arXiv:2411.07566v1 [math.SP] 12 Nov 2024

UPPER BOUND OF THE COUNTING FUNCTION OF STEKLOV
EIGENVALUES

FEI HE AND LIHAN WANG

ABSTRACT. We study the counting function of Steklov eigenvalues on compact manifolds
with boundary and obtain its upper bound involving the leading term of Weyl’s law. Our
estimate can be viewed as a weakened version of Pélya’s Conjecture in the Steklov case on
general manifolds. As a byproduct, we also obtain a description about the decay behavior
of Steklov eigenfunctions near the boundary.

1. INTRODUCTION

Given a smooth compact Riemannian manifold M"™ with smooth boundary OM"™, the
Steklov eigenvalue problem is defined as follows:

Au=0, M"
0
8_:; =ou, OM",

where A is the Laplace-Beltrami operator on M™ and 7 is the outward normal vector. Its
spectrum is discrete and consists of isolated eigenvalues of finite multiplicity:

0200<01§02§"']+OO.

This problem were first discussed by Steklov ([27]) in 1902 motivated by physics: these
eigenfunctions represent the steady state temperature on bounded domains such that the flux
on the boundary is proportional to the temperature. The Steklov eigenvalue problem appears
in many physical fields such as fluid mechanics, electromagnetism and elasticity. It has lots
of applications in physics and technology like seismology and tomography. Mathematically,
there has been intense interest and study in this problem. One recent breakthrough was
made by Fraser and Schoen in the extremal Steklov eigenvalue problems on surfaces. In their
seminal work [§], Fraser and Schoen revealed a deep connection between the extremal Steklov
eigenvalue problems and the free boundary minimal surface theory in the unit Euclidean
ball B". See [13] for a review and [6] for the recent development about Steklov eigenvalue

problems.
We are interested in the counting function for Steklov eigenvalues :
(1) N(o) =4#{keN:o, <o}.

As shown by L. Sandgren in [26], N (o) satisfies the Weyl’s law when the boundary is C?:
(2) N(o) = Vol(OM)o™ ™! + o(a™ )

Wn—1
(27’(’)"_1
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with w,_; as the volume of the unit Euclidean ball B"~!. This asymptotic formula has
been extended to domains with piecewise C'' boundary in [1], Lipschitz boundary in the
two-dimensional case in [I7] and higher dimensions in [25]. We refer the readers to [17] and
[25] for more discussions and references about the asymptotic behavior of N (o).

Our purpose in this paper is to estimate the counting function N (o) from above by the
leading term of the Weyl’s law This type of question has always been one of central
interests in spectral geometry. In the case of the Laplace operator A, such question is the
well-known Pdlya’s Congjecture ([23], 1954) in spectral geometry:

Conjecture 1 (Pdlya’s Conjecture). The eigenvalue counting functions of the Dirichlet

Laplacian on a bounded Fuclidean domain can be estimated from above by the leading term
of Weyl’s Law.

Note the version of Pdlya’s Conjecture for Neumann Laplacian states that its eigenvalue
counting functions can be estimated from below by the leading term of the Weyl’s law. In
[24], Pélya proved this conjecture for plane-covering domains. For general domains, Li and
Yau proved a weakened version in [22]. The Pélya Conjecture for both of Dirichlet and
Neumann Laplacian is still open in general. The recent breakthrough shows that it is true
for Euclidean balls in [9]. Please see [21], [10] and [9] for more results and recent development
about the Pélya’s Conjecture.

In this paper, we proved the following weakened version of Pélya’s Conjecture for Steklov
eigenvalues on compact manifolds with boundary:

Theorem 1.1 (Main Theorem). Let (M™,g) be a smooth compact manifold with smooth
boundary OM". Let p be the distance function to the boundary and X, be its level sets. Let
Il denote the second fundamental form and H the mean curvature. Let nir(OM™) denote the
the normal injective radius of OM™ and define
Cy= sup sup|H|, Cp= sup sup(|I]).
p<nir(OM) X, p<nir(0M) X,

Assume that Ric(x) > —(n— 1)K for some constant K > 0 when p(x) < nir(OM). Then for
any o > 0, there is

(3) 1
n nir n 8(CH+C )min{nir(BM),ofl} _ 1 "
N(0) < C(n)elCoVR+Carnironry+aco ot vy Vol (9M) (m i “) |

In particular, when o > for any positive constant c, there is

nir(@cM“)
; n C o1
(4) N(0) < O(n)elCONVE+Cr)uir@M )46t en7™ 1y gy py =t
The constant vy is the volume non-collapsing constant defined as
1(B
vy = inf Vol(B(z, )
p(x)<nir(OM),0<s<min{nir(OM)/2,(20)~1} s™

It can be replaced by a constant depending only on n when o is sufficiently large.

The normal injective radius of the boundary is defined as the maximum of the set of
radius 7 > 0 such that the exponential map exp(z,t) = exp,(tv) : OM x [0,7) — M is a
diffeomorphism onto its image with v as the inward unit normal of M. In this theorem, the

upper bounds are sharp in the sense that they have the same orders as in the Weyl’s law (2))
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in terms of Vol(OM) and o. With the assumption of general compact manifolds instead of

Euclidean domains, it is reasonable to expect a different coefficient from (20::37:11 in (2)) which
only depends on the dimension. The coefficients in our estimates [3] and [ depend on the
geometry near the boundary including the second fundamental form, the mean curvature,
the normal boundary injective radius and the lower bound of the Ricci curvature.

The upper bound of N (o) we obtained has two immediate consequences about the Steklov
eigenvalue o, and its multiplicity. Since N (o) is the number of eigenvalues o}, < o, its upper
bound implies a lower bound of eigenvalues oy as stated in Corollary 5.1l In addition, N (o)
is also the sum of the multiplicities of distinct eigenvalues less than o. Therefore its upper
bound implies the upper bound of the multiplicity of eigenvalues 0. About the multiplicity
of Steklov eigenvalues, the second author in [28] proved that non-zero Steklov eigenvalues
are simple for generic Riemannian metrics.

To prove Theorem [LLIl we follow the spirit of P.Li’s work in estimating the dimension
of the space of harmonic functions with polynomial growth in [I9]. Two key ingredients in
P.Li’s approach are the mean value inequality and the weak volume comparison condition.
One change we make is to use the volume non-collapsing property of small balls, which is
more suitable on compact manifold, instead of the weak volume comparison condition. A
major challenge in implementing P.Li’s idea in our case is to control the growth of Steklov
eigenfunctions. To overcome this challenge, we adopt the method of frequency developed by
the first named author and J. Ou in [14] to estimate the growth of the L? norm of Steklov
eigenfunctions. The frequency for harmonic functions is introduced by Almgren [2] and has
been generalized and applied in various literature. We use the frequency to measure the
growth of a weighted average of harmonic functions on level sets. The growth estimate
implies a control of the growth of the L? norm of Steklov eigenfunctions on small balls (see
Lemma [7]). Detailed definitions and statements are given in Section [2 and Section Bl One
observation which plays an important part in our proof is that the frequency of a Steklov
eigenfunction can be naturally estimated from above using the corresponding eigenvalue.

We first carry out our approach in a more general situation in Section [2] and Section [3|
Namely, we look at manifolds with a good potential function and estimate the counting
function for Steklov eigenvalues on the sub-level sets of this potential function. This general
setup actually covers many situations. As a first showcase we study the problem on star-
shaped Euclidean domains in Section @ Theorem [T is proved in Section [l In this case,
we use the distance function to the the boundary to define a potential function. Then we
refine the general estimates in Section [2] and Section [3 to obtain the more explicit estimates
in Theorem [L.1]

As a byproduct we also get a description about the decay behavior of Steklov eigenfunc-
tions near the boundary in L2-integral form in Section

Theorem 1.2. Let (M", g) be a smooth compact manifold with smooth boundary OM™. Let
p be the distance function to the boundary and X, be its level sets. Let H denote the mean
curvature. Let u be a Steklov eigenfunction with respect to eigenvalue o > 0. Then there is

2
o(~20int H+o(1)p < Js, v <
Jorsn v

6(—2cr—sup H+o0(1))p
’

for sufficiently small p.

This result is motivated by the commonly held hypothesis that Steklov eigenfunctions ex-

hibit boundary-localized oscillations and rapid decay in the interior for large eigenvalues. In
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2001, Hislop and Lutzer [15] proved that the Steklov eigenfunctions decay super-polynomially
into the interior of Euclidean domains when the boundary is smooth. And they conjectured
that the decay should be exponential in the case of an analytic boundary. Galkowski and
Toth [II] proved this Hislop-Lutzer conjecture using point-wise upper bounds of Steklov
eigenfunctions near the boundary. Recently, they also [12] proved an L?-lower bounds of
Steklov eigenfunctions near the boundary for analytic boundary. Note that the L?—upper
and lower bounds we obtain in Theorem exhibit exponential decay in eigenvalues and
the distance-to-boundary function, and these estimates hold for manifolds with a smooth
boundary.

We would like to point out that the smoothness in Theorem [I.1] and Theorem can be
relaxed to C2. In fact our proofs only need that the distance function to the boundary is
2.

Finally in Section [6] we study the case of C'%* domains in Riemannian manifolds. By
constructing a distance-like function to the boundary, we generalize Theorem L1 to C'**
domains but with less explicit estimate.

Theorem 1.3. Let Q be a bounded C** domain in a smooth Riemannian manifold (M™,g).
There are constants i and C depending on the geometry of a neighborhood of Q) such that

n—1
N(o) < CArea(09) (Zl + a) :
0

We also obtain a description about the behavior of Steklov eigenfunctions near the bound-
ary in this case. See Theorem for details.

Acknowledgement: The second named author would like to thank the Tianyuan Math-
ematical Center in Southeast China for its hospitality during her visit when this work was
partially finished.

2. FREQUENCY OF HARMONIC FUNCTIONS ON MANIFOLDS WITH POTENTIAL FUNCTIONS

Let (M", g, f) be a complete Riemannian manifold with a smooth positive function f.
Here f is called the potential function.

Definition 2. Define a symmetric 2-tensor T;;

1
(5) Ty = 59i5 ~ ViV, f,
and a function S
(6) S=f-IVf

Remark 3. In fact, the tensor T and the function S appear naturally on gradient shrinking
Ricci solitons as Ricci curvature tensor and scalar curvature respectively. Let (M™, g, f) be
a gradient shrinking Ricci soliton. Then f satisfies

1

This implies that T is just the Ricci curvature tensor in this case.
Let Scal denote the scalar curvature of a gradient shrinking Ricci soliton. It is known that

Scal + |V f|* — f = constant.
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By modifying f by a constant, this formula implies that S is just the scalar curvature in this
case. See Chapter 1 in [4] for more details.

We introduce the following function related to f:
b=2\7.
Since f is positive, by direct calculations, it follows that
_ v ovh — VIVVf— ﬁVf@Vf.
Vi f
By (@) and (@), the function b satisfies

‘Vb‘? =1- %_57
bAb = n — |VbJ — 24rT,

Vb

(7)

where trT = ¢“T,; is the trace of T
We are going to define the frequency of harmonic functions on level sets of the function b.
And the following assumptions are in need:

Assumption 1. (1) Assume there are constants 1 < Ry < R, such that each r € [Ry, R]
is a reqular value of b.
(2) Assume that the sublevel set {b < r} is compact for each r € [Ro, R].

Definition 4. Suppose that Assumption 1 holds on (M", g, f). Consider a harmonic function
u on {b < R}. For each r € [Ry, R], define

I(r) = 7’1_"/ u?| Vb,
b=r
and
D(r) = 7’2_”/ u(Vu, i)
b=r

with 1 as the unit outward normal vector on {b =r}. Then I(r) > 0 and the frequency of u
1s defined as

D(r)

I(r)

U(r) =

Here I(r) is the weighted average of u on the level set of b and the usage of |Vb| as a weight
follows [5]. Since u is a non-trivial harmonic function, the positivity of I(r) at regular values
r of b follows from the maximum principle. We also notice that

®) D(r) = 2" / Vu?

by the divergence theorem.
We want to estimate the growth of U(r) and I(r). At first we derive formulas of I’(r) and
D'(r).

Lemma 2.1. At a regular value r of b, we have

-1
I'(r) = 2D(r) +r " And 2erT ) (1 — 15 u?|Vb|.
r bep \ T2 r2
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and

1)y = 290) 1y /b ) (ﬁ _ 2trT> (1 - i—f) T2

r 72

Proof. Let 7 as the unit outward normal vector on {b = r}, that is, 7 = %. By the

divergence theorem, it follows that
I(r) = = / W2 Vb| = 1 / WV, i)
b=r b=r

= / (Vu?, VO)b'™ — (n — 1)u?b™"|Vb|? + u?b' " Ab.
b<r

Plug (@) into this equation and it follows that

I(r) :/ (Vu?, VHIb'™™ — (n — Dub"|Vb|> + u?b"(n — |Vb|* — 2trT)
b<r
4
:/ (Vu?, Vo)b' ™" + u?b™" (%S — 2trT) .
b<r

Take the derivative on the last equality. By the co-area formula, it follows that

4nS u?
_1-n 2 = -n
[/(T) =T /b:r<Vu ,n> +r /bzr <7 — 2tTT> W

2D(r) = _ 4nS u?
- n o)
Pt /( ” )|Vb|

1 45 _

Applying this equality into the second term of above formula of I'(r) yields the conclusion.

U
2
) Vo[

Proof. Take the derivative of D with respect to r using 8 It follows that

) D'(r) = r*™" ( | '7&2”2 2 ‘V“'z) |

To calculate the right hand side above, we need the following formula:

(10) / |Vu|2div(X)—2(Vu®Vu,VX):/ |Vu|2<X,ﬁ)—2%<Vu,X>,
b<r

By (@), there is

Lemma 2.2. At a regular value r of b, we have
! 2—n au ? —1 -n
D'(r) =2r Vb~ +4r
b=r

b=r
+ 27”1_"/ (=trT|Vul* + 2T (Vu, Vu)) .
b<r

ou

on

S <|Vu\2 -2

on

b=r

6



for any smooth vector field X. This can be derived from the variation formula of the
Dirichlet energy at u w.r.t. deformations generated by X. It can also be proved directly
using integration by parts.

Take X = V f in (I0), we get

/ \Vul?Af — 2fijusu; :/ |Vul?|Vf| — 2(Vu,7)(Vu, Vf)
b<r b=r

:—/ Va2 — 2|2
2 b=r

Since |Vb|> =1 — 35 by (), the RHS of (1)) can be written as

2
|Vul? 48 Gu| 48
12 RHS = 1— —gloil (1 ==
(12) /b M » V) b2 )’

By (@), we have

(11) 8u

Vb,

1
Af———tTT fzy gzy E
Plug these into the LHS of (I]) and then it follows that

(13) LHS =

b<r

Then the equality of (I3) and (I2) implies that

r |Vul? / n—2 / 2 )
= - u|® = =S|Vul”+r
2 /b:r |Vb| b<r 2 b=r \ T | |

/ (=trT|Vul* + 2T (Vu, Vu)) .
b<r

—trT|Vul? + 2T (Vu, Vu).

ou |?

on

ou
95

——5

) Vb~

Plug this equality into the right hand of (@) after multiplying 2r!~" and then desired formula
follows. O

In order to estimate U’(r) from below, we need a lower bound of D'(r).

Lemma 2.3. Assume that 5 sup,., |S| <1 for all Ry <r < R. Then there is a constant C
depending on Supp <,.<g (Tfiz SUDp< |S|) < 1 and the dimension n, such that

Csup,.. (IVS[[VO] + [SVVD| + |T1)

r

D'(r) > 2r ' D(r) I (r) — D(r)

) Vol

forl < Ry <r <R.
Proof. By Lemma 2.2] there is

D'(r) :27“2_"/ Ou V|~ 1+47“_"/ <|Vu|2—2
b=r b=r

o5
+ 27“1_"/ (=trT|Vul* + 2T (Vu, Vu)) .
b<r
7

ou
P

(14)



We first consider the first term on the right hand side of (I4]). By the definition of D(r) and

I(r), we have
oul?
D2(r) — pA-2n / ou
(ry=r b:ruaﬁ

< pi-2n / w?|Vb| 871 V|~
b=r b r a
=) [ |2 o
b=r a

Here Holder’s inequality is applied in the second line. Then we have

D'(r) 227’_1D2(r)1_1(r)+4r—”/ (\vu|2—2 ng
b=r

) Vol

Next we estimate the second term from below. For any positive integer m and Ry < r < R,

define
K (r) :/ <|Vu\2 —2 ) \Vb\_l.
b=r

Then 4r~"K;(r) is exactly the second term in (EIZ])
By (), we have the identity |[Vb|™" = |Vb|+ 2. Plugging this into the integrand above

yields that
K= [ s <|Vu|2—2
b=r

By applying (I0) with X = S™Vb, we have

Kon(r) = Ko (r)

(15)
+ 27’1_”/ (=trT|Vul* 4+ 2T (Vu, Vu)) .
b<r

ou
o

\Vbl

ou
97

) V0| + 4Km+1< )

= / |Vul?div (S™Vb) — 2(Vu @ Vu, V(S™Vb))
b<r

= [ S (|Vu(m(VS, Vb) + SAb) — 2(Vu® Vu, mVS ® Vb + SVVD))

b<r

z—mCl(sup|S|)m_1/ |Vul?,
b<r

b<r

Here we use the notation Cy = sup,.,.(3|V.S||Vb| + (n + 2)|S||VVb|), which is independent
of m, for convenience.
By iterating the above inequality, we get

4 m m 4 k—1
ki) = () Km+1<r>—2k(;sup|5|) e [ v
k=1 b<r
4 m m 4 k—1
> . k S C Vul?.
2 (3) K1 =3k (o (Ggwist)) e[

=1
8

(16)



Since 5 sup,., [S| < 1 by the assumption, there is

(55) Koni)| < (Gosupist)” [

And the series 37 k (Supg,<,<g (55 Supye, |S|))k_1 is convergent to some constant C' de-
pending on sup g, <,<p (5 sup,, |S[) < 1. Thus taking m — oo in (IG) yields that

a_u2

2
-2
|Vl 57

— 0as m — oo.

(17) Ki\(r) > -CC,y / \Vul|? > —CCr"2D(r) > —CCir" ' D(r).

b<r

The fact » > Ry > 1 is used for the last inequality.
For the third integral term in (IH), it follows that

(18)
/ (=trT|Vul* + 2T (Vu, Vu)) > —3v/n sup |T| |Vul? = —3y/n sup |T|r"2D(r),
b<r {b<r} b<r {b<r}
where we have used |trT| < y/n|T|. Plug both of (I7) and (I8]) into (IH). Then the desired
claim follows. O

Next we will derive a lower bound of U’(r) which will control the growth of U(r) and I(r).

Proposition 2.4. Assume that supg, <,<p (= sup,., |S|) < 1. Then there is a constant C
depending on Supp <,.<g (T% SUDp< |S|) and the dimension n, such that

_Csupbg,,(\VS||Vb| + [SVVb| + |T))

U'(r) > " U(r)
for1 < Ry <r <R.
Proof. By the definition of U, we have
(19) I*(r)U'(r) = D'I — DI'.

By Lemma 2.1] there is

—17
I'(r) < 2D(r) + sup (@ — QtTT) (1 — g) 7’_"/ u?|Vb|
b=r

r ber r2 r?
20) 2D 1nS 15\
— (r) + sup (Lz — QtTT) (1 — —2) r(r).
r b—r r r

Apply this inequality (20) and Lemma to (I9). Then it follows

o (VST + [SYVH 1T

~sup [(11%9 - 2trT) (1 - i—f)_ll F D) I(r).

9

P(r)U(r) =



for some constant C' depending on supp, ., (5 sup,., |5|) and the dimension n, there is
Csup,<,(|VS||VD| + |SVVb| 4 |T)

*(ru'(r) > — D(r)I(r).
r
Therefore the conclusion follows since U(r) = ?((:)). O

Now we are ready to prove the following estimate on the growth of U(r) and I(r).

Theorem 5. Assume that supp,<,<p (= supy., |S|) < 1. Assume there exists a constant k
and 5 € [0,1) such that

sup(|VS||Vb| + [SVVb| + |T|) < k(R —r)7".
b<r
Then there is a constant C' depending on Supp, <,.<p (T% SUDp< |S|) and n, such that

(21) U(r) < kCU(R) exp ( /R R s(Rd%s)ﬁ) .

And for Ry < 1y <1 < R, there is

) <T_1) ~Cs o < 1o < <T_1) (CHU(R) exp(fﬁ) S(Rd%s)g)wz) o

T2 T2

with

4nS 45

Cy = — = 2trT)(1 — — .
Proof. By Proposition 2.4, we have
, kC
> __
U'(r) 2 e U)

where C' depends on supp, <,< (3 sup,., |S]) and n. Integrating the above inequality yields

U(r) < kCU(R) exp ( / ’ 84;[7_83)6) < RCU(R) exp ( / R 84;[7_83)6) .

For convenience, let C3 = kCU(R) exp ( f Ro S(A-3) ) Applying the above upper bound of
U(r) to the formula of (InI(r))" in Lemma |2:|] we have

C 2C5 + C.
— 2 <(Ini(r) < 2Lzt L2
r r
with Cy = supp <pep (22 — 2trT)(1 — 35)7']. Then integrating the above inequalities of

(InI(r))" over [rq,r1] C [Ro, R] implies QZZI)
O
10



3. COUNTING FUNCTIONS ON MANIFOLDS WITH POTENTIAL FUNCTIONS

With the set-up in Section 2, we will derive a general upper bound of the counting function
N(o) for Steklov eigenvalues on (M", g, f). Consider the Steklov eigenvalue problem on
{b < R}:

(23) {Au:() on {b < R};

% —ou on{b= R}

Through out this article, we only consider the non-trivial case, i.e., ¢ # 0 or u is non-
constant. Let E, be the linear space spanned by all Steklov eigenfunctions with eigenvalue
< 0. Then the dimension of E, is exactly the counting function N (o).

We are going to apply Section 1 to functions in E, and obtain the upper bound of the
dimension of E,, i.e., N(o). First we have the following observation about the frequency of
functions in FE,.

Lemma 6. For any u € E,, its frequency satisfies
ocR
L —
1nfb:R |Vb|
Proof. Let k denote the dimension of V. Then there exists Steklov eigenfunctions uy, ..., ug

corresponding to eigenvalues o1, ..., 0y in (23)) which form an orthonormal basis for V,, w.r.t.
the L? inner product on {b = R}.

(24) U(R

For any u € E,, there exists constants [, - - - , [} such that u = Zle l;u;. By the definition
[, its frequency satisfies that:
ou 2 2
U(R) _ be:Ru% _ be:RZligiui oR

C f_puAVE [ _pu? VB T inf_g |V
O

Theorem 3.1. Suppose Assumptionlll and supg, <, <p (7% SUDy., |S|) < 1 hold. Assume there
exists a constant k and € [0,1) such that

sup(|VS||Vb| + [SVVb| + |T|) < k(R —r)7".
b<r
Let Ry = aR for some a € (0,1). Let o = infr cp<r |V and 1 = supp, .y |VD|. Then

(25) N(0) < OuCrAR)" [([0™ ~ 11R) ™ +0] "

Here C); denotes the constant in the mean value inequality for harmonic functions on
small balls and depends on the Ricci lower bound and n, R,~v,. The constant C7 depends
onnmn, o, 5) 71,70, K, SUPRy<r<R (% SUPp<y |S|) and Cy = SUPR,<b<R [(4[?_25 - QtTT)(]' - i_g)_l] :
The constant A(R) = supp, .,.p A({b = s}) is the supremum of the area of level sets of b.
And vy is a volume non-collapsing constant defined by
vy = inf s "Vol(B(z, s)).

Ro<b(z)<R,s<min{R—Ro,0~1}/(271)
In particular, when o s sufficiently large, the constant vy can be replaced by a constant
depending only on n.

To prove this theorem, we need the following key lemma about the growth of L? norm of

harmonic functions.
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Lemma 7 (Key lemma). With the assumptions in Theorem [31, there is a constant C
depending on sUpg <,<g (% SUpPy, |S|) and n, suppose the constant X > 1 is properly chosen
such that AR > Ry, then for each point x € {\"?R < b < A'R} such that B(x,§) C
{A3R < b< R} for some § > 0, there is

(26) / u? < 7%7620\02_” +1+ )\"+C2+03) / u?
B(z,9)

A"2R<b<A"1R

n — o R S
where Cy = SUPp,<p<r [(417—25 —2trT)(1 — ‘2—5) 1}, and Cy = KCTf exp <fRo S(RdT)ﬂ)

Proof of Lemma[]. Choose any u € V, and consider its weighted L? norm I(r) for r €
[Ro, R]. Applying [24) to (22), we have

(T_l) - I(ry) <1I(ry) < (T_l) (HCU(R) exp(fgb S(;%S)ﬂ)JFCZ) I(rz)

T2 T2
Then for any constant A > 1 satisfying Ar < R, the above inequalities imply that
(27) A"I(r) < IT(Ar) < NG+,
Define

J(rl,r2):/ " (r)dr.

T1

With a change of variable r = As, we have

J(Ar1, Ara) :/ " (r)dr = )\"/ s"1I(\s)ds.

Ary [

Ao

Applying ([Z0)to I(As) implies the following estimates on annulus regions:
N2 T, rg) < J(Arp, Arg) < AT () ).
Then these estimates implies that
JATPRR) =JA PR ATR) + JA 2R AIR) + J(VT'R,R)
<A 4 14 NTRTE) J(AT2RATIR).

On the other hand, by the co-area formula, there is

(29) J(rl,m):/ (/ ﬁvm) dr:/ W2| VB2,
1 b=r r1<b<rs

Together with (28], this implies that

/ u? < 52 / w?|Vb> =42 J (AR, R)
(30) A—3R<b<R A—3R<b<R

S 70—2()\Cz—n +14 )\n+CQ+Cs)J()\—2R’ )\_1R).

For each point z € {\"2R < b < AR} such that B(x,d) is contained in {\"*R < b < R}.
By (30), we have

/ u2 S / u2 S 70—2()\Cz—n + 1 + )\n+C’2+C'3)J()\—2R’ )\_1R).
B(z,0) A73R<b<R

(28)

12



At the same time (29) implies that

JOATR,A'R) S/yfj/ u?.

AT2R<b<ATIR
Therefore the conclusion (26]) follows.

Proof of Theorem[3.1 . Choose
1
(a=Y3 —1)"1 + Ro

Note that this choices of X implies A < a~'/3 to make sure that Ry = aR < A\°R.
We introduce the following inner product on E,:

L(u,v) = / uv.
AT2R<b<ATIR

Note that L(u,u) = 0 implies that « = 0 on {b < R} by the unique continuation principle
of harmonic functions.

Let {uy,us,...,ux} be an orthonormal basis of F, with respect to L(-,-) and F(z) =
S u2(z). Then F is well-defined under an orthonormal change of basis and

i=1%i
k = dimE, = / F(x)
A72R<b<A~ 1R

For each point p € {\?R < b < A'R}, let E, = {u € E,|u(p) = 0}. By an argument
due to P. Li (see Lemma 7.3 in [20]), the co-dimension of the subspace E, in E, is at most
one. For completeness, we include the argument here. Suppose there are at least two linearly
independent functions w; and ws in the complement of E,. Then w;(p) # 0 and wq(p) # 0.
On the other hand, their linear combination w;(p)wy — wo(p)w; vanishes at the point p.
Hence wy (p)wy — we(p)wy € E, and we get a contradiction.

Therefore by a change of orthonormal basis, for the point p, we can have an orthonormal
basis of E,, still denoted by {uq,us, ..., ux}, such that

F(p) = ui(p).

Apply the well-known Li-Schoen’s mean value inequality (see Theorem 7.2 in [20]) to u? on
B(p,d) with § = 5-(1 — A"")A~2. Tt follows that

LGV [
B(p,9) :

(31) A=1+

(32) ~WMZU%ﬁ§G4<WB@ﬁ»

for constants Cy(n), Cs(n) > 0. Here K is from Ric > —(n — 1)K on {Ry < b < R}. Since
§ < & for convenience, let Cyy = Cy(1 + exp(CsRy;'VK)) be the constant of the mean

Y1’

value inequality which depends on n, K, R, v;.
With the choice of § = 52 (1 — A"1)A~2, we have that B(p,26) is contained in {b < R} for

2m
every p € {A72R < b < A"'R}. We also have § < min{ZLe _L 1 by a simple calculation,

21 7 2mi0
hence

V(B(p7 5)) > U05n
by the assumption. Morever, when o is large enough such that ¢ is less than the half of

the injective radius of {Ry < b < R}, a well-known result of Croke (see Proposition 14 in
13



[7]) yields that the constant vy depends only on the dimension n. We call vy the volume
non-collapsing constant for small balls. Then (32) becomes

(33) Oy
000" JB(p,s)
Applying Lemma [7 to the right hand side of (B3] implies that
(34) F(p) € a2 (A% 4 L A0
for any p € {A\7?R < b < A'R} since [\_,p_,_\_ipui = 1. Integrating (34) on {A’R <
b< AR}, we get

(35) Ek<VAN?R<b< A'R) C(Snﬁ%—%)\(h—n 41 4 \nTCHCa),
At the same time, we have

VIA?R<b< A 'R) = / /
( s V0]
R(\
<

— 1) sup,- 2R<s<A™ g A({b = s})

N A2 Yo
< R(A—1) A(R)
- A2 Yo

with A(R) = supp, .,z A({b = s}) as the supremum of the area of level sets of b. Plug this
volume estimate into (B5). Then by 6 = %(1 — A HA72] it follows

(36) k< —CM% AR vz com (A-DR)'™"
VoG

with the constant Cg depending on Cy, Cs,n
Plug the definition (3] of A into (B6). Then we have

b < Cucayg (@5 - )m) +0)"

with C; dependlng on n, 1, 70, Cy, Cs,a, B.
Since f R S(R > <a'R7P(1 - B)71, there is

-1 p-p
C5 < /@Cﬂ exp <a al )
Yo 1-p

where C' depending on supg,<,<p (T% SUPy, \S\) and n. Hence C3 depends on &, v, R, «, 8
and Supp <p<p (7% supy., |9 |) Therefore the conclusion of the theorem follows.

O

4. THE COUNTING FUNCTION ON STAR-SHAPED EUCLIDEAN DOMAINS

Let Q C R” be a bounded domain in R™ containing the origin as an interior point such
that there exists a a positive smooth function ¢ on the unit sphere such that

(37) Q={reR":|z| < ¢(|%|)}.

14



Let (p,y) with y € S""! be the polar coordinates of R". Then 9Q = {p = ¢(y)}. Note Q is a
star-shaped with respect to the origin. We will apply Theorem [B.1] to the counting function

N(o) on Q.
We choose the potential function f as
R2 2 o .
0 , xr=0

for some constant R. Then b = 2/f = % at v #0, 00 ={b= R} and Q2 = {b < R}.
We notice that the multiplicity of Steklov eigenvalue are invariant under scaling of the
domain. Choose

—1/2
(39) R=( Sinf ) (1 + sup ¢—2|VS“¢|) .
n—1 sn—1

Then by scaling of the domain, we can always have a large R > 8. We choose Ry = 1. Then
Assumption [ holds.

Next we will show that supp <<z (% sup,., |S]) < 1. Let Y1,Ys, ..., Y,_; be an orthonor-
mal frame on the unit sphere S*~! and denote the first and second order covariant derivatives
of ¢ in this frame as ¢;, ¢;;, 1,7 = 1,2,...,n— 1. Choose ¢; = p'Y; fori = 1,2,....,n— 1, and
e, = 0, such that {e,es, ..., e,} forms an orthonormal frame on R". Then

(Veiej)l = —p_léijen, Veien = p_lei, 1 S ’L,j S n—1.

Let Ve, fi, Ve, Ve, f denote the first and second order covariant derivatives of f in the frame
€1,...,en. Then at x # 0, it follows that

_%R2P¢_3¢ia 1=1,2,..,n—1;
%R2,0¢_2, 1=n.

Ve (f) = {

B (3¢, + 3¢ i) + B0, 1<4d,5<n-—1;

VeiVejf = €i(€j(f))—vei€j(f) = —R2¢_3¢i, 7=n,1<1<n—-1;
&, i=j=n.
Hence

S(w) = f = VfI? = f(1 = RV "g]" = R*67%), = #0.

Together with (B9), this implies that 0 < S < f. Then we have sup,<p (3 sup,., |S]) < 1.
Calculations above also implies that

1
(sup o) (i, 0 (14 sup 690l ) < (ol <1

gnfl
Here the left hand side is invariant under scaling. And for all 1 < 4,5 < n, we have
1+4 (Supgn—l oY VSTV | + supgn s ¢_2|V8n71¢|2)
2 (1 + supgn—1 ¢~2| V5" ¢[2)

with the right hand side invariant under scaling. Hence the tensor T = %5 — VVf is also

bounded by a constant depending only on ¢ and invariant under scaling.
15
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On R™ we can take the mean value constant C'y; = 1. We also notice that the level sets of
b are homothetic which implies that

Area({b=s}) = %Area(aﬂ), r < R.
Thus applying Theorem B.] implies the following result.

Corollary 4.1. For a bounded domain 2 C R™ satisfying [B1) for a smooth positive function
¢, the counting function of Steklov eigenvalue satisfies

N(o) < C(¢) Area(d9) (ﬁ 4 a) -

5. THE COUNTING FUNCTION AND EIGENFUNCTIONS ON MANIFOLDS WITH BOUNDARY

Consider a smooth compact manifold (M™,g) with smooth boundary dM. Instead of
applying Theorem [B.I] directly, we will refine the estimates in Section 2] and Section Bl to
obtain a more explicit upper bound of N(o) in Theorem [[LT1 We will also study the decay
behavior of eigenfunctions near the boundary and prove the Theorem

Define the normal injective radius of the boundary (denoted by nir(OM")) as the maximum
of the set of radius 7 > 0 such that the exponential map exp(x,t) = exp,(tv) : OM x [0,7) —
M is a diffeomorphism onto its image. Here v is the inward unit normal of OM™. By the
compactness, this nir(OM") exists and is positive.

Let p(x) = d(xz,0M™) be the distance function to the boundary. Then p is smooth in
the nir(OM")-neighborhood of OM with p = 0,|Vp| =1 on OM™. And the metric g can be
written as

g=dp’ + gy, p € [0,nir(OM"))
where g, denote the induced metric on the level set of p which is denoted as ¥,. Then
Yo = OM.

Remark 8. We assume the smoothness on (M",g) and OM™ for the convenience. QOur
argument works as long as p(x) = d(z,0M) is C.
5.1. Upper bound of N(o): proof of Theorem 1.1l

Proof. Let 79 > 0 be a constant slightly smaller than the normal injective radius. Choose
R = kqgig for some ko > 1 such that Ry = R — iy > 1. We define the potential function

1
f= Z(R—P)z

for 0 < p < ig and extend f smoothly to the domain where p(x) > ip such that f is
well-defined on M™. Then
b=2\/f=R—p

for 0 < p < ig. And Assumption [l holds. In particular, level sets of b are just level sets of
the distance function p by {b =1} = X, for p = R —r. Through this section, we will use ¥,
instead of {0 = r} in the argument.

For 0 < p <y, by Vf = —%(R — p)Vp, we have

(40) Vbl =1, S=f—|Vf*=0.

To calculate the tensor T', choose {ej,es,...,e,_1} as an orthonormal frame on level sets
¥, and e, = Vp. With respect to {e;}, there is p;; = h;;(X,),1 < 7,5 < n — 1 where
16



I(e;, e;) = hjje, as the second fundamental form on the level set ¥,, and p,, = 0. Denote the
mean curvature on X, by H. Then for {0 < p < i}, by VVf = —1(R—p)VVp+1iVpaVp,
we have

1 1
At first, we will refine key estimates of harmonic functions in Section 2. Let u be any
harmonic function well-defined on {Ry < b < R} = {0 < p < ip}. We start with the lower
bound of D'(r) in Lemma 2.3 Since S = 0, the second term in the formula of D'(r) (14

vanishes. For the third term in (I4)), by (41l), we have

n—1 R —p n—1 n—1
trT|Vul® — 2T (Vu, Vu) = ( SRR H) Vul> = u?+ (R=p) Y hijugu,

i=1 ij=1

IA

(” ; Ly (R— p)(%CH + Cﬂ)) [Vl

with

Cy= sup sup|H|, Cyp= sup sup(|l]).
p<nir(6M) X, p<nir(dM) 3,

Plug this inequality into (I3]). Then we get

n—1

(42) D'(r) > 2r 'D*(r)I ' (r) + (— —Cy — QCH) D(r).

At the same time, plugging S = 0 and (&I) into the formula of I’(r) and (InI(r)) in
Lemma [2.T], we get reﬁned bounds of I’ ( ) and (InI(r)) :

(
(43) e <2 <” - CH) I(r),
S

n—1 Ur) n-1

(44) —~ —Cy < (Ini(r))

r r

Now apply both of ([42)) and ([43)) to the proof of Lemma 2.4l We get a refined lower bound
of U'(r):

(45) U'(r) =2 =2(Cu + C)U(r)

Apply (@H) and (44) into the proof of Theorem Bl We obtain the refined growth estimates
of U(r) and I(r) as

+Cq.

Ur) < U(R)62(CH+C]I)(R_7‘)‘

and for Ry <ry<ri < R

—n—+1
(46) e—CH(Tl—Tz) (ﬁ) < ](Tl) < (T_l)2U(R)62(CH+CH)(R’”"2)+(—7L+1)6C'H(r1—r2)‘
T2 - [(7’2) - T

Next we run the same argument as the proof of Lemma [7lusing the refined growth estimate
(@6). Then the key inequality (28)) becomes
JOATR,R) < (A teCHRO-D g 4 )\20R62(CH+CH)R(1*V3)+160HR(>‘—1))J()\_2R, A'R).
17



and we obtain the refined L? estimate of u on small balls as
(47)
/ u? < (A—leCH@—l)Rﬁ +1+ A20R62(CH*CH)R“***)+160H<A—1>R**2) / u?
B(z,§) A—2R<b<A—1R

with § = 2R(1 — A"1)A2 and x € [\"2R, A1 R)].
Now we can run the same argument as in the proof of Theorem Bl by applying (@7) to
(B3). We pick a large kg = max($,1+ ig'). Then

R = k’oio > 19,

R 1 1
o= fo =1- o > 3’
A=1+ (017 = 1)_1 T Ro <a V3 <2
5— BUZAT) _2 M) ye o W-DE Q_Ai)R < %min{zo,o——l},
and similarly R(1 — A73) < 3min{ig,c~'}. It follows that
(48) N(o) < C(n)Cy A min{io’”71}+266(cH+CH)min{io’fl}1)0_1 (% + a) "
(49) < C(n)Cpy Ae P OCr+Cn) mindio. o™}, —1 (% - a) " .

Here Cyy = C(n)e€™ioVK is the mean value constant and K is from the Ricci lower bound
Ric > —(n—1)K in the nir(OM")-neighborhood of IM™. And A = sup,_,<;, A({X,}) is the
supremum of the area of level sets of p. We notice that by the first variation formula for the
area, there is

A= sup A({%,}) < Vol(OM™)eH.

0<p<io

Plug this inequality into (48)). Then it follows that

n—1
; ; min{ig,o 1 1

N(o) < C(n)QC(")Zo\/K+CH20+466(CH+CH) tio, }Vol(aM”)vo_l (.— +a) .
o

Let ip — nir(OM") and the conclusion (3) and (4)) will follow.
U

One immediate consequence of the upper bound of N (o) is the following lower bound of
Steklov eigenvalues.

Corollary 5.1. Consider a smooth compact (M", g) with smooth boundary OM™. Let 0 <
o1 <09 < ... <gj--- S 400 be all positive Steklov eigenvalues on (M", g). Then we have
forall j > 1

, 1
o; > C(n)e—(C(n)\/?+CH)nir(8M)—406(cH+CH)min{"ir(ah/l)’afl}vvlil ( J )nl . 1

0 Vol(OM) nir(OM)

18



In particular, when o; > W for some positive constant c, there is
1
_ . 4 6(Cy+Cp) min{nir(dM),07 1} L ¥ n—1
o > C(n)e (C(n)\/?—l—CH)mr(aM) de 1 n—1 )
;2 Cn) 0 Vol(OM)
Proof. Choose 0 = ¢; in Theorem [[.Il Then we have
j=N(o;)

6(Cgy+Cq) min{nir(aM) ,o';l}

- 1 n—1
VOl(&Mn)’UO 1 (W + O'j) .

Taking the (n — 1)th root of the above inequality and applying the fact o; > oy yield the
conclusions.

S C(n) e (C(")\/?+CH>nir(8M)+4e

O

5.2. Behaviour of eigenfunctions near the boundary: proof of Theorem

Proof. Let u be an Steklov eigenfunction corresponding to the Steklov eigenvalue ¢ > 0 on
(M™, g). Under the same setup of f and R as in the proof of [T we revisit Lemma 2] for
u. It follows from b = R — p and |Vb| = 1 that

(0 I(r)) = QUT(T) B (n ; 1) () - Hulds.
This implies that
2U(r) —T(” - inf H(X,) < (InI(r)) < 20(r) _T(n —U, sup H(%,).

Integrating the above inequality on the interval [r, R] yields

—n+1 —n—+1
(5) U int H(2p s [ 1) L(R) (5) U sup H(S s+ [ 2 ds)
T

r - I(r) —
By the definition of U(r) and the definition of Steklov eigenfunction in (23), there is
U(R) = Ro. Then, by the smoothness, we have in a sufficient small neighborhood of
OM = {b= R}, ie. p— O(or r — R) that
U(r)=U(R)+o(l) = Ro + o(1)
H(X,) = H(OM) + o(1).

Plugging these approximation into the above inequality yields that

2Ro+o0(1)—n+1 2Ro+o0(1)—n+1
E e(R—T’)(ian(é)M)-‘,—o(l)) < ](R) < E e(R—r)(supH(@M)—i—o(l))
r — I(r) —

Y

r

which can be equivalently written as

(1 B £>2R0+0(1)—n+1 6—(ian(E)+o(1))p < [(,r,) < (1 B £>2R0+0(1)—n+1 6—(supH(E)+o(1))p.
R TR =V R

Notice that (1 — I—p%)R — e ? as R — oo. Then the conclusion follows from taking R — oo

on above inequality. U
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6. CY* DOMAINS IN RIEMANNIAN MANIFOLDS

Let Q be a bounded C** domain in a smooth compact Riemannian manifold (M™, g). That
is, every point in the boundary 0f) has a neighborhood where the boundary is the graph of
some O function. In this case, the distance function to the boundary p(z) = d(z,09Q) is
only C%®. Thus the method in Section [l does not apply directly. We need a regularized
distance-like function.

Lemma 6.1. Let Q be a bounded CY* domain in a smooéh and comlete Riemannian mani-
fold. For any 1 > ¢ > 0, there exists a function n € CY%(Q), satisfying

(50) (1—ep<n<(l+ep, 1-—e<|Vn<l+te and |VVp <Cp*t

in a neighborhood of the boundary, where the constants C' depends on €, o, and the geometry
of a tubular neighborhood of 02 in M.

Proof. By the result of Anderson (see Main Lemma 2.2 in [3]), for any 1 > ¢ > 0, there
exists a radius § > 0 such that one has C''*® harmonic coordinates on Bs(y) for any y € 09Q.
This radius 0 depends on €, a, the Ricci curvature, and the injective radius. With respect to
this harmonic coordinates on B(y,d) denoted by (z!, 2?2, ..., 2™), the Riemannian metric g is
Che-close to the Euclidean metric, i.e. |g;; — dij]cra < €.

By the compactness, we can cover 02 with finite small balls Bjs(y). We will construct a
distance-like function satisfying (B0) in each Bs(y) and glue them up by a smooth partition
of unity. Then we extend this function smoothly into €2 to get 7.

Fix one Bs(y). Let ¢ be a nonnegative smooth function in a neighborhood of Bs(y) which
has a compact support in Bj(y) and equals to 1 in Bj/s(y) and 0 outside of B;(y). Define a
parabolic operator

L=0,—¢A" — (1 - ¢)A,

where A, is the Laplacian operator with respect to the Riemannian metric g, and A is
the Laplacian operator with respect to the Euclidean metric in these harmonic coordinates
(22, ..., :E”)_ Note that L is the standard Euclidean heat operator on Bss(y). Then there
exits a C'H*(Q) solution of the initial-boundary value problem

Lu(z,t) =0, in Bs(y) N €Q;

u(zx,t) =0, on Bs(y) N 0L

u(z,0) = ¢(x)p(x).
We can take ty > 0 small enough such that

(I —¢€)p(z) <u(z,t) < (L+e)p(x), and 1—e<|Vu(z,t)<1+e,

for all t € [0,ty] and = € By (y) N Q.

Next we derive the estimate of VVu near y. For any constant unit vector ¥ and sufficiently
small h > 0, define D"O;u(x,t) = dyu(x + h,t) — dju(x,t). Since L has constant coefficients
in Bj/2(y), the function D";u(z,t) is also a solution of the heat equation:

LD"du(x,t) =0, x € Bsply) N
Note that |D"0;u(z,t)| < Ch®, by parabolic gradient estimate we have

(VD "d;u|(x,t) < Chop(x) L ATV2 (x,t) € Bsa(y) N x (0, o).
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For any fixed t € (0, o), pick p(x) < t*/2 and h = p(x)/2. Then it follows that
\VVu|(z + hir, t) < |[VVu|(x,t) + Cp(x)* .

By iterating the above inequality, we can find a sequence of points zy = x,21, 2, ..., in
Bs)a(y) N €2 along the geodesic joining x to the boundary 92 such that p(x;) = 27°p(z) and

IV Vul(53,) <[V Vel (0, 1) + C (2 7p())
j=0
<|VVul(zg,t) + C20HDA=D) p(gye=t < Cp(a)* L
Here the constant C' varies from line to line. It is not hard to see that x; can be made
arbitrary, hence we have established the desired second order estimate for u is a smaller
neighborhood around y. Then we choose u(z,t,) for some ¢, < ¢y as the desired distance-like

function in Bjs(y).
U

Now we are ready to prove Theorem in the introduction.

Proof of Theorem[I.3 . Fix a positive constant ¢ € (0,1) and R > 1. Choose Ry = R — iy
for a sufficiently small ip > 0. Define f = (R — (1 —¢)n)? and b = 2/ = R — (1 — €)n,
where 7 is the function from Lemma .1 Then
1
Vi=gR=(1=an(=1=-aVn), [V’=1-eVnf
(1—¢)?
2

By Lemma [6.1] we can check that Assumption [l holds. Moreover we have

0<S=f-|VF<I-00-¢)f [VVH<Cp*", |T|<Cp™

in the domain {Ry < b < R}. By taking i, sufficiently small, the condition 4[|S||pe(p<r) < 72
is satisfied. Thus we can apply Theorem [3.1] to get the conclusion. O

]_ _
VV/f = Vi ® Vi — Tebvvn.

We also obtain the following result about the behavior of Steklov eigenfunctions near a
O boundary.

Theorem 6.2. Let Q be a bounded C* domain in a smooth compact Riemannian manifold
(M™,g). Let p be the distance-to-boundary function and denote its level sets as X,. For any
Steklov eigenfunction u with respect to the eigenvalue o > 0, there is

2

u
e—Cpa—2(1+e)crp < fzp : < eCpa—2(1—e)op
u

by

when p is sufficiently small. Here C' is a constant depending on o and the geometry near the
boundary.

Proof. For any 1 > ¢ > 0, let n be the function from Lemma [6.Il Define the potential
function f and b as in the proof of Theorem [[.3. Then we have

(1—€)Ro <U(R)<(1+¢€)Ro

in a small neighborhood of 9f2.
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By Lemma 2.1l and Lemma [6.1], we have

Int

(

2(1 - ¢)Ro C ,_ 21+ ¢Ro ¢
r e W ST e

egrating the above inequality on the interval [r, R] yields

) () A (8 [ )

which implies that

(1 B %)H o (‘ / ﬁd) : ;&))

(-0 e ([ )

Let R — oo and the proof is finished by adjusting e. O
REFERENCES
[1] M. S. Agranovich, On a mized Poincaré-Steklov type spectral problem in a Lipschitz domain, Russ. J.

Math. Phys. 13 (2006), no. 3, 239-244, DOT 10.1134/S1061920806030010. MR2262827
Frederick J. Almgren Jr., Dirichlet’s problem for multiple valued functions and the regularity of mass
minimizing integral currents, Minimal submanifolds and geodesics (Proc. Japan-United States Sem.,
Tokyo, 1977), North-Holland, Amsterdam-New York, 1979, pp. 1-6. MR0574247
Michael T. Anderson, Convergence and rigidity of manifolds under Ricci curvature bounds, Invent. Math.
102 (1990), no. 2, 429-445, DOT 10.1007/BF01233434. MR 1074481
Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James Isenberg, Tom Ivey, Dan
Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow: techniques and applications. Part I, Mathematical
Surveys and Monographs, vol. 135, American Mathematical Society, Providence, RI, 2007. Geometric
aspects. MR2302600
Tobias Holck Colding and William P. Minicozzi II, Optimal growth bounds for eigenfunctions,
arXiv:2109.04998.
Bruno Colbois, Alexandre Girouard, Carolyn Gordon, and David Sher, Some recent developments on
the Steklov eigenvalue problem, Rev. Mat. Complut. 37 (2024), no. 1, 1-161, DOI 10.1007/s13163-023-
00480-3. MR4695859
Christopher B. Croke, Some isoperimetric inequalities and eigenvalue estimates, Ann. Sci. Ecole Norm.
Sup. (4) 13 (1980), no. 4, 419-435. MR0608287
Ailana Fraser and Richard Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball, Invent.
Math. 203 (2016), no. 3, 823-890.
Nikolay Filonov, Michael Levitin, Iosif Polterovich, and David A. Sher, Pdlya’s conjecture for Euclidean
balls, Invent. Math. 234 (2023), no. 1, 129-169, DOT 10.1007/s00222-023-01198-1. MR4635832
P. Freitas and 1. Salavessa, Families of non-tiling domains satisfying Polya’s conjecture, J. Math. Phys.
64 (2023), no. 12, Paper No. 121503, 7, DOI 10.1063/5.0161050. MR4673061
Jeffrey Galkowski and John A. Toth, Pointwise bounds for Steklov eigenfunctions, J. Geom. Anal. 29
(2019), no. 1, 142-193, DOI 10.1007/s12220-018-9984-7. MR3897008
, Lower bounds for Steklov eigenfunctions, Pure Appl. Math. Q. 19 (2023), no. 4, 1873-1898.
Alexandre Girouard and Iosif Polterovich, Spectral geometry of the Steklov problem (survey article), J.
Spectr. Theory 7 (2017), no. 2, 321-359.
Fei He and Jianyu Ou, The dimension of polynomial growth holomorphic functions and forms on gradient
Kdhler Ricci shrinkers, arXiv:2401.02685.
P. D. Hislop and C. V. Lutzer, Spectral asymptotics of the Dirichlet-to-Neumann map on multiply
connected domains in R?, Inverse Problems 17 (2001), no. 6, 1717-1741.

22




[16] P. Kroger, Upper bounds for the Neumann eigenvalues on a bounded domain in Fuclidean space, J.
Funct. Anal. 106 (1992), no. 2, 353-357.

[17] Mikhail Karpukhin, Jean Lagacé, and Tosif Polterovich, Weyl’s law for the Steklov problem on surfaces
with rough boundary, Arch. Ration. Mech. Anal. 247 (2023), no. 5, Paper No. 77, 20.

[18] A. Laptev, Dirichlet and Neumann eigenvalue problems on domains in Euclidean spaces, J. Funct. Anal.
151 (1997), no. 2, 531-545.

[19] Peter Li, Harmonic sections of polynomial growth, Math. Res. Lett. 4 (1997), no. 1, 35-44.

, Geometric analysis, Cambridge Studies in Advanced Mathematics, vol. 134, Cambridge Uni-
versity Press, Cambridge, 2012.

[21] Fanghua Lin, Eztremum problems of Laplacian eigenvalues and generalized Polya conjecture, Chinese
Ann. Math. Ser. B 38 (2017), no. 2, 497-512.

[22] Peter Li and Shing Tung Yau, On the Schrédinger equation and the eigenvalue problem, Comm. Math.
Phys. 88 (1983), no. 3, 309-318.

[23] G. Pélya, Induction and analogy in mathematics. Mathematics and plausible reasoning, vol. I, Princeton
University Press, Princeton, NJ, 1954.

, On the eigenvalues of vibrating membranes, Proc. London Math. Soc. (3) 11 (1961), 419-433.

[25] Grigori Rozenblum, Weyl asymptotics for Poincaré-Steklov eigenvalues in a domain with Lipschitz
boundary, J. Spectr. Theory 13 (2023), no. 3, 755-803.

[26] Lennart Sandgren, A vibration problem, Medd. Lunds Univ. Mat. Sem. 13 (1955), 1-84.

[27] W. Stekloff, Sur les problémes fondamentaus de la physique mathématique (suite et fin), Ann. Sci. Ecole
Norm. Sup. (3) 19 (1902), 455-490 (French).

[28] Lihan Wang, Generic properties of Steklov eigenfunctions, Trans. Amer. Math. Soc. 375 (2022), no. 11,
8241-8255.

Email address: hefei@xmu.edu.cn

SCHOOL OF MATHEMATICAL SCIENCE, XIAMEN UNIVERSITY, 422 S. SIMING RD. XIAMEN, FUJIAN,
P.R.CHiNA, 361005.

Email address: 1ihan.wang@csulb.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, CALIFORNIA STATE UNIVERSITY, LONG BEACH,
1250 BELLFLOWER BLvD, LoNG BEAcH, CA 90840.

23



	1. Introduction
	2. Frequency of harmonic functions on manifolds with potential functions
	3. Counting functions on manifolds with potential functions
	4. The counting function on star-shaped Euclidean domains 
	5. The counting function and eigenfunctions on manifolds with boundary
	5.1. Upper bound of N(): proof of Theorem 1.1.
	5.2. Behaviour of eigenfunctions near the boundary: proof of Theorem 1.2

	6.  C1,  domains in Riemannian manifolds
	References

