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Cylindrical inclusions in mobile brushes experience apparent attraction, which arises from a ten-
dency to minimize the depletion zone around the inclusions, thereby maximizing the overall entropy.
We find that correlation blobs act as the basic units of the attraction. In tall brushes, however, the
depletion zone formed above the inclusions can generate repulsion, partially offsetting the deple-
tion attraction. Our study offers physical insights into the brush-induced depletion interaction and
suggests it as a mechanism for protein cluster formation on cell surfaces.

Introduction.– Protein clusters are ubiquitous in cell
membranes, and their cellular functions have been a sub-
ject of great interest [1–5]. For example, an oligomerized
form of microbial rhodopsins functions as a light-driven
ion-pump or ion-channel in the native membrane [6–10].
It has been shown that the glycocalyx, a layer of gly-
colipids and glycoproteins that densely coat the cell sur-
face, plays vital roles in cell-cell adhesion, communica-
tion, and signaling by promoting the integrin nanoclus-
ter formation [11–14] and regulates the cancer cell pro-
gression [15]. Polymer brush-induced depletion attrac-
tion has recently been suggested as one of the key driving
forces for the transmembrane protein clustering in bio-
logical membranes [16, 17], among other mechanisms,
such as membrane undulation-induced thermal Casimir
force [18–21], protein-protein interaction [22–25], and
membrane curvature-mediated interaction [26, 27].

The attraction between inclusions in a suspension of
nonabsorbing depletants characterized with purely re-
pulsive interaction is entropic in nature, arising from an
osmotic imbalance of depletants near the depletion lay-
ers [28, 29]. Although the Asakura-Oosawa (AO) theory
was originally proposed for interactions between hard
spheres or flat surfaces suspended in a solution of deple-
tants in three dimensions, it can straightforwardly be ex-
tended to other geometry or polymeric systems as well as
to those in two dimensions (2D) [30–33]. For extensively-
studied systems of colloid-polymer mixtures [28–31, 34–
45], the gyration radius of polymer (Rg) and the radius
of colloidal particle (Rc) serve as the two primary length
scales. Depending on their size ratio, q = Rg/Rc, the de-
pletion interactions are either in the colloid (q < 1) or in
the protein limit (q > 1). For our cylinder-brush system,
on the other hand, where the cylinders can be deemed
effectively in a semidilute solution of correlation length
ξ, qc = ξ/D, which replaces Rg and Rc in q with the cor-
relation length ξ and the cylinder diameter D, becomes
a relevant parameter. Together with qc, due to the pres-
ence of another length scale set by the brush height (H)
relative to the inclusion height (h), i.e., H/h, the brush-
induced depletion interactions are formally categorized
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FIG. 1: Four distinct regimes of brush-induced depletion
interactions between cylindrical inclusions. (i) H/h < 1,
qc < 1; (ii) H/h > 1, qc < 1; (iii) H/h < 1, qc > 1; (iv)
H/h > 1, qc > 1.

into four distinct regimes (Fig. 1).
Here, we first review the basics of brush polymers and

revisit a quasi-2D version of the AO theory for the brush-
induced depletion interaction [16]. The AO theory is
employed to account for the potentials of mean force
(PMFs) calculated from molecular dynamics (MD) sim-
ulations under varying brush heights and grafting den-
sities. We not only highlight the efficacy of the blob
concept [46] in quantitative understanding of depletion
interactions in a brush environment, but also demon-
strate that the varying brush height introduces addi-
tional complexity to the problem. Our study sheds light
on membrane biophysics associated with protein nan-
ocluster formation in glycocalyx [11–15].

Polymer brush. We consider a polymer brush where
np polymers, each consisting of N segments, are end-
grafted to a 2D surface of area A but laterally mo-
bile on the grafting surface. When the grafting density,
σ = np/A, is greater than that defined by the Flory ra-
dius of an isolated chain (RF ≃ bN3/5), i.e, σ > R−2

F , the
polymer chains overlap with each other and transition
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from a mushroom-like configuration to a string of N/g
correlated blobs of size ξ(≃ τ1/5bg3/5), forming a brush
of height (H) that satisfies the Alexander-de Gennes
brush scaling [47–49], H ≃ (N/g) ξ ≃ Nb(τσb2)1/3.
Here, τ(= (T − Θ)/T ∼ O(1)) is associated with the
second virial coefficient B2 ∼ τb3, which we set τ = 1
for convenience in this paper, and σ is related to ξ as
σ ≃ 1/ξ2.
The interior of brush (ξ < z < H) is effectively in

the semi-dilute regime packed with correlation blobs of
size ξ which changes with the polymer volume fraction
(ϕ ≃ g/ξ3) as ξ ≃ bϕ−γ with γ = ν/(3ν − 1) ≈ 3/4
for ν = 3/5 [46]. Thus, the osmotic pressure inside the
brush is expected to follow the des Cloizeaux scaling,
Π/kBT ∼ 1/ξ3 ∼ ϕ9/4/b3 ∼ (σb2)3/2 [46, 50].
AO theory for brush-induced depletion interaction.

For a brush system that contains two parallelly aligned
cylindrical inclusions, mimicking signaling transmem-
brane receptor proteins, e.g., integrins, separated by a
center-to-center distance d, the total volume accessi-
ble for brush polymers increases as the inclusions are
brought together from V (d) = V> for d > D + 2δc to
V (d) = V> + Vex(d) for D ≤ d ≤ D + 2δc with V> =
(A− πD2/2)min (h,H) ≈ Amin (h,H) and Vex(d) > 0.
Then, according to the AO theory, the effective interac-
tion arises from the tendency to minimize the volume of
depletion zones, which in turn maximizes the accessible
volume for brush polymers to explore. Thus, the AO
potential is given by

βFAO(d; δc) ≃ −np

(
min (h,H)

ξ

)
log

[
1 +

Vex(d; δc)

V>

]
≈ −σ

ξ
Vex(d; δc). (1)

Here, it is conjectured that each correlation blob con-
tributes a free energy of ∼ O(1) kBT to the depletion
interaction. Thus, np × min (h,H)/ξ amounts to the
number of blobs in the system. The second line of Eq. 1
is obtained from Vex/V> ≪ 1 with σ = np/A. Our in-
corporation of the blob idea [46] into the AO theory will
be justified through analysis of the numerical results of
brush-induced depletion interaction.
In Eq. 1, the excess volume for brush polymers is

equivalent to the excess area Aex(d; δc) multiplied by the
height of either brush (H) or inclusion (h), whichever is
smaller, i.e., Vex(d; δc) = Aex(d; δc)min (h,H) with

Aex(x;λc) =
D2

2

[
(1 + λc)

2
cos−1

(
x

1 + λc

)

−x2

√(
1 + λc

x

)2

− 1

 (2)

where we have rescaled the distance x = d/D and thick-
ness λc = δc/D (1 ≤ x ≤ 1+λc). Thus, the AO potential
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δc ∼ σ − 12

0.01 0.1

0.1

1

δc/D

σ

∼ σ − 12

σ

FIG. 2: (A) Monomer concentrations around a cylindrical in-
clusion with Rc/b = 7.07 (pink box) Rc/b = 2.12 (pale blue
box) obtained from MD simulations in four distinct cases il-
lustrated in Fig. 1. (B) Depletion layer thickness (δc) against
grafting density (σ) for the four regimes (i–iv), and those cal-
culated around a needle-like inclusion (yellow circles; a cylin-

der with Rc/b = 0.5 and h ≫ H). The line of δc ∼ σ−1/2 is
depicted as a reference. (Inset) Plot of depletion layer thick-
ness rescaled by the cylinder diameter (δc/D) against σ.

at x reads

βFAO(x) ≈ −σ

(
min (h,H)

ξ

)
Aex(x;λc). (3)

In fact, an identical expression is derived by consider-
ing the free energy gain due to the excess volume of
min (h,H)Aex created to the semidilute solution whose
osmotic pressure is given by βΠ ∼ 1/ξ3,

βFAO(x) ≈ −βΠ×min (h,H)Aex(x;λc). (4)

Depletion layer thickness. To evaluate Eq. 3 or Eq. 4,
it is necessary to know the depletion layer thickness (δc)
associated with the parameter λc in Aex(x;λc) (Eq.2).
For colloid-polymer mixtures in a semidilute solution, it
is known that δc ∼ ξ for the colloid limit (q = Rg/Rc ≪
1) [30, 35], whereas for the protein limit (q = Rg/Rc ≫
1), δc is constant as δc ∼ Rc [51, 52], independent of
depletant (polymer) concentration.

For our cylinder-brush system, we calculate δc explic-
itly from the concentration profiles around a cylinder of
radius Rc(= D/2) (Fig. 2) through the relation [43]

π(Rc + δc)
2 = πR2

c +

∫ ∞

Rc

2πr(1− c(r)/cb)dr, (5)



3

A

0 0.5 1 1.5
-300

-200

-100

0

100

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0 1 2 3 4 5 6

-15

-10

-5

0

5

σ

0 0.5 1 1.5
-300

-200

-100

0

100

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 1 2 3 4 5 6

-15

-10

-5

0

5

y( = d − D) y/σ−1/2

βF
MD

(y)
/σ1.1

0

βF
MD

(y)

0 0.5 1 1.5
-300

-200

-100

0

100

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 1 2 3 4 5 6

-15

-10

-5

0

5

0 2 4 6 8 10
-20

-15

-10

-5

0

5

10

0 0.5 1 1.5 2 2.5 3
-150

-100

-50

0

50

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8 10
-20

-15

-10

-5

0

5

10

0 0.5 1 1.5 2 2.5 3
-150

-100

-50

0

50

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

σ

βF
MD

(y)
/σ0.7

5

βF
MD

(y)

y( = d − D) y/σ−1/20 2 4 6 8 10
-20

-15

-10

-5

0

5

10

0 0.5 1 1.5 2 2.5 3
-150

-100

-50

0

50

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8 10
-15

-10

-5

0

5

0 0.5 1 1.5
-80

-60

-40

-20

0

20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8 10
-15

-10

-5

0

5

0 0.5 1 1.5
-80

-60

-40

-20

0

20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8 10
-15

-10

-5

0

5

0 0.5 1 1.5
-80

-60

-40

-20

0

20

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

σ

βF
MD

(y)

βF
MD

(y)
/σ0.7

5

y( = d − D) y/σ−1/2

0 2 4 6 8
-8

-6

-4

-2

0

2

4

6

0 0.5 1 1.5

-100

-50

0

50

100

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8
-8

-6

-4

-2

0

2

4

6

0 0.5 1 1.5

-100

-50

0

50

100

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 2 4 6 8
-8

-6

-4

-2

0

2

4

6

0 0.5 1 1.5

-100

-50

0

50

100

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

σ

βF
MD

(y)

βF
MD

(y)
/σ1.1

0

y( = d − D) y/σ−1/2

(i)

(ii)

(iii)

(iv)

0.01 0.1

1

10

(i)
(ii)
(iii)
(iv)

B

σ

| β
ΔF

MD
|

∼ σ1.10

∼ σ0.75

0.010.1

1

10

(i)
(ii)
(iii)
(iv)

0.010.1

1

10

(i)
(ii)
(iii)
(iv)

0.010.1

1

10

(i)
(ii)
(iii)
(iv)

(iv)

FIG. 3: PMFs between cylinders with varying σ obtained from MD simulations for four distinct regimes (i)–(iv). (A) (left)
PMFs versus y = d−D. (right) PMFs in the range of σ represented by the filled circles are collapsed onto one another when

the distance and free energy are rescaled, respectively, with σ−1/2(= ξ) and σα (α = 1.10 for H/h < 1 in (i) and (iii); α = 0.75
for H/h > 1 in (ii) and (iv)). (B) |β∆FMD| versus σ. The red and blue lines depict the scalings of ∼ σ1.10 and ∼ σ0.75.

where c(r)/cb is the concentration profile of monomers
normalized by the bulk concentration (cb ≡ c(r > ξ))
that is reached at a distance of the order of the correla-
tion blob size [35]. For polymers grafted as in brushes,
the symmetry along the brush height is broken; how-
ever, the brush height-dependence of the concentration
profile around the cylinder is found insignificant. The
calculations for δc are carried out over the range of
σb2(= 0.01 − 0.09) and D/b = 1, 3

√
2 and 10

√
2, so

that the parameter qc = ξ/D ≃ δc/D ≃ (σ1/2D)−1

encompasses the range of qc,min < qc < qc,max with
qc,min ≃ 0.235 for σb2 = 0.09 and D/b = 10

√
2 and

qc,max ≃ 10.0 for σb2 = 0.01 and D/b = 1 (Fig. 2).

First, the depletion layer thickness is narrow com-
pared to the diameter of inclusion (δc/D < 1), in effect,
over the whole range of qc being explored (0.235 ≤ qc ≤
10.0). Although the depletion layer thickness around the
cylinder is curvature-dependent, such that smaller cylin-
der curvatures lead to greater δc’s, the actual difference
between δc’s for different D is only minor (see Fig. 2).
Furthermore, the difference between δc’s for the short
(H < h) and tall brushes (H > h) is not statistically
significant, either (Fig. 2B).

Second, it may be tempting to associate the qc > 1
limit of brush-induced depletion interaction with the
protein limit of colloid-polymer mixtures where the de-
pletion layer thickness is constant (δc = Rc) [51, 52].
However, the scaling relation of δc ∼ σ−1/2 revealed from
our calculation (Fig. 2) is apparently at odds with such a
notion. This signifies that the depletion layer thickness
around cylindrical inclusion in brushes is dictated by the
blob size (δc ∼ ξ) regardless of the size of qc (Fig. 2) and
that the correlation blob is the fundamental interaction

unit for the brush-induced depletion attraction. Note
that the cylinder-brush system is distinguished from the
colloid-polymer mixtures in that the axial dimension of
cylinder (h) is still greater than ξ.

Analysis of PMFs from MD simulations.– The PMFs
calculated from MD simulations for the four regimes
illustrated in Fig. 1 are analyzed by using Eq. 3 (see
Fig. 3).

For H < h, min (h,H)/ξ = H/ξ = N/g, and Eq.2
at x = 1 for λc ≪ 1 is approximated as Aex(1;λc) ∼
D2λ

3/2
c ∼ D1/2δ

3/2
c . From the relation of δc ∼ σ−1/2

(Fig. 2) and the blob concept with ν = 0.588, the free
energy gain, βFAO(x = 1) ≡ β∆FAO (Eq. 3), is expected
to scale with σ as

|β∆FAO| ∼ σ

(
N

g

)
D

1
2 δ

3
2
c ∼ ND

1
2σ

1
4+

1
2ν ∼ σ1.10. (6)

Fig. 3B shows that the dependence of stability on σ
predicted by Eq.6 well accounts for the MD simulation
results. In addition, upon rescaling the inclusion gap
(y = d − D) by the blob size (ξ ∼ σ−1/2) and the free
energy by the σ-dependent stability (Eq. 6), the rescaled
free energy profiles with varying σ overlap nicely with
each other (see Fig. 3A-(i) and (iii)), except for those
with small σ (empty symbols in Fig. 3A) which are on
the border of the brush forming regime (σR2

F
>∼ 1). On

the other hand, for H > h, the free energy gain is char-
acterized by a distinct exponent, 3/4, as follows:

|β∆FAO| ∼
1

ξ3
× hD

1
2 δ

3
2
c ∼ hD

1
2 ξ−

3
2 ∼ σ

3
4 . (7)

The collapsed free energy profiles upon rescaling, i.e.,
(d − D) → (d − D)/ξ and βFMD → βFMD/|β∆FAO|,
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FIG. 4: (A) PMFs from MD simulations for Rc/b = 7.07 at
σb2 = 0.08 with varying H/h. (B) Stabilities of two cylinders
as a function of H/h for Rc = 7.07 and 2.12 at σb2 = 0.08.
(Inset) Self-consistent field (SCF) calculation with the ex-
cluded volume parameter Λ = 2π2. (C) Change in the vol-
ume of the depletion zone above the cylinders with increasing
distance between the cylinders, ∆Vz>h = Vz>h(d)−Vz>h(∞),
where the volume is obtained by integrating the space whose
monomer concentration is less than the 10% of bulk monomer
concentration, i.e., Vz>h =

∫
c(r)≤0.1cb

Θ(z − h)dr where

Θ(. . .) is the Heaviside step function, obtained from SCF
calculations at H/h = 2. The cartoons depict the depletion
zone volume (gray) above the cylinders. (D) An illustration
of depletion attraction (red arrows) and repulsion (yellow ar-
rows) between two inclusions in tall brushes.

demonstrated in Fig.3A lend support to our analysis
based on the AO theory incorporating the blob concept.

The depletion potentials and stabilities for brushes
spanning from H < h to H > h are calculated for a
fixed σ as well (Fig. 4). As predicted by the AO theory
(Eq. 6), a cluster of inclusions is further stabilized with
an increasing brush height H (or N) as long as H < h.
For H > h, however, reduction of the stability is sig-
nificant (H/h >∼ 1.5), especially for the inclusions with
large Rc(= 7.07) (Fig. 4B), which is no longer explicit
in Eq. 7 although it correctly captures the σ-scaling.

Calculations of stability between cylinders in brushes
based on self-consistent field approach, β∆FSCF/σR

2
0,

the details of which will be reported elsewhere, confirms
a similar trend of non-monotonic variation (the inset of
Fig. 4B), validating its thermodynamic origin ruling out
a kinetic effect. Our inspection of the SCF results fo-
cusing on the depletion zone (the volume inaccessible to
the polymer segments, depicted in gray in Fig. 4C) above
the cylinders (Vz>h) indicates that the reduction of the
depletion zone volume is significant when two cylinders
are separated apart (Fig. 4C). Just like the depletion

attraction between cylinders that results from the ten-
dency to minimize the depletion zone around the cylin-
der body, repulsion arises while minimizing the excess
depletion zone above the cylinders (z > h) surrounded
by the overgrown polymer segments (the yellow arrows,
Fig. 4D), and it partially offsets the depletion attraction
(the red arrows, Fig. 4D) acting on the main body of the
cylinders (z < h).

Conclusions.– The results from our analysis of brush-
induced depletion interactions are recapitulated as fol-
lows. The AO theory, which relies solely on the entropy
argument, i.e., the principle of minimizing the depletion
zone around cylindrical objects in brushes, thereby max-
imizing the volume for brush polymers to explore, eluci-
dates the origin of non-monotonic variation of depletion
interaction with growing brush height. Even when the
cylinder is needle-like, the cylinder height is still greater
than the blob size (D < ξ < h). As a result, the concept
of correlation blobs incorporated into the AO theory as
the basic unit of depletion interactions still proves ef-
fective in quantitative characterization of the depletion
layer and stability between two inclusions, making the
problem of brush-induced depletion interaction unique
to be differentiated from that of colloid-polymer mix-
tures.

Methods.– The cylinders with D = 3
√
2b, 10

√
2b and

h = 20
√
2b were modeled using a composite rigid body.

The beads at the bottom layer (z = 0.0) were har-
monically restrained along the z-direction with a force
constant k ≃ 103ϵ/b2, where ϵ is the energy scale of
WCA potential described below. The brush polymers
were modeled by employing the potential along the

chain, Upoly(ri,i+1) = −(kFR
2
0/2) ln

[
1− (ri,i+1/R0)

2
]
+

4ϵ
[
(b/ri,i+1)

12 − (b/ri,i+1)
6 + 1/4

]
with kF = 30.0ϵ/b2

and R0 = 1.5b. The monomers comprising the brush
polymers and cylinders repel through the WCA poten-
tial UWCA(r) = 4ϵ

[
(b/r)12 − (b/r)6 + 1/4

]
for 0 < r <

21/6b and 0 otherwise. To prevent polymers from pene-
trating the surface at z = 0, the WCA potential was
imposed at z = −b. For a given σ, np chains were
grafted to the box that has a dimension of Lx × Ly

(Lx = Ly =
√
np/σ = 100b) with the periodic bound-

ary imposed along the x and y directions. Along the z
direction, the shrink-wrapped boundary condition was
used. Two distinct sizes of brush polymer, N = 50 and
150, were employed to simulate the regimes of (i), (iii)
(H < h) and (ii), (iv) (H > h) in Fig. 1, respectively.

The Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS) [53] was used for the MD simu-
lations. To calculate the PMF between the cylinders,
the umbrella sampling was performed at the tempera-
ture T = 1.0 ϵ/kB , with kB the Boltzmann constant.
At each sampling point, the system was first relaxed for
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103τ , followed by a production run for 105τ under a bias
potential, Ub (d; dj) = kb (d− dj)

2
/2, with kb = 200.0

ϵ/b2 and dj = D + 10b − jb/4 (j = 1, ..., 42). The un-
biased free energy profile was reconstructed through the
weighted histogram analysis method (WHAM) [54].
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