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MAXIMAL ROOT SUBSYSTEMS OF AFFINE REFLECTION SYSTEMS
AND DUALITY

IRFAN HABIB

ABSTRACT. Any maximal root subsystem of a finite crystallographic reduced root system is
either a closed root subsystem or its dual is a closed root subsystem in the dual root system.
In this article, we classify the maximal root subsystems of an affine reflection system (reduced
and non-reduced) and prove that this result holds in much more generality for reduced affine
reflection systems. Moreover, we explicitly determine when a maximal root subsystem is a
maximal closed root subsystem. Using our classification, at the end, we characterize the
maximal root systems of affine reflection systems with nullity less than or equal to 2 using
Hermite normal forms; especially for Saito’s EARS of nullity 2. This in turn classifies the
maximal subgroups of the Weyl group of an affine reflection system that are generated by
reflections.

1. INTRODUCTION

In [18] Hgegh—Krohn and Torresani introduced a new class of infinite-dimensional Lie alge-
bras which generalizes both finite-dimensional simple Lie algebras and affine Lie algebras. They
called the Lie algebras as quasi-simple Lie algebras. A quasi-simple Lie algebra L is equipped
with an invariant, symmetric, non-degenerate bilinear form which has a distinguished finite-
dimensional self-centralizing subalgebra H. Moreover, the Lie algebra £ has a weight space
decomposition with respect to H. Since then, a vast number of research has been done to
understand them, specially after [I] where the name Extended Affine Lie algebra (EALA in
short) appeared for the first time. One other standard reference for EALA is [27].

More generally, Lie algebras £ having weight space decomposition with respect to a non-
zero abelian subalgebra H (called toral subalgebra) form a large class of Lie algebras. We can
assign to each such Lie algebra £ a subset A of the dual space H* of H, called its root system.
The interaction of the Lie algebra with its root system provides an approach to studying
the structure of Lie algebra via its root systems. For a finite-dimensional simple Lie algebra
L, the root system of £ completely determines £ upto isomorphism (see [19]). There is a
non-degenerate bilinear form on H* induced by the non-degenerate bilinear form on H. A
non-isotropic root relative to this form is called a real root. Assume that @ is the collection of
all real roots in A. There is an associated group, called the Weyl group, which is a subgroup
of GL(H*) (the group of invertible operators on H*) and is by definition generated by the
reflections {s, : @ € ®}. A subset ¥ of ® is called a root subsystem if so(5) € ¥ for all
a, B € U. The reflection subgroups of the Weyl group are in one-to-one correspondence with
the root subsystems of ®. In particular, maximal root subsystems correspond to maximal
reflection subgroups of the Weyl group. This in turn provokes a systematic study of the
structure of the root systems apart from its connection with the Lie algebra (see [22, 29, 32]).
One of the motivations of this work is to study the reflection subgroups of the Weyl groups of
affine reflection systems (which contains studying the reflection subgroups of extended affine
Lie algebras) with more emphasis on the combinatorial aspects.

The classification of the reflection subgroups of finite and affine Weyl groups has been

achieved in [12] by classifying root subsystems of finite and real affine root systems. It is
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well-known that the classification of all root subsystems may be deduced from that of the
closed root subsystems in the finite setting, see [7]. The root subsystems of untwisted affine
Lie algebras have been characterized in [13]. The maximal root subsystems for twisted affine
root systems were still un-characterized and in this article, we shall describe them as Corollary
of the classification Theorem.

A subset ¥ of ® is called a closed subset if o + 3 € ¥ whenever o, 5 € ¥ and o + 8 €
®. If in addition, W is a root subsystem, we call ¥ a closed root subsystem . Closed root
subsystems (subsets) have been studied extensively since they are closely related to the H
invariant subalgebras of £. The problem of classifying closed subsets even for (real) affine root
systems is wide open. The invertible closed subsets of affine root systems were classified in [5]
and the parabolic subsets were classified in [15]. Anna Felikson et al. started the classification
of regular subalgebras of affine Lie algebras (which are related to the closed root subsystems
of real affine root systems) in [14] and it was completed in [30], see also [21]. A combinatorial
description of biclosed sets of real affine root systems was given in [3]. In the finite-dimensional
setting, closed subsets of a root system are in one-to-one correspondence with the Cartan
invariant subalgebra (see [10, Proposition 4.1]). Maximal closed root subsystems were classified
in [5] in the finite-dimensional setting, in [30] for affine root systems and in [21] for affine
reflection systems. Reflectable bases for affine reflection systems were studied in [2]. Symmetric
closed subsets of affine root systems and their correspondence with the regular subalgebras
had been studied in [1]. For a general symmetrizable Kac-Moody algebra, in [16], the authors
proved that Dynkin’s results hold and they identified the correct family of subalgebra which
are determined by the combinatorics of their root systems. The embedding problem for rank
2 Kac-Moody Lie algebras was addressed combinatorially in [17].

Affine reflection systems generalize all the above-mentioned root systems (see Section 2.2
for a precise definition). It includes finite root systems, affine root systems, extended affine
root systems to name a few. In this work, we will classify the maximal root subsystems of
an affine reflection system, which, in turn, will provide a more explicit classification of the
maximal subgroups of its Weyl group generated by reflections. One other motivation of this
work is the following result in the finite-dimensional setting: If ¥ is a maximal root subsystem
of a finite reduced root system ®, then either ¥ is closed in ® or ¥V is closed in ®V (see
[12, Corollary 2]). We provide a positive answer to this statement for reduced affine reflection
systems in Theorem 5. The proof based on the classification Theorems; Theorem 3 and
Theorem 4, where we classify the maximal root subsystems of an irreducible reduced affine
reflection system depending on the gradient type whereas Theorem 6 classifies the same for
non-redcued affine reflection systems. Moreover, we also explicitly describe when a maximal
root subsystem of an affine reflection system is closed in Table 1 for reduced and Remark 10
for non-reduced. In the last Section, we apply our classification Theorems for affine reflection
systems of nullity at most 2. We explicitly classify the maximal root subsystems of Saito’s
EARS defined in [31, Section 5] using the Hermite normal forms.

The paper is organized as follows: In Section 2 we recall facts about finite root systems,
construction of affine reflection systems and lattices in finite-dimensional real vector spaces
along with the related Hermite normal forms. We also introduce the notion of dual motivated
by [24]. In Section 3 we review the basic facts about the root subsystems and the dual
of them. Section 4 and Section 5 classify the maximal root subsystems of a reduced affine
reflection system where the gradient is not of type B and type B respectively. Section 6 is
devoted to the classification of the maximal root subsystems of a non-reduced affine reflection
system. Finally, Section 7 provides applications of the classification results for affine reflection
systems of nullity at most 2.
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2. EXTENSION DATUM AND AFFINE REFLECTION SYSTEMS

Throughout this paper we denote by C (resp. R) the field of complex (resp. real) numbers
and by Z (resp. Z4, N) the subset of integers (resp. non-negative, positive integers). For a
subset A of a group G, we denote by (A) the subgroup of G generated by A.

2.1. Finite root systems. Let I be a finite index set often identified with {1,2,...,n} if
|I| = n. Let V be a Euclidean space with an inner product (-,-). For the rest of this paper we
denote by ® a finite root system in V. For o € ‘i>, we can define a reflection s, : V — V given
by $q(v) :=v —2 (v.0) a, v € V. The Weyl group W of @ is defined to be the subgroup of the

(a,@)

invertible linear maps on V' generated by the reflections s, a € ®. A root system ® is called
reduced if a/2 ¢ & for all v € ® and called reducible if there exist disjoint subsets @1, 5 of &
such that & = &)1 U <i>2 and (&)1, <I>2) = 0. A root system that is not reduced (resp. reducible)
is called non-reduced (resp irreducible). If & is reduced and irreducible, then at most two
root lengths occur in ® and all roots of a given length are conjugate under W. We denote the
short (resp. long) roots in d by P, (resp. <I>g) If & is non-reduced and irreducible, then  is
of type BCt and we set

b, = {teicly, dy={tete:i#j i,jel}, bg={+2e,icl},

where {¢; : ¢ € I} is the standard orthonormal basis of V. We define By = (I>\<I>d For an
irreducible root system ‘i>, we denote by mg or simply by m the lacing number of ®. For more
details about finite root systems, see [0, 19]. Reduced root systems appear as the set of roots
of finite-dimensional semisimple Lie algebras with respect to a Cartan subalgebra [19] and
non-reduced root systems appear in the context of infinite-dimensional Lie algebras [20]. One
can also define locally finite root systems e.g. [22] since they appear naturally in the theory
of affine reflection systems, see Theorem 1.

2.2. Affine reflection systems. Now we introduce the main object of study, the affine
reflection systems. For more details about affine reflection systems, the reader is referred to
[23, 28]. Let X be a finite-dimensional real vector space, (,-)x a symmetric bilinear form on
X and A C X. Define

C—{zeX:(z,X)x =0}, A™={aeA:(aa)x =0}, (imaginary roots)
A" ={a € A :(a,a)x # 0}, (real roots).

For o € A™ and = € X, we define (z,a") = 2% and so(z) = 7 — (z,aY) x .

Definition. We call a triple (X, A, (+,+)x) an affine reflection system if the following hold:

(i) 0 € A, A spans X, A™ C X0
(i) sa(A)=A, Vae A™,

(iii) (A,a")x C Z is a finite subset Yo € A™.

The Weyl group W of (X, A, (+,-)x) is defined to be the subgroup of GL(X*) generated by
the reflections s,, @ € A™. We set & := A for the rest of the paper. We shall sometimes
ignore the imaginary roots and write (X, ®, (-,-)x) or simply ® to denote an affine reflection
system. Moreover, we shall write (-,-) instead of (-,-)x when the underlying vector space X
is clear from the context.
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2.3. Extension datum. It turns out that any reflection system can be constructed from
a root system and an extension datum.

Definition. Let ® be a locally finite root system in V and Y be a finite-dimensional real
vector space. We call a collection (A, : @ € ® U {0}), Ay, C Y an extension datum of type
(®,Y) if it satisfies the following axioms:

(1) Aﬁ - (5704\/)A04 C Asa(ﬁ)7 VO%ﬂ S ci)

(2) 0 € A, for o € D, U {0} and Ay # 0 for a € Dy.

(3) Y = SpanR(UagéU{o} Ag).

Given an extension datum of type (i),Y), we can construct an affine reflection system

(X, A, (—,—)x) as follows:

X=VaY, A= |J a®As, (1 ®y,v2@y2)x = (v1,02). (2.1)
acdu{0}
The following result is the structure Theorem for affine reflection systems [23, Theorem 4.6].

Theorengl 1. Let ® be a locally finite root system and (Ay : @ € <I>U{0}) be an extension datum
of type (®,Y). The triple (X, A, (-,-)x) constructed in Equation (2.1) is an affine reflection
system with
A=Ay, X'=Y, A™= U a®A,.
acd
Moreover, any affine reflection system is isomorphic to an affine reflection system constructegi

in this way and (X, A, (-,-)x) is irreducible if and only if the underlying finite root system ®
is irreducible. O

Although most of the results of this paper are valid when we assume that P is a locally
finite root system, to avoid technicalities, we shall always assume that if (X, A, (-,-)x) is an
affine reflection system given by Theorem 1, then d is a finite root system. We call an affine
reflection system (X, A, (-, ) x) reduced (resp. non-reduced) if the underlying finite root system
& is reduced (resp. non-reduced).

Example. (i) If @ is a finite root system, then ® U {0} is an affine reflection system of

nullity 0. Conversely, an affine reflection system of nullity 0 if and only if it is a finite
root system union {0}}.

(ii) The affine root system is an affine reflection system of nullity 1. Conversely, an affine
reflection system of nullity 1 if and only if it is an affine root system (see e.g. [29]).

(iii) The set of roots of (untwisted) toroidal Lie algebra g ® C[t5!, 437, ..., ¢5!] is an affine
reflection system of nullity k.

(iv) More generally, the roots of an extended affine Lie algebra also form an affine reflection
system ([28, Section 3.4]).

2.4. Properties of extension datum. We record some elementary properties of exten-
sion datum. The next Proposition can be found in [28, Exercise 3.16] and [28, Theorem 3.18].

Proposition 1. Let (Ay, v € ® U {0}) be an extension datum of type (®,Y). Then for all
a € © we have

Ao =Aya)y, YW EW, Ay =A_, = —A,.
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In particular, if @ is irreducible, then an extension datum of type (<I> Y') consists of at most
4 different subsets, namely Ag, As, Ay, Aq defined in the obvious way. By Theorem 1 there
exists an irreducible root system ® and an extension datum (Ao, As, Ap, Ay) of type (<I> Y)
such that (up to isomorphism)

e=0®A)U |J(@@r)u [ (@ar)u [ (@@ Ay
aecis aeci)g a€<i>d
From Definition 2.3(1), the subsets Ag, Ay, Ay satisfy:

Ax+2Am gAma MRS {S,f}, A3+AEQA35 A£+mAs gAg,
As+A3 CAs, Ag+4A, C Ay, A+ A C Ay, Ag+2A, C Ay,

Ay + Ay C A, if & contains a triple (o, By + B) of type (z,z,x), =€ {s,/}.

2.5. Duality. We now define the duality of affine reflection systems for real roots. This
definition is motivated by the definition of dual in [24, Section 1.3] for affine root systems.
Given an affine reflection system (X,A™ (-,-)) and a € A™, we define the dual of o by

2
a¥ = PR
Definition. Let A = (X, A™, (—,—)) be a reduced affine reflection system. We define the
dual of A by A := (XV, (AV)®, (—,—)") where

XVi=X, (- —-)=(--), and(AY)®:={a":aec A"

Remark 1. Since the radical of the form (—, —) on X is X°, the induced form on the quotient
X /X0 is non-degenerate. This in turn induces a non-degenerate form on the dual (X/X09)*
via the linear isomorphism

v:X/X% = (X/X%*, zev(z)and v(z)(y) = (z,y) Y,y € X/X°

We can define a bilinear form (—, —)* on X* induced by the form on (X/X°)* and declaring
its radical to be (X°)*. For a real root a € ® we can define a* to be the unique element of X*
such that

oFla+ X% =2, o (X% =0.
Consequently, we can also define the dual A" of A by
XVi=X* (=, -)=(--) and AV :={a*:a €A}
(z,0)
Hence we shall always assume the dual of an affine reflection system is defined by Deﬁn(gfzao)n

2.5. Note that as in the affine case, this definition does not extend to the non-reduced case
since Ay may not contain zero but it is necessary that 0 € AY = Ay/2 (see definition 2.3).

If « is real, then it is easy to see that we can identify a* as the functional z — 2

Example. Let ® be the affine reflection system of type Ct and nullity 2 defined by
As=ZxZ, A ={(0,0),(1,0),(0,1)} + 2Z x 27Z.

Then, we have AY = (1/2)A; and A} = A,. After scaling, we can assume that AY = A, and
A}/ = 2A,. Note that the condition (Ag) = A becomes 2(AY) = A} in the dual.
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2.6. Hermite normal form and lattices. A lattice L in a finite-dimensional real vector
space V is a free Z submodule of V. The rank of a lattice r(L) is defined to be r(L) :=
dimg (R ®z L). A full lattice is a lattice L with r(L) = dim(V). If dim V' = n, any lattice L
in V has a Hermite normal basis B = {v1,va,...,v,} such that the r X n matrix with rows
v1,V2,...,U, is an upper triangular integer matrix and satisfies the following properties:

(1) The leading coefficient (also called pivot) of a non-zero row is always strictly to the
right of the leading coefficient of the row above,

(2) The elements below the pivot are all zero and the elements above the pivot are all
non-negative and strictly less that the pivot.

For more about lattices and related Hermite normal form, we refer to [9, 26]. We only
recall the facts that are necessary for our purpose. The following can be proved using the
Gram-Schmidt orthogonalization; see also [25, Chapter 1] and [33].

Proposition 2. Let L be a lattice in R™ of rank r and B = {v1,va,...,v,} be a basis of L.
Let Mp be the r X n matriz whose i-th row is v; it = 1,2,...,r. Then

T

[T 11951l = Vdet(Mp(Mp)?) .

i=1
where {vi,vy,..., v} is the orthogonal basis of the R-subspace spanned by B obtained by

applying the Gram—Schmidt orthogonalization to B.

Since any two bases of a lattice are related by a unimodular matrix, the right hand side of
the above equality is independent of the basis chosen. We denote by d(L) the determinant of
L which is the common value given by Proposition 2. Note that d(L) = |det(Mp)| if L is a
full rank lattice. The next Theorem holds in much more generality (see [11, Chapter 12]).

Theorem 2. Let A be a free abelian group of finite rank n and B # 0 be a subgroup of A.
Then there exists a Z-basis {a1,as...,a,} of A, and integers dy,...,d, with 1 <r <mn,1 <
dy | dy |- | dy, such that {diay,dsas,...,d-a,} is a Z-basis for B. In particular, B is a free
abelian group of rank r < n.

Corollary 1. If Ly C Ly are lattices in R™, then d(Lg) | d(L1).
Proof. Follows from Proposition 2 and Theorem 2. O

Remark 2. Let L be a lattice and L’ be a full rank sublattice of L. Then L = L' if and only if
d(L) = d(L"). Moreover, two different sublattices of same determinant are incomparable with
respect to “ C 7 relation.

We end this Section with a couple of Lemmas. The proof of the first Lemma is easy and we
skip the details. The second Lemma plays a crucial role in the main Theorem. For a subgroup
H of a group G, if A is a union of cosets of H in G, we say S is a union of cosets in A/H to
mean that S is a union of cosets of H in G such that S C A.

Lemma 1. Let L be a lattice in a finite-dimensional real vector space and M be a maximal
sublattice of L so that d(M)/d(L) = p for some prime p. Then qL C M for some prime q if
and only if p = q.
Lemma 2. Let A be a lattice in a finite-dimensional real vector space V. Assume that

r k

L:=J@+20), L':=JO:i+28), a=b=0

i=0 i=0
are two union of cosets in A/2A. Let H be a mazimal sublattice of A such that d(H)/d(A) # 2
and HNL CL'. Then LCL and k> r.
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Proof. Let d(H)/d(A) = p. For simplicity we identify A with Z™ and denote the standard basis
vectors of Z™ by {e1,ea,...,en}. Let {v1,v9,...,v,} be the Hermite normal basis of H. Then
there exist k and non-negative integers x1,...,T_1 satisfying x; < p for each ¢ and

ej +xje,  if 1 <5<k,
Vj = § PE€k ifj:k:,
e; ifk<j<n.

We shall show that L C L' by showing that H N L is a union of r distinct cosets modulo 2A.
It is clear that

T
HnL=|JHnN(a+20).
=0
Fix arbitrary ¢ € {0,1,--- ,r} and let a; = (aj;);. Since p # 2, for each j < k, by Chinese
remainder Theorem there exists a unique solution (modulo 2pZ) of the system of equations
given by
z =0 (mod p), x=a;; (mod 2).

’
ij

n k—1
a, = Za;jvj + <ka 21 x”x]> v, € H.
=1 P
Jk
Moreover, since a; — a; € 2A it follows that (a; + HN2A) CHNL C L' for i =0,1,...,r and
therefore a; € L’ which implies a; + 2A € L'. Consequently,

We call this solution z;; and define @} := (a i

Note that we have

)j where a;. = z;; if j < k and a;; otherwise.

T T

L=J(+20) =J@+20) C L.
=0 1=0

This completes the proof. O

3. ROOT SUBSYSTEMS OF AFFINE REFLECTION SYSTEMS

In this section we recall the definitions and elementary properties of root subsystems.
Throughout this article, by root subsystem we shall always mean real root subsystem.

3.1. Let ® an affine reflection system. A non-empty subset ¥ C ® is called a root subsystem
if 54(8) € ¥ for all o, € V. A root subsystem VU is called a mazimal root subsystem if
U C ¥ C & implies ¥ = ¥ for all root subsystems ¥’ of ®. We call a root subsystem closed
ifa,8 €WV and a+ 8 € ® implies a4+ g € U. Given a root subsystem ¥, define

Gr(¥) :={ae®:3Iye A, such that a @y € U},
Yo(U):={yeAy:adyc ¥}, acGr(V).
Moreover, for a root subsystem ¥ of ® we define ¥ := {a®Ay:a € \Il} Note that ¥ is closed

in @ if and only if U is closed in ®. The proof of the following Lemma can be found in [21].

Lemma 3. Let ® an affine reflection system and ¥ be a root subsystem of ®. Then Gr(¥) C ®
is a root subsystem of ® U {0}. Moreover, we have

Y5(¥) — (B, )Ya (W) C Y, (5(¥), Va,BeGr(¥). O
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Given a root subsystem ¥, we define Wy be the subgroup of W generated by reflections
Sa, € W. The map ¥ — Wy is a bijection between the root subsystems of & and the
subgroups of W generated by reflections, the inverse map being W — {a € ® : s, € W'}

3.2. Ifdis reduced, we introduce a Z-linear function

p:Gr(¥) — U Aoy, @ pq
acd

as follows. By Lemma 3 and [19, Theorem 10.1] we can choose a simple system II C Gr(¥)
and arbitrary p, € Y, (V) for each v € II. We extend this Z-linearly and obtain

P — (8,0 )pa = Pso(8)- (3.1)

Now it is easy to see with Equation (3.1) that p, € Y,(¥) for all @ € Gr(¥). We set
Y (V) = Yo(¥) — pyo for a € Gr(¥) and observe that 0 € Y, (¥) for all « € Gr(¥).

For a root subsystem U of an affine reflection system ®, we reserve the notation Y, (V) (resp.
Y!(W)) or sometime only Yy, (resp. Y. ) for a € Gr(W) if the underlying ¥ and the map p are
understood. The next Proposition can be found in [21].

Proposition 3. Let ¥ be a root subsystem of an affine reflection system ®. Then the collec-
tion (Y§ := 0,Y.),a € Gr(¥)) is an extension datum. Moreover, the affine reflection system
constructed from (Y, o € Gr(¥)U{0}) and Gr(¥) as in (2.1) is isomorphic to ¥ U {0}.

Let ¥ = {a®Y,(¥) : a € Gr(¥)} be a root subsystem of ®. Then the dual ¥V is given
by ¥V = {yV : v € U}. Since (54(8))Y = sov(BY) holds for all o, 3 € ¥, it follows that ¥
is a (maximal) root subsystem of ® if and only if ¥V is a (maximal) root subsystem of ®V.
Moreover, if p : Gr(¥) — Ag is a Z-linear funcion such that p, € Y, (V) for all a € Gr(¥),
then pY, := (ij;) satisfies pYy € Y v (¥Y) for all v € Gr(¥)".

Now let ® = &1 LUPy -+ - LID,. be the decomposition of ® into irreducible components. Let

¥ C ® be a subset and let
UV=v,Uyvoll---uW,,, ¥, =9Ne;,, i=1,2,--- 7. (32)

We end this subsection with the following easy Lemma.

Lemma 4. Let U be a subset of ® and the decomposition be as in Equation (3.2). Then
(1) W is a root subsystem if and only if W; is a root subsystem for all i =1,2,--- ,7.
(2) ¥ is a maximal root subsystem if and only if there exists unique i so that ¥; is a
maximal Toot subsystem of ®; and V; = ®; for all j # i.

Remark 3. To characterize the maximal root subsystems of an affine reflection system, it
is enough to characterize the maximal root subsystems of an affine reflection system with
irreducible gradient.

3.3. From now on we shall only be interested in the irreducible maximal root subsystems of
®. We shall refer this section throughout the article. Let W be an irreducible root subsystem
of a reduced affine reflection system ®. By Proposition 1 and Proposition 3 we can define
Y] =Y (¥),z € {s,£}. Note that Y, = € {s, ¢} satisfies

0cY, Y =-Y! Y/ +2v/CY/ (3.3)

Y/4Y/CY, Y/ +mYCY/ (3.4)

Thus Y/ (resp. Y/) is a union of cosets of (A;) modulo (mY]) (resp. (Y/)) containing O.
Moreover, if Gr(¥) contains a triple (o, 5,a+ ) of type (z,x,z), = € {s,£} then we also have

Y)+Y]CY] x¢€{s/(} (3.5)
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In this case Y] is an additive subgroup of Y. Conversely, assume that
o W,, x € {s,l} are subspaces of Y satisfying Equations (3.3) and (3.4),
e U is a root subsystem of <i>, D U — Y is a Z-linear function defined as in Section 3.2
such that p, + W, C A, Va € \ilx,
then ¥V :={a @ (pa + Wa) 1 a € U,, x € {s,0}} is a root subsystem of ®.
For a root subsystem U of (including the non-reduced) and a function p : U — Y, we
say that the data Y?,Y/, Y} define a root subsystem if ¥ := {a ® (po + Y/) : v € ¥} is a root

subsystem of ® where Y, = Y] if « is of type x, = € {s,/,d}. We end this section with a
couple of easy Lemmas without proof.

Lemma 5. Let ® be a reduced irreducible finite root system. We have D, (resp. ‘I)g) s a
mazximal root subsystem of ® if and only if © is of type Go or Cr (resp. ® is of type G or
By).

Lemma 6. Let J C I be a non-empty subset. Then \If§ defined below is a maximal Toot
subsystem of Br;

OB = {+e:ic I} U{te; e 4,5€ T ori,j¢ T}

Moreover, any mazimal root subsystem v of Br such that U N, # () is of the form \I’f? for
some () # J C I. Similar statement holds for root system of type Cy.

Remark 4. If <I> is of type Gz or Cy, then the maximal root subsystem o is not a closed root
subsystem of $. If ¥ is a maximal root subsystem in By or Cj such that 0 =+ <I>8, <I>g, then ¥
is a closed root subsystem.

Mild Assumption: For the rest of the paper we will assume that Ay is also a subgroup
in the case when ® is of type By or BCy. Moreover, unless otherwise stated, mo irreducible
component of affine reflection systems considered, is of type A;.

4. REDUCED AFFINE REFLECTION SYSTEM WHERE ® IS NOT OF TYPE Bj

In this section we shall classify the maximal root subsystems of an irreducible affine reflection
system where d is not of type Br. Note that A is a subgroup of Y by Section 2.4. The main
result of this section generalizes [30, Prop 2.6.1(1)], and [12, 13] for maximal root subsystems.
We begin with the following Lemma.

Lemma 7. Let ® be an irreducible reduced affine reflection system such that d is not of type
Bj. Let ¥ be defined below for some Z-linear function p : ® — 'Y so that po, € Yo (¥) for all
a € . Then V¥ is a mazximal root subsystem of ®.

(1) If Ay # mAs and U is defined by
U={a®A,:a€P}U{a® (pa+5):(PatS) CAy acds

where S is a mazimal subgroup (resp. mazimal union of cosets) of Ay (resp. in
Ag/mAyg) if @ is not of type Cr (resp. is of type Cr) containing mAs.
(2) If (A¢) # As and U is defined by

U={a®pa+H):acd}Uu{adA:acd],

where H is a maximal subgroup of Ag that contains Ay.
(3) H is a mazimal subgroup of As satisfying mAs + H = Ag and ¥ is defined by

U={a®Pat+H):acd}U{a® pot+ H) NA:acd).
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Proof. 1t is easy to check that each ¥ defined above is a root subsystem. We shall only prove
(3) since the proofs of (1) and (2) are easy. Assume that ¥ is given by (3). If ¥ is not maximal
in @, then there exists a maximal root subsystem I' of ® satisfying ¥ C I' C &. If Y(T') # A,
then Y/(T') = H and Equation (3.4) implies that Y3(I') C (pg + H) N Ay for 8 € &,. Thus
I' C U, a contradiction. Therefore, Y/(I') = As. If m # 2, then Ay is a subgroup of A, (c.f.
Equation (2.4)) and by second isomorphism Theorem, we have Ay/H N Ay, = A;/H. Therefore
H N Ay is a maximal subgroup of Ay. If I' # ®, then

F={a®Ay:acd}U{ad® (po+HNA):ae ¥}
But T above defines a root subsystem if and only if mAs C H N Ay if and only if mA;, C H
which contradicts the assumption. If m = 2, then T is of the form (1) for some S and we have
HN (A —pa) €S, € @p. Now mA; € H, Lemma 1 and the fact 0 € Ay — p, Vo € @y imply
that all the hypothoesis of Lemma 2 are satisfies. Hence we must have Ay — p, C S and thus

Ay C po+ S, Va € &, and consequently I' = ®. In any case, we have that ¥ is a maximal root
subsystem of ®. O

Remark 5. (1) If Ay is a subgroup of Ay, then we have (po+H)NAy = po+ (HNA), Ya € &,.

(2) Since Ay is a union of cosets of Ay modulo mAg, if m = 2, we have mA; C Ay + a
for all a € Ay. Therefore if mA; € H, then Ay +a € H for any a € Ay. In particular
(pa + H) N Ay # Ay for all @ € &, and consequently Y, (¥) # Ay for all a € dy if W is
defined as in Lemma 7(3).

The next Proposition proves the converse of the above Lemma when Gr(¥) is full.

Proposition 4. Let ® be an irreducible reduced affine reflection system such that d is not of
type Br. Let U be a mazimal root subsystem of ®. Then one of the following holds.
(1) Gr(¥) is a mazimal root subsystem of ® and Yo(¥) = Ay for all o € Gr(W).
(2) Gr(¥) = @ and there exist a Z-linear function p : Gr(¥) — Y satisfying pa €
Yo () Va € & and U is given by Lemma 7.

Proof. Let ¥ be a maximal root subsystem of ®. If Gr(V) is proper in ®, then clearly Gr(W) is
a maximal root subsystem of ® and Y, (¥) = A, Va € Gr(¥). So assume that Gr(¥) = &. By
Section 3.2 there exists a Z-linear function p : ® — Y such that pa € Y, (¥) for all o € Gr(¥).
Since ¥ is irreducible, we define Y, and Y, as in Section 3.3.

First we assume that Y, = A,. By Section 3.3 we have that Y} is a union of cosets in As/mAs
containing mA, as one of its cosets. Note that Ay # mA; must hold. However, if m = 2 and
A is any union of cosets in Ag;/2A; containing 2A,, then we must have

A=—A 0€A, A+24CA, A+2A, CA, A,+24CA,.

Hence it follows that Y} is a maximal union of cosets in Ag/mA; satisfying po+Y/ C Ay, o € (i)g.
If m # 2, then by Equation (3.5) we have that Y} is a maximal subgroup of A, containing
mAs. In particular, ¥ is of the form Lemma 7(1).

Now assume that Y] # Ag. Recall that Y/ is a subgroup of Ag. Let H be a subgroup of A
containing Y. Define ¥’ by
UVi={a®(pa+H):acd}U{a® [pa+H)NAr:ac b}

We shall show that ¥’ is a root subsystem of ®. Assume that for the moment. Since Y/ (¥) C
Y,(¥) C H, we have that p, + Y7 (¥) C (po + H) N Ay. Hence ¥ satisfies ¥ C ¥’ C ®. Since ¥
is a maximal root subsystem of @, it follows that ¥ = ¥’ and H is a maximal subgroup of Aj.
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Now we prove that ¥’ is a root subsystem of ®. Let o = a ® (po + h) € ¥ and 1 =
B & (pg + h1) € ¥'. Then we have

Sa1(B1) = sa(B) ® [(ps + h1) = (B, ") (pa + h)] = 5a(B)  [Ps, () + (1 = (B,a)h)].
If B € ®,, then it is clear that sa,(81) € ¥'. Suppose that B € ;. If a is short, then
(pg + h1) — (B, a")(pa + h) € ps, () + H. Moreover, we have
(P +h1) = (B,0")(pa + ) € Ay +mhs C Ay

Therefore sq, (1) € ¥'. Now assume that « is also a long root. If Ay is a subgroup of Y, then
the same argument along with Remark 5 implies that so, (51) € ¥'. If Ay is not a subgroup,
then we have m = 2 and & is of type Cr. Hence s,,(81) # p1 if and only if 5 = +a. In that
case, we need to show that Cy, := (po + H) N Ay satisfies

Co —2C, C C_,, (or equivalently) C_, + 2C, C C,,

which holds since Ay satisfies relations in Section 2.4. This proves that ¥’ is a root subsystem
of ®. Summarizing, there exists a maximal subgroup H of A, such that ¥ is of the form

U={a®@pa+H):acd}Uu{ad (po+H)NAy:aecd).

Case 1: We shall first consider the case when mA; C H. It is easy to check that ¥’ defined
below is a root subsystem of ® which contains ¥ :

U i={a® (pa+As):aed}U{ad (pa+H)NAy:a e b},
Hence ¥/ = ® and we have (p, + H) N Ay = Ay for all a € ®, and so U is of the form
U={a®(pa+H):acd}U{ad A :acd)
Therefore we have H + Ay = H by Equation (3.4) and thus Ay, C H. Note that (Ay) # As must
hold and so U is of the form Lemma 7(2).

Case 2: Now assume that mAg Z H. Indeed H satisfies (Ay) + H = A4 otherwise U defined
below is a proper root subsystem of ® which strictly contains W :

U ={a® (pa+ M)+ H):aedJU{ad A :ae dy).
In particular, ¥ is of the form Lemma 7(3). This completes the proof. U
We are now ready to prove the main result of this section.

Theorem 3. Let ® be an irreducible reduced affine reflection system such that d is not of type
Br. A subset U of ® is a mazimal root subsystem of ® if and only if one of the following holds.
(1) W is defined as in Lemma 7.
(2) W is defined as in Proposition 4(1) and one of the following holds:
(a) Gr(U) # &, .
(b) Gr(¥) = &, and Ay = mA,.
(¢) Gr(¥) = &, and (Ay) = A,.

Proof. (1) follows from Lemma 7 and Proposition 4. The forward direction of (2) follows
from Lemma 7. To prove the converse, assume that ¥ be defined by Proposition 4(1). If
Gr(W¥) # &, d,, then Gr(¥) contains both short and long roots. Hence any root subsystem
I" containing ¥ must satisfy I' = ® by Proposition 4(2), Lemma 7 and Remark 5(2) and thus
proving (a). Similar arguments apply to (b) and (c). O
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—

Corollary 2. If ® is a mazimal root subsystem of ‘i>, then the lift ®, is a mazimal root
subsystem if and only if Ay = mAg. Similarly, If ®, is a mazximal root subsystem of ®, then

the lift ®; is a mazimal root subsystem if and only if (Ag) = As.

5. REDUCED AFFINE REFLECTION SYSTEMS WHERE ® IS OF TYPE Bj

In this section we shall assume the case where ® is of type Br. Recall that Ay is a subgroup
of Y but Ay may not be a subgroup. We begin with the following Lemma.

Lemma 8. Let ® be an irreducible affine reflection system such that P is of type By. Let ¥
be defined below for some Z-linear function p: ® =Y so that p,, € Yo (V) for all a € ®. Then
U is a maximal root subsystem of P.

(1) As # Ay and ¥ is given by
U={a®Pa+S) :patSCAy acdIU{a®dA:acd,

where S is a mazimal union of cosets in (As)/Ay and S C As if As is a subgroup of Y.
(2) Ay # (2A5) and W is given by

U={a®A:acdIU{a® (po+H): acdy},

where H is a mazimal subgroup of Ay such that 2A, C H.
(3) W is given by
U={a®Pa+S):patSCA; acd}U{a® [pa+H):acd)}

where H is a mazimal subgroup of Ay satisfying H + (2As) = Ay and S is maximal
among the subsets of (As)

e S is a union of cosets in (As)/H and H C S,

e 25 C H.
Moreover, S is a subgroup of As if As is a group.

Example. If ¥ is given by Lemma 8(3), then S need not be a subgroup of (Ay). Let Ay =
2Zx27Z,As = {(0,0),(1,0),(0,1)} +Ay. Then H and S given below (with p, = 0 for all a« € )
satisfy all the required properties:

H=27x4Z, §=A,U({(1,0),(1,2)} + H).

We shall classify S for rank 2 in Section 7.2. Also note that any S given by Lemma 8(3)
satisfies S = —S and is a proper subset of A, since 2A; € H.

Proof. Only the proof of (3) is non-trivial and the proof of the first part of (3) is similar to
Lemma 7(3) using the fact that any maximal root subsystem that contains (3) is of the form
(1). Now assume that Ay is a group. Since S is maximal, it follows that S is precisely the
union of those cosets a + H such that 2a € H. Moreover, for any two cosets a + H,b+ H C S,
their sum satisfies 2(a + b) + H C H. Therefore, S is closed under addition and thus S is a
subgroup of Ag. O

Remark 6. Note that if ¥ is given by Lemma 8(1), (2) and (3), then the dual ¥V is given by
Lemma 7(1), (2) and (3) respectively.

The next Proposition provides the necessary conditions a maximal root subsystem must
satisfy. It in turn proves the converse of Lemma 8 when Gr(¥) = ®.

Proposition 5. Let ® be an irreducible affine reflection system such that P is of type By. Let
U be a mazximal root subsystem of ®. Then exactly one of the following holds.
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(1) Gr(¥) is a mazimal root subsystem of ® and Yo(V) = Ay Vo € Gr(0).
(2) Gr(V) = @, there exist a Z-linear function p : Gr(¥) — Y satisfying po € Yo (¥), Vo €
Gr(V) and V is given by Lemma 8.

Proof. Let ¥ be a maximal root subsystem of ®. If Gr(¥) is proper in <i>, then obviously Gr(¥)
is a maximal root subsystem of ® and Y, (¥) = A, Vo € Gr(¥). So assume that Gr(¥) = &.
We define a Z-linear function p: ® — A4 and Y., Y/ as in Section 3.3. Note that Y} is always
a subgroup of Ay.

First assume that Y,/ = A,. We have that Y] is a union of cosets in (As)/A, containing Ay
and hence Ay # A,;. Now ¥’ defined below is a root subsystem which satisfies ¥ C ¥’ :

\I//::{Q@S:OCEqODS}U{Oé@AZZOCG&)ZL

where S is a maximal union of cosets in As/A; so that A, C S. Therefore ¥ = ¥’. In addition
this case occurs only if Ay # As and thus ¥ is of the form Lemma 8(1).

Now assume that Y,/ = H, a proper subgroup of A;. Define a root subsystem ¥’ containing ¥
by
UVi={a®As:a€d}U{a® (po+H+ (2A)) : a € Dy}

Case 1: If ¥/ = ¥, then we have 2A; C H and H is a maximal subgroup of A,. Hence we
must have Ay # (2A;). In particular, ¥ is of the form Lemma 8(2).

Case 2: If W' = &, then the subgroup H satisfies H + (2A5) = A;. We claim that H is a
maximal subgroup of A, satisfying Lemma 8(3). If possible assume that there exists a proper
subgroup H' of Ay such that H C H’. Since Y] (¥) is a union of cosets in (Ay)/H containing H,
(c.f. Equation (3.4)),we can write Y/(¥) = Uzeca(xz + H) for some A C (A) such that 0 € A.
Moreover, 2Y, C H implies that 22 € H for all z € A. Now we define Y = U,ca(z+ H'). Note
that we must have p, + Y. C A, Va € @4 since p, + Y (¥) C Ag, Va € g and A+ Ay C A,
Now 2z € H C H' for all x € A implies

2Y! = U(2z + 2H') C U2z + H') = H'. (5.1)
Therefore Y. + 2Y/ C Y. Now define ¥ by
V' ={a®(pa+Y]):a€d}U{a® (pa+H): acd
Clearly ¥ C ¥” C ® and the following relations show that (the other relations are easy to
verify) ¥ is a root subsystem of ® :
Y/ 4oy CY!, Y'+H CY!' H +2Y/CH +H CH (byEquation(5.1))

which contradicts the fact that ¥ is maximal and the claim follows. Now it is clear that ¥ is
of the form Lemma 8(3). This completes the proof. O

We are now ready to prove the main result of this section.

Theorem 4. Let ® be an irreducible affine reflection system such that P is of type Br. A
subset W of ® is a maximal root subsystem of ® if and only if one of the following holds.
(1) ¥ is defined by Proposition 5(2). ]
(2) Gr(V) is a mazimal root subsystem of ® and one of the following holds:
(a) Gr(¥) =&, and Ay = A,.
(b) Gx(¥) # &,
Proof. (1) follows from the proof of Lemma 8 and Proposition 5 and 2(a) follows from Lemma

8(1). If Gr(¥) # &, then Gr(¥) contains both long and short roots by Lemma 5. The proof
of 2(b) now follows from Proposition 5. O
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5.1. Summary for the reduced case. Table 1 summarizes the closeness property of root
subsystems that appeared in Section 4 and Section 5. Recall the definition of ¥V in Section
3.2. Note that if ¥ or UV is (real) closed in ® or @V, then they are maximal closed root
subsystem of ® or ®" respectively and thus they appear in [21, Theorem 3]. We investigate
the properties of ¥ case by case.

(1) If ¥ is of the form Lemma 7(1): W is not closed since a maximal closed root subsystem ¥
satisfies Y, (V) # A for any o € d,.

(2) If U is of the form Lemma 7(2): Since Ay C H we have that (e + H) N Ay = Ay for all
a € Ay. Hence V¥ is closed.

(3) If ¥ is of the form Lemma 7(3): U is closed follows directly from [21, Theorem 3.3.(i)].

(4) If ¥ is of the form Theorem 3(2a): If ® is of type Cr, then ¥ is closed by Remark 4.
Otherwise we have that ® = &Y by Section 2.5 and hence Gr(¥) is closed in & by [12,
Corollary 2] and thus ¥ is closed.

(5) If ¥ is of the form Theorem 3(2b): Choose o, 8 € & such that o+ 8 € &, and a € Ay C A,.
Then oo + 8 @ a € ®\V. Hence V¥ is not closed.

(6) If U is of the form Theorem 3(2c): Since the sum of two long roots is a long root, it follows
that W is a closed root subsystem of ®.

(7) U is of the form Theorem 8(1): Clearly ¥ is closed.

(8) If W is of the form Theorem 8(2): W is not closed. If WU is closed, then by [21, Theorem
3.3.(i1)] there exists a maximal subgroup H of Ay such that Y,(¥) = Ay = po + Z where
Z is a union of cosets in (A,)/H maximal with respect to the properties H C Z, Z =
—Z, (Z+ Z)N Ay C H. Since Ay is a union of cosets in (Ag)/Ay and Z is a translate
of As, we can also write Z as a union of cosets in (As)/Ay. Since (2A5) C Ay, we have
Ay € (Z + Z) and therefore Ay C (Z +Z)N Ay C H C Ay, a contradiction.

(9) If ¥ is of the form Lemma 8(3): Consider Example 5. Note that (2,2) € (S +.5) N Ay but
(2,2) ¢ H. In particular, ¥ is not closed by [21, Theorem 3(3)] .

The form of ¢ | ® = C; | The form of ¥V | WU is closed | UV is closed
v Lemma 8(1)
Lemma 7(1) X v
X Lemma 7(2)
v Lemma 8(2)
Lemma 7(2) v X
X Lemma 7(1)
v Lemma 8(3) X
Lemma 7(3) v
X Lemma 7(3) v
v Theorem 4(2b)
Theorem 3(2a) v v
X Theorem 3(2a)
v Theorem 4(2a)
Theorem 3(2b) X v
X Theorem 3(2c)
Theorem 3(2c) X Theorem 3(2b) v X

TABLE 1. Maximal root subsystems of a reduced affine reflection system
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We now have the analogous Theorem to [12, Corollary 2].

Theorem 5. Let ¥ be a maximal root subsystem of a reduced affine reflection system @
(including type A1). Then either W is closed in ® or ¥V is closed in ®V.

Proof. Using Lemma 4, we can assume that & is irreducible. If d is of type A1, the clearly ¥
is closed in ®. If @ is not of type Ai, the result follows from Table 1. O
6. NON-REDUCED AFFINE REFLECTION SYSTEMS

In this section we shall assume that ¢ is an affine reflection system such that $ is non-
reduced i.e. ® is of type BCy. In this case, we have

b, = {te:iel}, dy={te+te:iAjel}, bg={+2:icl},
By Section 2.4 the following relations hold.

Ao+ 2A5 C Ay, Ag + Ay C A,
Ag+2A, C Ag, A+ Ag C Ay,
Ad +4A5 C Ad, As + Ad C As.
Following [21, 30] we define the following root subsystems of ®. Let J C I.

Ay ={F£2¢:icl}U{xej:jeJtU{xep, ek, leJork, ¢ J},
Di={te i€ I U{+e; +ej 0,5 €T}
Note that Ay = C. We also define
bp = {:I:EZ'EBAS:1§i§n}U{:|:€i:|:€j®Ag:1§i§éj§n}:§\[,
Do = {26, @ Ng:1<i<n}U{ke e @A :1<i+#j<n}=4A,
&)xy =, U &)y, x,y € {s,¢,d}.
The next Lemma characterizes the maximal root subsystems of ®.

Lemma 9. Mazximal root subsystems of BC), are precisely B! and Ay for some proper subset
J of 1.

Proof. It is easy to check that A; and By defined above are maximal root subsystems of d.

Conversely assume that ¥ is a maximal root subsystem of ®. Let Iy ={iel:¢c \I/} If
I C I, then we have that v Q Ay, since Sei—e; (€i) = €;. It follows that \II = A, U1 =
similar argument proves that ¥ C B’ and hence they are equal. O

Remark 7. The root subsystem Z} is a maximal root subsystem of ® where ) # J C I.

Let ¥ be a root subsystem of ®. By considering ¥ N ®p as a root subsystem of &g, we can
define a Z-linear function p : Gr(¥)N &4 — A, such that p, € Y, (¥) for all o € Gr(¥) N Pyg.
Hence V¥ is of the form

U={adY,(0):aecd}U{a®(pa+Y):acd}U{a® (pa+Y!):acd} (6.1)

We shall use this fact in this section without any further notice. The next two Lemmas are the
key Lemmas of this section. The first one determines when ®p is a maximal root subsystem
of ®. Recall from Definition 2.3 that 0 may not belong to Ag4.
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Lemma 10. Let ¥ be a maximal root subsystem of ®. Then we have that ¥ N ®p is a root
subsystem of ®g. Moreover, ®p is a maximal root subsystem of ® if and only if Ay is equal to
a coset in Ng/2A,. Otherwise, ®p is contained in a mazimal Toot subsystem of the form

Vi:={adY;:ac &)d}Uq)B,
where Yqg C Ag is a (fized) mazimal union of cosets in Ag/2M; for all o € <i>d.

Proof. Note that we have WN®pg # (). The proof of the fact that ¥N® g is a root subsystem of ®
is easy and we skip the details. Recall that A, is a group. Define ¥/ := ®gU {aEBZ FRECAS <I>d}
where Z!, C A4 is any (fixed) union of cosets in Agz/2A,. For a € d,, 8 € By, the following

relatlons show that ¥’ is a root subsystem of ® which contains ®g
Zh+ 4N, C Z)+ 20 C Z)), Zh+20Mg=Z)+20N C Z)), Zh+22;C Zy+ 20 C Z).
Now the proof follows. O
Remark 8. Lemma 6.2 in [21] is not true if we drop the ‘closeness’ of the root subsystem V.

The proof of the following Lemma is similar and hence we skip the details.

Lemma 11. ®¢ is a maximal root subsystem of ® if and only if As = Ap. If Ay # Ay, then
b is contained in a mazimal root subsystem of the form

UV i={a®Yy:acd}Ude,
where Yo, C Ag is a mazimal union of cosets in Ag/Ny for all o € i)s.

Now assume that ¥ is a maximal root subsystem of ® such that Gr(¥) = &. Set ¥p :=
VU N ®p. Then either ¥p = &5 or ¥p = V§ for some maximal root subsystem of ®p. If
Up # ®p, the next Proposition determines ¥ depending on the form of W'5.

Proposition 6. Let U be a mazimal root subsystem of ® such that Gr(¥) = P and g # Op.
Assume that W5 is the mazimal root subsystem of ®p defined as above. If W'g is defined by
(1) Lemma 8(1), then U = WS U{a® Ag: o € g},
(2) Lemma 8(2), then ¥ =V U{a® (po+H)NAg: v € &4} for some Z-linear function
PP — Mg, pa € Ya(P),
(3) Lemma 8(3),
(a) and Ag C H, then ¥ =V EU{a B Ag:a € <i>d},
(b) and Ay € H, then there exists a Z-linear function p’ : ‘i)gd — Ay satisfying p’ﬁ = pg
for B €{ei —€i11:1<i<n} so that
U=0%U{ad @, +Y)):acdy},
where Y] = Upe g(b+2H) is a mazimal union of cosets in H/2H satisfying a,+A C
A, 2an+BCB, if S =Usca(a+ H) and a, = 2pe, — b, .

Remark 9. Note that the maximal root subsystems (1) and (2) defined above are of the form
of Theorem 4.2 and Theorem 4.3 respectively in [21]. Also note that ¥’ defined in Lemma 11
is of the form Proposition 6(1).

Proof. We shall only prove (3)(b) since the other cases are easy to prove. Let ¥ be a maximal
root subsystem such that W5 is defined by Lemma 8(3) and Aq € H. Define a Z-linear

function p’ : (i)gd — Ay by extending pIEi_Ei+1 = Pe;—ezqq for 1 <i < m and p'2€n € Yy, arbitrary.
Note that we have 2p,, — p’26i = 2p, — p’zgn for all ¢ = 1,2,...,n. Now as in Proposition 4,
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Y} =Y, —pl, a € dgisaunion of cosets in H/2H so that if Y] = Upep(b+2H), then 0 € B
and B C H. Now the set
n
V= | {+6 ® (pe, + )} U{£ei £ ¢ ® (Preze; + H)} U {£26 ® (P, + Y)}
ij=1
i#]
is a root subsystem if and only if for A\, u € {£1} and i = 1,2, ..., n the following hold:

(P, +5) = Ma(Phpue, +Y0) € (_y., +5)s (Pope, + Ya) — 4hulp,,, +5) € (094, + Vi),

which is true if and only if a,, + A C A, 2a, + B C B. Therefore V is of the given form. This
completes the proof. O

Let ¥ be a maximal root subsystem of ®. If Gr(¥) # &, then Gr(¥) is a maximal root
subsystem of ® and thus of the form Lemma 9. Remark 7, Lemma 10 and Lemma 11 describe

precisely when @ is a maximal root subsystem of ®. If Gr(¥) = Ci>, then it is easy to see
that ¥p := W N ®p is either ®p or maximal root subsystem of ®p5. These cases have been
discussed in Lemma 10, Lemma 11 and Proposition 6. Summarizing, we have the classification
Theorem of maximal root subsystems of a non-reduced irreducible affine reflection system.

Theorem 6. Let ® be the affine reflection system so that ® is a non-reduced irreducible finite
root system. Let W be a root subsystem of ®. Then V¥ is a mazimal root subsystem of ® if and
only if one of the following holds:

(1) ¥ = Z] for some non-empty proper subset J of I.

(2) Ag = A, and U = ¢ = Ay,

(3) A # Ag and W =V’ as defined in Lemma 11.

(4) Ag is equal to a single coset in Ag/2A; and ¥ = BT,

(5) Aq is a union of more than one cosets in Ag/2N; and ¥ = V' as defined in Lemma 10.
(6) W is given by Proposition 6.

Proof. Let ¥ be a maximal root subsystem of ®. Set Iy :={i € [ : ¢, € Gr(V)}. If ) # Iy C I,
then Gr(¥) = Ay, by Lemma 9 and hence ¥ = Ay,. Now assume that Iy = I. If Gr(¥) C @,

then Gr(¥) = B! by Lemma 9 and thus ¥ = B! and Ay = 2A, by Lemma 10. If Gr(¥) = @,
then set g := ¥ N ®p. If Ug = $pg, then Ay # 2A;, and ¥ = ¥’ as defined in Lemma 10.
Otherwise, U5 C ®p5 and thus ¥ is given by Proposition 6. Lastly, we assume that Iy = (),
then we must have Ay = A; and ¥ = & by Lemma 11.

Conversely, each root subsystem defined above is a maximal root subsystem of ® by Remark
7, Lemma 10, Lemma 11 and Proposition 6. U

Remark 10. If ¥ defined above is a closed root subsystem, then ¥ is of the form [21, Theorem
4]. Therefore, we colclude that ¥ is closed if and only if W is given by (1), (2), (3) of the above
Theorem and Proposition 6(1).

7. APPLICATIONS

7.1. Maximal root subsystems for nullity 1. It is well known that an affine reflection
system is of nullity 1 if and only if it is an affine root system ([29]). In ([12, 13]), the reflection
subgroups of an untwisted affine root system have been classified. The maximal closed root
subsystems of an affine root system were classified in [30]. The characterization of maximal
root subsystems for twisted affine root systems was open and we complete that here using
our main results. At first we state the result for untwisted case in our language in the next
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Proposition. The proof follows easily from Theorem 3 and Theorem 4 by noting the fact that
we have that Ay = A; and mA; is a maximal subgroup of Aj.

Proposition 7. Let ¥ be an untwisted affine root system. A subset ¥ of ® is a maximal root
subsystem of ® if and only if one of the following holds:

(1) Gr(¥) is a mazimal root subsystem of ® such that Gr(¥) # &, and ¥ = G/r@
(2) there exists a Z-linear function p: ® — As, py € Yo, Va € ®
(a) such that U is of the form
U={a®A;:aecd}U{ad (po+mAy): e d},
(b) and a prime number q # m such that ¥ is of the form
U ={a® (pa+qZ): a € b}.

Now assume that ¢ is a twisted affine reflection system of nullity 1 i.e. a twisted affine
root system. If ® is reduced, then we have Ay = Z and Ay = mZ. The following Proposition
characterizes the maximal root subsystems of ® where ® is reduced.

Proposition 8. Let ® be an affine root system such that ® is reduced. A root subsystem W
of ® is a mazximal root subsystem if and only one of the following holds:
(1) Gr(¥) is a mazimal root subsystem of ® such that Gr(¥) # &, and U = G/r@
(2) Gr(¥) = © and if there exists a Z-linear functionp : Gr(V) — Z, ps € Yo(¥), Va € Gr(¥)
and of the following holds
(a) ¥ is of the form
U ={a+ (po +mZ):ac d},
(b) there exists a prime q so that gcd(m,q) =1 and V is of the form

U={a+ (pa+qZ):acd}U{a+ (pa+mqZ): a € b},
Proof. Proof follows from Proposition 4 and Proposition 5. U
7.2. Saito’s EARS. An important class of extended affine root systems of nullity 2 was

introduced by Saito in [31, Section 5]. We shall use Theorem 3, Theorem 4 and Theorem 6 to
characterize the maximal root subsystems of Saito’s EARS we describe below.

e For a reduced irreducible finite root system ® and a,b € Z, the affine reflection system
d@b) is given by
Gr(®@) =d U {0}, Ay=ZxZ, A= aZxbL.
)*

e The affine reflection system B,(f’2 is given by
Gr(B2?*) = B, U{0}, A, ={(0,0),(1,0),(0,1)} +2Z x 2Z, A, =2Z x 2Z.

e The affine reflection system C1(1171)*

Gr(CY = €, U {0}, As=ZxZ, Ay={(0,0),(1,0),(0,1)} +2Z x 2Z.

is given by

e The remaining are non-reduced affine reflection systems. They are given by
Gr(BC*Y)=BC,U{0}, A;=ZxZ, A=7ZxZ, Ag=1{(1,0),(1,1)} +2Z x 2Z,
Gr(BC?Y) = BC, U{0}, A;=Zx7Z, A=7x2Z, Ag={(1,0)}+27Z x 4Z,
Gr(BC?? (1)) = BC, U{0}, Ay=ZxZ, Ng=7Zx7Z, Ag={(1,0)}+2%Z x 27,
Gr(BC?Y(2)) = BC, U{0}, Ay=Zx7Z, Ag=7Zx2Z, Ag={(1,0)}+ 2% x 2Z.

= —
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7.2.1. Before classifying Saito’s EARS for rank 2, we note that additional properties are

present in rank 2 compared to the general case. We provide detailed explanations of these

additional properties below.

(1) If ¥ is defined by Lemma 7(1), Ay is a subgroup and mA; C Ay C Ag: Since mA; is a
maximal subgroup of Ay of index 2, it follows that W is of the form

U={adA;:acd}U{a® (po+mh,):acd)} (7.1)

Dually, if ® is of type C7 and ¥ is defined by Lemma 8(1) or ® is not of type C7 and ¥
is defined by Lemma 7(2), A is a subgroup and Ay # Ag, then W is of the form

U={a® pat+A):aedIU{ad A :acd)} (7.2)
If Ay is not a subgroup satisfying 2As C Ay C A, then Ay is a union of at most three

cosets in Ag/2Ag. In particular, any maximal union of cosets of mA; in A, containing 0 is
a subgroup of A,. Therefore, there exists a subgroup H’ of A4 satisfying mA; C H' C Ay

such that
UV={a®dA;:a€d;}U{a® (po+ H):ac b} (7.3)

(2) Now we consider the case when ¥ is defined by Lemma 8(3). Recall the set S and the fact
that Ay is a subgroup of (As). We identify (As) with Z x Z.

e Case I: Let Ay = A;. By Lemma 1, for any maximal subgroup H of Ay, we have
det(H)/det(Ay) = 2 if and only if 2A; C H. Therefore, it follows that ¥ is of the form

U={a®(py+H):acd} (7.4)

for some maximal subgroup H of Ay such that det(H)/det(A;) = p # 2.

e Case II: Now assume that Ay = 2(A;). Then Ay has a Hermite normal basis of the
form (29). Therefore, for some prime p, the subgroup H has a Hermite normal basis of
exactly one of the following forms:

2p 0 2 2z
< .
<0 2) , or <0 2p> for some 0 <z <p

If H is given by the first form, the coset representatives A of H in (A,) is given by
A= {(2r,0),(2r +1,0),(2r,1),(2r + 1,1) : 0 < r < p}. An easy computations of when
2a € H for a € A implies that

{Uf;:g((zr,()) + H)U((2r,1) + H) if p=2,

SEVH U ((p,0) + H) U ((p,1) + H)U((0,1) + H) i p£2.

- (7.5)
Now assume that H is given by the second form. The coset representatives of H in (A)
is given by A = {(0,2r), (0,2r+1),(1,2r),(1,2r+1) : 0 < r < p}. A simple computation
implies

— (0,4r) € H if and only if either p =2 or p # 2 and r = 0,

— (0,4r+2)e Hifandonly if p# 2 and r = (p — 1)/2,

— (2,4r)e Hifand only if r =2 /2 or r = (z +p)/2,

- (2,4r+2)e Hifandonlyifr=(x—1)/20rr=(z+p—1)/2.
Therefore, we obtain

AU ((L,0)+ H)U((1,2) + H) if p=2and z =0,
SCIAU((L,Y)+H)U((1,3)+H) ifp=2and z =1, (7.6)
HU((L,z)+ H)U((L,z+p)+ H)U((0,p)+ H) ifp#2.
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Ay H D Sub cases B’
2p 0 p 0
A A
2 0
=2 =1
(2 0) P Y (0 1)
+
0 1 <2 y) J-odd 1 g
0 p 0 »p
p#2 1
y-even 2
0 p
p px oy Any p 0
0 2 01
(1 ZL') p=2 1 =z
0 2 1 z+ 2y(mod p)
p#2
0 D

TABLE 2. The case 2A; C Ay C As.

If we denote by S’ the right side of Equation (7.5) and (7.6), then ¥ is of the form
U={a®@Pat+S)NAs:acd}U{ad (po+H):acdl, (7.7)

If A, is a group, then in both the cases, S = S” and S is a subgroup of As. More precisely,
¥ is of the form

U={a® pa+H):acd}U{a® (poa+H):aec b, (7.8)
where H' is the subgroup of A given by the Hermite normal basis B’ where

B {(g?) if H is of the first form,

((1) ﬁ) if H is of the second form.

Case III: Assume that (2A,) € Ay C As. Note that A; must be a subgroup in this

case. Similar computation as above shows that there exists a subgroup H’ of A, which
contains H so that V¥ is of the form

UV={a®pa+H): acd}U{ad®(pa+H):acd,) (7.9)
More precisely, the Hermite normal basis B’ of H' is given by Table 2 (0 <z <1, 0 <

y <p)
In any of the above three cases, for m = 2, ¥V is given by Lemma 7(3) where H is
explicitly given by above.

7.2.2. Classification. We are now in a position to classify the maximal root subsystems of
Saito’s EARS. Table 3 describes the maximal root subsystems of Saito’s EARS with full
gradient. For non-reduced case, the table can be read with the forms obtained in Section 7.2.1
for rank 2.
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Class A Form Gradient type Maximal root subsystems
B Lemma 8(2), Eq (7.4)
oY) C Lemma 7(1), ¥V (¥ in Eq (7.8))
# B,C Lemma 7(1), Lemma 7(3)
B Eq (7.2), Lemma 8(2), Eq (7.9)
$1m) C Eq (7.1), Lemma 7(2), ¥V (¥ in Eq (7.9))
Ag and
Ay # B,C Lemma 7(1), Lemma 7(2), Lemma 7(3)
are both B Eq (7.2), Lemma 8(2), Eq (7.9)
Reduced groups i
Pm.1) C Eq (7.1), Lemma 7(2), ¥V (¥ in Eq (7.9))
# B,C Lemma 7(1), Lemma 7(2), Lemma 7(3)
B Lemma 8(1), Eq (7.8)
Pmm) C Lemma 7(2), ¥V (¥ in Eq (7.4))
# B,C Lemma 7(2), Lemma 7(3)
One of A.S B Lemma 8(1), ¥ in Eq (7.7)
and Ay is D
not a group Crn’ Eq (7.3), ¥V (¥ in Eq (7.7))
BCPY Theorem 6(1,2,5), Proposition 6(2,3)
BC,(EA) Theorem 6(1,3,4), Proposition 6(1,2,3)
Non-reduced 5
BC¥ )(1) Theorem 6(1,2,4), Proposition 6(2,3)
BC*?(2) Theorem 6(1,3,5), Proposition 6(1,2,3)

TABLE 3. Maximal root subsystems of Saito’s EARS
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