®@(o,0e) and the
indices 41 = (i1,1,71,2), 1 = (Ju1,J12), J2 = (J2,1, J2,2) € N>, Then
. ’L'LQ
i 11,1
(51?)3‘17]‘2 = >< = 5i1,1j1,25i1,2j1,15j2,1j2,27
191,20 a2
.]l,l j2,1 ’

where 0, denotes the usual Kronecker delta.
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Now, we can assign linear maps to spatial partitions as follows.

Definition 4.3. Let p € P™)(z,y) be a n-graded spatial partition. Then define
the linear map

T(n): (Cn)®m N (Cn)@)y’ (T(n))h,...,iz — (6p)j1,...,jk’

p p J1sodk T1,.eybp
where k := |z|, £ := |y| and the coordinates are with respect to the canonical bases
X1 Tk Y1 Ye
e. PR €. e e e . .
(€5, @ ® Jk)jl,---vjkdn]’ (e @@ ’f)zlv---vwe[n}

of (C™)®* and (C™)®Y respectively.

A spatial partition quantum group is a compact matrix quantum group where
the intertwiner spaces between tensor powers of its fundamental representation u°
and its conjugate representation u® are spanned by linear maps associated with a
category of spatial partitions.

In contrast to [10], the conjugate representation u® will no longer be given by u°
but depend on the corresponding category of spatial partitions. Further, we include
a possible change of basis in the definition such that the notion of spatial parti-
tion quantum group is compatible with isomorphisms of compact matrix quantum
groups.

Definition 4.4. Let G be a compact matrix quantum group with fundamental
representation u° on V and unitary representation u® on V. Then G is a spatial
partition quantum group if there exists a n-graded rigid category of spatial partitions
C C P and a unitary Q: C™ — V, such that

Hom(u”, u?) = span {Q% - T{™ - (Q7)*" | p € C(x,y)} Va,y € {o,0}"

Since the category C contains a pair of spatial partitions solving the conjugate
equations, it follows that u® is conjugate to u°. Before we discuss how this con-
jugate representation u® depends on C, we first show that for every rigid category
of spatial partitions, there exists a corresponding spatial partition quantum group.
This requires the following proposition, which states that the mapping p — Tp(n) is
almost functorial.

Proposition 4.5. Let n := (ny,...,n,) € N and p,q € P be n-graded spatial
partitions. Then
(1) T @ T = T3%,
(n)\* _ p(n)
(2) (TP ) - Tp*
(3) T™ . T{™ = N . T where N :=ny -+ -ny, and o € N denotes the number
of removed loops when composing p and q (if the composition is defined).

Proof. See [10, Proposition 3.7]. O

Using the previous proposition, we can now show the existence of spatial partition
quantum groups using Woronowicz Tannaka-Krein duality.



PROJECTIVE VERSIONS OF SPATIAL PARTITION QUANTUM GROUPS 23

Theorem 4.6. Let C C P be a n-graded rigid category of spatial partitions.
Then there exists a unique compact matriz quantum group Gy (C) with fundamental
representation u® on V := C™ and a unitary representation u® on V', such that

Hom(u”, u¥) = span {Tzf") |peC(z,y)} Va,y e {o e}
Proof. Define the linear subspaces

C(x,y) := span {T\™ | p € C(x,y)} C B(VE*, V&)

for all z,y € {o, e}". Then Proposition implies that C is closed under composi-
tion, involution and tensor products as in Definition 2.10l Further, one checks that
Ti(dz) = idye: € 5(x, x) for all x € {0, e}". Since C is rigid, there exists a pair of spa-
tial partitions r € C(1,0e) and s € C(1, o) satisfying the conjugate equations. By
Proposition [4.5] the operators R := T, ™ and S = 7™ satisfy again the conjugate
equations for u° and u® because no closed loops are removed when composing r and
s. Thus, the subspaces C| (x,y) form a two-colored representation category in the
sense of Definition 210 and the statement follows by applying Theorem 211 [

Remark 4.7. As discussed in Section 2.4l the quantum group G,(C) from the
previous theorem is uniquely determined by the following universal property. Let H
be a compact matrix quantum group with fundamental representation w® on V' and
unitary representation w® on V. If there exists a unitary Q: C® — V, such that

Hom(u", u) € (Q")™ - Hom(w", w?) - Q% Va,y € {o,e}",
then H is a subgroup of G via the map u° — Q~'w°Q.

Remark 4.8. It follows directly from the definition that a compact matrix quantum
group is a spatial partition quantum group if and only if it is equivalent to G,,(C)
for a n-graded rigid category of spatial partitions C.

Next, we come back to the conjugate representations u® of spatial partition quan-

tum groups and show that u® can be expressed in terms of u° and unitaries Fén).

Definition 4.9. Let 0 € S,, be a n-graded permutation. Then define the linear
map ™. cr — cn by

Fé")(eil R R €im) = 61'071(1) X ® €i071(m) V(il, NP ,Zm) S [’I'L]

Note that the mapping o — F™ defines a unitary representation of n-graded

* —1
permutations on C™, i.e. we have F\™ - F™ = F™ and (chn)) = (chn)) =
(n

) .
» for the corresponding

Fyfz for all n-graded o, 7 € S,,,. Additionally, we write I’
conjugate operator.
Using the linear maps chn), we can now describe the conjugate representations

u® of spatial partition quantum groups of the form G, (C).
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Proposition 4.10. Let C € P™ be a n-graded rigid category of spatial partitions

containing duality partitions o.e and o,t. Then the conjugate representation u® of

A |
Gn(C) is given by u® = F e (F((, ))

g

Proof. Denote with u° the fundamental representation of G,,(C) and define r := 0,4
and s := o'. Since r and s are a pair of duality partitions, Proposition implies
that R := 7™ and S := 7\ satisfy the conjugate equations for u° and u°®. Hence,
Proposition 29 yields u® = Fu?F~" with F defined by Fj = R7* for all 4,j € [n].
Next, we compute

1 n Jit n [3
F} = (T = (85 = 0jrinisy ** * imminimy = (F ))j
for all 4 := (i1, ... im), 4 := (i1, .., jm) € [n]. Thus, F = F{"™. O

The previous proposition shows that the conjugate representation u® of G, (C)
is uniquely determined by the category C. Since any spatial partition quantum
group is equivalent to a G,,(C), it follows that the conjugate representation u® of a
general spatial partition quantum group is uniquely determined by the corresponding
category C and the change of basis ).

Since the linear maps Fffn) are unitary, the previous proposition additionally im-

plies that the representation u® = (an)) lu'FE,n) is again unitary. This shows
that u° is a conjugate representation of u° and that every spatial partition quantum
group is a subgroup of U,F. We will come back to this fact in Section 3] where we
show the intertwiners spaces of a spatial partition quantum groups are still spanned
by spatial partition when we replace u® by u°.

4.2. Presentations of spatial partitions quantum groups. Next, we describe
the C*-algebras C'(G,(C)) from the previous section as universal C*-algebras. If the
category of spatial partitions C is generated by a finite set of spatial partitions, then
we obtain a universal C*-algebras defined by a finite set of relations. In particular,
this allows us to show that the quantum groups O+(F§n)) are spatial partition
quantum groups.

We begin by extending the notation Gy, (C) to arbitrary sets of spatial partitions
that generate a rigid category of spatial partitions.

Definition 4.11. Let Cy C P be a set of n-graded spatial partitions with duality
partitions g.e, 0,.! € (Co). Denote with A the universal unital C*-algebra generated

by the entries of a matrix u := (u;) __. . and relations
i,j€[n]
—(n) () 1
(1) u°:=w and u® := F((, )U(F((, )) are unitary,
(2) Ti™ ur = w T,™ for all z,y € {o, 8} and p € Co N P™ (x,y).

Then G, (Co) := (A, u) is the spatial partitions quantum groups defined by Co.
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First, note that the compact matrix quantum group G, (Cy) from the previous
definition is well-defined. Indeed, A is generated by the elements u; and by the first
relations, w is unitary and u is invertible. Further, one checks that both relations
are compatible with the comultiplication, see also Definition and [41].

Next, we show that the C*-algebra C'(G,(Cy)) and thus the quantum group G,,(Cp)
does not depend on the particular choice of duality partitions o.,, o, € (Cy). How-
ever, we first need the following lemma.

Lemma 4.12. Let Co € P™) be a set of n-graded spatial partitions generating a
rigid category of spatial partitions C := (Co) and consider the quantum group G, (Cy).
Then

span {TIS“) |p€C(z,y)} € Hom(u",u¥) Vz,y € {o,e}".

Proof. Proposition 2.6 and Proposition .5 imply that Tp(g;, T 151" ) and T, are also

intertwiners of G, (Cp) for all (composable) p,q € Cy. Thus, we obtain inductively
that Tp(n) is an intertwiner for all p € C. The statement follows by applying the
linearity of intertwiner spaces from Proposition 2.6l U

Now, consider the quantum group G,(Cy) and assume C := (Cy) contains a dif-
ferent pair of duality partitions r := 7., and s := 7,;! for 7 € S,,. Then the linear

maps R := T'™ and S := T\™ are intertwiners by the previous proposition and the

proof of Proposition shows that u® = Fin)ﬂ(Fin)) 1. Therefore, u®* and the
C*-algebra C(Gp(Cy)) do not depend on the particular choice of duality partitions
in Definition 111

If Cy = C is already a category of spatial partitions, then the notation G, (Cy) of
the previous definition and G,,(C) of Theorem overlap. However, the following
proposition shows that both quantum groups coincide in this case and that more

generally G,,((Co)) and G,,(Cy) agree.

Proposition 4.13. Let Cy C P be a set of n-graded spatial partitions generating
a rigid category of spatial partitions C := (Co). Then the compact matriz quantum
groups G (C) and G, (Cy) from Theorem[{.6 and Definition[{.11] are isomorphic.

Proof. Denote with u and w the fundamental representations of G,,(Cy) and G, (C)
respectively. Then Lemma and the universal property of G, (C) yield the in-
clusion G, (Cy) € G, (C) via w — u. Conversely, Cy C C and Proposition .10 show
that w satisfies all defining relations of u. Thus, the universal property of C(G,,(Co))
yields the inverse inclusion G, (C) C G, (Cy) via u — w. Therefore, both quantum
groups are isomorphic. O

Using the description of spatial partition quantum groups as universal C*-algebras,
we can now construct the free orthogonal quantum groups O+(F§n)) from spatial
partitions.

Proposition 4.14. Let o0 € S,, be a n-graded permutation and C := <ao., ol I(m)>.
Then G (C) and O+(F§")) are isomorphic.
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Proof. Denote with u =: u° the fundamental representation of G,,(C) and with w =:

w® the fundamental representation of O+(F§")). Further, denote with .: C* — C™
the linear isomorphism given by «(g;) = e; for all i« € [n|. Then u is a unitary
and Proposition [4.10 yields that its conjugate representation u® is given by u® =

_ _ -1
P (FyY) . Since « = T € Hom(u®, u®), we have tu® = u®t, which implies

u=u’=w "= (LFE:L)) u (LF((:L))_I = (Fé")e) u (Fé")L)_l.

Thus, the universal property of C(OT(F\™)) yields the inclusion G,,(C) € O (F{™)
via w — u.

Conversely, define w® := ¢~1w:, which is unitary since both w and ¢ are unitary.
Further, we have tw® = 1t~ we = w°e, which shows TI((T:)) =1 € Hom(w®, w°®). By the

definition of O*(Fé")) and the argument before, we also have

- —(n) — —=(n)y !
w® =1 w = (L_lFén)L) w (L‘lFCﬁ")L) - FE, ) we (F((7 ))
Hence, Proposition 2.8 shows that w® and w® are conjugate via intertwiners R €
Hom(1,w°*) and S € Hom(1, w*°) given by
J

R = (FM),, S99 = (F™) Vi jen).

As in proof of Proposition [4.10] this is equivalent to R = Té?’,) and S = T'™). There-

Oeo

fore, w satisfies all the defining relations of C(G,(Cy)) with Cy := {0, a;)l,l(m)}.

Since G,(Cy) = Gn(C) by Proposition I3l the universal property of C(G,(Cy))
yields the inverse inclusion O+(F§")) C Gn(C) via u — w. O

Note that Ot (F) and O (QFQT) are isomorphic for any unitary Q, see for
T
example [33]. Since F™F{™ (FT(n)) — F™_, this implies that O*(Fi™) and

TO

O+(F™_,) are isomorphic for all 0,7 € S,,. Thus, O (F{™) depends only on the

TO"T71

conjugacy class of o.

4.3. Permuting levels. In Section [3.3.1, we introduced the functor Perm, . that
permutes the levels of a spatial partition depending on the color of the points. In
the following, we show that Perm,, leave the quantum groups G, (C) invariant.
This implies that our new duality partitions yield the same class of spatial partition
quantum groups as defined by Cébron-Weber in [10].

The main work to prove this result will be done in the following technical lemma

about the linear maps Téz)m[, )"

Lemma 4.15. Let 0,7 € S,, be n-graded permutations. Consider a compact matriz
quantum group with fundamental representation u® on C™ and unitary representation

__ ) =l —(n
u® on C™. Define the unitary representations u° := u°® and u® := (FS_O.)—l) u® 3
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Then

n x n)\® n n —1,® ~T A
Téer)mo,(p) € Hom(u",v) <~ (ch )) yTZf )((ch )) ) € Hom(a", @)
for all p € P (z,y).
Proof. Let p € P (x,y) and recall from Definition B.14] that

Perm, ,(p) := g%, -p- (q5,) "

Define the linear operators Q)  := Tq(gz for all z € {o,e}". Then

(Q5)5 = (045, = Sjrivisy -+ iy = (F™);

J

for all 4 := (i1, ...,4im), J = (j1,- .., Jm) € [n]. Hence, Q; , = F™ and similarly one

shows Q5 = Fin). Since F\™ and Fin) come from a unitary representation, it fol-
lows inductively that Q7 _ defines a unitary representation of n-graded permutations
in S,, X S,,. Thus, we can write

(n) _ -1 _ y -1
TPQrmT’p(p) - g’,T ' T]Sn) ) ( Z:',T) - ( id;ro'*l ) g,a) ' T]Sn) ' ( iCCl,TCT71 : i,a) *
(n) : :
Hence, Ty, ) € Hom(u”,u¥) if and only if
Yy -1
( id;ro'*l ’ g,a) ’ T]Sn) ' ( iCCl,TCT71 ' i,a) ' ux
_ y -1
- uy : ( id;ro'*l : ?OJ',O') : T]Sn) ( ?dﬂ'o’fl . i’,o’) ?
which is again equivalent to
-1 -1
g,o ’ T;zgn) ' ( z,o) ' ( ;Bd,'ra*1> ‘u” - ?d,‘ra*1
_ y -1 Y -1
- ( id,‘rafl) u - id,ro—1 " Z,a ’ T}Sn) ' ( 2,0) .

Since
F(n) ®z _ ez ~Z z -1 2z v *
( o ) - Qo,o’ u = ( id,’ra*1> u Qid,‘rU*1 z e {07.} )
we conclude that

T(n) ») c Hom(um’uy) — (Fén))(@y Tlgn) ((Fén))_l)&r c Hom(fﬁ,ay),

Permg (

O

Using the previous lemma, we can now show that the spatial partition functor
Perm, , leaves the quantum groups G, (C) invariant.

Theorem 4.16. Let C € P be a n-graded rigid category of spatial partitions
and o,7 € Sy, be n-graded permutations. Then G (C) and Gp(Perm, .(C)) are
1somorphic.
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Proof. Define D := Perm,,(C) and denote with «°, u* and w®°, w® the fundamental
representation and conjugate representation of G, (C) and G, (D) respectively. Since
the functor Perm, , is fully faithful and does not change colors, we have

Hom(w”, wY) = span {TIS") | p € D(z,y)} = span {Tégr)mw(p) |p€C(z,y)}

—(n 1 —(n
for all z,y € {o,e}". Define w° := w° and w* := (F(Tgll) w* FS_O.)—l- Then
Lemma [4.15 yields
—1., Qz
span{(Fé"’))@y Tzf“) ((F(")) 1) | p € C(z,y)} € Hom(a", 0Y),

o

which is equivalent to

Hom(u,u’) € ((F§) ™)™ - Hom(i*, ) - (F{™) ™"

o

Thus, the universal property of G,,(C) and w° = w® yield the inclusion
Gn(D) C Gn(C), > (FM™) wF™.
Since C = Perm,-1 .-1(D), the same argument also yields the inverse inclusion
-1
Gn(C) C Gu(D), w° s (F™) wF™).
Therefore, G, (C) and G,,(D) are isomorphic. O

The previous theorem might be generally useful for determining the quantum
groups associated with concrete categories of spatial partitions. However, as an
immediate consequence, we obtain that the class of spatial partition quantum groups
defined with our new duality partitions agrees with the class of spatial partition
quantum groups defined by Cébron-Weber in [10].

Corollary 4.17. Let G be a spatial partition quantum group. Then G is equivalent
to Gn(C) for a n-graded rigid category of spatial partitions C C P containing the
duality partitions ;3™ and ;10

Proof. As discussed in Remark A.8] any spatial partition quantum group G is equiv-
alent to G, (D) for a m-graded rigid category of spatial partitions D C P™) contain-
ing some duality partitions o,, and o,!. By the previous theorem, this quantum
group is again equivalent to G\ (C), where C := Perm;q ,—1(D) contains the duality

partitions

Permid,afl (Uoo) = (L—l(m)> Perrnid,a’1 (O-._ol) = l—J)(m)
U

In Section @ we have shown that for every spatial partition quantum group, the
representation u is unitary and conjugate to u. However, it remained open if we can
choose u®* = w and obtain again a spatial partition quantum group. The previous
corollary now answers this positively. Since ;1™ = (idg,,)cs, the previous corollary
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and Proposition [4.10] show that any spatial partition quantum group is equivalent
to a spatial partition quantum group with
o« _Fm g T
u® = Fidsm U - ( idsm) =1u.
Thus, we can always choose u* = @ without loss of generality in the setting of spatial
partition quantum groups.

5. PROJECTIVE SPATIAL PARTITION QUANTUM GROUPS

In the following, we use the functor Flat,, . from Section 3.3.2] to show that the
class of spatial partition quantum groups is closed under taking projective versions
or more generally taking tensor powers of u° and u®. We then use this result to
compute the spatial partition quantum groups corresponding to the categories Pz(m)
of spatial pair partition on m levels. Further, we show that all projective versions of
easy quantum groups are again spatial partition quantum groups. A result of Gro-
mada [20] then allows us to describe these projective versions explicitly in terms of
generators and relations, if the underlying quantum group has a degree of reflection
two.

5.1. Tensor powers of spatial partition quantum groups. If w is a unitary
representation of a compact matrix quantum group, then its matrix coefficients can
be used to define a new compact matrix quantum group. Now, assume u is the
fundamental representation of a quantum group G and u is also unitary. Then
w = u®u yields the projective version of G denoted by PG. If G is a classical
matrix group, then PG corresponds exactly to the classical projective version

PG :=G/(GN{\ | e C)).

For more information on the projective versions of compact matrix quantum groups,
see for example [7, 20, [3].

More generally, we can use any powers of the fundamental representation v =: u°
and a unitary representation u® to construct new quantum groups.

Definition 5.1. Let z € {0, e}" with |z| > 1 and G be a compact matrix quantum
group with fundamental representation u® and unitary representation u®. Then
define G* := (A, w), where A C C(G) is the C*-algebra generated by the matrix
coefficients of w := u?®.

Note that if u®* = u°, then the projective version PG is exactly given by G°°.
Further, we have shown in the previous sections that u° is unitary for all spatial
partition quantum groups and that we can choose u® = u° without loss of generality.
Thus, the projective version of every spatial partition quantum group G is well-
defined and given by G°°.

In the following, we show that if G is a spatial partition quantum group with
corresponding category C C PU™ | then GZ is again a spatial partition quantum
group for all z € {0, e}" with |z| > 1. Moreover, the corresponding category of G*
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is given by Flat,',(C), where Flat,, . is the functor from Section Here, the
fact that F lat;}z(C) is again a rigid category of spatial partition relies on our new
duality partition, see Proposition [3.23]

Since the functor Flat;ﬁz does not preserve colors, our first step is to show that the

Flaty, . (z)

representations w”* and u are equivalent for all z € {o, e}", where w°® := u*

and w® = u?.

Lemma 5.2. Let 2 € {o,e}" with d := |z| > 1 and consider a compact matrix
quantum group with fundamental representation u® on'V' and unitary representation
u® on V. Define w® := u?, w® := u? and the unitaries

QOZV®Z—>V®Z, M Qug =11 Q- &y vvh"'vvde‘/?
Qe: VO 5V 1R - Qug—=T4® - Q07 Yui,...,u4 €V.
Then

]

Q. = ® Q., € Hom (w®, u™2tm=(2))
i=1

for all x € {o,e}" and m € N.

Proof. First, consider the case = o. Then w® = u* = uFm=() and Q, = idy” e
Hom(u*,u?). Next, consider the case x = @ and choose an orthonormal basis (v;),.,
of V inducing canonical bases for V®* and V%7 indexed by iy,...,iq € I. With
respects to these bases, the matrix entries of w® = u* are given by

iy g\ . NE e o
(@) = ((W)yh) = (@)5 - @ )E) = @) (™))
for all i1,...,44,71,-..,ja € I. On the other hand, we have u2tm.=(®) = ¢ and
N o~ i
(W) 55 = (W), - (™) 5

Thus, performing a change of basis using @, yields v = Q;*! - u* - Q,, which is
equivalent to @, € Hom (w®, uF1atm.=()),

Finally, consider an arbitrary = € {o, }". The previous computations show that

Q., € Hom(w® , uatm=@)) for all 1 <4 < |z|. Since intertwiner spaces are closed
under tensor products and Flat,, . is a functor, this implies

|z]

Q. = @ ., € Hom (a0, uPn-20) = Hom (u, )
i=1

O

Remark 5.3. As before, let z € {0, e}" with |z| > 1 and G be a compact matrix
quantum group with fundamental representation u° and unitary representation u°.
Since both u* and @, are unitary, the previous lemma also shows that

_ s
w® i=uF=Q, - u” Qe
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is unitary. Therefore, Proposition 2.8 implies that w® = wu* is conjugate to the
fundamental representation w® = u* of G*.

Remark 5.4. Let v and v be unitary representations of a compact matrix quantum
group G and assume there exists a unitary Q € Hom(u,v). Then u = Q'vQ and
we can write

Hom(u, w) = Hom(v, w) - @, Hom(w,u) = Q™" - Hom(w, v)
for any unitary representation w of G.
Next, we show that for any spatial partition p the linear maps TF(la)t L) and

T;,Sn"'n) agree up to a change of basis. Here, n---n denotes the d-fold repetition of
n as in Proposition [3.23]

Lemma 5.5. Let n € N™ and z € {o,e}" with d :=|z| > 1. Then
QT ) Qu=(STH™ T . 5o
for all p € PO (z,y), where Qx, Q, are defined in Lemmal(5.2 for V = C" and
S: (CM)® = ™™, ef Q- @el ey @ ®ey, Vin..., 4 € [N

Proof. Let p € P9 (x,4). Define k := |z|, £ := |y| and let 41,...,90,51,...,55 €
[n---n] be of the form

1oy = (Za,l,la vl lmy s tagd 1y e - >Za,d,m)a
Jo = (]a,l,la cee a]a,l,ma cee 7]oc,d,1a s >]a,d,m)'

For 1 < 8 < d, define the slices

’L(ﬁ) — {('éa,ﬁ,la CIEIS ia,ﬁ,m) if Lo = O, -(B) — {(joc,ﬁ,l) cee 7joe,6,m) if Ya = O,

('éa,ﬁ,ma e aia,ﬁ,l) lf Lo = O, @ (j%@m, e >jo¢,6,1) lf Yo — @
Then by the definition of .S, we have
1\®y n--n) @\ Lot o (n--m) i,y J1re0d
((S ) T S >.717 7.7k - (Tp >j17"'7jk o (517)1,11777,;
On the other hand, the definition of Qx and @, yields that
1 [T (n) i(l),. '(d), ..,i;l),...,if)
(Qy TFlatmz Qx)jl, Sk - (T‘Flatmyz(p))j(l)7 J;d)’ ’-71(:)7 7-7;cd)

which is given by
(1) .(d 1 d
( (n) )’1 S PR 1L S 1

Flatm, - (p) jgl), (d)7 ’J21)7 g (d) - (5Flat7n,z( )) (1)7 ’gd)7 "(31)7 (d) .

The statement of the lemma now follows, since
o (1) @) () (d)
(5 ).717'”7.71@ _ (5 ).71 5 7.71 5. ’Jk 5. 7Jk
Pli1,..tp Flatm, - (p) (1) (d) 121) (d)

by the definition of Flat,, .. O
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Using the previous two lemmas, we can now prove our main theorem and show
that quantum groups of the form G,,(C)? are again spatial partition quantum groups.

Theorem 5.6. Let C C P be a n-graded rigid category of spatial partitions
and z € {o,e}" with |z| > 1. Then Gn(C)” is equivalent to Gp..n(D) with D :=
Flat,.".(C).

Proof. Denote with u°, u® and w°, w*® the fundamental representation and conjugate
representation of G, (C) and Gy,.., (D) respectively. Further, denote with w°® :=

(u®)® the fundamental representation of G* and with w® := (u°)® its conjugate
representation, see Remark [5.3l Then Lemma in combination with Remark [5.4]
and fact that Flat,, . is fully faithful imply that

Hom(w”, w¥) = Q—l ~Hom( Flatm,z(x) Flatm’z(y)> .0,
= span {Q, " ) Q. | p € C(Flat,, . (x), Flat,, .(y)) }
= Span {Q Flatmz Qm |pe D}

for all z,y € {0, e}*. By Lemma [5.5, we have
Q) Ti gy Qo = (ST T . g2
for a unitary S: (C™)®* — C™™ which yields
Hom (w”, wY) = span{ ®y T” m) . gee | p € D(x, y)}
= (57H)™. Hom(w LYY - S8,
Therefore, G, (C)* and G, (D) are equivalent. O

Since every spatial partition quantum group is equivalent to a quantum group
of the form G, (C), we can use the following proposition to transfer the previous
theorem to all spatial partition quantum groups.

Proposition 5.7. Let G and H be compact matriz quantum groups with fundamen-
tal representations u°, u° and conjugate representations u®, u® respectively. If G and
H are equivalent, then G* and H* are equivalent for all z € {o, e}" with |z| > 1.

Proof. Since G and H are equivalent, there exists a unitary S such that
Hom(u”, u?) = S%¥ - Hom(a", a") - (S™H)™  Va,y € {o, o}".

Denote with w® := (u°)® and w° := (4°)” the fundamental representations of G* and
H*. Then Remark [5.3]shows that w® := (u°)* and w* := (4°)* are the corresponding
conjugate representations. Let x,y € {o,e}" and define T := Flaty .(z) and § :=
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Flat; .(y). Then Lemma [5.2] and Remark [5.4] show that
Hom(w®, w¥) = Qy_l -Hom(u®, u¥) - Q,
=Q;' - 5% Hom(a%, %) - (7)™ - Q,
= Q- S Q- Hom(w",0) - Q5 (S7)™ - Qs
Thus, G* and H* are also equivalent. O

Corollary 5.8. Let G be a spatial partition quantum group and z € {o,e}" with
|z| > 1. Then G* is a spatial partition quantum group.

Proof. Since G is a spatial partition quantum group, it is equivalent to G, (C) for a n-
graded rigid category of spatial partitions C C P . Then the previous proposition
shows that G* is equivalent to G, (C)?, which is a spatial partition quantum group
by Theorem [5.6l O

As a special case, it follows that the class of spatial partition quantum groups is
closed under taking projective versions.

Corollary 5.9. Let G be a spatial partition quantum group. Then PG is a spatial
partition quantum group.

Proof. By Corollary .17 and the discussion at the end of Section [£.3] we can assume
that the conjugate representation of G is given by u® = u°. In this case, PG = G°°,
which a spatial partition quantum group by Corollary 5.8 O

5.2. Categories of all spatial pair partitions. As a first application of the pre-
vious theorem, we consider the quantum groups associated with the categories 772(m)
of all spatial pair partitions on m levels, i.e. spatial partition on m levels with every
block of size two.

It is shown in [6] that the category 732(1) of pair partitions on one level corresponds
to the classical orthogonal group O,. Further, the author shows in [14] that the

category 732(2) of spatial pair partition on two levels corresponds to the classical

projective orthogonal group PO,,. In the following, we determine quantum groups

in the remaining cases m > 3 and show that G(n,m,n)(PQ(m)) is equivalent to Op°.
Note that in contrast to our definition, the categories in [0, [14] are defined in terms

of colorless partitions. However, in our setting, PQ(m) contains the spatial partition

I(m) that corresponds to the C*-algebraic relations u; = (u!)" making the generators

j
self-adjoint. Thus, our quantum groups G,,... n) (Pém)) agree with the corresponding
orthogonal quantum groups in [0, [14]. See also [30] for more on the relation between
orthogonal and unitary easy quantum groups.

Proposition 5.10. Let m > 1 and n € N. Then G, (Pz(m)) is equivalent to O
with z := o™.
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Proof. Since the functor Flat, . does not change the size of blocks, pair partitions
are mapped to pair partitions and we have

Flaty L(PyY) = Py™.

Since Gn(PQ(I)) = O, Theorem implies that G, (Pém)) is equivalent to OF.
O

By relaxing our notion of isomorphism of compact matrix quantum groups, we
can give a more explicit description of the resulting quantum groups O;°.

Proposition 5.11. Letn € N and z := o™ with m > 1. Then
0° — O, if mis odd,

" PO, ifm is even,

as compact quantum groups.

Proof. Denote with u the fundamental representation of O,,. First, we assume that
m is odd, i.e. m = 2k 4+ 1. Then, consider the inclusion C(O?) — C(O,,), which is
injective and respects the comultiplication. Since u is orthogonal, we compute

i, 1 1 10 z
Z ujouﬁuh‘ u]kujk o u ( z :uﬂ ]1) e ( 2 :u]k sy, o ujo € C(On>

J15e5Jk €M =1 Jr=1

- -

_1 —1

for all 4y, jo € [n]. Thus, the inclusion is also surjective and defines an isomorphism
of compact quantum groups.

Next, we assume that m is even, i.e. m = 2k. Then, we have an inclusion C'(O?) —
C(PO,,) and compute

i0,.41,,1 1 1 o ig, 11 R T A 5]
Z u]oujlujzujz' ujkujk ujouﬂ <§ :um Jz) : <§ :qu Jk u]ouh

J2,-Jk€[N] Jo=1 P Je=1 P
=1 =1
for all i, jo, 41,1 € [n]. Thus, u;‘;uﬁ € C(07%), which shows that the inclusion is
surjective and defines an 1som0rphlsm of compact quantum groups. O

5.3. Projective easy quantum groups. Consider an easy quantum group G.
Then its projective version PG might not be an easy quantum group in general.
However, since easy quantum groups are a subclass of spatial partition quantum
groups, it follows from Theorem [5.6] that projective versions of easy quantum groups
are again spatial partition quantum groups. Thus, it is always possible to describe
projective versions of easy quantum groups in terms of spatial partitions.

If G corresponds to a category of partitions C, then the proof of Theorem
shows the category of its projective version PG is given by Flatl_,}).(C). This is
particularly useful if the category C can be characterized via an abstract property
as in the case of spatial pair partitions in the previous section. On the other hand,
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if the category C is only given by a set of generators, then it might be difficult in
general to obtain a generating set for the category of its projective version.

However, in the special case when G is an orthogonal quantum group with degree
of reflection two, Gromada [20] provides a result that allows us to convert generators
of C to generators of its projective version.

Proposition 5.12 ([20]). Consider an orthogonal compact matriz quantum group
G C Of(F) with fundamental representation on C™ and degree of reflection two.
Consider an admissible generating set S of Rep(G) containing the duality mor-
phisms. Then Rep(PG) is generated by S and iden @5 ® idgn.

Here, an orthogonal compact matrix group with fundamental representation «
has degree of reflection two, if

Hom(u®P* u@%) = {0} Vk,£ €N, k + { even.

Further, a linear map T € S is called admissible, if T' is of the form T': ((C")®k —

(C™)®" with k and ¢ even. Note that we can always use the duality morphisms to
bring any intertwiner of a degree of reflection two quantum group into admissible
form. See [20] or [27] for further details.

Next, we reformulate Proposition in the setting of spatial partition quantum
groups, before we apply it to concrete examples of easy quantum groups.

Proposition 5.13. Let n € N and C € PW be a category of spatial partitions
generated byl and a set Co € PWY such that

(1) Cy contains the partition {1,

(2) every p € Cy has only white points,

(3) if p € Cy has upper colors x and lower colors y, then |z| and |y| are even.

Then PGL(C) is equivalent to Gnn) (D), where D C PP s generated by 1(2),
Flat;},(Co) and Flat;},(ido ®Co ® ids).

Proof. Since C contains the partitions I and [, it follows that C also contains the
partitions [} and { 1. Thus, Proposition [£.14 implies that G, (C) C O; is an orthog-
onal quantum group and we have @ = u after identify C* with C*. Moreover, it
follows from Definition [4.11] that the intertwiners S := {T,E”) | p € Co} generate the
category Rep(G) in the sense of [20]. Therefore, we can apply Proposition and
obtain that the representation category Rep(PG) is generated S and iden ®S ® iden
in the sense of [20]. The proof Theorem [5.6l and in particular Lemma [5.5 now show
that we can use the functor Flat; ., translate these new generators back to spatial
partitions. Further, we have to add again the spatial partition I(z) to obtain an
orthogonal quantum group. Thus, PG,(C) is equivalent to G, ) (D) where D is

generated by 1(2), Flat;!,(Co) and Flat;}, (ide ®Co ® ids). O

Now, we can apply the previous proposition to easy quantum group with degree
of reflection two. Figure [Il presents the result for easy quantum groups described
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FIGURE 1. Generators for categories of easy quantum groups and
their projective version. The spatial partitions I and 1(2) are omitted.

in [29], see also the appendix of [34]. It contains the generators for the corresponding
categories of spatial partitions as well as their projective versions. Note that the
spatial partitions I and 1(2) are included implicitly.

Figure [Il does not include the quantum groups S,, B,, S and B, since these
do not have a degree of reflection two. However, their projective versions depend
only on the even part of their respective categories of spatial partitions, which are
exactly the categories of S/, B!, S/ and B/t.

We can now use Figure [I] and Definition [L.11] to describe the C*-algebras A :=
C(Gnn)(D)) of the previous projective quantum groups as universal unital C*-
algebras generated by a finite set of relations. Since the fundamental representation
of a projective easy quantum group is defined on C* @ Cn, it follows that A is gen-
erated by the coefficients of the matrix u := (u;i’;) with iy, 49, j1, j2 € [n]. Further,
one checks that the category D always contains 8]0 = (12)., such that the duality
partitions of D are given by (12)ce, (12)eo Thus, we have u® := Emaﬁ(‘é), which
w2 (20" The C*-algebra A

can be written using matrix coefficients as (u®); o

then satisfies the relations
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makmg both u and u® unitary. Further, the intertwiner T((2)" yields the relation

T((g My = uTI((Z)’ ") or equivalently (uf;jll) = u;i’; Finally, the C*-algebra A satisfies

the relations T\ u®@*% = u@¢T™™ for all p € Dy. For the partitions given in
Figure[Il these relations can be explicitly written as follows, where again all indices
are quantified over [n].

_ 1112
1= Z Ugy,

£1,02

Q104 1112 , 1394
Ujyjp = Z Uj, 1 Uiy

£y,02

o—
o—

. _ 1112 1194 __ 1192, 1314
<J>/<L' 51'11'2 - E :u I %Q 5’2i3uj1j2 - E :uhf Ugjy
. 1291 __ , 1112 1143 , 1204 __ ) 9314 , 1112
?C’ gy g = Yo I §i I Ujyga Wiaja = UjrjsWiaga
R 5 XS R N 5 £ Z112 il __ &, %102, 0304
%' 5’1Z2uj1j2 5]1]2“]’1]’1 I % I ’2Z3 Uy o Ujsja 5J2J3uj1j2uj2j4
9. isk __ 1112 ? 4143 ki 1112 1314
O\O' Z Ujigy = Z Ugjy I X I uJ1J2uJ3J4 2 :uﬁf Ujoja
b A ¢
. L 7;,37;? 1112 1314 9114 1316 1112 ) 1314 , 1516
}%' Oayia s, = E :ufyz Ui %%\&Q Oigis U o U 2 :uﬁ@ Ujs o ey
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