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ONE-POINT RESTRICTED CONFORMAL BLOCKS AND THE FUSION RULES
JIANQI LIU

AgstrACT. We investigate the one-point restriction of the conformal blocks on (P!, oo, w, 0) de-
fined by modules over a vertex operator algebra. By restricting the module attached to the point
oo to its bottom degree, we obtain a new formula to calculate fusion rules using a module over
the degree-zero Borcherds’ Lie algebra. This formula holds under more general assumptions
than Frenkel-Zhu’s fusion rules theorem. By restricting the module attached to the point w to its
bottom degree, we obtain a more general version of Li’s nuclear democracy theorem for vertex
operator algebras.
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1. INTRODUCTION

The space of conformal blocks on the three-pointed genus-zero smooth curve defined by
modules over a vertex operator algebra (VOA) V is isomorphic to the vector space of intertwin-
ing operators among these modules, whose dimension is the fusion rule [NT05, FBZ04]. Using
the restriction technique of conformal blocks [GLZ24], we obtain a new hom-space identifica-

tion of the space of intertwining operators / ( M’IWLZ) by a module M' ® M? over the degree-zero
Borcherds Lie algebra L(V), [B86] or the Zhu’s algebra A(V) [Z96].

Motivated by finding a mathematical rigorous definition of the WZNW-conformal field the-
ory, Tsuchiya, Ueno, and Yamada introduced the notions of coinvariants (vacua) and conformal
1
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blocks (covacua) on stable algebraic curves defined by highest-weight representations of affine
Kac-Moody algebras g of non-generic level k € Z..o [TUY89]. From the VOA point of view, the
representation theory of affine Lie algebras is in parallel with the representation theory of affine
VOA s of the same level [FZ92]. With this key observation, the notions of coinvariants and con-
formal blocks were generalized to the VOA case by Zhu [Z94], Frenkel-Ben-Zvi [FBZ04], and
Nagatomo-Tsuchiya [NTO5] for smooth curves, and by Damiolini-Gibney-Tarasca [DGT24]
for general stable curves. The space of three-pointed conformal blocks associated to the pro-
jective line (P!, 00, 1,0, (M?), M', M?) is canonically isomorphic to the space of intertwining
operators I( Mll”jw) among these V-modules. These spaces are the building blocks of the space
of conformal blocks on higher-genus algebraic curves via the factorization theorem [DGT24].
The dimension of these spaces, namely the fusion rules, are not only one of the central subjects
in the conformal field theory (CFT), but also carry important information about the rank of the
vector bundle on the moduli space M, ,, parametrizing n-pointed genus-g stable curves, defined

by the VOA-conformal blocks [DGT24, DG23].
The structure of the space I( M’]”;p) has been studied extensively in the theory of both VOAs
and CFTs. For instance, on the CFT side, Tsuchiya and Kanie proved that for the WZNW-model
of type A;, an intertwining operator of type (jj;é) can be uniquely determined by an element

O(u,z) € HomC(LEE(k, J2), L@(k, Ja){z} associated to u € L(j) satisfying certain bracket equal-

ities with respect to the Sugawara operator L(m) and the affine Lie algebra operator a(m) € sh
[TKS87]. This is the so-called nuclear democracy theorem, which was generalized by Li to the
rational VOA case in [Li98]. On the VOA side, Frenkel and Zhu proposed a theorem which

states that I(M]ijz) = Homyy)(A(M") ®4v) M*(0), M3(0)) [FZ92], where A(M") is a bimodule
over Zhu’s algebra A(V). Li improved this theorem by adding the assumptions that M? and
(M3 are generalized Verma modules [DLM98] associated to their bottom degrees M>*(0) and
M?3(0)*, respectively [Li99]. The author proved a variant of this theorem using the technique of
three-pointed correlation functions defined by intertwining operators [Liu23], which was fur-
ther generalized to the g-twisted case by Gao, the author, and Zhu by developing the theory of
twisted correlation functions [GLLZ23]. The fusion rules theorem had generalizations from vari-
ous aspects in the theory of VOAs. For instance, Dong and Ren generalized it to the higher-level
and modular representation case in [DR13,DR14] using a bimodule over the higher-level Zhu’s
algebra Ay(V) [DLM98(2)]; Huang and Yang generalized it to the logarithmic intertwining
operator case in [HY 12]; Huang also gave an interpretation of the space of logarithmic inter-
twining operators case using a bimodule over his associative algebra A~(V) in [H22, H24]. All
of these generalizations were influenced by the idea of using a bimodule over certain variants
of the associative algebra A(V) to describe the space of intertwining operators. Recently, Gao,
the author, and Zhu introduced a notion of (twisted) restricted conformal blocks in [GLZ24].
With this new notion, we noticed that the hom space Hom,y,(A(M") ®4v) M*(0), M>(0)) can be
identified with the space of two-pointed restricted conformal blocks defined on the projective
line (P!, o0, 1,0, M3(0)*, M', M?(0)), where the V-modules (M?)" and M? attached to oo and 0
are restricted to their bottom degrees M>(0)* and M?(0), respectively, and the fusion rules the-
orem can be interpreted as a theorem about extending a restricted conformal block to a regular
conformal block.

In this paper, by examining the space of conformal blocks on the one-point restricted pro-
jective line (P!, oo, 1,0, M3(0)*, M', M?), we give a new formula to describe the space of inter-
twining operators / ( leij) without using the A(V)-bimodule A(M). Our formula also leads to a
sharper upper bound of the fusion rules for certain irrational VOAs.

To state our results precisely, and describe how they are proved, we set a small amount of
notation. Let (C, P,) be a stable n-pointed curve with marked points P, = (Py,..., P,), and let
M', ..., M" be irreducible admissible modules over a VOA V. A conformal block associated
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to the datum (C, P,, M*) is a linear functional f : M' ® ... ® M" — C that is invariant under
the action of the chiral Lie algebra Lc\p,(V) = H(C\P., V¢ ® Qc/ImV) on the tensor product
M'® ...® M", where ¥ is a vertex algebra bundle on C, V is a flat connection of ¥, and Q¢
is the dualizing sheaf on C [FBZ04,DGT24]. In this paper, we will mainly be focusing on the
case when (C, P,) = (P', o0, 1,0), with (M?)’, M', and M? attached to the points oo, 1, and 0,
respectively. In this case, elements in the chiral Lie algebra Lpi\(« 1 0,(V) can be represented by
a ® f(z), where f(z) is a rational function in z and z — 1. The chiral Lie algebra Lpi\(o 1,0,(V)
has natural actions on the V-modules (M?)’, M!, and M? with given by the trivialization of the
vertex algebra bundle #z: around the points oo, 1, and 0, respectively. The space of three-pointed
conformal blocks on P', denoted by ‘5(21((M3)’, M, Mz)), consists of linear functionals f €

(M?Y ®: M' ®: M? — C that is invariant under the action of the chiral Lie algebra Lenjeo1.01(V)
on the tensor product.

We define the oco-restricted chiral Lie algebra Lpi\1,(V)<o to be the Lie subalgebra of
Lp1\(w0.1.0/(V) spanned by elements that leave the subspace M>(0)* ®: M' ®: M? invariant, then
define a co-restricted conformal block to be a linear functional f : M>(0)*®c M'®: M?* — C that
is invariant under the action of Lp1\9.1;(V)<o (see Definition 4.1). The Lie algebra Lp1\(9.1;(V)<0
has an ideal Lp1\(01;(V)<o consisting of elements whose action vanishes on M?3(0)*, and such
that the quotient algebra Lz1\(.1,(V) <0/ Lp1\(0.1y(V)<o is isomorphic to the degree zero Borcherds
Lie algebra L(V), (see Lemma 3.5). Let

M' oM =M ®c M2/~£P1\{0,1}(V)<0-(M1 ®c M?),

which is a module over the Lie algebra L(V),. Using a set of spanning elements of L1 1,(V)<0,
we can show that M' ® M? is spanned by the equivalent classes v; ® v, of the elements v; ® v, €
M' ®: M?, subject to the following relations (see Definition 4.3):

ta — 1
Z(Wa- )a(j— vy ov =v @Za(wta— 1+ jv,,
J

720 720

ta —k
Z (W aj )a(j)vl Ovy = —v; O a(wta — k)v,,

20
wherea € V,v; € M',v, € M?, k > 2. The following is our main theorem (see Theorem 5.6).
Theorem A. Let M', M?, and M> be ordinary V-modules of conformal weights Ay, h,, and k3,
respectively. Suppose the contragredient module (M?)’ is isomorphic to the generalized Verma
module M(M>(0)*). Then we have an isomorphism of vector spaces

M3 2 3
’(M1 Mz) = Homy,(M' © M*, M°(0)). (1.1)

In particular, N( e ) = dim Homyy,,(M ''® M?, M3(0)). If V is rational, then (1.1) holds for

M M?

any irreducible V-modules M', M?, and M>.

One advantage of Theorem A in comparison with Frenkel-Zhu’s fusion rules theorem is that
we do not need M? to be a generalized Verma module, which makes an essential difference
when the VOA V is not rational. Moreover, if we only assume (M?)’ is generated by its bottom
degree M>(0)*, then we have an estimate of the fusion rule (see Lemma 5.1):

M3 .
N( e Mz) < dim Homyy),(M' © M?, M*(0)). (12)

Another advantage of our hom-space description (1.1) is that the estimate (1.2) is in general

sharper than the estimate N(,,}",.) < dim Hom,y,(A(M") ®y, M*(0), M*(0)). We use Li’s ex-

ample of modules over the universal Virasoro VOA [Li99] to illustrate this fact in Section 5.4.2.
If the V-module M? is generated by M?*(0), we can show that M'©M? is a left module over A(V),
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and it is a quotient module of A(M") ®4, M*(0) (see Theorem 4.7). In other words, M' ® M? in
general has more relations than A(M") ®uavy M 2(0), which explains why the estimate (1.2) leads
to a sharper upper bound of the fusion rules.

Instead of using the language of correlation functions, we will use the language of conformal
blocks to prove Theorem A, with the assistance of chiral Lie algebra. The proof is much shorter
than the proof of the fusion rules theorem [Liu23, GLZ23]. It is well-known that the space of
intertwining operators is isomorphic to the space of conformal blocks %(Zl((M3)’, M, Mz))
[FBZ04,NTO5]. Using some basic facts about the representation theory of Lie algebras, we
can also show that the space Homyy,,(M' © M?, M*(0)) can be identified with the space of

oco-restricted conformal blocks & (Z;(M>3(0)*, M', M?)) (see Proposition 4.4). Then Theorem A
P

is equivalent to showing that %(Zl((M3)’, MI,MZ)) = %(21(M3(O)*, M, MZ)). This can be
done using an explicit set of spanning elements of Lpi\( 10,(V) (see Theorem 5.5). There is
an alternative proof of a more general version of the isomorphism between restricted and un-
restricted conformal blocks in [GLZ24] using the Riemann-Roch theorem of algebraic curves.
The method we used in this paper is purely algebraic.

The idea of restricting one module in the three-pointed conformal blocks to its bottom degree
has further applications. Instead of restricting the module (M?)" attached to oo to its bottom
degree M3(0)* , one can also restrict the module M? attached to a point w € P'\{0, o0} to
its bottom degree M?(0) and obtain another space of one-point restricted conformal blocks
€ (ZW((M3)’, M'(0), M2)). It turns out that this space is isomorphic to the space of generalized
intertwining operators introduced by Li in [Li98] (see Proposition 6.7). The extension theorem
of restricted conformal blocks then lead to an alternative proof of Li’s generalized nuclear
democracy theorem (GNDT) [Li198] (see Theorem 6.10). We also find a hom-space description
of the GNDT using the w-restricted chiral Lie algebras (see Theorem 6.11).

This paper is organized as follows: we first recall the basics of VOAs and related construc-
tions and then recall the definition of three-pointed conformal blocks on P! in Section 2. We
introduce the notion of co-restricted chiral Lie algebras in Section 3 and discuss its basic prop-
erties and spanning elements. In Section 4, we introduce the notions of co-restricted conformal
blocks and the L(V),-module M' ® M? using the results in the previous Sections. We prove
Theorem A in Section 5 and discuss some of its consequences. Finally, in Section 6, we rein-
terpret Li’s generalized nuclear democracy theorem using the one-point restricted conformal
blocks and prove some of its variants.

Conventions. Throughout this paper, we adopt the following conventions:

e All vector spaces and algebraic curves are defined over C, the complex number field.
e N represents the set of all natural numbers, including O.

2. SPACE OF CONFORMAL BLOCKS ASSOCIATED TO REPRESENTATION OF VOAS ON THREE-POINTED Pl

In this Section, we first review vertex operator algebras and related constructions, then intro-
duce the notions of chiral Lie algebra ancillary to the three-pointed projective line (P!, o0, 1,0)
and the space of three-pointed conformal blocks using an algebraic language.

2.1. Preliminaries of VOAs. We recall the definitions of vertex operator algebras (VOAs) and
the related notions like modules over VOAs, intertwining operators and fusion rules, contragre-
dient modules, Borcherds’ Lie algebra and Zhu’s algebra, and the generalized Verma modules
over VOAs. These notions will be used later in this paper. We refer to [B86, FLM8&8, FHL.93,
F792,796, DLLM98, LL04] for more details about these notions.

2.1.1. Vertex operator algebras and modules.

Definition 2.1. A vertex operator algebra (VOA) is a quadruple V = (V, Y, 1, w), where V =
@nez V, is a Z-graded vector space, with dimV,, < oo for all n and V, = 0 if n < O;
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1 € V, is called the vacuum element; w € V, is called the Virasoro element; and ¥ : V —
End(V)[[z,z ',a & Y(a,2) = Y,z a(n)z™ ! is a linear map called the state-field correspon-
dence, subject to the following axioms:

(1) (truncation property) Y(a,z)b € V((2)). i.e., forany a,b € V, a,b = 0 for n > 0.
(2) (vacuum and creation property) Y(1,z) = Idy and Y(a,z)1 = a+ a1z +as1z* + ...,
(3) (weak commutativity) For a, b € V, there exists k € N such that

(@1 = 2)'Y(a,2)Y (b, 22) = (21 — 22)'Y (b, 22)Y (@, 21). 2.1)

(4) (weak associativity) For a, b, ¢ € V, there exists k € N (depending on a and c) such that
(20 +22) Y (Y(a,20)b, 2)e = (20 + 22) Y (@, 20 + 22)Y (b, 22)c. 22)

(5) (Virasoro relation) Let Y(w, z) = 3.7 L(n)z "2, then [L(m), L(n)] = (m — n)L(m + n) +

(m’—m)

5 Ominocldy, for any m, n € Z, where c is called the central charge of V.
(6) (L(—1)-derivative property) Y(L(-1)a,z) = d%Y (a,z)foranya e V.
(7) (L(0)-eigenspace property) For any n € Z and a € V,,, L(0)a = na.
We write wta = n if n € V,,. We abbreviate the quadruple (V, Y, 1, w) by V. A VOA V is said to
be of CFT-type if V.= Vo @ V., where Vo = Cland V, = B V,..

The axioms of a V-module are similar to the VOA V itself [FHL93, DLM9S]:

Definition 2.2. Let V be a VOA. An admissible V-module is a N-graded vector space M =
D, M(n), equipped with a linear map Yy, : V — End(M)[[z,z7' 1, Yu(a,2) = 3,z a(m)z™!
called the module vertex operator, satisfying

(1) (truncation property) Forany a € V and u € M, Yy (a, z2)u € M((2)).

(2) (vacuum property) Y,,(1,z) = Idy,.

(3) (Jacobi identity for Y),) forany a,b € V and u € M,

22 + 2

20

Z515(Z1 Z_ Z2)YM(CI, 2)Yu(b, z2)u — 2615(
0

) Yu(b,z2)Yu(a, z1)u
(2.3)

) (Z‘ Z_ Z(’) Yu(Y(a, 20)b, 2.
2

(4) (L(—1)-derivative property) Yy (L(—1)a,z) = d%Y w(a,z) foranya e V.
(5) (grading property) Foranya € V,m € Z,and n € N, a(m)M(n) € M(n + wta —m — 1).
i.e., wt(a(m)) = wta —m — 1.

We write degv = nif v € M(n), and call it the degree of v.

An admissible V-module M is called ordinary if each degree-n subspace M(n) is a finite-
dimensional eigenspace of L(0) of eigenvalue i + n, where h € C is called the conformal weight
of M. In particular, if we write L(0)v = (wtv) - v for v € M(n), then wty = degv + h.

We abbreviate an ordinary V-module simply by a V-module. Submodules, quotient modules,
and irreducible modules are defined in the usual categorical sense. V is called rational if the
category of V-modules is semisimple.

Remark 2.3. We remark the following well-known facts about the Jacobi identity:

(1) One can replace the weak commutativity (2.1) and the weak associativity (2.2) in the
definition of VOAs by the formal variable Jacobi identity (2.3) for Y [LLO04].

(2) Using the Cauchy’s integral (or residue) theorem, one can rewrite the formal variable
Jacobi identity (2.3) into the residue form [FLMS88,FZ292,796]:

Res oYy (a, 2)Yu (b, Wit (F(z, w)) = Res.—o Yy (b, W)Yy (a, )i, . (F (2, W)

= ReS,—0 Yy (Y(ds 2 = Wb, Wit (F (2, ), 24)
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where F(z, w) = 'w"(z — w)!, with m, n, [ € Z, and Lzws Ly, and ¢, are the expansion
operations of a rational function in complex variables z and w on the domains |z| > |w|,
[w| > |z|, and [w| > |z — w/|, respectively.

(3) The Jacobi identity (2.4) has the following component form:

(o)

! . . I+i
Z (i)a(m +1—i)b(n +1i) - Z( 1 ( )b(n +1— ia(m + i)

i=0 i=0

- (2.5)
= Z(a(l + )b)m + n — i),
i=0

where a,b € V and m, n, [ € Z, which is also called the Borcherds identity [B86].

2.1.2. Intertwining operators and fusion rules. Intertwining operators among V-modules are
generalizations of intertwining operators among modules over Lie algebras [FHL.93, FZ92,
Li98]:

Definition 2.4. Let M', M?, M? be ordinary V-modules of conformal weights hy, h,, h; € C,
respectively. Let i := hy + hy, — h3. An intertwining operator of type ( M ;w) is a linear map

I(-,Z) . M1 — HOm(MQ, M3)[[Z, Z—l]]z—h, I(Vl,Z) — Z Vl(n)Z_n_l_h,

nez
satisfying the following axioms:

(1) (truncation property) For any v; € M' and v, € M?, vi(n)v, = 0 when n > 0.
(2) (L(-1)-derivative property) For any v; € M', I(L(-1)v;,z) = d%l(vl ,2).
(3) (Jacobi identity) For any v; € M', v, € M?, and a € V, one has

_ 1 — X _ —Z <
zola( ‘ - Z)YMs(a,zl)I(vl,m)vz - zola( 2 ‘)1<v1,Z2>YMz<a,zl>V2
0

_ 21 —Z
= Z215( lz O)I(YMl(a,Zo)Vl,Zz)Vz-
2

The vector space of intertwining operators of type ( u Mz) is denoted by ( ) Its dimension,

denoted by N ( is called the fusion rule among M', M?, and M>.

M M2
M MZ)

Using the Jacobi identity and the L(0)-eigenspace property for M'(n), one can easily show
that v;(n)M?*(m) € M3(degv, —n— 1 +m), forany vi € M', n € Z, and m € N [FZ92].

2.1.3. Contragredient modules.

Definition 2.5. [FHL93] Let M be an ordinary V-module. Its contragredient module is the
graded dual space M" = B (M(n))*, with Yy : V — End(M")[[z,z"'] given by

<YM’ (Cl, Z)vl’ V) = <V,, YM(eZL(l)(_Z_z)L(O)a’ Z_l)v> = <V,, Y},V[(a’ Z)V>, V, € M,’ Ve M’ (26)
where (-,-) : M’ X M — C is the natural pair between graded vector spaces.

It was proved in [FHL93, Section 5] that Y,, defined by (2.6) satisfies the Jacobi identity
(2.3),and Y} (a, z) = Yy(a, 2).
Moreover, if we write Y},(a,z) = X,,ez @’(n)z™""", then by taking the formal residue,

d(n) = Z (_])Wm (L(1Ya)2wta —n — j - 2). 2.7)

720

It follows that a’(n)M(m) C M(—wta +n + 1 + m). i.e., wt(a’'(n)) = —wta +n + 1.
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2.1.4. Borcherd’s Lie algebra and Zhu’s algebra associated to a VOA. The commutative unital
differential algebra (C[z,7!], %, 1) is a vertex algebra, with Y(¢", 2)t" = (eZ%t”) -t". Let V be
a VOA, then V=V ®c C[t,t7'] is the tensor product vertex algebra [FHL93], with vacuum

element 1 ® 1 and differential V = L(-1) ® Id + Id ® %, see [B86] for more details.

Definition 2.6. [B86] Let V be a VOA. The Borcherds Lie algebra L(V) is defined by
L(V)=V/V(V) = span{ay; =a® +V(V):a € V,n € Z}, (2.8)
with (L(-=1)a);,; = —nay,-1;, and the Lie bracket

m .
[apms D] = Z (j)(a(J)b)[m+n—j], a,beV,mnelZ. (2.9)
720
Let deg(ay,) := wta—n—1, then L(V) has a triangular decomposition L(V) = L(V)_®L(V),®
L(V),, where L(V). = span{a, : deg(ap,) € Z.} and L(V)y = span{ajwi,-1) : a € V} are Lie
subalgebras of L(V).

Definition 2.7. [Z96] Let V be a VOA, Zhu'’s algebra A(V) is defined by A(V) = V/O(V), where

wta
O(V) = Span {Cl ob= RCSZ:1Y(CI,Z - 1)bL1’Z_1 ((Z—l)Z) . a, be V} . (210)
Z —
A(V) = span{[a] = a+ O(V) : a € V} is an associative algebra with respect to

wta

[a] * [b] = Res.—[Y(a,z — 1)b]¢1,z_1( - ) =) (W]t_a)[a(j ~1bl, abeV. (211)

z-1 720

We remark the following facts about Zhu’s algebra and Borcherd’s Lie algebra, see [B86,
796, DLM98] for more details.

(1) There is an anti-involution 8 : A(V) — A(V) defined by 6([a]) = [“V(~1)!Pqa], with
0(La] = [b]) = O([D]) * O([a]).

(2) There is a similar anti-involution 6 : L(V) — L(V) defined by 6(a;,;) = aEn] (2.7), with
O[agm, bpgl) = [0(by), O(apm)].

(3) Let M = GBZOZO M(n) be an admissible V-module. Then the bottom-level M(0) is a left
A(V)-module via A(V) — End(M(0)), [a] — o(a) := a(wta — 1). If M is an irreducible
V-module, then M(0) is an irreducible A(V)-module.

(4) For the contragredient module M’, the bottom-level M’(0) = M(0)* is naturally a right
A(V)-module. It is a left A(V)-module via 6. i.e.,

([B@)].V vy := (V. [a]|v) = (| lalv)y = ' o(a)yv), Vv € M(0)*, ve M(). (2.12)

(5) There is an epimorphism of Lie algebras
L(V)o = A(V)Lie»  wa-11 > [al, (2.13)
2.1.5. Generalized Verma module associated to an A(V)-module. Let U be an irreducible left
module over A(V). Then U is a module over the Lie algebra L(V), via (2.13), which can

be lifted to a module over L(V), @ L(V), by letting (L(V),).U := 0. Consider the following
induced module over L(V):

M) := ULV)) ®uwvyerv), U = ULV)-) & U.
Let J be the U(L(V))-submodule of M(U) generated by the coefficients of the weak associativity
(2.2). It was proved in [DLLM98] that
MU) = MU)/J
is an admissible V-module generated by U, with bottom-level M(U)(0) = U. The module vertex
operator is given by Yy (@, 2) = Yuez a()z"' = Y,z apgz™", for any a € V. Moreover, any
admissible V-module W generated by W(0) = U is a quotient module of M(U).
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Let M be an irreducible V-moule, then M(0)* is an irreducible left A(V)-module via (2.12).
The anti-involution 6 : L(V) — L(V) of Lie algebras induces an isomorphism of associative
algebras

0 : UL(V)) — ULV)).

Since O(b,(n,)...bi(ny)) = bi(ny)...b.(n,), where b'(n) is given by (2.7), and M(M(0)*) =
U(L(V)).M(0)" = 0(U(L(V))).M(0)". It follows that

M(M(0)") = span{b(n;)...b.(n)V : r>0,b; € V,n; € Z,¥i,v' € M(0)"}. (2.14)

Moreover, by carefully choosing the coefficients in the weak associativity (2.2) for the vertex
operator Y, one can also show that M(M(0)*) = span{b’(n)v’ : b € V,n € Z,v' € M(0)"}
[LLO4]. These facts will be used in Section 5

2.2. The chiral Lie algebra ancillary to (P!, oo, 1,0). The chiral Lie algebra Levp, (V) ancil-
lary to a VOA V and a stable n-pointed curve (C, P,) was defined as H*(C\P,, V¢ ® Q¢/ImV),
see [FBZ04,BD04,DGT24]. Instead of a family of stable curves, in this paper we are only inter-
ested in one smooth curve C = P! with three marked points P, = (oo, 1,0). We can reinterpret
the trivialization of the vector bundle ¢ ® Q¢-/ImV on P! usmg a purely algebraic language,
and define the chiral Lie algebra Lp\ (o 1 0;(V) ancillary to P'\{co, 1,0} as follows:

Consider the localization C[z*!, (z — 1)*!] of the Laurent polynomial ring C[z*!] with respect
to the element (z — 1). Since d/dz preserves the set {(z — 1)™ : n € N}, it induces a differential
operator on the localization, which makes the pair (C[z*!, (z — 1)*!],d/dz, 1) a commutative
differential unital algebra. Then V ® C[z*!, (z — 1)*!] is a vertex algebra.

Definition 2.8. The chiral Lie algebra Ls1\(«10,(V) ancillary to P'\{co, 1,0} is defined by
Lenwr0(V) = (VO Cl*, (2 - D) /ImV, (2.15)

where V=L(-1)®Id+Id® diz. Then as a vector space we have

Zn
(z— 1"

-a® - ((Z 1)m) where we use the same symbol for the equivalent class

Lot\jeo.1,0(V) = span {a ® ca€eV,mne Z} , (2.16)

with (L(— 1)a) ® = 1),,, =

ofa® —*- = 1),,1 e VeClzt!, (z - 1)”] in the quotient space. The Lie bracket on £(V) is given by
e — Z Z( )( _ )a,ﬁb@ _ (2.17)
P2 =1y

where a,b € V, and m, n, s, t € Z, see Section 3.9 in [GLZ24].

The following Proposition is a purely algebraic version of the chiral Lie algebra action on the
space of coinvariants [FBZ04, DGT24]. The proof is an immediate consequence of the Jacobi
identity of VOAs, together with (2.17), we omit it.

Proposition 2.9. Let M', M?, and M? be V-modules, and let a ® —*— G 1),1 € Lpi\(eo.1,0/(V). Then
(1) (MP) is a module over the Lie algebra Ls\jw.1.0/(V) via pe : Lpi\(eo1.0(V) = gl((M?)),

n

Z
(z— 1"

p a0 5] 89 = R 0000 0 [
(2.18)
- Z( )( d'(n—m-— jy;, vye MY,

Jj20

where ¥(a) = -V (=z72)19(q), and a' (k) is given by (2.7).
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(2) M'" is a module over the Lie algebra Lz\ e 1.0,(V) via p1 : Lpi\je.1.0/(V) = gl(M"),

7" 3
(oo 555 o0 = Rescattaz= Downen (55
. (2.19)
:Z(_)a(j—m)vl, vi e M.
=0 \J

(3) M? is a module over the Lie algebra Lenieo1.0/(V) via po : Lpt\jeo1.0/(V) = al(M?),

n

z
(z=Dr

Zn
) (v2) = Res oYy (a, 2oty ( )

Po(a® TR

—m (2.20)
= Z( j )(—1)_m_ja(n + j)va, W€ M>.

j=0

In particular, (M?) ®: M' ®: M? is a tensor product module over the chiral Lie algebra
Lpi\(eo,1,01(V), with the module action given as follows:

(a@ & )(v’®v ® V)
(Z—l)m \V3 1 2

j=0 j=0
—m i .
+ Z( ) )(—1) L@ v ®@a(n + jva,
o\ J
where vV, ® vi ® v, € (M?) ®c M' ®c M*.
2.3. Space of three-pointed conformal blocks on P'. Consider the following datum:
S(MY M M) = (P00, 1,0,1/z,2 = 1,2, (MPY, M', M?), (2.22)

where 1/z, z— 1, and z are the local coordinate around the points oo, 1, and 0 on P!, respectively.
The contragredient module (M?Y is attached to oo, and the V-modules M' and M? are attached
to the points 1 and 0, respectively. Recall that (M?) ®: M' ®: M? is a module over the chiral
Lie algebra Lpi\(e01,0)(V) via (2.21).

Definition 2.10. [NT05,FBZ04,DGT24] Let V be a VOA, and M', M?, and M? be V-modules.
The quotient space

2o a1 g (M3 ®c M' ®c M?

V(Zi (MY, M, M?)) = o V) (VP oo M1 8 30)' (2.23)
is called the space of coinvariants associated to the datum X, ((M?>)’, M', M?). The dual space
(M?Y & M' @ M?

L o,1,00/(V). (M) & M' ®c M?)
is called the space of conformal blocks associated to X;((M>), M', M?). We refer to an ele-
ment ¢ € € (21 (MY, M' M 2)) as a (three-pointed) conformal block associated to the datum
= ((M3PY, M, M?).

*

C (SU(MY, M, MP)) = ( (2.24)

One can replace the marked point 1 on P! by another point w € C* on the same chart con-
taining 0, and define the chiral Lie algebra Lp1\e0,,0)(V) and its actions in similar ways as
Definition 2.8 and Proposition 2.9, with 1 replaced by w. In particular,

n

L\ (cow0)(V) = span {a ® ca€V,mne Z} , (2.25)

(z—wy"
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with (L(-1a)® 42— = —a® < ( - ), and the module action of the Lie algebra Lp1\ (0 ,.0(V)

(z—w)ym dz \ (z—w)™

on (M?)’ ®: M' ®: M? is given by

a® z (Vs ®v ®vy)
(z—wyn) 3 e

= Z (_;1)(—1)jwja’(n —m— )V, ®v, @V, + Z (’;)w”_jv’3 ®a(j—m)v; ® v, (2.26)

720 720

+ Z (_ﬁ)(—l)-m-fw—m—fv; Vv ®an + jv,.

>0
Similar to (2.24), for the datum
T (MPY, M, M?) := (P, 00,w,0,1/2,2— w,2, (M), M', M?),

we can define the space conformal blocks & (EW((M3)’, M, Mz)) as the vector space of linear

functionals on (M?)’ ®: M' ®: M? that are invariant under the actions of the chiral Lie algebra
L5\ (cour.0/(V). The conformal blocks associated to £, ((M3), M', M?) and X,,(M?Y', M', M?) are
related by the following formula, see [GLZ24, (eq. 4.11)]:

C (SUMPY, M, M) > € (S M M), @1 @, 027
(Pu [V ® V1 ®12) = () | WOy, @ wHOny | @y L0y, .

It is well-known that there is a one-to-one correspondence between three-pointed conformal
blocks and intertwining operators of VOAs, see [TUY89,FBZ04,NT05, GL.Z24]:

Proposition 2.11. Let M', M?, and M? be V-modules. Then there is an isomorphism of vector
spaces € (21((M3)’, M!, M2)) =~ I( M’ ) In particular, the fusion rule N( e ) is equal to the

M! M2 M! M2
dimension of the space of three-pointed conformal blocks on P'.

3. RESTRICTION OF THE CHIRAL LIE ALGEBRA AT 00

In this Section, we introduce the notion of co-restricted chiral Lie algebra Lp1\;01,(V)<o and
its augmented ideal Lp1\01,(V)<o. We discuss their basic properties and give a short list of
spanning elements of these Lie algebras. These properties will used to define the co-restricted
conformal blocks in the next Section.

3.1. Spanning elements of co-restricted chiral Lie algebra. Observe thatif gis a Lie algebra,
M is a g-module, and V C M is a subspace, then the stabilizer Staby (V) ={X € g: X.V C V}is

clearly a Lie subalgebra of g. In particular,
Stab(MS)/®CM1®CM2(M3(O)* ®c M1 ®c Mz) (3 1)
= {X € Lt\jor0/(V) : X.(M*(0)* & M' ® M*) € M*(0)* ®c M"' ®c M?) ‘

is a Lie subalgebra of the chiral Lie algebra Lpi\(o 1,0,(V).
Definition 3.1. We call the following subspace

_z
(Z _ 1)m
of the chiral Lie algebra Lp1\(c1,0,(V) the co-restricted chiral Lie algebra.

LP]\{O,l}(V)SO = Span {(l ® € LP]\{OO,LO}(V) ae ‘/, n—m< wta — 1} (32)

Lemma 3.2. The following properties hold for Lp1\01,(V)<o given by (3.2):

(1) Lpn.1y(V)<o is a Lie subalgebra of Lp1\(c.1,0/(V).
(2) LPI\{OJ}(V)SO c Stab(Mz)/®cM1®cMz(M3(O)* ®c M! ®c MZ).
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Proof. Leta® —*;
2.17), [a®

=i andb®(zf—sl),eﬁpn\“,O(V)@,withn m<wta—1and s—t < wth—1. By
(z 1)m’b®(z l)’ ZiZOZjZO(,)( )al+jb®( 1)m+r+]’W1th
m+s—-i-m+t+j)=n-m+G-t)—i—-j<wta—-1+wth-1-i—j

= Wt(di+jb) - 1, (33)

forall i, j > 0. Thus, [a® = Z’;)wb@) (Zz°'1)t] € Lpn10) (V)<0, and Lp1\(1,0(V)<o 1s a Lie subalgebra.

Let v, ® vi ® v, € M*(0)* ® M' ® M?, and a ® = = 1),,1 € Lei1.0(V)<o. Since deg(a’(n —
m—jvy) = -wta+n—-m-j+1< —j<0forany j > 0, in view of (3.2), it follows that
Y0 () (=1)a'(n —m = j)v;, € MP(0)". Then by (2.21) we have

Zn
(a® ).(vg RV ®Vy)

(z— 1D
:—Z( )( Da'(n—m— ])v3®v1®vz+2( )v3®a(] m)v; ® v,
J20 Jjz0 J

> (_’f”‘)(—l)-m—fvg ®vi®a(n+ j)v, € M(0) & M' @ M.
j20

ThlS ShOWS ,£Ipl\{0’1}(V)§0 c Stab(M3)/®CM1®CM2(M3(O)* ®© ]‘41 ®(C M2) Od

Proposition 3.3. The Lie algebra Ly 1,(V)<o is spanned by the following elements:

wta
wta—k

a® a®z , a €V homogeneous, k > 1. 3.4)

z—1
We make a table for the pairs (n, m) such thatn — m < wta — 1:

(wta —3,-2) (wta—2,-1) (wta—1,0) (wta,1) (wta+1,2)

(wta—3,-1) (wta—2,0) (wta—1,1) (wta,2) (wta+1,3)

(wta—3,0) (wta—2,1) (wta—1,2) (wta,3) (wta+1,4) ...
(wia—3,1)  (wa—2,2) (wta—1,3) (wta,4) (wta+1,5) ... (3.5

(-2) (-1) 0) (1) (2) s
wherein the columns are labeled by the indices (i), with i € Z. The pairs (n, m) = (wta, 1), (Wta—
k,0), with k > 1, corresponding to elements (3.4) are marked in red in table (3.5).

proof of Proposition 3.3. Let g be the subspace of Lp1(9,1;(V)<o spanned by the elements (3.4).
We need to show that a ® ¢ l)’”’ with (n, m) given by non-red pairs in (3.5), are contained in
g, forany a € V. By abuse of language, we also say that the pair (n,m) belongs to g if the
corresponding element a ® 5= 1)m belongs to g.

Fix a [ > 0. We claim that

wta—I wta—[

Z
Ifa® €g, YaeV, then a®
=1 ° ERNT

i.e., if the pair (wta — [, 1) belongs to g, then all the pairs lying on the same column (/) that are
below (wta — [, 1) are Contalned in g.
Indeed, since a ® < 22 e gforall a € Vand wt(L(~1)a) = wta + 1, by (2.15) we have

€q,YVaeV, m>1. 3.6)

Zwta+l—l d (Zwta+l—l) (Wta _ l)Zwta—l Zwta—l
0=L(-1)a® =-a® — =-a® +a®
=D z—1 dz\ z-1 z—1 (z—1)?
wta—1
=0+a® (mod g).

(z—1)
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Hence (wta — [,2) belongs to g for all @ € V. Proceed like this, using induction on m, we can
easily show that (wta — [, m) belongs to g, for all m > 2 and a € V. This proves our claim (3.6).
In particular, all the pairs on the column (1) are contained in g.

On the other hand, we observe that for any a € V and [, m € Z, we have

wta—I Zwta—l Zwta—l+1
+ta® ——/—
(Z_ 1)m (Z_ 1)m+l

a® —(Z Z
We use the following graph for the pairs (2, m) to illustrate this property:

a®

(wta — I, m) (wta—I+1,m+1)

e (3.7)

(wta—L,m+1)

Using (3.7), it is easy to see that all the pairs on column (i), with i > 2, are contained in g.
Furthermore, apply (3.7) to the triple
(wta —1,0) (wta, 1)
(wta—1,1)
We have (wta — 1, 1) € g. Then by Claim (3.6), all the pairs on column (0) are contained in g.
Now apply (3.7) to the triple
(wta —2,0) (wta—1,1)
(wta —2,1)
We have (wta — 2, 1) € g. By the Claim (3.6) again, all the pairs on column (—1) that are lying
below (wta — 2,0) are contained in g. Proceed like this, we can show that all the pairs below
the ones marked in red in table (3.5) are contained in g. By applying (3.7) successively, starting
with the triple
(wta—-2,-1) (wta—1,0)
(wta — 2,0)
we can easily show that all the pairs on top of the red ones are contained in g as well. Hence all
the pairs in (3.5) are contained in g. O

3.2. The augmented ideal of the co-restricted chiral Lie algebra. Inspired by the definition
of O(V) in the Zhu’s algebra A(V) [296], we let

Anng, v, (M(0)) = {X € Lonjo. (V<o : oM (0)) = 0}, (3.8)
which is clearly an ideal of the Lie algebra Lp1\o 1;(V)<o.
Definition 3.4. We call the subspace

Zn
(z— 1
an augmented ideal of the co-restricted chiral Lie algebra Lp1\1,(V)<o.

LPl\{O,l}(V)<O = Span {Cl ® S LPI\{O,I}(V)SO ca€eV, n—m< wta — 1} (39)

The fact that Lp1(91,(V)<o 1s an ideal of Lp1\(0.1,(V)<o follows from a similar estimate as (3.3),
we omit the details. In the following table, spanning elements of Lp1( 1,(V)<o correspond to
the pairs (n, m) that are lying below the horizontal line:

(wta—3,-2) (wta—2,-1) (wta—1,0) (wta,1) (wta+1,2)

(wta—3,-1) (wta-2,0) (wta—1,1) (wta,2) (wta+1,3) ...
(wta—3,0) (wta—-2,1) (wta—1,2) (wta,3) (wta+1,4) ... (3.10)
(wta—3,1) (wta—2,2) (wta—1,3) (wta,4) (wta+1,5) ...

Lemma 3.5. The ideal Ly 1,(V)<o satisfies the following properties:
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(1) Leno(V)<o € Anng,

Lenjo.y (Voo (MP(0) @ M' @ M?) = MP(0)" ®c (Lonjoy(V<o-(M' @ MP)). (3.1

(2) The quotient Lie algebra Lp\1y(V)<o/ Lpj0.1y(V)<o is isomorphic to the subalgebra
L(V)o ofthe Borcherd’s Lie algebra in Definition 2.6.

€ Lpn,1;(V)<o. By (2.18), for any v} € M3(0),

W=o(M>(0)*). In particular, we have

Proof. Leta® —— ey 1),,,,

n

< AN —-m Y _ o, —
p“(a®<z—1)m)(v3)_ Z(j)( e =0

720

since deg(a’(n —m — j)vy) = -wta+n—-m— j+1 < —j < 0forany j> 0. Thus, Lpi (V)<
annihilates M3(0)*.

Next, we show that Lpi\.1;(V)<0/Len0.1;(V)<0 = spanfa ® 2V + Lpioy(V)<o : @ € V}.
The pair (wta — 1, 0) that corresponds to a ® z*“~! is marked in red in (3.10). Apply (3.7) to the
following triple in table (3.10):

(wta — 1,0) (wta, 1)
(wta—1,1)

we see that a ® EWT‘T = a® V! (mod Lpn0.1;(V)<o) since the pair (wta — 1, 1) belongs to
Le10.13(V)<o. Then apply (3.7) to the triple:

(wta, 1) (wta+1,2)

(wta, 2)

we have a ® £ =a®: Zwm = a® 7" (mod Lpi1)(V)<o) since the pair (wta, 2) belongs to

( 1)2
Lp10.1}(V)<o. Proceed hke this, we can show that the elements a ® = 1),,1
the pairs lying on the first line of (3.10) are congruent to a ® z*“~! modulo Lp1\;9.1,(V)<o-

Furthermore, by (2.15) we have L(—1)a®z""“+ Lpi\0.1,(V)<0 = —=(Wta)a®z""“~ + L1\ 10.1,(V)<0,
and it follows from (2.17) that

[a® 7" + Lenoy(V)<0, b ® 2" + Lono.1y(V)<0]

corresponding to all

ta — 1 3.12
_Z(Wa‘ )ab®zwta 1+wtb—1- l++£P‘ Ol(V)<O ( )
>0

On the other hand, by Definition 2.6, the Lie algebra L(V)y = span{ajw,-1; : a € V}, subject

to the relations (L(—1)a)jwiq) = —(Wta)apwia-17 and

wta — 1
[awia—11> Brww-11] = Z( i )(ajb)[wta—Hwtb—l—j]- (3.13)
20

Comparing (3.12) and (3.13), it is easy to see that Lpi01,(V)<0/Lenj0.11(V)<0 = L(V)o as Lie
algebras. O

By adopting a similar argument as the proof of Proposition 3.3, we can easily prove the
following fact about the spanning elements of Lp1(1;,(V)<o.

Lemma 3.6. The augmented ideal Lp1\(1,(V)<o is spanned by the following elements

wta—1
wta—k

a®z , a €V homogeneous, k > 2 (3.14)

a®
z—1
(wta—3,-2) (wta—2,-1) (wta—1,0) (wta,1) (wta+1,2)
(wta—3,-1) (wta-2,0) (wta—1,1) (wta,2) (wta+1,3) ...
(wta—3,0) (wta—-2,1) (wta—1,2) (wta,3) (wta+1,4) ... (3.15)
(wta—3,1) (wta—2,2) (wta—1,3) (wta,4) (wta+1,5) ...
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The pairs (n, m) corresponding to the spanning elements (3.14) are marked in red in table (3.15).

4. SPACE OF 0o-RESTRICTED THREE-POINTED CONFORMAL BLOCKS

We introduce the notion of co-restricted three-pointed conformal blocks on P! in this Section
using the oco-restricted chiral Lie algebra Lpi\(91,(V)<o. We then use the ideal Lp1\(9 (V)< to
define the contracted tensor product M! ® M?. This space is closely related to the left A(V)-
module A(M") ®,yy M?(0) [FZ92], we discuss their relations by the end of this Section.

4.1. oco-restricted three-pointed conformal blocks on P'. We restrict the module (M?)" in the
datum (2.22) to its bottom degree and obtain the following datum:

Z(MP0)", M', M?) = (P',00,1,0,1/2,2— 1,2, M(0)", M', M?). 4.1)

Note that M3(0)* is naturally a right module over the Zhu’s algebra A(V) and a left module over
A(V) via the involution 8 : A(V) — A(V), [a] — [e"V(=1)1Oq].

Consider the co-restricted chiral Lie algebra Lp1(01,(V)<o in the previous Section. It follows
from Lemma 3.2 that Lpi\0.1,(V)<0.(M*(0)* ®c M' ®c M?) C (M?(0)* ®c M' @ M?)

Definition 4.1. The vector space

4.2)

3 * 1 ) "
€ (2130, M', M?)) :=( M>(0) ® M' & M )

Lenjo.y(V<o. (MP(0)* ®c M' ®c M?)
is called the space of (three-pointed) co-restricted conformal blocks on P'. An element ¢ €
€ (21 (M3(0)*, M", Mz)) is called a (three-pointed) co-restricted conformal block associated
to the datum X, (M>(0)*, M', M?).

We want to express the right hand side of (4.2) in terms of a hom space. We observe the
following facts in the representation theory of Lie algebras. The proof is standard argument, we
omit it. See also the proof of Theorem 6.11.

Lemma 4.2. Let g be a Lie algebra, W and M be g-modules, V be a finite-dimensional g-module,
and V* be the dual module of V. Then

(1) There is an isomorphism of vector spaces:
Home(V* ®@c W/g.(V* ®c W), C) = Homy(W, V), 4.3)

where V* ® W is the tensor product of g-modules.
(2) Let O(g) < g be an ideal of g. Then M]O(g).M is a g/O(g)-module, and we have an
isomorphism of vector spaces:

M/g.M = (M]O(g).M)/(3/O(8)).(M/O(g).M) (4.4)
We will apply Lemma 4.2 to the following datum:
5= Lenoy(V<oy W=M & M, M = M(0)" ® M' @ M?,
V= M0), 0(®) = Leno.n/(V)<o- “
First, we introduce the following notion based on Lemma 3.5:
Definition 4.3. Let M' and M? be V-modules. Define
M'o M : = (M' ®c M)/ Leo,y(V)<o-(M' ®c M?). (4.6)

We call it the contracted tensor product of M' and M?>.

We remark the following facts for the contracted tensor product M' © M?:
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(1) By Lemma 3.6, together with (2.21), M' ® M? is spanned by the symbols v; ® v, which
is bilinear in v! and v?, with v; € M" and v, € M?, subject to the following relations:

ta—1
Z (W a. )a(j -1y ov,=v0 Za(wta -1+ jv,, 4.7)
Jj20 J 720
wta — k\ .
Z( _ )a( i OV = —v @a(wta — k)va, k> 2, (4.8)
720

foranya € V,v, € M' and v, € M>.
(2) By Lemmas 3.5 and 4.2, M' ® M? is a module over the Lie algebra L(V),, with the
module action given by

wta — 1\ .
Afwia—11-(V1 O V) = Z( . )Cl(])vl O vy + v ©o(a),, 4.9)
>0
for any dpya_1] € L(V)o, vi € M" and v, € M?, where o(a) = a(wta — 1).
(3) Since a ® Z:l_u;] and a @ z , with k > 2, are spanning elements of Lpi\;01,(V)<o,
it follows that the relations (4.7) and (4.8) lead to the following general relations in
M"' ® M?, which corresponds to the action of a ® (szi—al_;, € Len.1;(V)<o 0n vy @ vy:

> (Wta,_ S)a( jmmon=-1oy (_,t)(—l)”ja(wta — s+ v, (4.10)
j j

j=0 j=0

wta—k

where s, € Z such that s + r > 1, in view of (3.9).

Note that the left A(V)-module M>(0) is a also module over the Lie algebra L(V), via the Lie
algebra homomorphism L(V)y = A(V)Lie, awia—17 > lal, see [DLMO98].

Proposition 4.4. There is an isomorphism of vector spaces:

€ (Z1(M3(0), M', M?)) = Homyy), (M' © M?, M*(0)). 4.11)
Proof. Apply Lemma 4.2 to the datum (4.5), we have

M3(0)* ®c M' ®c M? "
Loy (V)<o- (M (0) @ M' &c Mz))
(MP(0)" ®c M' ®c M?)[ Le1yj0,,(V)<0.(M>(0)* ®c M' ®c M?)
(Leo.1(V)<o/ Le1j0,1)(V)<0).(The Numerator)
(M30)" @ M' @c M?)/ (M3(0)* ®c Lenyo.1)(V)eo.(M' @ M?))
(L(V)p).(The Numerator)

%(21(M3(0)*, M, MQ)) = (

=~ Homc ; C) (by (4.4))

=~ Homc ,C] (by (3.11))

M3(0)" ®c (M' © M?)
(L(V)o). (M3(0)* ®c (M' © M?))’
= Homyy, (M' © M?, M3(0)) (by (4.3)),

=~ Hom¢

C) (by (4.6))

where we used the isomorphism Lp1\(9.1,(V) <0/ Lp1\(0.1;(V)<0 = L(V)o in Lemma 3.5. O

4.2. The L(V),-module M' ® M? and the A(V)-action. We discuss some basic properties of
the L(V)o-module M' ® M? in Definition 4.3. In particular, we show that M' ® M? is also a left
A(V)-module when M? is generated by M?(0).

Proposition 4.5. Assume the V-module M? is generated by M*(0). Then we have
M' © M? = span{v; @v* : v; € M',v* € M*(0)}. (4.12)
In particular, (4.12) holds if M? is an irreducible V-module.
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Proof. By assumption, we can write M? = spanf{a'(n;)...a (n,)V* : a' € V,n; € Z,v* € M*(0)}.
Note that a’(wta' — kv € M?*(k; — 1) = M*(0) or 0 if k; < 1. It follows that M? is spanned by
the following elements:

a'(wta' —ky)...a"(wta = k)W, r=>0,d €V, k >2, v} € M*0). (4.13)
Then by (4.8) we have

vy ©a'(wta' — k)a*(wta® — k) ...d"(wta" — k,)v?

ta' —k
= Z (W ‘ 1)a‘(jl)vl od’(wta> — ky)...d" (wta" — k,)v*

Jj120 J1

1_k r_kr . .
= (—1)’2 . Z (Wtajl 1) .. .(wtaj )a’(],) .. .al(]l)vl oV,

J120 Jr=0 r
where vi € M', a' € V and k; > 2 for all i, v> € M*(0). This proves (4.12). o

Let M be an admissible V-module. We recall the construction of A(V)-bimodule A(M) in
[FZ92]. By [FZ92, Definition 1.5.2], there are left and right =-actions of V on M:

wta t
VXM M, (av)-asv=Res. Yylaz- h—= > (W.“)a(j 1y, (4.14)
z-1 =0\ J
gVl wta — 1\ .
MXV —- M, (v,a)—v+a=Res_Yyla,z—1)v ] :Z . a(j—yv. 4.15)
z- ~ J
j=0

Using the notations in (4.14) and (4.15), we can rewrite formulas (4.7) and (4.9) as follows:

Vi*a)Ov, =v O Z a(wta — 1 + j)vy, 4.16)
=0
Afwia—11-(V1 O V2) = (@ * vy — v *a) O vy + v © o(a)v,. “4.17)

The following formulas are (1.5.11) —(1.5.15) in [FZ92], which shows that A(M) = M/O(M)
is a bimodule over A(V) 2.7:

oV)xv C OM), v O(V) C O(M),
axO(M)C OM), OM)+a C O(M), (4.18)
(axb)yxv—ax*(b=xv)e OM), (vxa)«b—v=(axb)e OM),

(a*v)xb—ax(v=b)e OM).

Now we define an #-action of V on M' ®: M? as follows:

V x (M1 Qc Mz) — M'®: M?, ax Vi®w) =(@+vi—vi*a)®vy + v ®o(a)v,, (4.19)
where a * v; and v; * a are given by (4.14) and (4.15), respectively, with v, € M' anda € V.
Lemma 4.6. The action (4.19) satisfies

a (LPI\{O,I}(V)<O-(M1 Qc Mz)) C Lonoy(V)<o-(M' @c M?).
In particular, the *-action induces an action of V on M' © M>:
V % (M1 © MZ) S M oM, ax(viOw)=(@a*v, —v; *a)Ov, +v; Qola)y,. (4.20)

i.e., a* (Vi ©Vy) = dpwa-11-(vi © V), in view of (4.17).
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Proof. Let X € Lp10.1,(V)<o. Using the notations in Proposition 2.9, we have po(a®z" N (vy) =
o(a)v, for any v, € M?. Then by (4.20) and (4.17) we have

ax(X.(vi ® ) = a* (p1(X)(v1) ® v2 + v ® po(X)(v2))
= p1@a® ") (p1(X)(11)) ® v2 + p1(X)(v1) ® o(a)v;
+p1(a ® 2" (1) ® po(X)(v2) + vi ® 0(a) (Po(X)v,)
=10 (p1(@®@ " v @ va + pi(la® 2, XD(v) @ v,
+p1(a ® 2" (1) ® po(X)(v2) + p1(X)(1) ® o(a)v,
+v1 ® po(X) (0(@)v2) + vi ® po([a ® 2™, X])(v2).
It follows from (2.21) that
p1(X) (Pl(a ® ZWta_l)(Vl)) ® vy +p1(@® 2" () ® po(X)(v2) € Lpyo.,(V)<o0-(M' ®c M?),
P1(X)(v1) ® o(a)vy + v ® po(X) (o(a@)vy) € ~£IP1\{0,1}(V)<0-(M1 ®c M?).

Since Lpijo.1,(V)<o is an ideal of the co-restricted chiral Lie algebra Lpi o 1,(V)<o and a®z™"! €
Lp0.1,(V)<0, we have [a ® el X e Lp0.13(V)<0, and so

p1(la® 2", XD(v1) @ vy +vi ® po(la ® 2V, X1(v2) € Lenjo.y(V)<o-(M' ®c M?).

Hence we have a * (X.(v; ® v2)) € Lpij0.1;(V)<0-(M' ®c M?). Finally, since M' © M? = (M' &
M?) L1 0.1y(V)<o-(M"' ®c M?) in view of (4.6), the action (4.19) induces an action (4.20). O

We have the following Theorem by Proposition 4.5 and Lemma 4.6.
Theorem 4.7. Assume the V-module M? is generated by M?(0), then (4.20) induces an action
AV)X (M'oM*) > M' 0 M?,  [al.ny ©V?) = (@*v)) OV, (4.21)
where [a] € A(V), v € M" and v* € M?(0), which makes M' © M? a left A(V)-module.
Proof. Let v € M?*(0). We claim that
oMY eV =0. (4.22)
Indeed recall that O(M") = spanfa o v = ¥ ;59 (Wm)a(j — 2w, :a € V,v; € M'} [FZ92]. Since

a® (Z 1)2 € Lpn0.11(V)<o in view of table (3.15), we have

ZWta 1 Zwta
(aovy) 0V = Res,_Yy(a,z - 1)V1L1,Z_1 ((Z——1)2 0V = pila® (Z——1)2 vy) o}'a

ZWta ] )
= -=v1 ©po ((l@ m)vz = -V @(Z ](l(Wt(l + ] 1)\/2] =
720

This proves (4.22). We want to show that O(V) = (M' © M?) = 0, where the *-action of V is
given by (4.20). By Lemma 4.5, it suffices to show O(V) = (v; ®v?) = 0 for any v* € M?(0) and
v; € M'. Recall that o(O(V))M?(0) = 0 [Z96], then by (4.22) and (4.18), we have

O(V) % (v ®v?) = (O(V) xv; —v; * O(V)) ©V* + v, © o(O(V)V* C O(M") 0 v* +0 = 0.
Hence (4.20) descends to a well-defined bilinear map
A(V) x (Ml ) MZ) - M'o M?, [al.(vi ©vy) =(a*xvi —vy *a)Ovy + v ©o(a)v,, (4.23)

where [a] € A(V), v; € M" and v, € M>.
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In particular, for v; € M' and v* € M?(0), by (4.16) we have [a].(v; ©V?) = (@*Vv; — V| *a) @
V2 + v @o(a)? = (a*v) OV —v; ©olaV? + v, ©o(a)Vv? = (a*v;) ©v>. This proves (4.21).
Moreover, for any a,b € V, by (4.18) and (4.22) we have

([a] * [b]).(v ©V?) = [a]. ([b].0n © 7))
=((axb)xvi—axbxv)OVvV e OM)OV =0

Thus, (4.21) makes M' © M? a left A(V)-module. o

Remark 4.8. Note that (4.23) agrees with the Lie algebra L(V)-action (4.17), which makes
M' ® M? an A(V);.-module. Since the A(V)-action (4.21) is a specialization of the action
(4.23) on the bottom level of M?(0), it follows that if M is generated by M?(0), then the L(V),-
module homomorphism p : L(V)y — gl(M' ® M?) factors through the Lie algebra epimorphism
L(V)y = A(V)Lie» apwia—17 P lal. i.e., we have a commutative diagram:

L(V)y —2— gl(M' © M?),

A(V)Lie
where p is given by (4.9) and ¢ is given by (4.21). In particular, we have
Homyy),(M' © M?, M*(0)) = Homyy(M' @ M?*, M*(0)), (4.24)
where M', M?, M? are V-modules, and M? is generated by M?(0).

Corollary 4.9. Assume that the V-module M? is generated by M*(0). The following is an
epimorphism of left A(V)-modules or L(V)y-modules:

7 AMMY) ®yy MP(0) » M' O M?,  [v]®V > v OV (4.25)
In particular, we have an estimate:
dim Homyy,,(M' © M?, M*(0)) < dim Homyy,(A(M") ®4v) M*(0), M*(0)). (4.26)

Proof. To show r is well-defined, we need to show 7([O(M")] ®v?) = 0 and 7 ([v,] * [a] ®1?) =
n(v; ® o(a)v?). Indeed, by (4.22) we have 7([O(M")] ® v*) = O(M") ®v* = 0. Moreover, by
(4.16) and (4.21) we have
a([vi] * [a] @ V?) = n([vy * a]l @ V?) = v; x a OV = v; @ o(aV* = (v, ® o(a)V?),
a([al.(vi]1®V) = ([a * vi] ®V) = (a*v)) 0V = [a].(v; ©V*) = [a].a([vi] ® V7).
Hence 7 in (4.25) is a well-defined A(V)-module homomorphism. By Lemma 4.5, it is surjec-

tive. Moreover, A(M") ®4.y, M?(0) is also a module over the Lie algebra L(V), via (2.13), with
the Lie algebra action given by

Apwa-11-([v1] ® v2) =laxv]® Vo= [axvi—vi*xa]l® v+ [vi]® o(a)v2

_ Z (wtaj— 1)[a(j)V1] @V + [v1]1 ® o(a)va,

720

which agrees with the action of dpy,—1; on vi © v, in view of (4.9). Thus 7 is a homomorphism
of L(V)o-modules. Finally, the estimate (4.26) follows from (4.24). O

Remark 4.10. In Section 5.4, we will see that the epimorphism m (4.25) is not necessarily
injective, and so the estimate (4.26) is sharp for certain examples of VOAs. On the other hand,
if the VOA V is rational and C,-cofinite, then 7 is in fact an isomorphism of left A(V)-modules.
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5. EXTENSION OF THE 00-RESTRICTED CONFORMAL BLOCKS

In this Section, we prove that an co-restricted conformal block ¢ in & (21 (M0, M', M 2))
can be extended to a regular three-pointed conformal block ¢ in € (Z ((MPY, MY, Mz)), where
(M3Y = M(M?(0)*), which leads to our hom-space description Homy,,(M' © M?, M3(0)) of
the space of intertwining operators / ( Mﬂ”;l )

5.1. Construction of the extended conformal blocks. The following lemma shows that any
regular conformal block can be restricted to an co-restricted conformal block, which also gives
an estimate of the fusion rule generalizing the estimate in [L.199, Proposition 2.10].

Lemma 5.1. Assume the V-module (M?)' is generated by its bottom degree M>(0)*, then the
restriction map

G: % (S, M, M»)) - € (S(MO). M. M), & - Yliporemen (5.1)

is injective. In particular, N ( M’y;2) < dimHomyy,(M"' © M?, M3(0)).

Proof. By the remark in Section 2.1.5, (M?)’ is spanned by {b'(n)v; : b € V,n € Z,v}, € M*(0)*},
where b'(n) = 3, 50 S22 (L(1)/b)(2wth — n — j — 2). Now assume §f € C (TP, M, M)

J!

such that ¥/|ys0yemiem? = 0. Then by (2.21),

Y(b'(n)v; ® vi @ )
= -y ((b®Z).(V; ®vi @) + YV ®Res,o Yy (a,z = Dvi @ vo)uy .1(2")
+ (v ® vy ® Res Y2 (b, 2)v2)7"
=0,
where the last equality follows from the facts that ¢ is invariant under the action of » ® 7", and

Yl oremernz = 0. Hence ¢ = 0 on (M?Y ® M' ® M?. i.e., G is injective. The estimate of the
fusion rule follows from Proposition 2.11 and Proposition 4.4. O

Let M3 be a V-module with bottom degree M>(0), and let M(M?3(0)*) be the generalized
Verma moc}ule associated to the left A(V)-module M>(0)* via the contragredient action (2.12).
Note that M(M?(0)*) = span{b’(n), : b € V,n € Z,v}; € M*(0)"}.

Construction 5.2. Given an co-restricted conformal block ¢ € € (21(M3(O)*, M, MZ)), define
a linear map @ : M(M?(0)") ® M' ®: M*> — C by letting
(¢| ')V, ®vi®vy) i = (¢ | vy ®@Res,1 Yy (b,z— vy ® vo)uy —1(2")

) (5.2)
+{p | vy ® vi @ Res,—o Y2 (b, 2)v2)7",

where b € V, n € Z, and v, € M*(0)".

Moreover, for a general spanning element b} (n,)b,(n,) ... b (n,)v}; of M(M?3(0)*), where b; €
Vand n; € Z, with —=wtb;+n;+1 > 0 for all i, we define ¢ on the element b’ (n,)b}(n) . . . b}(n,)v;®
Vi ® v, inductively by the following formula:

(@] D)D) . .. B(n, )V, @ vy @ 1)
= (@ |b5(ny)...bi(n, )V @ Res,1 Yy (b1, 2 — 1)vi @ vo)uy .1 (") (5.3)
+ (| (o) . .. BU(n,)V @ vi @ Res,oYy (b1, 2)va)2".
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Remark 5.3. Observe that if ¢ is an element in €’ (21 (M(M3(0)*),M', M 2)), then it must satisfy
the following equality by (2.21):

_ -1 ! Zn
<¢ | Res oo Yz 0y (D), 27 )3 @ v ® V2>Lz,l ((z _ 1)m)

=y | Vi ®Res._ Yy (b, z— 1)v; ® vy)uy .- ((Z _Z 1)m) (5.4

, '
+ <(,D | V3 XV ® RCSZ=0YM2(b, Z)V2>L1’Z (m) s

where b € V, V] € M(M?3(0)*), and m, n € Z. We construct ¢ in (5.2) and (5.3) in such a way to
make equality hold.

The only relations among the spanning elements b’ (n,)b}(n>) . .. bj(n,)v; of the generalized
Verma module M(M?>(0)*) is the Jacobi identity [DL.M98]. Note that (5.4) essentially a variation
of the Jacobi identity which on the other hand defines ¢ in (5.2) and (5.3). Hence ¢ is a well-

defined element in (M (M} (0))®c M' ® M 2)*.

We want to show that ¢ is an element in the space of conformal blocks associated to the
datum X;(M(M?3(0)*), M', M?). i.e., it is also invariant under the action of the chiral Lie algebra
Lpi\(w.1,01(V), see Definition 2.10. Using a similar combinatorial argument as in the proof of
Proposition 3.3, we can give a short list of spanning elements of Lp1\(c1,0;(V), which is essential
for the proof of the invariance of .

Lemma 5.4. The chiral Lie algebra Lp\ (1 0,(V) is spanned by the following elements:

wta—1

Z

a®
z—1

, a® Zwta—l, a® Zwta—k, a® Zwta+l, (55)

where a € V is homogeneous, k > 2 and | > 0.

The following table for the pairs (n, m) illustrates the spanning elements of Lp1\ (e 1,0,(V):

(wta — 3,-4) (wta-2,-3) (wta—-1,-2) (wta,—-1) (wta+1,0)

(wta —3,-3) (wta-2,-2) (wta—-1,-1) (wta,0) (wta+1,1) ...

(wta —3,-2) (wta—-2,-1) (wta—1,0) (wta,1) (wta+1,2) ... (5.6)
(wta—3,-1) (wta—2,0) (wta—1,1) (wta,2) (wta+1,3)

(wta—3,0) (wta—-2,1) (wta—1,2) (wta,3) (wta+1,4)

5.2. The extension theorem. Now we prove our main theorem about the extension of co-
restricted conformal blocks. A more general twisted version was proved in [GLZ24, Theorems
5.18, 5.19] using the Riemann-Roch theorem of algebraic curves. Here we give a purely alge-
braic proof.

Theorem 5.5. Let ¢ € %”(Zl(M3(O)*, M, Mz)), then ¢ given by (5.2) and (5.3) is invariant
under the action of the three-pointed chiral Lie algebra Lp:\«10/(V). In particular, we have an
isomorphism of vector spaces

F € (Si(MP0)', M', M) = € (S(M(M*0)), M', M), ¢, (5.7)

whose inverse is the restriction map G in (5.1).
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Proof. We need to show <g7| Ln\(eo1.0/(V)(M(M?(0)") @ M' &c M2)> = 0. By Lemma 5.4, it
is suffices to show that

<?5 (a ® ZWt_a_ll ) (D'(n)V;®v ® V2)> =0, (5.8)
<§5 (a ® Zwm_l) (B'(nv;®@v ® vz)> =0, (5.9
(@|(a@" ") .y @vi @) =0, k22, (5.10)
(@|(a®@). vy @ v ®12)) =0, 120, (5.11)

for any homogeneous a € V, and b’ (n)v; ® vi ® v, € M(M?*(0)") ®c M' & M>.

Case I. Proof of (5.8).

We state some easy facts first. For any v} € M?3(0)*, since deg(a’(wta — j — 2)) = —wta +
wta—j—2+1=—-j—-1<0forany j >0, we have

~ , Zwta—l , ) ,
Res.—o Yoy (@), 7 Wty [F—) = = Y @/(wta - j - 2)v = 0.
z-1 720

Moreover, let M be a V-module, and M’ be the contragredient module of M. For any v € M’,
veM,a,beV,and m,n € Z, by the Jacobi identity for Y,,, we have

([6'(m), d’(m)IV', v}y = (V', [a(m), b(n)v]) = — Z (’:)W (b(Da)m +n — D)v)

i>0

- _ Z((b(i)a)’(m +n— iy, v).

i>0

(5.12)

It follows that for any v}, € M>(0)*,

B , , Zwta—l
Res YM(M3(0)*)(19(61),221)[? (m)vitz (Z 1 )

, ~ , , ~ , ZWta—l
= Res (b (n)YM(M3(0)*)(19(61),Zzl)V3 — [6'(n), YM(M3(0)*)(19(61),221)]V3) lz1 (Z 1 )

) ~ , ZWta—l
= ReSZzooYM(MS(O)*)(ﬂ(b(l)Cl), ¥e) ! )V3LZ,1 (Z——l) .
Then by (5.4), (2.21), together with the equation above, we have

(¢

~ ~ ) ) Zwta—l
= <‘P | Resz:ooYM(M3(0)*)(l9(a), Zzl)b (mM;®v; ® V2>Lz2,l ( 2 )

wta—1
(a ® < 7 ) (B'(nv;®@v ® vz)>
Z —

-1

i, ) ZWta—l
+ (¢ | b’ (n)v; ® Res =1 Yy (a, 22 = vy @ vty 54 (; 1)
-

wta—1
+ <a| b’(n)vg RV RGSZ2:0 Yie(a, Z2)V2>Ll,z2 (Zz—l)
5 —

ny/,— . -1\, / n—i tha_l
= Z ; <QO | ReszzooYM(M3(0)*)(ﬁ(b(l)a), 2o )V3 VI ® V2>Z2 Uzl sz

i>0

) Zwta—l
+(p | v ® Res; - 1Res =1 Yy (b, 21 = DYy (a, 22 — Dvi @ vadty ;-1 (2)t o5 (22 1)
L
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Zwta—l
+ <‘)D | V,3 ® ReSm:l YMl(a7 Z2 - 1)V1 ® ReSZl:OYMZ(b, Z])V2>ZTL1’Z2_1 (Zz—l)
5 —

wta—1
+ <()D | V’3 ® ReSlel YMI (b, 1 — 1)\/1 ® RGSZ2:0YM2((1, Z2)V2>L1’Z1_1(Z7)L1’Z2 (Zz—l)
5 —

wta—1
’ 2
+{p | V3 ® v ® Res;, —gRes =0 Yy (b, 21) Y2 (@, 22)v2)7) 01 2, (Zz——)

=- Z (?)(s@

i>0

Zwta—1+n—i
V; ® ReSZFIYM‘(b(i)a, - ® V2>L1,zz—1 (ZZZ—_])

(4

wta—1+n—i
n , . <
-, (l.)@ |4 ® v ® Res,o ¥y (b(ia, 2)va)ur (—2 )
2

-1
i>0

(B)

) Zwta—l
+ (g | Vi ® Res,; —1Res 1 Yy (b, 21 — DYyp(a, zo — v @ va)uy ;-1(Z)t1 zp-1 (Z2 1)
5 —

©

) Zwta—l
— <(p | V3 RV ® RCSZI:()RCSZZ:O YM2 ((l, ZZ)YMZ (b, ZI)V2>ZTL1,Z2 (Z2 1)
5 —

(D)

wta—1
- <‘10 | V'3 ®Res,,-1Res, 1 Yy(a,z0 — )Yy (b, 21 — 1)y ® V2>L1,21—I(ZT)L1,zz—1 (Z2 1)
5 —

(E)

wta—1
+ (g | vy ® vi ® Res, oRes,—0 Yy (b, z1) Y (a, 22)v2)Z 1 2, (;_1)
) —

(F)
=—(A) - (B)+ (C) — (D) — (E) + (F),

where the last equality follows from the fact that ¢ € ¢ (21 (M30)*, M', M 2)) is invariant under
the action of a ® Z:_LII € Lpn0.11(V)<o. Using the Jacobi identity for Y,,1, we have

(€) - (E)

wta—1
={p | v @ Res, —1Res,,-1 Y1 (b, z1 — DY ypi(a, 22 — Dvy @ vadty z-1(Z)t1 201 (; 1)
5 —

wta—1
’ n Z
—{p | vy ® Res,,—1Res; -1 Yy (a, 20 — DYy (b, 21 = Dvi @ voduy o, 1(ZP1 201 (Z2 1)
5 —

= (¢

= ; (?)(s@

= (A).

wta—1
’ 2
V3 ® R6812=1Reszl—z2:0YM1 Yb,z1 —z2)a, 22— v ® v2>LZ2,Z1—Z2(ZY)L1,Zz—1 (Z—l )
5 —

wta—1+n—i
vy ®Res - Yy (b(D)a,zo — 1)vi @ vaty - (212——1)

Similarly, using the Jacobi identity for Y2, we have

— (D) + (F)



ONE-POINT RESTRICTED CONFORMAL BLOCKS AND THE FUSION RULES 23
wta—1
= (¢ | vy ® v ® Res; oRes.,o Vs (@, 22) Ve (b, 20v2)2] 01 (Zzz——l)
wta—1
+ (¢ | vy ® v @ Res; oRes,, oYy (b, z1)Yap(a, 22)v2)Z it o, (Zj——l)

wta—1
’ 2
= (¢ | V3 ® vi ® Resy,oResy, 1,0V (Y (D, 21 = 22)a, 22)Va )ty 200 (Tl 2, (Z—l)
5 —

n Zwta—1+n—i
= Z ( )(SO | Vi ® vi @ Res,,—0 Yy (b(i)a, z2)va)ti 4, (2—)
=0 \! S
— (B).

This shows (5.8) because

wta—1
<’¢>’ (a e ).(b’(n)v; ®v ® v2)> = —(A) - (B) + (C) — (D) - (E) + (F) = 0.

Case II. Proof of (5.9). It follows from (5.2) that

<Z‘ (a ® zwm_l) ', @v ® vz)>

a'(wta — Db'(n)v; ® vi @ vy) + (¢
G) (H)

wta—1

+ (5| b'(n)vy ® vi @ Res,,oYy(a, 22)v2)2)

b’ (n)v; ® Res.,-1 Yy (a, 2 — Dvy @ va)iy o, 123

--@

o
=—=(G) + (H) + ().

Note that a’(wta — 1)V} = o(a)v} for v} € M?3(0)*. Then by (5.12) and (5.2), we have
~| 7.7 ’ ny,— . ’ o7
(G) =y | b'(n)o(a)vy ® vi @ va) + Z (i)(go | (b(Ha)y (wWta—1+n—i),; Qv ®vy)

i>0

= (| o(@)vy ® Res,, 1 Yy (b, 21 — Dvy @ vaduy,y-1(2})

(G
+{p | o(a)vy ® vi ® Res,, oY (b, z1)v2)z]

(G2)

-1
v; ® Res,,—1Res;,_,,-0Yun (Y(b, 21 — 22)a, 20 — D)vi @ vadi, o, -0, (22

+(p

(G3)

wta—1

+ <90 | V’3 VvV ® Reszz=0ReSZ1—zz=0 YMZ(Y(b’ 71— ZZ)a’ Z2)V2>Lzz,Z1—zz(Z’11)Z2

G4
= (G1) + (G2) + (G3) + (G4).

On the other hand, using the invariance of ¢ under the action of a ® zV“~! € Lpny0.11(V)<0,
together with (5.2), we have
(H) = {¢|v; ® Res, 1Res,,1 Yy (b, 21 — DYy(@, 2o — Dvi @ vadiy 1po1 (23 it z-1(2))
+ (| Vs ®Res -1 Yy (a, 22 — Dvi @ Res; oY (b, 20)va)ty op-1(25 2]
= (¢ [V ® Res;ziRes,=1 Vi (b, 21 = DYapi(@, 2 = Dvi @ oY 1,1 (2 e 1(2)
(H1)

+ (¢ | o(a)Vy ® vi @ Res,, oYy (b, z1)v2)7]

(H2)
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n_wta—1

— {p|v; ® vi ® Res,,Res;, Yy(a, 22) Yo (b, 20)v2)7, 25

(H3)
= (H1) + (H2) — (H3).
(D =<y | Vi ® Res,;, =1 Yy (b, z1 — vy ® Res,,oY)2(a, Zz)V2>Z¥m_ltl,zl—1(Z7)
wta—1_n

+{p | V3 ® v ® Res; —gRes.,-o Y2 (b, 21) Y (@, 22)v2)25 " 2]

= (| 0@ ® Res, 1 Yy (b, z1 — vy @ vaduy 5, 1(2))

n
v, ® Res,,—Res;, o Yy (a, 220 — DYy (b, 21 — Dvi @ vadtg o, 125 Derz,1(2))

—(y

(12)

wta—1_n

+{p | Vi ® v; ® Res, oRes,,0Yy2 (b, z1) Yo (a, 22)v2 )25 2]

(3)
= (1) - (U2) + (13).

Note that —(G1) + (/1) = 0 and —(G2) + (H2) = 0. By the Jacobi identity for Y, and Y, we
have (H1) — (I2) = (G3) and —(H3) + (I13) = (G4).

(|(a@2"). & (s @i @) = =(G) + (H) + ()
= —(G1) - (G2) - (G3) — (G4) + (H1) + (H2) — (H3) + (I1) — (12) + (I3) = 0.

Case III. Proof of (5.10).
Let k > 2. Note that a’(wta — k)vj = 0 for v € M 3(0)*. Similar to the argument above, using
(5.12), we have

<§5‘ (a ® Zwm_k) BV, v ® vz)>

fr

+ (¢| b'(n)vy ® Res,—1 Yy (a, 22 — Dy @ vadiy ,-1(23™)
+ (| b (), ® vy ® Res.,o Yy (a, 22)va)zy ™

-~

Z (’l_l)(b(i)a)’(wta —k+n—i;®v ® vz>

i>0

vy ® Res -1 Yy (b(i)a, 2o — 1)vi ® oy o,-1 (2 ")

=0
- 3Pl e @ Rt e eyt
i>0
+{p|v; ®Res,, - Res,,—1 Yy (b, 21 — DYy (a, 2z — Dvi @ vodey 2,1 (2D, -1 (2547
+ (| v ®Res;,— Yy (a, 20 — v @ Res, Yo (b, 21)v2)7 11 1,-1 (5 7)
+(p| Vs ® Res; 1 Yy (b, 21 — vy @ Res,, oYy (a, 22)vaduy oy -1(2)2y ™
+{p | Vv, ® vi ® Res.,gRes.,.o Y32 (b, 21)Yap(a, 22)v2 )72y
=—(p | Vi ® Res.,-1Res., .,.o Yy (Y(b, 21 — 22)a, 20 — D1 ® va)ioy 2oy (@)1 2y 1 (23 F
—{p | Vv, ® v ® Res.,gRes., _.,.oYy1 (Y (b, 21 — 22)a, 22)va )z, 2o, (T 23 F

wta—k

V; ® RGSZ1:1RGSZ2:1 YMI (b, 1 — 1)YM‘ ((l, 3 — 1)V1 ® v2>Ll,Z1—1(Z7)L1,Z2—1(Z2 )

+ (¢

—{p | Vv, ® v ® Res.,—gRes., oYy (a, 22) Yo (b, 21)v2 )22y

- <SO V§ ® ReSz2=1ReSz.=1 Yin(a,zo — DYyp(b,z — Dy ® V2>Ll,z|—1(ZY)LI,ZZ—I(Z‘;m_k
n_wta—k

+{p | Vi ® vi @ Res,, gRes,,oYy2(b, 21) Yy (a, 22)v2)Z| 25
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=0.

Case IV. Proof of (5.11). Since deg(a’(wta +1)) = [+ 1 > 1, we have a'(wta + Db’'(n)v; €
M(M?(0)). Then it follows from (5.3) that

<?,5’ (a ® zwm”) (B (n,;@v ® V2)>

= —(¢| a'(wta + Db’ (n)v; ® vi @ vp) + (Z| b’ (n)v; ® Res,,—1 Yy (a, 22 — D)v; @ vy)ey -, 1 (23
+ (@ | b'(n)Vy ® vi ® Res,, Y (a, 22)v2 )2y "
=0.

Thus, (7 | Le0.1.00)(V)-(M(M3(0)") ®c M' ©c M?)) = 0 and § € € (Z,(M(M>(0)"), M', M?)).

It remains to show that the induced map F in (5.7) is an isomorphism of vector spaces.
Choose b’(n) = 1’(—1) in (5.2), we have

@|vienen)=(p

1’(—1)\/"3 RV ® V2>
-1
= Z( j )(90|V'3®1(j)vl ® V) +{p

720

Vi@ v @ 1(—1)ny)

:(<p|v'3®v1®V2).

Hence @lysopemion? = ¢, and so G o F = 1d. Conversely, let y € € (21(1\7I(M3(0)*), M, M2)),
using the invariance of ¢ under b ® 7" € Lp1\(01.00}(V), with —wtb + n + 1 > 0, we have
(' (n)v; ® v ® vy)
==y (b®Z).(V;® v ®1))) + (Vs ® Res o Yy (a, z — vy @ vp)iy.-1(Z")
+ (v ® vy ® Res,—o Yy (b, 2)v)7"
=0+ GW)(v; ®Res, 1 Yyi(a,z— 1vy @ va)y 1(2") + GW)(v; @ vi @ Res Y2 (b, 2)v2)7"
= (F o G)W)(D'(mv; ® vy ® ).

Since M(M?(0)*) is spanned by b’(n)v}, with —wtb + n+ 1 > 0, it follows that F o G = Id. Thus,
F in (5.7) is an isomorphism of vector spaces. O

5.3. Fusion rules determined by co-restricted conformal blocks. The following theorem
allows us to determine the fusion rule among V-modules in terms of the hom-space that involves
M' ® M? in Definition 4.3.

Theorem 5.6. Let M', M?, M be ordinary V-modules of conformal weights hy, h;, hs, respec-
tively. Suppose the contragredient module (M) is isomorphic to the generalized Verma module

M(M(0)"). Then we have I(,}",,) = Homyy,,(M' © M?, M*(0)) = Hom,y,(M' © M?, M*(0)).
In particular,

M3 .
N ( e Mz) = dim Homy, (M" © M?, M*(0)), (5.13)

where M' © M? is given by Definition 4.3. In particular, if V is rational, then (5.13) holds for
any irreducible V-modules M, M?, and M°.

Proof. (5.13) follows from the following commutative diagram:

Prop.2.11

(WO TR s @ (5 (MMPO)), M, MP))

|
I E\LThm.S.S
\I/

Prop.4.4

Homyy),(M' © M2, M(0)) $—=— % (S((M>(0)", M', M?)).
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If V is rational, and M? is an irreducible V-module, then M?3(0)* is an irreducible left A(V)-
module. Recall that the left module action is given by the involution 6 : A(V) — A(V), where
([@)].v | v3) = (Vi.lallvs) = (Villal.vs) = (Vilo(a)vs), see (2.12). On the other hand, the
bottom degree (M3)'(0) = M?3(0)* of the V-module (M?) is a left A(V)-module with ([a] *
V| v3) = (o(a)Vy | vs) = (V| 0(6(a))vs). Thus, ([6(a)] = v§|vs) = ([6(a)].V} | v3), and so (M>)'(0)
is isomorphic to M>3(0)* as a left A(V)-modules. But the generalized Verma module M(M?>(0)*)
is an irreducible V-module, see [DLMO98, Theorem 7.2]. Hence M(M?3(0)*) = (M?3) as V-
modules. O

Corollary 5.7. Let V be a rational VOA, and let M', M? be irreducible V-modules. Then
AM") ®4v) M*(0) = M' © M?
as both L(V)y-modules and left A(V)-modules.

Proof. Let M? be an irreducible V-module. Since V is rational, Frenkel-Zhu’s fusion rules
theorem holds [FZ92,1.199, Liu23]:

3
I(M]:4M2) = Homy ) (A(M") ®,v) M?(0), M*(0)). (5.14)
It suffices to show A(M") ®,v,) M*(0) = M' ® M? as left A(V)-modules. Since V is rational,
A(V) is a semisimple associative algebra [296, DLMO98]. By (4.25), there is an epimorphism of
left A(V)-modules A(M') ®,yy M*(0) » M' ® M?. Then by Schur’s lemma, it suffices to show
that the multiplicities of an irreducible A(V)-module M>(0) in A(M") ®a4¢, M*(0) and M' © M?
are the same. Indeed, let M? be the irreducible V-module with bottom level M3(0), it follows
from Theorem 5.6 and (5.14) that

3

Homy,(M' © M?, M?(0)) = I(M1 2

) = Homyy)(A(M") ®av) M*(0), M(0)).
Noting that the proof of (5.14) did not use the isomorphism A(M") ®,v) M*(0) = M' © M?, see
[L199, Liu23]. O

Corollary 5.8. Let V be a rational VOA such that the fusion rules among irreducible modules
are all finite, and let M', M? be irreducible V-modules. Then the generalized Verma module
M(M' © M?) associated to the left A(V)-module M' ® M? is isomorphic to the tensor product
module M" ®piy M? in [HL95].

Proof. Let # be the set of irreducible V-modules. Then % is finite [296, DLM98]. Moreover,
by [HL95, Proposition 4.13], M' ®p,y M*> = B, N(MIWMZ)W as a V-module. Since A(V)
is semisimple, and {W(0) : W € #'} is the complete list of irreducible left A(V)-modules, it

follows from (5.13) and Schur’s lemma that

M' o M? = {5 dim Homy v, (M' © M?, WO)W(©0) = H N

Wew Wew

[ Jwo

It_ is clear that from the construction that the functor M(-) preserves direct sum and satisfies
M(W(0)) = W when V is rational, see [DLMO98, Section 5]. Then we have M(M' © M?) =
PBrvey N(1ph)W(0) = M ®py M as V-modules. O
5.4. The contracted tensor product M' © M? for some irrational VOAs. We examine the
contracted tensor product M' ® M? in Definition 4.3 for some irrational VOAs. It turns out that
the left A(V)-module A(M") ®4.,, M*(0) may or may not be isomorphic to M' ® M?, unlike the
rational case in Corollary 5.7.
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5.4.1. Examples in the Heisenberg and vacuum module VOAs. Let V = V5(k, 0) be the Heisen-
berg or vacuum module VOA of level k € C, where g is an abelian or simple Lie algebra,
respectively. Recall that A(V) = U(g) [FZ92]. Let U be an irreducible A(V)-module. The
generalized Verma module associated to U [DLLM98, L1.04] is given by an induced module

Vatk, U) = U®) ®ug.eny U = UG) ®c U, (5.15)

where K.u = ku for some fixed k € C, a(0).u = a.u, and a(n).u = 0, for any a € g, n > 0, and
u € U. It was proved in [LLO4] that V5(k, U) is a V-module.

Proposition 5.9. Let V = V4(k,0) be the Heisenberg or vacuum module VOA of level k € C, and
let M' = Vi(k, A) and M* = V(k, p). Then M' © M? = A(M") ®4v) M*(0) = M'(0) ® M*(0).

Proof. By [FZ92, Theorem 3.2.1], A(Ml)®A(V) MZ(O) = (M1(0)®CA(V))®A(V) MZ(O) = M1(0)®©
M?(0). First, consider the case when g = b is an abelian Lie algebra. i.e., when Vi(k,0) =
M(k,0) is the Heisenberg VOA. Then A(M") ®,, M*(0) = Ce' ® Ce# which surjects onto
M' © M? (4.25). Moreover, M! ® M? # 0, since Homy),(M' ® M?, Ce**™*) # 0 in view of
(5.13). Hence A(M") ®4v) M*(0) = Ce' ® Ce* = M' © M?.

Now consider the case when g is a semi-simple Lie algebra and V = V4(k, 0) is the vacuum
module VOA. Since A(M") ®4., M*(0) is finite-dimensional and surjects onto M' @ M? , then
by Weyl’s decomposition theorem, both A(M"') ®4.y) M*(0) and M'(0) ® M*(0) are direct sum
of finite-dimensional irreducible g-modules.

Let M3(0)* = U be a finite-dimensional irreducible A(V5(k,0)) = U(g)-module. Then by

(4.24) and Theorem 5.6, we have Homy,,(M' © M?, U) = Homyy),,(M' @ M?,U) = I((Z(lU/;)Q),).
On the other hand, M? = V5(k, ) is also a generalized Verma module as a module over the VOA

V5(k, 0). Then by [Liu23, Theorem 4.20] and [GLZ23, Proposition 6.3], we have

(M(U*))’).

Homy g (A(M") @4y M*(0), U) = I( M M2

Thus the multiplicities of the irreducible g-module U in M' ® M?* and A(M") ®4(v) M*(0) are the
same. Hence A(M") ®,yy M*(0) = M'(0) ® M*(0). O

5.4.2. Examples in the Virasoro VOAs and Li’s example. Let V = M, be the (universal) Vi-
rasoro VOA [FZ92] of central charge c¢. Li gave an example in [Li99, Section 2] that shows
Frenkel-Zhu’s fusion rules theorem 5.14 does not hold if M? and M? are not generalized Verma
modules.

Let M(c, h) be the Verma module over the Virasoro algebra of highest weight /4 and central
charge c. Recall that M, = M(c,0)/(L(—=1)v.p), where vy is the highest-weight vector. Then
M(c, h) is a module over the VOA M.. Li noticed that if #; # h,, then

N( M(C, hg) )

M(c.hy) M. =0, but dimHomgyu, (A(M(c,h)) ®am.) M:0), M(c, hy)(0)) = 1.

This is due to the fact that M> = M, as a module over itself is not a generalized Verma
module. But the formula in Theorem 5.6 holds for this example since M3 = M(c, hy) is a
generalized Verma module. We can also see it from the following Proposition.

Proposition 5.10. The contracted tensor product M(c,hy) © M, = span{v.,, O V.o}, with the
L(M )y module action given by

Wiwiw-11-Weny O Veo) = i - (Ven, © Vep). (5.16)

In particular, we have Homyy,),(M(c, hy) © M., M(c, h,)(0)) =0 = I(MZ(;]};ZI)WC)
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Proof. By Proposition4.5, M(c, h1)OM, = span{L(—ny)...L(=n, )., OVeo : 1y = -+ = n, > 1}
Given v, € M(c, hy), by (4.22) and (4.7) we have

(L(—n=3)+2L(-n-2)+ L(-n - 1))v; ©Vv.0 =0, n>0,

L(—2)v1 O] Ve,0 + L(—l)v1 © Veo = Vi © L(O)W’o =0.

Hence M(c, h)©M_ is spanned by elements of the form L(—1)"v.,, Ov.o, withm > 0. Moreover,
apply (4.8) to a = w and k = 2, we have

L(=1)v; 0V, == O L(=1)veg = —vi © L(=1)v.o = 0.
This shows M(c, hy) © M, = span{v.,, © V.o}. Finally, by (4.9) we have

Wiwtw-11-WVeny OVeo) = L(=1)ven, OVeo + LOWep, ©OVeo + Ven, © L(O)Weo = hy - (Ven, ©Veo)-
Since Wiwiw-11-Ven, = ha * Ven,» we have Homy gy, (M(c, hy) © M., M(c, h,)(0)) = 0. O
Remark 5.11. It was proved by Li that A(M(c, h;)) ®am,) M(0) = C[1,], see [L199, Section 2].
Proposition 5.10 shows that A(M") ®4., M*(0) is not isomorphic to M' © M? in general if V is
not a rational VOA. We also have a sharp estimate

dim Homyy,),(M(c, hy) © M, Cv,,,) < dim Hom gy, (A(M(c, 1)) @4,y Mc(0), Cvep,),

in view of Corollary 4.9. Thus, the formula 5.13 holds under more general assumptions than
the fusion rules theorem (5.14).

6. SPACE OF W-RESTRICTED CONFORMAL BLOCKS AND THE NUCLEAR DEMOCRACY THEOREM
In this Section, instead of co-restricted datum, we consider the following restricted datum:
(M), M'(0), M?) := (P!, 00,,0,1/2,2 = w, 2, (M*Y, M'(0), M?),

where w € P'\{0, o}, and we restrict the module M' attached to the point w to its bottom
degree M'(0). We show that the space of conformal blocks associated to Z,,((M?)’, M'(0), M?)
is isomorphic to the space of generalized intertwining operators defined by Li [Li98], and the
extension theorem of conformal blocks leads to a new proof of a variant of the generalized
nuclear democracy theorem.

6.1. w-restricted three-pointed conformal blocks on P!. Similar to the oco-restricted chi-
ral Lie algebra (3.2), we define the w-restricted chiral Lie algebra to be the subalgebra of
Lp1\(eow01(V) (2.25) spanned by elements that leave the subspace (M?Y ®c M'(0) ®: M? in-
variant in (M?) ®c M' ®- M>.

Definition 6.1. We call the following subspace

n

Lp1\(0.00}(V)<0 = span {a ® € Lpnjwwo(V):a€V, neZ, —m> wta - 1} 6.1)

(Z _ W)m
of the chiral Lie algebra Lp1\(c0,.0(V) the w-restricted (three-pointed) chiral Lie algebra, and
call the subspace

n

Lp10.00)(V)<o = span {a ® — € Lenjo0)(V)o:a €V, —m>wta - 1} (6.2)

L
(z—w)
the augmented ideal of Lp1\(p.;(V)<o.

Similar to Lemma 3.2, Proposition 3.3, and Lemma 3.5, we have

Lemma 6.2. The following properties hold for Lp:\0.00)(V)<o and Lpi\9.00)(V)<0:

(1) Lpnj0.00)(V)<o is a Lie subalgebra of the chiral Lie algebra Lp:\ (w0 ,,01(V), Lp1\(0.00}(V)<0
is an ideal of Lp\(.«}(V)<o-
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(2) po(Leno.0/(V)0)M'(0)) € M'(0) and po( Lot o0 (V)<0)M'(0)) = 0. In particular, we
have Lsi\jg.o0)(V)<o-(M?Y &c M'(0) @ M?*) C (MY ®c M'(0) ®c M~
(3) The spanning elements of these subalgebras are given as follows:

_ wta
Lp1\(0.00}(V)<0 = span {a ® ﬂ, a®@z-w e Vik > O} , (6.3)
Z

where < represents < or <.
(4) Le\(0,00/(V)<0/ Le1\(0,00)(V)<0 = L[V )o.

We make the following table for the pairs (n, —m) in (6.1), the ideal Lp1\(9 «}(V)<o corresponds
to the pairs lying above the horizontal line. The spanning elements in (6.3) are marked in red.

(-2,wta+2) (-1l,wta+2) (0,wta+2) (I,wta+2) (2,wta+2) .

(-2,wta+1) (-l,wta+1) (O,wta+1) (I,wta+1) Q2,wta+1) ... 6.4)
(-2, wta) (-1, wta) (0, wta) (1, wta) (2, wta)

(-2,wta—1) (-l,wta—-1) (O,wta—1) (I,wta—1) (2,wta—1)

proof of Lemma 6.2. The proof of parts (1) and (2) are similar to the proof of Lemma 3.2 and
Lemma 3.5, we omit the details.

We adopt a similar combinatorial argument as the proof of Proposition 3.3 to show part (3).
Denote the subspace on the right hand side of (6.3) by g. Again, for a given a € V, we say that
the pair (n, —m) € g if the corresponding term a ® 7"(z — w)™ € g.

First, note that for any a € V, n € Z, and k > 0, we have

a® Zn(Z _ W)Wta—l+k+1 +a® WZn(Z _ W)Wta—1+k —a® Zn+1(Z _ W)Wta—l+k.
We use the following graph for the paris (n, —m) to illustrate this property:

(n,wta—1+ (k+1))
N (6.5)

w-(n,wta—1+k) —— (n+ 1), wta — 1 + k).

Using (6.5), it is easy to see that all the pairs on the right side of the middle red column of (6.4)
are contained in g. Since (—1, wta) € g, it is easy to see that the first column on the left side of
the middle red column are contained in g.

Moreover, given n # 0, suppose a ® 7 (z — w)*“ I*k ¢ g for all @ € V, we claim that
a®z " (z—w)"a!** ¢ g for all a € V. Indeed, replace a by L(—1)a in the assumption, we have

0=L-Da®z"(z—w)""* = —a® (-n)z" 'z - w)"* —a @z (wta + k)(z — w)"**!
=(n-wta-ka®z"(z-w* !+ (w)a @ 77" (7 - w)Vert!
= (mw)a®z " (z-w)"* ! (mod g).

Then it follows from induction on n < 0 that all the pairs on the left side of the middle red
column of (6.4) are contained in g.

Finally, from table (6.4) and (6.5), it is easy to see that Lpi\ (9.0} (V)<0/Lp1\(0.00}(V)<0 18 spanned
by the equivalent classes a ® (z — w)V@~! + Lp1\(0.00}(V)<0. Then by (2.17), we have

ta—1 .
[a ® (Z _ W)Wta—l, h® (Z _ W)Wtb—l] — z : (W a. )a(])b ® (Z _ W)Wta—l+wtb—1—j’
; J
Jj=0

for any a, b € V. Hence '£]P’l\{O,oo}(V)SO/'£]P"\{O,oo}(V)<O = L(V)O, in view of (29) O
Definition 6.3. We define the space of w-restricted conformal blocks associated to the datum
(M), M'(0), M?) := (P!, 00,,0,1/2,2— w, 2, (M*Y, M'(0), M?)
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to be the following vector space:

*

(M?Y ® M'(0) ®c M?
Lpi 0.0} (V)<0-(M3) ®@c M'(0) ®c M?))

By part (2) of Lemma 6.2, the space ¢ (ZW((M3)’, M'(0), M2)) is well-defined.

C (T (MY, M'(0), M?)) := ( (6.6)

Using Lemma 4.2 again, we have the following Hom-space description of the space of w-
restricted conformal blocks similar to Proposition 4.4.

Proposition 6.4. There is an isomorphism of vector spaces:
€ (Zo(M3Y, M'(0), M?)) = Homyy, (MY @ M?, M'(0)"), (6.7)

where (M?) @ M? := (M?Y ®c M?/ Lp1\10.00)(V)<0-(M?) ®c M?) is spanned by the elements
Vi Bvy =V ® vy, subject to the following relations:

_ Z (w;a)(—w)fa/(wta —-1-j,ov+ Z (W;“)(_W)-Ww—fv; Ba(-1+ v, (6.8)

j=0 Jz0
ta—1+k ;
— Z (W a4 . )(—w)fa'(wta —-1+k—-jp,En
720 J
ta—1+k ©9)
wta — :
+ Z ( . )(_W)—Wta—l+k—jvg o a(j)V2,
720 J
where v, € (M?Y, v, e M*, a €V, and k > 0.
Proof. Similar to Proposition 4.4, we omit the details. O

6.2. w-restricted conformal blocks and generalized intertwining operators. The following
notion of generalized intertwining operators is a slight modification of [L.198, Definition 4.1]. It
fits better into the conformal block picture.

Definition 6.5. Let M', M?*, M> be ordinary V-modules of conformal weights Ay, h,, and hj,
respectively. Let h = hy + hy — h3 as in Definition 2.4. Regard M'(0) as a module over the
Borcherd’s Lie algebra L(V),. A generalized intertwining operator is a linear map

O, w) : M'(0) = Home(M?, MH)[w, w ' Tw™, @, w) = Z v (w1,
nez
satisfying the following conditions:

(1) (truncation property) For any v, € M'(0) and v, € M?, we have v,(n)v, = 0 for n > 0;
(2) (L(—1)-bracket derivative property) [L(—1), (v, w)] = %d)(vl, w);
(3) (restricted Jacobi identity) [L.198, eq. (4.36)]:

(@ = w)" " Y@, )PV, W) = (=w + 2" Oy, W)Y (4, 2)

e (6.10)
=z 15(;) O(arwia-11v1, W),

for any a € V and v; € M'(0).
We denote the vector space of generalized intertwining operators by /i ( i é‘g; Mz).
Remark 6.6. For v; € M'(0), Li called the element ®(v;, w) € Homc(M?, M?))[w,w ' w™ a

generalized intertwining operator. The axioms we impose on @(-, w) are based on the axioms
of ®(v{, w) in [Li98, Definition 4.1].
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The isomorphism (2.27) of conformal blocks restricts to an isomorphism of restricted con-
formal blocks € (21((M3)’, M(0), MZ)) ~ ¢ (ZW((M3)’, M (0), M2)) L1 — @y, with
(@ |V ® V1 @ vy) = (g | WHOT3y, @ w Oy @ =Ly,
= {1 |V ® v| @ vyywieersdegrz
where v, ® vi ® v, € (M?) ®c M'(0) ® M.
Proposition 6.7. There is an isomorphism of vector spaces:

3
%(ZW((M3)’, M'(0), MZ)) — I(Ml(o) MZ), @ > (-, w),

where ®(vi,w) = 3,z vim)w 1" with v|(n) € Homc(M?, M?) defined by

<V’ |V (l’l)V2> . {<901 |V; ® Vl ® V2> lf V; (= M3(deg V2 —-n-— 1)*,
31Vl =

. (6.11)
0 if v, e M(m)*, m #degv,—n— 1.
Equivalently, ©(-, w) is defined by the following formula:
(V5 | D1, wIv) = (@ [V @ vi @ va)w™ = (1 [V} @ vy @ wyyw e rsdee (6.12)

for any homogeneous elements v}, € (M3Y, v, € M?, and v, € M'(0).
Proof. We need to show ®(-, w) defined by (6.11) and (6.12) is a generalized intertwining oper-
ator. By (6.11), vi(n)v, € M3(deg v, —n — 1), which is 0 when n > 0.

Note that w ® (z — w) € Lpij900}(V)<o by (6.1), and ¢,, is invariant under the action of
Lp1\0.00)(V)<0. Then by (2.26), (2.7), and (6.12), we have

0 = (¢ [ (W& (z = W)).( ® v @ vo)yw ™

1 ; e - , -
=->, (j)(—W)]«DW |/ (1= )V @vi @ va)w™ + (i, [V @ w(lv @ va)w™
70

* Z (1.)(—W)1_j<80w 1V ®@ v ® w(j)vayw™
=AY
= —(@1 | W(1)V; @ v @ vyyw 19V Ly | (2] @ vy ® vyyw Trdee i TImdeg
+ {1 [V} ® w(1)v) ® vyywTdeevy—degr:
~ w1 |V;® v ® W(0)vyywrrdeevs—degra=l 4 (| V;®v ® W(1)vyywi+degvs—degv
= (hy + hy — h3 + deg v, — degv}) (@) [V ® v @ vy)wiTdeevs—deen

+ {1 [(LAW; @V @ v, —V; @V ® L(—1)\/2))w_h+‘:‘egVé_degv2

d
—w%<v; | D(vi, w)va) + w(Vy | L(=D)D(vi, w)va) — w(vi | (v, w)L(=1)1,).
Thus we have [L(-1), ®(v{,w)] = ﬁ(l)(vl, w).

Furthermore, since ¢,, is also invariant under the action of a ® z*(z — w)"“~! for any n € Z
(6.1), then by (2.26) and (6.12), we have

0= (g, (@®"(z= W)™ H.05 v ®@v)yw™

ta — 1 .
= _ Z (W a. )(—w)f<<pw ld'(n+wta—1-jH, v ® V2>W_h
J

>0

n .
+ Z e Vs ®a(j + wta — v ® voyw ™
o \J
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ta—1 .
+ (W “j )(—W)Wm_l_](gow IV, ® v ®a(n + jva)w™" (6.13)
0

J=

_ (Wtaj_ 1)(—w)j<v§ la(n + wta — 1 = jYO(vi, w)va) + w'(V | P(a(wta — 1)vi, w)v,)
0

>
- W?Wm%wwmmﬁ
>0 J
= —Res,(z — W)™ (W4 | Vya(@, )1, wva) + Res, 2"z (%) V| D (g Vi, W)12)
+ Res.(—w + )M 17V, | O(vi, W)Y (a, 2)va).
Since v} and 7" are chosen arbitrarily, we have an identity of formal power series:
(@ =W Yy (a, P, W) = (=w + )V OV, W)Y )e(a, 2)

(W
=z ld(z)q)(a[wta—l]vl’w)-

Thus, O(-, w) defined by (6.12) is a generalized intertwining operator 6.5.
Conversely, given ©(-, w) € I(Ml(]g;MQ), we define ¢,, : (M?) ®:M'(0)®: M? — C by the same
formula (6.12). Then by reversing the argument in (6.13), we can easily show that ¢,, is invariant

under a®z'(z—w)*“ ! € Lp1\(0.00)(V)<o for any n € Z. Hence it is also invariant under the action
of Yiso (ll‘.)(—w)"61(§§>z"+""’(z—w)W“’_l = a®7"(z—w)"“ ** which is a general spanning element of

Lr100)(V)<o, in view of Lemma 6.2. This shows % (,(M*), M'(0), M) = I(,,}0" ). ©

6.3. Generalized nuclear democracy theorem for VOAs. Let M(M'(0)) be the generalized
Verma module associated to the A(V)-module M'(0) [DLM98].
Similar to the extension process in Section 5, given a w-restricted conformal block ¢,, €

%(ZW((M3)’, M'(0), MZ)), we may define a linear map @, : (M?) ®: M(M'(0)) ® M* — C
inductively by
(P V@ b1(ny)...b(n)v; @vy)
:= —(y | ReSeoo Yoy (1), 27 W5 ® ba(ny,) . .. by (n,)v1 @ Vo)t ,o((z — w)™) (6.14)
— (w3 ® ba(ny) ... b(n,)v1 ® Res.—o Y2 (b1, D)V, (2 — w)™)

Proposition 6.8. Let ¢ € € (EW((M3)’, M'(0), Mz)). Then ©,, given by (6.14) is invariant under
the action of the chiral Lie algebra Lpi\(w,,0;(V). In particular, we have an isomorphism of
vector spaces:

C (S (MY, M'(0), M?)) = € (S, (MY, M(M'(0), M), ¢y = @i,

Proof. Simiar to the proof of theorem 5.5, we omit the details. See also [GLZ24, Theorems
5.18,5.19]. O

The following is Li’s generalized nuclear democracy theorem with our modified notion of
generalized intertwining operator in Definition 6.5, see [Li98, Theorem 4.12].
Theorem 6.9. Let U be a L(V)o-module, and let Iy(-, w) € 1 (UMLZ) be a generalized intertwining
operator which is injective as a linear map, then there exists a lowest-weight V-module W with
U as its lowest-weight subspace generating W, and there is a unique intertwining operator

M M2
then W is an irreducible V-module.

I e ( e ) extending ly. In particular, if V is rational and U is an irreducible L(V)o-module,
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The proof of Theorem 6.9 in [Li98] used a tensor product construction and an analog of the
hom-functor for modules over VOAs. With the properties of w-resricted conformal blocks, we
can give an alternative proof of a slightly different version of Li’s generalized nuclear democracy
theorem.

Theorem 6.10. Let M', M?, M? be ordinary V-modules of conformal weights hy, h,, and hs,
respectively. Assume that M" is the generalized Verma module associated to an A(V)-module
M'(0) (viewed also as a L(V)o-module). Then there is isomorphism of vector spaces:

M3 ~ M3 ~ 3\/ 2 1 *
1 M M2 = Ml(()) e = HomL(V)O((M ) oM ,(M (O)) ), (615)
where (MY @ M? := (M?) ®c M? [ Ls1\(0.00)(V)<0-(M?Y ®c M?). In particular, if V is rational,

and M"', M?*, M? are irreducible V-modules, then we have I(MIIW;IZ) = I(Ml?g;Mz).

Proof. (6.15) follows from the following commutative diagram:

3 Prop.2.11
() —=— € (Su(MPY, M', M?))
\L glProp.(s.fﬂ (6 16)
Prop.6.7 Prop.6.4

1(M:) === € (S((MPY, M'(0), M?)) =2 Homy, (M3 @ M, U").

If V is rational, and M' is an irreducible V-module, then M'(0) is an irreducible A(V)-module,
and the generalized Verma module M(M'(0)) is an irreducible V-module which is isomorphic
to M', see [DLM9S8, Theorem 7.2]. ]

Using the w-restricted conformal blocks, we also have a variant of the generalized nuclear
democracy theorem.

Theorem 6.11. Let M', M?, M? be ordinary V-modules of conformal weights hy, h,, and hs,
respectively. Assume that M" is the generalized Verma module associated to an A(V)-module
M'(0). Then there is an isomorphism of vector spaces:

M3 M3 | ) —=
I(Ml MZ) = I(Ml(O) M2) = HOmLPl\(O’m)(V)SO(M 0) ®c M*°, M3), (6.17)
where M3 = [TooM 3(n) = Home((M3)', C), which is a module over the w-restricted chiral Lie
algebra Lp1\.00)(V)<o via po (2.20).

Proof. In view of the diagram (6.16), we only need to show

€ (Zu((M?), M'(0), M?)) = Homy,, | v),(M"(0) & M*, M), (6.18)

which is a infinite-dimensional version of (4.3). To simplify our notations, we denote M'(0) ®c
M? by W, and denote the w-restricted chiral Lie algebra Lp1\(0.00}(V)<0 by @.

Let (-|) : (M?) x M3 — C be the natural pair. We define the action of g on M3 by the
following formula:

Vi1 poX)(v3)) := —(Pea(X)(V5) | v3), Vs € (M), v3 € M. (6.19)
Since (M?)" is a module over the g via p., it follows that M3 is a module over g via pg. Then
we need to show Homc ((M?) ® W/g.(M?Y ®c W), C) = Homy(W, M3).
For each n € N, choose a basis {vi,) : i = 1,...,N,} of M>(n), and a dual basis {y*" : j =
1,...,N,} of M*(n)*. Given F € Homy(W, W), we define a linear map ¢r : (M) @ W — C
by (¢r [V, ® w) := (V| F(w)). For any X € g, by (6.19) we have

(@F [P (X)(v3) @ W + 15 ® po(X)(W)) = —(v3 [ po(X)(F(W))) + (V3| F(po(X)(w))) = 0.
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Hence ¢ reduces to an element in Home ((M3)’ ®c W/a.(M3?Y ®c W), C). On the other hand,
given an element ¢ € Homc ((M 3 ®@c W/g.(M?)Y & W), C), define

co N,
F,:W—> M3, F,w):= Z Z(golv(’?”) QWWin, WEW.
n=0 i=1
To show F|, is g-invariant, note that if we assume po(X)(V(jm) = Dpeo s Ajm). (s Visk)» then

by (619), <poo(X)(V(i’n)) | V(j,m)> = —<V(i’n) | ZZO:O Zk a(j,m),(s,k)v(s,k)> = —Agm),in)- It follows that
LX)V = = 370 > aqp V™. Thus we have

FoXow) = 3 S e Vi @ Xwhvin = = 3 Y (@] pe0) @ whvii
n=0 i n=0 i

(o) [ee)

= i Z Z Z<¢ VD @ Wha iy i Vi = Z Z(so |vD @ wypo(X) (Vi)
n=0 t t

i =0 =0
= pPo(X)(Fp(w)).

Hence F, € Homy(W, W). Finally, given F' € Homy(W, W) and w € W, we have

(9 (o)

Fopw) = 3" 3 (or VD @whva = Y > (0 | Fn)vi = F(w).

n=0 i n=0 i

On the other hand, note that v}, = Yo" ¥V} | van)v'™ for any v € (M?)’, we have

[ee)

(r, IV, @W) = (1 Fy0)) = D > (@ [V @ wh(vy [ Vi) = (@ |V @ w).

n=0 i

This shows Home ((M3)' ®c W/a.(M?Y ®c W), C) =~ Hom,(W, M) and (6.18). O
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