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SCALAR PRODUCTS AND LEFT LCD CODES

NABIL BENNENNI AND ANDRE LEROY

ABSTRACT. In this article, we introduce new scalar products over finite rings
via additive isomorphisms. This allows us to define new notions of right (re-
spectively left) orthogonal codes, that are not necessarily linear. This leads
to definitions of right (resp. left) dual codes and left LCD codes similar to
the classical LCD codes. Furthermore, we provide necessary and sufficient

conditions for the existence of these codes.

Key words: Scalar products, right and left dual codes, left-LCD codes.
MSC 2020: 94B05, 16S50.

1. INTRODUCTION

Linear complementary dual codes (LCD) were initially introduced by Massey [4]
in 1992, with the intention of using them for the so-called two-user binary adder
channel. Massey proved that the use of an LCD code solves some of the decodability
difficulties. LCD codes play an important role in practical applications in particular,
against side-channel and fault injection attacks; for more details cf. [I].

In this paper, we focus on the class of left LCD codes (left Complementary Dual
codes) which is important because of their connection with quantum error correction
and quantum computing [5].

Skew triangular matrix rings presented in [3] gave us the opportunity to create new
dot products, which is extremely beneficial for creating left and right dual codes
different from the classic dual codes. In addition, we stipulated that the codes must
be left-LCD codes (left-linear Complementary Dual codes).

This paper is organized as follows. In Section 2, we define a new product on a
matrix ring M, (R) via the action of an automorphism 6 € Aut(R). This was
inspired by [3] where a similar construction was defined on upper triangular matrix
rings. We also introduce new dot products and their left and right orthogonality
relations. We characterize self-dual codes with respect to this new dot product. We
study the connections between some subsets of R™ arising from these definitions.
In Section 3, we study a necessary and sufficient condition for a left linear code to
be a left LCD code (left linear Complementary Dual codes). We give examples of
the best known left LCD codes obtained in this way using Fy, Fg, Fg or Fy4 for R
and the Frobenius automorphism for 6.
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2. NEW PRODUCTS VIA ADDITIVE ISOMORPHISMS

We will define a new product on a matrix ring M, (R) via the action of an
automorphism 6 € Aut(R). Let us start with a very general statement.

Lemma 2.1. Let R,+,. be a 7ming and S,+ be an additive, abelian group such
that o : R,+ — S,+ is an isomorphism of additive groups. Then the following

multiplication * gives S a ring structure.
For s1,82 €S, 51 %53 = (¢ (s51)¢ (52))
The map ¢ : R — S is therefore a ring isomorphism.

Proof. Let R,+,. be a ring and S, + be an additive (=abelian) group such that
¢ R,+ — S, + is an isomorphism of additive groups. By definition, we have
s1% 82 = p(p 1 (s1)p " 1(s2)). We compute

81 % (s2% 53) = p(p

p(rir) = (o~ (s1)p ' (s2))
= 51 % 82 = @(r1)p(r2).
O

Before coming to the main focus of our paper, let us apply this lemma and give

an example:

Example 2.2. (1) Consider Z/nZ and let m € {1,...,n} be such that m and
n are coprime. The map ¢ : Z/nZ,+ — Z/nZ+ defined by o(1 +nZ) =
m + nZ is an isomorphism of additive structure. This gives a new ring

structure on Zi/nZs where the unity will be m + nZ..
2



1 (2) Consider Z/87 and the map ¢ : ZL/8%,+,x — L )8L,+,x* deﬁned by

2 P(L[8L) =3 x (L/8L). 2+3 = p(p~' (2)¢™(3)) = ¢(6.1) =

3 I(Z)87) = 2.(ZJ87), p(I(Z/8Z)) = p(2.(Z/8Z)) = ¢(2 ) * Z/SZ

. 6+ (Z/87).

5 We can apply this lemma to a matrix ring M,,(R) and an automorphism 6 of R, +

6 (not necessarily a ring automorphism). We get an additive isomorphism, denoted
7 ¢ My(R) — M,(R), by setting, for A = (Ai;) € M, (R), p(A)i; = 0 (A4;).
s From ¢ we can create a new product on M,(R). We describe this product in
9 Theorem 2.3

Theorem 2.3. Let 0 € Aut(R), and ¢ the map defined above. Then the product
defined on M, (R),+ satisfies, for A = (a;;) and B = (b;;) we have

ZJ - Zazk9 bkg

10 Proof. For 1 <1,j <n, we compute:

(A B)ij = (e~ (A (B))ij = 0" (¢~ (A)p™ (B))s)
=6t Zw A)ixe™ (B)j)
_ 291—1 el—z(Aik)el—k(Bkj))
k
= ZAikﬁi"“(Bkj).
k
11 This concludes the proof. (I
12 Example 2.4. We define the additive map ¢ by:

QY MQ(R) — MQ(R)
<a b) <a c
—
c d b d
a b a b\ T a
c d * d d ) c

aa’ +cb ac + cd )
ba’ +db’ b + dd’

13

A/\/\

aa' +cb ba' +db’
ac +cd  bd + dd
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Example 2.5. We define the additive map ¢ by:
Q M2(R) — MQ(R)

<a b) <b c)
— ;

c d d a
=<p((cbl Z)(Z: ZL:))

o dd' +ab’ da' +acd )
=¥ bd' +cb'  ba' +ccd

[ dd"+ac bd +cbf
o\ bd ed dd +ceb ]
The map ¢ : M, (R),. — M, (R), * gives an isomorphism of rings ( see Lemma
2I)). This new product structure restricted to the subring of upper triangular

matrices over a finite field F' with the Frobenius map was already used in Habibi
et al [3]. The next proposition is a particular case of Lemma 211

Proposition 2.6. Let ¢ : M,(R),. — M,(R),* be the map define by p(a;;) =
0'=Y(ai;). Then ¢ is an isomorphism of rings.

Corollary 2.7. The inverse of a matric A € M,(R),* is the matriz ¢(B) €
M, (R),* where B is the usual inverse of ¢~ (A).

Proof. Suppose that ¢~ '(A)B = I,,, then A x p(B) = p(p 1 (A)B) = o(I,) = I,,
as desired. ]

In order to introduce a scalar product related to the new product of matrices,
we are forced to generalize the above construction as follows.
Let R be aring, and for any n, k € N, suppose we have an additive isomorphism

Onk : Mpk(R), + — My 1 (R), +.
Now, if A € M, x(R) and B € M}, ;(R) we define
(a) Ao B =, i(¢nr(A)pri(B)).
(b) A% B = pni(e, 1 (A)ey i (B)).
There are many ways of defining the additive maps ¢y, 1 in general. For instance,
we could use any permutation of the nk entries of the matrices in M, ;(R). In this

paper, we will consider an automorphism 6 of the ring R and construct an additive
map ¢n, k as follows:

SDn,k(A)ij = (Hi_l(ai,j)) where A = (am) S Mn)k(R)

With these notations we have:
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Lemma 2.8. Let R be a ring, A € My, x(R),B € My i(R) and 0 € Aut(R). With
the above notations we have:

(1) (Ao B)ij =3, Airt" " (Br,)

(2) (AxB)ij =23, A0 "(Br;).

(3) If n = k the map ¢ : M, (R),+,. — M,(R),+,* defined by p((Ai;)) =

((0°=1)(Ai5)) is a ring homomorphism.

In (1) and (2) above, these products are additive on both variables but are linear
only on the left.

Proof. We have
(Ao B)ij = ¢, 1 ((nk(A)eri(B)))i
= 0" pnk(Diseri(B)ss)

=0""(>_ 0 (Ai)0" " (By))
=) A0 (Byy).

A similar computation gives the second formula.
(3) is left to the reader. O

Let us remark that in the above definitions of the maps ¢,, j the indices n, k just
fix the size of the matrices we are working with. In the sequel we will just write ¢
and drop the indices.

We denote by R" the space of rows My ,(R) and by "R the space of columns
M, 1(R). For z € R™, we denote 2! € ™R the transpose of z. If we consider P1n
and ¢y, 1, o and * give two scalar products i.e. biadditive maps from R"™ x ™R into
R. More explicitly we have, for a,b € R™ we have:

a0l = o1 1(p1n(@)pna (V) and axb' = p11(p7,(a)py 1 (0))-
In general, these scalar products are neither R-linear nor symmetric in the sense
that, in general, for a,b € R® aob' # boa® and a * b* # b * at. Note that the
orthogonality with respect to these scalar products is not the same as the classical

orthogonality. Similarly, the orthogonalities for both the operations o and * are
different. Let C' C R™, we define

O={zeR"|zxc!=0,YceC} and C**={ze€R"|cxz'=0,VeecC}
L0 ={zeR"|zoct=0,YceC} and C°t={ze€R"|cozx'=0,VeeC}

Remarks 2.9. We usually take p11 = Id. In these cases

(1) if o1, is a left linear map from R} — RY. Then scalar products given
by * and o are left linear but just additive on the right.
(2) if o1, ts a right linear map from RY — RY,. Then scalar products given

by * and o are right linear but only additive on the left.
5
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(3) If p1.n and pn,1 are the identity maps (on R™ and ™R respectively ) then x

is the usual scalar product.

(4) If p1, is the identity and for any (b1,...,by) € R™, ©1.4((b1,...,by)") =

(b%,...,b%)" where * is an involution on R, then x is an Hermitian product.

rvn
Proposition 2.10. Let C C R", we have:

(1) C*t = (pna (@1, ()9
(2) #1, n(J—*C) ©n, 1( D).
(3) L = %n(wnl(Ct)L)
(4) C°F = o1 (p1a(C)).

Proof. (1) Let the maps

©1n - Ml,n(R) — Ml,n(R) ; Pn,lt Mn)l(R) — Mn)l(R) and PY1,1 = Id.

={z € R"|p1,1(¢1,
={z € R"[p1.
= {z € R"; ,(C)p,, ) (z") = 0}

(
= (pna(prn(C)0))"

(
(

I
-1
1

Hence the result.
(2) This is left to the reader.
(3)We compute:
eC={zeR"|zoc =0, YVee C}
= {z € R"|¢1 1 (p1n(@)pn1(c")) = 0}
— (erh @l () = 0)
= 7 (ona (O,

(4) This is left to the reader.

c)cpn)ll (z')) =0,Vc € C}
yo, 1 (@h) = 0,Vy € o1, (C)}

O

Similar results hold for the other scalar products. Thanks to this proposition we

can characterize self-duality with respect to * via usual orthogonality.

Corollary 2.11. A code C is a self-dual code for x (i.e. C =

C*+) if and only

0, 1(CY) = o1 1 (C)E. Similarly if C = C, then we have ¢1,,(C) = pn1(CH)*

Similar results hold for the other scalar products.

Examples 2.12. The map ¢1,3 : M7 3(R) — Mi 3(R), ¢1.3(a1,a2,a3) = (Aaz,a1,a2),
where A € R and 3 1(b1, b2, b3)" = (ba,b1,b3)". The scalar product for % given by
(a1, az,as3) * (b1, ba,b3)" = (Xas, a1, az).(ba, b1, b3)" = Aasba + a1by + azbs

Let R = F4—{O,1,0¢ a?}witha?+a+1=0,\=aand C =

Then (C)*+ = {(z, o2z, ax)|z € F,}.

((1,0,1), (@, 1,0)).
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Let 6 be an automorphism of R. For n > 1, a = (a1,...,a,) € R"®, and b =
(b1,...,by) € R, we define 1 ,(a) = a and @, 1(b") = (b1,0(ba),...,0™" (b))’
Explicitly we have a b =" a,0""1(b,) and ao b’ =3 a0~ "(b,).

Proposition 2.13. Let C be a subset of R"™. We have:

(1) +*C is always an R-submodule of R" and C**+ is always additive subgroup
of R™.
(2) Let x,y € R™, we have z * y* = x - p(y), where - stands for the usual dot

product.
(3) We have C Ct* (C*+) and C C (+*Ct)*+.
(3") We have C C1t° (C°1) and C C (+°C*)°+.

) )
) )
(4) We have +*C = p(CH)* and O+ = p(C*+).
(4) We have 1°C = o(CY)t and C*+ = o(C°1).

Proof. (1). These properties are direct consequences of the definitions.

(2). Let 2,y € R™, wehave zxy' = >0 | ;0" (y;) = (@1, ..., 2n) (Y15 - -, Yn)").

(3). Let (x1,...,2,) € C** then for any ¢ = (c1,...,¢,) € C, we have ¢ *
(w1, mn)t =0, ie. Y0 x;) =0, ie (c1,...,¢0) €5% {(z1,...,2,)}, this
gives the first inclusion. The second is obtained similarly.

(37),(4) and (4’) are obtained similarly. O

Let us remark that all the assertions of the above Proposition Z13] except (2),
are valid in the general setting of * and o.

3. LErT LCD CODES AND APPLICATIONS

In this section, we fix 6 € Aut(R). We will use the * multiplication for matrices
as defined in Lemma 2.8 Analogues of the results that we will obtain are also true
for the o multiplication. We give the definition of a *-LCD code and a necessary
and sufficient condition for a code is a *-LCD code.

Definition 3.1. A left linear code C is x-LCD if C NC**+ = {0} (Cn*+*C = {0}).

If C is a left linear code, we can define it via a set of row bases {c1,...,cx} C R™.
So if H is the k x n matrix defined by these vectors, we have that C = R¥H. Since
the map ¢ is a bijection, we can also define the code C' by C' = R* x G for a matrix
G e Mk)n(R).

Lemma 3.2. Let R be a commutative ring, y € R* and G € My, ,(R), we have
(y*G)' = (@) 71 (y").

Proof. We compute (y + G)" = (yp(G))" = p(G)'y" = (G) e(¢™(y"))
= ¢(G) * ¢~ (y'). This concludes the proof. O

Theorem 3.3. Let R be a commutative field and G € My ,(R). The code C =
RF % G is a left **LCD code if and only if G * p(G)t € M, (R) is invertible.
7
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Proof. Assume that the matrix G*¢(G)" € M, (R) is invertible, and let mathbfc €
C NH* C. There exists u € R* such that mathbfc = u* G. Since mathbfc €+* C,
we have that for every y € R*, mathbfc* (y * G)* = 0. We thus get that 0 =
(u* G) * (y x G)t. The above lemma then gives 0 = u * G * ¢(G)" * ¢~ 1(y!). Since
y € R, our assumption gives that © = 0 and hence ¢ = 0. Conversely, let us show
that if C NH* € = {0} then G * ¢(G)! is invertible. Assume to the contrary that
G * p(G) is not invertible and let v € R* be such that v * G * p(G)* = 0. For any
e=¢e*xGeC,wehave vk Gxel =vxGx*(e/+GQ)* =vxG*p(G) xp~1(e) = 0.
We thus have that v+ G € C N* C, a contradiction. ([

Remarks 3.4. The above result has analogues in all the three remaining orthogo-
nals viz. C*+,1°C and C°~+. Notice that for the right orthogonals C*+, C°" we
have to use a right linear code C' defined by a matrix H € M,, x(R), i.e. C = HRF.

3.1. Results and computation. In this subsection, we present examples of good
left LCD codes and dual code C+* form the from Theorem and Proposition
210 ( o~ 1(Ct) = C*) over (GF(4)), (GF(8)), (GF(9)) and (GF(16)) . These
codes ( left LCD) are either optimal or have the same parameters as best known
linear codes available in the database [2].
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TABLE 1. Examples of best known and optimal left-LCD codes

over GF'(4) and GF(8)

Type of Codes

C+* Left-LCD

C+* Left-LCD

J_*C

C+* Left-LCD

J_*C

C+* Left-LCD

L*C

[TL, kvd]q

[77414]8

[77413]4

[77354]4

[107 37 8]8

[77354]8

[111 674]4

[117 674]4

Generator Matrix

100 0

w?

w2
w6

01 0 0 w?
001 0 wt

1
0

00 0 1 w

100 0 w?

1

001 0 w?

01 00
0 0 01

w

0

01 0 wt

1

w

1 0000 0 w?
01000 0 w?
001 00O

0001060

0
0

0

w?

00001 0 w

00000 1 w

1
0
0
0
1

10 00 0 w
0100 0 w?
0 01 0O
0 0010
0 00 0O

1

w

0
0
0

w




TABLE 2. Examples of best known and optimal Left LCD codes

over GF'(9) and GF(16)
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