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Abstract

A graph G is F-free if G does not contain F' as a subgraph. Let p(G) be the spectral radius
of a graph G. Let 6(1, p, q) denote the theta graph, which is obtained by connecting two
distinct vertices with three internally disjoint paths with lengths 1, p, ¢, where p < q. Let
Sp,k denote the graph obtained by joining every vertex of K to n — k isolated vertices
and S, denote the graph obtained from Sy i by deleting an edge incident to a vertex

of degree k, respectively. In this paper, we show that if p(G) > p(S,.14 2) for a graph G
4,

with even size m > 92, then G contains a 6(1,3,3) unless G = S, ,.
2
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1 Introduction

Throughout this paper, we consider all graphs are always undirected and simple. We follow
the traditional notation and terminology [1]. Let G be a graph of order n with vertex set
V(GQ) = {v1,v2,...,v,} and size m with edge set E(G). For a vertex u € V(G), let Ng(u) be
the neighborhood set of a vertex u, Ng[u] = Ng(u) U {u} and NZ(u) be the set of vertices of
distance two to w in G. In particular, Ng(v) = N(v) NS and ds(v) = |Ng(v)| for a subset
S C V(G). Let dg(u) = |Ng(u)| be the degree of a vertex u. For the sake of simplicity, we
omit all the subscripts if G is clear from the context, for example, N(u), N[u], N*(u) and
d(u). For a graph G and a subset S C V(G), let G[S] be the subgraph of G induced by S.
For two vertex subsets S and T of V(G) (where SNT may not be empty), let e(S,T") denote
the number of edges with one endpoint in S and the other in 7. (.S, S) is simplified by e(.5).
Given two vertex-disjoint graphs G1 and G5, we denote by G1 U G9 the disjoint union of the
two graphs, and by G V Gy the joint graph obtained from G U Gy by joining each vertex
of Gy with each vertex of Go. The adjacency matrix of a graph G is an n x n matrix A(G)
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whose (i, j)-entry is 1 if v; is adjacent to v; and 0 otherwise. The spectral radius p(G) of a
graph G is the largest eigenvalue of its adjacency matrix A(G).

Let P,,Cy, K1 -1 and K, be the path of order n, the cycle of order n, the star graph of
order n and the complete bipartite graph with two parts of sizes a, b, respectively. Let Sﬁ be
the graph obtained from K ,_; by adding k disjoint edges within its independent sets. Let
Sn.k be the graph obtained by joining every vertex of Kj, to n — k isolated vertices. Let S,
be the graph obtained from S, ; by deleting an edge incident to a vertex of degree k. Let
0(1,p,q) denote the theta graph, which is obtained by connecting two distinct vertices with
three internally disjoint paths with lengths 1, p, ¢, where ¢ < p.

Given a graph F', a graph G is F-free if it does not contain F' as a subgraph. Let G(m, F)
denote the family of F-free graphs with m edges and without isolated vertices. The classic
Turan type problem asks what is the maximum number of edges in an F-free graph of order
n. In spectral graph theory, Nikiforov [16] posed a spectral Turén type problem which asks to
determine the maximum spectral radius of an F-free graphs of n vertices, which is known as
the Brualdi-Solheid-Turédn type problem. In the past decades, this problem has received much
attention. For more details, we suggest the reader to see surveys [3, 6, 10, 17], and references
therein. In addition, Brualdi and Hoffman raised another spectral Turan type problem: What
is the maximal spectral radius of an F-free graph with given size m? This problem is called
the Brualdi-Hoffman-Turdn type problem. This problem has been studied for various families
of graphs. For example, K3 [18], K41 [14, 15], K2 ;41 [20], Fogto [8] (where Fy, = K1V Py_1),
Fy 3 [8] (where Fy, 3 is the friendship graph obtained from k triangles by sharing a common
vertex).

For theta graphs, Sun, Li and Wei [19] characterized the extremal graph with maximum
spectral radius of 0(1,2,3)-free and 0(1,2,4)-free graphs with odd size. Fang and You [5]
characterized the extremal graph with maximum spectral radius of 6(1, 2, 3)-free graphs with
even size. Liu and Wang [12] characterized the extremal graph with maximum spectral
radius of 0(1,2,4)-free graphs with even size. Lu, Lu and Li [11] characterized the extremal
graph with maximum spectral radius of 6(1,2,5)-free with given size. Li, Zhai and Shu
[9] characterized the extremal graph with maximum spectral radius of 6(1,2,2k — 1)-free or
0(1,2,2k)-free with given size.

Recently, Li, Zhao and Zou [8] characterized the extremal graph with maximum spectral
radius of 0(1, p, q)-free with size m for ¢ >p >3 and p+q > 7.

Theorem 1.1. ([8]) Let k > 3 and m > k% + 6k° + 46k* + 56k + 196k>. If G €
G(m,0(1,p,q))UG(m,0(1,7,8)) withq>p>3,s>r>3,p+q=2k+1andr+s=2k+2,

then _
kE—14++Vdm —k?+1
p(G) < 5 ;

and equality holds if and only if G = Ky V ( — %)Kl

At the same time, they [8] proposed the following problem.
Problem 1.2. ([8]) How can we characterize the graphs among G(m,0(1,3,3)) having the

largest spectral radius?

Theorem 1.3. ([7]) Let G € G(m,0(1,3,3)) be a graph of size m > 43. Then

1++v4m —3

p(G) < 5



and equality holds if and only if G = SmTﬁ»B’2.

However, for a (1, 3,3)-free graph G with size m, the bound p(G) < LHviam=3 ng_?’ is sharp
only for odd m. Motivated by this, we want to obtain a sharp upper bound of p(G) for even
m. Our result is presented as follows.

Theorem 1.4. Let G € G(m,6(1,3,3)) be a graph of even size m > 92, then p(G) <

P(S s 2), and equality holds if and only if G = S, .4 .
2 2

2 Preliminary

In this section, we introduce some lemmas which are used to prove our result.

Lemma 2.1. ([21]) Let u,v be two distinct vertices of the connected graph G, {v;|i =
1,2,...,5} € N(v)\ N(u), and X = (x1,72,...,2,)" be the Perron vector of G. Let
G =G-=%7 jviv+ > jvu. If zy, > xy, then p(G) < p(G).

Definition 2.2. ([4]) Given a graph G, the vertex partition I1: V(G) = Vi U Vo U... UV} is
said to be an equitable partition if, for each w € Vi, |[V; N N(u)| = bjj is a constant depending
only on i,j (1 < i,j < k). The matriz By = (bi;) is called the quotient matriz of G with
respect to II.

Lemma 2.3. ([4]) Let II: V(G) = V1UV,... UV} be an equitable partition of a graph G with
quotient matriz Bry. Then det(z]— Br) | det(xI — A(G)). Furthermore, the largest eigenvalue
of Br is just the spectral radius of G.

Lemma 2.4. ([20]) Let G* be the extremal graph with the mazimum spectral radius in
G(m,F). Let X = (x1,22,...,2,)" be the Perron vector of the graph G*. If F is a 2-
connected graph and x,+ = max{z, | v € V(G*)}, then the following statements hold.

(i) G* is connected.

(17) There exists no cut vertez in V(G*) \ {u*}, and hence d(u) > 2 for any v € V(G*) \
Nu*].

Lemma 2.5. ([2]) Let G be a bipartite graph of size m. Then p(G) < /m, and equality holds
if and only if G is a disjoint union of a complete bipartite graph and isolated vertices.

Lemma 2.6. ([15]) p(S,14,) > L2m=5 for m > 6.
2 k)

Lemma 2.7. ([13]) Let X = (v1,%2,...,2,)" be the Perron vector of a connected graph G
of size m and let z, = maz{z,lv € V(G)} and W = V(G)\N[u*]. If p(G) > HVim=>5 ng—s and
there exists a vertex v of G such that x, < (1 — B)xy~, where 0 < B < 1, then

(W) < e(N(u)) = IN(u) \ Nou)| + 5 = Bl (),

for v e N?(u*).



3 Proof of Theorem 1.4.

Let G* be the extremal graph with maximum spectral radius in G(m, F'). Let p = p(G*) and
X* = (x1,29,...,7,)" be the Perron vector of G* with coordinate x, corresponding to the
vertex v € V(G*). A vertex u* in G* is said to be an extremal vertex if x,~ = maz{x, |
v e V(G")}. Let W = V(G*)\N[u*] and N4 (u*) = N(u*)\ No(u*), where No(u*) denotes
the set of isolated vertices of G*[N(u*)]. Let Wy = Uyey () Nw (u) for any component H of
G*IN (u")].
Lemma 3.1. Let G* € G(m,0(1,3,3)). Then G*[N(u*)] is Ps-free, that is, each component
H of G*[N(u*)] is one of the following.

(1) a graph with Cy as its spanning subgraph, that is, Cy, 6(1,2,2) or Ky;

(i1) a copy of S} 41 for T > 2, where S3 is a triangle for r = 2;

(14i) a double star Dy for a,b > 1, which is obtained from two stars K, and K by
joining a new edge between their centers;

(i) a star Ky, for r >0, where K is a singleton component.

Lemma 3.2. ([7]) For any non-trivial component H in G*[N(u*)], if H contains a cycle of
length four, then Ny (u) N Ny (v) = 0 for any two vertices u and v in the cycle of length four.

Since A(G*)X = pX, we have

Py = Z Ty + Z

u€N4 (u*) w€No (u*)

Furthermore, we have

p2xu* = Z Py + Z Py

ueNL (u*) u€No(u*)

uENy (u*) we Ny (u)

u€N+ (u*) w6N2(u )

Therefore,
(0° = p)wur = d(u s + Y ( v) — D)y + Ay (W)zw — Y @y
veN+(u) wEN2(u*) vENo (u*)
<IN ow + Y (@) = Doy +eN@) W = Y au.

u€EN4 (u*) u€No(u*)

(1)
is 0(1,3, 3)-free, we have p > p(S,44 ,) > Itydm—5 Vém_‘:’ > 10 for m > 92.

2

Note that S,..4 )
PR

By Lemma 2.6, we have

(0 = e > (m — )ae = (IN()| + e(Ny (7)) + e(N ('), W) + (W) = e (2)



Combining with (1) and (2), we get

Z (dN(u*)(u) - 1)33u > e(N+(u*)) + G(W) + Z Ty g

u€EN4 (u*) u€Ng (u*)

Ty

*

Let H be the set of all non-trivial components in G*[N (u*)]. For each non-trivial connected
component H of H, we denote ((H) = 3_,cy g (dr(u) — 1)zy. Obviously,

Ty, 3
- — . 3
Ty 2 Tu (3)

D CH) > | e(Ne(u) +e(W)+ Y

HeH u€e Ny (u*)

Lemma 3.3. G*[N(u*)] contains no any cycle of length four.

Proof. Let H' be the family of components of G*[N(u*)] each of which contains Cj as a
spanning subgraph and H \ H' be the family of other non-trivial components of G*[N (u*)]
each of which contains no C4 as a spanning subgraph. By Lemma 3.1 (i¢)-(iv), for each
H e H\ H', we have

C(H)= Y (du(v) =Dz, < (2e(H) = [V(H) )2y < e(H)wye.
veV (H)

Next we show that

for each H € H'. Let H* € H' with V(H*) = {uy,uz,u3,us} and the cycle of length four be
UiU2U3U4LUT -
First, we consider Wy« = (). Assume that z,, = max{z,,|1 <i<4}. Then

PLy, = Z Ty < Tyx + Tyy + Ty + Ty < Ty + 32y,
u€eN (u1)

Hence, z,, < ﬁxu* < %xu* for p > p(S,4a 2) > lhviam=5 Vém_‘:’ > 10 due to m > 92. Further-
md
more,

2 Ty
) < Qo) ~ [V (), < (o(1) — Sy 2= 0

as desired.

In the following, we assume that Wy # (), we consider the following two cases.

Case 1. All vertices in Wy« have a unique common neighbor in V (H™).

Without loss of generality, let u; € V(H*) be the unique common neighbor. Thus,
Nw (u;) = 0 for i € {2,3,4}. Assume that z,, = max{z,,|2 < i < 4}, we have

PLusy é Ly + Luq + Lusg + Ly S 233u2 + 233u*-



Thus, Ty, < 25Ty < +y+ due to p > 10. Thus,
2 p—2 4

C(H) = Y (dy-(u) = Dz,

ueV (H*)
< (dH* (ul) — 1)$ul + (QG(H*) — dH* (ul) — 3)a;u2

1 1 3
< (dH*(ul) -1+ §€(H*) - ZdH* (u1) — Z) Ly

3 1T
< (ZdH* (u1) + §€(H ) — Z)xu*

< (%e(H*) + 5)%

3 23 wew . Tw
H*) — Vg, v 4 —wEWE- "0
< (e(H7) = glow + — 73

due to dg-(u1) < 3, as desired.
Case 2. There are at least two distinct vertices of Wy« such that they have distinct
neighbors in V(H*). Since

Py < Ty + Tyy + Tyg + Ty + ZUJENWH*(ul) T,
PTyy < Ty + Ty + Tyy + Ty + EweNWH*(uz) T,
PTug < Ty + Ty + Tuy + Ty + ZwGNwH* (us) Tws

pxm; é Loy + xul + $u2 + xuS + ZWENWH* (u4) L,

we obtain

4
,O(l‘ul + Loy + Lug + l‘u4) S 3(33U1 + Lugy + Lug + $“4) + 4x“* + Z Z Lw-

i=1 U}ENWH* (ul)

By Lemma 3.2, we get Ny, (u;) N Nyw,,. (u;) = 0 for arbitrary two distinct vertices u;, u; €
* 4 P

V(H*). Thus, ZweNWH* Tw = D e Ny (V(H*) Tw = Dict ZwGNWH*(Ui) z. Combining p >

10, we obtain

4xu* Z’LUEWH* xw

Tuy + Tuy + Tug + Tuy <

“p-=3 p—3
< sy + ——L—
7xu + b—3

Hence, by the definition of ((H™),

C(H™) < 2(wyy + T4y + Tyy + Tuy)
8 2Zw6WH* T
< e
7a;u + »—3

3 2ZMEW *xw
< (e(H*) = 2)myr + ———L—.
(e(H") = D) + ==



Thus, we obtain ((H) < (e(H) — 2)xy» + mffw?ff% for each H € H'. Recall that ((H) <
e(H)xy~ for each H € H \ ‘H'. Furthermore,

SCH) =Y CH) + > ((H

HeH HeH' He?—L\H’
235" x
< T el e+ 3 TS S i
HeH' HeH' P HeH\H'
2 T
(N—l— xu* — = Z Lo + Z ZWEWH w.
HE?—L’ HeH'

For any H € H' satisfying Wy = (), we have ZwEWH Ty = 0. For any H € H' satis-
fying Wy # 0 and any w € Wy, since G* is 0(1,3,3)-free, we get Wy N Wy(epg = 0.
Then dy(u)g(w) = 0. By Lemma 3.2, we have dy(w) = 1. Furthermore, dpy,+)(w) = 1

and dy (w) > 1 from Lemma 2.4. Thus, > pcs D wew, Tw < Dgewn D wewy AW (W)Tw <
Y oHen 2owewsy Aw (W)Tyr < 2e(W)zys. Note that p > 10. Thus,

ZC ) < e(Ny(u ”“*“Z%+Z2Z%WH$“’

HeH HeH' HeH'

< (N1 (@) + (W) = 32 D)

HeH'

< (N @) + ) = 3 Dz,

HeH'

which contradicts (3). Furthermore, G*[N(u*)] contains no Cy. This completes the proof of
Lemma 3.3. O
By Lemma 3.1, we know that each non-trivial component of G*[N (u*)] is either a tree or

a unicyclic graph S} 41 With r > 2. Let ¢ be the number of non-trivial tree components of
G*[N(u*)]. Then

INSIEDS Z () = Ve = 3 (2e(H) — | H])aur = (e(N1 (u")) = ).

HeH HeHueV(H HeH

Combining (1), we get

e(W)<g—c— Z L (4)

Loy *
u€Nog(u*) “

Thus, e(W) < 1 and ¢ < 1. In addition, if e(W) =1, then ¢ = 0 and 3, ¢ n; () 3%

Loy *

1
< 3.
Lemma 3.4. ¢(W) = 0.
Proof. Suppose on the contrary that e(1) = 1. In this case, we have ¢ = 0 and ZueNO(u 9 f—“
< % It follows that each component of G*[N (u*)] is isomorphic to a unicyclic graph S}, | with
r > 2. That is, each component of G*[N(u*)] contains a triangle. Let H* be a component of
G*[N(u*)] and ujugus is a C3 of H*. Let wjwsy be the unique edge of e(W). By Lemma 2.4,



we obtain that dp(, )(w,-) > 1 for each i € {1,2}. If H* = S1, then we obtain dsé (w) < 3.
If H* = Sl+1 with » > 3, then let dy«(us) = dg+(us) = 2 and wug,us, -+ ,u,41 be the
neighbors of u;. For w € W+, we claim dg«(w) < 1. Otherwise, we consider the following
five cases in the sense of symmetry. If {uj,us} C Npg-(w), then ujug,ujwusus,uiusu*us
are three internally disjoint paths of lengths 1,3,3 between uq and ug, a contradiction. If
{ug,us} € Ny« (w), then uqug,ususwus,uiugu*us are three internally disjoint paths of lengths
1,3, 3 between uy and ug, a contradiction. If {uy,us} C Ny (w), then uju* ugususu™ ujwugu*
are three internally disjoint paths of lengths 1,3,3 between u; and u*, a contradiction. If
{ug,uq} C Ny« (w), then u*ug,ugwusu*,usujugu™ are three internally disjoint paths of lengths
1,3, 3 between u* and ug, a contradiction. If {ug, us} C Ny (w), then u*ug,uswusu® ugui usu™
are three internally disjoint paths of lengths 1,3, 3 between u* and u4, a contradiction. Thus,
dp-(w) < 1 for w € Wy» and H* = S} | with r > 3. In addition, we can check that
Wi "Wy ey = 0 for H* 2= S} | with r > 2. Consequently, d(w) = dp+(w) for w € Wpg-.
Furthermore, let z,,, > x,,, we consider the following two cases.

Case 1. At least a vertex w; € U?:lNW(uj) for some i € {1,2}.

Subcase 1.1. wy,wy € U;-’ZlNW(uj).

In this case, we obtain (U?ZINW(uj))ﬂ(WN(u*) \{U?ZINW(uj)}) = ). Thus, Ny ) (w) C
U?ZINW(uj) for each w € U?ZINW(uj). If Ney(wi) N Ney(we) = 0, then there exists a
0(1,3,3), a contradiction. If [Ney (w1) N Ney(we)| > 2, then there exists a 6(1,3,3), a contra-
diction. Thus, | N, (w1)NNey, (w2)| = 1 and hence there exists a cut vertex, which contradicts
Lemma 2.4 (7).

Subcase 1.2. w; € U?Zle(Uj) and wy ¢ U3 1N (uy).

In this case, suppose that we € W+, where H* = SIH with 7 > 3. Then

PLwy < Loy + Ty + Ty + Lys < Ty + 3xu*7
PTwy, = Twy + Ty, < Ty + Tor,

where ug, € V(H*) \ {u1,u2,us}. Combining with the above system of inequalities, we get

Ty, < ipﬂ . Since f(z) = 3x+1 is decreasmg with z > 10, we have z,,, < ipﬁ . < %$u*.
By Lemma 2.7, we get 1 = e(W) < O+ £—2s %, a contradiction. Suppose that we € Wipy«,

where H* C N4 (u*)\ H* and H* & S},,H Wlth 7’ > 2. Furthermore, if H* = S1 : ujusuz and
H* 2 S1: wjubuly, then

PLw, < Twy + Tuy + Tuy + Tuy < Ty + 3Ty,

PLuwy < Ty + Ty + Tyt + Tyl < Ty + 3Ty

Combining with the above system of inequalities, we get x,,, < %xu* < %azu* due to p > 10.

By Lemma 2.7, we get 1 = (W) < 0—|———— %, a contradiction. If H* & S} and H* = S}, 1
with 7/ > 3, then
{pxwl S wa + xul + xuz + xug S xwz + 3‘TU*7

PLoyy < Toyy + Typr

Combining with the above system of inequalities, we get x,,, < ‘:;p L. Since f (x) = xf% is
decreasing with x > 10, we have x,,, < %’%xu < ggxu By Lemma 2 7, we get 1 =e(WW) <

0+32— g— }Sé, a contradiction. If H* = S | with r > 3 and H* = 5}, | with 7/ > 3, then

PLwy S Lo + Ly* s
PLwy S Tapy + Topr -



Combining with the above system of inequalities, we get x,,, < Ly < %xu* due to x > 10.

=T
By Lemma 2.7, we get 1 = e(W) < O—I—%—% = %, a contradiction. Suppose that wy € Wi ()
and H* &SI then

PLw, < Twy + Tuy + Tuy + Tuy < Ty + 30,
1
PTwy < Tuwy + ZueNo(u*) Ty < Twy + 5Tur-

Combining with the above System of inequalities, we get x,,, < i;f Ty < 389 By Lemma
2.7, weget 1 =e(W) <0+ 35— % %, a contradiction. Suppose that wy € Wi,y and

H* =~ S} | with r > 3, then

PLwy S Lawq + Ly* s
1
PTwy < Tapy + ZuGNo(u*) Ty < Ty + 3Tur-

Combining with the above System of inequalities, we get z,,, < %xu < 188 By Lemma
2.7, we get 1 = e(W) <0+ 2 — 18 = 113 "4 contradiction.

Case 2. w; ¢ szle(’u,]) for any i € {1,2}.

Suppose that wy,ws € Wi+, where H* = SIH for r > 3. Then Ng«(w1) N Ny+(wy) = 0.
Otherwise there exists a cut vertex, which contradicts Lemma 2.4 (i7). By lemma 2.4, we get
| N (w;)| = 1 for each i € {1,2}. Moreover,

PLwy S Lo + Ly* s
PLawy < Loy + Xy

Combining with the above system of inequalities, we get x,,, < pflla:u* < % due to p > 10. By
Lemma 2.7, we get 1 = ¢(W) < 0+——— = }é, a contradiction. Suppose that wy € W+, where
H* =S}  forr>3andw, € WH* Where H* =5, forr' > 3and H* € Ny (u*)\H*. Then
|Ng+(we)| = 1. Similar with above, we get a contradiction. Suppose that w; € W+, where
H* = S} | for r >3 and wy € Wy ). Then [Ng-(w1)] = 1 and [Ny () (w2)] < [No(u*)].
Thus, we get

{p:vwl < Ty + T,

1
PLw,y < Ty + ZueNo(u*) Ty < Ty + PEGAE

1
Combining with the above system of inequalities, we get z,,, < b 2+ T H Ty < 139 By Lemma
883 _
2.7, we get 1 = e(W) <0 —|— 5= 95 = %, a contradiction. Suppose that wi, w2 € Wiy, ()

for each 7 € {1,2}. Then \NNO wy(wi)| < [No(u*)| for each i € {1,2}. Thus, we get

PTwy < Twy + D e Ng(ur) Tu < Twy + T2y,
1
PLwy < Ty + ZueNo(u*) Ty < Ty + 5Tux-

Combining with the above system of inequalities, we get z,,, < 2(p1 Ty Zur < 18 Zy+. By Lemma
2.7, we get 1 =e(W) <0 + 3 5~ 1% 8, a contradiction. This completes the proof of Lemma
3.4. 0

Lemma 3.5. G*[N(u*)] contains no triangle.



Proof. Suppose on the contrary that G*[N (u*)] contains triangles. Then G*[N (u*)] contains
a component which is isomorphic to S}, for r > 2. Let H* = S}! | be a component of
G*[N(u*)]. Then e(H*) = r+ 1. Let ujugusuy be the triangle of H* and dg+(u1) = dg~(us2).
If Wi+ =0, then x,, = x,,. Furthermore,

PTyy = Tyy + Loy + Ty < Tyy + 2Ty
Thus, z,, < %$u* < %xu* due to p > 10.
C(H*) = Ty + Ty, + (T - 1)xu3
4
< (5 +r— 1)$u*
14

= (e(H") = )

Recall that ((H) < e(H)xz,~ for H € H\ H*. Thus,

D OCH)=CH)+ > C(H)

HeH HeH\H*
L. 14
< (e(H") = 5 )u + > e(H)ze,
HeH\H*
14
= (e(N4(u")) — g)l’u*

which contradicts (3). Thus, Wy« # 0.

Since e(W) = 0, combining Lemma 2.4, we have dy,)(w) > 2. If r > 3, then Wy« N
Wi+ = 0, and hence d(w) = dg+(w) < 1 for w € Wg+, a contradiction. Thus, r = 2,
that is H* is a triangle ujugus. Since G* is 0(1, 3, 3)-free, we obtain that Wy« "Wy en = = 0,
and hence d(w) = dg+(w) < 3. First, we assume that |[Wg+| = 1. Let Wy = {w}. As H* is
a triangle, we obtain 2 < d(w) = dg+(w) < 3. We consider two cases as follows.

Case 1. dy+(w) = 2.

In this case, without loss of generality, we suppose N(w) = {uj,uz}. Then z,, = x,,.
Since

PTys = Ty + Ty + Ty < 3T+

Furthermore, x,, < %xu*. Similarly,

3
PTyy = Tyy T Tyy + Ty + Ty < Ty + ;xu + 224,

2p+3

we obtain that z,, < £

Zy+. Thus,

Tn+3

HY) = < *.
C( ) ‘T'U«l + .Z'uz + qu p(p o 1)1'“

Since x?it?{) is decreasing in variable x > 10, we get

T3 3
C(H") < g0%u < (e(H™) — §)mu
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Recall that ((H) < e(H)xy» for H € H\ H*. Thus,

Y CH)=CH)+ Y C(H)

HeH HeH\H*

< (e(H) = D+ 32 <),

HeH\H*
= (e(N} (u")) ~ D)

which contradicts (3).
Case 2. dp+(w) = 3.
In this case, let Ny« (w) = {u1,u2,us}. Then z,, = x,, = x,,. Since

p':U’Ml — xUQ + ':ng) + ;Uu* + ':L'w S 233u1 + 21;‘“*’

we obtain z,, < 7220%*. Furthermore,

. 6 3 3
C(H ) = Ty + Ty + Ty < ﬁxu* < qu* < (e(H ) — §)xu*

Thus, 5
D7 ) < (N () = 5,

HeH
a contradiction. Thus, |[Wg«| > 2.

Recall that Wgs N Wiy g+ (w) = 0 for any w € Wg+ and 2 < d(w) = dg+(w) < 3. Let
wy € Wy« such that N(wy) = {uq, ug, us} and wy # wy in Wy satisfying d(ws) > 2. Suppose
that ui,us € N(wq). Then u*uy, u*uswiu; and u*ugwyuy are three internally disjoint paths
of lengths 1,3,3 between u* and u;, a contradiction. Hence, d(w) = dpg+(w) = 2 for any
w € Wg«. This implies 1 < |[N(w;) N N(wz2)| < 2 for any two vertices wy,wy € Wy«. If
|N(wy) NN (wq)| =1, without loss of generality, let N(w;y) = {u1,u2} and N(ws) = {u1,us},
then u*uq, u*ugwous and u*uswiuq are three internally disjoint paths of lengths 1, 3, 3 between
u* and up, a contradiction. Thus, |[N(w1) N N(wy)| = 2. That is N(w;) = N(ws) for any
two vertices wy,we € Wpy+. Without loss of generality, suppose that N(w) = {uy,us} for
any w € Wg«. Let G1 = G* — {uqw|w € Nw(u1)} + {v*w|w € Ny (u1)}. Obviously, Gy is
0(1,3,3)-free. By Lemma 2.1, we get p(G1) > p, a contradiction. This completes the proof
of Lemma 3.5. O
Proof of Theorem 1.4. By Lemmas 3.1,3.3 and 3.5, we obtain that each component of
G*[N4(u*)] is a non-trivial tree. If ¢ = 0, then G* is bipartite. By Lemma 2.5, we have
p<ym< Hivgm—i% for m > 92, a contradiction. Thus ¢ =1 and Y, cny ey 25 < % from
Inequality (4). Let H be the unique component of G*[ N (u*)], where H is a non-trivial tree.
By Lemma 3.1 (éi7) and (iv), we have diam(H) < 3.

If diam(H) = 3, then H is a double star. Let u; and ug be the two center vertices of
H. Let {v1,v9, - ,v,} € Nyg(u1) \ ug and let {z1,29, - ,2p} € Ng(uz2) \ uy for a,b > 1. If
Wy = 0, without loss of generality, assume that x,, > Z,,, then let Go = G* — {ugv|v €
Ny (ug)\{u1 }}+{uiv|v € Ng(ug)\{uz}}. We can verify that Gy is 6(1, 3, 3)-free. By Lemma
2.1, we get p(G2) > p, a contradiction. Thus, Wy # (). It is easily checked WanWywn\u = 0
for any w € Wy. Hence, N(w) C V(H) and by Lemma 2.4, d(w) = dg(w) > 2. We claim
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d(w) = dg(w) = 2. Suppose contrary that dg(w) > 3. If {u1,uz,v1} € Wy(w), then ujus,
U v WU, ulu*z1ugy are three internally disjoint paths of lengths 1,3,3 between u; and wus,
a contradiction. If {uy,v1,v9} € Wy(w), then u*vy, u*viwvy, u*usujve are three internally
disjoint paths of lengths 1,3,3 between u* and vy, a contradiction. If {ug,vi,ve} € Wi (w),
then u*uo, u*viwue, u*veujus are three internally disjoint paths of lengths 1,3,3 between
u* and ug, a contradiction. If {vy,v9,21} € Wi (w), then viu*, viwveu®, viujugu™ are three
internally disjoint paths of lengths 1, 3,3 between v; and u*, a contradiction. If {v1,ve,v3} €
Wr(w), then u*vy, u*vswvy, u*usuiv; are three internally disjoint paths of lengths 1,3,3
between u* and vy, a contradiction. Thus, d(w) = dg(w) = 2. We claim N(w) = {uq,us}.
Otherwise, we consider five cases in the sense of symmetry as follows. If N(w) = {u1,v;}, then
w*uy, urviwuy, u*z1usuy are three internally disjoint paths of lengths 1, 3,3 between u* and
uy, a contradiction. If N(w) = {uy, 21}, then ujug, uywu*z1uy, ugu*z1uy are three internally
disjoint paths of lengths 1, 3,3 between w; and ug, a contradiction. If N(w) = {vy,vs}, then
w*v1, utvowwvy, utuouqivy are three internally disjoint paths of lengths 1, 3,3 between u* and
v1, a contradiction. If N(w) = {v1, 21}, then u*vq, u*z;wv1, u*usuivy are three internally
disjoint paths of lengths 1, 3,3 between u* and vy, a contradiction. Thus, N(w) = {uq,us}.
Let G3 = G* — {ugw|w € Ny (u2)} + {u*w|w € Ny (u2)}. We can verify that Gs is 0(1, 3, 3)-
free. By Lemma 2.1, we get p(G3) > p, a contradiction.

If diam(H) < 2, then H = K, with r > 1. Let V(H) = {uo,u1,--- ,u,} and ug be the
center vertex of H with r > 1. We claim r» > 9. By p > 10 and Inequality (4), we have

1
10z < pxys = Ty + Ty + -+ Ty, + Z Ty < (r+1+4 5):%*
vENp (u*)

Thus, » > 9. We claim Wy = (). Suppose on the contrary that Wg # (.

First, we assume dg(w) > 3 for any vertex w € Wy. If {ug,ui,u2} € Ng(w), then
w*uy, uugwuy and utuguguy are three internally disjoint paths of lengths 1, 3,3 between u*
and wui, a contradiction. If {uj,us,us} € Npg(w), then u*ug,u*usupus and u*ujwug are
three internally disjoint paths of lengths 1,3,3 between u* and w3, a contradiction. Thus,
dp(w) < 2. If dg(w) = 1, then we obtain that w is only adjacent to the center vertex uy.
Otherwise, let Ny (w) = u1. By Lemma 2.4 and e(W) = 0, we obtain | Ny ,+)(w)| > 1. Then
w*uy, urvwuy, uuguguy are three internally disjoint paths of lengths 1,3,3 between u* and
u1, where v € Ny (y+)(w), a contradiction. Thus, Ny (w) = {ug}. By Inequality (4), we have

3
Py < Ty + Z Ty < 5%*-
vE N (u*)

Thus, z, < 2—3pxu* < ;’—Oxu* due to p > 10. By Lemma 2.7, we get 0 = e(W) < —1+ % - % =
—2—70, a contradiction. If dg(w) = 2, then we have Ny +)(w) = 0. Otherwise, G* contains a
0(1,3,3). Furthermore, we get

PTw < Ty + Ty < 2Ty%.

This implies that z,, < %pxu* < %:Eu* due to p > 10. By Lemma 2.7, we get 0 = e(W) <
-1+ % - % < 0, a contradiction. Thus, Wy = 0. If W # 0, then by Lemma 2.1, we obtain
d(w) = dyy ) (w) for any vertex w € W. Furthermore, No(u*) # () and

1
PLy < Z Ty < §l’u*
vENp (u*)
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This implies that z,, < %pxu* < %xu* due to p > 10. By Lemma 2.7, we get 0 = e(W) <
-1+ % — % = —%, a contradiction. Thus, W = ) and hence G* = G, (see Figure. 1). Let

|No(u*)| = t. Since m is even, we obtain that ¢ is odd and ¢ > 1. By Lemma 2.3, we obtain

that p is the largest root of the equation f(z,t) = 0 where
t —t—1
f(z,t) :x4—mx2—(m—t—1):p+%

form =t + 1+ 2r > 92. Since

(t—1)(m—t—2)

>0
2

flx,t) = f(x, 1) =(t— 1)z +

for z > 0 and ¢t > 3, which implies that ¢t = 1 for the extremal graph G*. By Lemma 2.6,
we have p(S,,.4 2) > % for m > 92 and G* = 5,4 ,, as desired. This completes the
’ 2

72’
proof of Theoiem 1.4. 1

Figure 1: The graph Gy.
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