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RATE OF CONVERGENCE FOR NUMERICAL «-DISSIPATIVE
SOLUTIONS OF THE HUNTER-SAXTON EQUATION

THOMAS CHRISTIANSEN AND KATRIN GRUNERT

ABsTrRACT. We prove that a-dissipative solutions to the Cauchy problem of
the Hunter-Saxton equation, where a € W1>°(R, [0, 1)), can be computed
numerically with order O(Az® + AzP/*) in L°°(R), provided there exist
constants C' > 0 and B8 € (0, 1] such that the initial spatial derivative
satisfies [Ty (- + h) — @z (+)||2 < ChP for all h € (0,2]. The derived convergence
rate is exemplified by a number of numerical experiments.

1. INTRODUCTION

This paper is concerned with the Cauchy problem for the Hunter—Saxton (HS)
equation, which takes the form

x (oo}
(L1)  we(t, o) + uug(t,x) = 1/ u?(t, z)dz — 1/ ul(t, 2)dz, uli—o = @
4 —0oQ 4 x
The above equation was derived in [I8] via a first-order asymptotic expansion
around constant equilibrium states of the nonlinear variational wave equation,
Yyt + c(¥)(c(¥),)r = 0. One can therefore view solutions of as describing
the long-time behavior of these perturbed equilibrium states.

The HS equation has many intriguing properties, but of particular importance and
of main concern from a numerical perspective is the fact that solutions experience
wave breaking — a phenomenon characterized by pointwise blow-ups of the spatial
derivative u, within finite time. Classical solutions therefore cease to exist, and one
has to study weak solutions. Despite u, developing singularities at certain points in
space-time, u(t, -) remains continuous for all ¢ > 0, in fact Holder continuous, while
uy(t,-) € L*(R). In addition, wave breaking also gives rise to energy concentrations
on sets of measure zero, and in order to extend weak solutions beyond wave breaking,
one has to ambiguously choose how to manipulate this concentrated energy.

Two natural choices immediately come to mind: %) one can choose to reinsert all
the concentrated energy at every wave breaking occurrence, leading to conservative
solutions, or i) all the concentrated energy can be removed from the system,
yielding dissipative solutions. Well-posedness has been established for both kinds
of solutions, see [II, 2, 8, 10]. Yet a more general and flexible concept is that of
a-dissipative solutions, proposed in [I1] for the related Camassa—Holm equation
and in [I3] for the HS equation. As the name suggests, the idea is to remove an
a-fraction of the concentrated energy, but in addition, one may allow « to belong
to Whe°(RR,[0,1)) U {1}, such that the amount of energy removed can depend on
the spatial location at which wave breaking takes place. This is the kind of solution
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2 T. CHRISTIANSEN AND K. GRUNERT

we will focus on in this work. Let us emphasize that the existence of such solutions
has been shown in [I3], but uniqueness is still an open question.

To keep track of the corresponding energy, which distinguishes the various
continuations, it is common to augment the wave profile u by a nonnegative, finite
Radon measure p that represents the energy density, see e.g., [2 [I3]. This measure
encodes all the information about wave breaking, and its absolutely continuous
part satisfies dpac = u2dz. Moreover, fising, its singular part, tells us where energy
has concentrated. However, let us also point out that wave breaking can occur in
the form of infinitesimal energy concentrations, which are described by pi,¢, see for
instance the cusped wave profile in Example which is discussed in [5, Ex. 5.2]
and [I4, Ex. 3] as well.

All the aforementioned continuations require the energy to be nonincreasing in
time and are therefore governed by the following system

1 1
(1.2a) up + Uty = iF - iFoo(t),
(1.2b) pe+ (up) <0,

where F(t,z) = u(t,(—o00,x)) denotes the cumulative energy associated with the
measure u(t). This system does not provide us with enough information to dis-
tinguish different types of weak solutions, due to the measure-valued transport
inequality. In other words, except from the particular case of equality in 7
which leads to conservative solutions, the above system contains no information
about the exact rate of energy dissipation. To resolve this issue, one introduces a
coordinate transformation, namely a mapping L, which transforms the Eulerian
initial data (@, i, 7) into a quadruplet X = (,U,V, H) in Lagrangian coordinates.
Here 7 is a measure added purely for technical reasons in the sense that the same
solution (u, ut)(¢) is recovered for any t > 0, irregardless of which 7 we pick initially,
see [I5, Lem. 2.13] for details. The crux is that, under this transformation, (1.2)
rewrites into a system of ODEs that attains unique and global solutions and it also
gives us control of the exact loss of energy upon wave breaking. More precisely, see
[13 Sec. 2], the time evolution of the a-dissipative solution X = (y,U, V, H) with
initial data X = (y,U,V, H) is governed by

(13&) yt(tag) - U(t7£)7
(13D)  Uilt,€) = 3V (€)= 3Vaclt),

£ _
(1.3¢) 1e) = / (1= aly(r(n)s )X wior (01 (1) Ve (n)eln,

V(
where Vo (t) = 5lim V(t, &) represents the total Lagrangian energy and 7 : R —
— 00

[0, 00] is the wave breaking function given by

0, Pe(€) = 0 = Ug(9),
(€)= 2548, Uel©) <0,
0, otherwise.

Solving ([1.3) amounts to following the sought solution (u, F') along generalized
characteristics, and to recover (u, F'), one introduces yet another nonlinear mapping
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M. The nonlinear nature of the mappings L and M severely complicates the
upcoming convergence rate analysis.

The pointwise blow-up of u, at wave breaking introduces difficulties with numeri-
cal stability, especially for finite difference schemes, but also for standard continuous
Galerkin methods. By relaxing the continuity hypothesis and allowing for disconti-
nuities across element interfaces, the authors in [24] introduce a local discontinuous
Galerkin (LDG) method for (L.I)). This scheme is based on a central flux formulation
and its spatial derivative has a nonincreasing L?(R)-norm, i.e., the method is energy
stable. However, none of the presented numerical results experiences wave breaking,
and as no rigorous convergence analysis is conducted, it is unclear whether this
method is able to handle wave breaking. Moreover, the same authors revisit the
LDG method in [25], and replace the central flux with an upwind flux, which again
leads to an energy stable method. They also propose a new DG method, which
turns out to coincide with the finite difference scheme developed in [16, Sec. 6]
when choosing piecewise constant functions. Since the upwind scheme in [16], Sec.
6] converges towards dissipative solutions, even when wave breaking occurs, so does
the DG method in this case.

There is an intrinsic numerical diffusion in traditional finite difference schemes and
they therefore naturally give rise to dissipative solutions as shown in [I6]. Moreover,
such solutions are characterized by the following Oleinik-type condition, see |8 [16],

2
ug(t,x) < n for all t > 0 and a.e. x € R,

which provides additional stability and makes them more amendable for numerics.
In spite of that, a scheme based on the method of characteristics, which equivalently
can be expressed as a finite difference scheme, was shown to converge to conserva-
tive solutions in [I4]. Furthermore, several geometrically oriented finite difference
methods were proposed in [21], albeit without any convergence analysis. In addition,
a convergent numerical algorithm for a-dissipative solutions was recently proposed
in [5] for a € [0,1] and subsequently extended to o € WH°(R,[0,1)) in [4]. The
latter method, to which we derive a convergence rate, relies on the observation that
if the initial data @ in is piecewise linear, then so is the associated a-dissipative
solution wu(t,-) for all ¢ > 0. One combines this property with a piecewise linear
projection operator P, that preserves the relation dfi,. = u2dz, which is essential
to ensure that the numerical approximation, for each fixed Az > 0, dissipates energy
when it is supposed to. The numerical solution is thereafter evolved by an iteration
scheme that is based on computing successive approximations of the solution to
with initial data L o Pa,((@, i, 7)). This is explained throughly in Section
and [4, Sec. 3.2].

Despite the existence of several numerical methods for , the convergence
rate derived in [3] for o € [0, 1] and here for « € WH(R, [0, 1)) are the first robust
convergence rates, i.e., error rates that persist even if wave breaking takes place.
The few results that exist elsewhere either break down at wave breaking or prevent
it from taking place, see [3 Sec. 1] for a brief discussion. To be more precise, we
prove that the numerical method from [4] satisfies

(1.4) sup ||u(t) — uaz(t)|lee < O(AZY),
te[0,T]

)

for some v > 0, where T' > 0 is a fixed final simulation time, Ax denotes the spatial
discretization parameter, and {uaz }Az>0 is the family of numerical approximations.
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It suffices to this end, to derive a convergence rate in [L°°(R)]? for the numerical
Lagrangian pair (ya, —id, Ua,)(t), since by |5l Lem. 4.11], we have

sup [[u(t) = waz(t)lloo < sup [U(t) = Uae(t)lloo + VER) sup [ly(t) —yae(t)]1L-
te(o, te[0,T] te[0,T]
This is however challenging, due to the highly nonlinear relation between the Eulerian
and Lagrangian variables. In particular, the singular part fising, which is supported
on a set of measure zero in Eulerian coordinates, leads to a set A of positive measure
in Lagrangian coordinates, on which we are unable to connect the differentiated
Eulerian and Lagrangian variables. As a consequence, we only have a convergence
rate for the initial Lagrangian energy density, Va, ¢, on R\ A. However, as the
norms ([y(t) — yaz(t)||co and ||[U(t) — Uaz(t)||ec heavily depend on the difference
Ve(t) — Vagze(t) on all of R, cf. (1.3), we have to prove that the set A contributes
at most with a certain order. To achieve this, one needs to postulate additional
regularity on the Eulerian initial data. In particular, we require that there exist
constants C' > 0 and 8 € (0, 1] such that

(1.5) (- 4+ h) — G (-)]]2 < CRP  for all h € (0,2].

The remaining argument then hinges on the fact that, by construction, the afore-
mentioned projection operator, Pa,, preserves the mass of the singular part figing
locally. This property is combined with a novel pair of transformations, inspired by
[I'7, Def. 6], that allows us to prove that the contribution from the set A is at most
of order O(Az"/?).

The way in which we proceed to prove the convergence rate shares a lot of
similarities with the one proposed in [3] for « € [0, 1] — the main difference is the
transformation used to deal with the problematic set .A. The mapping in [3], which
can be constructed explicitly, maps the points where the exact solution breaks
initially to those points where the numerical solution breaks initially, and, when
combined with the local preservation of fisng, this enables one to prove that the
set A contributes at most with order O(Az"?). However, the author of [3] has to
assume that the initial energy measure g has no singular continuous part. In this
work, on the other hand, we introduce a pair of transformations which rescales both
the projected and the exact initial data. In this way we are able to handle any
finite, positive Radon measure fi, but this comes at the cost of only having implicit
expressions for the transformations. In spite of that, we also obtain an improved
convergence rate; instead of the O(Az”®)-rate shown in [3, Thm. 4.11] for a € [0,1],
we deduce that holds with v = imin{ﬁ, %} for a-dissipative solutions where
o € Whe°(R,[0,1)) U {1}, which reduces to O(Az"*) when « is a constant. The
transformations used in [3] and herein are compared in Section

Note that even if one starts with a purely absolutely continuous energy measure,
a singular continuous part may form at some later time. Thus, in order to be able
to analyze numerical methods where one maps back and forth between Eulerian and
Lagrangian coordinates, like in [I4], one has to be able to treat singular continuous
measures. We hope that our approach also turns out valuable in such cases.

This paper is organized in the following way. In Section [2] we outline how to
construct a-dissipative solutions via the generalized method of characteristics from
[2] and [13] and we thereafter recall the numerical method from [4]. Then, in
Section [3] we proceed by proving the aforementioned convergence rate. Our rigorous
analysis of the pair of transformations and the subsequent change of variables play
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a key role. Finally, in Section [f] we conduct several numerical experiments which
support our theoretical result. In particular, the cusped wave profile analyzed in [5]
Ex. 5.2] and [14, Ex. 3| satisfies (1.5)) with 8 = /6, and hence converges with order
O(Az'*).

2. PRELIMINARIES

The numerical method for a-dissipative solutions, to which we derive a conver-
gence rate, is based on the generalized method of characteristics from [2] and [I3].
We therefore split this section into two parts: in the first part we remind the reader
of this generalized method of characteristics and the definition of a-dissipative
solutions, which is followed by a presentation of the numerical method proposed in
[4].

2.1. The generalized method of characteristics and a-dissipative solutions.
Let a € WH(R, [0,1)) and denote by M™(R) the space of finite, positive Radon
measures on R. In order to define the set of admissible initial data, we have to recall
some function spaces from [2] and [13].

Let us start by introducing the Banach space

E:={f € L*(R)| f' € L*(R)} endowed with [ f|l5 := | flloc + [IFll2;

and let
HIR):= H'(R) xRY d=1,2.
Furthermore, introduce a partition of unity on (—oo,1) U (—1,00) = R, i.e., a pair
of functions ¢~ and ¢* belonging to C°°(R), which satisfies
() 6" +o- =1,
(ii) supp(¢™) C (~1,00) and supp(¢~) C (—o0, 1),
(iil) 0 < ¢t < 1.
This pair is used to define the following linear, continuous and injective mappings
Ri: HIR) = E,  (f,a) = f=f+a¢™,
Ro: Hy(R) = B, (f,a,b) = [ = [+a¢* + o7,

which allow us to introduce the Banach spaces E; and Ej as the images of H{(R)
and HJ(R) under the mappings R; and Ry, respectively, that is,

By :=Ri(H{(R)) and Ej:= Ry(Hj(R)),
equipped with the norms

_ _ 1/2
1l i= 1 + a6t e, = (11 + %)

_ _ 1/2
1= 1 + a6 + 60712 = (1 F s ey + > +82)

It was shown in [I2] Sec. 2] that the spaces E; and E5 are independent of the chosen
partition of unity. In addition, R; is also well-defined when applied to functions
belonging to L?(R) = L?(R) x R and we therefore introduce

_ 1/2
EY:= Ry (L}(R)) endowed with [ fllzo :== (f||§ + az)

With this in place, we can finally define the set of Eulerian coordinates D¢, which
contains all the admissible initial data to (1.2]).
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Definition 2.1. The space D% consists of all triplets (u, p,v) that satisfy
(2) u € Fy,
(i) p < v e M*H(R),
(Z”) Mac < Vac,
(iv) ditae = u2dz,
(v) p((—00,-)) € EY,
(vi) v((—00,")) € EY,
(vii) % (x) >0, and F2=(x) =1 if u(z) <O0.
Moreover, we define
(2.1) D§ = {(u,1,v) € D*| = v}.

By [9, Thm. 1.16], there is a one-to-one relation between p and the cumulative
energy F(z) = pu((—o0,z)), and likewise between v and G(z) = v((—o0,z)). These
functions are bounded, left-continuous, increasing, and satisfy

HE Pl =0= I Gla)

in addition to
Feo = lim F(z) =pR) and Go = lim G(z) =v(R).

T—>r00 Tr—r00

Furthermore, recall that any p € M™*(R) admits a decomposition of the form

(22) M = Hac + Hsing
where p, is absolutely continuous and fising is singular with respect to the Lebesgue

measure, see e.g., [9, Thm. 3.8|. We also take advantage of the fact that fine can
be decomposed further into two mutually singular measures

(23) Msing = Hd + fhscs

where pq is purely discrete and g is singular continuous, see [20, Thm. 9.7]. A
consequence of (2.2) and (2.3) is that F' can be decomposed into three parts,

(2.4) F(x) = Fac(x) + Fa(z) + Fyc(x),

where F,c(x) = pac((—00,2)) is absolutely continuous, Fy(z) = pq((—o0, z)) is a
piecewise constant function, and Fy.(x) = psc((—00,x)) is continuous with Fj. =0
a.e.. Furthermore, Fyng(2) = psing((—00,2)) = Fy(z) + Fic(x). The function
G(z) = v((—o0,z)) admits a similar decomposition.

Next, let us define the set of Lagrangian coordinates F%. This requires us to
introduce E* = By x By x By x Ey, which is a Banach space when equipped with

(2.5) I (f1 fos f3, fa)llps = || full gy + | follEo + 1 f3ll By + [ fallE, -

Definition 2.2. The space F* is composed of all quadruplets X = (y,U,V, H)
satisfying

(i) (y—id,U,V, H) € E*n [Wh=(R)]",

(i) ye, He > 0 a.e. and there exists ¢ > 0 such that ye + He > ¢ a.e.,

(iii) yeVe = U,? a.e.,

(iv) 0 < Ve < He ace.,

(v) there exists k : R — (0,1] such that Ve(§) = w(y(§))He(§) a.e., with

k(y(€)) = 1 whenever Ug(§) < 0.
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Furthermore, we define
(2.6) Fo={XeF|y+H=id} and FQ'={XecFS|H=V}.

Typically, given some initial data (u, i, 7) belonging to D%, one wants to solve
(1.2) combined with v + (ur), = 0. Moreover, to ensure that the correct amount
of energy is dissipated, which is specified by «, one uses a generalized method
of characteristics. Hence, let us introduce the following mapping, which is well-
defined by [22 Prop. 2.1.5], to define the initial data in Lagrangian coordinates,
X =(y,U,V,H).

Definition 2.3. Let L : D% — F§ be defined by L((u, p,v)) = (y,U,V, H), where

(2.7a) y(€) = sup{z € R| z +v((—o0,z)) < &},
(2.7b) U(&) = uly(€));
(2.7¢) H(E) =& —-y(9),
4 du
(2.7d) Ve = | gy W) He()dn.

In Lagrangian coordinates, the a-dissipative solution with initial data X =
(g, U,V,H) € F* satisfies the following system of differential equations

(283) Yt (ta 5) = U(ta 5)7

@8) U6 = 5V () — TVlt),
3
(2'8C) V(t, 5) = /_ (1 - a(y(T(n)v n))X{w\tZ‘r(w)>O}(n))%(n)dnu

(2.8d) Hy(t,&) =0.
Here Vo (t) = 5lim V (t,€) represents the total Lagrangian energy and 7 : R — [0, o0]
— o0

is the wave breaking function given by

0, Je(€) = Ue(€) =0,
2y op 7T
(2.9) (€)= —HE, i Te() <0,
00, otherwise,

which tells us if and when the a-dissipative solution experiences wave breaking along
the characteristic labeled by £ € R.

It has been established in |22 Lem. 2.2.1] that (2.8)—(2.9) is globally well-posed
for initial data belonging to F*. Consequently, associated with (2.8)—(2.9), we
define the Lagrangian solution operator S, for which F¢ is an invariant set.
Definition 2.4. Define, for any t >0, Sy : F* — F* by X(t) = Sy(X), where X (t)
is the unique solution of (2.8)—(2.9) with initial data X(0) = X € F*.

At last, in order to obtain the sought solution of (1.2), we have to transform

the solution of (2.8)—(2.9) back to Eulerian coordinates, and the following mapping,
which is well-defined by [22] Lem. 2.1.7], is needed for this very purpose.

Definition 2.5. Define M : F* — D% as M((y,U,V,H)) = (u, p,v), where
(2.10a) u(z) = U(&) for any £ € R such that v = y(§),
(2.10b) = yu(Veds),
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(2.10C) V=Yx (Hgdg)
Here yu(Ved§) is the pushfoward measure given by

u(A) = / Ve(§)d€,  for all Borel sets A C R,
Yy~ (A)

and the measure yu(Hed€) is defined similarly.

By composing the mappings L and M with the Lagrangian solution operator S,
one can construct a-dissipative solutions, leading to the following definition.

Definition 2.6. Suppose (u, i, 7)€ D%, the a-dissipative solution at time t > 0 is
given by
(u, p,v)(t) = Ty((@, g, 7)) = M o St o L((@, @, ).

Note that there are three variables in Eulerian coordinates, while there are four
in Lagrangian coordinates, implying that the mapping M : F* — D cannot be
injective. However, one can identify an equivalence relation on F<, such that all
elements belonging to the same equivalence class are mapped to the same element
in Eulerian coordinates. To this end, let us define a group that acts on F through
relabeling.

Definition 2.7. Let G be the group of homeomorphisms f : R — R satisfying
(i) f—id, f~' —id € By,

(ii) fe, (f 1) € L=(R).
Furthermore, define the group action e : F* X G — F* by
(2.11) (X )= W)U V), H(f) =X o f.

As mentioned, all elements belonging to the equivalence class

[X] :={X € F| there exists f € Gs.t. X =X o f},
for some X € F, are mapped to the same element in Eulerian coordinates.
Proposition 2.8 ([22, Prop. 2.1.10]). Let f € G and X € F*, then
M(Xef)=M(X).

The pair (u, pt) contains all the essential information about the solution in Eulerian

coordinates, and (y, U, V') therefore encodes the important information in Lagrangian

coordinates. Yet, it is apparent from Definition that the choice of v not only
influences H, but also (y,U, V). Despite this, the pair (u, u) is independent of v.

Lemma 2.9 ([I5, Lem. 2.13|). Given (u;, ij,7;) in D for j € {1,2} with a1 = s
and fiy = [, let (uj, uj,v;)(t) = Ty((a;, i, 7)) for j € {1,2} and any t > 0, then
ur(t,)) =us(t,r) and  pa(t) = p2(?).

As a consequence, we will restrict our attention to initial data belonging to the
subset D§ C D, defined in (2.1)), which in particular implies that i = .
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2.2. The numerical method. Let us proceed by describing the numerical method
proposed in [4], which is closely related to Definition but differs in two ways:

(i) Before mapping the Eulerian initial data to Lagrangian coordinates, one
applies the piecewise linear projection operator introduced in [5, Def. 3.2].
The a-dissipative solution associated with this projected initial data will
remain piecewise linear for all ¢ > 0. This makes it possible to implement
the solution operator T; exactly in the case of a being a fixed constant, see
[5]. However, this is no longer possible when o € W1°°(RR, [0, 1)).

(ii) If the a-dissipative solution experiences wave breaking along the charac-
teristic labeled by &, then the fraction of energy to be removed equals
a(y(7(£),€)). Moreover, since the time evolution of y(t,£) depends on
Ve(t,-) on all of R, cf. , the position at which wave breaking takes
place, y(7(£), ), is influenced by all the other wave breaking occurrences
happening prior to ¢t = 7(£). Thus the time evolutions of y(t,&) and Ve(t,-)
are closely intertwined and cannot be solved explicitly in general. To
resolve this issue, one approximates the solution operator S; numerically by
introducing an iteration scheme, which is based on computing successive
approximations of the energy to be removed.

2.2.1. The projection operator. We start by recalling the projection operator intro-
duced in [5 Def. 3.2]. To this end, let {x;};cz represent a uniform mesh on R with
xj; = jAx for j € Z and Az > 0 fixed. In addition, let f; = f(z;) denote the values
attained at these gridpoints for any function f:R — R and introduce the difference
operator

2Ax
The projection operator Pa,, which is tailored to preserve the total energy Fi, the

continuity of u, and Definition is then defined as follows.
Definition 2.10. Define Pa,:D§ —D§ by Pax((u, F,G)) =(vaz, FAz, G Az), where

Df2j _ f2j+2 B f2j

(2.12) Unp(T) = ugj + (Dugj F qoj) (v — w25), Toj < T < Tojyt,

ugjr2 + (Dugj & q95) (x — T2512),  @2j41 < T < Tgj40,
with qo; given by
(2.13) a2j = \/DFac,zj — (Dugy)?,
and
(2.14) Gae(z) = Fag(2) = Fag,ac(®) + Fazsing(x),  for allz € R.
Furthermore, the absolutely continuous part of Fa, is defined by

Fic2j + (Dugj F QQj)2 (v — x25), T2; < x < Tojq1,
(2.15)  Fagac(®) = S & (Fac2jt2 + Fac,2j) F 2Dusjgoj Az

+ (Dug; £ Q2j)2 ( — x2541), Toj41 < ¥ < Tojqo,

while the singular part is given by

(2.16) Fagsing () = Fojro — Fac2j42 = Fuing2j+2, Toj < < Tojyo.
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Note that there is one degree of freedom for each interval [xo;, x2j42], that is,
we have to determine which sign to use in and . This choice will not
influence our upcoming analysis, but it affects the numerical accuracy in practical
applications. For the numerical experiments in Section [d] we therefore couple
Definition with the sign-selection criterion from [B, Sec. 3.1]. This criterion is
based on picking, for each [z2;, z2;42], the sign that minimizes the distance between
w(x2j4+1) and waz(x2;j41), which is given by (—1)k2 for [2;,2254+1], where

koj 1= argmin { (M — Dugj)Az + (—l)m“qngx}.
me{0,1} Ax

2.2.2. Implementation of L and computing Ta,. After applying L from Definition [2:3]

to the projected data, one obtains the numerical Lagrangian initial data

XA$ - (yAl'; UAJHVAxaHAac) =Lo PAm((U,/L,V))

Due to Definition [2.3] and Definition this is a tuple of continuous and piecewise
linear functions, whose nodes are located at the points {&;};cz. The value attained
by Xa.(€) at any £ € R can therefore be computed by linear interpolation based on
the sequence {X Az (&;)}jez. Here {&;},cz represents a nonuniform discretization in
Lagrangian coordinates, which is related to the uniform mesh {z;};cz in Eulerian
coordinates via

&35 = 95 + Gag(2;), &3j4+1 = 25 + G az(x2+),
(2.17) &3j42 = To2j+1 + Gaz(T2541)s £3j+3 = T2j42 + Gaz(w2j42).

Here x;] denotes the limit from the right at xq;.
Furthermore, by inserting X A, into (2.9)), one obtains the numerical wave breaking
function 74, : R — [0, 00], which, for § € [£3;,&3;+3), reads

Taj4ds € € €35, 8354l
(2.18) Taa(§) =  Tajr2, &€ (§3j41,83542],

Tsi43, €€ (E35+2,83543),
where 1

Tj4+l =TAs (§(§j+1 + 5;‘)) for any j € Z.

In particular, &3; = £3;41 whenever G Ao, does not have a jump discontinuity at
x = xg; and, in addition, T3j4l = 0. By comparing and we infer that
the exact and numerical wave breaking times in general differ, and this complicates

the upcoming error analysis. The interested reader is referred to [5, Sec. 3.2.1-3.2.2]
for more details.

2.2.3. A brief recap of the time evolution. The numerical time evolution is throughly
described in [4, Sec. 3.2.2], we therefore only give a brief summary.

One starts by extracting a finite, increasing sequence of numerical breaking times,
{mi i, from {7, 1}jez, which constitutes a non-uniform temporal discretization
of [0, T], for any finite T'> 0. Thereafter, one evolves the differentiated Lagrangian
variables, X Az ¢, between successive times in this sequence by an iteration scheme.
This turns out to be much more efficient than solving directly with initial data
XAz = Lo Pag((@, fi, 7)), which is possible as the exact Lagrangian solution, with
initial data X A,, remains piecewise linear for all ¢ > 0.
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For the upcoming analysis, the particular values of the 7;’s do not matter. The
important point is that {7} W ko €nsures that the iteration scheme which we now
define inductively, is a contraction and hence converges.

Suppose

Xare(t) = (Care, Unag, Vare, Haze)(t), where (az(§) =yaz(§) — &,

has been computed for t € [0, 7;] and denote by { X7, 5( )} nen the sequence whose
time evolution, for £ € R\ {§;};ez and t € (77, 7], is given by

(2.19a) Chape(t, &) = Umg(t ),
(2'19C) ngﬁg(tvg) = (1 - BA:c(t f)X{5|S>TA'c(§)>T }( ))VAz,g(Tz:»f)a
(2.19d) H},46(t,8) =
with XZI7€(T;) = X g e(ry) for all n > 1, where
(2.20) Bho(t,6) =0  for £ € R,
and for n > 2,
(221) BZx(tvg) = ;:.%(t) for any 5 € (gjvgj-‘rl]y
with
Oa j+4 *a . s

(2.22) ;q_l(t) _ o TJ+2 ¢ (Tli T}i+ﬂ

2 oz(yAI (Tk+17£j))a Tj+l € (TkaT;Hﬂ-

Since )N(Zmyg(t, -) is piecewise constant with possible jump discontinuities at {&;};ez,

for all t € [}, 77, 4], it suffices to solve (2.19) at the midpoints ;1 = (& + &)
Moreover, it is evident from (2.19)—(2.22)) that we need to compute y’% (¢, ) and
hence X% (t,-) at the times in {77 }2_,. To this end, introduce for each j € Z

(GraeUlne Vs e Bl o 0 = X (0)

_ sz,g( 3(&+1 +§g))» if & # &1,
(0,0,0,0) otherwise,
and observe that H%, (t) = Ha,. In order to compute VZ (t), U%_ (), and

Y%, (t), we use the recursive procedure from [4, Sec. 3.2.2]. It follows from (2.8¢)
that5 lim V},(t,&) = 0 and one therefore has
——00

j—1
VXaz(tvé_j) = VyZJr g( )(é-erl - gm) = VXx(tvgjfl) + V;i%)g(t)(gj - ijl)'

m=—00

The left asymptotes of U4, (t) and y’,(t) on the other hand, are time-dependent

and evolve according to (2.8). For brevity, let us introduce fi, = c lirf f(), then
— 00

n * 1 * *
UAz,—oo(t) = UAz,fOO(Tk) - EVAm,OO(Tk)(t - 7)

1 . )
+ Z Zﬂm+% (t)X{l‘tZTl+%>TZ}(m)Vm+%’E(Tk)(fm+1 - &-m)(t — Tm+%)7

meZ
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while

1
CZm,foo(t) = CAa:,*OO(TI::k) + UAZL’,*OO(TI:)(t - TI:) - gVAL*OO(TI:)(t - 7—1:)2

* 2
+ < Zﬁw Witz y >t M)V 1 e (70 Emer = &m) (E = Ty 1)”
mEZ
From these asymptotes we compute the functions U, (¢) and ¢4 ,(¢) at the gridpoints
{¢;}jez and thereafter recover their value at any intermediate point £ by linear
interpolation. In particular,

UZ:c(t7£j) = Uzm,foo Z m+ 5 £m+1 fm)

= UR,(8:6-1) + UL 1 (0)(&5 = &),

and
CGalt,6) = o+ D2 Cris ((O(Emr — Em)

= a6, &-1) + Gy (D& — &§-1)-

At last, one computes y4.(t,-) from y%.(¢,&;) = (X, (t, &) +&; for any j € Z.
The iteration scheme is stopped at the first integer n = M satisfying

ME MFE—1 ME ME—1
sup  [[Ya, (1) —yay Ol sup [{Cas' (8 &) ez — {Cast (8:&5) ezlle

te[’r;,’l’;+1] tG[T;,'r,:Jrl

(2.23) <e

for some user-determined threshold € > 0, where || - ||;~ denotes the usual sup-norm
on £*°. As mentioned, the iteration scheme is contractive. Thus will eventually
be met for any € > 0, see [4, Prop. 3.5]. However, we will stick with the same choice
as in [4], that is,

1 2
IIa’Iloo
in which case the number of iterates M} in , over any (77, Tj ], is uniformly
bounded by 3. Furthermore, set

€ = 5

Xao(t) = XM5(8)  forall t € (704,

and let Saz: @ F¢ — F* denote the numerical solution operator associated with
the outlined evolution procedure, namely

(2.24) Sawt(Xaz) = Xag(t), foranyte|0,T].

The important point here is that S; from Definition [2.4] is not implemented exactly,
but approximated by Sa.:. As a consequence, we introduce two numerical errors
on each time interval (7%, 7/, ], which we analyze in Section
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2.2.4. Recovering the solution in Eulerian coordinates. It remains to recover the
numerical solution in Eulerian coordinates. One achieves this by applying M from
Definition to X ax(t), namely

(2.25) (Uaz, paw, Vaz)(t) = M(Xaz(t)).

As the components of Xa,(t) are piecewise linear, so are the components of
(vaw, Faz, Gag)(t). In fact, their nodes are situated at the points {yaz(t,&;)}jez
such that amounts to applying a piecewise linear reconstruction based on the
values attained at these nodes. Furthermore, ua,(t) is continuous for all ¢ > 0, while
FA.(t) and G, (t) are left-continuous and increasing. In addition, Fa,(t) # G az(t)
for t > 0 in general. Again, see [0, Sec. 3.2.4] for more details.

The outlined construction leads to the following definition of numerical a-
dissipative solutions.

Definition 2.11. Given (4, i,v) € Dy, Ax > 0, and T > 0, define Tag: =
M o0 Sy 0 L. The numerical a-dissipative solution, for any time t € [0,T], is then
given by

(uAaca HAz, VAx)(t) = TAa:,t o PAx((aa o, ’7))

3. CONVERGENCE RATE FOR THE NUMERICAL METHOD

Let T' > 0 be fixed and assume from now on that Az < 1. We aim at deriving a
convergence rate in C([0,T], L*°(R)) for the approximation family {uay}Az>0. By
[5, Lem. 4.11], it is enough to deduce an error estimate for (ya, —id,Uaz)(t) in
[L>°(R)]? for any t € [0, 7], because

B1)  ult) = wac(®)lee < NUE) = Uae(t)lloo + FLNy(t) = yac@)IIL-
If we for a moment neglect the fact that we have to approximate Sy by Sag.¢, cf.

(2.24), and integrate (2.8b]) with respect to time, we observe that in order to obtain
a convergence rate for ||U(t) — Uag(t)]/co, we need a convergence rate for

%/0 ((V(s,ﬁ) - %VOO(S)) — (Vau(s,€) — %VAm,w(s)))ds

s =3[ ([ v Vanamm - e~ Vs myn)as|

This is a delicate issue, because there might be a set A of positive measure in La-
grangian coordinates on which we have no initial rate for (yaz,e, Uaz.¢, Vaz,e, HAzg)s
which makes it difficult to obtain a convergence rate for . To resolve this issue,
we introduce, in Section a novel pair of maps, inspired by [I7, Def. 6], that
enables us to prove that the contribution from the set A to tends to 0 with a
certain rate when Az — 0, provided @, has more regularity than just belonging to
L?(R).

3.1. Initial convergence rates in Eulerian coordinates. In order to have
sufficiently strong initial convergence in Eulerian coordinates, one has to impose
additional regularity on 4,. In particular, we will use a regularity criterion which is
inspired by a characterizing property of certain Besov spaces.

Let us start by recalling the following error estimates.
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Proposition 3.1 ([5, Prop. 4.1]). Given (4, i,v) € D, let (iaz, faz, Vaz) =
Paz((4, 1, 7)), then

(3.3a) |8 = aelloo < (14 V2)FL2 Az,
(3.3b) @ — Gasllz < V2(1+ V2) F2 Ax,
(3.3¢) |F = Faglly < 2FsAz"  forp=1,2,
(3.3d) |G = Gazllp < 2G oo Az'?  forp=1,2.

Additionally, we also have ia, , — U, in L*(R) by [5, Lem. 4.2]. However, as
there is a close relation between @A, . and the energy variable Va, ¢, this convergence
is too weak to guarantee a convergence rate for and hence for (yaz —id, Uaz)(t)
in [L>°(R)]2. In fact, it turns out that it is essential to have a bound of the form

|ty — Az zlle < O(Az”)  for some >0,
because the solution operator Sa;; will otherwise completely deteriorate the initial
convergence rate in (3.3al) for a-dissipative solutions due to the following reason.
The characteristics along which wave breaking occurs at time ¢ are determined by
the sets

(34) Bo={€la@) =2} ad  Ba={€laana(an@) =},

for (u, F,G) and (@ag, Faz, Gagz), respectively. Thus, to prevent the error between
the exact and the numerical Lagrangian solution from becoming too large, one needs
to be able to monitor the influence of E; and Eag ¢ for t € (0,T]. This is possible if
we have the stronger L?-error bound on UAg,z-

Note that @ az, given by , is piecewise linear such that we are approximating
i, € L2(R) by a piecewise constant function and additional regularity has to be
imposed in order to obtain a convergence rate in L?(R). Motivated by the Lipschitz
spaces Lip(3, L*(R)), which coincide with the Besov spaces B5 (L*(R)) for 3 € (0, 1),
see e.g., [6] [7], we introduce, for § € (0, 1],

(3.5) BY :={fe L*(R)] there exists C'> 0 s.t. ||, f]]2 < Ch? for all h € (0,2]}.
Here 65, f(z) := f(x+h)— f(x). Furthermore, denote by | f|2 g the smallest admissible

constant in (3.5)), i.e.,
(3.6) Flag = sup (h=)|6nf]l2).
he(0,2]

Then the set B, which satisfies B2 (L2(R)) C BY, contains all the L2(R)-functions
that optimally can be approximated by piecewise constant functions on uniform
meshes with an error of order O(Az?), see [6, Sec. 3| and [7, Chp. 12]. However,
the projection operator Pa, is not constructed with the aim of approximating @, by
Uz, in the best possible way in L?(RR), but instead with focus on preserving the
relation dfi,c = u2dz. One therefore introduces ¢, given by , which can be
viewed as a correction term in , but it leads to a suboptimal convergence rate.

Lemma 3.2 (|3, Lem. 3.2]). Given (@, fi,7) € D with i, € By for some 3 € (0,1],
let (ipz, Az, VAz) = Pag((4, 1, 7). Then there exists a constant C, dependent on

B, Fac,c0, and |Ugz|2 g, such that
(3.7) iy — Gaz g2 < C Az,
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Remark 3.3. Other more frequently encountered conditions are 4, € BV N L*(R)
or i, € COP(R), i.e, U, being B-Hélder continuous with compact support, which
both lead to error estimates similar to (3.7)), because

BV NL'R) C B;/z and 02’5 C Bg for any 8 € (0,1].

On the other hand, we only require i, € L*(R) and hence these two other conditions
exclude a lot of interesting examples. One being the solution to the Cauchy problem
(1.1) with the following initial data

1, T < —1,
a(z) =4 |2|7, —1<a<1,
1, 1<z,

for which wave breaking occurs for each t € [0,3] along a single characteristic, see
B, Ex. 5.2] and [14, Ex. 3]. Its derivative, given by

0, r < —1,
Uy (x) = 4 Zsgn(e) ||, —1<a <,
0, 1<z,

belongs neither to CO#(R) for any 8 € (0,1] nor to BV(R), but it does belong to
B;/G. We will return to this example in Section .

3.2. A first step towards a convergence rate in Lagrangian coordinates.
The error estimates from Proposition yield the following convergence rates in
Lagrangian coordinates.

Lemma 3.4 ([5, Lem. 4.4]). Suppose (u,i,v) € D§, let (j,U,V,H) = L((u, i, 7)),
and (Gaz, Unz, Vaz, Haz) = Lo Pa,((@, i, 7)), then

19 — Jazlloo < 24z,
U — Unalloo < (1+2V2)Fy2 A2,

ac,00

HH - HAw”oo = ||‘_/ - VAwHoo < 2Az.

Here we took advantage of the fact that L(Dg) = Fo°, with F5* defined in
2.0).

Ideally, we would like to proceed by deriving convergence rates for the differ-
entiated Lagrangian variables XALg = (Jaz.e, UAz,g, VAI@ FIALE), but this is in
general out of reach. Instead, we have to apply an additional change of variables in
order to be able to handle .

To better understand what type of transformation we are looking for, we start by
outlining the approach we will take for further estimating . As mentioned, the
solution operator S; from Definition [2.:4] has to be approximated by the numerical
operator Sag ¢+, which is based on evolving the numerical solution between successive
times in {T,:f}fy:o by the iteration scheme described in Section Consequently,
one introduces two errors over each interval [7;, 7,/ ;] that we collectively refer to
as the local error:

(i) the iteration scheme is terminated after a finite number of iterations, once
is satisfied with € = WA:UQ,
(ii) the amount of energy to be removed at wave breaking is only approximated,

. @20) @2,
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Therefore, introduce
Xaa(t) = (G0 Unes Vaw, Hao) (1) = Si(Xaa).
It then follows from that we can write
u(t) = wae @)oo < (U () = Taw(®)lloo + 1Ta2(8) = Uaw(t)]loo
+GLY() = Tac(O]IL + CLTaa(t) = yao(OIL,

where Fl,, = G, since (u,ji,7) € D§. A closer look reveals that the terms

1U(t) = Upw(t)]|oe and ||y(t) — Gaz(t)]|c describe the projection error, i.e., the error
introduced by the projection operator Pa, and its influence on the time evolution
in Lagrangian coordinates, while the other terms account for the accumulated effect
of the aforementioned local errors.

The local error has already been studied in detail in [4] and a careful inspection
of the estimates in [4, (4.29) and Lem. 4.10] reveals that there exists a constant C,

dependent on ||/ ||so; ||%]lco, Goo, and T', such that

(3.8) 1522 (£) = Y () loo + [Uae(t) = Una(t)]|oo < CAZ,
holds for all ¢ € [0,T]. Thus
lu() = waz(Dloo < [U() = Uaw(t)lloe + GL Ny (t) = Gau(t)IL
(3.9) +CA 4+ CG oA,
for all t € [0,T]. Or, in other words, the local error restricts the rate of convergence

to be at best O(Az"/*). However, it still remains to establish an error estimate for
the projection error, i.e., for

(3.10) [U(®#) = Una(t)loc  and  [y(t) = Yaz(t)lloo-
Integrating (2.8a)) with respect to time, immediately reveals that

1y(#) = Ga2(t)lloc <117 — Yazllo +/0 1U(5) = Usa(s)llcds.

As Lemma [3.4] provides an upper bound for the first term on the right hand side
and t < T, it suffices to derive a convergence rate for sup;ci. 7 [|U () — Uaz(?)][oo-

Integrating (2.8b]) and using (3.2)) yields
1U(#) = Uae(®)lloo < |10 = Uacllos

: /Ot( /)E (Ve = Vawe) (s, m)dn — /:O(Vg —~ VAw,g)(S,n)dn)ds .

(3.11) +1 -
Again, Lemma [3:4] provides us with an estimate for the first term on the right hand
side and it is therefore enough to obtain a convergence rate for the last term on the
right hand side, which coincides with . It will become apparent, in the next
two sections, that the convergence order of (3.2)), and hence also and ,
heavily depends on the inequality from Lem and hence on the set B that
i, belongs to.
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3.3. The additional change of variables. To establish a convergence rate for
(3-2)), we will apply an additional change of variables, which we study throughly in
this section.

Let us start by observing that wave breaking occurs, cf. (2.9), for the initial
Lagrangian coordinate X on the following set
(3.12) S={6eR|g(§) =0} ={¢eR | Ve(§) =1},
while it occurs for X A, if we also recall (2.18]), on the set
(3.13) Sac={E€R[Jare(€) =0} ={£ € R | Vare(§) =1} = U (€35, E3j1]-

JEL
Furthermore, let B = §(S), then the proof of [I1, Thm. 27] reveals that
(3.14) Upe = V|lpe  and  Tging = 7|B,
where 7|p denotes the restriction of 7 to the set B, i.e., for any Borel set A,
v|p(A) = (AN B). Hence,
meas(S) = ging (R).

Similarly, let Ba; = §az(Saz), then

(3.15) VAzac = VAz|By,  and  VAgzsing = VAz|Ba,»
and, by Definition we have
meas(Saz) = VAz sing(R) = Vsing (R) = meas(S).
If
(3.16) S =S%,,

then the estimates for X¢ — XA ¢ on S¢ can be played back to , because on
S¢, the differentiated Lagrangian variables X¢ can all be related to @, and similarly
for Xaz ¢ and @, ,, see e.g., the proof of [22, Prop. 2.1.5]. Moreover, if
holds, then X¢ = (0,0,1,1) = XA ¢ a.e. on S and hence there is no contribution
from Xg -X Az,e on S. However, does not hold in general, but there exists a
rescaling of § and ya, such that

(3.17) g(d(r)) = gaz(¥(r)) for all r € R.

In analogy to the mappings X and ), defined in [I7, Def. 6] for the nonlinear
variational wave equation, we introduce ¢ and 1 as follows.

Definition 3.5. Given (,[i,7) € Dg, let (5,U,V, H) = L((4, i, 7)) and (Jae, Uaq,
Vazry,Haz) = Lo Pag((@, i, 7). Then the functions ¢ : R — R and ¢ : R - R are
given by

(3.18a) ¢(r)=sup{¢| (§') < Yau(2r = &) for all &' < £},

(3.18b) P(r)y=2r — ¢(r).

Definition [3.5] has a geometrical interpretation: as  and gy, are continuous and
increasing, the value attained by ¢(r) corresponds, for each r € R, to the smallest
intersection point between (&) and ya.(2r —&). Moreover, since G Az (22;) = G(x2;)
by Definition Definition [2.3] implies
(3.19) Y(s5) = w2 = Yax(&3;) forall j € Z,
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€!3j §3=J‘+3 G féj 5;7” G 3

Figure 1. The left picture visualizes §(£) and §az(§). Since § and §a. are strictly
increasing on [€35,&35+3), §(§) and Faz(2r — ) intersect in the unique point ¢(r),
marked by a red dot in the right picture.

which together with Definition [3.5 yields

(3.20) [6(€35), P(E3543)) = (€35, 835+3) = [¥(€35), ¥ (E35+3)) for j € Z.

It therefore suffices to study the behavior of ¢ and ¥ on the isolated Lagrangian
gridcell, §3J, §3J+3) As a startlng point, we look at two particular cases.
As in , let B = g(S) and introduce

(3.21) Sj = Sm [€35,83j+3) and  Sazj = Saz N [E35,835+3) = [€35,835+1),
which, due to (2.16]) and (3.14)—(3.15)), satisfy
(322) meas(Sj) = Dsing([x2j; $2j+2)) = lex,sing([ij; .’E2j+2)) = meas(SAm,j).
Case 1: If BN [za;,x9j42) = 0, then §; = 0 = Sa,,; by Definition and
, which in turn implies that § and §a, are strictly increasing on [£3;,£35+3).
Thus, as depicted in Figure(l} §(£) and ya.(2r — £) have a unique intersection point
for each r € [£35,&3;+3), given by ¢(r), and the functions ¢(r) and 1 (r) are strictly
increasing on [€3;,&35+3)-
Case 2: If BN [xg;,x2j4+2) # 0 and Ugng is purely discrete on [z27, 22j12), that is,
Using ([225, T2j42)) = Da([@2;, T2j12)), then §a, is constant on the interval [€3;, &3541],
cf. . Thus, by Definition

¢(r) =¢&;  and  P(r) =& +2(r —&5)  forall r € [, 1(&5 + &s541)]-

Moreover, there exists a set A C [1 (&35 + &3541), £35+3), which can be expressed as
the union of at most countably many disjoint closed intervals, all having positive
length, such that meas(A) = 1(&3541 — &3;) and
d(r)=2 and ¢(r)=0 forae. r€A.
This is illustrated in Figure
In general, neither ¢ nor ¢ will be relabeling functions in the sense of Definition [2.7]
because we can only expect them to be increasing and not strictly increasing.

Furthermore, it can be shown as in proof of the well-posedness of [I7, Def. 6] that
the pair (¢, ) satisfies the following properties.

Proposition 3.6. Let ¢ and ¢ be given by Definition [3.5, then
(i) ¢ and 1 are increasing,

(i) ¢ —id, ¢ —id € WH>(R),
(iii) 0< ¢ <2 ae. and 0<1) <2 a.e.,
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Figure 2. These plots illustrate what happens when ga(§) is constant on the interval
[€35,&35+1]- Then either §(£) and §az(2r — &) intersect in a unique point, as in the left
plot, or they coincide on a whole subinterval [€3;,&r] C [£35,&3j+1] as in the right plot.

(iv) ¢(r) +(r) =2r for allr € R.

To get a complete understanding of how ¢ and v behave on the isolated Lagrangian
grideell [¢35, §§j+3), and thereby on all of R, we will need to take a slight detour via
the function Y(r) given by
(3.23) V(r) =4(o(r)) = Jac((r)) for all r € R.

In particular, we are interested in showing that ))(r) is related to the measure v+,

in much the same way as ¥ is related to ¥ in Definition As a consequence, )(r)
will share a lot of properties with .

Lemma 3.7. The function Y(r) from satisfies
_ 1 - _
(3.24) y(r)zsup{a:E]R|x—|—§(G—|—GAw)(x) <r}.
Proof. Let o
Z(r) :==sup{z € R| 22 + (G + Gaz)(x) < 2r},
which, by definition, satisfies
(3.25) 2Z(r) + (G 4+ Gaz)(Z(r)) < 2r <2Z(r) + (G + G az)(Z(r)+).

Since the function 2z + (G + G a;)(x) is strictly increasing, the claim follows if we
can show that Y(r) also satisfies (3.25).
Definition [2.3] implies

(&) + G((&)) < y(&) + H(&) < (&) + G(H(§)+),

which in turn leads to

(3.26) G(5(€)) < H(§) < G(H(&)+)-
In a similar way, we obtain
(3.27) GAac(gAx(f)) S HA:c(f) S GA:c(gAx(f)Jr)

Since both X and X, belong to F ’O, Propositon implies

J(o(r) + Jac () + H(d(r)) + Hau($(r)) = d(r) +(r) = 2r,
which, after being combined with (3.23) and (3.26)(3.27), yields

2V(r) + (G + Gaz)(Y(r) < 2r <2V(r) + (G 4 Gar)(Y(r)+). O
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Next, let
(3.28) B:i={reR|Y.(r) = O}
and introduce C = Y(B), then, in a similar spirit to and -, we have
Vac + VnAzac = (V4 Vag)ac = (0 + I/Ax)lcc = V|CU + Uaglce,
and
(329)  Tsing + Vawsing = (7 + Vaz)sing = (7 + Vaz)le = Ple + Vazle-
As a consequence, one finds that
2meas(B) = Tsing (R) + Pz sing(R) = 206ing (R).

To finally get a better understanding of the pair (¢, ), we will apply the following
result, which is a special case of [I9, Thm. 3. 59] which ensures that the chain rule
can be applied to compute the derivative of Y(r), given by (3.23 -

Theorem 3.8. Suppose f, g: R — R are szschztz continuous, then
(fog)(x)=f'(g(x)g(x) forae zeR,

where f'(g(x))g'(x) is interpreted as zero whenever g'(x) = 0, even if f is not
differentiable at g(x).

A consequence of Lemma and Theorem is that we can give a complete
description of the behavior of ¢ and ¢ on any Lagrangian gridcell [£3;,&3j43). To
this end, recall §; and S, ; given by .

Case 1: If BN [za;,22j4+2) = 0, then as before, S; = 0 = Sa, ; ensures that
and ya, are strictly increasing on [£3;,&3;43) and hence g(€) and y(2r — &) have a
unique intersection point for each r € [£35,&3543), given by ¢(r). The functions ¢(r)
and (r) are therefore strictly increasing on [€3;,&3j+3)-

Case 2: If BN (225, x2j42) # 0, then §a, is constant on the interval [£3;,&3,41]-
Thus, by Definition [3.5]

d(r)==¢&; and Y(r) =&, +2(r — &) forall r e Bagj,

which implies

(3.30) p(r)=0 and P(r)=2 forall r€ Ba,,
where

(3.31) Bazj = (€3, 3(835 + &3j+1)]-
Furthermore, one has

(3.32) Y(Bazj) = Sazj,

and ﬂA;c,g(f) > 0 for a.e. £ € [€3j,§3j+3)\84x7j.
Let B; = [1 (&35 + &3j+1), E3j+3] N B. By the chain rule, it now follows that

(3.33) p(ry=2 and Y(r)=0 forallre B,
and
(3.34) o(B;) = S;.

To summarize,
Baz; = {r € [£35,&j+3) | $(r ) =0} and B;j = {r € [&;,&3543) | (r ) =0}.
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Furthermore, by definition,
BjNBazj C{5(&j +E&541)}  and  BjUBag; = BN (&35, &543),

which implies, thanks to (3.29)), (3.32), and (3.34),
(7 + Daw)sing ([22), T2542)) = 2meas(B N [€35, E35+43))
(3.35) = 2(meas(BB;) + meas(Baz,j)).
Finally, we want to show that the size of B; and B, ; coincide for any j € Z.

As we will see later, this property yields crucial cancellations in (3.2) and hence
makes it possible to derive a convergence rate.

Lemma 3.9. For any j € Z,

meas(B;) = meas(Bag,j) = S Psing (25, T25+2))-

Proof. 1f Dsing([xgj, Z2j42)) = VAgsing([T25,T2j4+2)) = 0, the claim follows immedi-

ately from

For Dging( :vgj,a:2]+2 = I/AT gmg ([z2;,z2542)) # 0, we have that VAmf(f) =1 for
all £ € Sax,; by ) and ( . Furthermore, 1/1( ) =2 for all » € Bag,;, which
combined with l and 1 ylelds

Using ([T2), ¥2j+2)) = Vsing, Az ([T25, T2j42)) = / Ldn
SAx,j

= / ldn = / 2dn = 2meas(Bag,j),
Y(Baz,j) Bz,

and recalling therefore finishes the proof. |
Next, recall the composition operator e from and introduce

(3.36) X(r) = (), U(r),V(r),H(r)) = X e ¢(r),

and

(3.37) Xao(r) = (Vae(r),Uae(r), Vae(r), Hae(r) = Xaxz o (1),

which satisty, cf.

(3.38) V(r) =Yag(r) forallreR.

Note that X and X, in general, do not belong to 7, given by Definition
since qS and v do not belong to G, the set of relabeling functions given by Defini-
tion [2.71 To be more specific, there are two conditions which are not satisfied:

e Since ¢ — id and ¢ — 1d belong to W1°°(R), but not to E», the same holds
for Y —id and Ya, —

e Since ¢ and 1) are only increasing, but not strictly increasing, Y, + H, > 0
and ym r+ HAI ~ > 0, by Theorem (3 . hence violating Definition nn

We claim that the tuples X and XA, belong to the space §, which is defined
next.

Definition 3.10. The space §* is composed of all quadruplets X = (Y,U,V,H)
satisfying
(i) (Y —id,U,V,H) € [WH>(R)]4,
(i) YVr,Hy >0 a.e. and Y. +H, >0 a.e.,
(iii) Ve Vr =U? a.e.,
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(iv) 0 <V, <H, ae.,
(v) There exists k : R — [0,1) such that V,(r) = c(Y(r))H,(r) for a.e. 7 € R
with k(Y(r)) = 1 whenever U,(r) < 0.

Lemma 3.11. The tuplets X and X, belong to F<.

The proof is an immediate consequence of Theorem [3.8 and the following theorem,
that is a special case of [23] Thm. 4], which enable us to perform a change of variables
when integrating.

Theorem 3.12. Let f € L'(R), define

F(z) = /x f(s)ds  for allx € R,

(o)
and assume that g : R — R is Lipschitz continuous and increasing. Then

(1) (fog)g € L'(R) and
(2) the change of variables formula

g(v) ¥
x)dx = s))g' (s)ds,
/g s / F(9(s))g'(5)

holds for any v,k € R.

Denote by g(X’) the function from [I3, Def. 4.3], which describes the energy loss
at wave breaking continuously in time, in contrast to V. which might drop abruptly
at wave breaking. For X € §, it is defined by

(3.39) 9(X)(r):= {)(;1 (;)a(y(r)))vr(r), : i gd((jg

where
(3.40) Q%) :={r eR|U(r) <0} and 2.(X):={r e R|U.(r) >0}.

Note that 24(X) contains all the points at which the a-dissipative solution eventually
will experience wave breaking, whereas §2.(X) contains the points where there will
be no wave breaking in the future.

Lemma 3.13. Suppose (,[i,7) € Dy. Let X = L((a, i, 7)) and B
Xaz = Lo Pag((@, i, 7). Moreover, introduce X = X o ¢ and Xa, = XA, @ with
¢ and v given by Definition[3.5, then the following estimates hold

(3~41) ||7:lr - ﬁAw,r”Ll(Bu) < 2}242”@1 - aAz,zH%
(342) HZ/_[’I‘ - Z/_[Aw,r||L2(BC) < 2||ﬂx - aAw,;E”Zv
(3.43) l9(X) = g(Xaa)llLr 5y < AFL2 |z — Tz 2.

Proof. A closer look at the proof of the well-posedness of L, see [22, Prop. 2.1.5],
reveals that

Xe(&) = (9(8), Ue (€), Ve (€), He(€))
(3.44) _ (7 (€), 02 (5(€))Te (€), w2 (7(€))Te (£), w5 (G(E))Te (£)), & € S5
' (0,0,1,1), ces,
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and analogously,

) (Jaw,e(€), Uae,a(Ya2(£))Tax.e(E),
XAm,é(f) = QQAI,z(gAm €))gA:E7E(§)? a2Az,m(ﬂAw(§))@Aw,§(€))7 g S SZI,
(Oa0a151)7 gESA;m

where S and Sa, are given by (3.12)) and (3.13]), respectively. Thus, recalling ,
, and (3.32)—(3.34]) and applying Theorem we have
Y, = () Y, =2 (3 Y, =2 () Y, c
5.45) £(0) - { P TET 0. EFEI 0L EGE)D ), e B
(070»*7*)7 TEB7
and by , we also have
- (5}7"(7')7 ﬂA_x,x(jj_(T))j)’f’(r)? B B
Xaw(r) =9 @y (V) Vr(r), 0%, ,(V(r)Vr(r), 7€ B,
(Ovoa*a*)v TEBa

where * either equals 0 or 2, which implies

e =Ty = [ [7209) = 0 (D)D)

Applying the change of variables = = ))(r), which is possible since all assumptions
of Theorem [3.12] are satisfied, and thereafter the Cauchy—Schwarz inequality, one
ends up with

@(P) — @ o (D) T (r)dr < /R 2 (2) — . (2)|da
< Haz + aAw,w”?Haw —UAz,a
S 2F;42Hﬂm’ - ﬂAm,r”2~

Since the proof of the second inequality (3.42)) is the same, up to some slight
modifications, we do not include the details here.
Finally we turn our attention towards (3.43)). Based on (3.40), introduce

(3.46) Qo =B N2y (X)N 2,(Xaz), n,m € {c,d},
and recall that g is given by (3.39)). Then

||g(‘)2) - g(')EAz)HLl(BC) = /7 |f}r - ]_)Az,r’(r)dr

Bc

|2

c,c

R

24q,c

. L 1V — (1= a(D)) Vi, | (r)dr

2c.d
+ L (1= o) Vs = Vaw|(r)dr
24,4
(3.47) <N Hy — Hazrllirse
(3.48) + / a(Y)H,(r)dr

Qd,c
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(3.49) + / (V) H por (r)dr,

where we used (3.38).

Qc,d
As (3.41)) provides an upper bound on the first term, it remains to examine ([3.48|)
and (3.49). Here we focus on (3.48]), since (3.49)) has a similar structure.

Observing that for almost every r € B the signs of U,(r) and Un, (r) coincide
with the signs of @, (Y)(r) and @a, . (Y)(r), respectively, we find, by Theorem

and (3.45),
/, a(Y)H(r)dr < / a2 (V(r) Yy (r)dr

24,c 4,c

< /ﬁ e (V) (T (D(r) = Tar.o (V1)) Dr(r)dr
.Qd,C
< Falé?oo”ax - ﬂAx,acH?'

Deriving a similar estimate for (3.49)), which is left to the interested reader, finishes
the proof. O

3.4. The convergence rate for the critical term (3.2). Recall (2.11), that
Xaz(t) = S¢(Xaz), and introduce

(3.50) X(t,r)= (Y, r),U(t,r),V(t,r),H(t,r) = X(t) e d(r)

and

(3.51)  Xaz(t,r) = (Vas(t,r),Une(t,7), Vas(t, 1), Has(t, 7)) = X ax(t) @ ().

As in the last section, one can show that X(¢,-) and PE'(t, -) belong to §* for every

t > 0 and by Theorem (3-30]), and (3.33), one has in addition that for every
jEL

(3.52) (Yr+H.)(t,r) =0 and ]A}Am’r(t,r) = ﬁAm,r(t, r)=2 forr e Bas;,
and

(353)  (Vawr +Haw,)t,r) =0 and Vu(t,r) = H,(t,r) =2 forr e B;.

Moreover, the solution operator S; respects the mappings ¢ and 1 in the following
sense.

Lemma 3.14. Suppose (u,i,v) € D§ and t € [0,T]. Let X = L((u, 1,7)) and
Xarz=Lo PAI((T_L, u, 17)) Then

(3.54) St(X . d)) = St(X) e and St(XAa: ° 1/}) = St(XA;c) ° .

The proof, up to some slight modifications, coincides with the one of [I3, Prop.
3,7], which we do not repeat here. Note that after using (3.36)), (3.37)), (3.50), and

(3.51), Lemma rewrites as

(3.55) X(t,r) = Sy(X)(r) and  Xa,(t,r) = Si(Xas)(r),

that is, X(¢) and XA, (t) solve (2.8) with the wave breaking functions
BC

) = {rw(r», re

0, otherwise,

(3.56)
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and
BC
(357) TAw('I") _ TAx(¢(T))7 S .
0, otherwise,
respectively.

We are now ready to take the next step towards a convergence rate for (3.2, by
establishing the following theorem, which eventually allow us to take advantage of
the coordinates X (¢,7) and XA, (¢, 7).

Theorem 3.15. Suppose (u,fi,7) € Dy and t € [0,T]. Let X = L((u, i,7)) and
Xpae = Lo Pa.((@,1,7)). Moreover, introduce X (t) = S;(X), Xaz(t) = Si(Xaz),
X(t) = X(t) @, and X, (t) = Xar(t) @Y with ¢ and 1) from Definition then

/Ot( /)E (V€ - VAw,é) (s,m)dn — /:O(Vg - VAI7§)(s,n)dn)ds

— 00

t
< 4LAT + 4t)|5p nei2]|s + / V() = Vi ()] 1 50y s,
0

where don, f(x) = f(x + 2Az) — f(z).

Proof. To this end, note that for any j € Z one has, by Theorem [3.12} (3.20)), (3.52)),
(3-53)), and Lemma

£35j+3 . £3543 ~
/ (VE - VAQC{)(S’ W)dﬁ = / (Vr - VAac,r)(Sy T)dr
€35 &35

z—/ T/Am«(s,r)dr—t—/ V. (s,r)dr
Baz,j B;

+/ V- f/Ax,T)(s,r)dr
[£35,835+3)NB*°

= —2meas(Bay, ;) + 2meas(B;)

—|—/ WV — f/Ax,r)(s,r)dr
[€35,€35+3)NBe

(358) - / (Vr - ]A/Aac,r)(sv T)dT'
(£35.835+3)NB°

The above argument shows that for any j € Z one has

/ot (/5” (Ve = V) (s, )y — /DO (Ve = Var ) (s, n)dn)ds

—o0 £35+3

(3.59) < /O t / C

and, as there exists, for any £ € R, some N € Z such that £ € [£3n,&3n43), One
obtains

/ot (/é (Ve = Vaz) (s, mdn — /:O(VE —Vaze)(s, n)dn> ds

— 00

t r€3N+3 R t
(3.60) <[] e Vanelsmanas+ [ [
0 &3N 0 c

V, — )A)A,LT (s,r)drds,

Vi = Vaer|(s,r)drds.
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It therefore remains to estimate the first term in (3.60). The main idea, which is
taken from the proof of [3, Thm. 4.6], is to decompose the integration domain in

(3.60) by using the sets S and Sa, from (3.12]) and (3.13)), respectively. To this end,
observe that according to (2.8)), we have, for all ¢ € [0, T,

Ve(t, &) =1 for a.e. £€ S,

VAz’g(t,g) =1 for a.e. £ € Say,
such that

t r3N+3 R t
ota) [ [ We - Vanelsmands < [ (1= Vs, dnds
0 3N 0 SCQSAI,N

t
(3.61b) +/ / (1= Vaze(s,n))dnds
0 SNI'TSCAI
t
(3.61c) +/ / Ve — Vazel(s,n)dnds,
0 JS°N[ésn11,63n+3)
by (3.21)).

The definition of V(t,£), see (2.8¢), combined with X (0, &) = X (£) € F§ implies,
for any £ € S¢,

e [1-Te), £ <),
O=1-%9 {1—(1—a<y<7<s>,5>>>v5<5>, ) <t
:{gf@), <),

5e(6) + aly(r(€), O)TE(E), (6 <t,

and, in particular,
0<1—Ve(t,&) < Ge(§) +Ve(€) for € € S°NSau,n,

which in turn yields

t
eoa [ [ -Veands<e [ (g + Veln)dn
0 SCOSALN SCﬂSAz,N
Since y(&3;) = xo; for all j € Z, cf. (3.19), it follows that
&3N+3
(3.63) [ wtans [ st =240,
ScNSae,N &3N

For the second integral, combining (3.44)) and Theorem leads to the following

estimate
[ V< [ a2 (5) e ()
S°NSaz,N SeN[ésn,€3n+3)

T2j+2
S/ a2 (z)dz
e 2
= (/ a2 (z)dz —/ ﬁi(z)dz)

(3.64) = [|62a013 |1
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After combining (3.62)—(3.64) we end up with
t
(3.65) / / (1 Ve(s,m))dnds < 2t Az + t]622,3% 1.
SNSaz. N
To estimate (3.61b]) from above, we can proceed in the same way, because

xT2j _ _ 24
(3.66) / ﬂzz@(z)dz = Fag,ac(225) = Fac(x25) = / u2(z)dz for all j € Z,

— 00 — 00

such that
t
(3.67) / / (1 — VAz,g(s, n))dnds < 2tAz + t||52Axﬂi||1.
SNNSS

_ It remains to bound (3.61d]). Here we use that Ve(s, &) < Ve(€) and Vag e(s,€) <
Vag,e(§) by (2.8) together with (3.14)), (3.15)), (3.19)), and (3.66]) to obtain

t
// Ve = Vaa.el(s,n)dnds
0 JS°N[€an+1,83N+3)
<t / Ve (n)dn + / Vaa.g(n)dn
SeN[éan+1,63N+3) [€aN+1.83N+3)

L2542
<t [ @ e
xr2j

< 2t)|622212 |1

Combining the above estimate with (3.60)), (3.61), (3.65), and (3.67) finishes the
proof. O

Corollary 3.16. Suppose (i, [i, D) €D and t € [0,T). Let X = (L((4,fi,7))) ® ¢
and Xa, = (L o Pay((@, i, 0 _))) e 1), where ¢ and Y are given by Definition .
Moreover, introduce X (t) = Sy(X) and X, (t) = S;(Xaz), then

/(V Ve, ( / (Ve = Vaar) (t,n)dn
1V (

(t) — VAw x(t )||L1(Bc) + 21/smg([962],$2]+2))

Proof. By , we have
35 N oo .
' / (Vr - VAx,r)(ta 77)d77 - / (VT - VAm,T)(tv 77)d77‘

£3543

< NVet) = Vawr Ol (Ben(—ooies;)) + Ve () = Vazr ()l L1 Benigs; 15,00

while, using (3.30)), , and Lemmayields
T . €3j+3 R
’ / (Vr - VAE,&)(t, ﬂ)dﬂ - / (VT - VAm,T)(t7 U)dﬂ’
€35 r

<V (t) = Ve Ol L1 (Benigs; £5,10)) + 2(meas(B;) + meas(Bag,;))
< ||V'r‘(t) - ]}Az,r(t)||L1(Bcﬂ[£3j,§3j+3)) + Zﬂsing([ijv 1’2j+2))~ g

To further improve Theorem [3.15] we need the following proposition, which
provides upper bounds on the size of the sets along which wave breaking has already
occurred.
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Proposition 3.17. Suppose (4, ji,7) € D§ andt € [0,T]. Let X = (L((, 1,7)))® p
and Xa, = (L o Paz((@,i,0))) ® 1, where ¢ and i are given by Definition .
Moreover, introduce X (t) = Sy(X) and X, (t) = Si(Xaz), then

meas ({r| 7(r) < t}) < (1 + it2>éooa

and
meas ({r| Taz(r) < t}) < (1 + iﬂ)@oo.

Proof. Our approach is based on the proof of [I3, Cor. 2.4]. Moreover, we only
prove the upper bound on meas({r | 7(r) < t}), since the other one is shown in
exactly the same way.

Since X and X, both belong to ]-'g"o, we have, using (3.36), (3.37), and
Proposition [3.6]
0< (j)r + 7:lr + yAac,r + ﬂAm,r) (T) = (¢ + ’l/)) (T) 2.
Furthermore, by (2.8)) and (3.55), one has, for r € R with 7(r) <,

0= Vo7 (), 1) = D, 0) + TOWh () + 172 ),

(3.68) 0=U(T(r),r) =U.(7) + %T(T)ﬂr(r).
Combining these, reveals that
(3.69) V() =y R)
and we therefore get, using that V, = Y, ., cf. , and ,
meas({r| 7(r) <t}) = % /{T|O<T(T)St} (377' + Hr + Vag, + ﬁAa;,r) (r)dr

1 1o -
< 5/11@ ((1 + §t2)7-lr +’HAI’T)(7")dT.

Since Haz,0o = GAz,oo = Goo = Hy by Definition and Definition Theo-
rem (3.36)), and (3.37) imply
1 1 ~ 1~ 1 _
meas({r| 7(r) < t}) < 3 (1 + 5152)(;00 + §GA:E,00 = (1 + itQ)Goo. O
Theorem 3.18. Suppose (u, ji,v) € DY and t € [0,T]. Let X = (L((u,[1,7))) ® ¢
7))

and Xa, = (L o Pa,((4,[1,7))) ® ¢, where ¢ and v are given by Definition .
Moreover, introduce X (t) = Sy(X) and X, (t) = Si(Xaz), then
t
[ IV5) = Va9 sy
0
1 - L
< <T(4 F T o (\|a||oo + ZTFOO)) [z TN
+ T)g(X) = g(Xaz) | 1 (5
_ 1 -
+4(1+ T lloo (alloe + (1 + V2 FL2Aa™? + 1 TFL. )
1N
X (1 + §T) GOQHUT — Z’{Aac,r”LZ(BC)

+T2||a/||ooFoo||a _ ’aAa:Hoo +4T||a/||OOGOOAx)eiT2|a’|c>oGoc
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Proof. Recall (3.46]), which together with Fubini’s theorem, allow us to write

t t
/ / V, — ]A/A:c,r‘(S, r)drds = /_ / ’Vr - \A}Ax,r|(3a r)dsdr
0 c !2

(3.70a) / / [V = Vagr|(s,r)dsdr
24,c

(3.70Db) / / [V = Vaa|(s,r)dsdr

(3.70c) / / Vi = Vagr|(s,r)dsdr.
24,4

No wave breaking takes place in the future for r € .., and since (u, ji, 7) € D,

we have, by (2.8)),

Next, let us have a closer look at (3.70al). Wave breaking will occur for any
r € 24(X) at some later tlme t* and r € 2.(X(s)) for s > t*, but t* might not lie

inside [0,¢]. According to (28], (3.55), and -, we thus have

/ / [V, — VAxT|(S r)dsdr
Qd c
min(¢,7(r)) B
= [ / [y — Hag,|(r)dsdr
Qd‘c 0

t
+/ / [Vi(s,7) — DAm,T(T”deT
24, Jmin(t,7(r))
< t”Hr - HAz,THLl(Qd,c)

+ /Qd C /min(75 T(T))|(1 —a(V(T(r), ) Vr(r) — Vag,(r)|dsdr.

As a € WH(R, [0, 1)), we obtain

’ |(s,7“)dsdr =t|H, — ﬁAz,rHLl((z

el

_ _ 7(r) B
(7 (r), 7)) = aV(r)[Vr(r) = /0 d%(a(y(s,r)))ds Vi(r)

7(r) _
< /0 ’a (y(s,r))U(s,r)’dsVr(r)
< 2o’ e U4(5) o (V)
[l oo (ur (T(r - U, (7“))
(

< 2|l oo
< 2[|o/|| e [4(s ),7)
[l oo ZZAI,T(T) —HT(T)),

(s)
3.72 < 2]l oo u
(3.72) <2fl|| Jnax [ (s)
where we, in the last step, used that U,.(r) < U.(7(r),r) =0 < U, - (r). Further-
more, one has, for all (b,7) € [0,7] x R,

_ 1 - 1 -
(b, 7)) < Willoe + 31Vn0 = oo + 3P
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Recalling (3.39)), we therefore end up with

¢
/_ / |V — 94x7r|(s,r)dsd7“
Qd,c 0

< t||’H7n — ﬁAx,T”Ll(Qd,c)

+ /Qd F /min(t o )|(1 — oz(y(r)))Vr(r) — Vag,r(r)|dsdr

t
+ / / |a(,)i('r(r),r)) —af | )| V. (r)dsdr
04,c Jmin(t,7(r))
<HHr = Haer @, + 90X — 9(Xaa) 22,
_ Lo Nyo
(3.73) 2t oo (Illoe + 7T Fo0 ) I = Unserlli o, 0, e

For (3.70b) we can follow the same lines. Since (2.8) and ([3.3a)) imply for all
(b,7) € [0,T] x R,

1 - 7 1 -
|qu(b, 7")| S H’U/AQZHOO + thAmpo S H'a”oo (1 + f) &‘4200 1/2 + 11—'}‘—‘“>7

we end up with

t
/, / Ve = Voaer|(s,r)dsdr
2:qY0

@) H9(X) = 9(Xa2)ll (s, 0
1 1 1 —
+ 260 oo (Jlillo + (1 + V2V Fi20 A + ST F )

(3.74) X Uy = Unw,rll 1.6, an 00 (B ae()))-
It remains to consider (3.70c|), which can be further decomposed as follows

t
/ / |VT71A/A:,37T|(3, r)dsdr
Qd,d 0

min(t,7(r), Taz(r)) B
(3.75a) = / / |\ Hr — Haw,|(r)dsdr
24,4
min(t,max(7(r),Taz(r))) .
(3.75b) + / / Ve = Vag.r|(s,r)dsdr
Qd d min(t T(T‘) TAz(’I‘))
t
(3.75¢) —|—/ / Vi = Vag,r|(s,r)dsdr.
4,4 Jmin(t,max(7(r),Taz(1)))

Here we need to have a closer look at the terms (3.75b]) and (3.75d). To this end,
assume, without loss of generality, that 0 < 7(r) < Taz(r) < t. The remaining
possibilities can be treated, up to slight modifications, using the same idea.

To estimate the time integral of (3.75b)), note that U, (7(r),7) = 0 = Unz, (T as(r),7),
and it therefore follows from that

(TAJE(T) - T(T))DAQI,T(T) = Q(L?Ax T(TA:E( ) ) - Z/AlAz,r(T(r)7r))
=2(Ur —Una,r)(T(r ) )
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and hence

Taz(r) R B B
/ Ve = Vawrl(s,r)ds = (Taz(r) = 7(r))(1 = a(I(7(r),7)) Ve = Vau,[(r)

7(r)
+ (Taz(r) = 7)) V(T (r), 7)) Vawr(r)
(3.77) < 20Uy — Ungr|(r) + 2t Ve = Vagr|(r).
For (3.75¢), we again start by first considering the time integral. Observe that

for r € [€35,&35+3), using (2.8), (3.38), (3.55), and Corollary yields
V(T (r), ) = DT a(r),7)|

T(r) Taz(r) “
/O L[(s,?“)ds —/0 Z/[Aa:(sar)ds
< [TUr) = T 20 (U ae ()]

T(r) s Taz(r) ps .
+ / / Ue(l,7)dlds —/ / Ung,(1,r)dlds
0 0 0 0

< (T () = T U] + T ()| 7) = Usa )]
Taz(r) S
. / /L?A“(z r)dids

T(r)
+ / / Z/lt Z/{Axt l’f’)dldS
< (Taz(r) — ))Hulloo + t”“ — Upz|lco
1

+3 (TAI( ) = T2(r)Vee

/ / (/ v, —Vm,r)(l,n)dn—/roo(vr — VAx,r)(l,n)dn>dlds

< (Tax(r) = 7(r)||allee + ]2 = Bas|leo

4 3T aelr) = T0) P + /0 /0 Vel) = Vg (0|11 5 dlds

1 _
+ ZT(T)QVsing([xzja$2j+2))-

Thus, for r € [fgj,fgj.;.g), we have

t
/ Ve = Vag,r|(s,r)ds

Tax(r)
< (t_TAx )(1 TT)?"“)))W _]_}A:rrl( )
+ (t —TAz ’I“))’O( T T ,’I“)) - a(yAJL’(TAI ’VAz'r )
< tVr — Vg, |(r)

+ & oo V(T (), 1) = Yau(T 22 (r),7) [Vas,(r)
< tlvr - VAI’TKT) + t2Ha/||00Ha - ﬂAx”oovAxm(T)

oo (Nl + 5P ) (7 () = T() Wt ()
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1 ’ 2~ \ )
+ Zt||04 oo T(r)? Dsing ([25 22 4+2)) Vae,r (1)

1 t S . _
43t o [ [0 = Va1 ey sV )
0 JO

Furthermore, 7(r) < Ta.(r), which implies, by following the same argument as

that leading to (3.69),

1 _ 1 _ -
ZTQ(T)VAE,T(T) < ZTQAa:,r(T)VAI,T(T) = yAr,r(T)v

which in turn, when combined with (3.76)), for r € [£3;,&3;+3), gives

t
/ |VT - f/Aw,T{(s,r)ds

T Az (T)

1 _ _ _
< t(1+ 10 oo (o + 7tF) ) [P = Vaur| 1)
1 - _ _
200 o ([l + G20 ) | — U | 4)
0o (81 = sl oc Vs () + Fuing ({227, 22142)) V(1)

1 t S . _
(3.78) 3t e [ [0 = Pt 01y SV )
0 JO

By combining (3.75a)), (3.77), (3.78), and similar estimates for the remaining cases,
we therefore end up with

t
/ / |VT — ]}AI,T‘(S, r)dsdr
-Qd,d 0

_ 1 - o
< t(4+ 10 llo (il + §tFo0) ) 1P = Haraurll 2,

1 =
+2(1 4t o (Nl + Foc) )

x Uy, — Z/_’Aw,r||L1(Qd,dm(nc(x(t))unc(mm(t)))
+ 252||0/||00F<><>||ﬂ — Upg oo + 4t||0/||ooéooAI

1 _ t S N
(3.79) —|—Zt||o/||ooGoo/ / Ve () = Viwr (1) 1 (5 llds,
0 Jo

where we used the following inequality, which holds as Y(&3;) = a; = V. (£3;) for
jez, cf B19) (320), B.23), and (3.35),

>/ Foing (1227 22742)) (Vs + Vo) (r)dr

jez ” Ra,anl€s;.€s5+3)

§3j4+3 _
< Z sing ([25, T2j42)) / (Vr + Vag,)(r)dr

JEZ &35
= Z Vsing (25, T2j12)) 2(22j 12 — 225) < 4G Az
JEZ

Moreover, by the Cauchy—Schwarz inequality and Proposition [3.17] we have

[0 — Uner |l L2 ({rjo<T(r) <t or 0<T a0 (r)<t})
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1o s -
(3.80) <y /2(1+ Et?)GO/;HuT — Una |l L2 50y
hence, when finally combining (3.71)), (3.73)), (3.74)), (3.79), and (3.80f), we obtain

t
/0 ||VT(S) — VAI’T(S)”Ll(Bc)dS

1w
< T(4 + Tl (Ilﬂlloo + 1TF00>) e = Hawrlliris)

+Tg(X) = 9(Xaa)ll L1 (5e)

_ 1, -
A1 Tl o ([l + (L VR EL A 4 ST EL )
LN
« (1 4 §T) G;/OQHUT - qu,ran(B”)
+ T2 oo Focl| — i lloo + 4T 0 [l ocGoo A

1 _ t s R
3 T1 G [ [ IV = Vi O s,
o Jo
Applying Gronwall’s inequality proves the statement. O

3.5. Convergence rate in Lagrangian and Eulerian coordinates. At last, we

can obtain the convergence rates for (3.10)), which subsequently enable us to deduce
a convergence rate in Eulerian coordinates.

Theorem 3.19. Suppose (4, i, 7) € DY with 4, € Bg for some 8 € (0,1]. Let
X = L((a,1,7)) and X, = Lo Pa,((@,[1,7)). Moreover, introduce X (t) = Sy(X)
and X ap(t) = S(Xaz), then there exists a constant D, dependent on T, ||¢/||se,
tlloo, Gooy B, and |tiz|2,p, such that

sup (1) = Gac()loo + sup U(t) = Uns(t)]|oe < D(Az"? + Aa”).
t€[0,T] t€[0,T]

Proof. Combining (3.11]), Theorem and Theorem yields, for all ¢ € [0, T7,
U (#) = Uaa(B)lloo

< ||U - UAmHoo
1 t £ N oo N
+ Z / (/ (V:g‘ - VAz,f)(San)dT] - / (va - VAz,E) (S,U)dﬁ)dS
0 —o0 £
<|NU = Uazlloo + T(Az + [|02.2,u 1)

I .
+ 1/0 HVT(S) — VAI’T(S)HLI(Bu)dS

<NU = Usslloo + T (A2 + |24 1)
1 I T
+3 <T (4+ Tl oo (1alloe + 7TFoc )} 1Fr = Havrllsse)
+ Tllg(X) — g(Xaz)ll L2 (50
_ 1 1 -
+4(1+ T lloo (1alloe + (1 + V)P A0 + 1TF. )

1N
X (1 + §T) GLNth — Unz vl 25
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— _ 1 2 ! ~
+ T2 || oo Fso || & — Ting || + 4T||a’|ooGooAx> et T Mo lloo Goo

Furthermore, Proposition Lemma Lemma and Lemma imply that
there exist constants C' and C*, only dependent on T, ||&/ |00, ||@]|0os Goos B, and
|tiz|2,5, such that
sup 1U0) = s (Dl < (A" 4 220 + [~ Tsnols)
tel0,T
< C*(Az'? + AL,
To finish the proof, observe that
sup ”y(t) - yAr(t)Hoo < ||§ - yAx”oo +T sup ||U(t) - UAm(t)Hoov
te[0,T] te[0,T]
which in turn, by Lemma implies
sup [|y(t) — Gaz(t)]|oo < (2 + C*T)(AzY? + AzP/?). 0
t€[0,T)

It has been vital in the above proof to have a convergence rate for ||t — Az |2,
but also that @, € Bg . As already emphasized in Section this is natural, since
U, contains all the information about future wave breaking, i.e., wave breaking
occurring at ¢ > 0 for the exact solution, cf. (3.4). The same role is played by Gz«
for the numerical solution. Thus, to prevent the energy discrepancy between the
exact and the numerical solution from becoming too large within finite time, one

needs to control ||, — Uaz .||2 and ||24,42||1, which is possible when @, € BQB.
Our main theorem is now an immediate consequence of Theorem and (3.9)).

Theorem 3.20. Suppose (@, i, v) € DY with 4, € Bg for some g € (0,1]. Let

(u, i, v)(t) = Ty((a, 1, 7)) and (waz, paz, Vaz)(t) = Tazt o Pag((, fi, 1)), then there

exists a constant D, dependent on T, ||&||oo; ||8lloc; Goos B, and |Uyl|2 5, such that
sup [[u(t) — waz(t)]oe < D(AZ® + Az™).

te[0,T)

Remark 3.21. When u, € Bg for % < B <1, the local error dominates the error
n , cf. and Theorem , On the other hand, we do not expect that one
can achieve anything better than (’)(Aa:l/“) for the projection error by our approach,
since BS (L2(R)), which satisfies B2 (L*(R)) C B, for 8 > 1, only consists of
constant functions, see [T, Sec. 3].

In the case of multipeakons, i.e., piecewise linear solutions, which are of particular
importance as their piecewise linear structure is naturally preserved by the HS
equation, it holds that 4, € B;/Q, see |3, Ex. 6.1]. Hence, for such data, there is a
balance between the projection error and the local error.

Remark 3.22. In the particular case of a € [0,1), the numerical solution X a,(t)
coincides with X a.(t) and hence the local error vanishes, which corresponds to

setting C = 0 in (3.8). Thus, (3.9) and Theorem imply

(3.81) sup |Ju(t) — waz(t)]|ee < DAz,
t€[0,T]

for a constant D dependent on T, Geo, ||, B, and |iiz|2,s-
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1.0 1.0 9 — yi6m 1.0 — ye
== yax(y(n) == yax(f(§))
0.5 A 0.5 A 0.5 A
0.0 _ 1004 _lood |
0 2 0 2 0 2

Figure 3. The very left plot depicts § and §az, while §(¢) and §a(¥), with ¢ and
9 from Definition are shown in the middle, whereas § and §az(f), with f defined
in |3, Sec. 4], are displayed in the rightmost plot.

Remark 3.23. The concept of a-dissipative solutions was introduced in [13] for
a € WHe(R,[0,1)). The value 1 is not permitted, because in that case the semigroup
property of the solution operator Sy, i.e, Ss11(X) = St 0 Ss(X) for s, t > 0, might
not hold, see |22 Ex. 2.4.4]. However, our numerical method and hence our proof,
do not rely on the semigroup property and therefore Theorem [3.20 still holds if we
extend our class of solutions to a € W (R, [0,1]), and holds for o = 1.

3.6. An alternative mapping when 75, = 0. An alternative way of deriving a
convergence rate is presented in [3] for the case « € [0,1] and 7. = 0. Instead
of introducing the two mappings ¢ and 1, which are Lipschitz continuous and
satisfy g(¢(r)) = gaz(¥(r)), the author of [3] constructs a function f, defined in
[3, (4.24)], which is discontinuous as it maps intervals along which g is constant to
intervals where §a, is constant and §(€) # ga.(f(€)) in general, see Figure [3| for
one particular example. Furthermore, since both S and Sa., given by and
, respectively, can be written as an at most countable union of disjoint closed
intervals whenever 75, = 0, this ensures that f(S) = Sa, \ F, where E C R is a set
of measure zero. As a consequence, one infers that

Ve(t,€) — Vare(t, f(€©) =0 for ae. €€ 8,

which allows one to derive an analogue of Theorem 3.15 cf. the proof of [3, Thm. 4.6]
and subsequently a convergence rate, see [3, Thm. 4.11]. However, this alternative
construction is limited to the case 75 = 0, since one will otherwise encounter issues
with the measurability of, e.g., Vaz¢(f(€)). On the other hand, a major benefit of
the mapping f is the fact that it preserves the piecewise linear structure of y4, and
that VAxf( f) is piecewise constant. This is not necessarily true for the mappings ¢
and 9 if ¢ is not piecewise linear.

Moreover, comparing the convergence rate from [3, Thm. 4.11] with that in
Remark or more precisely 7 reveals that there is one additional benefit of
using the mappings ¢ and 1 instead of f — one obtains an improved convergence
rate. Instead of having the O(Az”®)-error estimate from [3, Thm. 4.11], we now
obtain the improved O(Az”/*)-rate in (3-81). The reason is that we now have,

thanks to Lemma and Lemma , Uy — Unar ||l L2(8e) < O(Az"?), as opposed
to ||U§ — UAw,f(f)HLQ(SC) < (’)(Awﬁ/“) in [3, Lem. 410]
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4. A NUMERICAL STUDY OF CONVERGENCE RATES

To numerically validate the theoretical convergence rate from Theorem [3:20] we
investigate three different examples: two multipeakon examples, i.e., piecewise linear
solutions, and the case of a cusped initial wave profile. These examples highlight
distinct challenges for the numerical method.

A characteristic feature of the multipeakon examples is that a finite amount of
energy concentrates at each of the finitely many wave breaking occurrences, leaving
the cumulative energy, F'(t), discontinuous in space. For the cusp example, on the
other hand, wave breaking happens, for each t € [0, 3], in the form of infinitesimal
energy concentrations, such that F(t) is absolutely continuous for all ¢ > 0.

We present plots showing the time evolution of the wave profile and the cumulative
energy for each of the examples. Since the exact solution is unavailable for the cusped
initial data, Example we instead compute a numerical solution with Az = 1075
and use that as a reference solution, denoted by (uyef, Frer). Furthermore, we also
compute a sequence of numerical solutions, {(vaz,, Faz, )}k, for each example,
where

(4.1) Az =47%  k>1,

and, based on that sequence, we compute the relative errors

T = su l[u(t) — waz, ()]l
(4.2) Erry(T) : e o 7

with u(t) being replaced by wc¢(t) for the cusp example. These errors are graphically
visualized along with an optimally fitted least square (LS) regression line, which
represents the numerically computed convergence order. Additionally, we also
include tables that display the corresponding experimental orders of convergence
(EOCs), computed via

] In (Errkfl(T)/EH;C (T))
EOCk(T) = In (Azk—l/A:Ek)

Example 4.1. Let us start by investigating the Cauchy problem with the following
initial data

3, z <0,
3—x O0<z <1,
4—-2z, 1<z<2
0, 2 < x,

u(x) =

dip = dv = déy + udx,

and any o € WH(R,[0,1)) satisfying a(4) = 3 and o(32) = %. The ezact
solution experiences wave breaking at (t,x) = (0,0) and along all the characteristics
starting in (1,2] and (0,1] at 71 = 1 and 72 = 2, respectively. Since the projected
initial data, wa,, coincides with 4 for , the numerical method performs extremely
well as suggested by Figure where the exact solution (u,F)(t), computed in
Appendz':v is compared to two numerical solutions (uaz,, Faz,;)(t) for j € {c, f}
with Ax, =472 and Azy = 474 at the times t = 0,1, and 2. In fact, computing the
relative errors Erry(T'), given by , reveals that the numerical solution, computed
with cp below, coincides with the exact solution, up to machine precision, for Ax = i

when T < 1 and for all T > 0 when Ax = 4=2. Hence, round-off errors become
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Figure 4. A comparison of u (top row) and F (bottom row), both with dotted red
lines, to that of uaz, (top row) and Fa., (bottom row) for Az. = 4~* (dashed blue)
and Az; = 47* (solid black) for Example The solutions are compared from left to
right at t =0, 1, and 2.

more and more dominant as we refine the mesh, and the corresponding EOCs are
therefore not included for this example.

In addition, we compute numerical a-dissipative solutions with two different
o € WH(R,[0,1)) satisfying () = 3 and a(32) = . In particular, we use

1 10
3 11
ﬁxv OSI'S 4
_ ) s 120 11 35
9 35
10 g <%
and
4 1n(7 11
—1 e (@ 0<z<il
_ )48 2 336 2439 11 35
(4.4) () = Grt - Ert e, 1 ST<Y,
9 35
10 g <$,

which are compared in Figure[5d and which both lead to the same exact a-dissipative
solution. Yet, a notable difference is that |||l = £ ~ 0.273, whereas ||oh o =
% ~ 1.292. In spite of this difference, the computed relative errors are identical, for
any k > 1, for these two numerical solutions, indicating that the computed family,
{upz, bk, s indifferent with respect to ||&/||oo for this example.

In general, one cannot expect to achieve close to machine precision for Ax ~ 0.1,
which corresponds to k =1 or k = 2 in . If we for instance had chosen a
different family of mesh parameters, say Aka = 37%, or if the initial wave breaking
had occurred at x ¢ {x2;};cz, then the errors would become much worse.
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=m ()

- UA gz (:I})

0

2 4

x o >
. . 22j L2j+1 T2j+2
(a) A visualization of a1 and a2 from (4.3) and  (b) The mesh does not perfectly align with
(4.4), respectively, in Example Note that  the nodes of the multipeakon in Exam-
a1(11/4) = az(1l/4) and a1(35/8) = a2(35/8)  ple[d:2] such that the projected wave pro-
such that they lead to the same a-dissipative file 4 A, may contain some linear segments

solution. with different breaking times.

The next example illustrates that if the nodes of the initial wave profile do not
perfectly align with the mesh, then the errors become much worse.

Example 4.2. Next, let us study the Cauchy problem for the multipeakon initial
data from [4, Ex. 5.1], which is given by

3, z <0,
3—=x O0<ax <,
2, 1<z<3%9
u(r) =93 - me. 3 <o <5
19, so1 <@ <A
—%, %<x,
dii = dv = u2dzx,
0, x < L8
o) = —1‘1%5+%, ﬁ<x§%,
= (3612 — 441), 8878 < o <5,
%, 5 < .

The ezact solution (u, F)(t) experiences wave breaking at 7y =2, 2 = 19, and
T3 = %, and, as in the previous example, F(1;) has a jump discontinuity at the
spatial point where wave breaking occurs, see [4, App. A| for further details. Yet,
despite its resemblance to the previous example, the computed relative errors in
Table[1] are much larger, due to the following two reasons. First and foremost, there
is a mismatch between the gridpoints and the nodes of the multipeakon, such that the
projected data G, contains a small number of linear segments with slopes that differ
from those of the exact data, which is illustrated in Figure[58 As a consequence,
there are a few additional numerical breaking times, given by , which do not
coincide with T; for j =1, 2, and 3. However, there are even-numbered gridpoints
situated at © =0 and © = 1 when Ax is given by , hence only the 4 rightmost
nodes can give rise to additional numerical breaking times in this case. In addition,
also the local errors discussed in Section [3.3 contribute to the relative errors in
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Figure 6. A comparison of u (top row) and F' (bottom row), both with dotted red
lines, to that of uaz, (top row) and Fa., (bottom row) for Az. = 47" (dashed blue)
and Azy =47 (solid black ) for Example The solutions are compared from left to

right at t =0, %, and 3.

Table[] In particular, as observed in [4, Ex. 5.1], if
Az > 1.75-102

then the extracted sequence {7} } does not contain the breaking time 7o = %, such
that one only approzimates the amount of energy to be removed at this time, cf.
7. However, due to the mismatch between the gridpoints and the 4
rightmost nodes, there might still be local errors even for Ax < 1.75-1072. This
is confirmed by Figure [, where the exact solution (u, F)(t) is compared to two
approzimations, (Uaq;, Faz,)(t) for j € {c,d} with Axe =47 and Azy =47 at
the times t = 0, %, and 3. The finer approzimation, (quf,FAif)(t), computed
with Azy < 1.75-1072, agrees well with the exact solution, except that we observe a

large energy discrepancy at t = 2. This is due to the aforementioned mismatch,

19°
which implies that the wave breaking o = ‘11—8 is not present in the list {7}} and

this breaking time is therefore delayed according to the iteration scheme, given by
E19)-E22).
1

Nevertheless, as i, belongs to BV (R) N LY(R) C Bg/z, cf. Remar’ka Theo-
rem [3.20 ensures that
(4.5) sup [[u(t) — was(t)]oo < O(Az®).

t€[0,T]

The computed EOCs in Table[]) and the LS convergence order in Figure[7d, suggest
that this error estimate is rather pessimistic. On the other hand, we do expect the
numerical method to perform well on multipeakon data, since the projection operator

Pay from Definition[2.10 is piecewise linear.
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] ® sup [lu(t) —uaz(t)lleo ] ° sup lu(t) — uaz(t)lloo
10— 1 4 te(0,3] ] +€[0,3.0]
; == Linear regression, order=0.99 1071 E == Linear regression, order=0.63
1072 -
1073 4 10—2 A
104 4
1073 .
1077
10~6 Lrrrmr——rrr——rrr——rrrr——r 10—4 Lrrm——r
0=+ 1073 1072 107! 0= 1073 1072 107!
Az Az

(a) The errors sup [[u(t) — vaz(t)]oo
t€[0,3]

’

(b) The errors sup ||u(t)—uaz(t)|lco from
te[0,3]

plotted as a function of the mesh parame-
ter Az for Example[£.2} The LS regression

Example [£:3] plotted against the mesh size
Az. The LS slope is approximately equal

line indicates that the numerical conver- to %

gence order is about 1.

k 1 2 3 4 5 6 7
Errg(3/2) [2.8:1072 7.5-1072 1.5-10~2 4.6-10~% 8.9-10° 2.3-10~° 4.0-10~°
EOC;(3/2) - 0.94 1.14 0.88 1.18 0.99 1.25
Err,(3) [8.6-1072 1.8-1072 7.7-10~% 1.2-107% 4.6-10~% 7.9-107° 2.3-10~°
EOC(3) - 1.13 0.61 1.33 0.70 1.26 0.91

Table 1. Computed relative errors and experimental orders of convergence for Exam-
ple with T' = 3/2 (before any wave breaking) and with 7" = 3.

Example 4.3. The solution to (1.1)) associated with the cusp initial data

1, r < -1,
i(z) = el —1<z<l,
1, 1<ua,
0, T < —1,
F(z) =< 2 (1+sgn(z)]z]”?), —1<z<1,
%, 1<z,
b, r < —1,
a(a) = { blal, —1<w<0,
0, 0<z,

where b € [0,1), experiences wave breaking along a single characteristics for each
t €10,3]. The exact solution is unavailable, and we therefore compute a numerical
solution with Az = 1075, denoted (uyef, Fret)(t), and use that as a reference solution.
The time evolution of this solution is compared to (uaz,, Fae,) for j € {c, f} with
Az, and Axy, as in the previous example, at the times t = 0, %, and 3 in Figure @

Note that u, is less reqular than in the previous two examples, especially note-
worthy is the fact that u, ¢ L>°(R). In spite of that, the proof in [3, Ex. 6.3] reveals
that 4, € B;/G and Theorem therefore implies

sup [[u(t) = uae(t)]|oo < O(Az"*).
te[0,T)

This is 3 times worse than the corresponding error estimate we have for multipeakons,
cf. . Comparing the computed EOCs in Table@far the cusp initial data to the
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Figure 8. A comparison of urer (top row) and Frer (bottom row), both with dotted red
lines, to that of uaz, (top row) and Fa., (bottom row) for Az. = 47" (dashed blue)
and Az; = 4% (solid black) for Example The solutions are compared from left to

right at t = 0, 2, and 3 with b = 19/20.

IR

corresponding ones in Table[]] for the multipeakon from Example[{.3 suggests that
also the numerical convergence order is lower for this example, indicating that the
regularity of U, influences the numerical accuracy. This is also confirmed by the
slopes of the two LS regression lines in Figures[7d{70,

k 1 2 3 4 ) 6 7

Errg(3) [0.12 5.4-107%2 2.0-1072 9.4-10~3 3.1-10~% 1.5-10~% 6.8-10~*

EOCL(3) | — 0.587 0.730 0.531 0.800 0.519 0.573

Table 2. Computed experimental convergence orders for Example with T' = 3 (after
all wave breaking occurrences) for b = 19/20.

[
2
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5
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APPENDIX A. EXACT SOLUTION TO THE MULTIPEAKON EXAMPLE

Consider the initial data from Examplewith any o € W1>°(R, [0, 1)) satisfying
a(%) = % and a(%) = 1—90. By applying the mapping L from Definition one
obtains

13 £<o0,
0, 0<¢é<,

g&) =3 5(€-1), 1<£<3,
$(E+2), 3<E<8,
£ —6, 8 <&,
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which inserted into (2.9)) yields

7(§) =

3, §<1,
L(=€+7), 1<e¢<3,
1(—2¢+16), 3<¢<8,
0, 8 <&,

0, §<0,

13 0<g<1,
3(E+1), 1<£<3,
5(46€-2), 3<e€<s,
6, 8 <&,

0, 0<&<1,

2, 1<€&<3,

1, 3<€£<8,

00, otherwise.

)

After solving (2.8 for ¢ € [0, 1) with initial data (3, U,V , H), we find

y(t,§) =

Ut,€) =

(A.1)

V(tv 6) =V

£— 312 + 3t £<0,
1642 — 342 4 31, 0<¢E<,
=22 -2+ Tt — 4, 1<€<3,
T—1)2 - F2+ 05t + 2 3<¢<8,
£+ 312 -6, 8 <&,
—3t+3, £<0,

1t —3t+3, 0<¢<,
it=26-5t+7, 1<£<3,
2t-1E— {4+ 52, 3<¢<s8,

3, 8 <&,

(&)

43

Note that y(t,-) is strictly increasing for ¢ € (0, 1), such that we can compute its
inverse by solving = = y(¢,£) in terms of £. Definition therefore implies for

—312 + 3t < < —3t? 4 3,
—5t2 3t <x < 3242 +1,

tel0,1)
-3t +3, x < =312 4 3t,
o - 30,
u(t, ) =  Z5(x — 3t —3),
Pile—51-2),

—M? 42t 4+1<a <3242
312 +2 < a,
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(A2) F(t,z)=

At t = 1, wave breaking takes place for all £ € (3,8), and (A.1)) yields y(1,¢) =

T. CHRISTIANSEN AND K. GRUNERT

0
& (z + 3¢ = 3t),

(432 -3t—3),

(t-1)2
6,

x < =312 4 3t,

—312 43t <x < 4t + 3,

— 3+ 3t <z < -4 241,
—qP 2+ 1<z <3242
%t2+2<x.

11
4

such that a(y(1,£)) = % for all £ € (3,8). By computing V(1,¢) and thereafter
solving ({2.8]), one finds, for ¢t € [1,2),

E—3t2+ 91+ 2, £€<0
26— 3+ Gt 4+ 3, 0<¢<l,
y(t, &) =< s(t—2)% — 12+ Lt — 1, 1<£<3,
gt — 126 — 52 + 55t + 33, 3<E<8,
£+ 32+ 3t — 3, 8 <&,
—ft+ 1 £<0,
stE—3t+ 92, 0<&<1,
Ut,E) =3t —-2)¢—5t+14, 1<¢<3,
5t —1)E— 55t + 35, 3<E<S,
3t+3, 8 <&,
0, £<0,
3 0<€<,
V(€ =q3€E+1), 1<£<3,
s(€+7), 3<E<8,
3, 8 <&

Observe that y(t,-) is strictly increasing for all ¢ € (1,2) and hence invertible.
Again, by computing its inverse and subsequently using Definition [2.5] we have for

tel,2)
—3t+ 92,
He-ti-d),

u(t,r) = (tfz) (x — %t - %),
(t31)(x_ it—2),
fed

(A.3)
0,
Ha+ 22— 9t-32),

F(t,x) = { gogp (@ + 302 = Pt +3),
ﬁ(m +32- % -1,
3,

v < =32+ 9t + 2,

342 9 3 142 9 3
2+ Yt+d<a< L2+ e+ 3,
1,2 9 3 1,2 5 11
—gt +Zt+§<l’§§t +Zt+§,
142 5 11 342 3 13
gttt g <zsgt+3t+ 7%,

342 3 13
24 3¢+ 18 <o,

r< =32+ 9t + 2,

342 9 3 142 9 3
“32 4 %+ << 32+ 9t + 2,
142 9 3 1,2 5 11

142 5 11 342 3 13

gttty <zsgt+it+ %,

342 3 13

32+ 3¢+ 18 <o

The last wave breaking occurs at (t,x) = (2,32), and takes place for all £ € (1,3),
for which a(y(2,€)) = 75. Thus, after computing V(2,£) and then solving (2.8, we
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obtain, for all t > 2,

5_7 +9t+4()7 ggov

ith_s +9t+40’ 0<&=1,
y(,€) = { g5t —2)% — 2+ 3Tt + 3L, 1<£<3,
a5 (t—1)%¢ — 11t2+2t+40, 3<ELS,

£+21t2+gt_%f7037 8<£7
%tgf%wg, 0<¢<1,

Ut,§) =4 35t —2)6 — g5t + 55, 1<E<3,
Tg(t—l)g—ﬁwz, 3<EL8,

A4+ 8, 8 <&,

0, §<0,

& 0<¢<1,
V(t,§) = 55(6+19), 1<E<3,

2+ 3, 3<E<8,

4, 8 < ¢&.

As before, y(t, -) is strictly increasing for ¢ € (2, 00) and hence invertible. Computing
its inverse and using Definition [2.5] yields for t >2

—Zt4 2 x<— —|—9t+407
2(z— 21— 33, -2 +9t+ S a4t +9t+40,
u(t,2) =S (e -5t = %) —m +9t+ ca< 1t2+ it 4 37
o (= 5t = 1), 8—0t2+17t+ <:c<21t2 6t+407
A+ 8, g—})t2+6t+4—o<z
(A.4)
0, x<— +9t+40,
;%(as—l—Qth—f—%), - +9t+ S o< 4t +9t+40,
F(t,x) = § gy 2) (z+ 22 — B+ I, —1 +9t+ <a;<1t2+ 1Tt 4 31
worE Gt -1t -0 %t2+17t+ <x<21t2+6t+407
2, %t2+gt+4—0<x.

Finally, combining (A.2), (A.3), and (A.4) gives us the globally defined a-dissipative
solution (u, F)(t) with the initial data (@, F') and « from Example
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