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Abstract

We explore a wider theoretical framework that has quantum field theory built-in,

taking the fact that quantum mechanics is reconstructed from quantum field theory

as a hint. We formulate a quantum theory with an embedded structure by introduc-

ing functional operators, and we find that it could describe the level II multiverse.

Topics related to a beginning of the universe such as inflation, the third quantization

and the landscape are discussed in our formulation.

1 Introduction

Quantum field theory (QFT) or quantum theory of fields offers an excellent framework

that explains a great variety of phenomena in our world and describes curious features

such as creation and annihilation of particles, the dichotomy between a particle and a

wave, and so on [1, 2]. In fact, QFT has been applied to various systems and been mas-

sively successful. For example, particle physics at the electroweak scale is excellently

explained by the standard model [3], and the superconductivity becomes better under-

stood by BCS theory [4] in condensed matter physics.

In spite of such prominent features and triumphs of QFT, it cannot be an ultimate

framework of physics because it suffers from intrinsic problems. For instance, QFT has a

divergence difficulty that theoretical values of physical quantities diverge to infinity after

radiative corrections are incorporated. In particular, this problem becomes serious after

the gravitational interaction is introduced, because there appear infinities which cannot

be removed by the renomalization procedure. Hence, QFT is currently understood as an

effective theory of quantum fields [5].

Furthermore, we have several questions in mind.

Q1 Why does QFT work as an effective theory of elementary particles extremely well?

Why are particles or fields quantized in the first place?

*E-mail: haru@azusa.shinshu-u.ac.jp
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Q2 What is an origin of particles and spacetime? Which came first particles or space-

time?

Q3 Why is our universe described by the standard model at the electroweak scale?

As for Q1, the relationship between QFT and quantum mechanics (QM) can be a key

to solve the riddle by the following reasoning. QM describes a system with a definite

number of particles very well in a simple fashion. In contrast, QFT is applied to a system

that the number of particles can vary as well. In other words, the range in application of

QFT is wider than that of QM, and QM can be actually reconstructed from QFT by fixing

a number of particles in a system. Hence, if there were a theory that rebuilds QFT, an

answer to Q1 can be derived.

As for Q2, this question can be expanded and deepened as “what is an origin of phys-

ical laws and our universe?” and “which came first physical laws or our universe?”, re-

spectively. If there were a framework to deal with particles and space-time (physical

laws and our universe) as a unit, the which-came-first-particles-or-spacetime problem

(which-came-first-physical-laws-or-our-universe problem) could be solved.

As for Q3, this question stems from the fact that QFT possesses no powerful principle

to select realistic models theoretically and completely. If there were a huge variety of

universes with different particle contents and physical parameters, called “the level II

multiverse” [6], there is a possibility that the existence of our universe is understood

by the anthropic principle [7, 8], and a profound riddle like the cosmological constant

problem is neutralized [9]. Then, Q3 substitutes for the question whether a framework

to describe the level II multiverse can be constructed or not.

In this paper, we explore a wider theoretical framework that has QFT built-in, taking

the fact that QM is reconstructed from QFT as a hint. We formulate a quantum theory

with an embedded structure by introducing functional operators, and we find that it

could describe the level II multiverse. Topics related to a beginning of the universe such

as inflation, the third quantization and the landscape are discussed in our formulation.

The outline of this paper is as follows. In the next section, we review a framework

of QFT and explain how QM is derived from QFT. In Sect. 3, we explore an underlying

framework that embeds QFT, by the use of a toy model. In Sect. 4, we extend our frame-

work in order to describe the level II multiverse and discuss physical implications on a

birth of the universe. In the last section, we give conclusions and discussions. Explicit

forms of Hamiltonian operators are listed for several species of particle in appendix A.

More about a wave functional is explained in appendix B.

2 Quantum field theory and quantum mechanics

2.1 Framework of quantum field theory

First, we review a framework of QFT, based on the Lagrangian density given by

L̂ϕ = ϕ̂†(x, t )iħ ∂

∂t
ϕ̂(x, t )− ϕ̂†(x, t )Ĥϕ̂(x, t ), (1)
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where ϕ̂(x, t ) is a quantum field, x= (x1, x2, x3) and t stand for coordinates of space and

time, respectively, ħ is reduced Planck constant, and Ĥ is the Hamiltonian operator in

QM containingx and its derivatives ∇, i.e., Ĥ = Ĥ (x,−iħ∇).

For example, for an electron with a mass me in non-relativistic QM, Ĥ is given by

Ĥ =− ħ2

2me
∇

2 +V (x), (2)

where V (x) is a potential energy. For a free Dirac fermion (a particle with spin 1/2 and a

mass m) in relativistic QM, Ĥ is given by

Ĥ =−iħcα ·∇+βmc2 , (3)

where c is a speed of light,α= (α1,α2,α3) and β are 4×4 Hermitian matrices satisfying

αiα j +α jαi = 2δi j I (i , j = 1,2,3,I :4×4 unit matrix), αiβ+βαi = 0 and β2 = I .

For simplicity, we assume that our spacetime is the four-dimensional Minkowski

spacetime and the system is described by a free field operator ϕ̂(x, t ) in the Heisenberg

picture.

The canonical conjugate of ϕ̂(x, t ) is defined by

π̂(x, t ) ≡
∂L̂ϕ

∂(∂ϕ̂(x, t )/∂t )
= iħϕ̂†(x, t ), (4)

and the Hamiltonian operator Ĥϕ in QFT is obtained as

Ĥϕ ≡
∫(

π̂(x, t )
∂ϕ̂(x, t )

∂t
−L̂ϕ

)
d 3x

=
∫

ϕ̂†(x, t )Ĥϕ̂(x, t )d 3x = 1

iħ

∫
π̂(x, t )Ĥϕ̂(x, t )d 3x. (5)

We notice that the Hamiltonian operator in QFT is constructed by sandwiching the Hamil-

tonian operator in QM between two field operators. We refer to this construction as

“embedded structure”, “nested construction” or so on. We list explicit forms of Ĥϕ for

particles with spin 1/2 in appendix A.

We impose the following quantization conditions on field operators,

{
ϕ̂(x, t ), π̂(y, t )

}
= iħδ3(x−y),

{
ϕ̂(x, t ),ϕ̂(y, t )

}
= 0,

{
π̂(x, t ), π̂(y, t )

}
= 0, (6)

where {Â, B̂} ≡ ÂB̂ + B̂ Â.

Field operators obey the Heisenberg’s equation of motion:

iħ ∂

∂t
ϕ̂(x, t ) =

[
ϕ̂(x, t ), Ĥϕ

]
, iħ ∂

∂t
π̂(x, t ) =

[
π̂(x, t ), Ĥϕ

]
, (7)

where [Â, B̂] ≡ ÂB̂ − B̂ Â. Using eqs. (5), (6) and (7), we derive the equations:

iħ ∂

∂t
ϕ̂(x, t ) = Ĥ ϕ̂(x, t ), iħ ∂

∂t
π̂(x, t ) =−π̂(x, t )Ĥ , (8)
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and these equations agree with the Euler-Lagrange equation:

∂µ

(
∂L̂ϕ

∂(∂µϕ̂†)

)
−
∂L̂ϕ

∂ϕ̂†
= 0, ∂µ

(
∂L̂ϕ

∂(∂µϕ̂)

)
−
∂L̂ϕ

∂ϕ̂
= 0, (9)

that derived from the action integral Ŝϕ = 1

c

∫
L̂ϕd 4x, based on a least action principle.

In the Schrödinger picture, quantum fields ϕ̂(x) and π̂(x) are independent of time,

and they are related to those in the Heisenberg picture as

ϕ̂(x, t ) = e
i
ħ Ĥϕt ϕ̂(x)e− i

ħ Ĥϕt , π̂(x, t ) = e
i
ħ Ĥϕt π̂(x)e− i

ħ Ĥϕt . (10)

Using eq. (10) and the conservation law of Ĥϕ, i.e., d Ĥϕ/d t = 0, Ĥϕ is rewritten in a

time-independent form as

Ĥϕ =
∫

ϕ̂†(x)Ĥ ϕ̂(x)d 3x = 1

iħ

∫
π̂(x)Ĥϕ̂(x)d 3x. (11)

Field operators ϕ̂(x) and π̂(x) obey the anti-commutation relations:

{
ϕ̂(x), π̂(y)

}
= iħδ3(x−y),

{
ϕ̂(x),ϕ̂(y)

}
= 0,

{
π̂(x), π̂(y)

}
= 0. (12)

From the first condition in eq. (12), π̂(y) is given by π̂(y) = iħδ/δϕ(y), i.e., ϕ̂†(y) =
δ/δϕ(y), using the functional derivative, in the representative diagonalizing ϕ̂(x) such

as ϕ̂(x)|ϕ〉 =ϕ(x)|ϕ〉 where ϕ(x) is a Grassmann-valued field configuration.

Any state |Ψ(t )〉 is evolved by the Schrödinger equation:

iħ d

d t
|Ψ(t )〉 = Ĥϕ|Ψ(t )〉, (13)

and its formal solution is given by

|Ψ(t )〉 = e− i
ħ Ĥϕt |Ψ(0)〉. (14)

Multiplying 〈ϕ| by both sides of eq. (13), we obtain the equation:

iħ ∂

∂t
Ψ(ϕ, t ) = ĤϕΨ(ϕ, t ), (15)

where Ψ(ϕ, t ) = 〈ϕ|Ψ(t )〉 is a wave functional in QFT [10], and Ĥϕ is written by

Ĥϕ =
∫

δ

δϕ(x)
Ĥϕ(x)d 3x, (16)

using π̂(x) = iħδ/δϕ(x). The expectation value of Ĥϕ is given by

〈Ψ(t )|Ĥϕ|Ψ(t )〉 =
∫

DϕΨ†(ϕ, t )ĤϕΨ(ϕ, t ), (17)

as seen in eq. (134). We explain more about a wave functional in appendix B.
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2.2 Derivation of quantum mechanics

Let us examine the relationship between QFT and QM, paying attention to physical

states, operators of four-momenta and those expectation values.

A physical state in QFT is represented in x-representation (x-space) as a superposi-

tion of states with various numbers of particles as follows,1

|Ψ(t )〉 =ψ(0)(t )|0〉+
∞∑

N=1

∫
d 3x1 · · ·d 3xN ψ(x1, · · · ,xN , t )|x1, · · · ,xN 〉, (18)

where |0〉 is a vacuum state in QFT, ψ(x1, · · · ,xN , t ) is a wave function of N-particle state

in QM defined by

ψ(x1, · · · ,xN , t ) ≡ 〈x1, · · · ,xN |Ψ(t )〉, (19)

and |x1, · · · ,xN 〉 is the ket vector which satisfies x̂l |x1, · · · ,xN 〉 =xl |x1, · · · ,xN 〉 (l = 1, · · · , N )

and is defined by

|x1, · · · ,xN 〉 ≡ 1
p

N !
ϕ̂†(x1) · · · ϕ̂†(xN )|0〉, (20)

using field operators ϕ̂†(x). Note that ϕ̂†(x) plays a role of a creation operator of a par-

ticle ϕ and an annihilation operator of its anti-particle ϕ, and ϕ̂(x) plays a role of a cre-

ation operator of ϕ and an annihilation operator of ϕ.

First, we consider a zero-particle state (a state of vacuum) such as

|Ψ(t )〉(0) =ψ(0)(t )|0〉, (21)

where ψ(0)(t ) is a wave function of zero-particle state in QM and is rewritten by ψ(0)(t ) =
〈0|Ψ(t )〉. The ψ(0)(t ) satisfies the equation:

iħ d

d t
ψ(0)(t ) = E0ψ

(0)(t ), (22)

and its solution is obtained asψ(0)(t ) = e− i
ħE0tψ(0)(0) with a vacuum energy E0 = 〈0|Ĥϕ|0〉.

Next we consider one-particle state limited as

|Ψ(t )〉(1) = |ψ(t )〉 =
∫

d 3x ψ(x, t )|x〉, (23)

where ψ(x, t ) is a wave function of one-particle state in QM and is rewritten by

ψ(x, t ) = 〈x|Ψ(t )〉 = 〈0|ϕ̂(x)|Ψ(t )〉 = 〈0|e
i
ħ Ĥϕt ϕ̂(x)e− i

ħ Ĥϕt |Ψ(0)〉
= 〈0|ϕ̂(x, t )|Ψ(0)〉, (24)

using eq. (14), 〈0|e i
ħ Ĥϕt = 〈0|, i.e., 〈0|Ĥϕ = 0 and eq. (10). From eq. (24) and the first

equation in eq. (8), we find that ψ(x, t ) satisfies the Schrödinger equation in QM:

iħ ∂

∂t
ψ(x, t ) = Ĥψ(x, t ) (25)

1Strictly speaking, we need to include anti-particles, but we omit them for simplicity.
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with the Hamiltonian operator Ĥ = Ĥ (x,−iħ∇) in QM. The Schrödinger equation is

rewritten by

iħ d

d t
|ψ(t )〉 = Ĥ |ψ(t )〉, (26)

and its formal solution is given by

|ψ(t )〉 = e− i
ħ Ĥ t |ψ(0)〉. (27)

In a similar way, using eq. (13), we find that ψ(x1, · · · ,xN , t ) obeys the equation:

iħ ∂

∂t
ψ(x1, · · · ,xN , t ) = Ĥ (N)ψ(x1, · · · ,xN , t ), (28)

where Ĥ (N) is a total Hamiltonian operator of non-interacting N particles:

Ĥ (N) =
N∑

l=1

Ĥ(xl ,−iħ∇l ). (29)

In a quantum theory, four-momenta become generators of the spacetime transla-

tion such as xµ → x′µ = xµ− εµ where µ = 0,1,2,3, x0 = ct , x = (x1, x2, x3) and εµ is an

infinitesimal constant four-vector. Using the Noether procedure in analytical mechanics

of fields, we derive the operators of four-momenta P̂µ in QFT:

P̂µ = 1

c

∫(
∂L̂ϕ

∂(∂0ϕ̂)
∂µϕ̂−δ0

µL̂ϕ

)
d 3x = 1

c

∫
T̂ 0

µd 3x, (30)

where ∂0ϕ̂ = ∂ϕ̂/∂x0, T̂ 0
µ is a component of the energy-momentum tensor, and we use

the fact that the field operator ϕ̂(x)(= ϕ̂(x0,x)) transforms as ϕ̂′(x′) = ϕ̂′(x − ε) = ϕ̂(x)

under the translation x′µ = xµ−εµ and a change of ϕ̂(x) is given by

δεϕ̂(x) = ϕ̂′(x)− ϕ̂(x) = ϕ̂(x +ε)− ϕ̂(x) = εµ∂µϕ̂(x). (31)

Because the Minkowski spacetime has a homogeneity, a physical system is invariant

under the translation and then four-momenta conserve, i.e., iħdP̂µ/d t = [P̂µ, Ĥ ] = 0.

Using eqs. (1), (30) and the conservation law of P̂µ, we obtain the formula of P̂µ:

P̂0 =
1

c

∫
ϕ̂†(x)Ĥ (x,−iħ∇)ϕ̂(x)d 3x = 1

c

∫
ϕ̂†(x)Ĥ (x,−iħ∇)ϕ̂(x)d 3x =

Ĥϕ

c
, (32)

P̂ =
∫

ϕ̂†(x) (−iħ∇) ϕ̂(x)d 3x =
∫

ϕ̂†(x) (−iħ∇) ϕ̂(x)d 3x. (33)

In a similar way, we obtain the formula of orbital angular momenta Ĵ :

Ĵ =
∫

ϕ̂†(x) {x× (−iħ∇)}ϕ̂(x)d 3x, (34)
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from the rotation. In this way, it is ascertained that a nested structure exists for P̂µ and Ĵ

other than the Hamiltonian operator, as seen from the formulas (33) and (34).

Or, under the assumption that a nesting structure is present such as eqs. (33) and (34),

we reaffirm that the momenta are represented by the differential operator p̂= −iħ∇ in

x-representation and the following commutation relations in QM holds:

[x̂i , p̂ j ] = iħδi j , [x̂i , x̂ j ] = 0, [p̂ i , p̂ j ] = 0. (35)

Let us evaluate expectation values of momentaP in the momentum space. There, a

physical state in QFT is represented by

|Ψ(t )〉 =ψ(0)(t )|0〉+
∞∑

N=1

∫
d 3k1 · · ·d 3kN ψ̃(k1, · · · ,kN , t )|k1, · · · ,kN 〉, (36)

where ψ̃(k1, · · · ,kN , t ) is a wave function of N-particle state in QM, kl (l = 1, · · · , N ) are

wave-number vectors and |k1, · · · ,kN 〉 is the ket vector defined by

|k1, · · · ,kN 〉 ≡ 1
p

N !
b̂†(k1) · · · b̂†(kN )|0〉, (37)

using creation operators b̂†(kl ) of particle ϕ with the momenta pl =ħkl .

The momentum operator in QFT is written as

P̂ =
∫

ħk
(
b̂†(k)b̂(k)+ d̂ †(k)d̂(k)

)
d 3k, (38)

where b̂(k) is the annihilation operator of ϕ with the momenta p = ħk, and d̂ †(k) and

d̂(k) are the creation and annihilation operators of the anti-particle ϕ with p = ħk, re-

spectively.

For a one-particle state given by

|Ψ(t )〉(1) = |ψ(t )〉 =
∫

d 3k ψ̃(k, t )b̂†(k)|0〉, (39)

the expectation value ofP is calculated as

(1)〈Ψ(t )|P̂ |Ψ(t )〉(1) = 〈ψ(t )|P̂ |ψ(t )〉 =
∫

d 3k ψ̃†(k, t ) ħk ψ̂(k, t ) = 〈ψ(t )|p̂|ψ(t )〉, (40)

where we use {b̂(k), b̂†(k′)} = δ3(k−k′), b̂(k)|0〉 = 0, d̂(k)|0〉 = 0, 〈0|0〉 = 1 and so on.

Together with the normalization condition:

(1)〈Ψ(t )|Ψ(t )〉(1) = 〈ψ(t )|ψ(t )〉 =
∫

d 3k ψ̃†(k, t )ψ̃(k, t ) = 1, (41)

we arrive at a probability interpretation that ψ̃†(k, t )ψ̃(k, t ) is the probability density and

〈ψ(t )|p̂|ψ(t )〉 is the expectation value of momenta for the one-particle system in QM.

In a similar way, for a non-interacting N-particle system, the expectation value of

total momenta is given by

(N)〈Ψ(t )|P̂ |Ψ(t )〉(N) =
∫

d 3k1 · · ·d 3kN ψ̃†(k1, · · · ,kN , t )
N∑

l=1

ħkl ψ̃(k1, · · · ,kN , t ), (42)
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where |Ψ(t )〉(N) is a state vector for the N-particle system given by

|Ψ(t )〉(N) =
∫

d 3k1 · · ·d 3kN ψ̃(k1, · · · ,kN , t )|k1, · · · ,kN 〉. (43)

In the Schödinger picture, observables in QFT are, in general, given as a form

Ω̂a
ϕ =

∫
ϕ̂†(x)Ω̂aϕ̂(x)d 3x, (44)

where Ω̂a
ϕ are operators including quantum fields in QFT, and Ω̂a = Ω̂a (x,−iħ∇) are

operators operating a wave function in the position space of QM. It is shown that both

Ω̂a
ϕ and Ω̂a satisfy the same type of algebraic relations:

[
Ω̂a

ϕ,Ω̂b
ϕ

]
= i

∑

c

f abcΩ̂c
ϕ,

[
Ω̂a ,Ω̂b

]
= i

∑

c

f abcΩ̂c . (45)

Changing the Schödinger picture into the Heisenberg picture, x̂ and p̂ possess time-

dependence such as

x̂(t ) = e
i
ħ Ĥ t x̂e− i

ħ Ĥ t , p̂(t ) = e
i
ħ Ĥ t p̂e− i

ħ Ĥ t , (46)

and x̂(t ) and p̂(t ) obey the Heisenberg’s equation of motion:

iħdx̂(t )

d t
= [x̂(t ), Ĥ ], iħd p̂(t )

d t
= [p̂(t ), Ĥ ]. (47)

Here, for the sake of completeness, we point out that QM is also reconstructed from

QFT in the case that particles interact among them. In concrete, a Hamiltonian operator

consists of two parts such as Ĥϕ = Ĥ (0)
ϕ + Ĥ int

ϕ where Ĥ (0)
ϕ is a part relating to a kinetic

energy and Ĥ int
ϕ represents interaction among particles. In the interaction picture, field

operators ϕ̂I(x, t ) and π̂I(x, t ) obey the Heisenberg’s equation of motion:

iħ ∂

∂t
ϕ̂I(x, t ) =

[
ϕ̂I(x, t ), Ĥ (0)

ϕ

]
, iħ ∂

∂t
π̂I(x, t ) =

[
π̂I(x, t ), Ĥ (0)

ϕ

]
, (48)

they behave as free fields, and the Fock space is constructed using them. The physical

state |ΨI(t )〉 is evolved by the Schrödinger equation:

iħ d

d t
|ΨI(t )〉 = Ĥ int

ϕ (ϕ̂I, π̂I)|ΨI(t )〉, (49)

and, for a one-particle state, we can effectively derive the Schrödinger equation in the

interaction picture of QM:

iħ d

d t
|ψI(t )〉 = V̂I(t )|ψI(t )〉 (50)

with a potential V̂I(t ), using the Born approximation in a non-relativistic limit.

We list central features concerning the relationship between QFT and QM.
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• QM is reconstructed from QFT under the condition that a number of particles is

unchanged.

• From a transformation property of quantum fields under the translation and the

rotation, it is understood that the momenta p are represented by the differential

operator p̂=−iħ∇ in x-representation of QM.

• Observables Ω̂a
ϕ in QFT are, in general, constructed in the form of an embedded

structure, e.g., Ω̂a
ϕ =

∫
ϕ̂†(x)Ω̂aϕ̂(x)d 3x, where Ω̂a = Ω̂a (x,−iħ∇) are operators

operating a wave function in x-space of QM.

3 Quantum field’s functional theory

Let us come back to Q1, i.e., “Why does QFT work as an effective theory of elementary

particles extremely well? Why are particles or fields quantized in the first place?”. In

concrete, why is a fermion described by the field operator such as π̂(x) = iħδ/δϕ(x), i.e.,

ϕ̂†(x)= δ/δϕ(x), using the functional derivative?

If there were a fundamental framework that reach QFT in the similar way as the

derivation of QM from QFT, we can have an answer to the above questions. To explore

such a framework, we will draw on the embedded structure in QFT, e.g.,

Ĥϕ =
∫

ϕ̂†(x)Ĥ ϕ̂(x)d 3x = 1

iħ

∫
π̂(x)Ĥ ϕ̂(x)d 3x. (51)

For simplicity, we consider a toy model containing a particle ϕ alone in this section.

3.1 Framework of quantum field’s functional theory

Taking a hint from the nested construction (51), we introduce basic operators denoted

as Φ̂({ϕ}, t ) and its canonical conjugate Π̂({ϕ}, t ), whose role will be found out in the next

subsection. We refer to Φ̂({ϕ}, t ) and Π̂({ϕ}, t ) as “functional operators” or “field’s func-

tional”. And we call a theory of functional operator “quantum field’s functional theory”,

“quantum theory of field’s functionals” or “QFFT” in short.

Let us start with the Lagrangian owning a nested structure:

L̂Φ = Φ̂†({ϕ}, t )iħ ∂

∂t
Φ̂({ϕ}, t )− Φ̂†({ϕ}, t )ĤϕΦ̂({ϕ}, t ), (52)

where Φ̂({ϕ}, t ) is a functional operator, {ϕ} and t stand for a field of ϕ and time, respec-

tively, and Ĥϕ is the Hamiltonian operator in QFT containing ϕ(x) and its functional

derivatives δ/δϕ(x) (see eq. (16)). For instance, Ĥϕ is given by

Ĥϕ =
∫

δ

δϕ(x)

(
−iħcα ·∇+βmc2

)
ϕ(x)d 3x (53)

for a free Dirac fermion.

9



The canonical conjugate of Φ̂({ϕ}, t ) is defined by

Π̂({ϕ}, t ) ≡ ∂L̂Φ

∂(∂Φ̂({ϕ}, t )/∂t )
= iħΦ̂†({ϕ}, t ), (54)

and the Hamiltonian operator ĤΦ in QFFT is obtained as

ĤΦ ≡ Π̂({ϕ}, t )
∂Φ̂({ϕ}, t )

∂t
− L̂Φ

= Φ̂†({ϕ}, t )ĤϕΦ̂({ϕ}, t ) = 1

iħΠ̂({ϕ}, t )ĤϕΦ̂({ϕ}, t ). (55)

We notice that the Hamiltonian operator in QFFT is also constructed by sandwiching

the Hamiltonian operator in QFT between two functional operators, and then it has the

nesting structure. We list explicit forms of ĤΦ for particles with spin 1/2 in appendix A.

We impose the following quantization conditions on functional operators2,

{
Φ̂({ϕ}, t ),Π̂({ϕ}, t )

}
= iħ,

{
Φ̂({ϕ}, t ),Φ̂({ϕ}, t )

}
= 0,

{
Π̂({ϕ}, t ),Π̂({ϕ}, t )

}
= 0 (56)

or

[
Φ̂({ϕ}, t ),Π̂({ϕ}, t )

]
= iħ,

[
Φ̂({ϕ}, t ),Φ̂({ϕ}, t )

]
= 0,

[
Π̂({ϕ}, t ),Π̂({ϕ}, t )

]
= 0. (57)

Functional operators obey the Heisenberg’s equation of motion:

iħ ∂

∂t
Φ̂({ϕ}, t ) =

[
Φ̂({ϕ}, t ), ĤΦ

]
, iħ ∂

∂t
Π̂({ϕ}, t ) =

[
Π̂({ϕ}, t ), ĤΦ

]
. (58)

Using eqs. (55), (56) and (58), we derive the equations:

iħ ∂

∂t
Φ̂({ϕ}, t ) = ĤϕΦ̂({ϕ}, t ), iħ ∂

∂t
Π̂({ϕ}, t ) =−Π̂({ϕ}, t )Ĥϕ, (59)

and these equations agree with the Euler-Lagrange equation:

d

d t

(
∂L̂Φ

∂(∂Φ̂†/∂t )

)
− ∂L̂Φ

∂Φ̂†
= 0,

d

d t

(
∂L̂Φ

∂(∂Φ̂/∂t )

)
− ∂L̂Φ

∂Φ̂
= 0, (60)

that derived from the action integral ŜΦ =
∫

L̂Φd t , based on a least action principle.

In the Schrödinger picture, functional operators Φ̂({ϕ}) and Π̂({ϕ}) are independent

of time, and they are related to those in the Heisenberg picture as

Φ̂({ϕ}, t ) = e
i
ħ ĤΦt Φ̂({ϕ})e− i

ħ ĤΦt , Π̂({ϕ}, t ) = e
i
ħ ĤΦtΠ̂({ϕ})e− i

ħ ĤΦt . (61)

2If eigenvalues of Ĥϕ are bounded below, this system can be quantized using commutation relations

although the Lagrangian consists of a term with a first-order time derivative and a (sign-flipping of) Hamil-

tonian (see eq. (52)). This feature is different from that of the quantization for particles with spin 1/2 in

QFT. In fact, when we impose commutation relations on Dirac or Weyl fermion, the system becomes ill-

defined with the advent of negative norm states. It stems from the existence of negative-energy states in

relativistic QM.
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Using eq. (61) and the conservation law of ĤΦ, i.e., d ĤΦ/d t = 0, ĤΦ is rewritten in a time-

independent form as

ĤΦ = Φ̂†({ϕ})ĤϕΦ̂({ϕ}) = 1

iħΠ̂({ϕ})ĤϕΦ̂({ϕ}). (62)

Functional operators Φ̂({ϕ}) and Π̂({ϕ}) obey the anti-commutation relations:

{
Φ̂({ϕ}),Π̂({ϕ})

}
= iħ,

{
Φ̂({ϕ}),Φ̂({ϕ})

}
= 0,

{
Π̂({ϕ}),Π̂({ϕ})

}
= 0 (63)

or commutation relations:

[
Φ̂({ϕ}),Π̂({ϕ})

]
= iħ,

[
Φ̂({ϕ}),Φ̂({ϕ})

]
= 0,

[
Π̂({ϕ}),Π̂({ϕ})

]
= 0. (64)

From the first conditions in eqs. (63) and (64), Π̂({ϕ}) is given by Π̂({ϕ}) = iħδ/δΦ({ϕ}) or

Π̂({ϕ}) = −iħδ/δΦ({ϕ}), respectively, in the representative diagonalizing Φ̂({ϕ}) such as

Φ̂({ϕ})|Φ〉 =Φ({ϕ})|Φ〉 with a configuration of field’s functional Φ({ϕ}).

Any state |ΨM(t )〉 is evolved by the Schrödinger equation:

iħ d

d t
|ΨM(t )〉 = ĤΦ|ΨM(t )〉, (65)

and its formal solution is given by

|ΨM(t )〉 = e− i
ħ ĤΦt |ΨM(0)〉. (66)

Multiplying 〈Φ| by the both sides of eq. (65), we obtain the equation:

iħ ∂

∂t
ΨM(Φ, t ) = ĤΦΨM(Φ, t ), (67)

where ΨM(Φ, t ) = 〈Φ|ΨM(t )〉 is a state’s functional in QFFT, and ĤΦ is written by

ĤΦ = δ

δΦ({ϕ})
ĤϕΦ({ϕ}) or ĤΦ =− δ

δΦ({ϕ})
ĤϕΦ({ϕ}), (68)

using Π̂({ϕ}) = iħδ/δΦ({ϕ}) or Π̂({ϕ}) =−iħδ/δΦ({ϕ}), respectively.

3.2 Derivation of quantum field theory

Let us investigate whether QFT can be rebuilt from QFFT or not.

Before proceeding to deal with it, we need to clarify a role of functional operators. To

get a hint, we list empirical laws concerning particles.

• Elementary particles create and annihilate. Particles can appear in the vacuum,

and a multi-particle state can return to the vacuum state. A vacuum state plays a

role as a basis to construct any physical states, e.g., multi-particle states are ob-

tained by multiplying creation operators.
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• There is a hierarchical structure on matters, e.g., atoms consist of an nucleus and

electrons, nuclei are composed of nucleons (protons and neutrons), and nucleons

are made up of quarks.

• There is a hierarchical structure on physical laws, too. Or equivalently, specific

physical laws hold at each level of the structure on matters. Physical laws are uni-

versal in our universe.

From the above laws, we form a conjecture that information on physical laws (parti-

cle contents and its related parameters) is built in a vacuum state and the vacuum state is

universal in our universe, in a sense that it obeys common physical laws everywhere, al-

though it can be differently described depending on a situation of observers and an energy

scale. Our vacuum state keeps a potential to create some definite elementary particles in

accordance with physical systems. And if our universe has a beginning, our vacuum state

must be also created by an operation of anything.

According to the conjecture, let us assume that Φ̂†({ϕ}) is an operator to produce a

vacuum state |0〉{ϕ} which has a potential to create an elementary particle ϕ and ϕ obeys

definite laws of QFT. This assumption is expressed by

Φ̂†({ϕ})|0
/
〉 = |0〉{ϕ}, (69)

where |0
/
〉 is “a nothingness state” or “an empty state”, and it satisfies Φ̂({ϕ})|0

/
〉 = 0 and

〈0
/
|0
/
〉 = 1. Here, we list relations:

Φ̂†({ϕ})|0
/
〉 = |0〉{ϕ}, Φ̂({ϕ})|0

/
〉 = 0, 〈0

/
|Φ̂({ϕ}) ={ϕ}〈0|, 〈0

/
|Φ̂†({ϕ}) = 0. (70)

Note that |0
/
〉 is not a vacuum state in QFT but a more fundamental one. If Φ̂†({ϕ}) pro-

duces a vacuum state, it must be accompanied by an emergence of spacetime where ϕ

lives, and then an introduction of gravity is inevitable to formulate a complete theory.

We will discuss a topic that is pertinent to gravity in subsection 4.2.

If Φ̂†({ϕ}) and Φ̂({ϕ}) play a role to install a vacuum state with a specific spacetime and

to remove it, it would be suitable to refer to Φ̂†({ϕ}) and Φ̂({ϕ}) as “installation operator”

and “removal operator”, respectively. Then, “Which came first particles or spacetime?”

on Q2 can be solved, because particles and a spacetime can be installed at the same time

by Φ̂†({ϕ}) in QFFT.

Now let us derive QFT from QFFT, based on x-representation in QM.

For Φ̂†({ϕ}) satisfying the anti-commutation relations (63), a state |ΨM(t )〉 in QFFT is

written as

|ΨM(t )〉 =Ψ(0)(t )|0
/
〉+Ψ({ϕ}, t ) Φ̂†({ϕ})|0

/
〉, (71)

whereΨ({ϕ}, t ) is a state’s functional of one world made ofϕ and an expression ofΨ({ϕ}, t )

will be given later (see eq. (75)). In this case, one universe alone can appear and it has a

literal meaning.

In contrast, for Φ̂†({ϕ}) satisfying the commutation relations (64), a state is written as

a superposition of states constructed on various numbers of vacuum states,

|ΨM(t )〉 =Ψ(0)(t )|0
/
〉+

∞∑

M=1

Ψ({ϕ}, · · · , {ϕ}︸ ︷︷ ︸
M

, t )
(
Φ̂†({ϕ})

)M
|0
/
〉, (72)
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where Ψ({ϕ}, · · · , {ϕ}︸ ︷︷ ︸
M

, t ) is a state’s functional of M worlds and Φ̂†({ϕ})M |0
/
〉 is a vacuum

state described by

(
Φ̂†({ϕ})

)M
|0
/
〉 = |0〉{ϕ} ⊗·· ·⊗ |0〉{ϕ}︸ ︷︷ ︸

M

. (73)

In this case, M worlds can be interpreted as M identical universes developing according

to same physical laws.

Let us study a state on one world limited as

|ΨM(t )〉(1) = |Ψ(t )〉 =Ψ({ϕ}, t ) Φ̂†({ϕ})|0
/
〉 =Ψ({ϕ}, t )|0〉, (74)

where Ψ({ϕ}, t ) is a state’s functional and it is depicted by

Ψ({ϕ}, t ) =ψ(0)(t )+
∞∑

N=1

∫
d 3x1 · · ·d 3xN ψ(x1, · · · ,xN , t )ϕ†(x1) · · ·ϕ†(xN ), (75)

using eq. (149). Note that Ψ({ϕ}, t ) should not be confused with the wave functional

Ψ(ϕ, t ) ≡ 〈ϕ|Ψ(t )〉 in QFT. As seen in eq. (150), they are related to each other as

Ψ(ϕ, t ) =Ψ({ϕ}, t )V0(ϕ), (76)

with V0(ϕ) = 〈ϕ|0〉. Here and hereafter, we omit a subscript {ϕ} attached the vacuum

state |0〉 and 〈0| in this subsection, for simplicity.

The vacuum wave function is defined by

ΨV(t ) ≡ 〈0|ΨM(t )〉 = 〈0
/
|Φ̂({ϕ})|ΨM(t )〉

= 〈0
/
|e

i
ħ ĤΦt Φ̂({ϕ})e− i

ħ ĤΦt |ΨM(0)〉 = 〈0
/
|Φ̂({ϕ}, t )|ΨM(0)〉, (77)

using eq. (66), 〈0
/
|e i

ħ ĤΦt = 〈0
/
|, i.e., 〈0

/
|ĤΦ = 0 and eq. (61). From eq. (77) and the first

equation in eq. (59), we find that ΨV(t ) and Φ̂({ϕ}, t ) satisfy the same type of equation:

iħ ∂

∂t
ΨV(t ) = E0ΨV(t ), iħ ∂

∂t
Φ̂({ϕ}, t ) = E0Φ̂({ϕ}, t ), (78)

where E0 = 〈0|Ĥϕ|0〉 and Ĥϕ is the Hamiltonian operator in QFT. Then, the time evolu-

tion of Φ̂({ϕ}, t ) and Φ̂†({ϕ}, t ) is determined as

Φ̂({ϕ}, t ) = Φ̂({ϕ})e− i
ħE0t , Φ̂†({ϕ}, t ) = Φ̂†({ϕ})e

i
ħE0t . (79)

Note that ΨV(t ) agrees with 〈0|Ψ(t )〉 =ψ(0)(t ) in QFT and it satisfies eq. (146).

From eqs. (65) and (74), we can derive the Schrödinger equation in QFT:

iħ d

d t
|Ψ(t )〉 = Ĥϕ|Ψ(t )〉, (80)
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under the assumption that Ĥϕ is the Hamiltonian operator in QFT, as follows,

iħ d

d t
|Ψ(t )〉 = iħ d

d t
|ΨM(t )〉(1) = ĤΦ|ΨM(t )〉(1) = Φ̂†({ϕ})ĤϕΦ̂({ϕ})|Ψ(t )〉

= Φ̂†({ϕ})ĤϕΦ̂({ϕ}) Ψ({ϕ}, t ) Φ̂†({ϕ})|0
/
〉 = Ĥϕ|Ψ(t )〉. (81)

Multiplying 〈ϕ| by both sides of eq.(80), we obtain the equation on the wave functional

in QFT:

iħ ∂

∂t
Ψ(ϕ, t ) = ĤϕΨ(ϕ, t ). (82)

Next let us justify that a fermion fieldϕ(x) is quantized to satisfy the anti-commutation

relations (12). Under an infinitesimal translationx′ =x−ε, the field ϕ(x) transforms as

ϕ′(x′) =ϕ′(x−ε) =ϕ(x), and then an infinitesimal change of ϕ(x) is given by

δεϕ(x)=ϕ′(x)−ϕ(x)=ϕ(x+ε)−ϕ(x) = εi∂iϕ(x). (83)

If its field’s functional Φ̂({ϕ}, t ) transforms as

Φ̂′({ϕ′}, t ) = Φ̂′({ϕ+δεϕ}, t ) = Φ̂({ϕ}, t ) (84)

underx′ =x−ε, Φ̂({ϕ}, t ) changes infinitesimally as

δεΦ̂({ϕ}, t ) = Φ̂′({ϕ}, t )− Φ̂({ϕ}, t ) = Φ̂({ϕ−δεϕ}, t )− Φ̂({ϕ}, t )

=−
(
Φ̂({ϕ}, t )− Φ̂({ϕ−δεϕ}, t )

)
=−

∫
d 3x δεϕ(x)

δ

δϕ(x)
Φ̂({ϕ}, t )

=−
∫

d 3x εi∂iϕ(x)
δ

δϕ(x)
Φ̂({ϕ}, t ). (85)

Note that eq. (84) implies the translational invariance of the vacuum state, which is one

of features in relativistic QFT.

Then, the action integral ŜΦ =
∫

L̂Φd t changes as

δεŜΦ =
∫

δεL̂Φd t =
∫

∂

∂t

(
Φ̂†({ϕ}, t )iħδεΦ̂({ϕ}, t )

)
d t

=
∫

∂

∂t

{
Φ̂†({ϕ}, t )

∫
d 3x εi∂iϕ(x)

(
−iħ δ

δϕ(x)

)
Φ̂({ϕ}, t )

}
d t , (86)

under the condition that Φ̂({ϕ}, t ) obeys the equation of motion (59). From eq. (86), the

momentum operator P̂Φ i can be read off as

P̂Φ i ≡ Φ̂†({ϕ}, t )

∫
d 3x ∂iϕ(x)

(
−iħ δ

δϕ(x)

)
Φ̂({ϕ}, t )

= Φ̂†({ϕ}, t )

(∫
d 3x π̂(x)∂i ϕ̂(x)

)
Φ̂({ϕ}, t )

= Φ̂†({ϕ}, t )

(
1

c

∫
d 3x T̂ 0

i (x)

)
Φ̂({ϕ}, t ), (87)
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where we use ϕ̂(x) = ϕ(x) and π̂(x) = iħδ/δϕ(x) for fermion (ϕ̂(x) = ϕ(x) and π̂(x) =
−iħδ/δϕ(x) for boson), and T̂ 0

i
(x) is a component of the energy-momentum tensor in

QFT. Note that ϕ(x) is a Grassmann variable for fermion and a constant term in the in-

tegration is subtracted.

In this way, we find that there also exists a nested structure for momenta and verify

that fields become operators and satisfy the anti-commutation relations for fermion (the

commutation relations for boson). We notice that these features come from the trans-

formation property of field’s functional and an answer to the question “Why are particles

or fields quantized in the first place?” is obtained.

Let us evaluate the expectation value of momenta for the state given by eq. (74). It is

calculated as

(1)〈ΨM(t )|P̂Φ|ΨM(t )〉(1) = 〈Ψ(t )|P̂Φ|Ψ(t )〉

= 〈0
/
|Φ̂({ϕ})Ψ†({ϕ}, t )Φ̂†({ϕ})

(∫
d 3x π̂(x)∇ϕ̂(x)

)
Φ̂({ϕ})Ψ({ϕ}, t )Φ̂†({ϕ})|0

/
〉

=Ψ†({ϕ}, t )

(∫
d 3x π̂(x)∇ϕ̂(x)

)
Ψ({ϕ}, t ) =

∫
DϕΨ†(ϕ, t )P̂Ψ(ϕ, t )

= 〈Ψ(t )|P̂ |Ψ(t )〉, (88)

using the conditions (63) or (64), 〈0
/
|0
/
〉 = 1, and eq. (151).

In a same way, the expectation value of energy for the state given by eq. (74) is calcu-

lated as

(1)〈ΨM(t )|ĤΦ|ΨM(t )〉(1) = 〈Ψ(t )|ĤΦ|Ψ(t )〉

=Ψ†({ϕ}, t )ĤϕΨ({ϕ}, t ) =
∫

DϕΨ†(ϕ, t )ĤϕΨ(ϕ, t )

= 〈Ψ(t )|Ĥϕ|Ψ(t )〉. (89)

In this way, we arrive at the expression for expectation values in QFT, and the expecta-

tion values in QM are also obtained by fixing a number of particles, as seen in subsection

2.2.

4 Universes with different particle contents

Now it is time to tackle Q3, i.e., “Why is our universe described by the standard model at

the electroweak scale?”. Under the precondition that the existence of our universe can

be understood by the combination of the level II multiverse (an ensemble of foreign uni-

verses) and the anthropic principle and the above question is not really acknowledged as

a problem, we face the question whether a framework to describe the level II multiverse

can be constructed or not. In the following, we investigate a theoretical framework to

deal with a set of universes with different elementary particles and parameters based on

the physical laws of QFT.
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4.1 Level II multiverse

We extend our formulation to an assembly of universes with different elementary parti-

cles and parameters.

Let us first introduce installation operators Φ̂†
(a)

(
{ϕk(a) }

)
which produce a vacuum

state |0〉{ϕ
k(a) } where definite elementary particles ϕk(a) can be created and work obeying

the laws of QFT. This is expressed by

Φ̂†
(a)

(
{ϕk(a) }

)
|0
/
〉 = |0〉{ϕ

k(a) }, (90)

where |0
/
〉 is a nothingness state and it satisfies Φ̂(a)({ϕk(a) })|0

/
〉 = 0 and 〈0

/
|0
/
〉 = 1. Here,

a(= 1, · · · ,N ) is a label which specifies universes with a set of particles {ϕk(a) } and pa-

rameters, and k(a) is a label which represents particles 3. We have relations such as

Φ̂†
(a)

(
{ϕk(a) }

)
|0
/
〉 = |0〉{ϕ

k(a) }, Φ̂(a)

(
{ϕk(a) }

)
|0
/
〉 = 0,

〈0
/
|Φ̂(a)

(
{ϕk(a) }

)
={ϕ

k(a) }〈0|, 〈0
/
|Φ̂†

(a)

(
{ϕk(a) }

)
= 0, (91)

and impose the following conditions on Φ̂(a)

(
{ϕk(a) }

)
and Φ̂†

(a)

(
{ϕk(a) }

)
:

{
Φ̂(a)

(
{ϕk(a) }

)
,Φ̂†

(b)

(
{ϕk(b) }

)}
= δab ,

{
Φ̂(a)

(
{ϕk(a) }

)
,Φ̂(b)

(
{ϕk(b) }

)}
= 0,

{
Φ̂†

(a)

(
{ϕk(a) }

)
,Φ̂†

(b)

(
{ϕk(b) }

)}
= 0 (92)

or
[
Φ̂(a)

(
{ϕk(a) }

)
,Φ̂†

(b)

(
{ϕk(b) }

)]
= δab ,

[
Φ̂(a)

(
{ϕk(a) }

)
,Φ̂(b)

(
{ϕk(b) }

)]
= 0,

[
Φ̂†

(a)

(
{ϕk(a) }

)
,Φ̂†

(b)

(
{ϕk(b) }

)]
= 0. (93)

Because a production of the vacuum state |0〉{ϕ
k(a) } by Φ̂†

(a)

(
{ϕk(a) }

)
must be associated

with the emergence of spacetime, a graviton appears inevitably and each universe has

the invariance under the general transformation of coordinates. Its consequence will be

discussed in the next subsection.

When field’s functionals satisfy eq. (92), a state |ΨMII
(t )〉 in the level II multiverse is

written as a superposition of states constructed on various numbers of vacuum states as

follows,

|ΨMII
(t )〉 =Ψ(0)(t )|0

/
〉+

N∑

M=1

N∑

a1=1

· · ·
N∑

aM=1

Ψ
(
{ϕk(a1) }, · · · , {ϕk(aM ) }, t

)

× Φ̂†

k(a1)

(
{ϕk(a1) }

)
· · · Φ̂†

k(aM )

(
{ϕk(aM ) }

)
|0
/
〉, (94)

where the summation is taken in the range a1 > ·· · > aM ,4 t is an auxiliary parameter

which is identified as a time when a system is limited in some observable region of our

3For the sake of completeness, installation operators and vacuum states should be denoted as

Φ̂†
(a)

(
{ϕk (a) }, {α j (a) }

)
and |0〉{ϕ

k(a) },{α
j (a) }, respectively, where {α j (a) } is a label which represents a set of pa-

rameters, but here and hereafter {α j (a) } is omitted to avoid complications.
4When a label an takes continuous values, a summation should be replaced into an integration. Same

applies to the following.
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universe, Ψ
(
{ϕk(a1) }, · · · , {ϕk(aM ) }, t

)
is a state’s functional related to M kinds of universes,

and Φ̂†

k(a1)

(
{ϕk(a1) }

)
· · · Φ̂†

k(aM )

(
{ϕk(aM ) }

)
|0
/
〉 is a vacuum state described by

Φ̂†

k(a1)

(
{ϕk(a1) }

)
· · · Φ̂†

k(aM )

(
{ϕk(aM ) }

)
|0
/
〉 = |0〉{ϕ

k(a1) } ⊗·· ·⊗ |0〉{ϕ
k(aM ) }. (95)

When field’s functionals satisfy eq. (93), |ΨMII
(t )〉 is written by

|ΨMII
(t )〉 =Ψ(0)(t )|0

/
〉

+
∞∑

M(a1)=1

· · ·
∞∑

M(aN )=1

Ψ({ϕk(a1) }, · · · , {ϕk(a1) }︸ ︷︷ ︸
M(a1)

, · · · , {ϕk(aN ) }, · · · , {ϕk(aN ) }︸ ︷︷ ︸
M(aN )

, t )

×
(
Φ̂†

k(a1)

(
{ϕk(a1) }

))M(a1) · · ·
(
Φ̂†

k(aN )

(
{ϕk(aN ) }

))M(aN ) |0
/
〉. (96)

Any state |ΨMII
(t )〉 is evolved by the Schrödinger equation:

iħ d

d t
|ΨMII

(t )〉 = Ĥ{Φ}|ΨMII
(t )〉, (97)

and its formal solution is given by

|ΨMII
(t )〉 = e− i

ħ Ĥ{Φ}t |ΨMII
(0)〉, (98)

where Ĥ{Φ} is the Hamiltonian operator in QFFT given by

Ĥ{Φ} =
N∑

a=1

Φ̂†
(a)

(
{ϕk(a) }

)
Ĥ{ϕ

k(a) }Φ̂(a)

(
{ϕk(a) }

)
. (99)

In eq. (99), Ĥ{ϕ
k(a) } are Hamiltonian operators in QFT containing ϕk(a) (x) and its func-

tional derivatives δ/δϕk(a) (x), and we see that the nested construction is realized.

In the Heisenberg picture, installation and removal operators are given in a form with

time-dependence by

Φ̂†
(a)

(
{ϕk(a) }, t

)
= e

i
ħ Ĥ{Φ}t Φ̂†

(a)

(
{ϕk(a) }

)
e− i

ħ Ĥ{Φ}t ,

Φ̂(a)

(
{ϕk(a) }, t

)
= e

i
ħ Ĥ{Φ}t Φ̂(a)

(
{ϕk(a) }

)
e− i

ħ Ĥ{Φ}t , (100)

and they are evolved by the Heisenberg’s equation of motion:

iħ ∂

∂t
Φ̂†

(a)

(
{ϕk(a) }, t

)
=

[
Φ̂†

(a)

(
{ϕk(a) }, t

)
, Ĥ{Φ}

]
,

iħ ∂

∂t
Φ̂(a)

(
{ϕk(a) }, t

)
=

[
Φ̂(a)

(
{ϕk(a) }, t

)
, Ĥ{Φ}

]
. (101)

The dynamics is summarized by the action integral:

Ŝ{Φ} =
∫

L̂{Φ}d t
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=
∫ N∑

a=1

(
Φ̂†

(a)

(
{ϕk(a) }, t

)
iħ ∂

∂t
Φ̂(a)

(
{ϕk(a) }, t

)

−Φ̂†
(a)

(
{ϕk(a) }, t

)
Ĥ{ϕ

k(a) }Φ̂(a)

(
{ϕk(a) }, t

))
d t . (102)

The canonical conjugate of Φ̂(a)

(
{ϕk(a) }, t

)
is defined by

Π̂(a)

(
{ϕk(a) }, t

)
≡ ∂L̂{Φ}

∂(∂Φ̂(a)

(
{ϕk(a) }, t

)
/∂t )

= iħΦ̂†
(a)

(
{ϕk(a) }, t

)
, (103)

and the Hamiltonian operator Ĥ{Φ} in QFFT is obtained as

Ĥ{Φ} ≡
N∑

a=1

Π̂(a)

(
{ϕk(a) }, t

) ∂Φ̂(a)

(
{ϕk(a) }, t

)

∂t
− L̂{Φ}

=
N∑

a=1

Φ̂†
(a)

(
{ϕk(a) }, t

)
Ĥ{ϕ

k(a) }Φ̂(a)

(
{ϕk(a) }, t

)

= 1

iħ
N∑

a=1

Π̂(a)

(
{ϕk(a) }, t

)
Ĥ{ϕ

k(a) }Φ̂(a)

(
{ϕk(a) }, t

)
. (104)

It is shown that this Ĥ{Φ} agrees with that in eq. (99), using the solutions of functional

operators (see eq. (107)).

The following quantization conditions are imposed on field’s functionals,

{
Φ̂(a)

(
{ϕk(a) }, t

)
,Π̂(b)

(
{ϕk(b) }, t

)}
= iħδab ,

{
Φ̂(a)

(
{ϕk(a) }, t

)
,Φ̂(b)

(
{ϕk(b) }, t

)}
= 0,

{
Π̂(a)

(
{ϕk(a) }, t

)
,Π̂(b)

(
{ϕk(b) }, t

)}
= 0 (105)

or

[
Φ̂(a)

(
{ϕk(a) }, t

)
,Π̂(b)

(
{ϕk(b) }, t

)]
= iħδab ,

[
Φ̂(a)

(
{ϕk(a) }, t

)
,Φ̂(b)

(
{ϕk(b) }, t

)]
= 0,

[
Π̂(a)

(
{ϕk(a) }, t

)
,Π̂(b)

(
{ϕk(b) }, t

)]
= 0, (106)

and then the Heisenberg’s equation of motion (101) agrees with the Euler-Lagrange equa-

tion derived from the action integral (102), based on a least action principle.

4.2 Physical implications

Under the assumption that each universe contains specific elementary particle contents

including a graviton and physical parameters, and it is evolved by physical laws of QFT,

we discuss physical implications on a beginning of the universe based on QFFT.

4.2.1 Inflation

As a reference of the discussion from eqs. (77) to (79), we obtain the solutions:

Φ̂(a)

(
{ϕk(a) }, t

)
= Φ̂(a)

(
{ϕk(a) }

)
e− i

ħE
(a)

0 t , Φ̂†
(a)

(
{ϕk(a) }, t

)
= Φ̂†

(a)

(
{ϕk(a) }

)
e

i
ħE

(a)
0 t , (107)
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where E
(a)

0 = 〈0|Ĥ{ϕ
k(a) }|0〉 is the vacuum energy of the universe labeled by a. Then, the

vacuum state is evolved as

Φ̂†
(a)

(
{ϕk(a) }, t

)
|0
/
〉 = Φ̂†

(a)

(
{ϕk(a) }

)
e

i
ħE

(a)
0 t |0

/
〉 = e

i
ħE

(a)
0 t |0〉{ϕ

k(a) }. (108)

Here, we consider a universe with a uniformity and isotropy, whose geometry and

dynamics are described by the Robertson-Walker metric. When the vacuum energy den-

sity ρ(a)
V

≡ E
(a)

0 /V (V :the volume of the universe) dominates over other energy densities,

the scale factor a(t ) varies based on the Friedmann equation:

(
ȧ

a

)2

= 8πGN

3
ρ(a)

V
, (109)

where ȧ ≡ d a(t )/d t and GN is gravitational constant. Then, in the case with ρ(a)
V

> 0, an

inflation (an exponential expansion of the universe) [11] occurs as

a(t ) = a(0)e H (a)
V

t , (110)

where H (a)
V

≡
√

8πGNρ
(a)
V

/3. In contrast, in the case with ρ(a)
V

< 0, a(t ) oscillates.

In this way, we find that a universe can expand at a very early stage and a macroscopic

world can emerge if a universe is dominated by a positive vacuum energy shortly after

the birth.

4.2.2 Third quantization

In a universe whose spacetime varies, the spacetime itself is regarded as a dynamical

object, and a theory must be invariant under the general transformation of coordinates

and contain a gravitational field.

Let us study the invariance under the general transformation of coordinates in our

formulation.

Under the infinitesimal transformation x′µ = xµ−εµ(x), the field ϕk(a) transforms as

ϕ′
k(a) (x

′) =ϕ′
k(a) (x−ε) =ϕk(a) (x), and then the change of ϕk(a) is given by

δεϕk(a) (x) =ϕ′
k(a) (x)−ϕk(a) (x) =ϕk(a) (x+ε)−ϕk(a) (x) = εi (x)∂iϕk(a) (x). (111)

If the field’s functional Φ̂(a)

(
{ϕk(a) }, t

)
transforms as

Φ̂′
(a)

(
{ϕ′

k(a) }, t ′
)
= Φ̂′

(a)

(
{ϕk(a) +δεϕk(a) }, t −εt

)
= Φ̂(a)

(
{ϕk(a) }, t

)
(112)

under x′µ = xµ−εµ(x) with ε0(x) = cεt (x), the change of Φ̂(a)

(
{ϕ}k(a) , t

)
is induced such

that

δεΦ̂(a)

(
{ϕ}k(a) , t

)
= Φ̂′

(a)

(
{ϕ}k(a) , t

)
− Φ̂(a)

(
{ϕ}k(a) , t

)

= Φ̂′
(a)

(
{ϕk(a) −δεϕk(a) }, t +εt

)
− Φ̂(a)

(
{ϕ}k(a) , t

)

=−
∫

d 3x
∑

k(a)

δεϕk(a) (x)
δ

δϕk(a) (x)
Φ̂(a)

(
{ϕk(a) }, t

)
+εt

∂

∂t
Φ̂(a)

(
{ϕk(a) }, t

)
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=−
∫

d 3x
∑

k(a)

εi (x)∂iϕk(a)

δ

δϕk(a)

Φ̂(a)

(
{ϕk(a) }, t

)

+εt (x)
∂

∂t
Φ̂(a)

(
{ϕk(a) }, t

)
, (113)

and then the change of the action integral is given by

δεŜ{Φ} =
[
Φ̂†

(a)

(
{ϕk(a) }, t

)(
1

c

∫
d 3x εµ(x)T̂ 0

µ(x)

)
Φ̂(a)

(
{ϕk(a) }, t

)]t f

ti

=
[
Φ̂†

(a)

(
{ϕk(a) }

)(
1

c

∫
d 3x εµ(x)T̂ 0

µ(x)

)
Φ̂(a)

(
{ϕk(a) }

)]t f

ti

, (114)

using the Euler-Langrange equation.

When δεŜ{Φ} = 0 holds for arbitrary εµ(x), we have a physical state condition:

Φ̂†
(a)

(
{ϕk(a) }

)
T̂ 0

µ(x)Φ̂(a)

(
{ϕk(a) }

)
|ΨMII

(t )〉 = 0, (115)

and it leads to the condition and the equation:

T̂ 0
µ(x)|Ψ(t )〉{ϕ

k(a) } = 0 (116)

and

T̂ 0
µ(x)Ψ

(
ϕk(a) , t

)
= 0, (117)

respectively. The time-component of eq. (117) is equivalent to the Wheeler-deWitt equa-

tion [12] which represents the Hamiltonian constraint [13] at the quantum level, and we

arrive at a fundamental formula on the third quantization [14].

4.2.3 Landscape

First, we list postulates about a vacuum state and multiverse.

• In each universe, a vacuum state can change by a phase transition (like the elec-

troweak transition and QCD transition in our universe), and hence there can ap-

pear a variety of vacuum states, which are represented as |0〉{ϕ
k(a) } together for a

universe with a set of elementary particles {ϕk(a) }.

• Even if a universe A produces a universe B [15] using a mechanism such as the

eternal inflation [16], as far as the mechanism works under physical laws in the

universe A, the universe B must obey the same physical laws of the universe A.

From the above postulates, we expect that a wider theoretical framework is necessary

to study a creation of universes with different elementary particles and parameters and

to discuss the relationship among them. We investigate such a framework by reference

to the landscape of string theory vacua [17, 18].

Here, we list features of string theories and those vacua [19, 20].
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• There are five kinds of superstring theories in ten-dimensional spacetime. Numer-

ous four-dimensional string models are constructed after compactifying an extra

six-dimensional space.

• A variety of models originate from a diverse of structure of the extra space and

different configurations of strings. Four-dimensional string models are specified

by (the vacuum expectation values of) scalar fields ϕLm including moduli which

characterize the structure of the extra space. The space spanned by ϕLm is called

“landscape”, and its altitude corresponds to a value of vacuum energy. The land-

scape can be regarded as a potential.

• Particle contents in each string model are stored in string fields symbolically de-

noted by ϕ̂st(X(σ),ψ(σ)).

Let us suppose that there is a Hamiltonian Ĥ{ϕL} containing a potential whose local

minimums correspond to solutions describing universes with different particle contents

and physical parameters, and the dynamics can be compactly expressed by the action

integral:

ŜΦL
=

∫
L̂ΦL

d t

=
∫(

Φ̂†
L

(
{ϕL}, t

)
iħ ∂

∂t
Φ̂L

(
{ϕL}, t

)
− Φ̂†

L

(
{ϕL}, t

)
Ĥ{ϕL}Φ̂L

(
{ϕL}, t

))
d t , (118)

where {ϕL} is a set of fields ϕLm living on the landscape, and Φ̂L

(
{ϕL}, t

)
is the functional

operator concerning {ϕL}.

The functional operator satisfies the equation:

iħ ∂

∂t
Φ̂L

(
{ϕL}, t

)
= Ĥ{ϕL}Φ̂L

(
{ϕL}, t

)
, (119)

and, from the stationary condition:

δ

δϕLm
Ĥ{ϕL} = 0, (120)

we obtain solutions {ϕ(a)
L

} which are identified with models owning a set of elementary

particles {ϕk(a) }. Then, Φ̂L

(
{ϕ(a)

L
}, t

)
becomes Φ̂(a)

(
{ϕk(a) }, t

)
, and, putting together them,

we arrive at an effective formulation described by the action integral (102).

A change between universes with different physical laws can occur in the setup based

on the action integral eq. (118), if there are no selection rules to forbid the change. Ac-

cording to the laws of quantum physics, we can calculate the transition amplitude from a

vacuum state in a universe with {ϕk(a) } to a different one with {ϕk(b) } by using the formula:

〈0
/
|Φ̂(b)

(
{ϕk(b) }, tf

)
e− i

ħ ĤΦL
(tf−ti) Φ̂†

(a)

(
{ϕk(a) }, ti

)
|0
/
〉, (121)

where ĤΦL
= Φ̂†

L

(
{ϕL}, t

)
Ĥ{ϕL}Φ̂L

(
{ϕL}, t

)
.
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5 Conclusions and discussions

Taking the embedded structure in QFT as a guiding principle, we have arrived at a wider

theoretical framework called quantum field’s functional (QFFT) that has QFT built-in.

QFFT is constructed by using functional operators and has the nested structure.

A rationale behind such a structure is that a physical state should be evolved by the

same type of equation: iħd |Ψ⋆(t )〉/d t = Ĥ⋆|Ψ⋆(t )〉 for any quantum systems in a world

where the laws of quantum theory hold. In concrete, for a system in the level II mul-

tiverse, it is given by iħd |ΨMII
(t )〉/d t = Ĥ{Φ}|ΨMII

(t )〉. For a system that the number of

particles can vary, it becomes iħd |Ψ(t )〉/d t = Ĥϕ|Ψ(t )〉 based on QFT. For a system with

a definite number of particles, it takes iħd |ψ(t )〉/d t = Ĥ |ψ(t )〉 based on QM. Hence the

Schrödinger equation for a state is worshiped as a master equation, and it makes us think

that nature is not all that complicated at a fundamental level.

On the one hand, QFFT would not be well-defined mathematically in the same way

as QFT, that is, it is not yet known whether functional operators can be rigorously de-

fined or not. On the other hand, QFFT has several advantages. First, it is relatively nat-

urally understood that fermions (fields as Grassmann variables) and bosons are repre-

sented by field operators satisfying the anti-commutation relations and the commuta-

tion relations, respectively. Second, the which-came-first-particles-or-spacetime prob-

lem (which-came-first-physical-laws-or-our-universe problem) can be solved, if parti-

cles and space-time (physical laws and our universe) can be installed as a unit by a func-

tional operator. Third, the level II multiverse could be described by QFFT. Last, topics

related to a beginning of the universe such as inflation, the third quantization and the

landscape can be studied in our formulation. Our framework might be also applied to

the level III multiverse where the level III multiverse means quantum mechanical many

worlds [21]5.

At present, QFFT is merely an effective framework to formulate laws of particle physics

or a tool in understanding of quantum physics in the same way as QFT, and hence it

might possess not so powerful predictability. It is intriguing to examine whether QFFT

has both predictability and falsifiability or not, based on investigations of the level II

multiverse.

There is a possibility that QFFT plays a supporting role as follows. For several decades,

the exploration of a fundamental theory has been actively carried out by using two ap-

proaches such as the bottom-up one (which takes a route from the standard model to

a theory beyond the standard model) and the top-down one (which takes a route from

a theory of everything to the standard model). Superstring theory has been a hopeful

candidate of an ultimate theory, and it offers vast numbers of string models which can

be identified with members of the level II multiverse. Even if current superstring theory

did not answer the question “How are universes created?”, it would be open to extend its

framework. Then, it is expected that QFFT serves as a good model. Furthermore, a com-

bination of above-mentioned two approaches and an extension of framework would be

promising to unravel secrets on our universe and beyond it.

5It is proposed that the eternally inflating multiverse and quantum mechanical many worlds are the

same thing [22].
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A Hamiltonian operators in QM, QFT and QFFT

We give explicit forms of Hamiltonian operators in QM, QFT and QFFT for several cases.

A.1 Hamiltonian operators in non-relativistic quantum theory

For a non-relativistic electron with a mass me, the Hamiltonian operator in QM is given

by

Ĥ (x,−iħ∇) =− ħ2

2me
∇

2 +V (x) (122)

and then the Hamiltonian operators in QFT and QFFT are given by

Ĥϕ =
∫

ϕ̂†(x)Ĥ ϕ̂(x)d 3x =
∫

ϕ̂†(x)

(
− ħ2

2me
∇

2 +V (x)

)
ϕ̂(x)d 3x (123)

and

ĤΦ = Φ̂†({ϕ}, t )

{∫
δ

δϕ(x)

(
− ħ2

2me
∇

2 +V (x)

)
ϕ(x)d 3x

}
Φ̂({ϕ}, t ), (124)

respectively.

A.2 Hamiltonian operators in relativistic quantum theory

(1) Weyl fermion

For a free left-handed Weyl fermion (a massless particle with a helicity −1/2), the Hamil-

tonian operator in QM is given by

Ĥ(x, iħ∇) =−iħcσ ·∇ (125)

and then that in QFT is given by

Ĥϕ =
∫

ϕ̂†(x)Ĥ ϕ̂(x)d 3x =
∫

ϕ̂†(x) (−iħcσ ·∇) ϕ̂(x)d 3x, (126)

whereσ is Pauli matrices. For a free right-handed Weyl fermion (a massless particle with

a helicity 1/2), Ĥ(x, iħ∇) = iħcσ ·∇ and Ĥϕ =
∫

ϕ̂†(x) (iħcσ ·∇) ϕ̂(x)d 3x are obtained

by replacingσ into −σ in eqs. (125) and (126).

The Hamiltonian operator in QFFT is given by

ĤΦ = Φ̂†({ϕ})

{∫
δ

δϕ(x)
(−iħcσ ·∇)ϕ(x)d 3x

}
Φ̂({ϕ}) (127)
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for a left-handed Weyl fermion.

(2) Dirac fermion

For a free Dirac fermion (a particle with a mass m and spin 1/2), the Hamiltonian in QM

is given by

Ĥ (x, iħ∇) =−iħcα ·∇+βmc2 , (128)

and then the Hamiltonian operators in QFT and QFFT are given by

Ĥϕ =
∫

ϕ̂†(x)Ĥ ϕ̂(x)d 3x =
∫

ϕ̂†(x)
(
−iħcα ·∇+βmc2

)
ϕ̂(x)d 3x (129)

and

ĤΦ = Φ̂†({ϕ})

{∫
δ

δϕ(x)

(
−iħcα ·∇+βmc2

)
ϕ(x)d 3x

}
Φ̂({ϕ}), (130)

respectively.

B Wave functional

A wave functional in QFT is defined by

Ψ(ϕ, t ) ≡ 〈ϕ|Ψ(t )〉, (131)

where 〈ϕ| is a bra-vector and its ket-vector |ϕ〉 is an eigenvector satisfying

ϕ̂(x)|ϕ〉 =ϕ(x)|ϕ〉, 〈ϕ|ϕ̂†(x)= 〈ϕ|ϕ†(x) (132)

and ϕ(x) is a configuration of classical field. For fermion, ϕ(x) takes Grassmann values.

The eigenvectors 〈ϕ| and |ϕ̃〉 satisfy the relations:

〈ϕ|ϕ̃〉 = δ(ϕ− ϕ̃) =
∫

Dα e i
∫
α(x)(ϕ(x)−ϕ̃(x))d3x ,

∫
Dϕ |ϕ〉〈ϕ| = 1. (133)

The expectation value of Ĥϕ is written by

〈Ψ(t )|Ĥϕ|Ψ(t )〉 =
∫

Dϕ

∫
Dϕ̃ 〈Ψ(t )|ϕ〉〈ϕ|Ĥϕ|ϕ̃〉〈ϕ̃|Ψ(t )〉

=
∫

Dϕ

∫
Dϕ̃ Ψ†(ϕ, t )Ĥϕδ(ϕ− ϕ̃)Ψ(ϕ̃, t ) =

∫
DϕΨ†(ϕ, t )ĤϕΨ(ϕ, t ), (134)

using eqs. (133).

A general solution of the wave functional is given by

Ψ(ϕ, t ) =
∞∑

N=0

e− i
ħEN t

UN (ϕ), (135)
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where EN and UN (ϕ) are eigenvalues and eigenvectors of the eigenvalue equation:

ĤϕUN (ϕ) = EN UN (ϕ). (136)

Note that Ψ(ϕ, t ) satisfies eq. (15), i.e., iħ∂Ψ(ϕ, t )/∂t = ĤϕΨ(ϕ, t )

In the x-representation, the state |Ψ(t )〉 is expressed by

|Ψ(t )〉 =ψ(0)(t )|0〉+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )|x1, · · · ,xN 〉, (137)

where |0〉 is a vacuum state, ψ(x1, · · · ,xN , t ) is a wave function of N-particle states and

|x1, · · · ,xN 〉 is a ket vector which satisfies x̂l |x1, · · · ,xN 〉 = xl |x1, · · · ,xN 〉 (l = 1, · · · , N )

and is defined by

|x1, · · · ,xN 〉 ≡ 1
p

N !
ϕ̂†(x1) · · · ϕ̂†(xN )|0〉, (138)

using ϕ̂†(x) which plays a role of a creation operator of a particle ϕ or an annihilation

operator of its anti-particle ϕ.

Multiplying 〈ϕ| by both side of eq. (137) and using eq. (132), the following relation is

obtained,

Ψ(ϕ, t ) = 〈ϕ|Ψ(t )〉

=ψ(0)(t )〈ϕ|0〉+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )〈ϕ|x1, · · · ,xN 〉

=ψ(0)(t )〈ϕ|0〉

+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ†(x1) · · ·ϕ†(xN )〈ϕ|0〉. (139)

From eqs. (135) and (139), by taking V0(ϕ) = 〈ϕ|0〉 and UN (ϕ) ≡ CN (ϕ)V0(ϕ), we ob-

tain the relations:

e− i
ħE0tC0(ϕ) =ψ(0)(t ), (140)

e− i
ħEN t CN (ϕ) =

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ†(xN ) · · ·ϕ†(xN ). (141)

Multiplying |ϕ〉 by 〈x|, we obtain the relation:

〈x|ϕ〉 = 〈0|ϕ̂(x)|ϕ〉 =ϕ(x)〈0|ϕ〉 =ϕ(x)V †
0 (ϕ) (142)

with V
†

0 (ϕ) = 〈0|ϕ〉.
Here, we present formula including V0(ϕ) and V

†
0 (ϕ),

∫
Dϕ V

†
0 (ϕ)V0(ϕ) =

∫
Dϕ 〈0|ϕ〉〈ϕ|0〉 = 〈0|0〉 = 1, (143)

∫
Dϕ ϕ(x1) · · ·ϕ(xN )ϕ†(x′

1) · · ·ϕ†(x′
N )V †

0 (ϕ)V0(ϕ)
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= δ3(x1 −x′
1) · · ·δ3(xN −x′

N ), (144)

V0(ϕ)V †
0 (ϕ̃)+

∞∑

N=1

∫
d 3x1 · · ·d 3xNϕ†(x1) · · ·ϕ†(xN )ϕ̃(x1) · · · ϕ̃(xN )V0(ϕ)V †

0 (ϕ̃)

= δ(ϕ− ϕ̃). (145)

As a reference, the vacuum wave function ΨV(t ) = 〈0|Ψ(t )〉 =ψ(0)(t ) is written by

ΨV(t ) =ψ(0)(t ) = 〈0|Ψ(t )〉 =
∫

Dϕ 〈0|ϕ〉〈ϕ|Ψ(t )〉 =
∫

Dϕ V
†

0 (ϕ)Ψ(ϕ, t ). (146)

In the same way, a component of functional 〈x1, · · · ,xN |Ψ(t )〉 = ψ(x1, · · · ,xN , t ) is

written by

ψ(x1, · · · ,xN , t ) =
∫

Dϕ ϕ(x1) · · ·ϕ(xN ) V
†

0 (ϕ)Ψ(ϕ, t ). (147)

The state |Ψ(t )〉 is rewritten as

|Ψ(t )〉 =ψ(0)(t )|0〉+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ̂†(x1) · · ·ϕ̂†(xN )|0〉

=ψ(0)(t )|0〉

+
∫

Dϕ
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ̂†(x1) · · ·ϕ̂†(xN )|ϕ〉〈ϕ|0〉

=ψ(0)(t )|0〉+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ†(x1) · · ·ϕ†(xN )|0〉

=Ψ({ϕ}, t )|0〉, (148)

where Ψ({ϕ}, t ) is a wave functional defined by

Ψ({ϕ}, t ) ≡ψ(0)(t )+
∞∑

N=1

∫
d 3x1 · · ·d 3xNψ(x1, · · · ,xN , t )ϕ†(x1) · · ·ϕ†(xN ). (149)

From eqs. (139) and (149), we obtain the relation:

Ψ(ϕ, t ) =Ψ({ϕ}, t )V0(ϕ). (150)

For an operator Ω̂ϕ, it is shown that the following formula holds,

〈Ψ(t )|Ω̂ϕ|Ψ(t )〉 =
∫

DϕΨ†(ϕ, t )Ω̂ϕΨ(ϕ, t )

=Ψ†({ϕ}, t )Ω̂ϕΨ({ϕ}, t ), (151)

using eqs. (143).
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