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Abstract

I show that it is consistent relative to the consistency of a Mahlo cardinal that Martin’s axiom
holds at @,, but the weak Kurepa Hypothesis fails at @;. This answers a question posed by Honzik,
Lambie-Hanson and Stejskalova. The consistency result is obtained by constructing a model where
the weak Kurepa Hypothesis fails in any c.c.c. forcing extension.
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1 Introduction

A Kurepa tree is an @ -tree with more than @;-many cofinal branches; by relaxing the notion of a Kurepa
tree to let it have levels of size @;, we come to the notion of a weak Kurepa tree. The Kurepa Hypothesis
(KH) states that there are Kurepa trees, and the weak Kurepa Hypothesis (wWKH) states that there are
weak Kurepa trees. So KH implies wKH. Notice that the Proper Forcing Axiom implies the failure of
wKH, and the latter implies the failure of the Continuum Hypothesis (CH). It is natural and arguably
important to investigate whether a compactness property can be made indestructible in a certain way.
It was along with this line of research that the authors of [1] asked whether MA, is consistent with
—wKH. The purpose of this paper is to answer that question in the affirmative.

In the early 90s, Jensen and Schlechta [2] proved that MA,, +—KH is consistent from the existence
of a Mahlo cardinal, modulo the consistency of ZFC. They proved more: after collapsing a Mahlo
cardinal to @, using the Levy collapse there are no Kurepa trees, and no further c.c.c. forcing can add
such trees. Note that the large cardinal assumption is optimal, see [2]. Obviously, the Jensen—Schlechta
model cannot witness =wKH, since CH holds in the generic extension. Therefore, any analogous forcing
for -wKH should necessarily force 2% > X,. We now know that it is possible to collapse an inaccessi-
ble cardinal with finite conditions using the techniques of generalised side conditions, which I will use

to prove the following theorem.

Theorem 1.1. Assume that k is a Mahlo cardinal. Then in a k-c.c. generic extension, K = @,, wKH

fails, and no c.c.c. forcing can force wKH.
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The following corollary is an immediate consequence of the above theorem using the well-established

methods. So our concentration will be on the above theorem.

Corollary 1.2. Assume the consistency of a Mahlo cardinal. It is consistent that MA holds, 2%0 is

arbitrary large, and wKH fails.

Some words about the proof

Our strategy for proving the main theorem will be similar to that used in [2] in the case of the Kurepa
Hypothesis but with different media. More precisely, we collapse a Mahlo cardinal k to @, using the
pure side condition forcing with countable virtual models. We then consider a c.c.c. forcing QQ and
assume, towards a contradiction, that it adds a weak Kurepa tree T which can be interpreted in almost
all complete suborders of the collapse forcing we are interested in, say generic extension V[v], for
which v < « is inaccessible. Each V[v] interprets only Xj-many cofinal branches in the extension by
Q. Of course, V[v] thinks that there are X, many cofinal branches through 7. However, some cofinal
branches are not yet interpreted. A branch not interpreted in V[v] is added, roughly speaking, by a
c.c.c. forcing over an extension of V[v], say V*[v]. So there must be a Suslin tree in V * [v] to which
the branch is added. But V*[v] is an extension of V[v] by a forcing with sufficiently many strongly
generic conditions. Here is where we use our crucial lemma which says that a forcing with sufficiently
many strongly generic conditions cannot add a Suslin subtree to a tree of height @;. Therefore the
Suslin tree must be in the intermediate model V[v]. Since V[v] is an v-c.c. extension of the ground
model, the Suslin tree, say Sy has a name in V. Now by standard arguments and the fact that there are
stationarily many inaccessible cardinals like v, there must be a name for two Suslin trees obtained at
different stages, say v < v. But this is impossible, because then in V[v], S, = Sy is Suslin because of
Sy while the marked cofinal branch to which S;, was associated has now been interpreted in V[v] and is
a cofinal branch through Sy .

Our key lemma is analogous to a lemma in [2]. However, the closedness of the Levy collapse plays a
crucial role in this proof; here, our forcing contrasts with countably closed forcings in that it is strongly
proper and thus has the w; approximation property. Although our collapsing forcing is strongly opposed
to the Levy collapse, it has relatively similar properties with respect to the so-called branch preservation
lemmas. But with the additional advantage that it gets along much better with c.c.c. forcings than with

countably closed ones, which is why Jensen—Schlechta’s lemmas are a bit more sophisticated.

The structure of the paper

In Section 2 I will give the preliminary lemmata. In particular, I will prove a key lemma which is
analogous to one used by Jensen and Schlechta in [2] and borrows ideas from the branch preservation
lemma in Mitchell’s [3]. Section 3 is devoted to the theory of virtual models and pure side condition
forcing with virtual models due to Velickovié. Finally, we will see the proof of the main theorem in the

last section, i.e. Section 4. I will close this introduction by recalling the basic notions.
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A remark

I will often omit the sub/superscripts if there is no confusion. In particular, we may or may not avoid

eV

the notation in a forcing name X; similarly for P in |Fp. Note that some of the facts could be proved
in a more general way, but I decided to keep the paper as simple as possible. We will assume ZFC in

our consistency results.

Trees

A tree T is a partially ordered set T = (T, <7) such that forevery t € T, by :={s € T : s <r t} is well-
ordered. The height of ¢ in T is denoted by htr (7). The a-th level of a tree, denoted by Ty, consists
exactly of the nodes of height o. The height of T is the smallest ordinal o such that 7, is empty. An
 -tree is a tree whose height is @, but whose levels are all countable. A branch through 7 is a maximal
chainin 7. A branch is cofinal if its order type is ®;. An @;-tree is called Suslin if it has no uncountable

chains or antichains.

Definition 1.3. Assume that 7T is a tree of height @;, P is a forcing notion, and b is a P-name for a
cofinal branch through 7. Let S(b,P) :={t € T: Ip € P p I “t € b”}.

Forcing

Our notation and conventions for the theory of forcings are standard. In particular, for forcing conditions
p,q, p < g means that p is stronger than ¢; p||¢g means that p and ¢ are compatible; and p | g means
that p and ¢ are incompatible. By a nontrivial forcing, we mean that it is nontrivial below any condition.
For a set M and a filter G on a forcing P, we let M[G] := {t¥ : © € X is a P-name}, where ¥ is the
interpretation of © by G. We denote the space of P names in V by VF. But we also abuse the language
to let V¥ denote unspecified generic extensions of V by P.

Let X be a set. A condition p € PP is called strongly (X,P)-generic, if for every g < p there exists
q | X € XN P such that for every r € X NP with r < g | X, r is compatible with ¢g. The forcing P is
strongly proper for a family .7 if for every X € . and every p € X, there exists a strongly (X, [P)-generic
condition g < p. It is called strongly proper if it is strongly proper for a club in 22 ([P]®).

We assume that the reader is familiar with the notion of a complete suborder and the quotient of a

forcing notion by a filter on a complete suborder of it.

Notation 1.4. For a cardinal 6, we let Hy denote the collection of sets whose transitive closure are of

size less than 6.

2 Preliminary lemmata

Let us begin with the following standard lemma.

Lemma 2.1. Suppose P is a forcing and A C P is a maximal antichain. Let F : A — V¥ be a function.
Then there is © € VF such that for every p € A, p IFp “F(p) = 1.
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Lemma 2.1 immediately implies the Existential Completeness Lemma for the forcing relation, which

is given below in a concise form
plbp“Ix ¢(x)” = It € VF (plFp “9(1)”).

Lemma 2.2 (Jensen—Schlechta [2]). Assume that P is a c.c.c. forcing and that T is a tree of height @;.
Suppose that P forces b to be a new cofinal branch through 7. Then S(h,P) C T is a Suslin tree in V

that acquires a cofinal branch in V¥, namely 5.!

Proof. Since b is forced to be a branch, it is clear that S(b,P) is downward closed, i.e., if € T and
s € S(b,P) are such that t <7 s, then t € S(b,P). On the other hand, since P preserves @ and b is forced
to have length @;, S(h,P) has height ;. For every s € S(b,P), fix a condition p; € P that forces s € b.
Now if 59,51 € S(b,IP’) are incomparable in 7', then py, is incompatible with py, in P. Therefore, any
uncountable antichain in S(b,P) would give an uncountable antichain in P, which is a contradiction.
Therefore, S(b,P) does not have any uncountable antichain. It is clear that P forces b C S(b,P). It
remains to show that S(b,P) does not have any cofinal branch in V. Assume towards a contradiction
that b, € V is a cofinal branch through 7. If there is s, € b, such that

b :{SES([?,IP’) s < sy ors, <s},

then letting p € P be a condition forcing s, € b, we have plF “lva* C b”. Since a branch is maximal,
we have p IF “b, = b”. This contradicts the fact that b is forced to be a new branch. Therefore, there
is an unbounded set X C @, such that for every a € X, there are nodes r&* <s(b,P) t% such that t* € b,,
ht(t¥) = oc and t* ¢ b,.. Now {r%: @ € X'} is an uncountable antichain in S(b,P). A contradiction!

The following is standard. We give a proof for completeness.

Lemma 2.3. Assume that P+ Q is a nontrivial two-step iteration forcing. Let X € V. Let f: X — 2
be a P x Q-name for a function. Let x € X. Suppose that (p,§) does not decide f(x). Then, there are
PosP] < p and a P-name ¢* such that

* Iplk*¢" <@ ¢, and
* (P1:4") Fpsg “f(x) =i, forevery i =0, 1.

Proof. Since (p,q) does not decide f(x), there are conditions (pg,qo), (p1,41) < (p,4q) in P+ Q such
that for every i =0, 1,

(pi,qi) H_]P’*Q “f(x) = i”.

We can extend p; to p; such that p;j L p] in [P as P is nontrivial, and hence non-atomic. Now let A

be a maximal antichain below p containing p;, pj. By Lemma 2.1, there is a P-name 7 such that

!See Definition 1.3 for the definition of S(b,P).
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* pilFp“t =¢;”, forevery i =0, 1, and
* p'lkp “t=g”, for every p’ € B\ {p}, P} }-

Therefore,
plFp“T <y 4q”.
Now let B be a maximal antichain containing p. By Lemma 2.1 again, there is a P-name ¢* such that

* plFp“¢g* =17, and
e plkp “q* =g, forevery p' € A\ {p}.

Therefore,
]].]P) H_ “q-* SQ q-”‘

G %

Furthermore, p} IFp “¢* = 7 = ¢;”, for every i = 0, 1. Since (p},q") <p«Q (pi,qi), forevery i = 0,1, we

have
(PF14") Ipug “flx) =17

We want to show that a strongly proper forcing cannot add a new Suslin subtree to a tree of height
1. This is analogous to a lemma in Jensen—Schlechta’s paper that o-closed forcing cannot add a new
Suslin tree to a tree of height @;. The Jensen—Schlechta’s lemma uses a beautiful argument as in the
famous branch preserving lemma due to Silver. We use an argument similar to Mitchell’s beautiful
argument in [3].

For the rest of this subsection, let T be a rooted tree of height w, P be a nontrivial forcing that is
strongly proper for a stationary set . C P ([P]®). Suppose that S is forced by P to be a Suslin subtree
of T. Let 0 be an uncountable regular cardinal with P, S € Hg. Let also S denote the canonical forcing
structure of S. Let Q denote the poset whose underlying set is S and & <g tifandonlyiflpl-“6 <g1".
Let

S*={M <Hp:|M|=RoAP,ScM}.

Lemma 2.4. Q is proper for .¥*, i.e., for every M € .* and every 6y € QN M, there is an (M,Q)-

generic condition 61 <g Gy.

Proof. Assume that M € . and 6y € M NQ are given. Let 6 := M N @;. Using Lemma 2.1, we may
assume without loss of generality that for some pp € M NP and some so € M NT,

®* po H—]p “6() = §0” and

* pLpo=plkp “ht(6p)” =0.

Using Lemma 2.1 again, we find and fix &; € S such that for some strongly (M, P)-generic condition
p1 < po and some 51 € Tg with so <7 51, we have

®* Pi I- “61 251”.

*p J_pl =p H—]p “61 =6y,
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Notice that 61 <g 6p. We will show that & is (M,Q)-generic. Fix 6] <g 61. Let D C Q in M be open

and dense. We will show that there is some condition in D N M compatible with &.

Claim 2.5. 1p I “D[G] is dense in S”.

Proof. Let G C P be an arbitrary V-generic filter. Assume that s € S := SC. Let ¢ be a P-name such
that 56 = 5. We can find a P-name &’ € S such that 1p I “6’ < 67. Therefore, there is 6" € D with
6" <@ 6. In other words, 1p I “6” <¢ ™. So 5" := ¢"% € D[G) and 5" <g s.

Since p; is strongly (M, [P)-generic, there is p; [ M € M NP be such that any extension of p; [ M
in M is compatible with p;. In particular, p;, p; | M are compatible. Fix such a condition p; [ M. Let
G be a V-generic filter G C P with py, p; | M € G. Working in V[G], D[G] is dense in S, by the above
claim. On the other hand, D|[G] € M[G] and every condition in S is (M[G],S)-generic, since S has the
countable chain condition. So there is u € D[G] N M[G] with u <7 s;. Notice that since G contains an
(M, P)-generic condition, namely p;, we have M[G|NT =M NT, and hence u € M. So so <7 u <7 $].
Let p5 < p1,p1 | M and 6, € D be such that p), |- “ii = &5”. By elementarity, there is p» € M with
p2 < p1 | M and there is 6, € DN M such that p, |- “6, =#”. Since D is open and 6 € M, without loss
of generality and by applying by applying Lemma 2.1, we may assume that p |- “6 = 6&y”, for every
p L pr.So 6 <g 6p.

Claim 2.6. 1p I “6]|6,”.

Proof. Let G be a V-generic filter over P. Let S := SC. Assume towards a contradiction that G{G L G'2G .
Therefore, G cannot contain both p, and p; simultaneously, since, as we have seen above, we would
have

u= GzG <gs§1= ('YIG <g G{G.
If G has none of them, then 6§ = 67 = 65 <g 6/°. If G has p, but not p;, we then have
65 =60 <su= 69 <56/°.

If G has p; butnot p,, then 6§ = 65 <g 51 = 6F. Ineither case, 6] is compatible with 65 . Therefore,
lp Ik “61||62in S

Returning to our main proof, by the Existential Completeness Lemma, there is & € S such that
Ip Ik “6 <g 61,07
In other words, 6 <q 67, 6. Therefore, 6, € DN M is compatible with 67 in Q.
Lemma 2.7. 1IplF “SeV”.

Proof. Assume towards a contradiction that IP forces that S is not in V. Notice that P* S adds a new
cofinal branch through 7. Let b : T — 2 be a P« S-name which is forced to be the characteristic function
of a cofinal branch through S. Fix M € .#* with b € M. By Lemma 2.4, there is an (M, Q)-generic
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condition ¢’ € Q. Let 6 := M N ;. Let p’ € P be a strongly (M, P)-generic condition. We can extend
(p',6") to a condition (p, &) such that 6 <g ¢’ and for some s € T, (p, &) IFp,g “b(s) = 1”. Since p’
is strongly (M,P)-generic, there is p | M € MNP such that every r < p [ M in M NP is compatible with
p. Let

D:={tcS:3p§,p; <p M, 3tcT suchthat (p}, 1) I “b(t) =i"}.

Claim 2.8. D is dense in Q.

Proof. Suppose that &y € S. Since b is forced to be new, there is r € T such that (p | M, &) does not
decide h(t). By Lemma 2.3, there is 61 € S with & <@ 6y so that for some pj,p] < p [ M, we have
(pf,61) IF“b(t) =i, fori=0,1. So &1 € D.

Notice that D € M. By Lemma 2.4, there is T € DN M such that 7 is compatible with & in <g as
witnessed by, say 7. Let py, p},t in M witness that T € D. Fix p; < pj,p, fori=0,1. So fori= 0,1, we
have (p;, 7t) < (p, &), (p}, t). Therefore, (p, &) does not decide b(t). But this is a contradiction, since

[(p,6) Ibp,g “b(t) =i"] <t <rs.

Putting it all together, we have proven the following.

Proposition 2.9. Suppose that 7T is a tree of height @;. Let G be a V-generic filter on a forcing P which
is strongly proper for a set stationary in & ([P]?). Let S € V[G] be a Suslin subtree of T. Then S € V.

3 Forcing with virtual models

The notion of a virtual elementary submodel was invented by Velickovi¢ in 2014 to iterate semi-proper
forcings with finite conditions. More precisely, he used it in his iteration theorem [7]. Although the vir-
tual models are easier to use in the iteration of proper forcings, this case has not been covered anywhere
except in a more complicated and technical context in [4, 5]. Therefore, we define it here and prove the
relevant properties either in whole or in part, but with sufficient reference and guidance. Needless to

say, the credit goes entirely to Veli¢kovi¢ without further mention.

Virtual models

We are interested in transitive set models of ZFC. We call them suitable. For a suitable model 2 and an
ordinal o € A, let Ay = Vo, N2A. We let

Eg ={acOrdNA: Ay < A}.

7
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Note that Eg is a closed subset of Ord®, however it could be empty. It is easily seen that Eg N« is
uniformly definable in 2( with parameter «, for any a € Eg. In particular, if M < 2, and o € M, then
Ey Mo € M. The first two lemmas are technical and used in many situations regarding virtual models.

Both can be proved using the Tarski—Vaught criterion.

Lemma 3.1. Suppose 2 is a suitable structure and that M < 2. If o € Eg and (M N Ord™)\ & # 0, then
min(MNOrd*\ ) € Eq.

Proof. See [5, Lemma 3.1].
Let A,B # 0. We let Hull(A,B) :== {f(b) : f € A is a function and b € [B]<® Ndom(f)}.

Lemma 3.2. Suppose that 2l is a suitable structure, M is an elementary submodel of 2 and X is a subset
of 2.

1. Let 8 := sup(M N Ord), and assume that X N2As # @. Then X N2As C Hull(M,X).
2. M <Hull(M,X) <.
3. Hull(M,X) is minimal with respect to the above properties.
Proof. See [5, Lemma 3.3]

Definition 3.3. A submodel M of 2 is an &-model in 2 if

1. Hull(M, ) is transitive and

2. M,y < Hull(M,2Ly).
Definition 3.4. M is a virtual model in 2/ if it is an a-model for some o € Ey.

We now concentrate on a particular case. Namely, Vi = (Vi, €), where k is inaccessible and we only

consider countable virtual models. Thus let us fix an inaccessible cardinal k. We denote Ey,_ by E.

Definition 3.5. For each o € E, we let 6, denote the set of countable ot-models in V.. We also let
Cea =U{%p: B € ENa}, for € ExU{k}. The collections €<q, 6> q, etc are defined in the obvious
way. We shall write € for €.

Notation 3.6. If M € %, then let (M) be the (unique) ordinal & such that M € €.

The uniqueness can be proved using a simple counting argument. Observe that if M is a countable
virtual model and & € E, then [Hull(M, V)| = [Vi|. S0 M € Vyexy(ar)» Where next(a) is the least element
of Ex\ (ax+1).

Definition 3.7. A virtual model M is called standard it M < V).

Notation 3.8. We let % denote the class of all countable standard virtual models in V.
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Definition 3.9. Suppose M,N € € and a € E. An isomorphism ¢ : M — N is called an o-isomorphism
if there is an isomorphism & : Hull(M,Vy) — Hull(N,Vy) extending 6. We say that M and N are

o-isomorphic and write M =, N if there is an o-isomorphism between them.

Definition 3.10. Suppose o, 3 € E and M is a f-model. Let Hull(M,V,,) be the transitive collapse of
Hull(M,Vy), and let 7 be the collapse map. We define M | « to be m[M], i.e. the image of M under the
collapse map of Hull(M, V).

We call M | «, the projection of M to «.

The following is easy and we use it without referring to it.
Fact 3.11. Suppose that a < 3 are in E. Assume that M,N € %

1. IfM%B N, then M =, N.
2. MIB)la=M]o.

Notice that if @ > n(M), then M [ oo = M.

For a virtual model M, by €M, we mean M N UM Vyn) - where €M Vyn) g the set of
virtual models relativized to Hull(M,V;,4y)). Note that although Hull(M, V) is a suitable model,
Emuii(m,v, ) could be bounded in Ord NHull(M, Vy(ar))-

Definition 3.12. Suppose M,N € € and o € E. We write M €4 N if there is M’ € €V such that
M' =, M. If this happens, we say that M is a-in N.

the important thing here is to be careful that although the witness M’ in the above definition might
not be in €. and hence not a virtual model in the sense of Vi, M is a virtual model in the sense of
Hull(M, Vy,ar)). Therefore, the expression M =, M’ makes sense. Moreover, there is no confusion
since Hull(M,Vy, 4y ) is transitive.

Fact 3.13. Suppose M,N € ¢ with M € N. Let o € E, and suppose N’ € €, for some A € o7, and
0 : N — N’ is an a-isomorphism. Then M and o (M) are o-isomorphic.

Proof. See [5, Proposition 2.14]. 3.13
The following is straightforward.
Fact 3.14. Let o, § € Eyc with o < 8. Suppose M,N € 6>gand M €g N. Then M [ a €o N | 0.
3.14

Note that ¢ is closed under projections. The collections €<, €<q, and 6> are defined in the

obvious way.

Fact 3.15. € contains a club in P, (V)).
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Proof. Let M < (V, €,E) be countable. Since E is a club, n =sup(M NA) € E. By Lemma 3.2,
Hull(M,Vy) = Vy. Thus M € €. 3.15

Fact 3.16. Let a € E.. Suppose M,N,P € € and M €4 N €4 P. Then M €4 P.
Proof. See [5, Proposition 2.25]. Hint: use Fact 3.13. 3.16

Definition 3.17. Assumethat M € €. Let o« € ExN(N(M)+1). M is said to be active at o if MNE N
is unbounded in Ex N .

Notation 3.18. Suppose M € ¢. Let a(M) = {o € E : M is active at o }.

Let o € E and let . be a set of virtual models. We let
Mloa={M|a:Mec.#} and A*={M|a:Mec.# andacaM)}.

Definition 3.19. Let @ € E and let . C %. We say . is an a-chain (or €y-chain) if forall M,N € .# ,
either M €, NorM =y NorN €4 M.

It is easily seen that if .# is an a-chain, then .# | « is an a-chain as well.

Forcing with virtual models

Definition 3.20. Let a € E. A set p is a condition in Py if

1. p C <q is finite, and
2. forevery § € ExN(a+1), p®is a §-chain.

A condition p is stronger than ¢ if for every 8 € Ex N (ot +1), ¢® C p®.

Notice that if a < f8 are in E U {k}, then Py is a suborder of Pg. Therefore, we let

and we use the notation p < g if and only if p is stronger than g in some Py,. It is clear that < is transitive

and non-atomic, but it is not separative.

Lemma 3.21. Let @, 8 € ExU{k}. Assume that @ < . Define the function pg 4 : Pg — Pg be defined
by pp.o(p) = p | @ Then

l.a=p=pgq=id

2. pp.q is order preserving. and pg o(1p,) = 1p,

3. forevery y € ExU{x} with B <, pygopg.a=Pya-

4

. forevery p € Pg and every g € Py with g < pg 4(p), there is r € Pg such that r is a greatest lower
bound of p and ¢, and pg 4(r) = g.

10
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Proof. 1 and 2 are straightforward. 3 follows from Fact 3.11. To prove 4, let r be defined by r = pUg.
To show that r € IPg, we need to show that for every 6 € ExN (B +1), r® is a §-chain. Fix such a §.
Notice that if 6 > o, then q5 =(; and if 0 < o, then have q5 ) p5. Therefore,

s |p° ifé>a
r =
¢ iféd<a
is a 0-chain. It is clear that r < p,q, pg o (r) = g, and that r is a greatest lower bound p and g. 321

Lemma 3.22. Assume that @ € E is of uncountable cofinality. Then Py, is forcing equivalent to Py N V.

Proof. Define p : Poy — P NV by p(p) = Pay(p)(P), Where

¥Y(p) = sup(({a(M)Na: M € p}).

Since « is of countable cofinality, the set of active points of a model is a closed set, and p is a finite set
of countable models, we have y(p) € ExNa. So p is well-defined. It is clear that p [ Py NV = id.
Lemma 3.21 implies that p is a forcing projection.

To conclude the proof, we show that the quotient forcing of Py by any generic filter on Py NV is
trivial. For which it is enough to show that for every p, g € Py, such that p(p), p(q) are compatible, then
p and g are compatible. Let r < p(p), p(g). Define r by

s=rU{MepUq:M¢Vy}.

Note that there is no countable model active at ¢, hence s* = (. For every d € E, N a, on the other

% — 10 So s is a condition in Pg. It is clear that s < P, q. 3.22

hand, we have s
The following is immediate.

Corollary 3.23. Py is strongly proper for {Vy : @ € E Acof(a) > @}. Moreover, 1p,_ is strongly
(X,Py)-generic for every set X such that P, N X = P, NV, for some a € E of uncountable cofinality.

Therefore, P, has the x-chain condition.
323
In fact, P, has the xk-Knaster property; we leave the proof to the reader.

Definition 3.24. Let p € P. Assume that N € p and M € p NGy We let
E(N,M) =sup{ax€a(N):N|aecqM}.
We define N | M only if €(N,M) # 0. Since both N and M are active at (N, M), we will also have

N rg(NvM) eE(N,M)M rg(NvM)

11
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Now by Fact 3.13, we have N [ €(N,M) €¢y ) M. Let
e (N,M) :=min(E,NM\ e(N,M)).

Now let N | M := N* where N* € M is the unique £*(N,M)-model which is £(N, M )-isomorphic to N.
Finally,letp [M:={N [ M : N € p}.

Notation 3.25. For every p € Py, we let £(p) be the least & € E such that p € Py().
Notice that n(M) < ¢(p), for every p with M € p.
Lemma 3.26. p [M e MNP _y3yandp <p [ M.

Proof. 1tis clear that p | M € M. To see why p [ M is a condition, it is enough- by elementarity of M-
that if N1,N, € p | M are active at 6 € MNE, and Ny N@w; < NNy, then Ny | & €5 N, | 6. There are
N{,N} € psuchthat Ny = N| | M and N, = N} | M. Let us set & := €(N/,M), for every i = 1,2. By the
definition of &, we have § € a(M) Na(N;), for every i = 1,2. Since no countable model is active at a
point of uncountable cofinality, we have 6 € M Nmin(g{, €5), which in turn implies that 0 < €, &. So
8 € a(N7) Na(N5). Now since p is a condition and N; N @, = N/ N @y, for every i = 1,2, we must have
N{ 6 €5 N, | 6. Butthen

N [6=N; € |[6=N{ 85N, |8§=N)le|[6=N, 8.

To see that p < p [ M, observe that if N € (p fM)‘S. Then M is active at 6 and 6 € M. We can find
N’ € p such that N is €(N’, M)-isomorphic to N. As we have seen above, 6 € a(N')Ne(N',M) and
N[S8=N[8epd. 3.26

Lemma 3.27. Suppose that g < p [ M is a condition in M NPk. Then pUq € Py,,y and pUq < p,q. In
fact, p Ugq is the greatest lower bound of p and q.

Proof. Letr=pUgq. Let § € E. We are done if g% = 0. So let us assume that ¢° is nonempty, which in

turn implies that M is active at . It is easily seen that
P =g®U{M | 8}U{N:Nep®:M|5csN}.
It is obvious that 7% is a 8-chain. 3.27
The following is straightforward.

Corollary 3.28. Py is strongly proper for %y. In fact, for every standard model M and every condition
p with M € p, p is strongly (M, Py)-generic.

12



R. MOHAMMADPOUR

Assume that G C Py is a filter, let .#Z := |JGk. Then for every 0 € E, 9 is a 8-chain. Let
0 € Ey. Using Fact 3.16, it is easy to see that

{MNVs: M e .a"y

is an €-chain. If G is V-generic, then, since ®; is preserved, the length of the above chain must be
;. So the size of Vg is @; in V[Gy|. Therefore, kK = @, in V. By standard arguments, 2% = X, in
V[Gy]. On the other hand, by the k-chain condition if the continuum hypothesis held in V[G], then all
the reals must have been added by some initial stage, say P,. But then as we have seen above G is
V[Gql-generic for P /Gy, where G := G NPy. The poset P /Gy is strongly proper for a stationary
set by Proposition 3.29, and this is a contradiction. Since a poset which is strongly proper forcing for a

stationary set necessarily adds reals.

Proposition 3.29. Let o € E. Suppose G C Py is a V-generic filter. The forcing P/G is strongly

proper for a stationary set.

Proof. Let
S ={MNPc:MECqand M | a €| JGq}.

It is easy to see that . is stationary in Z([P]?). Let M € >¢ and M | @ € |JG4. Suppose that
p €Px/GoNM. Then it is not hard to see that pM < p is strongly (M, Py /G )-generic. 3.29

4 The main theorem

We prove our main theorem in this section. We shall use the forcing P constructed in the previous

section. We will use its main properties without referring them:

e P, is x-c.c.

* Py is strongly proper.

* Py is strongly proper for {Vy : o € Ei such that cof(a) > w}.

o P forces Kk = X, = ¢ =251,

* P/Gy is strongly proper for some stationary set in [Px/G¢]?, for every o € Ex and every V-

generic filter G C Py,.

Notice that one can also use the Neeman forcing with finite sequences of countable elementary

submodels of Vi as small nodes and {V, : & € Ex Acof() > @} as transitive nodes, see [6].

Theorem 4.1. Assume that k is Mahlo. Then in a strongly proper and x-c.c. generic extension, K = @y,

wKH fails, and no c.c.c. forcing can force wKH.

Proof. Let P, be Velickovié forcing with finite chains of countable virtual models, i.e. the forcing from
Section 3. Let Q be a P,-name for a c.c.c. forcing. It will be convenient to denote Q by Q. We write

the proof through several steps to make it more readable.

13
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(Step O: the general setting) Assume towards a contradiction that Q, forces wKH over VFx. So suppose
that Q, forces, over VF*, T to be a weak Kurepa tree whose underlying set is @y, and suppose that this is
witnessed by a sequence (b : & < k) of pair-wise distinct cofinal branches through 7. Since P forces
2%1 = X,, we may assume that the above sequence enumerates all the cofinal branches of 7. Moreover,
by standard arguments, we may treat 7" and each b, as P, * Q,-names as well. Since P has the x-chain
condition, Q is forced to be c.c.c. and that 7 is forced to be a tree on a)}’ (as P, preserves m;), we may
assume without loss of generality that {bg : @ < k} U{T} C V. On the other hand, since P forces that

¢ = X5 and that QK is c.c.c., we may also assume, without loss of generality, that QK C V.

(Step 1: analysing the complete suborders and quotients) Since K is Mahlo, we can fix a stationary

subset U C k consisting of inaccessible cardinals such that for every v € U,
Vy = (Vv,EanVva<ba ro<v),T) < (VK7€7Q7 <ba ra<k),T).

Therefore, U is in particular a subset of E,. We fix a v € U until the further notice. We first show that

1. (P *Qy)NVy is a complete suborder of Py + Qx.

2. (Pex Qi) NVy = (P NVyp) % (Q N Vy).

By the elementarity of Vy,, any incompatible pair of conditions in (Px * Qx) NV, remain incompat-
ible in Py * Q. Suppose that A C (P * Q) NV, is a maximal antichain. Then A must belong to Vy, as
Pk is k-Knaster. So by elementarity of V,, A is maximal in Py x Q. So we proved the first item. The
second item is clear. Notice that by Lemma 3.22, P, NV}, is forcing equivalent to PP,. Thus it makes
sense to denote (P * QK) NVy by Py * Qy. By the first item above, P, forces that Qy, has the countable
chain condition.

For every V-generic filter Gy, * Hy C Py % Qy, we abuse language and define the following quotient
forcing over V[Gy * Hy],

Ry = (P * Q) /(Gy * Hy).

(Step 2: the interpreted and uninterpreted branches) Suppose that Gy x Hy is a V-generic filter on
P, * Q. By the previous step,
Gv *Hv = (GK*HK) ﬂVD

is a V-generic filter on Py, * Hy,. Therefore, Gy * Hy is also a V[Gy, * Hy|-generic filter on R,. Conse-

quently, it follows that for every v € U N v,
bgv*ﬂv — b‘ch*Hk‘ C TGV*HV — TGK*HK‘

Notice that Gy is also V[Gy * Hy|-generic. So we can form the model V |Gy, * Hy] |G|, which is an inner
model of V[Gy * H|.

Claim 4.2. by, ¢ V|Gy * Hy)[G]

14
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Proof. If by, belongs to V[Gy * Hy|[Gl, it has to belong to V [Gy, * Hy] for V[Gy * Hy] is a c.c.c. exten-
sion of V[Gy], and hence P /G, is strongly proper for a stationary set in V [Gy, * Hy]. So P /G, cannot
add a cofinal branch through a tree of height w;. So

by € HX,Z[G“*H“].

Since v € U, (b$ : v < v) enumerates all the cofinal branches through T in V[Gy % Hy]. So by =

bg“*H“, for some v < v. This contradicts our assumption that the cofinal branches are forced to be
distinct.

(Step 3: applying branch preserving lemmas) We have
VI[Gk| C V[Gy * Hy][Gk] C V[Gy * Hy].

Therefore, V |Gy * Hy] is a c.c.c. extension of V[Gy, * Hy][Gy]. Now since by, ¢ V[Gy * Hy)[Gy], we can
apply Lemma 2.2. So S(by,Ry) C T is a Suslin tree in V[Gy, * Hy|[Gy]. By Proposition 2.9, S(by,Ry) €
V[Gy * Hy). Consequently, there is a Py, * Qy-name Sy, for a Suslin subtree of T such that

S‘lc);v*Hv — S(bv,Rv).

However, Py, Qv has the v-chain condition in V, since v is an inaccessible limit point of E. Therefore,

without loss of generality, we may assume that S, € V.

(Step 4: drawing a contradiction) Since v € U was arbitrary, with Fodor’s lemma and a simple counting

argument, there is a k-sized set U* C U such that for every v,v € U*,
Sy = Sy.
Now fix v < v in U*. We have
S(bv,Rv> = S\C/;U*HD = ng*Hv = S(bv,Rv>-

Let us denote the above identical tree by S. We now want to draw a contradiction. On the one hand, we

do know that S is Suslin in V[Gy * Hy], since so is
S(by,Ry) =S.
On the other hand, S has a cofinal branch in V[Gy, * Hy), as
by = bS5 € V[Gy + Hy]

is a cofinal branch through S(by,Ry) = S.
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