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ABSTRACT

This paper compares the HLLEM and HLL-CPS schemes for Euler equations and proposes improvements

for all Mach number flows. Enhancements to the HLLEM scheme involve adding anti-diffusion terms in

the face normal direction and modifying anti-diffusion coefficients for linearly degenerate waves near shocks.

The HLL-CPS scheme is improved by adjusting anti-diffusion coefficients for the face normal direction and

linearly degenerate waves. Matrix stability, linear perturbation, and asymptotic analyses demonstrate the

robustness of the proposed schemes and their ability to capture low Mach flow features. Numerical tests

confirm that the schemes are free from shock instabilities at high speeds and accurately resolve low Mach

number flow features.

1 Introduction

Godunov-type approximate Riemann solvers [1, 2] are widely used for computing convective fluxes in the

Euler and Navier-Stokes equations. Notable solvers include the Roe scheme [5], HLL [3], HLLE [4], Osher

and Solomon scheme [6], HLLEM [7], and HLLC [8, 9]. The Roe scheme [5] linearizes the Euler equations,

accurately resolving isolated shocks, contact, and shear discontinuities. The HLL scheme [3] also resolves

isolated shocks but neglects intermediate contact and shear waves, limiting its practical use. The HLLE

scheme [4], an extension of HLL with Einfeldt’s wave-speed estimates, satisfies entropy conditions and

ensures positivity. The HLLEM scheme [7] enhances HLLE by adding anti-diffusion terms to capture

intermediate waves, offering accuracy comparable to Roe’s scheme while retaining HLLE’s entropy and

positivity features. The HLLC scheme [8] further restores contact and shear waves in the HLLE framework

by enforcing Rankine-Hugoniot jump conditions, maintaining both entropy and positivity. Mandal and

Panwar’s HLL-CPS scheme [10] splits flux into convective and pressure components, with the convective

part treated by an upwind method and the pressure flux evaluated using HLL principles, replacing density

jumps with pressure jumps based on isentropic flow. While this method resolves contact discontinuities

exactly, it struggles with boundary layer accuracy [11, 12].
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It is observed that the approximate Riemann solvers [5, 6, 7, 8] that resolve the linearly degenerate

intermediate waves present in the Riemann problem are susceptible to numerical shock instabilities like

carbuncle phenomenon, kinked Mach stem, odd-even decoupling and low-frequency post-shock oscillation

for slowly moving shock. On the other hand, the HLLE scheme [3, 4] which does not resolve the linearly

degenerate intermediate waves, is free from numerical shock instabilities. The approximate Riemann solvers

are incapable of resolving flow features at low Mach numbers, especially on structured grids. Some of the

Riemann solvers that have been proposed to resolve the low Mach flow features have been found to suffer

from checkerboard-type decoupling of the pressure and velocity fields. The cause of numerical instabilities in

the complete approximate Riemann solvers has been widely investigated ever since the numerical instabilities

were first presented by Peery and Imlay [13]. Liou [14] has conjectured that the schemes that suffer from

numerical shock instability have a pressure jump term in the numerical mass flux while those free from

shock instability do not contain a pressure jump term in the mass flux. Based on the conjecture of Liou,

Kim et al. [15] have proposed a shock-stable Roe scheme by reducing the contribution of the pressure

jump terms in the mass flux. Quirk [16] has carried out linearized perturbation analysis and observed

that the schemes in which the pressure perturbations feed the density perturbations will be afflicted by

the odd-even decoupling problem. Quirk has proposed a hybrid Roe-HLLE scheme [16] to overcome the

numerical instability problems of the Roe scheme. Pandolfi and D’Ambrosio [17] have carried out a more

refined perturbation analysis by including the velocity perturbations and have observed that the schemes in

which the density perturbations are fed by pressure perturbations and the shear velocity perturbation are

undamped exhibit severe carbuncle phenomenon while the schemes in which the density perturbations are

damped but the shear velocity perturbations are undamped are prone to light carbuncle. Dumbser et al.

[19] have developed a matrix stability method to evaluate the stability of upwind schemes and have observed

that the origin of the carbuncle phenomenon is localized in the upstream region of the shock. Several rotated

Roe solvers [20, 21], where the flux evaluation direction gets rotated when the velocity difference exceeds a

threshold value, have been proposed to overcome the numerical shock instability problems of the Roe scheme.

However, the rotated Riemann solvers require additional computational time as the Riemann problem needs

to be solved twice. Park and Kwon [22] have proposed a modification in the anti-diffusion coefficients of

the linearly degenerate intermediate waves to overcome the numerical shock instability problems in the

HLLEM scheme. Shen et al. [23] have identified the exact resolution of the shear wave as the cause of

the numerical instabilities in the HLLC schemes and have proposed a shock-stable, hybrid HLLC-HLLCM

scheme which does not resolve the shear wave in the vicinity of the shock. Similarly, Xie et al. [24]

have identified the shear wave as the cause of instability in the HLLEM Riemann solver and introduced
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a pressure function in the HLLEM scheme such that the anti-diffusion terms corresponding to the shear

wave is drastically reduced in the vicinity of the shock. Chen et al. [25] have proposed a carbuncle-free

Roe scheme by introducing shear viscosity into the momentum flux in the vicinity of the shock through

a pressure-based sensing function while preserving the shear wave elsewhere. Chen et al. [26] have also

proposed the addition of shear viscosity terms into the Godunov-type schemes to cure the schemes from the

carbuncle phenomenon along with a multi-dimensional pressure-based function to restore the shear wave.

However, the diagnosis of the shear wave as the cause of the numerical shock instabilities in the HLL-type

scheme by Shen et al. [23], Xie et al. [24], and Chen et al. [25, 26] is yet to be universally accepted. Simon

and Mandal [29] have shown that the HLLEMS scheme of Xie et al. [24] is not fully free from numerical

shock instability problems. Simon and Mandal [29] have shown that suppression of the anti-diffusion terms

of both the contact and shear waves is more effective in curing the numerical shock instability problems in

the HLLEM Riemann solver. Simon and Mandal [27, 28, 29] have also proposed strategies like anti-diffusion

control (ADC) and Selective Wave-speed Modification (SWM) to cure the numerical instability problems in

the HLLC and HLLEM Riemann solver. Kemm [30] has shown that the resolution of the contact wave in

the HLLEM Riemann solver also contributed to the numerical shock instabilities, although its contribution

to the numerical shock instabilities was less as compared to the shear wave. Fleischmann et al. [31, 32]

have identified the inappropriate numerical dissipation in the transverse direction of a grid-aligned shock

to be the cause of the numerical shock instability in the Godunov-type approximate Riemann solvers. The

inappropriate numerical dissipation in the transverse direction is attributed to the low Mach number in the

transverse direction of the grid-aligned shock. Fleischmann et al. [31] have proposed a reduction of the overall

numerical dissipation in the classical Roe scheme and the component-wise local Lax-Fredrichs (cLLF) scheme

to suppress the shock instability. The decrease in the overall numerical dissipation is achieved by modifying

the non-linear acoustic eigenvalues. Fleischmann et al. [32] have observed that similar modification to

the non-linear eigenvalues in the HLLC scheme leads to a dissipative upwind scheme. Fleischmann et al.

[32] have proposed a centred HLLC scheme comprising central-difference terms and numerical dissipation,

and proposed a modification of the non-linear eigenvalues in the numerical dissipation terms to suppress

shock instability. Fleischmann et al. [32] have demonstrated reduced overall numerical dissipation with

the modification of the non-linear eigenvalues and have shown accurate results over a cylinder at low Mach

numbers.

Approximate Riemann solvers often produce unphysical results in low Mach number flows. To address

this, various methods have been developed, including preconditioning [33, 36], non-linear eigenvalue modifi-

cation [37], velocity jump scaling [34, 35], velocity reconstruction [38, 39], central differencing of momentum
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flux [41], and the addition of anti-diffusion terms [42], among others, to enhance their performance in such

flows. It was shown by Guillard and Viozat [33] and Rieper [34, 35] that, in the limit as Mach number tends

to zero, the pressure fluctuations in the Roe scheme for the discrete Euler equations are of the order of

Mach number, while for the continuous Euler equations, the pressure fluctuations are of the order of Mach

number squared. Guillard and Viozat [33] have proposed a preconditioned Roe scheme that had a correct

pressure scaling with Mach number. Park et al. [36] have proposed a preconditioned HLLE+ scheme for

low-speed flows. Li and Gu [37] have observed that the preconditioned Roe schemes suffer from the global

cut-off problem. They have proposed an all-speed Roe scheme by modifying the non-linear eigenvalues of the

numerical dissipation terms [37] in the Roe scheme. The modification of the non-linear eigenvalues comprises

scaling of the acoustic speeds by a local Mach number function. They [37] have shown that the zero-order

velocity field in the all-speed Roe scheme is subject to a divergence constraint and the second-order pressure

satisfies a Poisson-type equation in the case of constant entropy. They have also observed that the zero-order

velocity field computed by the traditional preconditioned Roe scheme does not satisfy the divergence con-

straint as the Mach number vanishes. Rieper [35] has carried out an asymptotic analysis of the Roe scheme

and identified the jump in the normal velocity component as the cause of the loss of accuracy at low Mach

numbers. He [35] has proposed a low Mach number fix for the Roe scheme called LMRoe comprising scaling

of the normal velocity jump in the numerical dissipation terms by a local Mach number function. He has

demonstrated accurate results for inviscid flow past a cylinder at very low Mach numbers with the modified

LMRoe scheme, without any checkerboard-type velocity-pressure decoupling. Thornber et al. [38] have

proposed a modification of the reconstructed velocities at the cell interface of the Godunov-type schemes

like HLLC [8] such that the velocity difference reduces with decreasing Mach number and the arithmetic

mean is reached at Mach zero. They have demonstrated analytically and numerically that the numerical

dissipation of the scheme became constant in the limit of zero Mach, while the numerical dissipation of

the traditional schemes tended to infinity in the limit of zero Mach. The velocity reconstruction method

of Thornber et al.[38] has been used in the HLLC scheme to obtain accurate results for a wide range of

Mach numbers [39]. The low Mach number fix of Rieper has been applied to both the normal and tangential

velocity jumps in the numerical dissipation terms of the Roe scheme by Osswald et al. [40]. Accuracy similar

to the method of Thornber et al. [38] has been obtained for turbulent flows by Osswald et al. Osswald et

al. [40] have also conjectured that Thornber et al.’s method may have undesirable non-linear side-effects

as the method involved modification of the physical flux function. Dellacherie [41] has observed that the

Godunov-type schemes cannot be accurate in low Mach numbers due to loss of invariance. He has proposed

central differencing to discretize the momentum flux or to discretize the pressure gradient in momentum flux
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to recover invariance property and improve accuracy in low Mach number flows. Dellacherie et al. [42] have

also proposed stable, all-Mach Godunov-type schemes by adding Mach number-based anti-diffusion terms

to the Godunov-type schemes such that central-differencing is obtained in the limit of Mach zero. The

theoretical framework of Dellacherie has justified the existence of all-Mach number Godunov-type schemes.

Yu et al. [43] have implemented Dellacherie et al.’s low Mach correction in the HLLEM scheme. They have

also proposed a scaling of the terms responsible for the inaccurate behaviour of the HLLEM scheme at low

Mach numbers with a Mach number function.

It is observed that most of the analyses and fixes for the high Mach number numerical shock instabilities

and the low Mach number inaccuracies have been proposed for the Roe [44], AUSM [45, 46], HLLC [47, 48],

and HLLEM [49] schemes. The HLL-CPS scheme [10] has been numerically shown to be positivity preserving,

entropy satisfying, and contact capturing. However, the HLL-CPS scheme exhibit numerical shock instability

under certain conditions and is incapable is resolving shear layers and low Mach flow features. In this paper,

an attempt is made to eliminate the numerical shock instabilities in the HLL-CPS scheme and also improve

its ability to resolve shear layers and low Mach flow features. A set of anti-diffusion coefficients are proposed

for the HLL-CPS scheme which helps suppress the numerical shock instabilities for high-speed flows and

also enables the resolution of shear layers and the low Mach flow features. A similar set of anti-diffusion

coefficients is also proposed for the HLLEM and HLLC schemes for suppressing numerical shock instability

and resolving low Mach flow features.

Most of the analyses and solutions for numerical shock instabilities at high Mach numbers and inaccura-

cies at low Mach numbers have been developed for the Roe [44], AUSM [45, 46], HLLC [47, 48], and HLLEM

[49] schemes. The HLL-CPS scheme [10] has been shown to preserve positivity, satisfy entropy conditions,

and accurately capture contact discontinuities. However, the HLL-CPS scheme exhibits numerical shock in-

stabilities under certain conditions and struggles to resolve shear layers and low Mach number flow features.

In this paper, we aim to eliminate these numerical shock instabilities in the HLL-CPS scheme and enhance

its ability to resolve shear layers and low Mach number flow features. We propose a set of anti-diffusion

coefficients for the HLL-CPS scheme that suppresses numerical shock instabilities in high-speed flows and

improves the resolution of shear layers and low Mach features. A similar set of anti-diffusion coefficients is

also proposed for the HLLEM scheme to address shock instabilities and improve low Mach flow resolution.

The paper is structured into six sections. Section 2 outlines the governing equations, followed by a

description of the finite volume discretization in Section 3. Section 4 covers the flux evaluation method,

while Section 5 presents numerical results for various 2D test cases, spanning a wide range of Mach numbers

from very low to very high. Finally, the conclusions are discussed in Section 6.
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2 Governing Equations

The governing equations for the two-dimensional inviscid compressible flow can be expressed in their con-

servative form as

∂Ú

∂t
+

∂F́ (Ú)

∂x
+

∂Ǵ(Ú)

∂y
= 0 (1)

where Ú , F́ (Ú), and Ǵ(Ú) are the vector of conserved variables, x-directional and y-directional fluxes

respectively, and can be written as

Ú =



ρ

ρu

ρv

ρE


F́ (Ú) =



ρu

ρu2 + p

ρuv

(ρE + p)u


Ǵ(Ú) =



ρv

ρuv

ρv2 + p

(ρE + p)v


(2)

where ρ, u, v, p and E stand for density, x-directional and y-directional velocities in global coordinates,

pressure and specific total energy. The system of equations is closed by the equation of state

p = (γ − 1)

(
ρE − 1

2
ρ(u2 + v2)

)
(3)

jj where γ is the ratio of specific heat. In this paper, a calorically perfect gas with γ = 1.4 is considered.

The integral form of the governing equations is

d

dt

∫
Ω

ÚdΩ+

∮
∂Ω

(F́ , Ǵ).nds = 0 (4)

where ∂Ω is the boundary of the control volume Ω (area in case of two dimensions) and n denotes the

outward pointing unit normal vector to the surface ∂Ω.

3 Finite Volume Discretization

The finite volume discretization of equation (4) for a structured, quadrilateral mesh can be expressed as

dÚ i

dt
= − 1

|Ω|i

4∑
l=1

[(F́ , Ǵ)l.nl]∆sl (5)

where Ū i is the cell averaged conserved state vector, |Ω|i is the area of the cell, nl denotes the unit normal

vector and ∆sl denotes the length of each interface. The rotational invariance property of the Euler equations
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is utilized to express the flux (F,G)l.nl as

dÚ i

dt
= − 1

|Ω|i

4∑
l=1

(Til)−1F (TilU i, TilU l)∆sl (6)

where F (TilU i, TilU l) is the inviscid face normal flux vector, Til is the rotation matrix and Til−1 is its

inverse at the edge between cells i and l.

Til =



1 0 0 0

0 nx ny 0

0 −ny nx 0

0 0 0 1


and Til−1 =



1 0 0 0

0 nx −ny 0

0 ny nx 0

0 0 0 1


(7)

where n = (nx, ny) is the outward unit normal vector on the edge between cells i and l.

In the next section, the HLLEM and HLL-CPS schemes for the face normal flux F (TilU i, TilU l) shown

in equation (6) shall be described and improvements to these schemes shall be proposed.

4 Flux Description and Improvement

4.1 HLLEM Flux

The flux of various Godunov-type, HLL family schemes in the direction normal to the cell interface can be

expressed as a sum of the HLL flux and additional anti-diffusion terms as per Einfeldt et al. [7], Kim et al.

[15], and Park and Kwon [22]. Thus the flux of the HLL-family scheme can be written as

F (UR,UL) =
SRFL − SLFR

SR − SL
+

SRSL

SR − SL
(∆U −B∆U) (8)

where SR and SL are the fastest right and left running wave speeds, UR = TilU i and UL = TilUk are the

face normal state variables to the right and left of the interface, FR = F (UR) and FL = F (UL) are the face

normal fluxes to the right and left of the interface, B∆U is the anti-diffusion term, and ∆(.) = (.)R − (.)L.

For the HLLEM scheme, the wave speeds have been defined by Einfeldt et al. [7] as

SL = min(0, unL − aL, ũn − ã) SR = max(0, unR + aR, ũn + ã) (9)
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Einfeldt et al. [7] have shown that with the above choice of wave speeds, the HLLEM scheme is entropy

satisfying and positively conservative[7]. The anti-diffusion term B∆U of the HLLEM scheme is [7]

B∆U = δ2α̃2R̃2 + δ3α̃3R̃3 (10)

where δ2 and δ3 are the anti-diffusion coefficients for the contact and shear waves, α̃2 = ∆ρ − ∆p

ã2
and

α̃3 = ρ̃∆ut are the wave strength of the contact and shear waves, R2 =
[
1, ũn, ũt,

1
2 (ũ

2
n + ũ2

t )
]T

and

R3 = [0, 0, 1, ũt]
T are the right eigenvectors of the contact and shear waves in the flux Jacobian matrix.

The anti-diffusion coefficients are δ2 = δ3 = ã
ã+|ū| where |ū| is the approximate speed of the contact

discontinuity and is defined as |ū| = SR+SL

2 [7]. Park and Kwon [22] have observed that the HLLEM scheme

of Einfeldt [7] is not as accurate as the Roe scheme in presence of contact discontinuity and proposed the

Roe-averaged velocity as the velocity of the contact discontinuity for improving the accuracy of the HLLEM

scheme. Thus, for the HLLEM scheme with the modification of Park and Kwon, δ2 = δ3 = ã
ã+|ũn| .

4.2 HLL-CPS Flux and its HLLEM-type Expression

In the HLL-CPS scheme, the convective and pressure fluxes are split following either the Zha-Bilgen [51] or

AUSM splitting [52]. The convective flux is evaluated by an upwind method [10] and the pressure flux is

evaluated using the HLL method [3] with suitable modification for the resolution of the contact discontinuity.

For the Zha-Bilgen splitting, the HLL-CPS flux at the cell interface is [10]

F (UR,UL) = MnK



ρ

ρun

ρut

ρE


K

aK +
SRF 2L − SLF 2R

SR − SL
+

SRSL

SR − SL



∆p

ā2
∆(pun)

ā2
∆(put)

ā2
∆p

γ − 1
+

∆(pq2)

2ā2


(11)

where

K =

 L if ūn ≥ 0.0

R if ūn < 0.0
, MnK =


ūn

ūn − SL
if ūn ≥ 0.0

ūn

ūn − SR
if ūn < 0.0

, aK =

 unL − SL if ūn ≥ 0.0

unR − SR if ūn < 0.0
(12)

ūn =
1

2
(unL + unR), F 2K = [0, pK , 0, (pun)K ]T (13)

8



The HLL-CPS pressure flux can be expressed in the form of the HLLEM scheme as a sum of the HLL flux

and additional anti-diffusion terms. Thus, the HLL-CPS flux shown in equation (11) can be written as

F (UR,UL) = MnK



ρ

ρun

ρut

ρE


K

aK +
SRF 2L − SLF 2R

SR − SL
+

SRSL

SR − SL
(∆U −B∆U) (14)

where

∆U =



∆ρ

∆(ρun)

∆(ρut)

∆(ρE)


B∆U =



∆ρ− ∆p

ā2

∆(ρun)−
∆(pun)

ā2

∆ρut −
∆(put)

ā2
∆(ρq2)

2
− ∆(pq2)

2ā2


(15)

Rearranging B∆U of the HLL-CPS scheme in terms of the contact and shear waves, we obtain

B∆U =

(
∆ρ− ∆p

ā2

)


1

ūn

ūt

q̄2

2


+

(
γ − 1

γ

)
ρ̄



0

∆un

∆ut

∆(q2)/2


(16)

This can be further expressed as

B∆U =

(
∆ρ− ∆p

ā2

)


1

ūn

ūt

q̄2

2


+

(
γ − 1

γ

)
ρ̄∆ut



0

0

1

ūt


+

(
γ − 1

γ

)
ρ̄∆un



0

1

0

ūn


(17)

It can be seen from equation (17) that the anti-diffusion coefficients of the contact and shear wave for the

HLL-CPS scheme are δ2 = 1.0 and δ3 = γ−1
γ . The HLL-CPS scheme has additional anti-diffusion in the

direction normal to the cell interface and the coefficient (which can be denoted by δn) is equal to δ3. For

the HLLEM scheme, the normal anti-diffusion coefficient δn that is present in the HLL-CPS scheme can

be considered zero. The normal anti-diffusion present in the HLL-CPS scheme may appear unphysical.

However, it will be shown later that anti-diffusion in the normal direction helps achieve accuracy for low-

speed flows. Further, according to Dellacherie et al. [42], anti-diffusion terms in the face normal direction are

9



essential in all Godunov-type schemes to improve accuracy in low Mach number flows. It is also interesting

to note that the anti-diffusion coefficient for the shear wave in the HLL-CPS scheme is δ3 = 0.2875 for a

perfect gas with γ = 1.4. Therefore, the ability of the HLL-CPS scheme to resolve the shear layers shall be

better than the classical HLLE scheme but inferior to the HLLEM scheme. Overall, the HLL-CPS scheme

can therefore be described as a perfect contact resolving but an approximate shear resolving scheme.

The numerical dissipation of the convective flux evaluation method of Mandal and Panwar [10] can be

assessed against the un-split HLL/HLLEM method. The HLL-CPS scheme can be expressed as a sum of

central-difference terms and numerical dissipation as follows

F 1(UR,UL) + F 2(UR,UL) =
1

2
(F 1R + F 1L) +D1 +

1

2
(F 2R + F 2L) +D2 (18)

The numerical dissipation of the convective flux of the HLL-CPS scheme with Zha-Bilgen splitting is

D1 = F 1(UR,UL)−
1

2
(F 1R + F 1L) (19)

After some mathematical manipulations, the numerical dissipation of the HLL-CPS convective flux can be

written as

D1 =


1
2unR(UL −UR) +

1
2MnLUL(unL − unR) for un ≥ 0

1
2unL(UR −UL) +

1
2MnRUR(unR − unL) for un < 0

(20)

The overall numerical dissipation of the HLLEM scheme, after expanding the flux into convective and

pressure parts can be written as

DHLLEM =
1

2

SR + SL

SR − SL
(F 1L − F 1R + F 2L − F 2R) +

SRSL

SR − SL
(∆U −B∆U) (21)

The numerical dissipation of the HLLEM convective flux is

D1,HLLEM =
1

2

SR + SL

SR − SL
(F 1L − F 1R) (22)

Considering
SR + SL

SR − SL
≈ Mn for low-speed flows, the numerical dissipation of the HLLEM convective flux is

D1,HLLEM =
1

2
M̃nũn(UL −UR) +

1

2
M̃nŨ(unL − unR) (23)

Comparing equations (20) and 23), it can be seen that the numerical dissipation of the convective flux

of the HLL-CPS scheme is marginally higher than that of the HLLEM scheme, which scales with the face
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normal Mach number. Nevertheless, the numerical dissipation of the convective flux of the HLL-CPS scheme

approaches zero as velocity and Mach number approach zero and hence is suitable for low-speed flows.

4.3 Comparison of anti-diffusion coefficients

The HLLEM scheme with the modification of Park and Kwon [22] and the HLL-CPS scheme [10] are capable

of resolving stationary contact discontinuity exactly but these schemes are incapable of resolving the flow

features at low Mach numbers. The HLLEM scheme exhibits severe numerical shock instabilities while

the HLL-CPS scheme is free from the carbuncle phenomenon at very high speeds [10], but exhibits mild

instability for the supersonic corner test case. The HLLEM scheme is capable of resolving boundary layers

accurately while the HLL-CPS scheme is incapable of accurate boundary layer resolution [11, 12]. Thus,

it is observed that the HLLEM and HLL-CPS schemes are similar in some aspects and different in some

aspects. The difference in the behaviour of these schemes can be explained through the differences in their

anti-diffusion coefficients. Thus, in the present work, a comparison of the anti-diffusion coefficients of these

schemes is made for various flow problems and optimum anti-diffusion coefficients are evolved to make these

schemes applicable for all-Mach number flows.

4.3.1 One-dimensional flow problems

For one-dimensional flows, the shear wave is absent, and hence δ3 = 0. For the HLLEM scheme, the

anti-diffusion coefficients are δ2 = ã
ã+|ũn| and δn = 0, while for the HLL-CPS scheme the anti-diffusion

coefficients are δ2 = 1 and δn = γ−1
γ . For isolated stationary contact discontinuity, the anti-diffusion

coefficient for the contact wave δ2 becomes equal to unity for both the HLLEM and HLL-CPS schemes and

hence both the schemes are capable of resolving stationary contact discontinuity. However, for a moving

contact discontinuity, the HLL-CPS scheme with δ2 = 1 will have higher anti-diffusion than the HLLEM

scheme with δ2 = ã
ã+|ũn| and hence HLL-CPS scheme may resolve a moving contact discontinuity better than

the HLLEM scheme. The HLLEM scheme shows monotone behaviour across a strong shock while the HLL-

CPS scheme does not show perfectly monotone behaviour for all the shock tube problems [10]. The results

of the HLLEM and HLL-CPS schemes for a very severe shock tube problem with a strong shock running

rightwards, a stationary contact and a left-running expansion wave are shown in Fig. 1. The initial conditions

for the problem are (ρ, u, p)L = (1.0, −19.59745, 1000.0) and (ρ, u, p)R = (1.0, −19.59475, 0.01). The

pre-shock Mach number here is about 165. It can be seen from the figure that the HLLEM scheme is perfectly

monotone while the HLL-CPS scheme is marginally non-monotone with a slight overshoot in density. The

results of a modified HLL-CPS scheme with δn = 0 are also shown in the figure. It can be seen from
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the figure that the modified HLL-CPS scheme is perfectly monotone like the HLLEM scheme. It can be

concluded that for obtaining a monotone solution across an infinitely strong shock, the value of δn must be

equal to zero or nearly equal to zero across the shock. The figure also indicates that the moving contact

discontinuity resolving ability of the HLL-CPS scheme is superior to the HLLEM scheme.

Figure 1: Results of Sod shock tube problem

4.3.2 High-speed flows

The HLLEM scheme exhibit numerical shock instabilities like carbuncle phenomenon, odd-even decoupling,

kinked Mach stem, etc., for high-speed flows. On the other hand, the HLLE scheme, which does not resolve

the linearly degenerate waves, is free from the numerical shock instability problems. The HLL-CPS scheme

[10], which resolves the contact discontinuity exactly, exhibits mild instability for the supersonic corner

test case. The HLL-CPS scheme is susceptible to the carbuncle phenomena under conditions like highly

stretched grids. The HLLES scheme proposed by Xie et al. [24], which resolves the shear wave but excludes

the contact wave, exhibits numerical shock instabilities. The HLLEC scheme, which resolves the contact

wave but excludes the shear wave, has been shown to be free from numerical shock instabilities by Xie et

al. [24]. However, Simon and Mandal [29] have shown that the HLLEC scheme is also prone to numerical

shock instabilities. The HLLE+ scheme proposed by Park and Kwon [22] has been shown to be free from

numerical shock instabilities for viscous flows. However, Tramel et al. [53] have observed that the HLLE+

scheme is also susceptible to numerical shock instabilities. The anti-diffusion coefficients of the various

HLL-family schemes are shown in Table 1. It can be seen from the table that all the schemes that have

non-zero anti-diffusion coefficients are susceptible to numerical shock instabilities.
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Table 1: Anti-diffusion coefficients of the HLL-family schemes

Sl No Scheme δ2 δ3 δn

1 HLLE 0 0 0

2 HLL-CPS 1
γ

γ − 1

γ

γ − 1

3 HLLEM
ã

â+ |ũn|
ã

â+ |ũn|
0

4 HLLEC
ã

ã+ |ũn|
0 0

5 HLLES 0
ã

ã+ |ũn|
0

6 HLLE+ 0.5 (around shock) 0.5 (around shock) 0

The matrix stability analysis method of Dumbser et al. [19] is a popular method of evaluating the stability

of numerical schemes. The results of the matrix stability analysis of the various HLL-family schemes are

shown in Fig. 2. The matrix stability analysis is carried out like Dumbser et al. [19] and a ‘thin shock’ is

considered in the analysis. It can be seen from the figure that the maximum real eigenvalues of all the schemes

with non-zero anti-diffusion coefficients are positive and suffer from numerical shock instability problems,

while the HLLE scheme with anti-diffusion coefficients of zero has negative maximum real eigenvalues for all-

Mach numbers and is free from the numerical shock instabilities. Therefore, it is felt that in the HLL-family

schemes, the numerical shock instabilities can be reduced or avoided if the anti-diffusion coefficients for the

shear and the contact waves are close to zero (δ2,3 → 0) around the shock. The anti-diffusion coefficient in

the face normal direction δn is also required to be close to zero for obtaining a monotone solution across the

shock, as shown in the previous section.
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Figure 2: Plot of maximum real eigenvalues vs upstream Mach number for the HLL-family schemes

4.3.3 Low Mach number flows

For the HLLEM scheme, the coefficients δ2 and δ3 approach unity as the Mach number tends to zero and

while δn is equal to zero irrespective of the Mach number. For the HLL-CPS scheme, the coefficients are

δ2 = 1, δ3 = δn = γ−1
γ irrespective of Mach number. The HLL-CPS and HLLEM schemes are incapable of

resolving the flow features at low Mach numbers. The cause of the unphysical behaviour of the approximate

Riemann solvers at low Mach numbers can be ascertained from the asymptotic analysis pioneered by Guillard

and Viozat [33] and Rieper [34, 35]. It has been shown by Guillard and Viozat [33] that for the continuous

Euler equations, the pressure is constant in space up to fluctuations of the order of the reference Mach

number squared (M2
∗ ). Asymptotic analysis of the Roe scheme [5] carried out by Guillard and Viozat [33]

reveals that the pressure fluctuation at very low Mach numbers is of the order of the reference Mach number

M∗. The unphysical behaviour of the Roe scheme [5] at low Mach numbers has been attributed to the

wrong order of pressure fluctuations. It has been shown by Rieper [34, 35] that for the Roe scheme the

incorrect order of pressure fluctuation is due to the normal velocity jump terms in the normal momentum

flux equation. Rieper has proposed a scaling of the normal velocity jump terms in the normal momentum

flux equation of the Roe scheme by a local Mach number function [34, 35] to improve the accuracy of the

scheme at low Mach numbers. This modification of Rieper can be expressed as a sum of the original term

and anti-diffusion term as f(M)∆un = ∆un − (1 − f(M))∆un and hence the anti-diffusion coefficient is

δn = 1−f(M). It is observed that this anti-diffusion coefficient in the normal momentum equation δn tends

to unity as Mach tends to zero. Accurate results have been obtained by Rieper for inviscid flow around a

cylinder with the above modification to the Roe scheme [34, 35]. Similarly, the low Mach modification of

14



Godunov-type flux proposed by Dellacherie et al. [42] is

F (UR,UL) = F (UR,UL)
G − 1

2
(1− θ)ρa [0, ∆un, 0, 0]

T
(24)

where F (UR,UL)
G is the original Godunov-type flux and θ is a Mach number-based function. Here, the

anti-diffusion coefficient in the face normal momentum flux equation (δn = 1 − θ) approaches unity as the

Mach number tends to zero.

Asymptotic analysis of the HLL-CPS scheme is therefore carried out like Guillard and Viozat [33] to

identify the cause of non-physical behaviour of the scheme in low Mach number flows. The HLL-CPS scheme

for the discrete Euler equations (6,11) at low Mach numbers can be written as

|Ω|i
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∂t
+
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(25)

The HLL-CPS scheme shown in (25) can be written in non-dimensional form, after rotation, as

|Ω̄|i
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(26)

Expanding the terms asymptotically and arranging the terms in the equal power of M∗, we obtain

1. Order of M0
∗
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(a) Continuity Equation

|Ω̄|∂ρ̄0i
∂t̄

+
∑
lϵυ(i)

(
ūn0,ilρ̄0K +

1

2ā0il
∆ilp̄1

)
∆sil = 0 (27)

(b) x-momentum Equation

|Ω̄|∂(ρ̄0ū0)i
∂t̄

+
∑
lϵυ(i)

(
ūn0,il(ρ̄0ū0)K + (p̄2nx)il +
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nx
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(
1

2ā0il
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(28)

(c) y-momentum Equation

|Ω̄|∂(ρ̄0v̄0)i
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+
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(
ūn0,il(ρ̄0v̄0)K + (p̄2ny)il +

(
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2. Order of M−1
∗

(a) Continuity Equation ∑
lϵυ(i)

(
1

2āil
∆ilp̄0

)
∆sil = 0 (30)

From the above equation, we obtain
∑

lϵυ(i) ∆ilp̄0 = 0 and hence p̄0 = constant for all i.

(b) x-momentum Equation

∑
lϵυ(i)

(
(p̄1nx)il +

(
ūn0

2ā0
nx

)
il

∆ilp̄0 +
1

2ā0il
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)
= 0 (31)

∑
lϵυ(i)
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As per equation (53)
∑

lϵυ(i) ∆ilp̄0 = 0. Therefore,

∑
lϵυ(i)

(p̄1nx)il =
∑
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−1

2
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ā0il

∆ilū0 (33)
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(c) y-momentum Equation

∑
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2ā0
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1

2ā0il
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As per equation (53)
∑

lϵυ(i) ∆ilp̄0 = 0. Therefore,

∑
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∑
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1
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Rotating the x and y-momentum equation results of (33, 35) into the normal direction, we obtain

∑
lϵυ(i)

p̄1nxnx +
∑
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p̄1nyny = −
∑
lϵυ(i)

1

2
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2
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∑
lϵυ(i)

p̄1 = −
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lϵυ(i)

1

2

p̄0,il
āil

∆ilūn0 (37)

Therefore, the HLL-CPS scheme permits pressure fluctuation of the type p(x, t) = p0(t)+M∗p1(x, t) and

hence, the scheme will not be able to resolve the flow features at low Mach numbers. It can be seen from

the above equation that that the normal velocity jump is the cause of the non-physical behaviour of the

HLL-CPS scheme at low Mach numbers. Further, it is apparent that the normal velocity jump will vanish

in the limit of Mach number zero if the anti-diffusion coefficient δn tends to unity as Mach number tends to

zero.

Therefore, for resolving the low Mach flow features, all the anti-diffusion coefficients (δ2, δ3 and δn) of the

HLLEM and HLL-CPS schemes should approach unity as the Mach number tends to zero (δ2, δ3, δn → 1

as M → 0). It shall be proved later by asymptotic analysis that pressure fluctuations similar to the contin-

uous Euler equations are obtained in the HLLEM and HLL-CPS schemes if the anti-diffusion coefficients,

δ2, δ3, δn → 1 as M → 0.

4.3.4 Boundary layer resolution

The Roe scheme, the HLLE+ scheme, and the HLLEM scheme with Park modification are capable of

resolving the wall boundary layer accurately while the HLLE scheme is incapable of accurate boundary

layer resolution. The flat plate boundary layer profile of the HLL-CPS scheme has been shown to lie

between the HLLEM and HLLE schemes [11, 12]. For the HLLEM scheme, the anti-diffusion coefficients

are δ2 = δ3 = ã
ã+|ũn| and δn = 0. Across the flat plate boundary layer, the Roe-averaged normal velocity

|ũn|, which is also the approximate speed of the contact discontinuity, is almost equal to zero, and hence
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the anti-diffusion coefficients δ2 and δ3 are equal to (or almost equal to) unity in the HLLEM and Roe

schemes. For the HLL-CPS scheme the anti-dissipation coefficients are δ2 = 1 and δ3 = δn = 0.2857 for

a fluid with γ = 1.4 like air. The flat plate boundary layer profiles of the HLL-CPS and HLLEM schemes

for a free-stream Mach number of 0.20 are shown in Fig. 3. The results are shown after 50,000 iterations

with a CFL number of 0.50 on a grid size of 81 × 33. The third-order computations are carried out with

the MUSCL approach [54] (κ = 1/3) without any limiters. It can be seen from the figure that the HLLEM

scheme resolves the boundary layer accurately as its anti-diffusion coefficient for the contact and shear waves

(δ2 and δ3) are nearly equal to unity across the boundary layer. Therefore, it can be said that for accurate

boundary layer resolution, the anti-diffusion coefficient for the contact and shear waves, δ2 and δ3 should be

equal or close to unity inside the boundary layer like the Roe/HLLE+/HLLEM scheme.

Figure 3: Boundary layer profile for M∞ = 0.20 laminar flow over a flat plate computed by the HLLE,

HLL-CPS and HLLEM schemes

4.4 Improvement of HLLEM and HLL-CPS Schemes

The following guidelines for the anti-diffusion coefficients can now be defined for obtaining all-speed HLL-

CPS and HLLEM scheme:

1. For obtaining a monotone solution across an infinitely strong shock, δn should be equal or close to

zero as in the HLLE and HLLEM schemes.

2. For avoiding numerical shock instabilities at high Mach numbers, the anti-diffusion coefficients should

be close to zero in the vicinity of the shock (δ2,3,n → 0) like the classical HLLE scheme.

3. For obtaining accurate solutions at low Mach numbers all three anti-diffusion coefficients should tend
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to unity as the Mach number tends to zero (δ2,3,n → 1 as Mach → 0).

4. For the accurate resolution of boundary layers, the anti-diffusion coefficients of the contact and shear

waves should be equal or close to unity (δ2, δ3 ≈ 1), as in the Roe/HLLE+/HLLEM schemes.

Based on the above guidelines, the anti-diffusion coefficients are improved to make the HLL-CPS scheme a

genuinely all-Mach number scheme. The anti-diffusion coefficient in the HLL-CPS scheme for the contact

wave (δ2 = 1) is excessive while the anti-diffusion coefficient of the HLLEM scheme for the contact wave

is more appropriate. Kemm [30] and Simon and Mandal [29] have shown that the exact resolution of the

contact wave also contributes to numerical shock instabilities in the HLLEM scheme. Therefore, the anti-

diffusion coefficients of both the contact and shear waves in the original HLLEM scheme are modified with

a multi-dimensional pressure function like Simon and Mandal [29]. The anti-diffusion coefficients for the

contact and shear waves in the improved HLL-CPS schemes can be written as

δ2,new = δ3,new =
ã

ã+ |ũn|
fp1 (38)

where fp1 is a multi-dimensional pressure function. The pressure function fp1 at the interfaces (i+ 1
2 , j) and

(i, j + 1
2 ) are taken as
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2 ,j

= min
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2 ,j
, fp,i,j+ 1

2
, fp,i+1,j+ 1

2
, fp,i,j− 1

2
, fp,i+1,j− 1

2

)
fp1,i,j+ 1

2
= min
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2
, fp,i− 1

2 ,j
, fp,i− 1

2 ,j+1, fp,i+ 1
2 ,j

, fp,i+ 1
2 ,j+1

) (39)

where

fp = min

((
pL
pR

)
,

(
pR
pL

))3

(40)

where pL and pR are the static pressure to the right and left of the interface. Alternate, less dissipative anti-

diffusion coefficients of the contact and shear wave for the improved HLL-CPS scheme are δ2,new,HLL−CPS =

δ3,new,HLL−CPS = fp. However, these anti-diffusion coefficients may not meet the stability requirements of

the HLLEM scheme [7]. The anti-diffusion coefficient in the face normal direction is taken as a function of

the local Mach number like Rieper [34, 35] and Dellacherie et al [42]. However, mild oscillations and non-

monotone behaviour are observed with the anti-diffusion coefficient based only on the local Mach number [40].

The anti-diffusion coefficient is scaled by the pressure-based function in order to obtain monotone solutions

and suppress numerical shock instabilities. The face normal anti-diffusion coefficient can be defined as

δn,new = [1− f(M)]fp1 (41)

19



where fp1 is the pressure function defined in equations (39, 40), f(M) = min(max(MR, ML), 1), MR and

ML are the local Mach numbers to the right and left of the interface.

The improved anti-diffusion term B∆U for the HLLEM and HLL-CPS schemes can be written as

B∆Unew = δ2,newα̃2R̃2 + δ3,newα̃3R̃3 + δn,newρ̃∆un [0, 1, 0, ũn]
T

(42)

where δ2,new and δ3,new are the anti-diffusion coefficients of the contact and shear waves defined in equa-

tion (38), α̃2 = ∆ρ − ∆p

ã2
and α̃3 = ρ̃∆ut are the wave strength of the contact and shear waves, R̃2 =[

1, ũn, ũt,
1
2 (u

2
u + ũ2

t )
]T

and R̃3 = [0, 0, 1, ũt]
T are the right eigenvectors of the contact and shear wave

in the flux Jacobian matrix, δn,new is the anti-diffusion coefficient for resolution of low Mach flow fea-

tures defined in equation (41). The new improved B∆U can now be used in equation (14) for the HLL-CPS

scheme and in equation (8) for the HLLEM scheme. The improved schemes can be named HLL-CPS-FP and

HLLEM-FP respectively. In the proposed HLL-CPS-FP scheme the anti-diffusion coefficients are modified

from their original values of δ2 = 1, δ3 = δn = γ−1
γ to δ2,new = ã

ã+|ũn|fp1 or δ2,new = fp1, δ3,new = ã
ã+|ũn|fp1

or δ3,new = fp1, and δn,new = (1 − f(M))fp1. In the proposed HLLEM-FP scheme, the anti-diffusion

coefficients for the contact and shear wave are scaled with a pressure function and additional anti-diffusion

is introduced in the normal direction. The additional anti-diffusion in the normal direction shall reduce

dissipation due to the normal velocity jump and improve performance in low Mach number flows. It may be

noted here that, in the HLL-CPS scheme, arithmetic averaging is used instead of Roe averaging and hence

the Roe averaged terms in the above equation can be replaced by arithmetic average for the HLL-CPS

scheme. The proposed HLLEM scheme can also be expressed as a sum of the original HLLEM scheme and

additional terms. Since the HLLC scheme is similar to the HLLEM scheme, the additional terms can also

be used with the original HLLC scheme to improve its shock stability and its ability to resolve low Mach

flow features. Therefore, the all-Mach number HLLEM and HLLC schemes, in terms of the original schemes

and additional terms, can be written as

F (UR, UL)All−Mach = F (UR, UL) +
SRSL

SR − SL

(
(fp1 − 1)

3∑
k=2

(δkα̃kR̃k) + δn,newρ̃∆un(0, 1, 0, ũn)
T

)
(43)

where F (UR, UL) is the original HLLEM/HLLC flux, fp1 is the pressure function defined in equations

(40 and 39), δ2 = δ3 = ã
ã+|ũn| are the anti-diffusion coefficients of the contact and shear waves in the

original HLLEM scheme, δn,new is the anti-diffusion coefficient for resolving low Mach flow features defined

in equation (41). It can be seen from the equation that across a strong shock, fp1 → 0 and hence diffusion of

the contact and shear wave is introduced in the vicinity of the shock to suppress numerical shock instabilities.
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In regions of smooth flows, fp1 → 1 and hence the contact and shear wave resolution capability of the original

HLLEM and HLLC schemes is retained.

In the following sections, the suitability of the proposed schemes for low-speed flows is demonstrated

through asymptotic analysis while the stability of the proposed HLL-CPS-FP and HLLEM-FP schemes is

demonstrated through linear perturbation and matrix stability analyses.

4.5 Analysis of proposed schemes

Asymptotic analysis, linear perturbation and matrix stability analyses of the proposed HLL-CPS and

HLLEM schemes are carried out to demonstrate that the proposed schemes are capable of resolving low

Mach flow features and are robust against numerical shock instabilities.

4.5.1 Asymptotic analysis

Asymptotic analysis of the proposed HLL-CPS and HLLEM schemes is carried out like Guillard and Viozat

[33]. Asymptotic analysis of the proposed HLL-CPS-FP scheme is placed in Appendix I while asymptotic

analysis of the proposed HLLEM-FP scheme is placed in Appendix II. It can be seen that the pressure fluc-

tuation in the proposed HLL-CPS-FP and HLLEM-FP schemes are of the type p(x, t) = p0(t)+M2
∗p2(x, t).

Hence, these schemes shall be capable of resolving the flow features at low Mach numbers.

4.5.2 Linear perturbation analysis

Linear perturbation analysis of the proposed schemes is carried out like Quirk [16] and Pandolfi-D’Ambrosio

[17]. A saw-tooth type perturbation is introduced into the primitive variables like density, shear velocity

and pressure. The evolution of the density, shear velocity, and pressure perturbations with time in the

proposed schemes is obtained like Quirk [16] and Pandolfi-D’Ambrosio [17]. The normalized flow properties

are described as follows

ρ = 1± ρ̂, u = u0 ± û, v = 0, p = 1± p̂ (44)

where ρ̂, û and p̂ are the density, shear velocity, and pressure perturbations respectively. It may be noted

that here u is the shear velocity and v is the face normal velocity. The evolution of the density and pressure

perturbations for the proposed schemes along with the original schemes is shown in Table 2. In the HLLEM

scheme, the density perturbations are fed by the pressure perturbations while the shear velocity perturbations

remain unchanged. In the HLL-CPS scheme, the density perturbations are fed by the pressure perturbations,

just like the HLLEM scheme, but the shear velocity perturbations are damped in the HLL-CPS scheme.
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In the proposed HLL-CPS-FP and HLLEM-FP schemes, the pressure switch fp1 along with the density

and pressure perturbations influence the evolution of the density perturbations. Across a strong shock, the

value of fp1 becomes close to zero and the density perturbations are damped like the HLLE scheme. The

shear velocity perturbations in the proposed HLL-CPS-FP and HLLEM-FP schemes are influenced by the

pressure switch fp1. Across a strong shock, the value of fp1 becomes close to zero and the shear velocity

perturbations are damped like the HLLE scheme. Since the density and shear velocity perturbations are

damped in presence of strong shock in the HLL-CPS-FP and HLLEM-FP schemes, these schemes are likely

to be free from numerical shock instabilities like the classical HLLE scheme.

Table 2: Result of linear perturbation analysis of the proposed HLL-CPS and HLLEM schemes

Sl No Scheme ρ̂n+1 = ûn+1 = p̂n+1 =

1 HLL-CPS ρ̂n − 2ν

γ
p̂n ûn(1− 2ν

γ
) p̂n(1− 2ν)

2 HLL-CPS-FP ρ̂n(1− 2ν(1− fp1))−
2ν

γ
fpp̂

n ûn(1− 2ν(1− fp1)) p̂n(1− 2ν)

3 HLLEM ρ̂n − 2ν

γ
p̂n ûn p̂n(1− 2ν)

4 HLLEM-FP ρ̂n(1− 2ν(1− fp1))−
2ν

γ
fpp̂

n ûn(1− 2ν(1− fp1)) p̂n(1− 2ν)

4.5.3 Matrix stability analysis

Matrix stability analysis is carried out for the proposed schemes like Dumbser et al. [19]. A 2D computational

domain [0, 1]× [0, 1] is considered and is discretized into 11×11 grid points. The raw state is a steady normal

shock wave with some perturbations which can be expressed as

Ui = U0
i + δUi (45)

where i = (i, j) is the index of the cell, U0
i is the solution of a steady shock, and δUi is a small numerical

random perturbation. Substituting the expression into finite volume formulation and after some evolution,
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the perturbations can be expressed as



δU1

.

.

.

δUM


= expSt



δU1

.

.

.

δUM


0

(46)

where S is the stability matrix based on the Riemann solver. The perturbations will remain bounded if the

maximum of the real part of the eigenvalues of S is non-positive, i.e.,

max(Re(λ(S))) ≤ 0 (47)

The initial data is provided by the exact Rankine-Hugoniot solution in the x-direction. The upstream and

downstream states of the primitive variables are

WL = (ρ, u, v, p)L =

(
1, 1, 0,

1

γM2
a

)
, x < 0.5

WR = (ρ, u, v, p)R =

(
f(Ma),

1

f(Ma)
, 0,

g(Ma)

γM2
a

)
, x > 0.5

(48)

whereMa is the upstream Mach number, f(Ma) =

(
2

γ + 1

1

M2
a

+
γ − 1

γ + 1

)−1

, g(Ma) =

(
2γ

γ + 1
M2

a − γ − 1

γ + 1

)
.

A random perturbation of 10−6 is introduced to all the conserved variables of all the grid cells. The matrix

stability analysis can be carried out with either a ‘thin shock’ comprising only upstream and downstream

values or with a ‘shock structure’ comprising an intermediate state. In the present work, the analysis is

carried out for a ‘thin’ shock. The plot of the eigenvalues of S in the complex plane for a typical upstream

Mach number of 7.0 is shown in Fig. 4 for the proposed HLLEM-FP and HLL-CPS-FP schemes. It can be

seen from the figure that all the real eigenvalues are negative. The plot of the maximum real eigenvalues

for different upstream Mach numbers is shown in Fig. 5. It can be seen from the figure that the maximum

real eigenvalue of the proposed HLLEM and HLL-CPS schemes are less than zero for all the upstream

Mach numbers considered in the analysis. Hence, the proposed HLLEM-FP and HLL-CPS-FP schemes are

expected to be stable for high-speed flows.
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(a) HLLEM-FP Scheme (b) HLL-CPS-FP Scheme

Figure 4: Distribution of the eigenvalues of S in the complex plane for the proposed HLLEM-FP and HLL-

CPS-FP Schemes for an upstream Mach number of 7.0

Figure 5: Plot of maximum real eigenvalue vs upstream Mach number for the proposed HLLEM-FP and

HLL-CPS-FP schemes

5 Results

The performance of the proposed HLL-CPS-FP and HLLEM-FP schemes is evaluated by solving the prob-

lems involving planar shock, double Mach reflection, forward-facing step, blunt body, expansion corner,

low-speed cylinder and flat plate boundary layer. The performance of the proposed schemes is compared

with the original HLL-CPS and HLLEM schemes. First-order results are shown for the inviscid, high-speed

test cases since the numerical shock instabilities are prominently visible in first-order schemes. However,
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second-order results are shown for a few test cases to demonstrate the ability of the proposed schemes to

resolve the flow features. The results for the viscous test cases are also second-order accurate.

5.1 Planar shock problem

The problem consists of a Mach 6.0 shock wave propagating down in a rectangular channel. The domain

consists of 800×20 cells. The centreline in the y direction (11th grid line) is perturbed to promote odd-even

decoupling along the length of the shock as yi,11 =

 yi,11 + 0.001 if i is even

yi,11 − 0.001 if i is odd
.

The domain is initialized with ρ = 1.4, p = 1.0, u = 0, and v = 0. Post-shock values are imposed at

the inlet and zero gradient boundary conditions are imposed at the exit. Solid wall boundary conditions

are imposed at the top and bottom. The density contour plots for the original and proposed HLL-CPS and

HLLEM schemes at time t = 55 are shown in Fig.6 and 30 contour levels ranging from 16 to 7.0 are drawn.

It can be seen from the figure that odd-even decoupling is absent in the proposed HLL-CPS-FP scheme, just

like the original HLL-CPS scheme. It can be seen from the figure that the original HLLEM scheme show

odd-even decoupling while the proposed HLLEM-FP scheme is free from the odd-even decoupling problem.

(a) HLL-CPS Scheme (b) HLL-CPS-FP Scheme

(c) HLLEM Scheme (d) HLLEM-FP Scheme

Figure 6: Density contour plots for the M∞ = 6 Planar shock problem computed by the HLL-CPS, HLL-

CPS-FP, HLLEM and HLLEM-FP schemes. The results are shown at time t=55 units.

5.2 Double Mach reflection problem

The domain is four units long and one unit wide. The domain is divided into 480 × 120 cells. A Mach 10

shock initially making a 60-degree angle at x = 1/6 with the bottom reflective wall is made to propagate

through the domain. The domain ahead of shock is initialized to pre-shock value (ρ = 1.4, p = 1, u = 0,

v = 0) and domain behind shock is assigned post-shock values. The inlet boundary condition is set to

post-shock values and the outlet boundary is set to zero gradients. The top boundary is set to simulate
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actual shock movement. At the bottom, the post-shock boundary condition is set up to x=1/6 and the

reflective wall boundary condition is set thereafter. Density contours are shown in Fig. 7 for the original

and proposed HLL-CPS and HLLEM schemes at time t = 2.00260× 10−1 units. Thirty (30) contour levels

ranging from 2.0 to 21.5 are shown. It can be seen from the figure that the proposed HLL-CPS-FP scheme

is free from kinked Mach stem, just like the original HLL-CPS [10]. A severe kinked Mach stem is observed

in the original HLLEM scheme, while the proposed HLLEM-FP scheme is free from the kinked Mach stem

problem.

(a) HLL-CPS (b) HLL-CPS-FP

(c) HLLEM (d) HLLEM-FP

Figure 7: Density contours for the M∞ = 10 double Mach reflection problem computed by the HLL-CPS,

HLL-CPS-FP, HLLEM and HLLEM-FP schemes. The results are shown at time t = 0.020026 units.

5.3 Forward-facing step problem

The problem consists of a Mach 3 flow over a forward-facing step. The geometry consists of a step located

0.6 units downstream of the inlet and 0.2 units high. A mesh of 480 × 160 cells is used for a domain of

3 units long and 1 unit high. The complete domain is initialized with ρ = 1.4, p = 1, u = 3, and v = 0.

The inlet boundary is set to free-stream conditions, while the outlet boundary has zero gradients. At the

top and bottom, reflective wall boundary conditions are set. Density contour plots for the original and

proposed first-order HLL-CPS and HLLEM schemes are shown in Fig. 8 at time t = 4.0 units. A total of

45 contours from 0.2 to 7.0 are shown in the figure. It can be seen from the figure that both the proposed

HLL-CPS schemes capture the primary and reflected shocks without any numerical instability while a mild

instability is observed in the primary bow ahead of the step in the HLL-CPS scheme. The primary bow
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shock is replaced by an oblique shock in the original HLLEM scheme. The HLLEM scheme fails to capture

the triple point and the primary reflected shock is also not well captured. The proposed HLLEM-FP scheme

captures the primary and reflected shocks without numerical instabilities.

(a) HLL-CPS (b) HLL-CPS-FP

(c) HLLEM (d) HLLEM-FP

Figure 8: Density contour for the M∞ = 3 flow over a forward-facing step computed by the first-order

HLL-CPS, HLL-CPS-FP, HLLEM and HLLEM-FP schemes. The results are shown at time t = 4 units.

It is felt that the first-order schemes are unable to resolve all the flow features of the problem and hence,

second-order computations are also carried out. The popular MUSCL reconstruction method [54] along with

the van Leer limiter is used for achieving second-order accuracy in space and time integration is performed

using the two-stage Runge-Kutta method of Gottlieb and Shu [55]. Density contour plots for the original

and proposed second-order schemes are shown in Fig. 9 at time t = 4.0 units, and a total of 45 contours

from 0.2 to 7.0 are shown in the figure. It can be seen from the figure that the original and proposed

schemes are able to resolve the contact discontinuity originating from the triple point near the top wall.

A mild instability is observed in the primary bow shock ahead of the step in the HLL-CPS scheme. The

HLLEM scheme exhibit mild instability in the primary bow shock ahead of the step and in the normal shock

near the top wall. The HLLEM scheme is also unable to resolve the secondary reflected shock around the

step region. The proposed HLL-CPS-FP and HLLEM-FP schemes, on the other hand, do not exhibit any

numerical shock instability and are also able to resolve the contact discontinuity originating at the triple

point near the top wall. It is thus demonstrated that the proposed HLL-CPS-FP and HLLEM-FP schemes

are free from numerical shock instabilities and are capable of resolving contact discontinuities at the same

time.
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(a) HLL-CPS (b) HLL-CPS-FP

(c) HLLEM (d) HLLEM-FP

Figure 9: Density contour for the M∞ = 3 flow over a forward-facing step computed by the second-order

HLL-CPS, HLL-CPS-FP, HLLEM and HLLEM-FP schemes. The results are shown at time t = 4 units.

5.4 Blunt body problem

Hypersonic flow over a blunt body is a typical problem to assess the performance of a scheme for carbuncle

instability. A free-stream Mach number of 20 is used in the computation. The grid for the blunt body had

a size of 40× 320 cells. The domain is initialized with values of ρ = 1.4, p = 1, u = 20, and v = 0. The inlet

boundary condition is set to free-stream value. The solid wall boundary condition is applied to the blunt

body. The computations are carried out for 100,000 iterations. The density contour plot for the original and

the modified HLL-CPS and HLLEM schemes are shown in Fig. 10, and a total of 27 density contours from

2.0 to 8.7 are drawn. It can be seen from the figure that the original and the modified HLL-CPS schemes

are free from the carbuncle phenomenon. It can be seen from the figure that the original HLLEM scheme

exhibits a severe carbuncle phenomenon, while the proposed HLLEM-FP scheme is free from the carbuncle

problem of the original scheme. The static pressure plot of various schemes along the centreline of the blunt

body is shown in Fig. 11. It can be seen from the figure that due to the severe carbuncle phenomenon, the

static pressure profile of the HLLEM scheme is drastically different from the other schemes which are free

from the carbuncle phenomenon. The zoomed-up view of the centreline static pressure plot near the shock

location and ahead of the blunt body is shown in Fig. 12. It can be seen from the figure that the post-shock

static pressure value of the HLL-CPS, HLL-CPS-FP and HLLEM-FP are very close to the analytical value

of 466.5 Pa. The stagnation pressure of the HLL-CPS-FP and HLLEM-FP are about 515 Pa and are very
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close to the analytical value of 515.5 Pa while the stagnation pressure of the HLLE and HLL-CPS schemes

are about 512 Pa. Thus, the stagnation pressure of all the new schemes are closer to the analytical value.

Therefore, it is felt that the low Mach corrections to the HLL-CPS and HLLEM schemes may be reducing

the pressure losses in the subsonic region downstream of the shock and thus contributing to the improved

stagnation pressure values in the new schemes. The post-shock pressure and stagnation pressure of the

various schemes are presented in Table 3 and the improved stagnation pressure of the proposed schemes

can be observed in the table. It is observed that the stagnation pressure of the HLLC-ADC, HLLC-SWM,

HLLEM-ADC, and HLLEM-SWM schemes of Simon and Mandal [27, 28, 29] which do not involve low Mach

corrections are around 509 Pa which lends credibility to the above observation. The convergence history of

the original and modified HLL-CPS and HLLEM schemes are shown in Fig. 13. It can be seen from the

figure that the original HLLEM scheme converges to about 10−8 while the modified HLLEM-FP scheme

converges to machine accuracy within 100,000 iterations. The original HLL-CPS scheme also converges to

about 10−16 while the HLL-CPS-FP scheme converges to about 10−12. The convergence histories of the

proposed HLLEM-FP and HLL-CPS-FP schemes are better than the HLLEM-ADC scheme of Simon and

Mandal [29] and can be considered to be satisfactory.

Table 3: Post Shock and Stagnation Pressure values of various schemes

Sl No Scheme Post Shock Pressure (Pa) Stagnation Pressure (Pa)

1 Analytical 466.5 515.5

2 HLLE 465.84 512.23

3 HLL-CPS 465.99 512.94

4 HLL-CPS-FP 461.13 515.25

5 HLLEM 228.24 220.61

6 HLLEM-FP 471.22 514.95
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(a) HLL-CPS (b) HLL-CPS-FP (c) HLLEM (d) HLLEM-FP

Figure 10: Density contour for M∞ = 20 flow over a blunt body computed by the HLL-CPS, HLL-CPS-FP,

HLLEM and HLLEM-FP schemes. The results are shown after 100,000 iterations

Figure 11: Static pressure plot along the centreline (y = 0) for M∞ = 20 flow over a blunt body
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(a) Near Shock Location (b) Ahead of the Blunt Body

Figure 12: Zoomed-up view of static pressure plot along the centreline for M∞ = 20 flow over a blunt body

Figure 13: Convergence history of L2 norm of density residuals for M∞ = 20 flow over a blunt body

computed by the HLL-CPS, HLLEM, HLL-CPS-FP and HLLEM-FP schemes

5.5 Supersonic corner problem

The problem consists of a sudden expansion of a Mach 5.09 normal shock around a 90-degree corner. The

domain is a square of one unit and is divided into 400 × 400 cells. The corner is located at x = 0.05 and

y = 0.45. The initial normal shock is located at x = 0.05. The domain to the right of shock is assigned

initially with pre-shock conditions of ρ = 1.4, p = 1.0, u = 0.0, and v = 0.0. The domain to the left of

the shock is assigned post-shock conditions. The inlet boundary is supersonic, the outlet boundary has zero

gradients and the bottom boundary behind the corner uses extrapolated values. Reflective wall boundary
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conditions are imposed on the corner. A CFL value of 0.8 is used and the density contour plots are generated

for time t = 0.1561 units. A total of 30 density contours ranging from 0 to 7.1 is shown in Fig. 14 for the

various HLL-CPS and HLLEM schemes. The figure shows a benign perturbation at the top just ahead of

the shock for HLL-CPS schemes. The results of the HLL-CPS-FP scheme show significant improvement

over the original HLL-CPS scheme. It can be seen from the figure that severe numerical shock instability is

present in the original HLLEM scheme, while the figure that the proposed HLLEM-FP scheme is free from

the numerical shock instability problem of the original scheme.

(a) HLL-CPS Scheme (b) HLL-CPS-FP Scheme

(c) HLLEM Scheme (d) HLLEM-FP Scheme

Figure 14: Density contour for M∞ = 5.09 normal shock diffraction around a 900 corner computed by the

HLL-CPS, HLL-CPS-FP, HLLEM and HLLEM-FP schemes. The results are shown for time t=0.1561.
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5.6 Flow around a cylinder at low Mach numbers

The flow around a cylinder at low Mach numbers is an important test case to determine the accuracy

and numerical dissipation of a numerical scheme. First-order, inviscid computations are carried out over

a cylinder using the original and proposed HLL-CPS and HLLEM schemes. The computations are carried

out with a CFL number of 0.80. Structured grids of size 49× 37× 5, 97× 37× 5, and 97× 73× 5 are used

and results are shown for a grid size of 97 × 73 × 5. The static pressure coefficient plots of the HLL-CPS

scheme for Mach 0.10, 0.01 and 0.001 are shown in Fig. 15 and a total of 41 contour lines are drawn. The

static pressure coefficient is defined as cp = (p − p∞)/ 1
2ρ∞u2

∞ where p∞, ρ∞ and u∞ are the free-stream

pressure, density and velocity respectively. Due to the increase in numerical viscosity with reduction in Mach

number in the HLL-CPS scheme, the pressure contours resemble creeping Stokes flow. The static pressure

coefficient plot shows the highest numerical viscosity for the Mach 0.001 case, indicating that numerical

viscosity increases with a decrease in Mach number for the HLL-CPS scheme. The static pressure coefficient

plots for the proposed HLL-CPS-FP scheme for Mach 0.1, 0.01 and 0.001 are shown in Fig. 16 and total of

41 contour lines from -4.0 to 0.0 are drawn. Static pressure coefficient plot of the proposed scheme resembles

potential flow even at Mach 0.001. A weak checkerboard is seen for the modified HLL-CPS-FP schemes at

Mach 0.001. The improved accuracy of the proposed HLL-CPS scheme can be attributed to the reduction

in numerical dissipation through an increase in anti-diffusion coefficients δ3 and δn.

(a) M∞ = 0.10 (b) M∞ = 0.01 (c) M∞ = 0.001

Figure 15: Static pressure coefficient contour plot for flow around a cylinder computed by the HLL-CPS

scheme for (a) M∞ = 0.10, (b) M∞ = 0.01 and (c) M∞ = 0.001
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(a) M∞ = 0.10 (b) M∞ = 0.01 (c) M∞ = 0.001

Figure 16: Static pressure coefficient contour plot for flow around a cylinder computed by the HLL-CPS-FP

scheme for (a) M∞ = 0.10, (b) M∞ = 0.01 and (c) M∞ = 0.001

The static pressure coefficient contour plots of the HLLEM and the HLLEM-FP scheme are shown in

Fig. 17 and 18 respectively, and a total of 41 contour lines are drawn. The static pressure coefficient plots

of the HLLEM scheme do not resemble potential flow but are closer to Stokes flow. This can be attributed

to the high numerical dissipation in the normal momentum flux of the scheme at low Mach numbers. On

the other hand, the static pressure coefficient plots of the proposed HLLEM-FP scheme, shown in Fig. 18,

resemble potential flow for all three Mach numbers. This is due to the reduction in numerical dissipation in

the normal momentum flux through the addition of anti-diffusion terms in the scheme.

(a) M∞ = 0.10 (b) M∞ = 0.01 (c) M∞ = 0.001

Figure 17: Static pressure coefficient contour plot for flow around a cylinder computed by the HLLEM

scheme for (a) M∞ = 0.10, (b) M∞ = 0.01 and (c) M∞ = 0.001
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(a) M∞ = 0.10 (b) M∞ = 0.01 (c) M∞ = 0.001

Figure 18: Static pressure coefficient contour plot for flow around a cylinder computed by the proposed

HLLEM-FP scheme for (a) M∞ = 0.10, (b) M∞ = 0.01 and (c) M∞ = 0.001

The maximum pressure fluctuation obtained with the proposed HLL-CPS-FP and HLLEM-FP schemes

for different inflow Mach numbers is plotted in Fig. 19. It can be seen from the figure that the pressure

fluctuation is of the order of Mach number squared (O(M2)) which is consistent with the pressure fluctuation

in the continuous Euler equations.

Figure 19: Maximum pressure fluctuation pfluc = (pmax − pmin)/pmax against inflow Mach number for the

flow around a cylinder obtained with the proposed HLL-CPS-FP and HLLEM-FP schemes
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5.7 Flat plate boundary layer profile

Computations are carried out with the proposed schemes over a flat plat to demonstrate the boundary layer

resolving capability of the modified schemes. The computations are carried out for a free-stream Mach

number of 0.20 and Reynolds number of about 10,000 like in section 4.3.4. The third-order computations

are carried out with the MUSCL approach [54] without any limiters. The time integration is carried out by

the two-step Runge-Kutta method of Gottlieb and Shu [55]. The boundary layer profiles are shown after

50,000 iterations with a CFL number of 0.50. The grid had a size of 81× 33. The boundary layer profiles of

the proposed HLL-CPS-FP and HLLEM-FP schemes are shown in Fig. 20. The normalized velocity U/U∞

is plotted against the Blasius parameter η = y
√

U/(νx) in the figure. It can be seen from the figure that

both the HLL-CPS-FP and HLLEM-FP schemes are capable of accurate boundary layer resolution, like the

original HLLEM scheme.

Figure 20: Boundary layer profile for M∞ = 0.20 laminar flow over a flat plate computed by the HLL-CPS-

FP and HLLEM-FP Scheme

6 Conclusion

This study compares the HLLEM and HLL-CPS approximate Riemann solvers and proposes enhancements

for their performance in all-Mach number flows. The improvements involve modifying the anti-diffusion

coefficients associated with contact and shear waves, as well as the anti-diffusion coefficient related to the

velocity jump in the face normal direction.

The robustness and stability of the enhanced HLL-CPS and HLLEM schemes are validated through

linear perturbation and matrix stability analyses. For high-speed flow problems, the new HLL-CPS scheme
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exhibits greater robustness compared to the original version, successfully resolving a flat plate boundary

layer—a task that the original scheme struggled with. Additionally, the revised HLLEM scheme addresses

numerical instabilities such as odd-even decoupling, kinked Mach stems, and the carbuncle phenomenon,

which affected the original scheme.

In low Mach number scenarios, specifically for the case of a cylinder, both the modified HLL-CPS and

HLLEM schemes outperform their original counterparts, producing results that closely resemble potential

flow even at a very low Mach number of 0.001. Overall, the proposed HLL-CPS and HLLEM schemes

demonstrate the capability to deliver accurate results across a wide range of Mach numbers.
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Appendix I: Asymptotic Analysis of HLL-CPS-FP Scheme for Low Mach Number Flows
The HLL-CPS-FP scheme for the discrete Euler equations shown in (6,14,42) can be written in non-
dimensional form, after rotation, as
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2ā
− ā
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ūnM∗ + ā
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ūil(∆ilρ̄−

∆ilp̄
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)
∆il(ρ̄ē)−
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2ā
− ā
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(49)

The normal anti-diffusion coefficient in non-dimensional terms is δ̄n = 1−M∗ ¯f(M).
Expanding the terms asymptotically and arranging the terms in the equal power of M∗, we obtain

1. Order of M0
∗

(a) Continuity Equation
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+
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(
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(b) x-momentum Equation
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(c) y-momentum Equation
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2. Order of M−1
∗

(a) Continuity equation ∑
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1
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∆sil = 0 (53)

From the above equation, we obtain
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lϵυ(i) ∆ilp̄0 = 0 and hence p̄0 = constant for all i.
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Since
∑
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ā0il
2
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(c) y-momentum equation∑
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Since
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Equations (56, 59) imply that

p̄1,i−1,j − p̄1,i+1,j = 0, p̄1,i,j−1 − p̄1,i,j+1 = 0, (60)

This implies that p̄1 =constant for all i. Therefore, the HLL-CPS-FP scheme permits pressure fluctuation
of the type p(x, t) = p0(t) + M2

∗p2(x, t) and hence, the scheme will be able to resolve the flow features at

41



low Mach numbers.

Appendix II: Asymptotic Analysis of HLLEM Scheme for Low Mach Number Flows
The HLLEM scheme shown in equations (6, 8,10) can be written in non-dimensional form as
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ūnM∗ + ā
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(61)

The flow variables are expanded using the following asymptotic expansions

ρ̄ = ρ̄0 +M∗ρ̄1 +M2
∗ ρ̄2, ūn = ūn0 +M∗ūn1 +M2

∗ ūn2, p̄ = p̄0 +M∗p̄1 +M2
∗ p̄2 (62)

As per the rules of Rieper[35], only the leading terms are considered for the terms appearing in the denomi-
nator. Expanding the terms asymptotically using equation (62) and arranging the terms in the equal power
of M∗, we obtain
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ūn0il

2ā2
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(b) x-Momentum Equation
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(c) y-Momentum Equation
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2. Order of M−1
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Therefore,
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ū0il
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ā20il

)− (ρ̄0nx)il∆ilut0

)
∆sil = 0

(69)

Since
∑

lϵυ(i) ∆ilp̄0 = 0, we obtain

∑
lϵυ(i)

(p̄1ny)il +
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Equations (68) and (70) imply that ∑
lϵυ(i)
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Therefore, the HLLEM scheme for the discrete Euler equations supports pressure fluctuation of the type
p(x, t) = p0(t) +M∗p1(x, t) and hence shall not be able to resolve flow features at low Mach numbers.

The HLLEM-FP scheme shown in equations (6, 8,42) can be written in non-dimensional form, after
rotation, as
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ūnM∗ + ā
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)


∆sil

+
∑
lϵυ(i)

(
ū2
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The normal anti-diffusion coefficient in non-dimensional terms is δ̄n = 1−M∗ ¯f(M).
Expanding the terms asymptotically using equation (62) and arranging the terms in the equal power of

M∗, we obtain
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2ā0 il

∆ilp̄0

)
∆sil+

∑
lϵυ(i)

a0il
2

(
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(c) y-Momentum Equation∑
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2ā0il
∆il(p̄0)

)
∆sil+

∑
lϵυ(i)

a0il
2

(
∆il(ρ̄0v̄0)− v̄0(∆ilρ̄0 −

∆ilp̄0
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Equations (76, 79) imply that

p̄1,i−1,j − p̄1,i+1,j = 0, p̄1,i,j−1 − p̄1,i,j+1 = 0, (80)

This implies that p̄1 =constant for all i

Therefore, the HLLEM-FP scheme for the discrete Euler equations supports pressure fluctuation of the
type p(x, t) = p0(t) +M2

∗p1(x, t) and hence is consistent with the continuous Euler equations.
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