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Axions and axion-like particles can be probed through gravitational waves indirectly, often referred
to as “audible axions”. The usual concept of audible axion relies on the coupling between the axions
and the gauge fields. Here we consider an axion-like mechanism with coupling to the Nieh-Yan
term. This interaction leads to the direct and efficient production of gravitational waves during the
radiation-dominated era, originating from the tachyonic instability of the gravitational perturbations
with the Nieh-Yan term. We calculate the energy spectral density of the chiral gravitational wave
background and the comoving energy density of axion-like fields. Based on the numerical results,
we explore the parameter space of axion masses and decay constants for detectable gravitational
wave signals, either in pulsar timing arrays or space-based gravitational wave detections.
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I. INTRODUCTION

In modern physics, understanding the nature of dark
matter is crucial. One of the candidates for dark matter
is the axion [1–7], in general, it also includes axion-like
particles (ALPs) [3–5, 8–13]. Axion was originally intro-
duced to solve the strong CP problem [14, 15], and it
also appeared extensively in other studies such as string
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theory [16]. Following the first detection of gravita-
tional waves by LIGO [17], the detection of new par-
ticles in cosmology, such as axions or ALPs, by gravita-
tional waves has become possible [18–20]. In recent years,
many studies focusing on parity-violating gravity, with
Chern-Simons modified gravity being one of the most no-
table examples [21–31]. In this work, we utilize another
healthy parity-violating model known as Nieh-Yan mod-
ified teleparallel gravity (or Nieh-Yan gravity) [32–40].

The Nieh-Yan gravity is a theory that modifies the
teleparallel equivalent of general relativity (TEGR) by
the Nieh-Yan term [41, 42], which couples with the axion
or axion-like field. We explore the different parameter re-
gions built with axion masses and decay constants, and
we numerically calculate the chiral gravitational wave
background [43–48] produced by the audible axion via
Nieh-Yan term. We find that the gravitational wave spec-
tral energy density varies with different helicities. Con-
sidering the evolution of gravitational waves, we identify
detectable signals in pulsar timing arrays (PTA) [49–53]
or future space-based gravitational wave detectors such
as LISA [54], Taiji [55], and ASTROD-GW [56].

Furthermore, by calculating the axion comoving en-
ergy density within the axion dynamics which is affected
by gravitational backreaction, we find that backreaction
of the Nieh-Yan term can reduce the axion comoving
energy density by several orders of magnitude. Thus,
in some parameter spaces, the relic density of axion
dark matter can be comparable to the observational re-
sults [57, 58], and the chiral gravitational wave radiation
energy density is also within a reasonable range [59].

The organization of this paper is as follows. In sec-
tion II, we briefly review the TEGR, introduce the Nieh-
Yan modified teleparallel gravity, and discuss how the ax-
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ion dynamics are affected by geometric backreaction. In
section III, we study the production mechanism of chiral
gravitational waves via Nieh-Yan term, by numerically
calculating the energy spectral density of chiral gravi-
tational waves. The process of numerical calculation is
described in detail. In section IV, we explore the param-
eter region of axion mass and decay constants that could
be detected by PTA and the space-based gravitational
wave detectors. The time evolution of the comoving en-
ergy densities of the axion and the gravitational wave
are calculated. In the last section V, we conclude with
the discussions. Throughout this paper, we choose the
signature difference as (−,+,+,+), and set c = ℏ = 1.

II. AUDIBLE AXION WITH NIEH-YAN TERM

In this section, we overview the TEGR and Nieh-Yan
modified teleparallel gravity. The TEGR was initially
proposed by Einstein as an attempt to unify gravitational
and electromagnetic interactions [60–62]. TEGR is based
on the theory of tetrad-spin connection pairs. In this
framework, the fundamental variables of spacetime are
represented by the tetrad eAµ and the spin connection

ωA
Bµ. This allows the metric to be written as

gµν = ηABe
A
µe

B
ν . (1)

TEGR is a dynamically equivalent theory to general rel-
ativity, sharing the same field equations and classical
predictions as general relativity, and can address simi-
lar questions [63]. In TEGR, the curvature is replaced
by torsion, resulting in a zero Riemann tensor:

Rσ
ρµν = ∂µΓ

σ
ρν−∂νΓσ

ρµ+Γσ
αµΓ

α
ρν−Γσ

ανΓ
α
ρµ = 0 . (2)

The dynamics of the spacetime is governed by the torsion
tensor, defined as

T̂σ
µν = Γσ

µν − Γσ
νµ ̸= 0. (3)

A. Teleparallel equivalent of general relativity

In this study, we focus on the TEGR action, which
resembles the action of general relativity:

STEGR =
M2

P

2

∫
d4x

√
−gR̊, (4)

where MP ≈ 2.4× 1018 GeV is the reduced Planck mass.
R̊ρ

λµν is related to the vanishing Riemann tensor (2)
through

Rρ
λµν = R̊ρ

λµν + P ρ
λµν = 0. (5)

Here P ρ
λµν is the Riemann contortion tensor, which can

be considered a canceling term that makes Rρ
λµν vanish.

Similar to the Riemann tensor, R̊ρ
λµν can be expressed

in the following form:

R̊ρ
λµν = ∂µΓ̊

ρ
λν − ∂ν Γ̊

ρ
λµ + Γ̊ρ

αµΓ̊
α
λν − Γ̊ρ

αν Γ̊
α
λµ. (6)

Γ̊ρ
λν is the teleparallel connection, which is related to the

Levi-Civita connection Γρ
µν though

Γρ
µν = Γ̊ρ

µν +Kρ
µν . (7)

Here Kρ
µν is the teleparallel contortion tensor, it can be

expressed as

Kµ
νρ =

1

2

(
T̂ µ
ν ρ + T̂ µ

ρ ν − T̂µ
νρ

)
. (8)

Using the relations (5)-(8) and following detailed cal-
culations in [60, 62], one finds

R̊ = −T̂ + B̂, (9)

where T̂ = 1
4 T̂

ρσµT̂ρσµ+
1
2 T̂

µσρT̂ρσµ− T̂ ρ
ρσT̂

µσ
µ and B̂ =

− 2
e∂ρ(eT̂

µρ
µ ). Since B̂ is a surface term that does not

affect the equations of motion, it can be neglected. The
TEGR action in (4) is then simplified as

STEGR = −M
2
P

2

∫
d4x

√
−gT̂ . (10)

We can see that, unlike general relativity, the TEGR ac-
tion depends only on the torsion scalar, which serves as
the sole dynamical variable.

B. Nieh-Yan modified teleparallel gravity

Based on TEGR, a parity-violating gravity model
without ghost instability has been studied in recent
years [32, 33], where the Nieh-Yan term was used to
modify TEGR. The Nieh-Yan term is a topological den-
sity term and has been extensively studied in Riemann-
Cartan theories [64]. It can be written as

SN-Y =

∫
d4x

√
−g c

4
(T̂Aµν T̃

Aµν − εµνρσRµνρσ), (11)

where T̂A
µν = eAρT̂

ρ
µν and T̃Aµν = 1

2ε
µνρσT̂A

ρσ, c is the

coupling coefficient. εµνρσ = ϵµνρσ/
√
−g being the Levi-

Civita tensor, and ϵµνρσ is the antisymmetric symbol.
In the TEGR, the Riemann tensor is zero, which

makes the existence of the Nieh-Yan term the only non-
vanishing term. After coupling with the axion-like field
ϕ, the total action in our study is given by

Stotal =

∫
d4x

√
−g
(
−
M2

p

2
T̂ − 1

2
∂µϕ∂

µϕ− V (ϕ)

+
αϕ

4fα
T̂Aµν T̃

Aµν

)
.

(12)
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We have introduced the axion dynamic, and the coupling
coefficient c = αϕ/fα, where fα is the decay constant and
α is the coefficient with dimension of M2

P . Analogous to
the coupling between the axions and the gauge field, the
total action shows that the presence of the Nieh-Yan term
breaks the parity symmetry of the gravitational field.

In total action (12), we assume the cosine-like poten-
tial, which is derived from the lower-order approxima-
tions of QCD [65],

V (ϕ) = m(T )2f2α

[
1− cos

(
ϕ

fα

)]
. (13)

Here, m(T ) is the axion mass, which is often affected by
temperature T [66, 67]. In our study, we approximately
neglect the effect of temperature on the mass of the axion,
which means m(T ) = m. In particular, for the mass m
of the QCD axion, by the chiral perturbation theory and
QCD lattice, it satisfies the following relation [68, 69]:

m = 5.69× 10−3eV

(
109GeV

fα

)
. (14)

In this study, we use fα ∼ 1017GeV approximately, which
allows us to neglect the abundance of thermal axions.

In the radiation dominated universe, the Hubble pa-
rameter H(T ) can be written as

H(T )2 =
π2

90M2
P

g∗T
4. (15)

The temperature Tosc is defined by the approximately
condition H(Tosc) ≃ m. Using (15), we get Tosc ≃√
mMP . Moreover, this means that the axion begins

oscillating around the QCD scale [66]. The axion field
is effectively massless in the early universe and remains
frozen due to Hubble friction. As the temperature drops
below Tosc, the axion (or ALP) field begins to oscillate
producing axions and ultimately leading to the mecha-
nism modeled in this study.

During the radiation dominated era, we assume the
field ϕ to be spatially homogeneous and adopt the comov-
ing Friedmann-Robertson-Walker (FRW) metric ds2 =
a(τ)2(−dτ2 + δijdx

idxj). With ϕ≪ fα, the equation of
motion (EoM) for the axion field can be expressed as

ϕ′′ + 2aHϕ′ + a2m2ϕ = 0. (16)

The derivative ′ is with respect to the conformal time τ ,
and the energy density of the axion field is [57]

ρϕ =
1

2

(
dϕ

dt

)2

+
1

2
m2ϕ2. (17)

Given that the comoving axion number Nϕ = nϕ(T )a
3

is conserved, where nϕ(T ) is the number density. Fur-
thermore, the energy density of axions can be expressed
as ρϕ(T ) = m(T )nϕ(T ). Using this relation, the energy
density of axions today can be written as follows:

ρϕ(T ) = ρϕ(Tosc)
m(T )

m(Tosc)

(aosc
a

)3
. (18)

By introducing a misalignment mechanism, we simulate
axion generation, with the results of specific calculations
shown in Fig. 1. Although it is not instantaneous when
the oscillations begin at aosc [57]. It is also a good ap-
proximation model to facilitate this work.

FIG. 1. The axions are produced via the misalignment
mechanism, which is a good approximation. We use the model
parameters m = 1× 10−7eV.

FIG. 2. The time evolution of normalized field values ψ and
velocities of the axion field dψ/dζ with no backreaction in (16)
(left figures), and with backreaction in (19) (right figures).
We can see that the Nieh-Yan term suppresses the motion of
the axion field. The parameters we use are m = 1× 10−7eV,
fα = 1× 1016GeV and α = 39.08M2

P .

However, in this study, the Nieh-Yan term affects the
evolution of the axion field. By using the action (12), the
EoM for the axion field in the Nieh-Yan gravity can be
obtained as

ϕ′′ + 2aHϕ′ + a2m2ϕ =
αa2

4fα
TAµν T̃

Aµν . (19)

The Nieh-Yan term on the right side of the equation acts
as the damping term. In Fig. 2, we show that when the
axion or axion-like particle rolls to its minimum, the os-
cillations of the axion field are damped by the Nieh-Yan
term. Here ψ = ϕ/θfα is the dimensionless axion field,
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and the derivative dψ/dζ is defined with a dimensionless
time variable ζ = maoscτ = (a/aosc). If EoM (16) lacks
a backreaction term, the approximate solution of dψ/dζ
can be written as a periodic function. In contrast, the
Nieh-Yan term in (19) will cause the oscillations to be ul-
timately suppressed. The presence of the Nieh-Yan term
eventually leads to a significant depletion of axion energy
and the production of gravitational waves. Due to the
parity-violating mechanism, gravitational waves of dif-
ferent helicities will be produced asymmetrically, which
leads to a chiral gravitational wave background.

III. CHIRAL GRAVITATIONAL WAVE
PRODUCTION

For a more detailed analysis of the mechanism for grav-
itational wave production, we first consider the cosmolog-
ical tensor perturbation [32, 33, 43, 70]. The quadratic
action of the tensor perturbation with Nieh-Yan term can
be expressed as

S(2) =

∫
d4x

a2M2
P

8

[
h′2ij − (∂ihjk)

2 − αϕ′

fαM2
P

ϵijkhil∂jhkl

]
.

(20)
The tensor perturbations hij can be expanded in the cir-
cular polarization basis in Fourier space, expressed as

hij(τ, x) =
∑

A=L,R

∫
d3k

(2π)3/2
eAij(k⃗)hA(k, τ)e

ik⃗·x⃗. (21)

Here hA(k, τ) are the mode functions, which represent

different helicity of the gravitational waves. eAij(k⃗) is the
circular polarisation tensor and A = L,R denotes the
left-handed and right-handed polarizations, respectively.
They satisfy the following relation:

eRij(k⃗)e
R
ij(k⃗) = eLij(k⃗)e

L
ij(k⃗) = 0,

eRij(k⃗)e
L
ij(k⃗) = 2,

ikpϵmpje
A
ij(k⃗) = λAk e

A
mi(k⃗) (A = L,R).

(22)

The value of λA can be either +1 or −1, corresponding
to the left-handed and right-handed modes, respectively.
By using these relations, the EoM of the mode functions
hA(k, τ) can be obtained as follows:

h′′A(k, τ) + 2aHh′A(k, τ) +

(
k2 ± αϕ′

fαM2
P

k

)
hA(k, τ) = 0,

(23)
and we can define the time-dependent frequency ω2

A =

k2± αϕ′

fαM2
P
k. As the field ϕ begins rolling, one of the helic-

ities corresponds to a negative value of ω2
A, which means

the tachyonic instability and makes the gravitational
wave growth mode like hA(k, τ) ∼ e|ωA|τ . Since the
growth rate is related to helicities, the left-handed and
right-handed gravitational waves are generated asymmet-
rically, ultimately leading to chiral gravitational waves.

Then we consider the cosmological tensor perturba-
tion of the dumping term in the right-hand side of the
EoM (19). The Nieh-Yan term resembles the term as-
sociated with the Kalb-Ramond field [71, 72]. By the
linearized order, the EoM (19) becomes

ϕ′′ + 2aHϕ′ + a2m2ϕ =
α

4fα
a2ϵµνρσ∂µhνλ∂ρh

λ
σ

+2ϵµνρσ∂µbνλ∂ρh
λ
σ + ϵµνρσ∂µbνλ∂ρb

λ
σ.

(24)

We are interested in the TEGR, where the Kalb-Ramond
perturbation bµν = 0. By decomposing the remaining
terms and retaining only the non-zero components, the
EoM of the axion field can be simplified to

ϕ′′ + 2aHϕ′ + a2m2ϕ =
αa2

4fα
ϵijk∂0hil∂jhkl. (25)

The term on the right side of the equation means that
the gravitational waves will induce a geometric backreac-
tion on the axion field. Combining it with equation (23),
we can see that the nature of the damping term is the
gravitational wave spatial perturbations, which means a
new effective mechanism to reduce axion energy density.
It is remarkable that, in a given parameter region, this
mechanism could reduce the energy density of axions to
today’s dark matter relic abundance. These results will
be presented in the following sections.

A. Numerical calculation

In this subsection, we discuss how to obtain our results
through numerical calculation. During the radiation-
dominated era, we have a

aosc
= τ

τosc
. The tachyonic in-

stability can occur when the comoving time exceeds the
oscillation time τosc = 1/maosc, with Hosc ∼ m. This
allows us to introduce a new time variable:

ζ =
a

aosc
=

τ

τosc
= maoscτ. (26)

Then we introduce the auxiliary field vA(k, τ) ≡
MPa(τ)hA(k, τ), the EoM (23) of mode function for the
gravitational waves [73] becomes

v′′A(k, τ) +

(
k2 ± αϕ′

fαM2
P

k − a′′

a

)
vA(k, τ) = 0. (27)

From (26) we have a′′ = 0, and by defining the dimen-

sionless momentum k̂ = k/maosc, equation (27) can be
expressed as a Mathieu equationn [74–76]

d2vA
dζ2

(k, τ) +

(
k̂2 ± αk̂

fαM2
P

dϕ

dζ

)
vA(k, τ) = 0. (28)

Introducing another auxiliary dimensionless field
ηA(k, τ) =

√
maoscvA(k, τ) and dimensionless scalar
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field ψ = ϕ
θfα

, the EoM for the mode functions of

gravitational waves can be expressed as

d2ηA
dζ2

(k, τ) +

(
k̂2 ± αk̂θ

M2
P

dψ

dζ

)
ηA(k, τ) = 0. (29)

By employing approximate analysis, we can obtain the
tachyonic production band as

k± ≈ k̃

1±
√
1− ζ3

(
2M2

P

αθ

)2
 . (30)

Here k̃ ≈ αθ
2M2

P

maosc

ζ1/2 . This shows that αθ > 2M2
P is

necessary for the tachyonic production band to be ini-
tially open, and the band will close when ζ = ζα ≡(
αθ/2M2

P

)2/3
. However, equation (30) neglects the sup-

pression of the motion of the axion field by the Nieh-Yan
term, causing the approximate band close time ζα ear-
lier than the actual value. In fact, the band transitions
from a broadband to a narrow band, in which narrow
resonances affect energy density at high frequencies.

Next, using (26), we can transform the EoM (25) into
the new time variable ζ, resulting in

d2ϕ

dζ2
+

2

ζ

dϕ

dζ
+ ζ2ϕ =

α

4fα

ζ2

m2
ϵijk∂0hil∂jhkl. (31)

Assuming that the axion field is homogeneous, we treat
the axion field as a mean field and expand the geometric
backreaction term using (21). By employing the dimen-

sionless wave number k̂, the dimensionless time variable
ζ, and dimensionless scalar field ψ and calculating the
integral in the spherical coordinate system, the equation
(31) can be rewritten as

d2ψ

dζ2
+

2

ζ

dψ

dζ
+ ζ2ψ

=
α

8π2f2αθ

m2

ζ2M2
P

∑
A=R,L

∫
dk̂k̂3

[∂ |ηA|2
∂ζ

]
.

(32)

For the initial condition, we choose the Bunch-Davies
vacuum. The mode functions of the gravitational waves
can be expressed as vA(τ) = 1√

2k
e−ikτ , which implies

ηA(τ) =
1√
2k̂
e−ik̂ζ . The initial amplitude of the oscilla-

tion of the axion field is determined by the misalignment
angle θ, such that ϕosc = θfα with θ ∼ O(1), which im-

plies ψosc =
ϕosc

θfα
∼ 1. We assume that the initial velocity

ϕ′ is negligible, and the scalar field energy density is suf-
ficiently small compared with the radiation bath, which
allowed us to ignore its backreaction on the FRW space-
time during the radiation-dominated era.

Finally, we employ the finite difference method to di-

vide k̂ space into more than 103 segments, ζ into over
104 segments, using more stable and precise algorithms
to ensure numerical stability and to reveal more details
of the mechanism.

B. Stochastic GW background

We have seen that the Nieh-Yan term causes the chi-
ral gravitational waves. These gravitational waves will all
eventually evolve into the stochastic gravitational wave
background (SGWB) and manifest in our current uni-
verse. For SGWB, the energy spectral density of it can
be expressed as [43]

ΩGW =
1

ρc

dρGW

d log k
. (33)

Here, ρc is the critical density during the radiation-
dominated era, which is defined as

ρc = 3M2
PH

2 = 3M2
Pm

2
(aosc
a

)4
. (34)

FIG. 3. The energy spectral density of the gravitational wave
for ALP2 with parameters in Table I. The red and blue lines
correspond to the spectrum for left-handed and right-handed
gravitational waves.

Furthermore, we can obtain the specific form of grav-
itational wave energy density in energy-momentum ten-
sor, which can be written as

dρGW

d log k
=
M2

P k
3

8π2a2
Ph′(k, τ) =

M2
P k

3

4π2a2

∑
A=R,L

|h′A|
2
. (35)

Then, consider dimensionless momentum k̂, auxiliary
field ηA, the energy spectral density of gravitational
waves in (33) can be rewritten as

ΩGW =
k̂3m2

6π2M2
P

∑
A=R,L

∣∣∣∣dηAdζ

∣∣∣∣2 . (36)

By numerically solving EoMs (29) and (32), and sub-
stituting the results into (36), we can obtain the total
energy spectral density of chiral gravitational waves. Fi-
nally, we need to obtain the amplitude and frequency
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of the gravitational wave spectrum today, which can be
expressed as

Ω0
GW = Ω∗

GW

(
gρ,∗
gγρ,0

)(
gs,eq
gs,∗

) 4
3

Ω0
γ

≈ 1.67× 10−4g
−1/3
ρ,∗ Ω∗

GW,

(37)

where gs,eq = 2 + 2Neff

(
7
8

) (
4
11

)
= 3.938, Ω0

γ = 5.38 ×
10−5, and Ω∗

GW is the energy spectral density at the end
of the mechanism. Moreover, gρ is the number of effec-
tive degrees of freedom associated with the energy den-
sity. We assume gγρ,0 = 2 and use the approximation
that the effective degrees of freedom at the moment of
gravitational wave generation gρ,∗ = gs,∗. Because the
mechanism occurs approach the QCD phase transition,
we choose gs,∗ = 106.75.
Taking into account redshift, the frequency of gravita-

tional waves in the present era can be written as

f0 =
k

2πa0
≃ 7.125×10−4Hz

(
100

g∗

) 1
12
(

k

maosc

)( m
eV

) 1
2

.

(38)
The final numerical calculations with the parameters of
ALP2 are presented in Fig. 3. It is intuitively clear that,
since the growth rate is related to helicities, there is a
difference in the magnitude of the energy density between
the left-handed and right-handed gravitational waves.

Models m(eV) fα(GeV) α(M2
P ) ρ

0
ϕ/ρ

0
DM ∆Neff

QCD1 5.69× 10−11 1× 1017 42.63 8.9 0.138

QCD2 2.85× 10−10 2× 1016 43.16 0.7 0.003

ALP1 1× 10−7 1× 1016 40.11 1.6 0.0014

ALP2 1× 10−6 1× 1016 39.08 3.9 0.0012

ALP3 1× 10−3 1× 1016 36.53 91.3 0.0009

ALP4 1× 10−1 1× 1017 35.61 - 0.059

ALP5 1× 100 1× 1017 34.85 - 0.067

TABLE I. Parameters of axion and axion-like particles, we
have chosen θ = 1 in all the numerical calculations.

The chirality of chiral gravitational waves can be de-
scribed by the degree of circular polarization, which can
be expressed as

Π =
ΩR

GW − ΩL
GW

ΩR
GW +ΩL

GW

. (39)

As shown in Fig. 3, chiral gravitational waves exhibit sig-
nificant polarization in the peak interval, indicating that
purely left-handed gravitational waves are the dominant
contribution to the total energy density.

IV. PARAMETER AND DETECTABILITY
ANALYSIS

In this section, we explore the parameter space of axion
masses and decay constants for detectable chiral gravita-

tional wave signals, then fit them with the single peak
curve. The parameters we used are displayed in Table I.

FIG. 4. The energy spectral density of nanohertz chiral grav-
itational wave background from QCD1 and QCD2 with pa-
rameters in Table I, as well as the sensitivity curves of IPTA-
20 [77, 78](green line) and SKA-100 [79, 80](blue line).

In Fig. 4, the nanohertz chiral gravitational waves are
explored and compared with the PTA observations, in-
cluding SKA and IPTA. The gravitational wave signals
correspond to two parameters in the QCD axion region.
Two black curves represent the energy spectral density
of QCD1 and QCD2 with the parameters in Table I.
We can see that the relic density of QCD1(QCD2) is
higher(lower) than the observed dark matter relic energy
density.

FIG. 5. The energy spectral density of microhertz chiral
gravitational wave energy background from ALP1, ALP2, and
ALP3 with the parameters in Table I, as well as the sensitivity
curve of ASTROD-GW [80](red line).

In Fig. 5, the microhertz chiral gravitational waves
are explored and compared with the ASTROD-GW [81].
Three black curves represent the energy spectral density
of ALP1, ALP2, and ALP3 with the parameters in Table
I. We can see that the relic density of these ALPs is higher
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than the observed dark matter relic energy density.

FIG. 6. The millihertz chiral gravitational wave energy
spectral density of ALP4 and ALP5 with parameters in Ta-
ble I, as well as the sensitivity curves of LISA [82](blue) and
Taiji [83](red).

In Fig. 6, the millihertz chiral gravitational waves are
explored and compared with the LISA and Taiji. Two
black curves represent the energy spectral density of
ALP4 and ALP5 with the parameters in Table I. We can
see that the relic density of ALP4(ALP5) is too high than
the observed dark matter relic energy, however, other
mechanisms may need to be considered [19, 20].

To facilitate model-independent tests, we use the single
peak curve to fit the energy spectral density of the grav-
itational waves. The single peak curve can be expressed
as follows [84–88]:

Ωsp(f0) = Ωc exp

[
− log2(f0/fc)

2σ2

]
. (40)

The characteristic value of the energy density Ωc =
ceffΩϕ, where ceff is the characteristic conversion effi-
ciency, and

Ωϕ =
θ2f2α/2

3M2
P

m2

H2
osc

∼
(
θfα
MP

)2

. (41)

The characteristic frequency

fc = 7.125× 10−4Hz

(
100

g∗

) 1
12
(

9

14

αθ

M2
P

) 2
3 ( m

eV

) 1
2

.

(42)
In Fig. 7, the gravitational wave energy spectral densities
of ALP1 and ALP2 are fitted with the single peak curve.
Using semi-analytical fitting, the parameters in (40) can
be obtained as σ2 ≃ 0.03 and ceff ≃ 2× 10−2.

To achieve a more accurate fit, the single peak
curve (40) can be improved with modulation as

Ωspm(f0) = Ωsp(f0)cos
2

(
β
f0
fc

+ ξ

)
. (43)

FIG. 7. The gravitational wave energy spectral density
(black curves) of ALP1 (left) and ALP2 (right) with parame-
ters in Table I, which are fitted by the red line with the single
peak curve in (40).

In Fig. 8, the gravitational wave energy spectral densities
of ALP4 and ALP5 are fitted by the single peak curve
modulation (43) with the red lines. We find that β =
1.2αθ/M2

P , and a constant phase ξ = −1.8 provides a
good approximation.

FIG. 8. The gravitational wave energy spectral density
(black curves) of ALP4 (left) and ALP5 (right) with param-
eters in Table I. They are fitted by the red line with single
peak curve modulation in (43).

The axion-like mechanism with gravitational coupling
through the Nieh-Yan term can effectively reduce the ax-
ion energy and generate a chiral gravitational wave back-
ground. The gravitational waves will alter the number of
effective relativistic degrees of freedom Neff, and the ef-
fective contribution is given by

∆Neff =
8

7

(
11

4

) 4
3 ρGW

ργ
, (44)

where ργ is the photon energy density. Ignoring the tem-
perature dependence of the mass, ∆Neff can be approxi-
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mately expressed as [66]

∆Neff ∼ g∗π
2

90

θ2f2α
M2

P

ab
aosc

, (45)

where g∗ represents the number of relativistic standard
model degrees of freedom at the QCD phase transition.
ab is the scale factor at which gravitational wave back-
reaction becomes significant for the axion. The effective
relativistic degrees of freedom have been constrained at
95% confidence level to ∆Neff<0.3 [59]. In Table I, we
numerically calculate ∆Neff using equation (44), the spe-
cific values displayed remain below this upper limit.

In Fig. 9, we illustrate the evolution of normalized co-
moving energy densities with the optimal parameters of
QCD2, which reduce the axion comoving energy density
lower than current dark matter relic density and satisfy
the constraints on effective relativistic degrees of free-
dom. It is evident that during the initial stage, the back-
reaction is weak, the oscillations remain stable, and the
suppression of the comoving energy density of the ax-
ion is not significant. As the gravitational wave energy
density increases, the backreaction effect gradually dom-
inates, leading to the suppression of the comoving energy
density of axions.

FIG. 9. The evolution of normalized comoving energy
densities of axions ρϕa

3(blue line) and gravitational waves
ρGWa

4(orange line) of QCD2 with the parameters in Ta-
ble I. The royal blue dashed line represents the ρϕa

3 with
non-backreaction, and the black dashed line represents to-
day’s dark matter energy density ρDM,0. The Red dashed line
means the upper bound which is restricted by ∆Neff = 0.3.

V. CONCLUSION AND DISCUSSION

In this work, we use the Nieh-Yan term to couple with
the axion or axion-like particle field, resulting in the gen-

eration of a chiral gravitational wave background. We
discuss how to build the model and how the axion dy-
namics are affected by the geometric backreaction of the
Nieh-Yan term. Then, we numerically calculate the chi-
ral gravitational wave energy spectral density. We ex-
plore the parameter space defined by the axion mass and
decay constants, which could be detected by PTA or fu-
ture space-based gravitational wave detectors. Specifi-
cally, we compare energy spectral density with the sen-
sitivity curves of current and future gravitational wave
detection projects.
Furthermore, we numerically calculate the evolution

of axion and gravitational wave comoving energy density
over time. Our findings suggest that this mechanism of-
fers a new, efficient way to consume the energy density of
axion dark matter. Under certain parameters, the even-
tual relic density of axions can be comparable to the relic
density of dark matter today. Also, within the explored
parameter space, the contribution to the effective degrees
of freedom from the eventual production of gravitational
radiation remains within observational limits.
It has been shown that the PTA is not sensitive to

the chirality of SGWB signals [89]. However, with the
supplement of astrometry, it has the potential to de-
tect the chirality of SGWB in the nanohertz band [90].
Because the gravitational wave signals affect the precise
measurement of stellar positions. By measuring the non-
vanishing EB correlation within the two-point correlation
function of stellar positional excursions, it is possible to
detect the chirality. Such measurements, in turn, com-
plement PTA’s detection of the SGWB with chirality.
On the other hand, in space-based gravitational wave

detections, a single detector is not sensitive to the chiral-
ity of SGWB signals. This is due to the mirror symmetry
introduced by the planar structure of a single space in-
terferometer, which causes the chirality cancelation of
gravitational wave signals with uniform and isotropic
backgrounds. Fortunately, with the advancement of
space-based gravitational wave detection projects, such
as LISA, Taiji [91] and TianQin [92], it is now possible
to detect the chirality and polarizations through a joint
network of the detectors, which helps avoid chiral cancel-
lation that may occur with a single detector [93–96]. The
study on the response of this chiral signal from audible
axion based on a network of space-based gravitational
wave detectors is in preparation.
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