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Background: Multi-nucleon transfer (MNT) reactions in actinide systems are a promising method to synthesize
transuranium neutron-rich elements. Appropriate theoretical approaches are needed to understand the mecha-
nism behind MNT.
Purpose: This work aims to produce neutron-rich isotopes in the super-heavy region through the 238U+248Cm
system. We employ a microscopic approach to elucidate reaction mechanisms, and predict new isotope produc-
tion that expands the known nuclear chart.
Methods: The stochastic mean-field (SMF) approach, including fluctuations and correlations, is used to explain
the primary cross-sections in MNT reactions based on the quasi-fission and inverse quasi-fission processes, and
a statistical de-excitation model with GEMINI++ code to calculate the secondary fragment cross-sections.
Results: The calculated cross-sections using SMF and GEMINI++ explain available experimental results for
the 238U+ 248Cm system at Ec.m. = 898.7 MeV energy. This shows the effectiveness and applicability of the
quantal diffusion approach based on the SMF theory in heavy-ion collisions.
Conclusions: Production of transuranium neutron-rich elements with a proton number up to Z =101 are ob-
tained with sizable cross-sections. Theoretical results calculated for the Z=102-105 region, for which there
are no experimental data, show that the cross-section values would be lower than the microbarn level. SMF
theory does not contain any adjustable parameters other than the standard parameters of the energy density
functional used in the TDHF theory and is an important approach for the microscopic understanding of reaction
mechanisms.

I. INTRODUCTION

Extensive theoretical and experimental research is under-
way to produce heavy elements in the region between the
presently known isotopes and the driplines, particularly in the
upper half of the nuclear chart on the neutron-rich side. Pro-
duction of the unknown isotopes closed to the neutron and
proton drip lines will give new input for the models, partic-
ularly new spherical and deformed shell effects in the region
of super-heavy nuclei. Fusion is presently the only method
to synthesize transuranium and superheavy nuclei, but the
measured production cross-sections are expected to be very
small, below picobarns, requiring an increase in beam inten-
sities and improvement in experimental techniques for iso-
tope separation and detection [1,2]. Multi-nucleon transfer
(MNT) reactions that occur in deep-inelastic binary collisions
near the Coulomb barrier energies are an alternate method for
producing neutron-rich heavy isotopes using actinide targets,
and is being experimentally studied in laboratories around the
world [3].

Theoretically, several phenomenological techniques, such
as the multidimensional Langevin model [4–9], the di-nuclear
system model [10,11], and the quantum molecular dynam-
ics model [12–14] have been used to study the multinu-
cleon transfer mechanism. The time-dependent Hartree-Fock
(TDHF) theory provides a microscopic description of reac-
tion dynamics and has been widely used to analyze MNT
reactions [15–25]. Beyond the mean-field approximation
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of TDHF, the time-dependent random phase approximation
(TDRPA), developed by Balian and Vénéroni, is used for sym-
metric systems [26–31]. The stochastic mean-field (SMF) ap-
proach, which includes mean-field fluctuations and correla-
tions between proton and neutron transfers, provides an ad-
ditional improvement to the TDHF theory, where quantal ef-
fects, memory effects, and the full collision geometry are in-
cluded [32,33]. In the SMF framework, the production cross
sections of neutron-rich isotopes based on quasi-fission reac-
tions (QF) and inverse quasi-fission reactions (IQF) in MNT
reactions can be calculated [34–42]. This work presents our
theoretical results for MNT reactions of the 238U+248Cm sys-
tem at Ec.m. = 898.7 MeV energy by employing the SMF ap-
proach to synthesize neutron-rich nuclei above Z ≥ 98. Here,
238U + 248Cm is preferred as one of the heaviest and most
neutron-rich available target materials. In addition, the excited
primary products are cooled down using the statistical de-
excitation GEMINI++ code and the production cross-sections
for the secondary fragments are calculated. The 238U+248Cm
system at Ec.m. = 898.7 MeV energy has been studied both
experimentally [43–45] and theoretically [4,46,47]. In this
work, the production cross sections of the primary and sec-
ondary products in the transuranium region (such as Cf, Es,
Fm, Md) are calculated by choosing four different initial ori-
entations of projectile and target nuclei and compared with ex-
perimental data. We also present the calculation for Z =102-
105 (No, Lr, Rf, and Db) for which there are no experimen-
tal data. We briefly discuss the theoretical framework of the
cross-section calculations for reaction products in Sec. II. In
Sec. III, we present our calculations for the 238U + 248Cm
system at Ec.m. = 898.7 MeV energy using the quantal trans-
port description based on the SMF approach. Conclusions are
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presented in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Primary cross-sections of reaction products

In quasifission reactions, the colliding ions stick and move
together for an extended time compared to typical reaction
times, during this time they exchange nucleons without fus-
ing, they then separate into the primary di-nuclear system
with different numbers of neutrons and protons than the ini-
tial ones. We calculate the cross-sections for the production
of primary isotopes using the standard expression,

σ
pri(N,Z) =

π h̄2

2µEc.m.

ℓmax

∑
ℓmin

(2ℓ+1)
1
2
[Ppro

ℓ (N,Z)+Ptar
ℓ (N,Z)]

(1)

In this expression, Ppro
ℓ (N,Z) and Ptar

ℓ (N,Z) denote the nor-
malized probability distribution of producing projectile-like
and target-like fragments. The factor of 1/2 is introduced
to normalize the total distribution of the primary fragment to
unity. A Fokker-Planck type equation [48] describes the evo-
lution of the probability distribution function of macroscopic
variables, which is a correlated Gaussian function of the mean
values of neutron, proton, and mixed dispersions

Pℓ(N,Z, t) =
1

2πσNN(ℓ)σZZ(ℓ)
√

1−ρ2
ℓ

exp(−Cℓ) . (2)

Here, the exponent Cl for each initial angular momentum is
given by

Cℓ =
1

2
(
1−ρ2

ℓ

) [( Z −Zℓ

σZZ(ℓ)

)2

−2ρℓ

(
Z −Zℓ

σZZ(ℓ)

)(
N −Nℓ

σNN(ℓ)

)

+

(
N −Nℓ

σNN(ℓ)

)2
]
,

,

(3)
with the correlation coefficient ρℓ = σ2

NZ(ℓ)/σZZ(ℓ)σNN(ℓ).
Quantities Nℓ and Zℓ denote the mean neutron and proton
numbers of the target-like and projectile-like fragments that
are determined by the TDHF calculations. Dispersions satisfy
a set of coupled differential equations [49,50]

∂

∂ t
σ

2
NN = 2

∂νn

∂N1
σ

2
NN +2

∂νn

∂Z1
σ

2
NZ +2DNN , (4)

∂

∂ t
σ

2
ZZ = 2

∂νp

∂Z1
σ

2
ZZ +2

∂νp

∂N1
σ

2
NZ +2DZZ , (5)

∂

∂ t
σ

2
NZ =

∂νp

∂N1
σ

2
NN +

∂νn

∂Z1
σ

2
ZZ +σ

2
NZ

(
∂νp

∂Z1
+

∂νn

∂N1

)
(6)

To determine neutron, proton, and mixed dispersions we need
to calculate the diffusion coefficients (DNN and DZZ) of neu-
trons and protons, and the derivatives of the drift coefficients
(vp(t) and vn(t)).

B. Quantal diffusion coefficients

In the nucleon diffusion mechanism, the neutron num-
ber and proton number of the projectile-like or target-like
fragments are the relevant macroscopic variables. For each
stochastically generated event λ in an ensemble, the neu-
tron and proton numbers, Nλ

1 (t) and Zλ
1 (t), are determined

by integrating the nucleon density over the projectile side of
the window between the colliding nuclei. Based on SMF
theory, the rate of changes of neutron and proton numbers
dN1(t)/dt and dZ1(t)/dt satisfy a coupled set of Langevin
equations. We consider the small amplitude fluctuations and
linearize the Langevin equation around the mean values of the
macroscopic variables Nλ

1 (t) = N1(t)− δNλ
1 (t) and Zλ

1 (t) =
Z1(t)− δZλ

1 (t). The mean values N1(t) and Z1(t) are deter-
mined by the mean-field description of TDHF theory for small
amplitude fluctuations. The fluctuations of the neutron and
proton numbers δNλ

1 , δZλ
1 evolve according to coupled linear

quantal Langevin equations [48–53],

d
dt

(
δZλ

1
δNλ

1

)
=

(
∂vp
∂Z1

(
Zλ

1 −Z1
)
+

∂vp
∂N1

(
Nλ

1 −N1
)

∂vn
∂Z1

(
Zλ

1 −Z1
)
+ ∂vn

∂N1

(
Nλ

1 −N1
) )

+

(
δvλ

p (t)
δvλ

p (t)

)
.

(7)

Langevin equation is equivalent to the Fokker-Plank equa-
tion for the distribution function of the macroscopic vari-
ables. The stochastic part of the drift coefficients δvλ

n,p(t),
which provides the source for generating fluctuations in mass
and charge asymmetry degrees of freedom, are determined
by uncorrelated Gaussian distributions with zero mean values
δvλ

n,p(t) = 0. The integration of these autocorrelation func-
tions over history defines the diffusion coefficients DNN(t) for
proton and neutron transfers [51,52]∫ t

0
dt ′δvλ

α(t)δvλ
α(t ′) = Dαα(t) . (8)

Diffusion coefficients generally involve a complete set of
particle-hole states [34]. It is possible to eliminate the en-
tire set of particle states by employing closure relations in a
diabatic limit [53]. This results in an important simplifica-
tion, and as a result, diffusion coefficients are determined en-
tirely in terms of the occupied single-particle wave functions
of TDHF evolution. Explicit expressions of diffusion coeffi-
cients are provided in previous publications [34–36]. The fact
that diffusion coefficients are determined by the mean-field
properties is consistent with the fluctuation-dissipation the-
orem of non-equilibrium statistical mechanics and it greatly
simplifies calculations of quantal diffusion coefficients. Diffu-
sion coefficients include the quantal effects due to shell struc-
ture, Pauli blocking, and the full effect of the collision’s ge-
ometry without any adjustable parameters. The direct part is
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given as the sum of the nucleon currents across the window
from the target-like fragment to the projectile-like fragment
and from the projectile-like fragment to the target-like frag-
ment, which is integrated over the memory. This is analogous
to the random walk problem, in which the diffusion coeffi-
cient is given by the sum of the rate for forward and backward
steps [52–54]. The second part in the quantal diffusion ex-
pression stands for the Pauli blocking effects in the nucleon
transfer mechanism, which does not have a classical counter-
part [34],

Dαα(t) =
∫ t

0
dτ

∫
d3r g(x′)

[
GT (τ)JT

⊥α

(⃗
r, t − τ

2

)
+ GP(τ)JP

⊥α

(⃗
r, t − τ

2

)]
−
∫ t

0
dτ Re

[
∑

h′∈P,h∈T
Aα

h′h(t)A
α∗
h′h(t − τ)

+ ∑
h′∈T,h∈P

Aα

h′h(t)A
α∗
h′h(t − τ)

]
. (9)

Detailed derivation and the definition of the terms in Eq. (9)
can be seen in Ref. [34].

C. Derivatives of drift coefficients

Derivatives of neutron and proton drift coefficients with re-
spect to neutron and proton numbers cannot be obtained di-
rectly from the TDHF calculations. The proton and neutron
drift in the N −Z plane is determined by the potential energy
surface of the di-nuclear system. As a result of the symme-
try energy, drift occurs rapidly in the direction perpendicu-
lar to the mean drift path (the beta stability valley), causing
rapid equilibration of the charge asymmetry, and drift contin-
ues slowly along the beta stability valley [50,55]. However,
when the charge asymmetries of the colliding ions are very
close, rapid equilibration of the charge asymmetry does not
occur. For this case, a neighboring system under the same
initial conditions could be used for a drift toward the stabil-
ity valley. The potential energy surface dominates the nuclear
transfers and is given in two parabolic forms for a di-nuclear
system,

U(N1,Z1) =
1
2

aR2
S(N1,Z1)+

1
2

bR2
V (N1,Z1) . (10)

Here, RS(N1,Z1) and RV (N1,Z1) represent the perpendicular
distances of a fragment with neutron and proton numbers (N1,
Z1) from the isoscalar path and the local equilibrium state
along the isoscalar path, respectively. Because of the sharp
increase of asymmetry energy, we expect the isovector curva-
ture parameter a to be much larger than the isoscalar curvature
parameter b. Drift coefficients in the over-damped limit are
linked to the potential energy surface in the (N −Z)-plane in
terms of Einstein relations as follows [50,54,55]

vn(t) =−DNN(t)
T ∗

∂

∂N1
U(N1,Z1) (11a)

vz(t) =−DZZ(t)
T ∗

∂

∂Z1
U(N1,Z1) , (11b)

where T ∗ represents the effective temperature of the system.
By using Einstein relations, the reduced curvature parameters
α = a/T ∗ and β = b/T ∗ are estimated in terms of drift and
diffusion coefficients. As a result of shell effects and micro-
scopic collision dynamics in the TDHF description, reduced
curvature parameters depend on time. In the macroscopic
transport description, we estimate reduced curvature parame-
ters by carrying out an averaging over a suitable time interval.

D. Secondary cross-sections of reaction products

The primary fragments produced in the heavy-ion collisions
cool down through three main mechanisms: the emission of
light particles, fission or isotope decay, and gamma radiation.
We use a statistical GEMINI++ code for the de-excitation
mechanisms of these primary fragments [56]. The GEM-
INI++ code uses the Hauser Feshbach formalism [57] for the
light particle evaporation process, the Bohr-Wheeler formal-
ism [58], and the Moretto formalism [59] for mass symmet-
ric and asymmetric fission decays, and finally the approach
of Blatt and Weisskopf [60] for gamma radiation. The total
excitation energy of a reaction channel is found from the ex-
pression E∗

tot = Ec.m. − T KE(ℓ) +Q(N,Z) . Here, the total
kinetic energy (TKE) and Q-value of the reaction channel for
each initial angular momentum are calculated within TDHF.
The total excitation energy and the orbital angular momen-
tum are distributed to the reaction products in proportion to
their masses. The statistical code GEMINI++ calculates the
probability Wℓ(N,Z −→ N

′
,Z

′
) of reaching the final nucleus

(N
′
,Z

′
) starting from an excited parent nucleus with the num-

ber of neutrons and protons (N, Z) and the excitation energy
E∗
ℓ (N,Z) that decays by a series of consecutive binary decays

until it becomes energetically forbidden. Then the probability
distribution of secondary isotopes can be expressed as

Psec
ℓ (N

′
,Z

′
)= ∑

N≥N′
∑

Z≥Z′
(2ℓ+1)Ppri

ℓ (N,Z)Wℓ(N,Z −→N
′
,Z

′
) ,

(12)
The total secondary isotope production cross-section covering
all projectile-like (PLF) and target-like (TLF) product pairs of
the binary nuclear system according to the probability distri-
butions is as follows:

σ
sec(N

′
,Z

′
) =

π h̄2

2µEc.m.

ℓmax

∑
ℓmin

(2ℓ+1)Psec
ℓ (N

′
,Z

′
) . (13)

III. RESULTS AND DISCUSSIONS

The mean-field theory describes the one-body dissipation
process and the most likely dynamical path of the collective
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motion for low-energy heavy-ion collisions. The TDHF the-
ory is a deterministic approach for many body dynamics since
mean-field development from a given initial condition to a sin-
gle final state is a deterministic process. In 238U+248Cm, both
projectile and target nuclei exhibit strong prolate deformation
in their ground states, and therefore collision dynamics and
MNT mechanism strongly depend on the collision geometry.
We examine four different initial collision configurations at
the same energy Ec.m. = 898.7 MeV shown in Fig. 1. We use
the letters X and Y to represent the target’s or projectile’s ini-
tial orientation, respectively, perpendicular to and along the
beam direction, in analogy with the work of Kedziora and
Simenel of [61]. The symbols XX, XY, YX, and YY stand for
four distinct collision geometries, which correspond to tip-tip,
tip-side, side-tip, and side-side geometries, in that order. The

FIG. 1. Snapshots of density profiles in the collisions of 238U +
248Cm Ec.m. = 898.7 MeV) at different times on the reaction plane
for ℓ= 100h̄.

results of TDHF calculations for different values of initial or-
bital angular momentum ℓi are recorded as final values of mass
and charge numbers of uranium-like A f

1 and Z f
1 and Curium-

like A f
2 and Z f

2 fragments, final total kinetic energy (TKE), and
scattering angles in the center of mass frame (c.m.) for four
different collision geometries. Quantal diffusion coefficients
are determined in terms of only occupied single-particle wave
functions of TDHF. As an example, Fig. 2 shows the neu-
tron and proton diffusion coefficients of 238U + 248Cm sys-
tem at Ec.m. = 898.7 MeV for the initial angular momentum
ℓ= 100h̄.

After colliding nuclei form a dinuclear system, the nucleon
drift mechanism is determined via the potential energy sur-
face in the (N,Z) plane. The drift paths of U-like fragments
for each of the four distinct geometries are plotted for the
238U+ 248Cm system in Fig. 3 for initial angular momentum
ℓ= 100h̄. In four geometries, that we consider, the di-nuclear
system drifts along the isoscalar path toward a local equilib-
rium state. For collisions of actinide nuclei, the lighter local
equilibrium state is located in the vicinity of the lead valley
with neutron and proton numbers around N0 = 130, Z0 = 82,
and the heavier local equilibrium state is located in the vicin-
ity of the superheavy valley with neutron and proton numbers

FIG. 2. Neutron and proton quantal diffusion coefficient in the
238U+ 248Cm system at Ec.m. = 898.7 MeV in tip-tip, tip-side, side-
tip, and side-side geometries for initial angular momentum ℓ= 100h̄.

around N0 = NT − N0 = 170, Z0 = ZT − Z0 = 106. In this
system, the initial charge asymmetries ((N-Z)/(N+Z)) of 238U
is 0.23 and that of 248Cm is 0.23. These nuclei are located
on the iso-scalar path with a charge asymmetry of 0.23. As
illustrated in Fig. 3, the di-nuclear system formed in the col-
lision of 238U+ 248Cm, U drifts nearly along the iso-scalar
path, which is parallel to the equilibrium valley of stable nu-
clei. Drift paths contain additional specific details regarding
the nucleon transfer mechanism by illustrating the system’s
evolution in the N −Z plane. The isoscalar path produces an
approximately φ = 31◦ angle with the horizontal neutron axis
as it extends completely toward the lead valley on one end and
the superheavy valley on the other. In the 238U+ 248Cm sys-

FIG. 3. Mean drift path in N −Z plane for the projectile-like frag-
ments in 238U+ 248Cm the system at Ec.m. = 898.7 MeV in tip-tip,
tip-side, side-tip, and side-side geometries. Solid blue lines denote
the mean drift path of U-like fragments, and solid black lines denote
the iso-scalar line.

tem, mean values of neutron and proton numbers of projectile-
like fragments as a function of time are shown in Fig. 4 for the



5

FIG. 4. Mean values of neutron and proton numbers of U -like
fragments in the collision of the 238U + 248Cm system at Ec.m. =
898.7 MeV in tip-tip, tip-side, side-tip, and side-side collision ge-
ometries.

initial angular momentum ℓ= 100h̄. The labels A and B given
in Fig. 3 and Fig. 4 indicate the projection of the time intervals
used to determine the isoscalar curvature parameters.

The iso-scalar curvature parameter β is calculated by se-
lecting the time intervals tA and tB shown in the graph of the
average values of the neutron and proton numbers in Fig. 4,
which correspond to the points A and B on the iso-scalar path
given in Fig. 3, and the results are given in Table I.

FIG. 5. Mean drift path in N-Z plane for the projectile-like frag-
ments in 250U+ 236Cm the system at Ec.m. = 898.7 MeV in tip-tip,
tip-side, side-tip, and side-side geometries. Solid blue curves denote
the mean drift path and black lines denote the iso-scalar line of U-
like fragments. The labels A and B indicate the projection of the time
intervals used to determine the isovector curvature parameters.

To extract information about potential energy in a perpen-
dicular direction to the stability valley, we need to choose a
reaction of a suitable system. For this purpose, the collision
of a neighbor 250U+ 236Cm system provides such a system.

FIG. 6. Mean values of neutron and proton numbers of U -like
fragments in the collision of the 250U + 236Cm system at Ec.m. =
898.7 MeV in tip-tip, tip-side, side-tip and side-side collision ge-
ometries.

Figure 5 shows the drift path of U-like fragments in the colli-
sion of 250U+ 236Cm reaction at tip-tip, tip-side, side-tip, and
side-side geometries at Ec.m. = 898.7 MeV. The perpendicu-
lar component of this drift line is referred to as the iso-vector
path. Then, the system continues to drift along the iso-scalar
path toward symmetry or asymmetry with the same charge
asymmetry and the same slope angle as the iso-scalar path in
the 238U + 248Cm system. Before the system reaches local
equilibrium, it separates. By merging the drift data of these
two very comparable systems, we can offer a rough descrip-
tion of the di-nuclear system’s potential energy surface con-
cerning the equilibrium value. In the 250U+ 236Cm system,
mean values of neutron and proton numbers of projectile-like
fragments as a function of time are shown in Fig. 6 for initial
angular momentum ℓ = 100h̄. The labels A and B given in
Fig. 5 and Fig. 6 indicate the projection of the time intervals
used to determine the isovector curvature parameters.

When the system drifts toward symmetry on the drift paths,
the isoscalar distance from the local equilibrium state (N0,Z0)
becomes Rv(t) = (N1 − N0)cosφ + (Z1 − Z0)sinφ and the
isovector distance from the isoscalar path as Rs(t) = (Z1 −
Z0)cosφ − (N1 −N0)sinφ . When drift occurs toward asym-
metry, the isoscalar distance from a local equilibrium state
(N0,Z0) becomes Rv(t) = (N0 − N1)cosφ + (Z0 − Z1)sinφ

and the isovector distance as Rs(t) = (N0 −N1)sinφ − (Z0 −
Z1)cosφ . The average values of the reduced curvature param-
eters are determined by

α =
1

tB − tA

∫ tB

tA

(
vn(τ)sinφ

DNN(τ)
−

vp(τ)cosφ

DZZ(τ)

)
1
Rs

dτ (14)

β =
1

tA − tB

∫ tB

tA

(
vn(τ)cosφ

DNN(τ)
+

vp(τ)sinφ

DZZ(τ)

)
1
Rv

dτ . (15)

Transport coefficients are time-dependent because of the
microscopic shell structure; hence, reduced curvature param-
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eters are also time-dependent. We utilize constant curva-
ture parameters and ignore the time dependency in the simple
parabolic parametrization of the potential energy surface. The
iso-vector curvature parameter α is calculated by selecting the
time intervals tA and tB in the graph of the average values of
the neutron and proton numbers shown in Fig. 6, which cor-
respond to the points A and B on the iso-vector path given in
Fig. 5, as well as the results given in Table I.

TABLE I. The calculated curvature parameters for 238U+248Cm and
250U+ 236Cm systems.

238U+248 Cm 250U+236 Cm
Orientation XX XY YX YY XX XY YX YY

tA (fm/c) 330 250 250 250 140 160 170 250
tB (fm/c) 600 600 600 750 300 300 300 350

β 0.004 0.004 0.010 0.004
α 0.177 0.108 0.177 0.120

Variances and covariances are determined from the so-
lutions of the coupled differential equations given in Eqs.
(4,5,6) with initial conditions σ2

NN (t = 0) = 0, σ2
ZZ (t =0) = 0,

and σ2
NZ (t = 0) = 0, for each orbital angular momentum. As an

example, Fig. 7 shows neutron, proton, and mixed variances,
as a function of time, in the collision of 238U+ 248Cm system
at Ec.m.= 898.7 MeV for the tip-tip tip-side, side-tip, and side-
side collision geometries for ℓ = 100h̄. In the initial phase of
the reaction, up to about t = 300 fm/c, we see that the mag-
nitudes of the variances are in the order σNZ < σZZ < σNN .
The correlation develops over time and the order changes to
σZZ < σNZ < σNN . This shows the importance of correla-
tions after significant energy dissipation. The neutron-proton
σNZ correlation is zero in standard mean-field theories, and
the effect of fluctuations does not agree with the observation
in dissipative systems. In the stochastic mean-field approach,
the σNZ correlation is not zero, and the effect of fluctuations
agrees with the observation.

We present the numerical results of TDHF and SMF cal-
culations for 238U+ 248Cm reaction at Ec.m. = 898.7 MeV in
Table II and Table III. The tables include asymptotic values of
neutron dispersion σNN(ℓ), proton dispersion σZZ(ℓ), mixed
dispersions σNZ(ℓ), for each orbital angular momentum. The
initial orbital angular momentum has been selected in incre-
ments of 20h̄ and then 40h̄. The TDHF code [62,63] was used
in the computations using the SLy4d Skyrme energy density
functional [64], with a box size of 60 × 60 × 36 fm in the x-y-z
directions, respectively.

In calculations, we perform a summation in the range from
ℓmin = 0h̄ to ℓmax = 600h̄. We calculate total double cross-
sections for tip-tip, tip-side, side-tip, and side-side geome-
tries. Fig. 8 shows double cross-sections in (N − Z) plane
for the production of primary fragments in tip-tip (a), tip-side
(b), side-tip (c), and side-side (d) geometries. Large values of
mixed variances indicate strong correlations in neutron-proton
transfers. As a result, the major axes of equal cross-section el-
liptic curves are aligned along the valley of stability. The total
cross-section calculations of secondary fragments are given
in Fig. 9, assuming equal weights for contributions from each

FIG. 7. Neutron, proton, and mixed variances as a function of time
in the 238U+ 248Cm, ℓ= 100h̄. the system at Ec.m. = 898.7 MeV in
tip-tip, tip-side, side-tip, and side-side collision geometries.

FIG. 8. Primary production cross sections in the N-Z plane for the
238U+ 248Cm system at Ec.m. = 898.7 MeV in tip-tip (XX), tip-side
(XY), side-tip (YX), and side-side (YY) geometries

initial geometry. The comparison of the calculated critical val-
ues with the experimental values is given in Table. III. As the
number of transferred nucleons increases, the cross-section
decreases. The SMF results are consistent with the experi-
mental values in terms of magnitude and peak points. The
SMF results were successful in explaining the isotope cross-
sections measured in the experiment.

The production of isotopes in the projectile-target combina-
tions has been predicted theoretically. The results are obtained
by using the quantal diffusion approach based on the SMF for
primary production and secondary calculations by employing
the GEMINI++ code. In Fig. 10, the calculated cross-sections
for the transfer channels (+2p; Cf), (+3p; Es), (+4p; Fm),
(+5p; Md) for the reaction 238U+ 248Cm are compared with
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TABLE II. Results of the TDHF and SMF calculations for the 238U+
248Cm system at Ec.m. = 898.7 MeV in tip-tip (XX), tip-side (XY)
geometries.

- ℓi (h̄) Z f
1 A f

1 Z f
2 A f

2 T KE σNN σZZ σNZ

XX

0 93.3 240.8 94.7 245.2 651.6 8.7 5.5 6.2
20 93.2 240.5 94.8 245.2 623.9 8.8 5.5 6.2
40 92.7 239.4 95.2 246.6 628.4 8.8 5.5 6.2
60 92.1 237.5 95.9 248.5 630.9 8.8 5.5 6.3
80 91.3 235.5 96.6 250.4 619.5 8.9 5.6 6.3

100 90.6 233.6 97.4 252.4 592.9 9.0 5.7 6.5
120 90.2 232.4 97.8 253.6 565.7 9.1 5.7 6.5
140 90.4 233.3 97.6 252.7 545.0 9.2 5.8 6.6
160 90.4 233.3 97.6 252.7 536.8 9.2 5.8 6.6
180 90.2 232.5 97.8 253.5 543.4 9.1 5.8 6.6
200 90.7 234.0 97.3 252.0 557.9 9.1 5.7 6.5
240 91.8 236.9 96.1 249.1 573.1 8.9 5.6 6.3
280 92.5 238.5 95.5 247.5 592.7 8.5 5.4 6.0
320 92.4 237.8 95.6 248.2 637.5 8.0 5.0 5.5
360 92.0 237.1 96.0 257.1 687.0 7.1 4.5 4.8
400 91.2 235.3 96.8 250.7 737.1 6.0 3.8 3.7
440 91.5 236.3 96.5 249.7 806.7 4.5 2.8 2.1
480 91.9 237.7 96.1 248.3 876.6 2.5 1.3 0.5
520 92.0 237.9 96.0 248.1 889.4 1.6 0.8 0.2
560 92.0 238.0 96.0 248.0 891.1 1.2 0.5 0.1
600 92.0 238.0 96.0 248.0 892.1 1.1 0.4 0.1

XY

0 86.9 223.6 101.1 262.4 653.9 8.5 5.4 6.0
20 86.9 223.8 101.0 262.2 655.4 8.5 5.4 6.0
40 87.1 224.3 101.0 261.7 654.2 8.5 5.4 6.0
60 87.3 225.0 100.7 261.0 651.6 8.5 5.4 6.0
80 87.6 225.4 100.4 260.2 646.2 8.5 5.4 5.9

100 87.9 226.6 100.1 259.4 638.7 8.6 5.5 6.0
120 88.2 227.6 99.7 258.4 626.0 8.6 5.5 6.1
140 88.5 228.5 99.5 257.5 611.3 8.6 5.5 6.1
160 89.0 229.7 99.0 256.3 598.0 8.7 5.5 6.1
180 89.7 231.6 98.3 254.4 588.8 8.6 5.5 6.1
200 90.6 234.2 97.4 251.8 585.8 8.6 5.4 6.2
240 91.8 237.5 96.2 248.5 602.5 8.4 5.3 5.8
280 91.5 236.0 96.5 250.0 620.5 8.1 5.2 5.6
320 91.9 237.0 96.1 249.0 646.4 7.7 4.9 5.2
360 92.7 239.0 95.3 284.7 674.4 7.2 4.6 4.8
400 92.9 239.4 95.0 246.6 703.2 6.5 4.2 4.2
440 93.0 239.6 95.0 246.4 740.3 5.8 3.7 3.4
480 92.9 239.6 95.1 246.4 782.9 4.9 3.1 2.4
520 92.5 238.9 95.5 247.0 829.0 3.8 2.3 1.4
560 92.1 238.2 95.9 247.8 870.9 2.3 1.2 0.4
600 92.0 238.0 96.0 248.0 886.6 1.6 0.8 0.2

the experimental data from reference [43]. For Z = 98 (Cal-
ifornium), the primary total data shows a peak cross-section
of 10.4 mb, corresponding to a mass number of 251. This in-
dicates that, during the initial stages of the reaction, fragment

TABLE III. Results of the TDHF and SMF calculations for the
238U+ 248Cm system at Ec.m. = 898.7 MeV in side-tip (YX) and
side-side (YY) geometries.

- ℓi (h̄) Z f
1 A f

1 Z f
2 A f

2 T KE σNN σZZ σNZ

YX

0 88.0 226.3 100.0 259.6 627.7 7.3 4.7 5.3
20 88.0 226.3 100.0 259.6 627.9 7.3 4.7 5.3
40 87.9 226.2 100.0 259.8 625.3 7.4 4.7 5.3
60 87.9 226.5 100.0 259.4 620.4 7.4 4.7 5.3
80 88.1 227.3 99.9 258.7 610.3 7.4 4.8 5.4
100 88.9 229.2 99.1 256.8 594.5 7.5 4.8 5.4
120 90.2 232.9 97.8 253.1 582.4 7.5 4.8 5.4
140 91.6 236.9 96.4 249.1 581.6 7.5 4.8 5.4
160 92.4 239.2 95.6 246.8 588.0 7.5 4.8 5.4
180 92.9 240.7 95.1 245.3 595.3 7.4 4.8 5.4
200 93.3 241.8 94.7 244.2 604.3 7.4 4.7 5.3
240 93.5 241.8 94.5 244.2 611.8 7.2 4.6 5.2
280 93.8 242.8 94.2 243.2 615.1 7.0 4.5 5.1
320 92.7 240.0 95.3 246.0 642.4 6.7 4.3 4.8
360 92.2 238.4 95.8 247.6 680.9 6.3 4.1 4.4
400 91.8 237.3 96.2 248.7 715.7 5.8 3.7 4.0
440 91.3 236.0 96.7 249.9 749.2 5.2 3.4 3.3
480 91.2 235.6 96.8 250.4 783.6 4.4 2.9 2.6
520 91.3 235.9 96.7 250.0 824.2 3.6 2.3 1.7
560 91.6 236.8 96.4 249.2 857.4 2.7 1.6 0.9
600 91.9 237.7 96.1 248.0 882.3 1.7 0.8 0.3

YY

0 91.6 236.3 96.4 249.6 667.5 8.1 5.1 5.7
20 91.6 236.4 96.3 249.6 668.7 8.1 5.1 5.7
40 91.6 236.5 96.4 249.5 668.5 8.1 5.2 5.7
60 91.6 236.6 96.4 249.4 668.6 8.2 5.2 5.7
80 91.6 236.6 96.4 249.4 666.2 8.2 5.2 5.7
100 90.6 233.6 97.4 252.4 665.3 8.2 5.2 5.7
120 90.2 236.4 96.6 249.6 660.7 8.1 5.2 5.7
140 91.5 236.6 96.5 249.4 656.7 8.1 5.1 5.7
160 91.7 237.1 96.3 248.9 653.7 8.1 5.1 5.6
180 92.1 237.9 95.9 248.1 650.3 8.0 5.1 5.6
200 92.5 238.9 95.5 247.1 648.9 7.9 5.0 5.5
240 93.0 240.3 95.0 245.7 651.2 7.7 4.9 5.3
280 92.7 239.9 95.5 246.1 661.6 7.3 4.7 4.9
320 92.6 239.5 95.4 246.5 670.0 6.9 4.4 4.6
360 95.5 239.1 95.5 246.9 691.0 6.4 4.1 4.1
400 92.3 238.6 95.7 247.4 734.9 5.8 3.7 3.5
440 92.2 238.1 95.8 247.9 772.7 5.1 3.2 2.8
480 92.1 237.7 95.9 248.3 810.7 4.2 2.6 1.9
520 91.9 237.5 96.1 248.5 846.1 3.8 1.9 1.1
560 91.9 237.6 96.1 248.4 871.9 2.5 1.3 0.5
600 92.0 237.8 96.0 248.2 882.7 1.9 1.0 0.3

production is most likely around this mass number, suggesting
a preferred nucleon exchange and fragmentation pathway for
Californium isotopes. In contrast, the secondary total data for
Z = 98 reveals a lower cross-section value of 0.60 mb, associ-
ated with a mass number of 250, reflecting the redistribution
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FIG. 9. Production cross sections of transuranium isotopes in the
238U+ 248Cm system at Ec.m. = 898.7 MeV in tip-tip, tip-side, side-
tip, and side-side collision geometries.

TABLE IV. Isotope Peak Points and Measured Values
Primary Isotope Secondary Isotope Measured Values

Z Peak, A σ (mb) Peak, A σ (mb) Peak, A σ (mb)
98 251 10.4 250 0.60 251 1.87
99 253 6.20 251 0.08 252 0.02

100 256 4.40 252 0.02 254 0.002
101 259 3.20 253 0.001 257 0.0002

of nucleons and energy during the de-excitation process. For
Z = 99 (Einsteinium), the primary total data indicates a mass
number of 253 with a corresponding cross-section of 6.20 mb,
suggesting a significant likelihood of fragment production for
this mass number during the initial reaction stages. For the
secondary total data indicates a mass number of 251 with a
corresponding cross section of 0.08 mb. Turning to Z = 100
(Fermium), the primary total data reveals a mass number of
256 with a cross-section of 4.40 mb, indicating a notable prob-
ability for fragment production in this region. The secondary
total data for Z = 100, however, shows a mass number of 252
and a significantly lower cross-section of 0.02 mb, highlight-
ing a decrease in fragment production likelihood during the
secondary stages. For Z = 101 (Mendelevium), the primary
total data reflects a mass number of 259 with a cross-section
of 3.20 mb, suggesting a consistent fragmentation pathway in
the initial reaction. Conversely, the secondary total data for
Z=101 shows a mass number of 253 with a minimal cross-
section of 0.001 mb, emphasizing a marked reduction in the
probability of fragment production in this mass range during
the later stages. These findings underscore the complex be-
havior of Californium, Einsteinium, Fermium, and Mendele-

vium during nuclear reactions, with distinct mass distributions
evolving from the primary to secondary stages of fragmenta-
tion. The data illustrate how variations in Z influences the
outcomes of nuclear reactions modeled by SMF+GEMINI. It
is observed that the calculated results align closely with the
experimental data, indicating the reliability of the theoretical
models used in this analysis. This agreement is particularly
evident in the behavior of the cross sections, which exhibit a
rapid decrease as the mass number of the produced fragments
increases. As the atomic number of the surviving heavy nuclei
rises, the cross sections shift toward regions of higher mass
numbers. This trend suggests that the increasing stability and
interaction characteristics of heavier nuclei play a significant
role in fragment production.

100 120 140 160 180
N

60

80

100

Z

10 6

10 5

10 4

10 3

10 2

10 1

100

101
 (mb)

FIG. 10. Calculated total production cross sections of secondary iso-
topes in the (N-Z) plane for the 238U + 248Cm system at Ec.m. =
898.7 MeV energy

The calculated total production cross-sections of secondary
isotopes in the (N − Z) plane for the transuranium and su-
perheavy regions for the 238U + 248Cm system at Ec.m. =
898.7 MeV energy are given in Fig. 10. The isotope produc-
tion cross sections can be obtained in the millibarn range for
the Z=93-98 region, in the microbarn range in the Z = 99−
102 region, and in the nanobarn range for the Z = 103− 110
region. It was shown that the 238U+ 248Cm system at Ec.m. =
898.7 MeV energy is a suitable system for the synthesis of
transuranium neutron-rich superheavy isotopes.

In low-energy collisions, the cross-section is very sensi-
tive to shell effects. During the de-excitation processes in
the MNT reaction, the cross-section values decrease due to
strong shell effects. In this case, the expected magic num-
ber isotopes (Z=114, N=184) in the island of stability, in the
superheavy region, could not be reached. Theoretical results
calculated for the Z = 102−105 region, for which there are no
experimental data, are given in Fig. 11, and it was found that
the cross-section values would be smaller than the microbarn
level.

The decay processes of MNT products are related to the
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FIG. 11. SMF+GEMINI++ calculations of total production cross-
sections of Z = 102−105 isotopes in the 238U+248Cm Ec.m. = 898.7
reaction

local excitation energy and angular momentum at the equilib-
rium time, fission barrier, and separation energy of evaporated
particles (neutron, proton, deuterium, triton, alpha, etc.). A
strong shell effect can increase the fission barrier and separa-
tion energy, which ensures the survival of the primary frag-
ment. Shell effect can increase MNT yields by up to two or-
ders of magnitude. In the absence of shell effect, the produc-
tion cross sections of primary and secondary fragments de-
crease monotonically with mass or charge number, which re-
duces the formation of heavy rare isotopes in MNT reactions.

IV. CONCLUSIONS

In this study, we present an investigation of the multinu-
cleon transfer mechanism in collisions of 238U+ 248Cm sys-

tem at Ec.m. = 898.7 MeV employing a quantal diffusion de-
scription, which provides a source for developing fluctuations,
based on the SMF approach beyond the TDHF theory. The
standard mean-field description of TDHF determines the av-
erage evolution of the most probable path of heavy-ion col-
lision dynamics, however, the SMF provides an extension of
the standard TDHF description by including mean-field fluc-
tuations consistent with the fluctuation-dissipation theorem of
non-equilibrium statistical mechanics. Transport coefficients
include quantal effects due to shell structure and Pauli block-
ing, and do not involve any adjustable parameters other than
the standard parameters of the effective Skyrme force used in
TDHF description.

Highly excited primary fragments decay by particle emis-
sion and secondary fission. The de-excitation processes of pri-
mary fragments are followed with statistical code GEMINI++
and the production cross-sections of the secondary fragments
are calculated. The observed agreement between the calcu-
lated and experimental data shows that the SMF approach is
a powerful way to explain the MNT process. The SMF ap-
proach is an effective microscopic and quantal approach for
the synthesis of neutron-rich isotopes farther from the target
or superheavy elements by MNT reactions.
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