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We explore the states of matter arising from the spontaneous symmetry breaking (SSB) of Z2 non-
onsite symmetries. In one spatial dimension, we construct a frustration-free lattice model exhibiting
SSB of a non-onsite symmetry, which features the coexistence of two ground states with distinct
symmetry-protected topological (SPT) orders. We analytically prove the two-fold ground-state
degeneracy and the existence of a finite energy gap. Fixing the symmetry sector yields a long-range
entangled ground state that features long-range correlations among non-invertible charged operators.
We also present a constant-depth measurement-feedback protocol to prepare such a state with a
constant success probability in the thermodynamic limit, which may be of independent interest.
Under a symmetric deformation, the SSB persists up to a critical point, beyond which a gapless
phase characterized by a conformal field theory emerges. In two spatial dimensions, the SSB of
1-form non-onsite symmetries leads to a long-range entangled state (SPT soup) - a condensate of
1d SPT along any closed loops. On a torus, there are four such locally indistinguishable states
that exhibit algebraic correlations between local operators, which we derived via a mapping to the
critical O(2) loop model. This provides an intriguing example of ‘topological quantum criticality’.
Our work reveals the exotic features of SSB of non-onsite symmetries, which may lie beyond the
framework of topological holography (SymTFT).

Symmetry provides a guiding principle to character-
ize quantum phases of matter. A simple example is
the Z2 global symmetry, e.g.

∏
iXi in the d-space di-

mensional transverse-field Ising model −∑⟨ij⟩ ZiZj −
g
∑

iXi, which exhibits an ordered (disordered) phase
due to the presence (absence) of spontaneous symmetry
breaking. To date, there has been substantial progress
in generalizing the conventional global symmetry in var-
ious ways to describe various exotic quantum orders (see
Ref.[1] for a review).

In this work, we show that even the global Z2 sym-
metry, arguably the simplest symmetry, when realized
in an unconventional manner, can lead to novel quan-
tum states of matter. Specifically, we consider the non-
onsite realization of a Z2 symmetry (non-onsite sym-
metry for short) such as U =

∏
i Ui,i+1, which is com-

posed by commuting two-qubit unitary operations and
U2 = 1. This is in contrast to the conventional symmetry
realization, which is onsite - symmetry generator com-
posed of products of single-site unitary operators such
as
∏

iXi. One can also take a further step to define a
higher-form non-onsite symmetry by considering overlap-
ping multi-qubit unitary gates acting on deformable sub-
dimensional manifolds. The key question that we will be
exploring is: when these non-onsite symmetries are spon-
taneously broken, what states of matter may emerge? As
we will show below, the spontaneous non-onsite symme-
try breaking leads to several exotic features, e.g. includ-
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FIG. 1: We discuss the spontaneous breaking of two
types of non-onsite symmetry: (a) the global (0-form)
symmetry consisting of controlled-Z gates in 1d and (b)
the 1-form symmetry consisting of controlled-Z gates
along any closed loops C in a 2d honeycomb lattice.

ing a gapped phase with the coexistence of trivial/non-
trivial SPT (symmetry-protected topological) order [2, 3]
in 1d, as well as four locally indistinguishable states with
power-law correlations in 2d.

Non-onsite symmetries: we begin by properly
defining a non-onsite symmetry. Given a lattice, we can
equip it with a tensor-product Hilbert space by putting
a qubit (or qudit) on each vertex (or link, plaquette, ...).
A site is a grouping of neighboring qubits, and different
sites do not overlap. Conventionally, symmetries are as-
sumed to be onsite, i.e. the symmetry transformation
can be implemented by a depth-1 circuit

U =
⊗

site s

Us, (1)
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and each local gate Us is supported only on site s 1.
We call a symmetry non-onsite if its symmetry operator
cannot be written as above under arbitrary grouping of
neighboring qubits. Note that an onsite unitary U un-
der the conjugation of a finite-depth local unitary circuit
V generically leads to a non-onsite symmetry V UV †, but
the classifications of quantum phases under both symme-
tries are identical. We therefore focus on the intrinsically
non-onsite symmetries, which cannot be brought onsite
by conjugation of any (finite-depth) unitary operator2.
Non-onsite symmetry breaking in 1d: as a simple

starting point, we consider a periodic 1d lattice consisting
of N qubits with even N , and define a global non-onsite
Z2 symmetry UCZ =

∏
i CZi,i+1, where CZi,i+1 is the

controlled-Z gate on two neighboring qubits on site i and
i + 1. UCZ is intrinsically non-onsite since there does
not exist a unitary operator that can transform UCZ to a
product of non-overlapping local unitary gates (see Ap-
pendix.IIA for proof). The key idea of the proof is to
compute the trace trUCZ, and show that it possesses a
constant prefactor that distinguishes it from the the trace
of any global Z2 onsite symmetries.

To explore the physics of spontaneous non-onsite sym-
metry breaking, we would like to construct two states
that can be transformed into each other by UCZ and are
both the ground states of a local Hamiltonian symmet-

ric under UCZ. One choice 3 we can adopt is |+⟩⊗N
and

|cluster⟩ = UCZ |+⟩⊗N
. The former is an X-basis product

state and the latter is the so-called cluster state [4]. They
correspond to a trivial and a non-trivial SPT respectively
under the Z2 × Z2 symmetry generated by

∏
i∈oXi and∏

i∈eXi, with o/e denotes the set of odd/even sites [2, 3].
The spontaneous non-onsite symmetry breaking there-
fore suggests the coexistence of trivial/non-trivial SPT
orders in the ground subspace of a local Hamiltonian.

One question immediately arises: does there exist
a gapped, local, UCZ-symmetric Hamiltonian with the
trivial/non-trivial SPT coexistence to manifest the spon-
taneous UCZ symmetric breaking? Notably, we con-
struct such a Hamiltonian 4 by drawing inspiration from
the O’Brien-Fendley Hamiltonian [6], which exhibits an
order-disorder coexistence and spontaneous breaking of
Kramer-Wannier duality symmetry [7]. Our Hamiltonian
reads

1 For instance, the unitary transformation
∏

i U2i−1,2i on a 1d
lattice define an onsite symmetry since the two vertices 2i−1, 2i
can be grouped to define a site.

2 We note that (i) performing a duality transformation or (ii)
adding ancillae can bring an intrinsically non-onsite symmetry
into an onsite symmetry. See Appendix.I for details.

3 For instance, non-onsite symmetry breaking forbids the Pauli-Z
product state |0⟩⊗N as one ground state since UCZ acts trivially
on such a state.

4 Using the framework of MPS (matrix product state), Ref.[5] de-
rived an alternative gapped parent non-onsite symmetric Hamil-
tonian with the two-fold degenerate ground states |+⟩⊗N and
|cluster⟩. The Hamiltonian reads H =

∑
i hi + UCZhiUCZ with

hi = (3−Xi)(1−Zi−1XiZi+1)−(1+Xi)(Xi−1Xi+1+Yi−1Yi+1).

H =
∑

i

(1−Xi)(1− Zi+1Xi+2Zi+3)

+
∑

i

(1− ZiXi+1Zi+2)(1−Xi+3)
(2)

This Hamiltonian is frustration-free, and every local term

annihilates both |+⟩⊗N
and |cluster⟩, so both of them are

the ground states of H. Using the technique of Ref.[8],
we analytically prove that these two states are the only
ground states and there exists a finite energy gap in the
thermodynamic limit (see Appendix.II B, II C). Later on,
we will discuss the stability of the non-onsite symmetry
breaking under symmetric perturbations, but for now, we
focus on the physics of this specific Hamiltonian and its
ground states.

The two-fold degeneracy allows us to define a long-

range entangled ground state |ψ⟩ ∝ |+⟩⊗N
+ |cluster⟩ 5.

|ψ⟩ cannot be connected to a product state using finite-
depth unitary circuits or constant-time adiabatic Hamil-
tonian evolution. To see this, one notices that there ex-

ists another state |ψ−⟩ ∝ |+⟩⊗N − |cluster⟩, which is
locally indistinguishable from |ψ⟩ (see Appendix.IID for
proof). It follows that both of them cannot be connected
to a product state via local unitary circuits, based on the
Lieb-Robinson bound [10, 11].

Is there an intrinsic physical property to manifest
the long-range entanglement? For a long-range entan-
gled state arising from spontaneous symmetry break-
ing, one essential feature is the long-range correlation
among charged operators. A simple example is the GHZ

state (∝ |0⟩⊗N
+ |1⟩⊗N

) associated with the spontaneous
breaking of the global Z2 symmetry UX =

∏
iXi, in

which case the ⟨ZiZj⟩ = 1 for arbitrarily distant i, j. In
particular, since Zi is charged under the symmetry UX

(meaning U†
XZiUX = −Zi), one has ⟨Zi⟩ = 0. Conse-

quently, ⟨ZiZj⟩ is the same as the connected correlator
⟨ZiZj⟩ − ⟨Zi⟩ ⟨Zj⟩, whose non-zero value directly diag-
noses the long-range entanglement.

Similarly, for diagnosing the long-range order of the
|ψ⟩ arising from the spontaneous breaking of the non-
onsite symmetry UCZ, we can first find a corresponding
local charged operator. Intriguingly, unlike the onsite
symmetry UX , which has a unitary charged operator,
any valid charged operator of UCZ cannot be unitary
(it is not even invertible) since the trace trUCZ ̸= 0.
To see this, imagine we have a charged operator O,

meaning UCZOU
†
CZ = −O. Assuming O has an in-

verse, then one has O−1UCZO = −UCZ. Taking trace
on both hand sides gives trUCZ = − trUCZ = 0, lead-
ing to a contradiction since trUCZ ̸= 0. Therefore, O

5 This state has first appeared in Ref.[5, 9], but the physics was
not explored in details.



3

does not have an inverse 6. Indeed, we find a non-
invertible charged operator Oi = Xi(1 − Zi−1Zi+1) =

Xi − Zi−1XiZi+1 with U†
CZOiUCZ = −Oi, which follows

from Xi ←→ Zi−1XiZi+1 under the conjugation of UCZ.
Via a straightforward calculation (Appendix.II E), one
finds ⟨OiOj⟩c = ⟨OiOj⟩ − ⟨Oi⟩ ⟨Oj⟩ = 1 for any i ̸= j
when N →∞, thereby diagnosing the long-range order.

The above analysis confirms the symmetry-breaking

order of |ψ⟩ ∝ |+⟩⊗N
+ |cluster⟩ via the order parameters

(i.e. the non-zero correlations among charge operators).
On the other hand, another common feature of symme-
try breaking is the vanishing (or exponentially small)
disorder parameters, defined by the expectation value
of a truncated symmetry generator with respect to the
symmetry-broken long-range entangled state. Heuristi-
cally, the vanishing disorder parameter implies that the
domain wall does not proliferate (i.e. they are not con-
densed), thereby giving the ordered phase. Indeed, we
explicitly compute the disorder parameter by truncating
UCZ symmetry and find it decays exponentially with the
system size (Appendix.II F).

So far we have mostly focused on a specific Hamil-
tonian H (Eq.2) to discuss the spontaneous non-onsite
symmetry breaking and the coexistence of two distinct
SPTs. Do these features persist under certain pertur-
bations without a gap closing? Here we show that the
spontaneous non-onsite symmetry breaking admits a sta-
ble gapped phase by considering certain non-onsite sym-
metric perturbations. Since the Hamiltonian H has a Z3

2

symmetry generated by
∏

i∈oXi,
∏

i∈eXi and the UCZ,
it is natural to consider a perturbation V that preserves
all these three symmetries: V =

∑
i ZiXi+1Zi+3Xi+4 +∑

iXiZi+1Xi+2Zi+3. This leads to the deformed Hamil-
tonian H ′ = H + gV with H =

∑
i(1 − Xi)(1 −

Zi+1Xi+2Zi+3) + (1−ZiXi+1Zi+2)(1−Xi+3) defined in
Eq.2. Alternatively, H ′ may be expressed as (up to a
constant)

H ′ = −2
∑

i

(Xi + Zi−1XiZi+1)

+ (1 + g)
∑

i

(ZiXi+1Zi+2Xi+3 +XiZi+1Xi+2Zi+3)

(3)

We also note that H ′ cannot have a trivially-gapped
phase due to the type-III mixed anomaly of the Z3

2 sym-
metry [12, 13].

Combining analytical arguments and the numerics
with Density Matrix Renormalization Group (DMRG)
[14, 15], carried out using the ITensor library[16], we es-
tablish the phase diagram in Fig.2(a). Below we dis-
cuss the essential features of the phase diagram with

6 Having a non-invertible charge operator is not a unique feature
of non-onsite symmetries. Certain onsite symmetries can also
have a non-zero trace, thereby having a non-invertible charge
operator. See Appendix.I C for details.
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FIG. 2: (a) The phase diagram of H ′(Eq.3) and the cor-
relations of non-invertible charged operators ⟨O0Ox⟩ as a
function of perturbation strength g at a fixed x = 60 and
N = 120. Right inset: in the UCZ SSB phase, ⟨O0Ox⟩ sat-
urates to a constant with the separation x. Left inset: in
the CFT phase, ⟨O0Ox⟩ ∼ x−ν with ν(g = −1) = 2.108,
ν(g = −0.8) = 1.858, ν(g = −0.6) = 1.517, and ν(g =
−0.4) = 0.903. (b) Entanglement entropy SvN in the
CFT phase. α ≡ c

3 ≈ 1
3 with c being the central charge.

selected numerical results in Fig.2. The remaining nu-
merical results supporting the main text can be found in
Appendix.IIG.

We find a critical point g ≈ −0.4 that separates the
gapped phase with UCZ spontaneous symmetry breaking
(SSB) and the gapless phase described by a conformal
field theory (CFT) with a central charge c = 1. A rep-
resentative of the former is at g = 0, which gives the
frustration-free gapped Hamiltonian (Eq.2) with two de-

generate ground states |+⟩⊗N
and |cluster⟩. A repre-

sentative of the latter is at g = −1, which gives the
model (

∑
i−Xi − Zi−1XiZi+1), i.e. the critical point

of a second-order transition between a trivial/non-trivial
SPT under Z2 × Z2 symmetry [17–19].

In the UCZ SSB phase, we numerically find that the
energy difference between the two lowest eigenstates de-
cays with the system size N (presumably vanishes as
N → ∞) while the energy difference between the third
eigenstate and the second eigenstate remains finite as
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increasing N . The order parameter OiOj with Oi =
Xi−Zi−1XiZi+1 saturates to a non-zero constant at long
distances (Fig.2(a)), providing a direct diagnosis of the
UCZ SSB phase.

In the CFT phase, we numerically compute the bipar-
tite entanglement entropy and find c ≈ 1 by fitting the
data into the scaling form SvN = c

3 log
[
N
π sin

(
πx
N

)]
+

const [20, 21], where c is the central charge, and x is
the size of a subregion (Fig.2(b)). We also find power-
law correlations among two distant local operators, which
serves as another signal for the critical phase. In partic-
ular, this phase includes the point g = −1, described by
the model

∑
i−ZiXi+1Zi+2 − Xi+1. It can be mapped

to two decoupled critical transverse-field Ising chains via
a KT transformation [22], implying its c = 1 CFT na-
ture. Furthermore, by a bosonization technique [23], one
finds the term ZiXi+1Zi+2Xi+3 +XiZi+1Xi+2Zi+3 is a
marginal perturbation, which provides an analytical ar-
gument for the stability the CFT phase as well as the
continuously varying critical exponents in the correlation
functions (see Appendix.IIH).

Finally, sending g → ∞ gives the model∑
i(ZiXi+1Zi+2Xi+3+XiZi+1Xi+2Zi+3), whose frustra-

tion graph [24, 25] is the same as that of the model∑
i ZiZi+1Zi+2Zi+3+

∑
iXi. The latter is known to be at

a first-order critical point separating a disordered phase
and a ‘modulated’ phase [26, 27]. As a result, our model
at g →∞ is at a first-order quantum critical point.

2d 1-form non-onsite symmetry breaking - SPT
soup: now we extend the discussion to 2d and ex-
plore the physics of the spontaneous breaking of a 1-
form non-onsite symmetry. We consider a honeycomb
lattice with periodic boundary conditions and define
qubits on vertices. We define the 1-form symmetry as
U =

∏
⟨ij⟩∈loop CZij , i.e. the product of CZ gates acting

along any closed loops, including both the contractible
ones and the non-contractible ones. All the contractible
1-form symmetries can be obtained by taking the prod-
uct of local plaquette symmetry: Up =

∏
⟨ij⟩∈p CZij , i.e.

the product of six CZ gates acting along the plaquette p
(see Fig.3(a)).

To explore the 1-form non-onsite symmetry breaking,
we first consider the following state:

|ψ⟩ ∝
∏

p

(1 + Up) |+⟩ . (4)

By expanding the product, |ψ⟩ can be further expressed
as

|ψ⟩ ∝
∑

C

∏

⟨ij⟩∈C
CZij |+⟩ =

∑

C
|SPT⟩C |+⟩C . (5)

|SPT⟩C denotes a Z2 × Z2 cluster-state SPT along the
contractible loop C, and |+⟩C denotes the Pauli-X +1
product state for the qubits not on the loop C. In other
words, |ψ⟩ is a superposition of loops of 1d SPT orders
(see Fig.3(b)), and hence we name it SPT soup. Also,
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FIG. 3: (a) 1-form non-onsite symmetry generators on
a honeycomb lattice. (b) The SPT soup |ψ⟩ is a con-
densate of Z2 × Z2 SPT cluster states on 1d loops

since the expectation value of 1d SPT entangler for any
contractible loop C, i.e. ⟨ψ|∏⟨ij⟩∈C CZij |ψ⟩, is equal to

one, |ψ⟩ can be understood as an 1d SPT condensate in
the 2d lattice.
Our proposed SPT soup |ψ⟩ also connects to the liter-

ature on SPT phases subject to measurements. Specif-
ically, Ref.[28, 29] show that measuring a Z3

2 type-III
fixed-point SPT [12, 30] on a triangular lattice and post-
selecting the measurement outcomes leads to a long-
range entangled state, while the entanglement structure
and the lattice wave function are not explored in detail.
It turns out the measurement-induced state is exactly the
SPT soup |ψ⟩ that we propose above (see the derivation
in Appendix.III A and Ref.[31]). With a similar calcula-
tion (Appendix.III B), we also derive an SPT-soup-like
wavefunction obtained by measuring one sublattice of
the Levin-Gu SPT [32], and argue the long-range entan-
glement based on its mixed anomaly between a 0-form
(global) onsite symmetry and a 1-form non-onsite sym-
metry.
Now we discuss the signatures of long-range entangle-

ment of the SPT soup from a few distinct perspectives.
First, |ψ⟩ cannot be prepared from a product state us-
ing finite-depth local unitary circuits. This is because
one can construct three other orthogonal states (in ther-
modynamic limit) that are locally indistinguishable on
a torus, which indicates the long-range entanglement of
these states via Lieb–Robinson bounds [11]. Specifically,
starting from the state |ψ⟩ in Eq.4, we can apply a prod-
uct of CZ gates along a non-contractable loop winding in
x̂ direction, denoted by WΓx

. This leads to

WΓx |ψ⟩ ∝
∑

Cx

∏

⟨ij⟩∈Cx

CZij |+⟩ (6)

where Cx is any closed loop winding along x̂ direc-
tion. |ψ⟩ and WΓx

|ψ⟩ are expected to be orthogonal
from each other in the thermodynamic limit (see Ap-
pendix.III C), but nevertheless, are locally indistinguish-
able: ⟨ψ|WΓx

OWΓx
|ψ⟩ = ⟨ψ|O |ψ⟩ with O being any

local operator with a finite support. This is because one
can always deform WΓx

so that it does not overlap with
O. Similarly, given |ψ⟩, one can apply WΓy

, i.e. a prod-
uct of CZ gates along a non-contractable loop winding
in ŷ direction. Therefore, WΓx

and WΓy
give rise to four

locally indistinguishable ground states. This also implies
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that if their local parent Hamiltonian H respects the 1-
form non-onsite symmetries, these symmetries must be
spontaneously broken at zero temperature.

While the local indistinguishability is a feature shared
with the Z2 toric-code topological order [33], which ex-
hibits a spontaneous 1-form onsite Z2 symmetry breaking
[1, 34–37], the 1-form non-onsite symmetry broken states,
i.e. SPT soup |ψ⟩, do not admit a local, gapped parent
Hamiltonian since there exist local operators whose two-
point function decays algebraically [38, 39]. Specifically,
by dividing the honeycomb lattice into two interlacing
sublattices A and B colored in green and blue in Fig.3,
we find ZiAZjA on the A sublattice (see Appendix.IIID
for derivation):

⟨ψ|ZiAZjA |ψ⟩ =
∑

C′( 1√
2
)|C′|2NC′

∑
C(

1√
2
)|C|2NC

(7)

Here C is the configuration of contractible loops, and C′ is
the configuration of contractible loops where there always
exists a loop γ connecting iA and jA. The expression
above is exactly the 2-leg watermelon correlator in the
O(2) loop model with the loop tension K = 1√

2
, which

is at a critical point that separates a dilute phase and a
dense phase [40, 41]. At this critical point, the 2-leg wa-
termelon correlator is known to decay algebraically [42]:

⟨ψ|ZiAZjA |ψ⟩ ∼
1

|iA − jA|
. (8)

Since the SPT soup is symmetric under the Z2 symme-
try

∏
i∈AXi, namely

∏
i∈AXi |ψ⟩ = |ψ⟩, ⟨ZiA⟩ vanishes

identically. This implies the algebraic decay of two-point
connected correlation functions ⟨ZiAZjA⟩ − ⟨ZiA⟩ ⟨ZjA⟩,
providing an alternative signature of long-range entan-
glement.

Summary and discussion: In this work, we have
discussed the physics of spontaneous non-onsite symme-
try breaking through lattice models in 1d and 2d. There
remain many interesting questions to be explored.

As we discussed in our 1d example, the SSB of non-
onsite symmetry can lead to the coexistence of distinct
SPT phases. A natural extension is to consider more
general types of non-onsite symmetry and explore the
physics of SPT phase coexistence in various space dimen-
sions. In particular, if a trivial/non-trivial SPT coexis-
tence can be realized in a lattice model beyond one space
dimension, by a duality approach, one can further realize
the coexistence of distinct topological orders, which may
lie beyond the framework of topological quantum field
theory.

Recently there has been a surge of interest in using
mid-circuit measurement and feedback unitary to effi-
ciently prepare long-range entangled states [4, 5, 28, 43–
64]. Can we design a constant-depth measurement-
feedback protocol to prepare the non-onsite symmetry

breaking states, e.g. |+⟩⊗N
+ |cluster⟩ in 1d and the SPT

soup in 2d? In Appendix.II I, we present one such proto-

col that can prepare |ψ±⟩ ∝ |+⟩⊗N ± |cluster⟩ where the

+,− sign (determined by the measurement outcomes)
is obtained with probability 1

2 ,
1
2 when N → ∞. Such a

protocol can also be generalized to (probabilistically) pre-
pare the superposition of any constant number of short-
range entangled states, which may be of independent in-
terest. Whether |ψ+⟩ can be deterministically prepared
in constant depth remains an open question 7.
On the other hand, it remains elusive how to prepare

the 2d SPT soup
∏

p(1 + Up) |+⟩⊗N
in constant depth,

even probabilistically. One naive attempt is to start from

|+⟩⊗N
and measure Up on every plaquette. The state

trajectory with the measurement outcomes Up = 1 on all
plaquettes corresponds to the SPT soup. However, the
measurement outcomes are generically random and need
to be corrected. Since

∏
p Up = 1, the outcomes Up = −1

will come in pairs, which nevertheless cannot paired up
with depth-1 unitary circuits due to the non-zero trace of
Up. This is in contrast to the measurement-based prepa-
ration for the Z2 toric code, where the pairs of defects
(plaquette stabilizers with the−1 measurement outcome)
can be annihilated with a depth-1 unitary string opera-
tor. Our 2d SPT soup therefore presents an intriguing
example where ‘abelian Z2 defects’

8 cannot be efficiently
annihilated.
The physics of the 2d SPT soup also deserves further

exploration. Can one diagnose its long-range entangle-
ment via entanglement entropy? Can one construct a
1-form non-onsite symmetric, local parent Hamiltonian
with the SPT soups being the only four ground states9?
Relatedly, such a Hamiltonian must be gapless due to
the algebraic correlations of the SPT soups. Is this a
generic feature of non-onsite symmetry breaking in 2d
and higher dimensions? Those questions remain to be
better understood.
Finally, recently there has been fruitful progress in us-

ing the framework of Topological Holography / Symme-
try Topological Field Theory (SymTFT) to classify quan-
tum phases in d space dimensions from a topological or-
der in one higher space dimension [65–75]. Within this
picture, for a given global Z2 symmetry U that is bro-
ken spontaneously in 1d, there exists an emergent (dual)
symmetry - a point-like operator, which is charged un-
der U and preserves the ground-state subspace. How-
ever, we are not able to find such a dual symmetry in
our lattice model, which also relates to the difficulty
of finding a local operator that connects the two states

|+⟩⊗N ± |cluster⟩. We leave a detailed discussion from
the aspect of SymTFT in Appendix.IV.

7 Ref.[5] presented an alternative constant-depth adaptive protocol
based on MPS (matrix product state) fusion, which can prepare

the state |+⟩⊗N + |cluster⟩ with (i) success probability 1 in 1d
with open boundary condition and (ii) success probability c =
O(1) < 1 in 1d with periodic boundary condition.

8 Up = −1 is regarded as an abelian Z2 defect since U2
p = 1.

9 Ref.[29] proposed a parent Hamiltonian of the SPT soup, but
that Hamiltonian also possesses other classical product states as
ground states.
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Note added: During the completion of this
manuscript, we became aware of an independent, forth-
coming work [31], which studies the gapless correlations
that can arise in SPT states after measurements, and
also investigates the wavefunction (Eq.4) and its alge-
braic correlations in this context.
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I. GENERAL REMARK ON NON-ONSITE SYMMETRY

A. Non-onsite to onsite symmetries via duality

Here we show that the intrinsically non-onsite symmetry UCZ =
∏

i CZi,i+1 can become an onsite symmetry under
a Kramer-Wannier duality. To start, we consider a 1d lattice of even number of vertices, and write UCZ as

UCZ =
∏

i

CZ2i−2,2i−1CZ2i−1,2i =
∏

i

1 + Z2i−1 + Z2i−2Z2i − Z2i−2Z2i−1Z2i

2
, (9)

A Kramers-Wannier duality on the even sublattice gives the following mapping for local operators symmetric under∏
iX2i:

X2i → Z2iZ2i+2, Z2iZ2i+2 → X2i+2. (10)

As a result,

UCZ → U ′ =
∏

i

CX2i−1,2i, (11)

and U ′ is onsite by grouping the adjacent qubits on vertex 2i− 1 and vertex 2i.
There could also exist non-onsite symmetries that cannot be brought onsite even under a duality transformation.

We expect the anomalous Z2 symmetry [76] generated by UCZX =
∏

i CZi,i+1

∏
iXi in 1d is one such example, as

we argue below based on SymTFT description (see Appendix.IV for more discussion). Within this description, this
anomalous symmetry corresponds to a semionic anyon line in the 2d bulk topological order. A duality transformation
in a 1d system corresponds to a change of reference gapped boundary. No matter what duality transformation we
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apply, the dual symmetry of UCZX is always given by the same semionic anyon line from the bulk, hence also being
anomalous. This suggests no duality can bring the anomalous UCZX operator onsite.

To conclude, we expect that there exist three hierarchies for non-onsite symmetries. The first hierarchy includes the
symmetry operators that can be made onsite by a conjugation, i.e. there exists a unitary operator V , such that the
symmetry operator U = V (

∏
s Us)V

†. The second and the third hierarchies are intrinsically non-onsite symmetries,
where the former includes the operators that can be brought onsite by some duality transformations, and the latter
cannot be brought onsite even under dualities. The non-onsite UCZ symmetry studied here is a representative of the
second hierarchy.

B. Equivalence between onsite and non-onsite symmetries with ancillae

Let us consider introducing an ancilla qubit at state |+⟩τ on each even site of the spin chain. There is a global
symmetry

∏
i τ

x
2i on the ancilla state. With this Z2 symmetry and the non-onsite symmetry UCZ, one can define a

diagonal non-onsite symmetry Zd
2: Ud =

∏
i CZi,i+1

∏
j τ

x
2j . After the conjugation of the finite-depth local unitary

circuit

V =
∏

i

1

2

(
1 + τz2i + CZ2i−1,2iCZ2i,2i+1 − τz2iCZ2i−1,2iCZ2i,2i+1

)
, (12)

Ud is mapped to the onsite symmetry U ′
d =

∏
i τ

x
2i. Therefore, we see that non-onsite-ness is not stable, in that a

non-onsite UCZ symmetry in the second hierarchy becomes intrinsically onsite, after including ancillae and taking the
diagonal symmetry.
We also note that if considering the two additional symmetries Ze

2 and Zo
2 generated by onsite unitaries Ue =∏

iX2i, Uo =
∏

iX2i+1, which together with UCZ forms a type-III mixed anomaly [12, 13], under the conjugation of
V , Ue and U0 become

U ′
e =

∏

i

X2i ·
1

2

(
1 + τz2i + Z2i−1Z2i+1 − τz2iZ2i−1Z2i+1

)
,

U ′
o =

∏

i

X2i+1,
(13)

where the Ze
2 symmetry becomes non-onsite. In fact, due to the anomaly, there is always at least one non-onsite

symmetry operator no matter how we make conjugation.

C. Onsite symmetry can also have non-invertible charge operators

In the main text, we show that any unitary symmetry with a non-zero trace cannot have invertible charged operators.
The charged operator Xi−Zi−1XiZi+1 of the non-onsite symmetry UCZ =

∏
i CZi,i+1 is one such example. However,

some onsite symmetries can also have a non-zero trace, hence having a non-invertible charged operator. For instance,
consider a 1d lattice of qutrit, with a local Hilbert space spanned by 3 computational bases |0⟩ , |1⟩ , |2⟩, one defines a
global Z2 onsite symmetry U =

∏
i(|0⟩ ⟨1|+ |1⟩ ⟨0|+ |2⟩ ⟨2|)i, which exchanges between |0⟩ and |1⟩ on every site while

acting trivially on |2⟩. U is onsite but due to its non-zero trace, the charged operator (i.e. Oi = |0⟩ ⟨0| − |1⟩ ⟨1| ) must
be non-invertible.

II. DETAILS ON 1D NON-ONSITE SYMMETRY BREAKING

A. Proof for intrinsically non-onsite
∏

i CZi,i+1 symmetry

Here we show that UCZ =
∏

i CZi,i+1 is intrinsically non-onsite by a proof of contradiction. To start, we calculate
the trace of UCZ on a length-N chain:

trUCZ = 2N ⟨+|⊗N
UCZ |+⟩⊗N

= 2N · ⟨+|⊗N |cluster⟩ = 2 · 2N
2 , (14)

where we have used ⟨+|⊗N |cluster⟩ = 21−
N
2 . We assume there is a unitary conjugation that can bring UCZ to

a translational invariant onsite operator
⊗N/m

s=1 u, where u is a local unitary acting on each site that contains m
neighboring qubits. Since a matrix trace is invariant under unitary conjugation, one should have
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trUCZ = tr




N/m⊗

s=1

u


 . (15)

To proceed, we notice that for any two unitary operators UA and UB acting on the Hilbert space HA,HB , the trace
of their tensor product over the Hilbert space HAB = HA ⊗HB satisfies

trAB(UA ⊗ UB) = (trA UA)(trB UB). (16)

This implies

trUCZ = (trs u)
N/m = kN/m (17)

where k ≡ trs u is the trace of u on the 2m-dim local Hilbert space. In particular, since UCZ generates a Z2 symmetry,
the eigenvalues of us are ±1, which implies that the trace k must be an integer. On the other hand, comparing Eq.14,
Eq.17, one finds

k = 2
m
2 +m

N , (18)

which is an integer only when m = N . This contradicts the assumption that UCZ can be brought onsite by a unitary
conjugation and a regrouping of constant m neighboring qubits into a single site. Therefore, we conclude that UCZ is
intrinsically non-onsite.

B. Proof of the two-fold ground-state degeneracy

Here we prove that the frustration-free Hamiltonian (Eq.2) H =
∑

i(1 − Xi)(1 − Zi+1Xi+2Zi+3) +
∑

i(1 −
ZiXi+1Zi+2)(1 −Xi+3) only has two ground states, i.e. |+⟩⊗N

and |cluster⟩. Our proof strategy is inspired by the
proof technique presented in Ref.[8], which proves (i) the ground state degeneracy of O’Brien-Fendley Hamiltonian
[6] with order-disorder coexistence in one space dimension and (ii) the ground state degeneracy of a frustration-free
Hamiltonian with the coexistence between a product state and toric-code ground states in three space dimensions.

First, our Hamiltonian respects the two Z2 onsite global symmetries given by Uo =
∏

i∈oddXi, Ue =
∏

i∈evenXi.
This indicates H and these two symmetry generators share the same eigenstates, so the ground states of H can be
divided into four subspaces labeled by the eigenvalues of Uo, Ue: (1, 1), (1,−1), (−1, 1), (−1,−1). We will first focus
on the sector (Uo, Ue) = (1, 1). Later we will see that the other three sectors contain no ground states.
In the subspace with (Uo, Ue) = (1, 1), we first perform a KT duality transformation U [22, 77], which gives the

following operator mapping:

U†Zi−1XiZi+1U = Zi−1Zi+1

U†XiU = Xi

(19)

This operator mapping leads to a dual Hamiltonian:

H̃ =
∑

i

(1−Xi)(1− Zi+1Zi+3) +
∑

i

(1− ZiZi+2)(1−Xi+3) (20)

It’s simple to see that H̃ has at least five ground states, i.e. a disordered X-basis product state, and four other Z-basis
states with ferromagnetic orders on odd, even sites:

|+⟩⊗N
,

|000...⟩o |000...⟩e , |111...⟩o |111...⟩e
|000...⟩o |111...⟩e , |111...⟩o |000...⟩e

(21)

In the subspace with Uo = Ue = 1, these 5 states will be reduced to only two states: |+⟩⊗N
and |GHZ⟩o |GHZ⟩e, with

|GHZ⟩o/e ≡ 1√
2

[
|000...⟩o/e + |111...⟩o/e

]
, i.e. the GHZ state on odd (even) sites.

Below we show that these two states are the only two ground states of H̃. In particular, since KT duality transfor-
mation is a unitary evolution in the symmetric subspace of Uo = Ue = 1, this implies the |+⟩⊗ and |cluster⟩ are the
only two ground states of H in this subspace as well.
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To begin with, since H̃ is a sum of local projectors, any ground states |ψ⟩ must be annihilated by each local term:

PiQi+2 |ψ⟩ = QiPi+2 |ψ⟩ = 0 (22)

with

Pi ≡ 1−Xi,

Qi ≡ 1− Zi−1Zi+1
(23)

In the subspace with Uo = Ue = 1, any states can be expanded in the X basis as

|ψ⟩ =
′∑

σ∈{+,−}N

ψ(σ) |σ⟩ (24)

where
∑′

σ∈{+,−}N denotes a restricted sum over σ with
∏

i∈odd σi =
∏

i∈even σi = 1.

Eq.22 provides a relation among amplitudes ψ(σ) of various basis |σ⟩. To see this, we first consider the action of
PiQi+2 on a product state |σ⟩

PiQi+2 |...σiσi+1σi+2σi+3...⟩ =
{
0 for σi = +

2 [|...σiσi+1σi+2σi+3...⟩ − |...σiσi+1σi+2σi+3...⟩] for σi = −
(25)

with σi ≡ −σi. Therefore the constraint PiQi+2 |ψ⟩ = 0 implies

ψ(...σiσi+1σi+2σi+3...) = ψ(...σiσi+1σi+2σi+3...) for σi = −. (26)

Similarly, the constraint QiPi+2 |ψ⟩ = 0 implies

ψ(...σi−1σiσi+1σi+2...) = ψ(...σi−1σiσi+1σi+2...) for σi+2 = −. (27)

The above two relations can be summarized as follows:
Rule 1: Given a configuration |σ⟩ ≠ |+⟩⊗N

, if σi = −, one can flip σi+1, σi+3 or flip σi−1, σi−3 to arrive at the
configuration σ′ and the amplitude must be equal, i.e. ψ(σ) = ψ(σ′).

Rule 1 further implies the following:
Rule 2: if σi ̸= σi+2, then we can exchange σi and σi+2 without affecting other signs. Namely,

...− σi + ... ←→ ...+ σi − ... (28)

To see this, without loss of generality, let’s consider the consecutive five spin configurations: σ1 − σ3 + σ5, and
there are four choices of (σ1, σ5):

(1) (σ1, σ5) = (−,−) : −+ σ3 −−
(2,4)←→ −−σ3 +−.

(2) (σ1, σ5) = (−,+) : −+ σ3 −+
(2,4)←→ −−σ3 ++.

(3) (σ1, σ5) = (+,−) : + + σ3 −−
(2,4)←→ +−σ3 +−.

(4) (σ1, σ5) = (+,+) : + + σ3 −+
(1,3)←→ −+σ3 −+

(2,4)←→ −−σ3 ++

(3,5)←→ −−σ3 +−
(2,4)←→ −+σ3 −−
(1,3)←→ ++σ3 −−
(2,4)←→ +−σ3 +−
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(3,5)←→ +−σ3 ++
where the numbers (e.g. 2,4) right above the left-right arrows denote the indices for the flipped spins. Combining the
results of the above four cases proves Rule 2.

One application of Rule 2 is that for any σ ̸= + + +..., one can move all the − signs on odd (even) sites into
contiguous subregions on the odd (even) sublattice, e.g.

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>� <latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>� <latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>� <latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>�
<latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>� <latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>�

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+<latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>� <latexit sha1_base64="K7phoZ3QXjUefl86G9MfI08I0Ys=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUq5Ur8qVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3gfjLw=</latexit>�

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+
<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

, (29)

where the spins not shown in the figures are all in the + sign. We note that the number of − signs on the odd
(even)sublattice must be even due to the constraint

∏
i∈odd σi =

∏
i∈even σi = 1. Combining Rule 1 and Rule 2, all

the − signs on the odd sublattice can be annihilated, and the number of − signs on the even sublattice will be reduced
to two, i.e.
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+

. (30)

The analysis above shows that all the X-basis states |σ⟩ with ∏i∈odd σi =
∏

i∈even σi = 1 that are not equal to

|+⟩⊗N
can all be connected, so the corresponding amplitudes are the same. Consequently, any ground states of H̃ in

the subspace Uo = Ue = 1 can be written as

|ψ⟩ = c1 |+⟩⊗N
+ c2

∑

σ ̸=+++...
&

∏
i∈odd σi=1

&
∏

i∈even σi=1

|σ⟩ , (31)

Alternatively, it can be written as

|ψ⟩ = d1 |+⟩⊗N
+ d2

∑

σ∏
i∈odd σi=1

&
∏

i∈even σi=1

|σ⟩ . (32)

This shows that H̃ only has two ground states in the symmetric subspace

|+⟩⊗N
and

∑

σ∏
i∈odd σi=1

&
∏

i∈even σi=1

|σ⟩ ∝ |GHZ⟩o |GHZ⟩e (33)

By a KT transformation (Eq.19, a unitary transformation in the subspace Ue = Uo = 1), one has the mapping

H̃ ←→ H

|+⟩⊗N ←→ |+⟩⊗N

|GHZ⟩o |GHZ⟩e ←→ |cluster⟩
(34)

This implies that in this symmetric subspace, H only has two ground state |+⟩⊗N
and |cluster⟩

Proving the ground states of H must only exist in the symmetric subspace Ue = Uo = 1:
Here we prove that the ground states of H must only exist within the subspace with Ue = Uo = 1, thereby

establishing the two-fold ground-state degeneracy of H. To prove this, it is sufficient to show that when expanding
the ground states in X basis |σ⟩, the wave amplitude ϕ(σ) can be non-zero only when

∏
i∈odd σi =

∏
i∈even σi = 1.

To see this, one can write a general ground state on the X basis

|ϕ⟩ =
∑

σ

ϕ(σ) |σ⟩ . (35)

Following the same strategy as above, one can derive the relations among wave amplitudes based on the local projectors
in the Hamiltonian H =

∑
i(1−Xi)(1− Zi+1Xi+2Zi+3) +

∑
i(1− ZiXi+1Zi+2)(1−Xi+3):

ϕ(...σiσi+1σi+2σi+3...) = σi+2 ϕ(...σiσi+1σi+2σi+3...) for σi = −.
ϕ(...σi−1σiσi+1σi+2...) = σi ϕ(...σi−1σiσi+1σi+2...) for σi+2 = −. (36)



14

Alternatively, the relations can be summarized with the following rules:

Rule 1: given a configuration |σ⟩ ̸= |+⟩⊗N
, if σi = −, one can flip σi+1, σi+3 to obtain the configuration σ′ with

ϕ(σ) = σi+2ϕ(σ
′), or flip σi−1, σi−3 to obtain the configuration σ′ with ϕ(σ) = σi−2ϕ(σ

′).

Following the analysis before, Rule 1 implies the following:

Rule 2: ϕ(...+ σi− ...) = σiϕ(...− σi + ...), i.e. exchanging σi−1 and σi+1 (with the codition σi−1 ̸= σi+1) introduces
a sign σi in the amplitudes. There are four classes of X basis product states:
(1) (

∏
i∈odd σi,

∏
i∈even σi) = (1, 1):

When σ ̸= +++..., the wave amplitudes ϕ(σ) for all σ in this class are all the same, up to a ± sign depending on
σ. Therefore the ground state in this subspace must be written as

|ϕ⟩ = c1 |+⟩⊗N
+ c2

∑

σ ̸=+++...
&

∏
i∈odd σi=1

&
∏

i∈even σi=1

ϕ(σ) |σ⟩ , (37)

meaning there are only two ground states, i.e. |+⟩⊗N
and |cluster⟩.

(2) (
∏

i∈odd σi,
∏

i∈even σi) = (1,−1): all the σ configurations can be connected using the spin-flip rule above, meaning
the corresponding amplitudes σ(σ) are all the same up to a ± sign. In particular, one finds ϕ(σ) = 0 by considering
the following: starting with σ with a single − on an odd sublattice with ϕ(...+−+++ ...), one has

ϕ(...+−+++ ...)
R1= ϕ(...+−−+− ...) R2= −ϕ(...++−−− ...)

R2= −ϕ(...−+−−+ ...)
R1= −ϕ(...+++−+ ...)

R1= −ϕ(...+−+++ ...)
(38)

where the plotted signs are for σi with i = 1, 2, 3, 4, 5, and R1, R2 above the equal signs indicates the use
of Rule 1 or Rule 2. Also, note that the third equal sign is accomplished by sequentially moving the − sign on
σ5 towards the right until stopping at σ1. The above shows that the amplitude ϕ = 0 for the X basis states in this class.

(3) (
∏

i∈odd σi,
∏

i∈even σi) = (−1, 1): using the same analysis as above, ϕ = 0 for any σ configurations in this subspace.

(4) (
∏

i∈odd σi,
∏

i∈even σi) = (−1,−1): using the Rules above, all the configurations in this class can be connected to
...+−−++ ... with only two neighboring − signs on σ2, σ3. Keep applying Rule 2, one can move the minus signs from
σ2 to σ4, σ6, all the way back to σ2, with a minus sign in the amplitude: ϕ(...+−−++ ...) = −ϕ(...+−−++ ...),
which implying ϕ = 0.

To conclude, the ground states of H only exist in the subspace with Uo = Ue = 1, so |+⟩⊗ and |cluster⟩ are the
only two ground states of H.

C. Proof of a finite energy gap

In this section, we prove there is a finite energy gap above the ground state subspace of the frustration-free
Hamiltonian in (2). Our strategy is largely inspired by the one used in [8].

We assume that the system size L is a multiple of an integer n ≥ 2. We coarse-grain the lattice by a factor of n so
that each new site, labelled by L = 1, ..., Ln , contains the n sites i = n(I−1)+1, ..., nI. Consider the local Hamiltonian
restricted to I and I + 1

hI,I+1 :=

n(I+1)−2∑

i=n(I−1)+1

(PiQi+1 +QiPi+3) , (39)

where Pi =
1−Xi

2 and Qi =
1−ZiXi+1Zi+2

2 .

Following the same proof in [8], one can lower bound H by another Hamiltonian H̄ :=
∑L/n

I=1 Π
⊥
I,I+1, where ΠI,I+1

is the projector onto the (nontrivial) kernel of hI,I+1. More precisely, one can prove that

H ≥ ϵH̄ (40)
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where ϵ > 0 is the smallest positive eigenvalue of hI,I+1 and ϵ is independent of I due to translation invariance but
can depend on the size of new site n. Due to frustration-freeness, H has the same groundstates as H̄, so proving the
finite energy gap of H̄ implies H also has a finite energy gap. Let’s denote the finite energy gap of H as ∆ and that
of H̄ as ∆̄.
We use the Knabe’s argument[78] to prove the finite energy gap of H̄. We want to prove that H̄2 ≥ ∆0H̄. Since

H̄ is positive semi-definite, the above inequality implies that ∆̄ ≥ ∆0. Following [8], one can arrive at the following
expression of ∆0

∆0 = 1− 2δn, (41)

where δn is defined as δn := ||ΠI,I+1ΠI+1,I+2 − ΠI,I+1 ∧ ΠI+1,I+2||, where || · || is the operator norm and ∧ is the
orthogonal projection.

Thus, the gap ∆ of Hamiltonian H in (2) satisfies

∆ ≥ 1− 2δn. (42)

We shall derive an upper bound of δn below, where many calculation details differ from those in [8].

Upper bound on δ(A,B):
We consider restricting the Hamiltonian to a local connected region Λ,

hΛ :=
∑

i∈Λ:i+3∈Λ

(PiQi+1 +QiPi+3) , (43)

where Pi :=
1−Xi

2 and Qi :=
1−ZiXi+1Zi+2

2 are projectors. hΛ is the sum of terms that are entirely supported in region
Λ. Using the argument presented in II B, we can show that for |Λ| ≥ 4 and, for simplicity, |Λ| is even, hΛ has five
ground states,

|+⟩Λ := |+++...+⟩Λ , |(1, 1)⟩Λ :=
∏

i∈Λ:i+1∈Λ

CZi,i+1 |+++...+⟩Λ , |(−1, 1)⟩Λ :=
∏

i∈Λ:i+1∈Λ

CZi,i+1 |−++...+⟩Λ

|(1,−1)⟩Λ :=
∏

i∈Λ:i+1∈Λ

CZi,i+1 |+−+...+⟩Λ , |(−1,−1)⟩Λ :=
∏

i∈Λ:i+1∈Λ

CZi,i+1 |− −+...+⟩Λ ,

(44)

where |(m,n)⟩Λ (m,n = ±1) are nothing but cluster state defined on an open interval Λ in symmetry sector (m,n).
The five ground states have the following inner product relations:

Λ
⟨+|(m,n)⟩Λ =

1

2|Λ|/2 , Λ
⟨(m′, n′)|(m,n)⟩Λ = δm′,mδn′,n. (45)

Consider two overlapping and connected intervals A and B such that |A| ≥ 8, |B| ≥ 8, and |A ∩B| ≥ 4. Let
A′ := A \ B and B′ := B \ A. Note that A′, A ∩ B, and B′ are also connected intervals. Without loss of generality,
we can assume the following geometry for A and B

( ( ))A B
α α + 1 β − 1 β

m labels the symmetry charge on the red sublattice and n labels the symmetry charge on the blue sublattice. The
labeling of the boundary qubits will be used later in the proof.

Before deriving the overlap between ground states in A and B, we want to emphasize a trick that is going to be
extensively used in the rest of the proof. We notice that|(m,n)⟩A can be decomposed as

|(m,n)⟩A = CZα,α+1 |(m,n)⟩A′ |1, 1⟩A∩B = CZα,α+1 |(1, 1)⟩A′ |(m,n)⟩A∩B , (46)

where intuitively it means that the information of the symmetry charge sectors (m,n) can be put into either region
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A′ or region A ∩B. Then, we have

A
⟨+|+⟩B = |+⟩B′ A′⟨+|,

A
⟨(m,n)|+⟩B = A′⟨(m,n)|A∩B⟨(1, 1)|CZα,α+1 |+⟩A∩B |+⟩B′

=
1

2|A∩B|/2 |+⟩B′ A′⟨(m,n)|

A
⟨(m,n)|(m′, n′))⟩B = A′⟨(m,n)|A∩B⟨(1, 1)|CZα,α+1CZβ−1,β |(1, 1)⟩A∩B |(m′, n′)⟩B′

=
1

2
|(m′, n′)⟩B′ A′⟨(m,n))|+ 1

2
|(m̄′, n′)⟩B′ A′⟨(m, n̄))|.

(47)

Note that ΠAΠA∪B = ΠA∪BΠA = ΠA∪B , and similarly for ΠB , because of frustration-freeness. Frustration-freeness
also implies that ΠA ∧ΠB = ΠA∪B .
Now, let’s consider the quantity of interest

δ(A,B) := ∥ΠAΠB −ΠA ∧ΠB∥ = ∥ΠAΠB −ΠA∪B∥ = ∥(ΠA −ΠA∪B)(ΠB −ΠA∪B)∥. (48)

In order to prove this bound, we consider an equivalent characterization of δ(A,B) in terms of states instead of
projections:

δ(A,B) = sup{| ⟨ψ|χ⟩ | : |ψ⟩ , |χ⟩ ∈ HA∪B , ⟨ψ|ψ⟩ ≤ 1, ⟨χ|χ⟩ ≤ 1,

(ΠA −ΠA∪B) |ψ⟩ = |ψ⟩ , (ΠB −ΠA∪B) |χ⟩ = |χ⟩}.
(49)

Note that the condition (ΠA − ΠA∪B) |ψ⟩ = |ψ⟩ means that |ψ⟩ is a ground state in A and it is orthogonal to the
ground states in A ∪B, and similarly for |χ⟩. So we can write them as

|ψ⟩ = |+⟩A |ψ+⟩B′ +
∑

m,n=±1

|(m,n)⟩A
∣∣ψ(m,n)

〉
B′ ,

|χ⟩ = |χ+⟩A′ |+⟩B +
∑

m,n=±1

∣∣χ(m,n)

〉
A′ |(m,n)⟩B ,

(50)

for some states |ψ+⟩ ,
∣∣ψ(m,n)

〉
∈ HB′ and |χ+⟩ ,

∣∣χ(m,n)

〉
∈ HA′ .

Restricting |ψ⟩ and |χ⟩ to be orthogonal to the ground states in A ∪B gives the following relations

0 = A∪B⟨+|ψ⟩ = B′⟨+|ψ+⟩B′ +
1

2|A|/2
∑

m,n=±1
B′

〈
+
∣∣ψ(m,n)

〉
B′

0 = A∪B⟨(m,n)|ψ⟩ = A∪B
⟨(m,n)|+⟩A |ψ+⟩B′ +

∑

m′,n′=±1
A∪B
⟨(m,n)|(m′, n′)⟩A

∣∣ψ(m′,n′)

〉
B′

=
1

2|A|/2 B′⟨(m,n)|ψ+⟩B′ +
∑

m′,n′=±1

B′⟨(1, 1)|A⟨(m,n)|CZβ−1,β |(m,n)⟩A
∣∣ψ(m′,n′)

〉
B′

=
1

2|A|/2 B′⟨(m,n)|ψ+⟩B′ +
∑

m′,n′=±1

B′⟨(1, 1)|(1
2
δm,m′δn,n′ +

1

2
Zβδm,m′δn,n′ +

1

2
δm,m′δn,n̄′ − 1

2
Zβδm,m′δn,n̄′)

∣∣ψ(m′,n′)

〉
B′

=
1

2|A|/2 B′⟨(m,n)|ψ+⟩B′ +
1

2 B′

〈
(1, 1)

∣∣ψ(m,n)

〉
B′ +

1

2 B′

〈
(−1, 1)

∣∣ψ(m,n)

〉
B′ +

1

2 B′

〈
(1, 1)

∣∣ψ(m,n̄)

〉
B′ −

1

2 B′

〈
(−1, 1)

∣∣ψ(m,n̄)

〉
B′

(51)

Similarly, we have

0 = A∪B⟨+|χ⟩ = A′⟨+|ψ+⟩A′ +
1

2|B|/2
∑

m,n=±1
A′⟨+|

∣∣χ(m,n)

〉
A′

0 = A∪B⟨+|χ⟩

=
1

2|B|/2 A′⟨(m,n)|χ+⟩A′ +
1

2 A′⟨(1, 1)|
∣∣χ(m,n)

〉
A′ +

1

2 A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ +

1

2 A′

〈
(1, 1)

∣∣χ(m̄,n)

〉
A′ −

1

2 A′

〈
(1,−1)

∣∣χ(m̄,n)

〉
A′

(52)
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The constraints on the norms give

1 ≥ ⟨ψ|ψ⟩

=
B′⟨ψ+|ψ+⟩B′ +

∑

m,n
B′

〈
ψ(m,n)

∣∣ψ(m,n)

〉
B′ +

1

2|A|/2
∑

m,n

(
B′

〈
ψ+

∣∣ψ(m,n)

〉
B′ + B′

〈
ψ(m,n)

∣∣ψ+

〉
B′

)

≥ (1− 4

2|A|/2 )B′⟨ψ+|ψ+⟩B′ + (1− 1

2|A|/2 )
∑

m,n
B′

〈
ψ(m,n)

∣∣ψ(m,n)

〉
B′

1 ≥ ⟨χ|χ⟩

=
A′⟨χ+|χ+⟩A′ +

∑

m,n
A′

〈
χ(m,n)

∣∣χ(m,n)

〉
A′ +

1

2|B|/2
∑

m,n

(
A′

〈
χ+

∣∣χ(m,n)

〉
A′ + A′

〈
χ(m,n)

∣∣χ+

〉
A′

)

≥ (1− 4

2|B|/2 )A′⟨χ+|χ+⟩A′ + (1− 1

2|B|/2 )
∑

m,n
A′

〈
χ(m,n)

∣∣χ(m,n)

〉
A′ .

(53)

The overlap between |ψ⟩ and |χ⟩ is

⟨ψ|χ⟩ =
A′⟨+|χ+⟩A′ B′⟨ψ+|+⟩B′ +

∑

m,n
A
⟨(m,n)|+⟩A∩B |χ+⟩A′

B′

〈
ψ(m,n)

∣∣+
〉
B′

+
∑

m,n
A′

〈
+
∣∣χ(m,n)

〉
A′ B′⟨ψ+|A∩B

⟨+|(m,n)⟩B +
∑

m,n,m′,n′
B′⟨ψm′,n′ |

A
⟨(m′, n′)|(m,n)⟩B

∣∣χ(m,n)

〉
A′

=
1

2(|A|+|B|)/2
∑

m,n,m′,n′
A′

〈
+
∣∣χ(m,n)

〉
A′ B′

〈
ψ(m′,n′)

∣∣+
〉
B′

+
1

2|A∩B|/2
∑

m,n
A′⟨(m,n)|χ+⟩A′

B′

〈
ψ(m,n)

∣∣+
〉
B′

+
1

2|A∩B|/2
∑

m,n
A′⟨+|χm⟩A′ B′⟨ψ+|(m,n)⟩B′

+
∑

m,n,m′,n′
B′⟨ψm′,n′ |

A
⟨(m′, n′)|(m,n)⟩B

∣∣χ(m,n)

〉
A′ ,

(54)

where we used (51) and (52) to obtain the first line of the second equation. Now our goal is to pull out an exponentially
small factor from the fourth line of the second equation, then we can bound |⟨ψ|χ⟩| by a sum of exponentially small
numbers.

We first compute
A
⟨(m′, n′)|(m,n)⟩B in the fourth line and it can be written as

A
⟨(m′, n′)|(m,n)⟩B = A′⟨(1, 1)|A∩B⟨(m′, n′)|CZα,α+1CZβ−1,β |(m,n)⟩A∩B |(1, 1)⟩B′

= A′⟨(1, 1)|
(1
4
δm,m′δn,n′(1 + Zα + Zβ + ZαZβ) +

1

4
δm̄′,mδn′,n(1− Zα + Zβ − ZαZβ)

+ δm′,mδn̄′,n(1 + Zα − Zβ − ZαZβ) +
1

4
δm̄′,mδn̄′,n(1− Zα − Zβ + ZαZβ)

)
|(1, 1)⟩B′

(55)
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Then the fourth line becomes

∑

m,n,m′,n′
B′⟨ψm′,n′ |

A
⟨(m′, n′)|(m,n)⟩B

∣∣χ(m,n)

〉
A′

=
1

4

∑

m,n
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n)

∣∣(1, 1)
〉
B′ + A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n)

∣∣(1, 1)
〉
B′

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n)

∣∣(−1, 1)
〉
B′ + A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n)

∣∣(1,−1)
〉
B′

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n)

∣∣(1, 1)
〉
B′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n)

∣∣(1, 1)
〉
B′

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n)

∣∣(−1, 1)
〉
B′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n)

∣∣(−1, 1)
〉
B′

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n̄)

∣∣(1, 1)
〉
B′ + A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n̄)

∣∣(1, 1)
〉
B′

−
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n̄)

∣∣(1,−1)
〉
B′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m,n̄)

∣∣(−1, 1)
〉
B′

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n̄)

∣∣(1, 1)
〉
B′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n̄)

∣∣(1, 1)
〉
B′

−
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n̄)

∣∣(−1, 1)
〉
B′ + A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′

〈
ψ(m̄,n̄)

∣∣(−1, 1)
〉
B′

=
1

4

∑

m,n
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′

(
B′

〈
ψ(m,n)

∣∣(1, 1)
〉
B′ + B′

〈
ψ(m,n)

∣∣(−1, 1)
〉
B′ + B′

〈
ψ(m,n̄)

∣∣(1, 1)
〉
B′ − B′

〈
ψ(m,n̄)

∣∣(1,−1)
〉
B′

)

+
A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′

(
B′

〈
ψ(m,n)

∣∣(1, 1)
〉
B′ + B′

〈
ψ(m,n)

∣∣(1,−1)
〉
B′ + B′

〈
ψ(m,n̄)

∣∣(1, 1)
〉
B′ − B′

〈
ψ(m,n̄)

∣∣(−1, 1)
〉
B′

)

+
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′

(
B′

〈
ψ(m̄,n)

∣∣(1, 1)
〉
B′ + B′

〈
ψ(m̄,n)

∣∣(−1, 1)
〉
B′ + B′

〈
ψ(m̄,n̄)

∣∣(1, 1)
〉
B′ − B′

〈
ψ(m,n)

∣∣(−1, 1)
〉
B′

)

−
A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′

(
B′

〈
ψ(m̄,n)

∣∣(1, 1)
〉
B′ + B′

〈
ψ(m̄,n)

∣∣(−1, 1)
〉
B′ + B′

〈
ψ(m̄,n̄)

∣∣(1, 1)
〉
B′ − B′

〈
ψ(m̄,n̄)

∣∣(−1, 1)
〉
B′

)
,

(56)

we colored the terms that will be grouped together and the summation inside each parenthesis can be simplified using
(51). Then, we get

∑

m,n,m′,n′
B′⟨ψm′,n′ |

A
⟨(m′, n′)|(m,n)⟩B

∣∣χ(m,n)

〉
A′

=
1

2

1

2|A|/2
∑

m,n

−
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′⟨ψ+|(m,n)⟩B′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
B′⟨ψ+|m,n⟩

−
A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ B′⟨ψ+|(m̄, n)⟩B′ +

A′

〈
(1,−1)

∣∣χ(m,n)

〉
A′ B′⟨ψ+|(m̄, n)⟩B′

=
1

2

1

2|A|/2
∑

m,n

(
−

A′

〈
(1, 1)

∣∣χ(m,n)

〉
A′ − A′

〈
(1,−1)

∣∣χ(m,n)

〉
−

A′

〈
(1, 1)

∣∣χ(m̄,n)

〉
A′ + A′

〈
(1,−1)

∣∣χ(m̄,n)

〉
A′

)
B′⟨ψ+|(m,n)⟩B′

=
1

2(|A|+|B|)/2
∑

m,n
A′⟨(m,n)|χ+⟩A′ B′⟨ψ+|(m,n)⟩B′ .

(57)

Finally the overlap between |ψ⟩ and |χ⟩ is given by

⟨ψ|χ⟩ = 1

2(|A|+|B|)/2
∑

m,n,m′,n′
A′

〈
+
∣∣χ(m,n)

〉
A′ B′

〈
ψ(m′,n′)

∣∣+
〉
B′

+
1

2|A∩B|/2
∑

m,n
A′⟨(m,n)|χ+⟩A′

B′

〈
ψ(m,n)

∣∣+
〉
B′

+
1

2|A∩B|/2
∑

m,n
A′⟨+|χm⟩A′ B′⟨ψ+|(m,n)⟩B′

+
1

2(|A|+|B|)/2
∑

m,n
A′⟨(m,n)|χ+⟩A′ B′⟨ψ+|(m,n)⟩B′ .

(58)
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The absolute value of ⟨ψ|χ⟩ can thus be bounded by

|⟨ψ|χ⟩| ≤ 1

2(|A|+|B|)/2
∑

m,n,m′,n′

∣∣∣
A′

〈
+
∣∣χ(m,n)

〉
A′

∣∣∣
∣∣∣
B′

〈
ψ(m′,n′)

∣∣+
〉
B′

∣∣∣

+
1

2|A∩B|/2
∑

m,n

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣
∣∣∣
B′

〈
ψ(m,n)

∣∣+
〉
B′

∣∣∣

+
1

2|A∩B|/2
∑

m,n

∣∣
A′⟨+|χm⟩A′

∣∣∣∣
B′⟨ψ+|(m,n)⟩B′

∣∣

+
1

2(|A|+|B|)/2
∑

m,n

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣∣∣
B′⟨ψ+|(m,n)⟩B′

∣∣.

(59)

We then try to bound each line separately. For the first line, we have

∑

m,n,m′,n′

∣∣∣
A′

〈
+
∣∣χ(m,n)

〉
A′

∣∣∣
∣∣∣
B′

〈
ψ(m′,n′)

∣∣+
〉
B′

∣∣∣

≤
√
2
∑

m′,n′

∣∣∣
A′

〈
+
∣∣χ(m,n)

〉
A′

∣∣∣
2
√
2
∑

m,n

∣∣∣
B′

〈
ψ(m′,n′)

∣∣+
〉
B′

∣∣∣
2

≤ 2

√∑

m′,n′
A′

〈
χ(m′,n′)

∣∣χ(m′,n′)

〉
A′

√∑

m,n

∣∣∣
B′

〈
ψ(m′,n′)

∣∣ψ(m′,n′)

〉
B′

∣∣∣

≤ 2√
(1− 1

2|B|/2 )(1− 1
2|A|/2 )

≤ 4,

(60)

where we used the norm constraints (53) to get the third inequality, and assumed that A and B are large enough to
get the last inequality. The second line can be bounded as

∑

m,n
A′⟨(m,n)|χ+⟩A′

B′

〈
ψ(m,n)

∣∣+
〉
B′

≤
√∑

m,n

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣2
√∑

m,n

∣∣∣
B′

〈
ψ(m,n)

∣∣+
〉
B′

∣∣∣
2

≤
√

A′⟨χ+|χ+⟩A′

√∑

m,n
B′

〈
ψ(m,n)

∣∣ψ(m,n)

〉
B′

≤ 1√
(1− 4

2|B|/2 )(1− 1
2|A|/2 )

≤ 2.

(61)

Similarly, we have

∑

m,n

∣∣
A′⟨+|χm⟩A′

∣∣∣∣
B′⟨ψ+|(m,n)⟩B′

∣∣ ≤ 2. (62)
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Finally, the last line reads

∑

m,n

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣∣∣
B′⟨ψ+|(m,n)⟩B′

∣∣

≤
∑

m,n,m′,n′

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣∣∣
B′⟨ψ+|(m′, n′)⟩B′

∣∣

≤
√
2
∑

m,n

∣∣
A′⟨(m,n)|χ+⟩A′

∣∣2
√

2
∑

m′,n′

∣∣
B′⟨ψ+|(m′, n′)⟩B′

∣∣2

≤ 2
√

A′⟨χ+|χ+⟩A′

√
B′⟨ψ+|ψ+⟩B′

≤ 2√
(1− 4

2|B|/2 )(1− 4
2|A|/2 )

≤ 4.

(63)

Combining those inequalities, we have

|⟨ψ|χ⟩| ≤ 8

2(|A|+|B|)/2 +
4

2|A∩B|/2 , (64)

for all sufficiently large A and B. Given the definition of δ(A,B) in (49), it follows that

δ(A,B) ≤ 8

2(|A|+|B|)/2 +
4

2|A∩B|/2 . (65)

D. Proof of local indistinguishability

Here we prove that the two states 1√
Z±

(|+⟩ ± |cluster⟩) are locally indistinguishable in the thermodynamic limit.

First, we fix the normalization constant Z±:

Z± = (⟨+| ± ⟨cluster|) (|+⟩ ± |cluster⟩)
= 2± ⟨+|cluster⟩ ± ⟨cluster|+⟩ (66)

With ⟨+|cluster⟩ = ⟨cluster|+⟩ = 2−
N
2 +1, we find Z± = 2 ± 2−

N
2 +2, which becomes Z± = 2 in the thermodynamic

limit N →∞.
We proceed to compute the reduced density matrix on an interval A by tracing out its complement A:

ρA,± =
1

Z±
|+⟩ ⟨+|A +

1

Z±
trA (|cluster⟩ ⟨cluster|)± 1

Z±
trA (|+⟩ ⟨cluster|)± 1

Z±
(trA |cluster⟩ ⟨+|) (67)

For the third term:

trA (|+⟩ ⟨cluster|) = trA

(
|+⟩ ⟨+|A ⊗ |+⟩ ⟨+|A UCZ,AUCZ,AUCZ,∂

)
, (68)

where UCZ,A, UCZ,A, UCZ,∂ denotes the product of controlled-Z acting only in A,A, and the bipartition boundary. To
proceed:

trA (|+⟩ ⟨cluster|) = |+⟩ ⟨+|A UCZ,A trA

(
|+⟩ ⟨+|A UCZ,AUCZ,∂

)

= |+⟩ ⟨+|A UCZ,A ⟨+|A UCZ,AUCZ,∂ |+⟩A ,
(69)

and we will show that this quantity decays exponentially with the size of A.
To start, we label the qubits in the interval A by the index i = 1, · · · , n, where n is the total number of qubits in

A. Then ⟨+|A UCZ,AUCZ,∂ |+⟩A can be computed in the computational basis (σi = 0, 1):

⟨+|A UCZ,AUCZ,∂ |+⟩A = 2−n
∑

σ1,··· ,σN

(−1)σ0σ1+σ1σ2+···+σNσN+1 , (70)
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where σ0, σN+1 denotes the two qubits (in the computational basis) in A on the two end-points of A. There are two
cases corresponding to even n or odd n.
(1) Even n: in this case, when summing over the odd spins in A, i.e. σ1, σ3, · · · , σn−1, we have

⟨+|A UCZ,AUCZ,∂ |+⟩A = 2−
N
2

∑

σ2,σ4··· ,σN

δ(σ0 = σ2 = σ4 = · · · = σN )(−1)σNσN+1 = 2−
N
2 (−1)σ0σN+1 (71)

In terms of operators, one finds

⟨+|A UCZ,AUCZ,∂ |+⟩A = 2−
N
2 CZ0,N+1 (72)

which decays exponentially in the size of the A.
(2) Odd n: in this case, when summing over the odd spins in A, i.e. σ1, σ3, · · · , σn−1, we have

⟨+|A UCZ,AUCZ,∂ |+⟩A = 2−
n+1
2

∑

σ2,σ4··· ,σn−1

δ(σ0 = σ2 = σ4 = · · · = σn+1) = 2−
n+1
2 δ(σ0 = σn+1). (73)

In terms of operators, one finds

⟨+|A UCZ,AUCZ,∂ |+⟩A = 2−
n+1
2

1 + Z0Zn+1

2
(74)

which decays exponentially in the size of the A.
In either case 1 or 2, the quantity decays exponentially, and therefore, one finds the local indistinguishability when

the subregion A is of constant size.

∥ρA,+ − ρA,−∥1 ≤ O(e−αN ) (75)

with α being a O(1) constant.

E. Calculation of order parameters

Define the local operator Oi = Xi(1 − Zi−1Zi+1) charged under UCZ, we compute the two-point function w.r.t.

|ψ⟩ = 1√
2
(|+⟩⊗N

+ |cluster⟩):

⟨OiOj⟩ =
1

2
[⟨+|⊗N

OiOj |+⟩⊗N
+ ⟨cluster|OiOj |cluster⟩

+ ⟨+|⊗N
OiOj |cluster⟩+ ⟨cluster|OiOj |+⟩⊗N

]

(76)

We have ⟨+|⊗N
OiOj |+⟩⊗N

= ⟨trivial| (1 − Zi−1Zi+1)(1 − Zj−1Zj+1) |+⟩⊗N
= 1 for i ̸= j. Similarly,

⟨cluster|OiOj |cluster⟩ = 1 for i ̸= j. In the thermodynamic limit, the last two terms vanish, and thus ⟨OiOj⟩ = 1 for
any i ̸= j.

F. Calculation of disorder parameters

Here we consider the disorder operator
∏n−1

i=1 CZi,i+1 and calculate its expectation value w.r.t. |ψ⟩ =
1√
Z

(
|+⟩⊗N

+ |cluster⟩
)
:

〈
n−1∏

i=1

CZi,i+1

〉
=

1

Z
[⟨+|⊗N

n−1∏

i=1

CZi,i+1 |+⟩⊗N
+ ⟨cluster|

n−1∏

i=1

CZi,i+1 |cluster⟩

+ ⟨+|⊗N
n−1∏

i=1

CZi,i+1 |cluster⟩+ ⟨cluster|
n−1∏

i=1

CZi,i+1 |+⟩⊗N
]

=
2

Z

[
⟨+|⊗N

n−1∏

i=1

CZi,i+1 |+⟩⊗N
+ ⟨+|⊗N

n−1∏

i=1

CZi,i+1 |cluster⟩
]

(77)
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Calculation of ⟨+|⊗N ∏n−1
i=1 CZi,i+1 |+⟩⊗N

:

This quantity can be calculated as

⟨+|⊗n
n−1∏

i=1

CZi,i+1 |+⟩⊗n
= 2−n

∑

{σi|i=1,2,3,··· ,n}
(−1)

∑n−1
i=1 σiσi+1 (78)

with each σi = 0, 1.

• Even n:
Summing over σi with i = 1, 3, 5, · · · , n− 1 gives

⟨+|⊗n
n−1∏

i=1

CZi,i+1 |+⟩⊗n
= 2−n2

n
2

∑

{σi|i=2,4,6,··· ,n}
δ(0 = σ2 = σ4 = · · · = σn) = 2−

n
2 . (79)

• Odd n:
Summing over σi with i = 1, 3, 5, · · · , n gives

⟨+|⊗n
n−1∏

i=1

CZi,i+1 |+⟩⊗n
= 2−n2

n+1
2

∑

{σi|i=2,4,6,··· ,n−1}
δ(0 = σ2 = σ4 = · · · = σn − 1) = 2

−n+1
2 . (80)

Calculation of ⟨+|⊗N ∏n−1
i=1 CZi,i+1 |cluster⟩:

Since |cluster⟩ =∏N
i=1 CZi,i+1 |+⟩⊗N

, one has

⟨+|⊗N
n−1∏

i=1

CZi,i+1 |cluster⟩ = ⟨+|⊗N
N∏

i=n

CZi,i+1 |+⟩⊗N

= ⟨+|⊗N−n+2
N∏

i=n

CZi,i+1 |+⟩⊗N−n+2

=

{
2−

N−n
2 −1 for even n

2−
N−n

2 − 1
2 for odd n

(81)

Combining the results above, one finds

〈
n−1∏

i=1

CZi,i+1

〉
=





2
Z

[
2−

n
2 + 2−

N−n
2 −1

]
for even n

2
Z

[
2

−n+1
2 + 2−

N−n
2 − 1

2

]
for odd n

(82)

Therefore, if we first take the thermodynamic limit (N →∞), the expectation value of the disorder becomes

〈
n−1∏

i=1

CZi,i+1

〉
=

{
2−

n
2 for even n

2
−n+1

2 for odd n
(83)

which decays exponentially in the size of the disorder operator.

G. Numerics on the parent Hamiltonian

Here we provide additional numerical results for the Hamiltonian in Eq.3.
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FIG. 4: (a) Exact Diagonalization results for the energy gap ∆E1, the energy difference of the two lowest eigenstates,
versus total system size N in the non-onsite symmetry breaking phase. ∆E1 decreases with N , presumably will
decay to zero and give two-fold ground state degeneracy in the thermodynamic limit. (b) Log-log plot of ∆E1

versus N at various g in the CFT phase. By fitting the data with the function 1
Nδ , we find δ very close to 1,

consistent with the gap scaling of the CFT phase. (c) ∆E2, the energy difference between the second lowest and
the third lowest eigenstates, versus N for various g in the non-onsite symmetry breaking phase. The data suggest
a constant energy gap when increasing N . (d) Correlation function ⟨O0Ox⟩ of the non-invertible charged operators
versus distance x at a fixed N = 240 for various g. In the non-onsite symmetry-breaking phase (g ⪆ −0.4), the
correlation approaches a constant as increasing N , which implies a long-range order. In the CFT phase (g ⪅ −0.4),
the correlation decays to zero. (e) In the log-log plot of ⟨O0Ox⟩ in the CFT phase, one finds the algebraic correlation
⟨O0Ox⟩ ∼ x−ν . (f) Log-log plot of ⟨Z0Zx⟩ versus distance x at N = 240 for various g. In the CFT phase, ⟨Z0Zx⟩
exhibits an algebraic decay ∼ x−η. In the non-onsite symmetry breaking phase, ⟨Z0Zx⟩ decays exponentially to 0.

H. Stability of c = 1 CFT from bosonization

Here we present a field-theoretic argument about the stability of the c = 1 CFT phase around g = −1. First, when
the model is slightly perturbed away from g = −1, the Hamiltonian takes the form:

∑

i

−ZiXi+1Zi+2 −Xi+1 − λZiXi+1Zi+2Xi+3 − λXiZi+1Xi+2Zi+3, (84)

where λ controls the perturbation strength. Using a KT transformation [22, 77], defined by the following mapping of
local operators:

Zi−1XiZi+1 → Zi−1Zi+1

Xi → Xi
(85)

The above Hamiltonian can be mapped to

H(λ) =
∑

i

−Z2iZ2i+2 −X2i − Z2i+1Z2i+3 −X2i+1 + λZ2iZ2i+2X2i+3 + λX2iZ2i+1Z2i+3

+ λZ2i+1Z2i+3X2i+4 + λX2i+1Z2i+2Z2i+4,

(86)
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which is described by two decoupled critical Ising chains (living on even and odd sublattices) perturbed by three-body
interactions. The two decoupled Ising CFT can be bosonized into a compact boson [23], where we can identify the
following mapping from Ising local operators to compact boson operators (to the leading order)

Z2iZ2i+1 ∼ σ(x, τ)σ̃(x, τ) ∼ cos(ϕ(x, τ))

X2iX2i+1 ∼ Z2iZ2i+1Z2i+2Z2i+3 ∼ E(x, τ) + Ẽ(x, τ) ∼ cos(2ϕ(x, τ)),
(87)

where the spin operator σ(x, τ) has scaling dimension 1
8 and the energy density operator E has scaling dimension 1

in Ising CFT.
If we further apply a Krammers-Wannier transformation to the odd sublattice, we obtain the following Hamiltonian

H(λ) =
∑

i

−Z2iZ2i+2 −X2i − Z2i+1Z2i+3 −X2i+1 + λZ2iZ2i+2Z2i+3Z2i+5 + λX2iX2i+3

+ λX2i+3X2i+4 + λZ2i+1Z2i+2Z2i+3Z2i+4

(88)

The perturbations X2i+3X2i+4 + Z2i+1Z2i+2Z2i+3Z2i+4 generates a marginal perturbation cos(2ϕ(x, τ)) that varies
the boson compactification radius continuously [79]. The perturbations X2iX2i+3 +Z2iZ2i+2Z2i+3Z2i+5, which differ
the formers by only a lattice translation on some operators, would at most generate the marginal perturbations
cos(2ϕ(x, τ)) and the rest would be of higher-order irrelevant terms. By this perturbative argument on the scaling
dimensions of the perturbation, we therefore expect a finite range of the c = 1 CFT phase around g = −1, which is
also consistent with our numerical calculation of the central charge.

Remarks on the critical exponents: here we present some additional remarks on the critical exponents of the
correlation: ⟨Z0Zx⟩ and ⟨O0Ox⟩ (for even x). At g = −1, using the KT transformation, these two correlations can
be mapped to ⟨Z0X1X3...Xx−1Zx⟩ and ⟨(X0 − ZN−1Z1) (Xx − Zx−1Zx+1)⟩ with respect to the ground state of two
decoupled critical Ising chains on the two sublattices. We then apply the following lattice to continuum correspondence
for the primary fields

Zx ∼ σ(x), ZxZx+2 ∼ 1 + E(x), Xx ∼ 1− E(x), X0X2X4...Xx ∼ µ(x), (89)

where the same mapping also applies to lattice operators on the odd sites and we use σ̃, µ̃, and Ẽ to denote their
corresponding Ising primary fields. Then, the two correlation functions can be simplified to correlation functions of
Ising primary fields

⟨Z0X1X3...Xx−1Zx⟩ = ⟨Z0Zx⟩ ⟨X1X3...Xx−1⟩ ∼ ⟨σ(0)σ(x)⟩ ⟨µ̃(0)µ̃(x)⟩ ∼
1

x1/2

⟨(X0 − ZN−1Z1) (Xx − Zx−1Zx+1)⟩ ∼ ⟨E(0)E(x)⟩+
〈
Ẽ(0)Ẽ(x)

〉
∼ 1

x2
.

(90)

The above two critical exponents 1
2 , 2 are close to the exponents 0.481 and 2.108 obtained from our numerics, see

Fig.4(e)(f). As we turn on the perturbation λ, numerically we see the critical components are continuously varying.
This agrees with our previous argument that the perturbation is exactly marginal and would modify the compactifi-
cation radius of the c = 1 CFT.

I. State preparation via measurement and feedback

Here we provide a measurement-feedback protocol (i.e. adaptive circuit) to prepare the state |+⟩⊗N
+ |cluster⟩ with

probability 1
2 in the thermodynamic limit.

To start, we initialize the N physical qubits in the |+⟩ state. On each bond connecting two physical qubits, we
place an ancilla qubit in |+⟩ and transform these N ancilla qubits into a GHZ state via a constant-depth adaptive
circuit (the generation of the GHZ state can achieved by measuring a cluster state followed by unitary feedback [4],
or just measuring all the neighboring two-qubit ZZ Pauli operators followed by unitary feedback). It follows that the

physical and ancilla qubits are in the state |000...⟩a |+⟩
⊗N

+ |111...⟩a |+⟩
⊗N

. Now we apply a layer of unitary gates,
each of which is a CCZ gate acting on the two neighboring physical qubits and one ancilla qubit in between. This

gives state |000...⟩a |+⟩
⊗N

+ |111...⟩a
∏N

i=1 CZi,i+1 |+⟩⊗N
= |000...⟩a |+⟩

⊗N
+ |111...⟩a |cluster⟩.

Now we perform the single-qubit X measurement on all the ancilla qubits. Denoting the measurement outcome

by {xi+ 1
2
}, a corresponding pure-state trajectory is |+⟩⊗N

+
∏N

i=1 xi+ 1
2
|cluster⟩. As such, the sign is solely given
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FIG. 5: Measurement-based state-preparation protocol: (a) We first add a chain of ancilla qubits
in the GHZ state, which can be prepared in constant depth with measurement and feedback. (b)
A single CCZ gate (|0⟩a⟨0|a + |1⟩a⟨1|aCZ12) acts on two physical qubits and one ancilla qubit
in between. (c) After extensively applying CCZ gates, performing single-site X measurements

on all ancilla qubits produces |+⟩⊗N
+ |cluster⟩ with probability 1

2 in the thermodynamic limit.

by global parity of the measurement outcome
∏N

i=1 xi+ 1
2
, and in the thermodynamic limit, the probability having

∏N
i=1 xi+ 1

2
= 1,−1 is 1

2 . As a result, the state (|+⟩⊗N
+ |cluster⟩) can be prepared in constant depth with a constant

probability 1
2 in the thermodynamic limit. Below we make two remarks:

(1) While the above protocol produces |ψ±⟩ ∝ |+⟩ ± |cluster⟩ where the sign ± determined from the measurement
outcome is probabilistic, the reduced matrix on a local region is, in fact, deterministically prepared since |ψ±⟩
is locally indistinguishable in thermodynamic limit. Therefore, post-selection is not needed for experimentally
measuring the local order operators.

(2) The protocol can be generalized to prepare the superposition of any O(1) number of short-range entangled pure
states (i.e. the states that can be prepared by constant-depth local unitary circuits) with O(1) success probability. For

instance, we can prepare the superposition of a Z2 symmetric product state (i.e. |+⟩⊗N
) and the Z2 Levin-Gu SPT

state [32]. Such a state can further be deterministically converted to a superposition of the (Z2 topologically ordered)
toric code state and the (twisted Z2 topologically ordered) double semion state by a Kramer-Wannier duality, which
can be implemented by measurement and feedback in constant depth [28].

III. 2D SPT SOUP

A. Derivation of the SPT soup wavefunction

Here we show that implementing measurements (with post-selecting the measurement outcomes) on a Z3
2 SPT gives

rise to the SPT soup wavefunction defined in Eq.4.
Following Ref.[30], we consider a triangular lattice, with each vertex accommodating a qubit. The fixed-point Z3

2

SPT is given by
∣∣∣ψZ3

2

〉
≡ ∏△ CCZ△ |+⟩, where CCZ denotes the controlled-controlled-Z gate and the product is

taking over all small triangles on the lattice. Since the triangular lattice is 3-colorable, one can define the sublattices

A,B,C so that all neighboring qubits belong to different sublattices. It follows that
∣∣∣ψZ3

2

〉
respects the following

three global (0-form) Z2 symmetries acting on the three sublattices:

UA =
∏

i∈A

Xi UB =
∏

i∈B

Xi UC =
∏

i∈C

XC . (91)

The structure of the Z3
2 SPT wavefunction can be understood from the decorated domain wall picture[80], which

we review below. Consider a small patch on the triangular lattice involving four sites:

a

b

c

a′ 

(92)

where the sites a and a′ belong to the A sublattice; b and c belong to B and C sublattices respectively. All four sites
are initiated in the |+⟩ state and there are CCZ gates applied to (a, b, c) and (a′, b, c). The effect of the CCZ gates on
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b and c can be seen by expanding a and a′ in the Z basis

CCZ(abc)CCZ(a′bc) |Za = s⟩ |Za′ = s′⟩ =
[
δs,s′ + (1− δs,s′)CZ(bc)

]
|Za = s⟩ |Za′ = s′⟩ . (93)

This shows that if there is a domain wall between a and a′ (i.e. s ̸= s′), then one applies a CZ gate on that domain
wall, which is the edge connecting b and c. With this four-qubit example, one can now understand the structure of
the Z3

2 SPT wavefunction and write it as

∣∣∣ψZ3
2

〉
∝
∑

s

|s⟩A
∏

⟨i∈B,j∈C⟩∈C
CZij |+⟩BC , (94)

where C denotes the loops (on the BC edges) that correspond to the domain-wall configurations of s. Namely, the
Z3
2 SPT can be understood as a condensate of A domain walls, where each domain wall is decorated by a 1d cluster

states living on the sublattice B and C.
Based on this structure, one can immediately see that by measuring the Pauli Z on all qubits on the A sublattice

with an outcome s, which also fixes the domain-wall pattern C(s), the post-measurement state on B,C reads

A

〈
s
∣∣∣ψZ3

2

〉
∝

∏

⟨i∈B,j∈C⟩∈C(s)
CZij |+⟩BC = |SPT⟩C(s) |+⟩C(s) . (95)

where |SPT⟩C(s) is the 1d cluster-state SPT defined on B,C along the domain wall C(s), and all the other qubits not

on the domain wall, i.e. C(s), are in the Pauli-X product state |+⟩.
This allows us to easily derive the state obtained by Pauli-X measurements on the sublattice A. Specifically, the

single-qubit Pauli-X measurement on the sublattice A (with the fixed measurement outcomes Xi = 1) projects all the
qubits on A into |+⟩A, and the corresponding post-measurement pure-state on B,C is:

A

〈
+
∣∣∣ψZ3

2

〉
∝
∑

s

A

〈
s
∣∣∣ψZ3

2

〉
∝
∑

C
|SPT⟩C |+⟩C (96)

where we first expand A ⟨+| in the Z basis, and then use Eq.95. This is exactly the SPT soup discussed in the main
text.

B. Levin-Gu SPT under measurements

With a similar strategy, one can also derive the post-measurement wavefunction obtained by measuring Pauli-X on
one sublattice for the Levin-Gu SPT [32] (also known as the Z2 SPT). On a triangular lattice, the Levin-Gu SPT is
defined as |ψZ2

⟩ = UCCZUCZUZ |+⟩ [81], where CCZ denotes CCZ gates applied to every triangle, UCZ denotes CZ gates
applied to every edge, and UZ denotes Pauli-Zs applied to every site. Again we first divide the triangular lattice into
the sublattice A,B,C, and perform Pauli-X measurement on every qubit on the sublattice A. The post-measurement
state on B,C reads

|ϕ⟩ ∝A ⟨+|ψZ2
⟩ ∝

∑

s
A⟨s′|

∏

△
CCZ△

∏

⟨ij⟩
CZij

∏

i

Zi |+⟩ (97)

To proceed, we first note that

A⟨s|
∏

△
CCZ△ = A ⟨s|

∏

⟨ij⟩∈C(s)
CZij , (98)

where C(s) denotes the domain wall of the configuration s on A sublattice. On the other hand,

A ⟨s|
∏

⟨ij⟩
CZij =


 ∏

⟨ij⟩∈B∪C

CZij




A ⟨s|
∏

⟨i∈A,j∈B⟩
CZij

∏

⟨i∈A,j∈C⟩
CZij

=


 ∏

⟨ij⟩∈B∪C

CZij


 ∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i A ⟨s| ,

(99)
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where
∏

j∈nn(i),j∈A sj denotes the product of three s on the three sites (belonging to A) that are the nearest neighbors

of the site i (belonging to either B or C). Combining the above results and using A ⟨s|
∏

i∈A Zi =A ⟨s|
∏

i∈A si, one
finds

|ϕ⟩ ∝


 ∏

⟨ij⟩∈B∪C

CZij



[ ∏

i∈B∪C

Zi

]∑

s

∏

⟨ij⟩∈C(s)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si |+⟩BC (100)

This can be further simplified by noticing that s and s ≡ {−si,∀i} have the same domain wall configuration C, i.e.
C(s) = C(s). This allows us to rewrite the summation over s as the summation over C:

∑

s

∏

⟨ij⟩∈C(s)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si

=
∑

C


 ∏

⟨ij⟩∈C(s)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si +
∏

⟨ij⟩∈C(s)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si




(101)

We consider the case with an even number of sites on the sublattice A, so
∏

i∈A si =
∏

i∈A si. Also,

Z
1−

∏
j∈nn(i),j∈A sj

2
i = Zi Z

1−
∏

j∈nn(i),j∈A sj

2
i . Therefore, Eq.101 can be simplified as

(
1 +

∏

i∈B∪C

Zi

)∑

C

∏

⟨ij⟩∈C(s)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si. (102)

Finally, the post-measurement state can be written as

|ϕ⟩ ∝


 ∏

⟨ij⟩∈B∪C

CZij



(
1 +

∏

i∈B∪C

Zi

)∑

C

∏

⟨ij⟩∈C(s′)
CZij

∏

i∈B∪C

Z
1−

∏
j∈nn(i),j∈A sj

2
i

∏

i∈A

si |+⟩BC (103)

This can be further simplified as

|ϕ⟩ ∝


 ∏

⟨ij⟩∈B∪C

CZij



(
1 +

∏

i∈B∪C

Zi

)∏

p

(
1 + Ũp

)
|+⟩BC , (104)

where Ũp is an operator acting on the 6 qubits on the vertices of a plaquette p on the B ∪ C:

Ũp ≡
∏

⟨ij⟩∈p

CZij

∏

i∈p

[
(−1) 1

6Zi

]
(105)

This shows that |ϕ⟩ respects the 1-form non-onsite symmetry generated by Ũp, namely Ũp |ϕ⟩ = |ϕ⟩. Taking the

product of Ũp generates the 1-form symmetry along any contractible loops, e.g.

where the red wiggling curve depicts the two-body CZ gates and the orange dots label the location of the single-site
Pauli-Zs. It is also straightforward to see that |ϕ⟩ respects the global Z2 (0-form) symmetry generated by

∏
i∈B∪C Xi.
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These two symmetries carry a mixed anomaly, which can be shown by the algebra between their truncated symmetry
actions. Specifically, we denote a truncated 0-form symmetry operator as Utrunc and a truncated 1-form symmetry
operator as Wtrunc. They create a loop-like defect (green circle) and two point-like defects (red dots) in the lattice
below:

We assume the two end points of the truncated string operator, va and vb are far from each other, and both of
them are far from the green circle. The braiding between the loop-like defect and two point-like defects gives rise to

UtruncWtruncU
†
truncW

†
trunc =

( ∏

v∈R
Xv

)(∏

i=1

(−1) 1
6Zvi

CZvi,vi+1

)( ∏

v∈R
Xv

)†(∏

i=1

(−1) 1
6ZviCZvi,vi+1

)†

= ZvaZvb
,

(106)

up to a minus sign. Thus the operator Zva near endpoint va can be seen as the braiding between a loop-like defect
and one point-like defect. Furthermore, this operator and a loop-like defect have a nontrivial braiding phase,

UtruncZvaU
†
truncZva = −1. (107)

There is a phase ambiguity in defining the local braiding operator near va, which will be discussed later. This nontrivial
topological data between the symmetry defects indicates the mixed anomaly between the two symmetries [82]. This
mixed anomaly is analogous to the mixed anomaly between two 0-form Z2 symmetries in 1d discussed in Ref.[83–85],
and the above braiding phase is generalized from the 3-cocycle ω(g, h, k) defined in Ref.[83]. We therefore expect |ϕ⟩
to be long-range entangled. A simple argument can be made as follows.

Suppose the state |ϕ⟩ is a short-ranged entangled symmetric state, then Wtrunc |ϕ⟩ = Σ†
aΣ

′
b |ϕ⟩, where Σ†

a is a local
unitary operator near va, and Σ′

b is a local unitary near vb. We redefine the truncation of the 1-form symmetry as

W̃trunc = ΣaWtrunc, (108)

such that W̃trunc |ϕ⟩ = Σ′
b |ϕ⟩. With the modified truncation, the braiding between the two point-like defects and a

loop-like defect is given by

UtruncW̃truncU
†
truncW̃

†
trunc = UtruncΣaWtruncU

†
truncW

†
truncΣ

†
a = BaBb, (109)

where Ba is a local unitary near va, and Bb is a local unitary near vb. Now we show the braiding between Ba and the
loop-like defect still gives a nontrivial phase,

UtruncBaU
†
truncBa

= Utrunc

(
UtruncΣaWtruncU

†
truncW

†
truncΣ

†
a

)
a
U†
trunc

(
UtruncΣaWtruncU

†
truncW

†
truncΣ

†
a

)
a

= Utrunc

(
UtruncΣaU

†
truncUtruncWtruncU

†
truncW

†
trunc

)
a
Σ†

aU
†
trunc

(
UtruncΣaU

†
truncUtruncWtruncU

†
truncW

†
trunc

)
a
Σ†

a

= UtruncUtruncΣaU
†
trunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a
Σ†

aU
†
truncUtruncΣaU

†
trunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a
Σ†

a

= ΣaUtrunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a
U†
trunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a
Σ†

a

= −ΣaΣ
†
a = −1.

(110)



29

In the above equation, we use (· · · )a to denote the part of the operator (· · · ) that is near va. From the second line to
the third line, we took Σ†

a out of the bracket (· · · )a because it is already a local unitary near va. From the third line

to the fourth line, we took UtruncΣaU
†
trunc outside of the bracket, since it is a local unitary near va. From the fourth

line to the fifth line, we used U2
trunc = 1. From the fifth line to the sixth line, we used Eq.106 and Eq.107.

On the other hand, we recall that W̃trunc |ϕ⟩ = Σ′
b |ϕ⟩, and Utrunc |ϕ⟩ = L∂R |ϕ⟩, where L∂R is a unitary near the

boundary of region R. When va and vb are far from each other and are both far away from ∂R, the two operators
commute up to some local unitaries near va and vb,

UtruncW̃truncU
†
truncW̃

†
trunc = BaBb. (111)

Importantly, since both Utrunc and W̃trunc locally stabilize state |ϕ⟩, the local unitary Ba also stabilizes |ϕ⟩. Thus we
have

UtruncBaU
†
truncBa |ϕ⟩

= UtruncBaU
†
trunc |ϕ⟩

= UtruncBaL∂R |ϕ⟩
= UtruncL∂RBa |ϕ⟩
= UtruncL∂R |ϕ⟩
= UtruncU

†
trunc |ϕ⟩

= |ϕ⟩ .

(112)

From the first line to the second line, we used the fact that Ba stabilizes the state. From the third line to the fourth
line, we used that Ba and L∂R commute, since they do not overlap. This equation directly contradicts the result in
Eq.110.

We note that the definition of Ba above is ambiguous up to a phase, i.e., we can always assign an extra phase i

to Ba, and phase −i to Bb, such that the braiding UtruncBaU
†
truncBa becomes trivial. Nonetheless, we can define a

different braiding operator as Ca = (UtruncW
†
truncU

†
truncW

†
trunc)a, and the following phases

CaWtruncBaWtrunc

=
(
UtruncW

†
truncU

†
truncW

†
trunc

)
a
Wtrunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a
Wtrunc,

UtruncW
†
truncW

†
truncU

†
truncBaC

†
a

= UtruncW
†
truncW

†
truncU

†
trunc

(
UtruncWtruncU

†
truncW

†
trunc

)
a

(
WtruncUtruncWtruncU

†
trunc

)
a
.

(113)

For our original definition of truncation, we can let Ba = Ca = Zva , then the above two phases are trivial. Following
a similar derivation as in Eq.110, we can show that the above two phases are invariant under the redefinition of
truncation W̃trunc. No matter how we redefine the local braiding operators Ba and Ca by a phase, at least one of the
above quantities would be nontrivial. On the other hand, we can show that after defining the truncated operator as
W̃trunc, all of them stabilize state |ϕ⟩. As a result, the symmetric state |ϕ⟩ should be long-range entangled.

C. Wavefunction Overlap

Here we calculate the overlap between |ψ⟩ and WΓx
|ψ⟩. By mapping to the Ashkin-Teller model on a triangular

lattice, we argue the overlap decays exponentially small in the system size. To start,

⟨ψ|WΓx |ψ⟩
⟨ψ|ψ⟩ =

⟨+|WΓx

∏
p(1 + Up) |+⟩

⟨+|∏p(1 + Up) |+⟩
=

∑
C′ ⟨+|SPT⟩C′∑
C ⟨+|SPT⟩C

, (114)

where C is a contractible loop, and C′ is non-contractible along x̂ direction. The overlap between a L-qubit |+⟩ state
and a L-qubit Z2 × Z2 SPT cluster state (with L being even) is 2−

L
2 +1, and therefore ⟨+|SPT⟩C = 2−

|C|
2 2NC , where

NC is the number of disconnected loops in C.
To compute ⟨+|SPT⟩C′ , we consider the system sizes in the two spatial directions to be even by even, in which case,

the non-contractible loop C′ must have even number of qubits and ⟨+|SPT⟩C′ = 2−
|C′|
2 2NC′ . As a result, one finds
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⟨ψ|WΓx
|ψ⟩

⟨ψ|ψ⟩ =

∑
C′

(
1√
2

)|C′|
2NC′

∑
C

(
1√
2

)|C|
2NC

. (115)

This is the ratio of the two partition functions of the O(2) loop models, one with only contractible loops and one
with only non-contractible loops.

It is known that the O(n) loop model on the honeycomb lattice can be exactly mapped to the n-color Ashkin-Teller
(AT) model at the infinite-coupling limit on a triangular lattice [86, 87]. Here we review the mapping for n = 2,
and based on which, show that the overlap in Eq.115 relates to the free energy cost of inserting a line defect in the
two-color AT model at a critical point, therefore indicating the exponential decay of the wavefunction overlap.

Consider a triangular lattice where each lattice site has two flavors of Ising spins, the partition function of the
corresponding AT model reads

ZAT =
∑

σ,τ

e−HAT with HAT = −J2
∑

⟨ij⟩
(σiσj + τiτj)− J4

∑

⟨ij⟩
σiσjτiτj (116)

Below we show that at the infinite-coupling limit: J2 → ∞, J4 → −∞ with J2 + J4 = J fixed at a finite value, the
AT model can be mapped to the O(2) model on the honeycomb lattice using a low-temperature expansion. On a
given bond ⟨ij⟩ on the triangular lattice, there are three cases:

(i) σiσj = τiτj = 1: the corresponding Boltzmann weight is e2J2+J4 .

(ii) only one disagreement on the bond ⟨ij⟩, i.e. σiσj = 1 = −τiτj or −σiσj = 1 = τiτj , the corresponding Boltzmann
weight is e−J4 .

(iii) both flavors of the spins disagree, i.e. σiσj = τiτj = −1, the corresponding Boltzmann weight is e−2J2+J4 .

If one normalizes the Boltzmann weight w.r.t the weight in the case (i), one has the normalized weights:
Case (i): 1, Case (ii): e−2J2−2J4 ≡ e−2J , and Case (iii): e−4J2 .
Therefore, by taking the limit J2 → ∞, J4 → −∞ with J2 + J4 = J , one only needs to consider the case (i) and

(ii). The probability of having case (iii) would be zero, which implies that the domain walls of the σ spins and τ spins
cannot overlap, e.g. see below for allowed configurations:
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Correspondingly, when considering the low-temperature expansion by flipping spins, the partition function (up to
a constant) of the infinite-coupling limit Ashkin-Teller (ICLAT) model is

ZICLAT =
∑

C
x|C|2NC , (117)

where C is any contractible loop, with the loop tension x ≡ e−2J . The factor 2NC appears since each loop can be the
domain wall of either one of the two flavors of spins. Eq. 117 is exactly the partition function of the O(2) loop model.
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The phase diagram of the infinite-coupling AT model is studied in Ref.[87]; for x = e−2J < xc = 1√
2
, both σ, τ

spins are in the ferromagnetic ordered phase, while for x > xc, the spins are in the critical phase. xc is the critical
point described by a Berezinskii-Kosterlitz-Thouless (BKT) transition.

Alternatively, the model can be written as two flavors of the Ising models subject to the constraint:

ZICLAT =
∑

σ,τ

eJ
∑

⟨ij⟩(σiσj+τiτj)
∏

⟨ij⟩
δij(σiσj ̸= −1 & τiτj ̸= −1), (118)

where the delta function enforces the constraint that on every bond, the domain wall of σ and τ cannot exist
simultaneously. For large J , one expects both σ and τ to be in the ordered phase. When decreasing J (increasing
temperature), since the domain wall of σ and τ cannot be present at the same time, the spins cannot be completely
disordered, i.e. the domain wall cannot condense at the same time. This gives an intuitive reasoning for the emergence
of the critical phase.

Therefore, the wavefunction overlap relates to the free-energy cost of inserting a non-contractible line defect:

⟨ψ|WΓx
|ψ⟩

⟨ψ|ψ⟩ =
Z ′
ICLAT

ZICLAT
, (119)

where Z ′
ICLAT is the AT model at the critical point with a line defect obtained by flipping the sign of spin coupling

along a non-contractible loop of size L. At the critical point, one expects
Z′

ICLAT

ZICLAT
∼ e−αL at the leading order with α

being an O(1) constant so the wavefunction overlap vanishes in the thermodynamic limit [88].

D. Two-point functions

Here we compute the two-point functions ZiAZjA on the sublattice A:

⟨ψ|ZiAZjA |ψ⟩ =
⟨+|∏p

1+Up

2 ZiAZjA

∏
p

1+Up

2 |+⟩
⟨+|∏p

1+Up

2

∏
p

1+Up

2 |+⟩

=
⟨+|∏p

1+Up

2 ZiAZjA |+⟩
⟨+|∏p

1+Up

2 |+⟩

=

∑
C ⟨+|C̄ ⟨SPT|C ZiAZjA |+⟩C |+⟩C̄∑

C ⟨+|C̄ ⟨SPT|C |+⟩C |+⟩C̄

(120)

where from the second to the third line, we expand the product over plaquette p. Now we can consider applying ZiAZjA

to the right-hand-side |+⟩ state. If ZiAZjA has support on C̄, then the inner product ⟨+|C̄ ZiAZjA |+⟩C̄ vanishes. The
only case when it is non-vanishing is ZiAZjA acting on the same loop γ in the loop configuration C. If ZiAZjA acts
on different loops γ1 and γ2, then the inner product ⟨SPT|γ1

ZiA |+⟩γ1
also vanishes. The overlap between a L-qubit

|+⟩ state and a L-qubit Z2 × Z2 SPT cluster state (with L being even) is 2−
L
2 +1. Therefore, the two-point function

can be expressed as

⟨ψ|ZiAZjA |ψ⟩ =
∑

C′( 1√
2
)|C′|2NC′

∑
C(

1√
2
)|C|2NC

, (121)

where C′ is the loop configuration where there always exists a loop γ connecting iA and jA. This is exactly the 2-leg
watermelon correlator in the O(2) loop model with at the critical loop tension Kc =

1√
2
, which is known to decay as

[42].

⟨ψ|ZiAZjA |ψ⟩ ∼
1

|iA − jA|
, (122)

IV. SYMTFT DESCRIPTION

The SymTFT/topological holography framework is known as an insightful way to describe quantum systems with
symmetries [65–75]. The core idea of SymTFT is to encode the symmetry data of a quantum system into the topological
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order in a one-dimensional-higher bulk. This is illustrated with a sandwich picture, where the bulk topological order
has a gapped boundary (reference/topological boundary) on the left and another (dynamical/physical) boundary on
the right. The reference boundary realizes the specific symmetry data given from the bulk topological order, whereas
the dynamical boundary is given from the details of the theory, and is potentially not topological.

In the 1d model we discussed, the Z3
2 symmetry given by Ue =

∏
iX2i, Uo =

∏
iX2i+1, and the non-onsite UCZ =∏

i CZi,i+1 together form a type-III mixed-anomaly. The 2d bulk topological order for this anomalous symmetry is a
twisted quantum double, which is also equivalent to a D8 (the dihedral group of order 8) quantum double [12]. The
reference boundary on the left corresponds to condensing all the abelian anyons (charges) in the topological order,
given by the Lagrangian algebra 1+ e1 + e2 + e3 + e1e2 + e1e3 + e2e3 + e1e2e3 [89]. The topological symmetry defects
in this quasi-1d system are the insertions of m1, m2 and m3 lines in the bulk topological order. The spontaneously
breaking phase of one of the Z2 symmetry is a gapped phase, which corresponds to the choice of a gapped dynamical
boundary on the right, given by Lagrangian algebra 1 + e1 +m2 +m3 +m23 [89].

FIG. 6: The bulk topological order is a Z3
2 type-III twisted quantum double. The left boundary is the refer-

ence/topological boundary, given by Lagrangian algebra 1+e1+e2+e3+e1e2+e1e3+e2e3+e1e2e3. The symmetry of
the quasi-1d system is given from this reference boundary, i.e. by inserting the mi lines denoted in orange. The right
boundary is the dynamical/physical boundary, given by Lagrangian algebra 1+ e1 +m2 +m3 +m23. The local oper-
ator denoted in green is an e1 line that ends on both boundaries. It is charged under m1, thus is an order parameter
indicating the spontaneous breaking of this Z2 symmetry, or the emergent Z2 1-form in this symmetry breaking phase.

In choosing the two boundaries in the sandwich picture, there is an emergent 1-form symmetry in the system, which
is given by the e1 lines ending on both boundaries, denoted as a horizontal green line in the above figure. It braids
non-trivially with m1 lines, and braids trivially with m2, m3 lines. Therefore, this operator can be understood as
the order parameter for the Z2 symmetry breaking, and the emergent Z2 1-form operator in this symmetry breaking
phase [65, 66, 74].

In the symmetry-breaking phase of the non-onsite UCZ , we have a co-existence of trivial/SPT phases under two
onsite Z2 symmetries, which is mixed-anomalous of type-III. As we have shown in the main text, there is no unitary

operator V charged under UCZ , i.e. UCZV U
†
CZ = −V . Therefore, this non-onsite symmetry breaking phase does not

have an emergent 1-form symmetry, hence does not match the SymTFT description.

1d: In the following, we give two closely related models with the same mixed-anomalous Z3
2 symmetry but in the

SSB phase of one of the onsite Z2 symmetries, which can be described with the above SymTFT picture.
The first model is given by

H = −
∑

i

Z2i−1X2iZ2i+1 −
∑

i

X2i, (123)

which has the same Z3
2 symmetry, but in the broken phase of the onsite Z2 symmetry Uo. The two ground states

|ψ0⟩ = |0 · · · 0⟩odd ⊗ |+ · · ·+⟩even and |ψ1⟩ = |1 · · · 1⟩odd ⊗ |+ · · ·+⟩even are both product states. We can also regard
it as a trivial/SPT co-existing phase of Uo and UCZ symmetry since |ψ0⟩ (|ψ1⟩) can be regarded as an SPT state
obtained from decorating trivial (nontrivial) UCZ charge on the Ue domain walls. Specifically, both states contain
|+ · · ·+⟩even ∝

∑
s2i=0,1 |s2, s4, · · ·⟩ on the even sublattice. This can be understood as a condensation of Ue domain

walls, where a Ue domain wall between site 2i and site 2i+2 refers to the configurations s2i ̸= s2i+2. Since |ψ1⟩ always
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has s2i+1 = 1 on the site 2i+ 1, applying
∏

i CZi,i+1 gives rise to a −1 phase on this domain wall (i.e. a non-trivial
UCZ-charge decoration). In contrast, |ψ1⟩ has s2i+1 = 0 on the site 2i+ 1, so applying

∏
i CZi,i+1 gives the +1 sign

(a trivial charge) on the Ue domain walls. We note that for this model, there is an emergent 1-form symmetry in
the ground subspace, the operator of which is exactly the order parameter Z2i+1Z2j+1 for the onsite Uo symmetry
breaking.

The second model is obtained by introducing an ancilla qubit at state |+⟩τ on each even site of the spin chain,

which is similar to the setting in Append.I B. We consider the diagonal symmetry Zdiag
2 between the non-onsite UCZ

and the onsite
∏

i τ
x
2i symmetry on the ancillae. The symmetry operator is given by

Udiag =
∏

i

CZi,i+1τ
x
2i, (124)

which is non-onsite. As shown in Append.I B, the non-onsite operator Udiag becomes onsite after the conjugation of
a unitary V in Eq.12. In fact, the spontaneously breaking phase of this onsite

∏
i τ

x
2i symmetry can be obtained from

a trivially symmetric phase with onsite D4 symmetry, via a Kramers-Wannier transformation for the Z2 center. The
fixed-point ground states are simply given by

∣∣ψ′
±
〉
= |+⟩⊗N ⊗ 1√

2
(|0...0⟩τ ± |1...1⟩τ ) . (125)

Therefore, the ground states of the non-onsite Zdiag
2 symmetry breaking phase are

|ψ±⟩ = V † ∣∣ψ′
±
〉
=

1√
2
(|+⟩ ⊗ |0...0⟩τ ± |c⟩ ⊗ |1...1⟩τ ) . (126)

There is an emergent 1-form symmetry in this phase, and the operator is τz2iτ
z
2j .

2d: The story in the SPT soup model of 1-form non-onsite symmetry breaking in 2d is similar, which has no emergent
(dual) 1-form symmetry. However, we can consider the following model with the same anomaly, but on a different
lattice, where the 1-form symmetry is onsite, and one of the two 0-form symmetries is non-onsite. We will show that
this model gives rise to a gapped phase for the 1-form onsite symmetry breaking.

The mixed anomaly corresponds to a 3d bulk SPT phase with 0-, 0-, and 1-form Z2 symmetry given in Ref. [30],
and the bulk topological order in the SymTFT description is given from gauging this SPT phase. We notice that
there are two choices for the 2d boundary on the lattice.

The first choice of boundary corresponds to a hexagonal lattice, with a qubit on each vertex. The (0, 0, 1)-form
anomalous symmetry operators are thus given by

U0 =
∏

r

Xr, U1 =
∏

b

Xb, UC =
∏

<r,b>∈C
CZr,b, (127)

where r, b-type of qubits are on two triangular sublattices, and the 1-form non-onsite symmetry UC along any con-
tractible loops can be generated with the plaquette operator Up =

∏
<r,b>∈p CZr,b on each plaquette p. This is the

case we discussed in this work, and one of the 1-form symmetry-breaking ground states is given by the SPT soup

|ψ⟩ ∝
∏

p

(1 + Up) |+...⟩ , (128)

where |+...⟩ can be regarded as a trivially symmetric state under the two 0-form symmetries.
The second choice of boundary corresponds to a hexagonal lattice, with a qubit on each plaquette and link as shown

below:
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The (0, 0, 1)-form anomalous symmetry operators are given by

U ′
0 =

∏

p

Xp, U ′
1 =

∏

⟨p,e⟩
CZp,e, U ′

C̃ =
∏

e∈C̃
Xe, (129)

where C̃ is any closed loop on the dual lattice (e.g., colored in orange in the figure above), and U ′
1 is the product of

controlled-Z gates between plaquette qubits and all the adjacent edge qubits.
Define U ′

∂T v, the product of three Pauli-Xs on edges emanating from the vertex v, which is also the 1-form symmetry
generator along any contractible loop on the dual lattice, we consider the following state:

|ψ′⟩ ∝
∏

v

(1 + U ′
∂T v) |symmtric⟩ =

∏

v

(1 + U ′
∂T v) |+⟩p ⊗ |0⟩e = |+⟩p ⊗ |T.C.⟩e , (130)

which is a toric-code ground state on the links and a product state on the plaquette centers. One can construct a
gapped parent Hamiltonian H that respects all the symmetries in Eq.129:

H = −
∑

v

∏

e⊂∂T v

Xe −
∑

p

Xp(1 +
∏

e⊂p

Ze), (131)

with the ground states given by the tensor product of toric code ground states and a product state on the plaquettes.
This model has an emergent 1-form symmetry in the ground subspace, corresponding to the electric 1-form symmetry
in toric code, i.e., a product of Pauli-Zs along any closed loops in the primary lattice. This contrasts the non-onsite
1-form symmetry breaking model (SPT soup), which has no such emergent 1-form symmetry.
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