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Iterative Learning Control with Mismatch

Compensation for Residual Vibration Suppression

in Delta Robots
Mingkun Wu, Alisa Rupenyan, Member, IEEE and Burkhard Corves

Abstract—Unwanted vibrations stemming from the energy-
optimized design of Delta robots pose a challenge in their
operation, especially with respect to precise reference tracking.
To improve tracking accuracy, this paper proposes an adap-
tive mismatch-compensated iterative learning controller based
on input shaping techniques. We establish a dynamic model
considering the electromechanical rigid-flexible coupling of the
Delta robot, which integrates the permanent magnet synchronous
motor. Using this model, we design an optimization-based input
shaper, considering the natural frequency of the robot, which
varies with the configuration. We proposed an iterative learning
controller for the delta robot to improve tracking accuracy.
Our iterative learning controller incorporates model mismatch
where the mismatch approximated by a fuzzy logic structure. The
convergence property of the proposed controller is proved using
a Barrier Composite Energy Function, providing a guarantee
that the tracking errors along the iteration axis converge to
zero. Moreover, adaptive parameter update laws are designed to
ensure convergence. Finally, we perform a series of high-fidelity
simulations of the Delta robot using Simscape to demonstrate the
effectiveness of the proposed control strategy.

Note to Practitioners—This paper addresses the problems of
residual vibration suppression, trajectory tracking and velocity
constraints of Delta robots simultaneously. Residual vibration
of Delta robots becomes increasingly severe due to light weight
design requirements, particularly under high-speed and high-
acceleration conditions, which poses a significant challenge to the
working accuracy of Delta robots. In this paper, we design an
optimal input shaper to suppress the residual vibration effectively
while considering the dynamic characteristics varies with the
configuration of Delta robot. Compared to passive vibration
suppression methods, this input shaping method eliminates the
need for extra sensors and materials so that it can contribute to
cost reduction. Furthermore, ensuring that the Delta robot can
accurately track the reference trajectory is essential for avoiding
unexpected vibrations. Since Delta robots are primarily employed
in repetitive pick-and-place tasks, in order to leverage historical
information sufficiently, we propose an adaptive iterative learning
controller (AILC), in which we introduce fuzzy logic structure
(FLS) to approximate model mismatch such as the unknown dy-
namics caused by parameter uncertainty, the damping of motors,
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etc. Finally, we verify the effectiveness of the proposed control
strategy by a high-fidelity multi-domain simulation, integrating
the permanent magnet synchronous motor (PMSM), rigid links,
and flexible links. In future works, we aim at implementing the
proposed control strategy in the actual Delta robot prototype.

Index Terms—Delta robot, trajectory tracking, model mis-
match, input shaper (IS), adaptive iterative learning control,
trajectory optimization, compensation

I. INTRODUCTION

O
VER the past decades, pick-and-place parallel robots

have been widely used in food, electronics, packaging

and other industries, due to their high speed and high accel-

eration motion capability [1], [2]. As typical representatives,

Delta robots possess three translational degrees of freedom [3].

However, in order to reduce the weight of robots to achieve

higher acceleration and decrease the energy costs, the links

of the robots are made from lightweight materials, such as

carbon fiber, which inevitably results in the deterioration of the

residual vibration and eventually undermines the positioning

accuracy of the robots. The occurrence of vibration makes it

more difficult to achieve high performance trajectory tracking

control and may cause instability in extreme circumstances.

Therefore, designing an effective controller and suppressing

the residual vibration are of great significance for the applica-

tion of Delta robots as well as other parallel robots.

Generally speaking, the approaches of vibration suppression

can be divided into two categories, passive vibration suppres-

sion approaches [4], [5] and active vibration suppression ap-

proaches [6], [7], [8]. The passive approaches utilize additional

damping materials to increase the damping ratio of the system.

Although these kinds of methods can reduce the vibration

effectively, the use of extra materials increases the manufac-

turing costs. On the contrary, the active approaches involve

designing a control system to achieve trajectory tracking and

vibration suppression simultaneously. The active approaches

can be classified into feedback methods and feedforward meth-

ods. The feedback methods have to acquire real time vibration

signals to form the closed-loop controllers [9], [10], which

requires the installation of additional sensors to measure the

vibration signals. The low-level controllers have to be changed

and redesigned by the users, which may not be allowed for

some commercial parallel robots. The feedforward methods do

not change the existing low-level controllers but just modify

the input reference trajectory based on the dynamic behavior

of the systems, which are obviously easier for realization.

http://arxiv.org/abs/2411.07862v1
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Thus, controller design and residual vibration suppression can

be addressed separately. Among the feedforward methods,

the input shaping techniques are very common and useful

tools to suppress the residual vibration [11], [12], [13]. The

principle of input shaping techniques is to modify the reference

trajectory, which results in a deviation between the original

reference trajectory and the modified trajectory. Therefore

it may not be suitable for those task conditions where the

reference trajectory is designed strictly and cannot be adjusted.

However, for all high-speed parallel robots including Delta

robots used to carry out pick-and-place operations, only start

and end points are crucial.

In order to achieve satisfactory working accuracy, numerous

control methods had been proposed for Delta robots and other

parallel robots in the past decades, including sliding mode

control [14], [15], robust control [16], [17], intelligent control

[18], [19], etc. However, all these mentioned control strategies

only depend on the error information of the current operation

period. For those applications where robots repeatedly perform

the same tasks, the historical error information is a valuable

resource to improve the control performance. Previous re-

search has illustrated that the trajectory has a profound impact

on the vibration of Delta robots. Therefore, it is crucial to

ensure that the robot can track the reference trajectory to

prevent unexpected vibration. Delta robots are used to perform

the pick-and-place operation, which is repetitive along the

fixed trajectory and within the same duration time. Under this

circumstance, iterative learning control (ILC) [20], [21] as a

suitable control approach to achieve a high performance and

high accuracy trajectory tracking, has been widely employed

in various fields, such as high-speed trains, precision motion

stages, etc [22], [23]. From the few existing applications of

ILC on parallel / Delta robots, the restrictions of resetting

condition and repetitive trajectory are overcome in the ILC

proposed in [24]. It has been further developed in [25]

to achieve an adaptive robust proportional-derivatives ILC

strategy in which a robust term is introduced to compensate

the repetitive and nonrepetitive disturbance. However, the

above robust ILC methods for Delta robots require the norm

of disturbance to satisfy certain relationships, which causes

difficulties in their application. Moreover, the selection of

control gains is complexly restricted due to the requirement of

stability guarantee. Uncertainty compensation is in this case a

suitable approach to address this problem, particularly when

the uncertainty arises from model mismatch. A model mis-

match compensation method is proposed in [23] for precision

motion stages, in which the Gaussian process regression is

used to predict the unknown model mismatch, and the error

is compensated using a repetitive control approach.

To improve modeling, the coupling between the mechanical

and electrical systems, which profoundly influences the dy-

namic behavior of robots [26], needs to be accounted for. Thus,

for completeness, the model of PMSM should be integrated

into the dynamic model of Delta robots. Furthermore, in

order to guarantee the working safety, the robots’ velocity

needs to be constrained. To introduce state constraints in the

control problem, an adaptive neural network control algorithm

is proposed in [27] for a wheeled mobile robot with velocity

constraints, in which the barrier Lyapunov function (BLF) is

introduced to guarantee the velocity constraints. The deriva-

tion of convergence guarantees for the BLF is inspired by

[27] in this paper. For parallel robots, especially for Delta

robot, studying the effect of velocity constraints control is not

common. The excessive speed not only requires more energy

consumption but also increases the risks associated with the

operation. Therefore, it is of great importance to take angular

velocity constraints into account.

In this paper, we propose a control strategy combining input

shaping techniques and ILC for Delta robot with PMSM and

angular velocity constraints. The main contributions of this

work are listed as follows.

1) We establish an integrated dynamic coupling mathe-

matical model of Delta robots, where the flexibility of

joints and links, as well as the dynamics of PMSM are

taken into account. Based on the established model, we

design an optimal input shaper by two global optimization

objectives, which can suppress the residual vibration

effectively.

2) According to the concept of the singular perturba-

tion method (SPM), we propose an adaptive mismatch-

compensated iterative learning controller (AMCILC) for

the rigid-body motion coordinates of a Delta robot.

The iterative learning method can effectively address the

repetitive tasks of Delta robots. We introduce the FLS to

approximate the model mismatch including the damping

term of PMSM. By using two designed adaptive iterative

update laws, we employ a Barrier Composite Energy

Function (BCEF) to prove the convergence property of

the tracking errors, in which the barrier Lyapunov func-

tion can ensure the velocity constraints to be satisfied.

3) Based on Simscape’s multi physical domain coupling

function, we establish a high-fidelity simulation model

of a Delta robot system to verify the performance

of the proposed input shaper-based adaptive mismatch-

compensated iterative learning controller (IS-AMCILC).

The rest of this paper is summarized as follows. The

coupling dynamic mathematical model of a Delta robot is

established and the optimal input shaper is designed in Section

II. Then, in section III, the design and stability proof of IS-

AMCILC are conducted in which the velocity constraints are

taken into account. A series of simulations is performed to

verify the effectiveness of the proposed control strategy in

Section IV. Finally, conclusions are drawn in Section V.

II. DYNAMIC MODELING AND INPUT SHAPER DESIGN

In this section, we firstly establish a dynamic coupling

mathematical model of the Delta robot including rigid-body

parts, flexible parts and PMSM. Then, we design an optimal

input shaper based on the proposed two global optimization

objectives.

A. Dynamic Modeling of Mechanical Structures

The 3D model of the Delta robot is illustrated in Fig.1.

The robot consists of a fixed base, a moving platform (MP)

and three identical kinematic chains, while each kinematic
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Fig. 1: 3D model of Delta

robot. Fig. 2: The deformation com-

patibility conditions.

chain contains an upper arm and two lower arms. Before

the dynamic modeling, it should be mentioned that according

to the previous researches, the stiffness of the servo system

and the gearbox play a critical role on the low modal of the

Delta robot system [28]. Therefore, the connection between

the gearbox and the upper arms will be regarded as a lumped

spring system. Assuming the real input rotation angles, i.e.,

the output of the gearbox, can be denoted as θ ∈ ℜ3×1, we

have

θ = θri + θfl, (1)

where θri ∈ ℜ3×1 and θfl ∈ ℜ3×1 are the rotation angles of

the rigid-body motion and flexible deformation, respectively.

In addition, the lower arms exhibit more noticeable flexibil-

ity than the upper arms and the moving platform in the practi-

cal operation. Therefore, only the lower arms will be regarded

as flexible links in the dynamic modeling. Since the dynamic

model is based on the floating frame of reference method, the

real motion of a link can be expressed as the superposition of

the rigid-body motion and the flexible deformation.

We utilize finite element method (FEM) to establish the

flexible parts in this article. Considering that the length of the

link is far larger than the radius, the Euler-Bernoulli beam

theory is adopted. Based on the principle of virtual work, an

unconstrained rigid-flexible coupling dynamic model of Delta

robot can be obtained as

Fu =

9
∑

i=1

HT
i

(

ρiAi

(

∫ li

0

Υidx̄Hiq̈u +

∫ li

0

ΘT
i Θ̇idx̄Hiq̇u

)

+ρiJi

(

∫ li

0

Υi,θdx̄Hiq̈u +

∫ li

0

ΘT
i,θΘ̇i,θdx̄Hiq̇u

)

+

∫ li

0

ΘT
i ρiAige3dx̄

)

+

9
∑

i=1

KH,iqu +HT
θ,pImHθ,pq̈u

+HT
p Θ

T
p

(

mΘpHpq̈u +mΘ̇pHpq̇u +mgez

)

+

3
∑

i=1

HT
θ

(

mlumpΥlump +mlumpΘ
T
lumpΘ̇lump

)

Hθ

+

3
∑

i=1

HT
θ mlumpge3

=Mu(qu)q̈u + Cu(qu, q̇u)q̇u +Ku(qu)qu +Gu(qu), (2)

where

Υi =ΘT
i Θi, Υi,θ = ΘT

i,θΘi,θ, e3 = [0, 0, 1]T

KH,i =H
T
i kiHi, Υlump = ΘT

lumpΘlump

where Mu(qu), Cu(qu, q̇u), Ku(qu) and Gu(qu) are the iner-

tia matrix, centrifugal force matrix, stiffness matrix and gravity

vector, respectively. ρi, Ai and Ji denote The density, the

cross-sectional area, and the polar moment of inertia of the ith

link, respectively, and m and Im denote the mass and moment

of inertia of MP, respectively. g represents the gravitational

acceleration, and mlump denotes the lumped mass between

the upper arms and lower arms. Θi, Θi,θ, Θlump and Θp

denote the Jacobian matrices that map the generalized velocity

q̇f to the velocities of links, lumped mass and MP. Hi, Hθ

and Hp are Boolean indicated matrices [29]. ki denotes the

stiffness matrix of ith link qu = [θTri, θ
T
fl, q

T
f ]

T , where qu is

the generalized coordinate vector of the open-loop mechanism

by cutting the joints. and qf is the generalized coordinate

deformation vector of the flexible links including the small

displacement of the moving platform caused by the flexible

deformation of links. Fu is the generalized force vector. Note

that the dimensions of Mu(qu), Cu(qu, q̇u), Ku(qu), Gu(qu)
and Fu depend on the number of elements, e.g., we select

only one beam element for each lower link in this paper,

therefore, the dimensions of the above matrices would be

Mu(qu), Cu(qu, q̇u),Ku(qu) ∈ ℜ48×48 and Gu(qu), Fu ∈
ℜ48×1.

The moving platform is connected to three identical kine-

matic chains, which implies that the flexible deformation

of each link in the connection points is not independent

but constrained by the closed-loop mechanism. Therefore, as

shown in Fig. 2, we introduce the deformation compatibility

conditions. As a result, in terms of the deformation compatibil-

ity conditions, the total number of the generalized coordinates

are reduced to q, and their relationship can be obtained as

qu = Tdcq, (3)

where Tdc ∈ ℜ48×30 is the deformation compatibility con-

dition matrix. q ∈ ℜ30×1 represents the generalized coor-

dinate vector of the closed-loop mechanism. The derivation

of (3) can be found in Appendix A. Note that in order

to facilitate the dynamic modeling process, we adopt the

instantaneous substructure assumption [30], which means that

the mechanical structure is considered as a fixed structure

at each infinitely small time interval dt, in other words the

deformation compatibility condition matrix is viewed as a

constant matrix, i.e., q̇u = Tdcq̇ and q̈u = Tdcq̈.

Finally, the rigid-flexible coupling dynamic model of the

Delta robot with constraints can be deduced as

M(q)q̈ + C(q, q̇)q̇ +K(q)q +G(q) = F, (4)

where

M(q) =T T
dcMu(qu)Tdc, C(q, q̇) = T T

dcCu(qu, q̇u)Tdc,

K(q) =T T
dcKu(qu)Tdc, G(q) = T T

dcGu(q)Tdc, F = T T
dcFu.
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B. Dynamic Modeling of PMSM

We first specify the simplifications and assumptions needed

to develop the model. First, the effect of pulse width modula-

tion is neglected. Some common assumptions that are widely

used in the PMSM modeling are adopted here and the details

can be found in [26]. Generally, the model of the PMSM

is established in the d-q axis based on the Clark and Park

transformation. By means of the vector control technology,

the electromagnetic torque of PMSM can be deduced as

τM =
3

2
pMψf iq = Ktiq, (5)

where pM is the number of pole pairs of the rotor. ψf is the

equivalent flux linkage of rotor magnetic field. iq is the q-axis

stator current, and Kt is the torque coefficient.

Accordingly, the mechanical equation of PMSM can be

written as

τM = IM
dωM

dt
+BωM +

τ

ngear

, (6)

where IM and B are the moment of inertia and damping

coefficient of PMSM, respectively. ngear is the gear ratio. ωM

is the angular velocity of the rotor. τ denotes the driving torque

vector of the active joint.

Ultimately, the dynamic model of the mechanical structure

and the PMSM will be integrated, and a completed dynamic

model of Delta robot system can be obtained as

M(q)q̈ + C(q, q̇)q̇ +K(q)q +G(q) =F,

ĪM
dω̄M

dt
+ B̄ω̄M +

τ̄

ngear

=τ̄M . (7)

where F = (τ̄ , 0, . . . , 0)T ∈ ℜ30×1 with τ̄ = [τ1, τ2, τ3]
T ∈

ℜ3×1, ĪM = diag(ĪM1 , ĪM2 , ĪM3 ), B̄ = diag(B̄1, B̄2, B̄3)

∈ ℜ3×3 and ω̄M , τ̄M ∈ ℜ3×1, as there are three motors in

Delta robots. Generally speaking, the damping term is difficult

to be modeled. Therefore, a common practice is to generate

the damping matrix by scaling the mass matrix and stiffness

matrix, i.e. the Proportional damping. Hence, if the damping

term is added, there will be an extra term D(q)q̇ in (7).

C. Input Shaper Design

Due to the orthogonality of the natural vibration modes, the

following relationships can be obtained as

Mdiag = ΦTMΦ,Kdiag = ΦTKΦ, (8)

where Φ = [Φ1,Φ2, · · · ,Φn] is the modal matrix, and Φi

is the modal vector of the ith mode. Mdiag and Kdiag are

diagonal matrix. Then the natural angular frequency of the ith

mode is calculated as ωi =

√

K
diag

i

M
diag

i

, while K
diag
i and M

diag
i

denote the ith element on the diagonal of matrix Kdiag and

Mdiag, respectively. Assuming ζi is the damping ratio of the

ith mode. For details about this part, we refer the reader to

[28].

The residual vibration of the Delta robot system is de-

termined by the superposition of the vibration modes. The

vibration of the system is primarily dominated by the first

Fig. 3: The first-order natu-

ral frequency of Delta robot

within the whole workspace.

Fig. 4: The trend of the opti-

mization objective J with re-

spect to design variables.

few modes ([28]), especially the first mode. However, the first-

order frequency varies depending on the configuration of the

robot, which requires the designed input shaper to be robust

enough so that it can achieve a better performance within

the whole workspace. Compared with the ZV, ZVD and EI

input shapers, an input shaper based on optimal control theory

has been developed in ([31]) with the following six design

parameters,

A1 =
1

Ξ
, A2 = −2exp(−ζdωnT )cos(ωdT )

Ξ
,

A3 =
exp(−2ζdωnT )

Ξ
, t1 = 0, t2 = T, t3 = 2T,

(9)

where Ξ = 1− 2 exp(−ζdωnT ) cos (ωdT ) + exp(−2ζdωnT ).
T = ktTd

2 is the time lag of the impulse sequence with 0 ≤
kt ≤ 1. fn and ζd are natural frequency and damping ratio

respectively. ωd = ωn

√

1− ζ2d , ωn = 2πfn and Td = 2π
ωd

.

The input shaper proposed in [31] exhibits a better robust-

ness than ZV, ZVD and EI input shapers. Therefore, inspired

by [31], we design an optimal input shaper for Delta robots

to achieve a comprehensively satisfying performance within

the entire workspace, in which the parameter selection of the

input shaper will be encoded as an optimization problem. As

an optimization objective, we adopt a widely used indicator

to measure the performance of the input shapers, i.e., the

percentage of residual vibration, which is the amplitude of

the residual vibration after applying the last impulse. It can be

written as

V (ωn, ζd, kt) = exp (−ζdωnt3)
√

C(ωn, ζd)2 + S(ωn, ζd)2,
(10)

where

C(ωn, ζd) =
3
∑

i=1

Ai exp(ζdωnti) cos(ωdti),

S(ωn, ζd) =

3
∑

i=1

Ai exp(ζdωnti) sin(ωdti).

Before the optimization, the optimizing variables and their

ranges have to be determined. Firstly, although there exist three

design variables fn, ζd and kt, the damping ratio has only a

slight impact on the residual vibrations according to previous

research results [28]. Therefore, only the natural frequency fn
and the lag coefficient kt will be taken into account. The range
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of kt has been given above, i.e., 0 ≤ kt ≤ 1. The range of

the fn can be determined by traversing the entire workspace.

As shown in Fig. 3, the maximum fn can be obtained on the

top of the workspace, and it gradually decreases for lower

work planes. Hence, the range of fn can be selected as fn ∈
[fmin, fmax] in which fmin = 16Hz and fmax = 24Hz. For

the optimization objectives, the maximum and average residual

vibration percentage will be considered, separately. Defining

the following two optimization objectives
{

J1 = maxV (ωn, ζd = ζdesign, kt),

J2 =
∫
W

V (ωn,ζd=ζdesign,kt)dW∫
W

dW
.

(11)

where W denotes the workspace of Delta robots.

In order to achieve a comprehensive residual vibration

suppression performance, a weighted performance index is

constructed.

J = w1J1 + w2J2, (12)

where w1 > 0 and w2 > 0, satisfying w1 + w2 = 1, are two

weight coefficients that can be determined manually. In this

paper, these two coefficients are selected as: w1 = w2 = 0.5.

In conclusion, we encode the input shaper design in the

following optimization problems

min
fn,kt

J(fn, kt)

s.t. fn ∈ [fmin, fmax]

kt ∈ [0, 1].

Since the range of two optimization variables has been

given, the optimal solutions can be found by grid search,

where the grid sizes are set as 0.01 for two optimization

variables. Based on [28], the damping ratio will be selected

as ζdesign = 0.075 here. The variation of the optimization

objective with respect to the variables is presented in Fig. 4.

It can be found that the optimal solution can be determined

as fn = 16.4 Hz and kt = 0.83.

III. CONTROLLER DESIGN

In this section, we design an AMCILC for Delta robot. First,

we decompose the rigid-flexible coupling dynamic model

of the Delta robot by SPM so that rigid-body motion and

vibration can be addressed separately. Since the system ex-

ists the model mismatch caused by parameter uncertainty

and unknown damping of PMSM, we utilize the FLS to

approximate all aforementioned model mismatch. Then, we

design an controller based on the concept of ILC to achieve

high performance trajectory tracking, as ILC is an effective

approach to deal with model mismatch [23].

A. Model decomposing

According to SPM, the rigid-flexible coupling dynamic

model can be decomposed into two subsystems, i.e., a slow

subsystem and a fast subsystem, where the slow subsystem

is equivalent to the rigid-body dynamic model of the original

system, and thus, can be utilized to design a controller to

achieve the trajectory tracking. Therefore, inspired by SPM,

we firstly deduce the rigid-body dynamic model with PMSM

of the Delta robot system. Based on this model, we propose

an adaptive fuzzy iterative learning controller.

The rigid-body dynamic model with PMSM of the Delta

robot system at kth iteration can be expressed as

Mr,k(θk)θ̈k+Cr,k(θk, θ̇k)θ̇k+Br,kθ̇k+Gr,k(θk) = uk, (13)

with

Mr,k(θk) =
Mrr,k

ngear

+ IMngear, Br,k = Bngear ,

Cr,k(θk, θ̇k) =
Crr,k

ngear

, Gr,k(θk) =
Grr,k

ngear

,

where Cr,k(θk, θ̇k) = C̄r,k(θk, θ̇k) + ∆Cr,k(θk, θ̇k) ∈ ℜ3×3,

Mr,k(θk) = M̄r,k(θk) + ∆Mr,k(θk) ∈ ℜ3×3 and Gr,k(θk) =
Ḡr,k(θk) + ∆Gr,k(θk) ∈ ℜ3×1 are the inertia matrix, gyro-

scopic matrix and gravity vector at kth iteration, respectively.

M̄r,k(θk), C̄r,k(θk, θ̇k) and Ḡr,k(θk) are their nominal parts,

while ∆Mr,k(θk), ∆Cr,k(θk, θ̇k) and ∆Gr,k(θk) are their

unknown parts caused by parameter uncertainty, respectively.

Br,k is the damping term of the PMSM, which is assumed

to be unknown as well. These two parts are the main model

mismatch we need to tackle in this paper. uk ∈ ℜ3×1 is the

input vector at kth iteration. θk denotes the θri at the kth

iteration. Hereafter, the subscript k denotes the kth iteration

for all variables.

B. Model mismatch approximation by FLS

Lemma 1 [32], [33], [34]: For any unknown function f(x)
defined on a compact set Ω, there exists a FLS ϑTφ(x) such

that,

sup
x∈Ω

∣

∣f(x)− ϑTφ(x)
∣

∣ ≤ σ ∀σ > 0, (14)

where x = [x1, x2, · · · , xp] is the input of the fuzzy logic

structure. ϑ = [ϑ1, ϑ2, · · · , ϑl] is the weight vector, and

φ(x) = [φ1(x), φ2(x), · · · , φl(x)] is the fuzzy basis function

vector with

φj(x) =

∏p
i=1 µF

j

i
(xi)

∑l
j=1

∏p
i=1 µF

j

i
(xi)

. (15)

Then, according to Lemma 1, (13) can be rewritten as

uk =Mr,k(θk)θ̈k + Cr,k(θk, θ̇k)θ̇k +Br,kθ̇k +Gr,k(θk)

=M̄r,k(θk)θ̈k + C̄r,k(θk, θ̇k)θ̇k + Ḡr,k(θk)

− (ϑTφ(xk) + ε), (16)

where ϑTφ(xk) + ε = −(∆Mr,k(θk)θ̈k +∆Cr,k(θk, θ̇k)θ̇k +
∆Gr,k(θk) + Br,kθ̇k) is the fuzzy structures used to approx-

imate the model mismatch. ϑ = [ϑ1, ϑ2, ϑ3] ∈ ℜl×3 is the

unknown bounded weight vector, ε = [ε1, ε2, ε3]
T ∈ ℜ3×1

is the approximation error and satisfies εi ≤ ε̄i, where ε̄i is

an unknown constant. xk = [θTk , θ̇
T
k ] denotes the input of the

fuzzy structures.

Before designing the controller, we define the following

error variables,

ek = θk − θr, (17)

ėk = θ̇k − θ̇r, (18)
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where ek ∈ ℜ3×1 and ėk ∈ ℜ3×1 are the angular position and

velocity tracking errors at kth iteration, respectively. θr and

θ̇r are the reference angular position and velocity, separately.

Then, we introduce a combination of errors as follows,

ηk = ėk + σek, (19)

where σ is a positive constant.

To ensure that the constrained states do not exceed the

predefined ranges, motivated by the BLF design method in

([35]), we introduce a BLF,

Vb,i =
v2c
π

tan(
πη2i
2v2c

), (20)

where vc is a positive constant.

It can be found from (20) that Vb,i will tend to infinity, when

the combination of errors ηi close to vc, which means if we

want to prevent ηi exceeding a specific range, the controller

algorithm has to guarantee the BLF is bounded. Therefore, the

boundedness of angular velocity can be ensured.

In order to enhance the operational safety and mitigate the

vibration caused by excessive speed, it is of great importance

to limit the angular velocity within a predefined range, which

implies that θ̇i must satisfy |θ̇i| ≤ θ̇max at any iteration round

where θ̇i is the ith element of θ̇ri. Since the reference angular

velocity θ̇r,i is planned in advance, it must satisfy |θ̇r,i| ≤
θ̇r,max. Besides, there is a natural requirement, i.e., θ̇r,max ≤
θ̇max.

C. AMCILC design

We now introduce the control approach based on concepts

from ILC and adaptive control, and prove the convergence of

the proposed approach. The main framework of the proposed

control strategy is depicted in Fig. 5. The reference trajectory

is modified via the designed optimal IS to achieve residual

vibration suppression. The proposed controller consists of

three parts: dynamic compensation based on the established

dynamic model, feedback coming from the tracking errors,

and model mismatch compensation achieved by FLS.

First of all, by taking the first derivative of (19) with respect

to time and combining (16), one has

η̇k =ëk + σėk

=θ̈k − θ̈r + σėk

=M̄r,k(θk)
−1(uk − C̄r,k(θk, θ̇k)θ̇k − Ḡr,k(θk)

+ ϑTφ(xk) + ε)− θ̈r + σėk. (21)

Assumption 1: The initial conditions satisfy the following

relationships, i.e., θk(0) = θr(0) = 0 and θ̇k(0) = θ̇r(0) = 0,

which means ηk(0) = 0.

Then, the proposed AMCILC at the kth iteration will be

constructed as

uk =C̄r(θk, θ̇k)θ̇k + Ḡ(θk)− ϑ̂Tk φ(xk)

+ M̄(θk)(θ̈r − σėk − kηk)− ε̂k, (22)

where ϑ̂k and ε̂k are the estimate of ϑ and ε at kth iteration,

respectively. The adaptive parameter update laws are designed

as:

ϑ̂i,k =sat(ϑ̄i,k), ϑ̂i,0 = 0, (23)

Fig. 5: Block diagram of the designed control system.

ϑ̄i,k =ϑ̂i,k−1 + Γiφ(xk)Λi,k, (24)

ε̂i,k =ε̂i,k−1 + νiΛi,k, ε̂i,0 = 0, (25)

Λi,k =ΨT
km:,i,k, (26)

Ψk =





η1,k

cos2(
πη2

1,k

2v2
c
)
,

η2,k

cos2(
πη2

2,k

2v2
c
)
,

η3,k

cos2(
πη2

3,k

2v2
c
)





T

, (27)

where m:,i,k denotes the ith column of the inverse of the

inertia matrix M̄r,k(θk). ϑ̂i,k, ε̂i,k and ηi,k denote respectively

ith element of ϑ̂k, ε̂k and ηk, i = 1, 2, 3. Γi ∈ ℜl×l is the

adjustable positive diagonal matrix. νi is a positive constant.

Assuming the upper and lower boundedness of ϑi,k are ϑi,max

and ϑi,min. k = diag(k1, k2, k3) ∈ ℜ3×3 is a positive diagonal

matrix.

Substituting (22) into (21), one can have

η̇k =− kηk + M̄(θk)
−1(ϑ̃Tk φ(xk) + ε− ε̂k)

=− kηk + χk, (28)

where χk = [χ1,k, χ2,k, χ3,k]
T ∈ ℜ3×1 with χi,k =

mi,1,k(ϑ̃
T
1,kφ(xk)+ε1− ε̂1,k)+mi,2,k(ϑ̃

T
2,kφ(x)+ε2− ε̂2,k)+

mi,3,k(ϑ̃
T
3,kφ(x) + ε3 − ε̂3,k) in which mi,j,k denotes the

element in the ith row and jth column of the matrix M̄−1
r,k (θk)

at the kth iteration. ϑ̃i,k = ϑi − ϑ̂i,k is the estimation error of

the weight vector of the fuzzy logic structure at kth iteration.

We can now proceed to proving the convergence of the con-

troller under assumption 1. Before that, the following Lemma

that will be used in the convergence proof is introduced.

Lemma 2 [36]: For ∀ϑi,k ∈ [ϑi,min, ϑi,max], the following

inequality holds

(ϑi − sat(ϑ̄i,k))
TΓ−1

i (ϑ̄i − sat(ϑ̄i,k) ≤ 0. (29)

Theorem 1: For a dynamic system given by (13) with

output constraints and satisfying assumption 1, the proposed

AMCILC can guarantee that tracking errors asymptotically

converge to zero when the iteration number k tends to infinity,

i.e., limk→∞ ek = 0, limk→∞ ėk = 0, in which the noise

is assumed to be i.i.d. with zero mean. Besides, the output

of the system will never exceed the predefined ranges at any

iteration.

Proof : The proof of the Theorem 1 is motivated by [37],

and it is divided into three parts, i.e., the negativity of the

difference of BCEF, the boundedness of E0 and the conver-

gence of the tracking errors. We provide the full derivation in

Appendix B.
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TABLE I: Parameters of the Delta robot.

Symbol Definition Value Unit

l1 Length of upper arms 0.375 m
l2 Length of lower arms 0.95 m
D1 The outer diameter of upper arms 0.058 m
d1 The internal diameter of upper arms 0.048 m
D2 The outer diameter of lower arms 0.016 m
d2 The internal diameter of lower arms 0.012 m
ea The radius of the fixed base 0.164 m
eb The radius of the moving platform 0.051 m
Er The elastic modulus of all arms 71 GPa

ρr Density of upper and lower arms 2770 Kg/m3

νr Poison’s ratio 0.3
mp Mass of the moving platform 0.676 Kg
mlump The lumped mass 0.157 Kg

Ip,x Moment of inertia of the MP in x-axis 2.25 Kg×mm2

Ip,y Moment of inertia of the MP in x-axis 2.25 Kg×mm2

Ip,z Moment of inertia of the MP in x-axis 4.39 Kg×mm2

ngear Gear ratio 15
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7.1
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10

-4

1.6 1.8 2 2.2 2.4 2.6 2.8 3
6.3

6.5

6.7

6.9

7.1
10

-4

Fig. 6: The residual vibration of AMCILC (indigo solid lines)

and IS-AMCILC (orange solid lines) under the theoretical

model.

IV. NUMERICAL STUDY

In order to verify the effectiveness of the proposed IS-

AMCILC, we conduct a series of simulations by section A:

mathematical model, and section B: high-fidelity Simscape

model in which the flexibility of the links, PMSM can be

simulated with excellent quality. Since stiffness of the servo

system can not be taken into account in the Simscape model,

case 1 in section A is primarily used to verify the effective

of the designed optimal IS. In section B, we validate the

effectiveness of the IS-AMCILC by comparing it to two other

controllers: PID-type iterative learning controller (PIDILC)

and adaptive fuzzy controller (AFC). Parameters of the robot

system are listed in Table I.

A. Case 1-Mathematical model

Since the stiffness of the servo system cannot be considered

in the Simscape model, we conduct a mathematical simulation

firstly. The performance of residual vibration suppression is

illustrated in Fig. 6, where tshaper is the end time of the

trajectory after introducing IS. It can be found that there is

a significant reduction of the residual vibration by introducing
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-12

-10

-8
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-4
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Fig. 7: Log-scalar maximum angular position tracking error

with IS-AMCILC, PIDILC AND AFC.
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Fig. 8: The 2-norm of the angular velocity tracking error with

IS-AMCILC, PIDILC AND AFC.
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Fig. 9: The residual vibration of AMCILC (indigo solid lines)

and IS-AMCILC (orange solid lines) under the Simscape

model.

the designed optimal input shaper. Besides, the parameters of

the proposed IS-AMCILC in this simulation will be set as

follows.

IS-AMCILC: For the proposed IS-AMCILC, the control
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Fig. 10: Two extra trajectories in the xy plane with z =
−0.8151m; (a) the square trajectory; (b) the butterfly trajec-

tory.

parameters are selected as: σ = 1, k = I3, vc = 0.1,

Γ1 = Γ2 = Γ3 = E9, ν1 = ν2 = ν3 = 0.01, where In denotes

the n-order identity matrix. The membership functions of the

FLS are designed as

µF 1
i
(xi) =

1

1 + e5(xi−κi,1)
, µF 9

i
(xi) =

1

1 + e5(xi−κi,9)
,

µ
F
j

i
(xi) =e

−
(xi−κi,j)

2

ψ2 , j = 2, 3, · · ·8,

where x = [θT , θ̇T ]T . The parameter ψ is set as ψ =
√
2. κi,j

denotes the jth element of κi and κi is chosen as

κ1 = {−0.3,−0.25,−0.2,−0.15,−0.1,

−0.05, 0,−0.01, 0.05} ,
κ2 = {−0.2,−0.15,−0.1,−0.05,−0.03,

−0.01, 0,−0.01, 0.05} ,
κ3 = {−0.15,−0.05, 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3} ,
κ4 = {−1,−0.7,−0.4,−0.1, 0, 0.1, 0.4, 0.7, 1} ,
κ6 =κ5 = κ4.

B. Case 2-High fidelity model

In order to further verify the effectiveness of the proposed

IS-AMCILC, we establish a multi-physical domain coupling

model by Simulink/Simscape. This model contains two parts,

i.e., the PMSM and the robot mechanism, where the robot

mechanism consists of three rigid-body upper arms and six

flexible lower arms. Since the flexibility of the actuation

joints is hard to be considered in this Simscape model, only

the flexibility of the lower arms will be taken into account.

Besides, the PMSM can be chosen from the Simscape built-In

libraries. The selection criteria for the PMSMs is based on

the output torque requirements of the robots. In this paper,

without loss of generality, the PMSMs are selected to be

Siemens 1FK7086-4SF7. The mechanical parts and PMSMs

are connected by a ”Rotational Multibody Interface” block. We

set the rotor damping to be 0.05 Nm/(rad/s) for three motors

in Simscape and treat them as unknown parameters.

In addition, we introduce two additional control strategies

for comparison and the parameters of the three controllers will

be set as follows.

0 0.5 1 1.5 2 2.5 3

-1.5

-1

-0.5

0

0.5

1

1.5

Fig. 11: The output angular velocity at 3th iteration: θ1 (red

solid line); θ2 (blue solid line); θ3 (green solid line).

IS-AMCILC: For the proposed AMCILC, the control param-

eters are selected as: σ = 1, k = diag(15, 15, 15), vc = 0.1,

Γ1 = Γ2 = Γ3 = I9, ν1 = ν2 = ν3 = 0.01. The fuzzy

membership function and other parameters are set as identical

with that in the theoretical simulation.

PIDILC: We use a PIDILC controller introduced in [38]

as comparison. PIDILC is a feedforward memory-based ILC

method that enhances traditional PID control by iteratively

incorporating previous control inputs. Firstly, we implement

an initial PID controller to generate the necessary data.

u(t) = −kp0e(t)− kd0ė(t)− ki0

∫ t

0

e(̺)d̺, (30)

where kp0, ki0, kd0 ∈ ℜ3×3 are the control gains, and will be

set as: kp0 = 20I3, ki0 = 20I3, kd0 = 10I3.

Then, we introduce a PIDILC from [38] as comparison,

uk = uk−1 − kpe(t)− kdė(t)− ki

∫ t

0

e(̺)d̺, (31)

where the control gains are set as: kp = I3, kd = I3 and

ki = I3.

AFC: AFC is an effective way to address controller design

of nonlinear systems with model mismatch, in which the FLS

is used to learn the unknown mismatch [39]. An AFC strategy

is employed here.

u =C̄r(θri, θ̇)θ̇ri + Ḡr(θri)− ϑ̂Tφ(x),

+ M̄r(θri)(θ̈r − σė− kη)− ε̂, (32)

with the update laws

˙̂
ϑi = Γiφ(x)Λi, ˙̂εi = νiΛi,

where the fuzzy membership function is the same with IS-

AMCILC. and other control gains are selected as: σ = 1,

k = 10I3, Γ1 = Γ2 = Γ3 = 20I9, ν1 = ν2 = ν3 = 0.1I3
and vc = 0.1. Note that, the AFC is related to the AMCILC

in (22) but the parameter update laws do not use the iterative

learning structure.

C. Results

Fig. 7 shows the log-scale angular position tracking perfor-

mance of three controllers. Both the IS-AMCILC and PIDILC

can drive the angular position to the reference trajectory, i.e.,

the tracking errors will converge to zero along the iteration

axis, and in which the |ei|max denotes the maximum absolute
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TABLE II: Angular position tracking performance comparison.

IS-AMCILC PIDILC AFC

SE BY SE BY SE BY

0th [10−2rad]

|e1|max 1.78 3.38 2.31 2.45 0.44 0.44
|e2|max 2.06 3.21 2.92 2.15 0.70 0.35
|e3|max 3.11 2.27 3.45 1.86 0.69 0.26

20th [10−3rad]

|e1|max 0.069 0.11 0.28 0.13 \ \
|e2|max 0.055 0.053 0.30 0.18 \ \
|e3|max 0.074 0.051 0.30 0.13 \ \

TABLE III: Angular velocity tracking performance compari-

son.

IS-AMCILC PIDILC AFC

SE BY SE BY SE BY

0th [rad/s]
|ė1|norm0.08 0.1 0.2 0.19 0.03 0.02
|ė2|norm0.09 0.1 0.2 0.13 0.03 0.03
|ė3|norm0.1 0.1 0.2 0.18 0.03 0.02

20th [10−2rad/s]

|ė1|norm0.2 0.1 1.1 0.72 \ \
|ė2|norm0.6 0.1 2.0 0.83 \ \
|ė3|norm0.6 0.1 2.0 0.87 \ \

angular position tracking error of ith input joints. However,

thanks to FLS, the controller can achieve good tracking

performance even in the presence of mismatches. It can be

obviously found that the proposed IS-AMCILC can converge

to zeros quicker compared to the PIDILC. Besides, since

the initial tracking error of PIDILC is generated by a PID

controller, the initial tracking error for these two controllers is

different. But we have tried to make them as close as possible.

Fig. 8 illustrates that the angular velocity tracking errors will

also decrease along the iteration axis where ėi,norm denotes

the 2-norm of the angular velocity tracking error vector of ith

input joints, but the angular velocity tracking performance of

the proposed IS-AMCILC is obviously much better than the

PIDILC. For algorithm 3, since it is not an iterative learning

algorithm, the tracking errors will never change along the

iteration axis. Although it can achieve a better performance

than the proposed IS-AMCILC under the initial iteration, the

proposed IS-AMCILC can achieve a better performance from

2nd iteration on.

The performance of the designed optimal input shaper can

be seen from Fig. 9 in which zloweri denotes the residual

vibration in the z-axis of the points connecting the ith lower

arms and the MP. By introducing the designed optimal input

shaper, the residual vibration can be suppressed significantly.

Besides, the 3rd output angular velocity is shown in Fig. 11,

which demonstrates that the output angular velocity will never

exceed the constraints.

In order to further verify the performance of the proposed

AMCILC, we conduct a series of simulations with two extra

planar trajectories: the square trajectory represented by SE,

and the butterfly trajectory represented by BY . The tracking

performance of these two trajectories is evaluated in Tables

II and III. Both trajectories start with larger errors without

proposed method, but following 20 learning iterations improve

significantly. The angular position errors of the BY trajectory

are initially larger for IS-AMCILC, but improve significantly

following 20 ILC iterations, and become 40-50 fold smaller

than the PIDILC error, especially for joints 2 and 3.

V. CONCLUSION

This article developed an input shaping techniques based

AMCILC strategy for Delta robot with angular velocity con-

straints to address the problem of trajectory tracking and

residual vibration suppression simultaneously. An optimal

input shaper was designed to achieve the optimal residual

vibration suppression in the whole workspace. An AMCILC

was designed to achieve high performance trajectory tracking,

in which the FLS was introduced to approximate the model

mismatch. A BLF was proposed to satisfy the angular velocity

constraints. In addition, A BECF was utilized to prove the

convergence of the tracking errors along the iteration axis.

Moreover, the simulation results have illustrated that the

proposed control strategy was effective for the Delta robot

system.

APPENDIX

A. Appendix A

The closed-loop structure of Delta robots implies that the

deformations of the end point of each lower arm that connects

with the MP and the displacements and rotations of the MP

are not independent. The deformation constraints are shown

in Fig. 2. The closed-loop vector relationship before the

occurrence of deformation is given as

ra = P + rb, (33)

where ra ∈ ℜ3×1 denotes the vector of one kinematic chain,

and P ∈ ℜ3×1 is the vector of the center point of the MP.

rb ∈ ℜ3×1 is the vector pointing from the center point of the

MP to the connecting point. All vectors are measured in global

coordinate system. Then, after the presence of deformation,

the closed-loop vector is rewritten as

ra + δa = P + ξ + δRrb, (34)

where δa ∈ ℜ3×1 is the deformation of the connection points.

ξ ∈ ℜ3×1 is the small displacement of the MP. δR ∈ ℜ3×3

is the transformation matrix from Op̃ − xp̃yp̃zp̃ to O − xyz

caused by the small rotations. Without loss of generality, the

Z Y X Euler angle δp = (δx, δy, δz)
T ∈ ℜ3×1 is utilized to

describe this rotations. Therefore, the transformation matrix

δR is expressed as

δR =





cδxcδy cδxsδysδz − sδxcδz cδxsδycδz + sδxsδz
sδxcδy sδxsδysδz + cδxcδz sδxsδycδz − cδxsδz
−sδy cδysδz cδycδz



 ,

(35)

where c and s denote cos and sin, respectively. Since the

rotation is extremely tiny, the following relations can be

reasonably deduced, which is s(∗) ≈ ∗ and c(∗) ≈ 1. Hence,

(35) can be simplified as

δR =





1 −δx δy
δx 1 −δz
−δy δz 1



 . (36)

Combining (33) with (34) and utilising (36), we have the

following relation

δa = ξ + δRrb − rb = ξ − [rb×]Iδδp = Tldp, (37)



10

where [rb×] denotes the skew-symmetric matrix of rb, and

Iδ represents a 3-order anti-diagonal identity matrix. dp =
[ξ, δp]

T ∈ ℜ6×1, and Tl ∈ ℜ3×6 denotes the deformation

compatibility matrix for one lower arm link.

Based on the above relationship for each lower arm link

(Delta robots have 6 lower arm links), we can deduce (3)

easily.

B. Appendix B

This is the proof of Theorem 1. First of all, considering

the tracking error, the FLS parameter error and approximation

error, we develop a BCEF as

Ek(t) = Vη,k(t) + Vϑ,k(t) + Vε,k(t), (38)

where

Vη,k(t) =
3
∑

i=1

v2c
π

tan(
πη2i,k(t)

2v2c
), (39)

Vϑ,k(t) =

3
∑

i=1

1

2

∫ t

0

ϑ̃Ti,k(̺)Γ
−1
i ϑ̃i,k(̺)d̺, (40)

Vε,k(t) =

3
∑

i=1

1

2υi

∫ t

0

(ε̄i − ε̂i,k(̺))
2d̺. (41)

Part A-The Non-increasing Property of BCEF. In order to

verify the non-increasing property of (38), we first derive

Vη,k(t)−Vη,k−1(t), Vϑ,k(t)−Vϑ,k−1(t) and Vε,k(t)−Vε,k−1(t)
as follows.

Vη,k(t)− Vη,k−1(t)

=

3
∑

i=1

(

v2c
π

tan(
πη2i,k

2v2c
)− v2c

π
tan(

πη2i,k−1

2v2c
)

)

≤
3
∑

i=1

∫ t

0

(

Λi,kϑ̃
T
i,kφ(xk) + Λi,k (ε̄i − ε̂i,k)

)

d̺

−ΨT
k kηk −

3
∑

i=1

v2c
π

tan(
πη2i,k−1

2v2c
), (42)

where the assumption 1 has been used here. Then, for the

second term, we have

Vϑ,k(t)− Vϑ,k−1(t)

=

3
∑

i=1

1

2

∫ t

0

(ϑi(̺)− ϑ̂i,k(̺))
TΓ−1

i (ϑi(̺)− ϑ̂i,k(̺))d̺

−
3
∑

i=1

1

2

∫ t

0

(ϑi(̺)− ϑ̂i,k−1(̺))
TΓ−1

i

× (ϑi(̺)− ϑ̂i,k−1(̺))d̺

=
3
∑

i=1

∫ t

0

(ϑi(̺)− ϑ̂i,k(̺))
TΓ−1

i (ϑ̂i,k−1(̺)− ϑ̂i,k(̺))d̺

−
3
∑

i=1

1

2

∫ t

0

(ϑ̂i,k(̺)− ϑ̂i,k−1(̺))
TΓ−1

i

× (ϑ̂i,k(̺)− ϑ̂i,k−1(̺))d̺. (43)

By means of Lemma 2, and the adaptive update laws, one

can have

Vϑ,k(t)− Vϑ,k−1(t)

=

3
∑

i=1

∫ t

0

(ϑi(̺)− sat(ϑ̄i,k(̺)))
TΓ−1

i

× (ϑ̄i,k(̺)− Γiφ(x)Λi − sat(ϑ̄i,k(̺)))d̺

−
3
∑

i=1

1

2

∫ t

0

(ϑ̂i,k(̺)− ϑ̂i,k−1(̺))
T

× Γ−1
i (ϑ̂i,k(̺)− ϑ̂i,k−1(̺))d̺

≤−
3
∑

i=1

1

2

∫ t

0

(ϑ̂i,k(̺)− ϑ̂i,k−1(̺))
TΓ−1

i × (ϑ̂i,k(̺)

− ϑ̂i,k−1(̺))d̺ −
3
∑

i=1

∫ t

0

ϑ̃Ti,k(̺)φ(xk)Λi,kd̺. (44)

For the last term, it can be rearranged as

Vε,k(t)− Vε,k−1(t)

=−
3
∑

i=1

1

2νi

∫ t

0

(ε̂i,k(̺)− ε̂i,k−1(̺))
2d̺

−
3
∑

i=1

∫ t

0

(ε̄i − ε̂i,k(̺))Λi,kd̺. (45)

Consequently, combining (42), (44) and (45), one can have

Ek(t)− Ek−1(t)

≤
3
∑

i=1

∫ t

0

(

Λi,kϑ̃
T
i,kφ(xk) + Λi,k (ε̄i − ε̂i,k)

)

d̺

−ΨT
k kηk −

3
∑

i=1

v2c
π

tan(
πη2i,k−1

2v2c
)

−
3
∑

i=1

1

2

∫ t

0

(ϑ̂i,k(̺)− ϑ̂i,k−1(̺))
T

× Γ−1
i (ϑ̂i,k(̺)− ϑ̂i,k−1(̺))d̺−

3
∑

i=1

∫ t

0

ϑ̃Ti,k(̺)φ(xk)Λi,kd̺

−
3
∑

i=1

1

2νi

∫ t

0

(ε̂i,k(̺)− ε̂i,k−1(̺))
2d̺

−
3
∑

i=1

∫ t

0

(ε̄i(̺)− ε̂i,k(̺))Λi,kd̺

=−ΨT
k kηk −

3
∑

i=1

1

2νi

∫ t

0

(ε̂i,k(̺)− ε̂i,k−1(̺))
2d̺

−
3
∑

i=1

v2c
π

tan(
πη2i,k−1

2v2c
)

−
3
∑

i=1

1

2

∫ t

0

(ϑ̂i,k(̺)− ϑ̂i,k−1(̺))
T

× Γ−1
i (ϑ̂i,k(̺)− ϑ̂i,k−1(̺))d̺

≤0. (46)
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Part B-The Boundedness of E0(t). Firstly, according to (38),

one can have

E0(t)

=

3
∑

i=1

v2c
π

tan(
πη2i,0(t)

2v2c
) +

3
∑

i=1

1

2υi

∫ t

0

(ε̄i − ε̂i,0(̺))
2d̺

+
3
∑

i=1

1

2

∫ t

0

ϑ̃Ti,0(̺)Γ
−1
i ϑ̃i,0(̺)d̺. (47)

Based on the update laws, the following relationships can

be easily obtained

1

2
ϑ̃Ti,0(t)Γ

−1
i ϑ̃i,0(t) ≤

1

2
ϑTi Γ

−1
i ϑi (48)

− (ϑi − ϑ̂i,0(t))
TΓ−1

i ϑ̂i,0(t)

1

2υi
(ε̄i − ε̂i,0(t))

2 ≤ 1

2υi
ε̄2i −

1

υi
(ε̄i − ε̂i,0(t))ε̂i,0(t). (49)

Then, by taking the derivative of (47) with respect to time

and combining (48) and (49), we have

Ė0(t)

=

3
∑

i=1

ηi,0(t)η̇i,0(t)

cos2(
πη2
i,0(t)

2v2
c

)
+

3
∑

i=1

1

2
ϑ̃Ti,0(t)Γ

−1
i ϑ̃i,0(t)

+

3
∑

i=1

1

2υi
(ε̄i − ε̂i,0(t))

2

≤
3
∑

i=1

Λi,0

(

ϑ̃Ti,0φ(x0) + ε̄i − ε̂i,0

)

+
1

2
ϑTi Γ

−1
i ϑi

− (ϑi − ϑ̂i,0(t))
TΓ−1

i ϑ̂i,0(t) +
1

2υi
ε̄2i

− 1

υi
(ε̄i − ε̂i,0(t))ε̂i,0(t)−ΨT

0 kη0

=

3
∑

i=1

(ϑi − sat(ϑ̄i,0(t)))
TΓ−1

i (ϑ̄i,0(t)− sat(ϑ̄i,0(t)))

+
1

2
ϑTi Γ

−1
i ϑi +

1

2υi
ε̄2i −ΨT

0 kη0

≤−ΨT
0 kη0 +

3
∑

i=1

1

2υi
ε̄2i +

3
∑

i=1

1

2
ϑTi Γ

−1
i ϑi. (50)

Therefore, in terms of (50), it can be found that Ė0(t) is

bounded, which implies that there exists a positive constant c0
satisfying |Ė0(t)| ≤ c0, and we have

E0(T ) ≤ E0(0)+

∫ T

0

|E0(̺)|d̺ < E0(0)+ c0T <∞, (51)

where T is the duration of the trajectory. Finally, the bound-

edness of E0(t) can be proven.

Part C-The Convergence of Tracking Errors.

Ek(t) =E0(t) +

k
∑

j=1

∆Ej(t)

≤E0(t)−
k
∑

j=1

3
∑

i=1

v2c
π

tan(
πη2i,j−1

2v2c
). (52)

By taking the limit on both sides of (52), one can has

lim
k→∞

Ek(t) ≤ E0(t)− lim
k→∞

k
∑

j=1

3
∑

i=1

v2c
π

tan(
πη2i,j−1

2v2c
). (53)

Since E0(t) is bounded and Ek(t) ≥ 0, we have

lim
k→∞

k
∑

j=1

3
∑

i=1

v2c
π

tan(
πη2i,j−1

2v2c
) ≤ E0(t). (54)

Finally, by means of the convergence property of the sum

of series [35], one can have

lim
k→∞

3
∑

i=1

v2c
π

tan(
πη2i,k−1

2v2c
) = 0. (55)

Therefore, the relationship limk→∞ ηi,k−1 = 0 with i =
1, 2, 3 holds, which implies ek → 0 and ėk → 0 as k → ∞.

Since Vη,k(t) is bounded, the auxiliary variable ηi satisfies

|ηi| < vc at any iteration. Then, based on ηi = ei + σėi,

we can find a bounded function fv(t), which satisfies 0 <

|fv(t)| ≤ vc and |ėi,k| < |fv(t)|. Besides, due to ėi,k = θ̇i,k−
θ̇i,r, |θ̇i,r| ≤ θ̇r,max and θ̇r,max < θ̇max, there must exist a

proper vc satisfying 0 < |fv(t)| ≤ vc < θ̇max − θ̇r,max. Then,

the relationship |θ̇i,k| ≤ |ėi,k| + |θ̇i,r| < |fv(t)| + θ̇r,max <

vc + θ̇r,max < θ̇max, which means the constraints of angular

velocity can be guaranteed.
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