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By acting the projector to the filled lattice eigenstates on a specific position, or applying local
electron annihilation operator on the many-body ground state, one can construct a quantum state
localized around a specific position in a solid. The overlap of two such local states at slightly
different positions defines a quantum metric in real space, which manifests even in systems as
simple as particles in a box. For continuous systems like electron gas, this metric weighted by the
density gives the momentum variance of electrons, which is readily measurable by ARPES. The
presence of disorder curves the real space manifold and gives rise to various differential geometrical
quantities like Riemann tensor and Ricci scalar, indicating the possibility of engineering differential
geometrical properties by disorder, as demonstrated by lattice models of 2D metals and topological
insulators.

I. INTRODUCTION

The geometrical properties of the Bloch state |ψ(k)⟩
in the momentum space of solids have been a fascinat-
ing subject that connect many seeming unrelated phe-
nomena in condensed matter physics. Starting from a
fully gapped semiconductor or insulator and denoting the
fully antisymmetric valence band state at momentum k
by |ψ(k)⟩, the overlap of two such states at slightly dif-
ferent momenta |⟨ψ(k)|ψ(k+ δk)⟩| = 1 − gµνδk

µδkν/2
(repeated Greek indices are summed) defines the quan-
tum metric gµν(k) in the momentum space.1 This quan-
tum metric has been linked to various prominent proper-
ties such as topological order,2–10 dielectric and optical
properties,11–14 spread of Wannier function,15–17 among
many others. Moreover, from this metric, one can pro-
ceed to introduce various differential geometrical quan-
tities to the D-dimensional momentum space treated as
a TD torus, such as the Euler characteristic,18–21 allow-
ing the aspects of differential geometry to be investigated
entirely in a quantum setting.

Along this line of development, a fundamental question
naturally arises: Instead of momentum space, is it possi-
ble to define quantum metric in the real space of solids?
Shall this be possible, it would have a lot of profound im-
plications. Firstly, a real space quantum metric would be
more in line with Einstein’s spacetime metric in general
relativity that is the origin of countless fascinating phe-
nomena in astrophysics, and also more analogous to the
metric on the surface of any 3D object in our daily life.
Secondly, the aforementioned momentum space quantum
metric is a property of the Bloch state that cannot be
easily manipulated, but the real space metric is presum-
ably influenced by defects, much like the deformation of
spacetime metric by stars in an otherwise empty space,
or poking an elastic object to change the curvature of
its surface, opening the possibility to engineering differ-
ential geometrical properties by disorder. Motivated by
this line of thinking, it has been shown that the momen-
tum space quantum metric integrated over the Brillouin
zone can be mapped to real space as a local quantity.22,23

However, this quantity does not have the physical mean-
ing as the measure of distance between some neighboring
quantum states in real space, so one shall seek for some
alternative constructions of a metric that can implement
Euclidean geometry.

In this paper, we present a local state formalism to
introduce a real space quantum metric for solids. We
demonstrate that quantum geometry can be introduced
directly from a state constructed by acting the projectors
to the filled eigenstates on a specific position, or equiv-
alently by acting the electron annihilation operator of a
specific position on the ground state. This state is ex-
pected to be localized around the specified position, as
discussed intensively within the context of density func-
tional theory, theory of charge polarization, and topolog-
ical markers,24–28 and has the physical meaning of parti-
tioning the ground state expectation value of any quan-
tity (such as energy, momentum, spin, etc) into each po-
sition. This metric manifests ubiquitously in any solids,
even in systems as trivial as particles in a box, indicat-
ing the ubiquity of our formalism. In continuous metal-
lic systems like electron gases, the metric is found to be
determined by the Fermi momentum, and has a remark-
able physical interpretation as the variance of momentum
of electrons that is readily measurable by angle-resolved
photoemission spectroscopy (ARPES).

We then turn to the crystalline systems to demonstrate
that despite a lattice is not a smooth manifold, from the
overlap of two such local states at neighboring lattice
sites, one can still define a real space quantum metric by
means of central difference. Using lattice models of met-
als and topological insulators, we investigate the metric
in the presence of impurities, and calculate the spatial
profile of differential geometrical quantities induced near
the impurity sites, such as Ricci scalar and volume form
similar to those derived from momentum space quantum
metric.2–8,18–21,29 This method quantifies the deforma-
tion of real space manifold by the impurity, and particu-
larly for 2D systems, it introduces an Euler characteris-
tic that describes the topology of the 2D manifold in the
presence of disorder. Our formalism thus demonstrates
the possibility of engineering the real space quantum ge-
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ometry by impurities, which should be broadly applicable
to a wide variety of disordered lattice models.

II. LOCAL STATE FORMALISM

A. Single-particle local state

Consider a solid described by a real space Hamiltonian
H. Through diagonalizing the Hamiltonian H|Eℓ⟩ =
Eℓ|Eℓ⟩, we obtain the eigenstates |Eℓ⟩ and eigenenergies
Eℓ, whose wave function ãℓσ(x) and local density nσ(x)
for species σ (spin, orbital, sublattice, etc) at position x
are calculated from the position ket state |x, σ⟩ by

⟨x, σ|Eℓ⟩ = ãℓσ(x), nσ(x) =
∑
n

|ãnσ(x)|2, (1)

where we reserve the subscript n for the filled states at
zero temperature En < 0, and likewisely for the sum-
mation

∑
n ≡

∑
En<0. Our formalism concerns the nor-

malized wave function anσ(x) calculated from the wave
function divided by the square root of the local density

anσ(x) ≡
ãnσ(x)√
nσ(x)

=
⟨x, σ|En⟩√
nσ(x)

,
∑
n

|anσ(x)|2 = 1. (2)

The purpose of our work is to elaborate that the notion of
quantum metric can be introduced to real space via con-
structing a local quantum state. This is done by utilizing
the projector to the filled lattice eigenstates

P =
∑
n

|En⟩⟨En|, (3)

from which we construct a local state by applying the
projector to the position and species |x, σ⟩

|ψσ(x)⟩ ≡
1√
nσ(x)

P |x, σ⟩ =
∑
n

a∗nσ(x)|En⟩. (4)

such that ⟨En|ψσ(x)⟩ = a∗nσ(x). As a result, we see that
|ψσ(x)⟩ is a normalized state defined in the Hilbert space
spanned by the single-particle eigenstates |Eℓ⟩ with co-
efficients a∗nσ(x), and it does not evolve with time since
none of the {P, nσ(x), |x, σ⟩} does. This quantum state
should be relatively localized around x, as can be seen by
calculating the wave function of this state at some other
position x′

⟨x′, σ′|ψσ(x)⟩ =
⟨x′, σ′|P |x, σ⟩√

nσ(x)
, (5)

which has been argued to decay with |x− x′| by viewing
the numerator ⟨x′, σ′|P |x, σ⟩ as a kind of correlator.24–28

Alternatively, we can also see the overlap of two such
states that are a certain distance apart, which gives a
similar answer

⟨ψσ′(x′)|ψσ(x)⟩ =
⟨x′, σ′|P |x, σ⟩√
nσ′(x′)nσ(x)

, (6)

and hence should also decay with |x− x′|. We should
see the localization of this state in the examples in the
following sections.
Although |ψσ(x)⟩ is not an eigenstate of the Hamilto-

nian, it serves as a tool to partition expectation values
to each position. To see this, consider any operator Ô
defined for the system, whose expectation value satisfies∑

n

⟨En|Ô|En⟩ =
∑
xσ

nσ(x)⟨ψσ(x)|Ô|ψσ(x)⟩. (7)

meaning that the ground state expectation value of the
whole system

∑
n⟨En|Ô|En⟩ can be partitioned to the

species σ at position x by ⟨ψσ(x)|Ô|ψσ(x)⟩ times the
local density nσ(x). This observation gives a concrete
physical interpretation to the local state |ψσ(x)⟩, indicat-
ing that it is not just an abstract concept. For intance, if
the operator is the Hamiltonian Ô = H, then the ground
state energy of the Fermi sea

∑
nEn has been partitioned

by |ψσ(x)⟩ into a local energy resided at (x, σ). Finally, it
should be reminded that although this state is normalize
correctly ⟨ψσ(x)|ψσ(x)⟩ = 1, it does not form a complete
basis

∑
xσ |ψσ(x)⟩⟨ψσ(x)| ≠ I. The completeness rela-

tion is either
∑

xσ |x, σ⟩⟨x, σ| = I or
∑

ℓ |Eℓ⟩⟨Eℓ| = I.

B. Real space quantum metric

We proceed to define a quantum metric gµν from the
overlap of two local states at slightly different locations1

|⟨ψσ(x)|ψσ(x+ δx)⟩| =

∣∣∣∣∣∑
n

anσ(x)a
∗
nσ(x+ δx)

∣∣∣∣∣
= 1− 1

2
gµν(x, σ)δx

µδxν , (8)

that measures the distance between x and x+ δx specif-
ically for the species σ. The physical picture for the met-
ric is given in Fig. 1 (a), where the local state |ψσ(x)⟩ is
schematically a unit vector in the Hilbert space spanned
by the energy eigenstate {|Eℓ⟩}. The unit vector changes
with position x, and the quantum metric measures the
product of the unit vectors |ψσ(x)⟩ and |ψσ(x+ δx)⟩ at
slightly different positions. Intuitively, if the wave func-
tion of the local state ⟨x′, σ′|ψσ(x)⟩ and that at a slightly
different position ⟨x′, σ′|ψσ(x+ δx)⟩ have a small over-
lap, then the metric is large, and vice versa. Hence the
metric is also a measure of the extendedness of the wave
function, as indicated schematically in Fig. 2. In Ap-
pendix A, we further introduce a matrix product-like
form for the metric, and discuss the issue of quantum
geometric tensor and Berry curvature.
Having the real space quantum metric gµν defined, one

can further calculate the differential geometrical quanti-
ties that describe the real space as a Euclidean mani-
fold, such as the Christoffel symbol Γλ

µν , Riemann tensor

Rρ
ξµν , Ricci Tensor Rµν , Ricci scalar R, and Einstein
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FIG. 1. Schematics for two ways to construct quantum geom-
etry in real space that yield the same quantummetric: (a) The
local state |ψσ(x)⟩ obtained from acting the filled state pro-
jector P on a specific position |x, γ⟩, which lives in the Hilbert
space spanned by single-particle lattice eigenstates |Eℓ⟩. (b)
The local state |Φσ(x)⟩ constructed from acting the local an-
nihilation operator cxσ on the many-body ground state |G⟩,
which lives in the Fock space spanned by the basis cℓ|G⟩. As
one moves from x to x+ δx in the real space of a disordered
system, |ψσ(x)⟩ as a unit vector will rotate in the Hilbert
space and |Φσ(x)⟩ as a unit vector will rotate in the Fock
space, and the overlap of unit vectors |⟨ψσ(x)|ψσ(x+ δx)⟩|
and |⟨Φσ(x)|Φσ(x+ δx)⟩| define the quantum metric gµν .

FIG. 2. Schematics of the real space quantum metric
gµν(x, σ). If the wave function of the local state ⟨x′, σ′|ψσ(x)⟩
is very localized, then the overlap |⟨ψσ(x)|ψσ(x+ δx)⟩| is
small and hence the quantum metric is large (left panel). In
contrast, if ⟨x′, σ′|ψσ(x)⟩ is very extended, then the overlap
is large, rendering a small quantum metric (right panel).

tensor Gµν defined by30

Γλ
µν =

1

2
gλξ(∂µgνξ + ∂νgξµ − ∂ξgµν),

Rρ
ξµν = ∂µΓ

ρ
νξ − ∂νΓ

ρ
µξ + Γρ

µλΓ
λ
νξ − Γρ

νλΓ
λ
µξ,

Rµν = Rλ
µλν , R = gµνRνµ,

Gµν = Rµν − 1

2
Rgµν , (9)

where gµν is the inverse matrix of gµν that satisfies
gµνg

νρ = δρµ. Particularly for 2D systems with a pe-
riodic boundary condition, one can introduce the Euler
characteristic for the compact T 2 manifold

χ =

∫
d2x

4π

√
g R, (10)

which should remain an integer even the presence of dis-
order.

C. Density-averaged quantum metric

Given that the formalism in the previous section de-
fines the quantum metric gµν(x, σ) for each degree of
freedom σ separately, it is intriguing to ask if there is
a way to combine all the degrees of freedom together
to define a single characteristic metric. We suggest the
following construction based on the connection to exper-
iments that be demonstrated in Sec. III B. We observe
that the density for each σ relative to the total density is
the probability Pσ(x) that an electron at position x has
a specific degree of freedom σ

Pσ(x) =
nσ(x)∑
σ nσ(x)

, (11)

satisfying
∑

σ Pσ(x) = 1. Thus one can define a density-
averaged metric by weighting each σ by the probability
and summing them together

gµν(x) =
∑
σ

Pσ(x)gµν(x, σ). (12)

This is equivalent to defining a single characteristic met-
ric from a density-averaged overlap of the local states∑
σ

Pσ(x)|⟨ψσ(x)|ψσ(x+ δx)⟩| = 1− 1

2
gµν(x)δx

µδxν .

(13)

We shall see the significance of gµν in Sec. III B.

D. Real space quantum metric defined from a
many-body local state

In the section, we elaborate yet another interpreta-
tion of quantum metric from a localized many-body state



4

|Φσ(x)⟩. As we shall see below, the local state |Φσ(x)⟩
can be viewed as a unit vector in the many-body Fock
space of multiple Fermions, which is different from the
single-particle local state |ψσ(x)⟩ introduced in Sec. IIA
that is a unit vector in the single-particle Hilbert space.
Nevertheless, the two interpretations give the same quan-
tum metric in practice. We start by considering the
ground state |G⟩ of the system given by

|G⟩ =
N−∏
n=1

c†n|0⟩ = |11, 12...1N−⟩, (14)

where c†n is the electron creation operator for eigenstate
|En⟩, |0⟩ is the vacuum state that contains no electrons,
and the label 1n indicates that the n-th eigenstate is filled
with one electron. We consider a local state constructed
by applying the electron annihilation operator cxσ for
species σ at position x to the ground state

cxσ|G⟩ =
∑
ℓ

ãℓσ(x)cℓ|G⟩ =
∑
n

ãnσ(x)cn|G⟩

=
∑
n

ãnσ(x)(−1)
∑

n′<n 1|11...0n...1N−⟩, (15)

where we have changed the basis cxσ =
∑

ℓ ãℓσ(x)cℓ,
and noted that only the electron in the filled eigenstate
|En⟩ can be annihilated, and the sign (−1)

∑
n′<n 1 is due

to {cn, cn′} = 0. Because this state is not normalized
correctly ⟨G|c†xσcxσ|G⟩ =

∑
n |anσ(x)|2 = nσ(x) due to

⟨G|c†n′cn|G⟩ = δnn′ , we further introduce a correctly nor-
malized local state by dividing by the density nσ(x)

|Φσ(x)⟩ ≡
1√
nσ(x)

cxσ|G⟩ =
∑
n

anσ(x) cn|G⟩, (16)

which satisfies ⟨Φσ(x)|Φσ(x)⟩ = 1. The state |Φσ(x)⟩ is
therefore a unit vector defined in the Fock space spanned
by the basis cℓ|G⟩. We can further see the localization of
this state by considering the overlap of two such states
at different locations

⟨Φσ′(x′)|Φσ(x)⟩ =
∑
n

a∗nσ′(x′)anσ(x)

= ⟨ψσ′(x′)|ψσ(x)⟩∗, (17)

which is equal to the complex conjugate of the overlap of
the single-particle local state given in Eq. (6), and hence
also decays with |x− x′|, signifying the localization of
|Φσ(x)⟩.
The overlap of the many-body local state |Φσ(x)⟩ de-

fines a quantum metric identical to that introduced from
the single-particle local state |ψσ(x)⟩ in Eq. (8), since

|⟨Φσ(x)|Φσ(x+ δx)⟩| =

∣∣∣∣∣∑
n

a∗nσ(x)anσ(x+ δx)

∣∣∣∣∣
= 1− 1

2
gµν(x, σ)δx

µδxν . (18)

It should be reminded that the physical meaning of the
state |ψσ(x)⟩ is not the same as |Φσ(x)⟩, since the lat-
ter is a unit vector defined in the many-body Fock space
spanned by {cn|G⟩}, as shown schematically in Fig. 1
(b). Nevertheless, the resulting quantum metric de-
fined from the overlap of the single-particle local state
|⟨ψσ(x)|ψσ(x+ δx)⟩| and from that of the many-particle
local state |⟨Φσ(x)|Φσ(x+ δx)⟩| are the same quantity.

Note that the quantity ⟨G|c†xσcx′σ|G⟩ evaluated at
two arbitrary positions x and x′ is precisely the single-
particle correlation function of electrons (see the dis-
cussion about pair distribution function in Ref. 31).
For instance, in 3D homogeneous Fermi gas it is given
by the particle density times a spherical Bessel func-
tion. Thus our many-body formalism of quantum met-
ric via Eq. (18) is essentially the expansion of the
density-normalized single-particle correlation function
⟨G|c†xσcx+δxσ|G⟩/

√
nσ(x)nσ(x+ δx) at small diatance

δx, thereby giving this correlation function a quantum
geometrical interpretation.

III. CONTINUOUS MODELS

We now address the continuous systems where the po-
sition x is a continuous variable. In these systems, the
displacement in Eq. (8) can be infinitesimal δx → 0, and
an expansion over δx gives the quantum metric

gµν(x, σ) =
1

2

∑
n

∂µanσ∂νa
∗
nσ +

1

2

∑
n

∂νanσ∂µa
∗
nσ

−

[∑
n

(∂µanσ) a
∗
nσ

][∑
n′

an′σ∂νa
∗
n′σ

]
(19)

We will use the particles in a box and homogeneous elec-
tron gas to explicitly calculate the metric.

A. Particles in a box

Our first example are particles in a box, which, despite
their simplicity, may be relevant to realistic mesoscopic
systems like quantum dots. Consider spinless fermionic
particles in a D-dimensional rectangular box of volume
V = L1L2...LD, assuming nmax of the discrete eigen-
states are filled at zero temperature due to Pauli ex-
clusion principle. The coordinates in each direction is
confined within −Lµ/2 < xµ < Lµ/2, and we omit the
subscript σ since there is only one degree of freedom. The
wave functions are

⟨x|Eℓ⟩ =
2D/2

√
V

D∏
ρ=1

cos
nℓρπx

ρ

Lρ
, (20)
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and hence the normalized local state in Eq. (4) is

|ψ(x)⟩ =
∑

n |En⟩
∏D

ν=1 cos
nνπx

ν

Lν√∑
n′
∏D

ρ=1 cos
2
(

n′
ρπx

ρ

Lρ

) , (21)

where the quantized wave vector in each direction for
each eigenstate is characterized by the set of integers

n1 = (n1x, n1y...n1D) = (1, 1...1),

n2 = (n2x, n2y...n2D) = (1, 1...2),

...

nmax = (nmax,x, nmax,y...nmax,D). (22)

Using the vielbein formalism in Eqs. (A4) and (A5), we
introduce the vector û of normalized wave function by

û =
2D/2

√
V nmax


∏D

ρ=1 cos
n1ρπx

ρ

Lρ∏D
ρ=1 cos

n2ρπx
ρ

Lρ

...∏D
ρ=1 cos

nmaxρπx
ρ

Lρ

 , (23)

Because the wave functions are real, the quantum metric
is the same as the quantum geometric tensor, given by

gµν = ⟨∂µψ|∂νψ⟩ = ∂µû · ∂ν û = Tµν . (24)

Note that gµν = 0 if only the lowest eigenstate n1 =
(1, 1...1) is filled, such as in the case of a single particle
or bosons at zero temperature.

The spatial profile of gµν depends on the number of
filled states nmax. Figure 3 shows the spatial profile of
gxx in the 1D box D = 1, which is simplified to

gxx =

[∑
n sin

2
(
nπx
L

) (
nπ
L

)2]∑
n′ cos2

(
n′πx
L

)
−
[∑

n cos
(
nπx
L

)
sin

(
nπx
L

) (
nπ
L

)]2[∑
n′ cos2

(
n′πx
L

)]2 . (25)

We find that at large values of nmax, gxx scales like nmax

to the sixth power. The value of gxx/n
6
max in the most

part of L/2 < x < L/2 saturates to about 2.7 as nmax →
∞. The case of higher dimensional boxes D > 1 and
the related geometrical quantities in Eq. (9), as well as
quantum dots with irregular shapes, should be left for
future investigations.

B. General formalism for homogeneous solids

We now address the real space quantum metric in a
homogeneous and continuous solid with periodic bound-
ary condition. In this case, the momentum k remains
a good quantum number and the density is a constant

FIG. 3. The spatial profile of quantum metric gxx for
fermionic particles in a 1D box, which depends on the num-
ber of particles nmax. We find that gxx/n

6
max in a large area

saturates to about 2.7 at large values of nmax, indicating gxx
scales like n6

max.

nσ(x) = nσ, so the local state constructed by the projec-
tor P is equivalently

|ψσ(x)⟩ =
1

√
nσ

∫
dDk

(2πℏ/a)D
∑
n

|ϕnk⟩⟨ϕnk|x, σ⟩

=
1

√
nσ

∫
dDk

(2πℏ/a)D
∑
n

|ϕnk⟩ e−ik·x/ℏã∗nσ(k), (26)

where the full state |ϕnk⟩ is related to the periodic part
of the Bloch state |nk⟩ by

⟨x, σ|ϕnk⟩ = eik·x/ℏ⟨σ|nk⟩ = eik·x/ℏãnσ(k), (27)

and we have imposed a fictitious lattice constant a to
regularize the integration despite the position x is con-
tinuous. The Bloch state |nk⟩ and its eigenenergy εk
are obtained from a momentum space Hamiltonian Hk

via Hk|nk⟩ = εk|nk⟩. In practice, the Bloch state is a
column

|nk⟩ =

 ãn1(k)
ãn2(k)

...

 (28)

whose entries are the wave function ãnσ(k) for the degree
of freedom σ. The derivative on the local state then gives

|∂µψσ(x)⟩ =
1

√
nσ

∫
dDk

(2πℏ/a)D

×
∑
n

|ϕnk⟩
(
− i

ℏ
kµ

)
e−ik·x/ℏã∗nσ(k),(29)

and therefore the quantum metric and the quantum ge-
ometric tensor are the same, given by

gµν(x, σ) = ⟨∂µψσ(x)|∂νψσ(x)⟩

=
1

nσ

∫
dDk

(2πℏ/a)D
kµkν
ℏ2

∑
n

|ãnσ(k)|2, (30)

since ⟨∂µψσ(x)|ψσ(x)⟩ = 0 vanishes due to oddness of
the integrand in the momentum integration.
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C. ARPES measurement of homogeneous quantum
metric

The homogeneous quantum metric for continuous sys-
tems formulated in the previous section can be measured
by ARPES, and has a remarkable physical significance
as the momentum variance of electrons. To see this, we
start from the retarded Green’s function of the n-th band
Bloch state |nk⟩

Gn(k, ω) =
|nk⟩⟨nk|

ω − εnk/ℏ+ iη
, (31)

which is a matrix over the degrees of freedom σ due to
the |nk⟩⟨nk| part, and η is a small artificial broadening.
The single-particle spectral function of the n-th band is
given by

An(k, ω) = − 1

π
Im TrGn(k, ω)

=
∑
σ

|ãnσ(k)|2δ(ω − εnk/ℏ) = δ(ω − εnk/ℏ), (32)

where the trace is over σ, yielding a δ-function that peaks
at ω = εnk/ℏ in noninteracting systems. As a result, the
frequency-integration of the spectra function gives the
particle number of the n-th Bloch state at momentum k

∑
σ

|ãnσ(k)|2 = ⟨nk|nk⟩ =
∫ 0

−∞
dω An(k, ω) = 1, (33)

and consequently the homogeneous particle density is∑
σ

nσ =

∫
dDk

(2πℏ/a)D
∑
n

∑
σ

|ãnσ(k)|2

=

∫
dDk

(2πℏ/a)D

∫ 0

−∞
dω

∑
n

An(k, ω)

=

∫
dDk

(2πℏ/a)D

∫ 0

−∞
dω A(k, ω), (34)

where in the last line we have introduced the ARPES
spectral function that is measured experimentally

A(k, ω) =
∑
n

An(k, ω), (35)

that sums over all the filled bands. Comparing with
Eq. (12), we see that the density-averaged quantum met-
ric gµν can be expressed by the spectral function

gµν =

∫
dDk

(2πℏ/a)D
kµkν

ℏ2

∫ 0

−∞ dω A(k, ω)∫
dDk

(2πℏ/a)D
∫ 0

−∞ dω A(k, ω)
=

〈
kµkν
ℏ2

〉
.(36)

This expression provides a concrete protocol to measure
the density-averaged quantum metric gµν from ARPES
spectral function: It is simply the momentum-frequency
integration of ARPES spectral function A(k, ω) weighted

by the momentum variance kµkν/ℏ2 and normalized by
particle density. In addition, because A(k, ω) normal-
ized by density is precisely the probability of finding
an electron with momentum k and energy ℏω, from
the usual definition in the probability theory, gµν also
has the physical meaning as the variance (or covari-
ance) of momentum ⟨kµkν/ℏ2⟩ of the electrons. Pro-
vided A(k, ω) is measured in the whole BZ and down
to the bottom of the bands for either metals or insula-
tors, which is easily accessible by ARPES experiments,
gµν can be readily extracted by Eq. (36). Moreover, the

trace Tr gµν = ⟨k2/ℏ2⟩ is invariant under the rotation of
coordinates, thereby serving as a characteristic feature
of the Fermi sea. Finally, we remark that the covariance
⟨kµkν/ℏ2⟩ bears a striking resemblance with the spatial
components of the energy-momentum tensor of noninter-
acting particles in general relativity, as it can be inter-
preted as the flux of the µ-direction momentum flowing
along ν-direction,30 manifesting an appealing connection
to general relativity.

We now discuss several issues one may encounter in
a real ARPES experiment. Firstly, the above analy-
sis does not take into account many features of the
real ARPES spectral function Aexp

n (k, ω) in experiments.
Firstly, Aexp

n (k, ω) is in general not a δ-function in fre-
quency due to the scattering caused by, e.g., phonons
and disorder. Moreover, Aexp

n (k, ω) in reality is weighted
by the matrix element that describes the excitation of
Bloch electrons in a solid to the free electrons in vac-
uum measured by the detector, and hence the relation in

Eq. (33) is in general not valid
∫ 0

−∞ dω Aexp
n (k, ω) ̸= 1.

To cope with these realistic factors, we suggest that one
may simply approximate the experimental ARPES spec-
tral function by a δ-function Aexp

n (k, ω) → δ(ω − εnk)
that peaks at the maximum ∂Aexp

n (k, ω)/∂ω|ω=εnk
= 0,

and then the above analysis follows. Note that this is how
the band structure εnk is usually determined experimen-
tally anyway, and we simply approximate the spectral
function by a δ-function accordingly. The momentum
variance ⟨kµkν/ℏ2⟩ can then be calculated by Eq. (36),
which should be a good estimation for the measured ma-
terial provided that many-body interactions are not too
strong.

D. Homogeneous electron gases

The simplest example of homogeneous systems is a D-
dimensional spinless electron gas that has only one degree
of freedom, where one can ignore σ and set ãnσ(k) = 1.
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The wave function of its local state is calculated from∫
dDk

(2πℏ/a)D
∑
n

⟨x|ϕnk⟩⟨ϕnk|0⟩ =
∫
FS

dDk

(2πℏ/a)D
eik·x/ℏ

=


sin kF x/ℏ

πx/a (D = 1)
1−cos kF r/ℏ

2πr2/a2 (D = 2)

1
(2πℏ/a)3

[
− 4πℏ2kF

r2 cos kF r
ℏ + 4πℏ3

r3 sin kF r
ℏ

]
(D = 3)

(37)

where
∫
FS

indicates the integration over all the plane
wave states inside a D-dimensional sphere of radius kF
in momentum space, and we have assigned a lattice con-
stant a to obtain the correct unit. Comparing Eq. (37)
with Eq. (5), the oscillating and decaying behavior of the
wave function of the local state ⟨x|ψ(0)⟩ with respect to
x is evident, indicating that |ψ(0)⟩ is genuinely localized
at the origin 0. Furthermore, the homogeneous particle
number is

n0 =

∫
FS

dDk

(2πℏ/a)D
=


1
π

(
kF

ℏ/a

)
(D = 1)

1
4π

(
kF

ℏ/a

)2

(D = 2)

1
6π2

(
kF

ℏ/a

)3

(D = 3)

(38)

The quantum metric in the Cartesian coordinates can be
calculated from Eq. (30), rendering

gµµ = (gµµ)−1 =
1

D + 2

(
kF
ℏ

)2

(39)

for 1 ≤ D ≤ 3, while the off-diagonal elements vanish
gµ̸=ν = 0. Thus the metric is simply given by the square
of the Fermi momentum as expected, since it is the char-
acteristic length scale in this problem.

IV. CRYSTALLINE SYSTEMS

We proceed to use tight-binding models to investigate
the quantum metric in crystalline systems where the po-
sition x takes discrete values due to the crystalline struc-
ture, and address how the profile of the metric is modified
under the influence of disorder. For this purpose, we con-
sider a D-dimensional orthorhombic, tetragonal, or cubic
lattice with unit vectors aµ = aµµ̂ that are orthogonal to
each other, where µ = 1 ∼ D denotes the spatial direc-
tions. Lattices belonging to other point groups should
be addressed elsewhere. The unit cells are located at
Bravais lattice vectors x =

∑D
µ=1 nµaµ, where nµ are in-

tegers. The degrees of freedom in a unit cell is labeled
by σ, which may signify spin, orbit, sublattice, etc. The
lattice Hamiltonian takes the following generic form

H =
∑

xx′σσ′

txx′σσ′c†x,σcx′,σ′ , (40)

where c†x,σ is the creation operator of electron of species
σ at site x.

As elaborated in Appendix B, even in disordered crys-
talline systems, the metric and differential geometrical
properties can still be implemented on discrete lattice
points provided the derivatives in Eqs. (19) and (9) are
calculated numerically via central difference, as demon-
strated below by a 2D metal and the Chern insulator.
Moreover, in disordered systems, gµν(x) generally varies
with position x in the atomic scale, as we shall see in the
following sections. It remains unclear to us at present
whether this atomic scale variation can be experimen-
tally detected by certain local probes.

A. Wannier state representation in crystalline
insulators and semiconductors

In homogeneous and fully gapped crystalline insula-
tors and semiconductors, the real space quantum metric
can be expressed in terms of the overlap of neighboring
Wannier functions. To see this, we denote ⟨r, σ|ℓk⟩ =
ℓkσ(r) = e−ik·rϕℓkσ(r) as the periodic part of the Bloch
state satisfying ℓkσ(r) = ℓkσ(r+R), where r and R are
Bravais lattice vectors and k is the momentum, and in-
troduce the Wannier state |Rℓ⟩ by

|ℓk⟩ =
∑
R

e−ik·(r̂−R)/ℏ|Rℓ⟩, |Rℓ⟩ =
∑
k

eik·(r̂−R)/ℏ|ℓk⟩.

(41)

The corresponding Wannier function ⟨x, σ|Rℓ⟩ =
Wℓσ(x − R) at position x and species σ is highly lo-
calized around the home cell R. Denoting

∑
n as the

summation over the filled valence band states, the local
state in Eq. (4) in this case is15

|ψσ(x)⟩ =
1√
nσ(x)

∑
nk

|ϕnk⟩⟨ϕnk|x, σ⟩

=
1√
nσ(x)

∑
nR

|Rn⟩⟨Rn|x, σ⟩

=
∑
nR

|Rn⟩W
∗
nσ(x−R)√
nσ(x)

. (42)

From which it follows the overlap of the local states

|⟨ψσ(x)|ψσ(x+ δx)⟩|2

=
|
∑

nRWnσ(x−R)W ∗
nσ(x+ δx−R)|2

nσ(x)nσ(x+ δx)
. (43)

This expression gives the quantum metric gµν in Eq. (8)
an interpretation in terms of the valence band Wannier
functions: The overlap evaluates the product of the val-
ues at (x, σ) of the two neighboring Wannier functions
centering at R and at R− δx, and then summing this
product over all home cells R. The quantum metric then
measures how much this summation of products deviates
from particle density nσ(x)nσ(x+ δx).
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FIG. 4. The spatial pattern of the (density-averaged) diagonal gxx and off-diagonal gxy components of real space quantum
metric, the volume form

√
g (all in units of inverse of lattice constant square 1/a2), and the Ricci scalar R (unitless) induced

by a potential impurity with strength Uimp located at the center of the 2D lattice, investigated for four different systems from
top to bottom: 2D metal with weak impurity Uimp = 1, 2D metal with strong impurity Uimp = 10, Chern insulator in the
topologically nontrivial phase M = −2 with weak impurity Uimp = 1, and Chern insulator in the topologically trivial phase
M = 2 with weak impurity Uimp = 1.

B. Lattice model of a 2D metal

The first lattice model under consideration are 2D spin-
less fermions on a square lattice with nearest-neighbor
hopping and a single impurity at the origin

H = −t
∑
x,a

(
c†xcx+a + c†x+acx

)
− µ

∑
x

c†xcx + Uimp c
†
0c0.

(44)

where x = (x, y) labels the 2D lattice sites, and a =
{ax,ay} the lattice vectors in the two directions. We set
t = 1 and µ = −0.1 (the absolute scale of these energy pa-
rameters does not affect the resulting quantum metric),
and investigate different impurity strength Uimp. The
numerical results for the diagonal gxx and off-diagonal
gxy components of the metric, the volume form

√
g, and

the Ricci scalar R are shown in Fig. 4, which manifest
the following features.

Firstly, the absolute scale of the diagonal component
of the metric gxx is of the order of unity in units of
the inverse of lattice constant square 1/a2, and it is not
much influenced by the presence of the impurity. Even
at strong impurity potential Uimp = 10, the variation of

gxx around the impurity site is only few percent com-
pared to the homogeneous value. However, the pattern
of the variation strongly depends on the impurity poten-
tial, and the pattern is generally not four-fold symmet-
ric but mirror-symmetric around the impurity site. In
addition, the impurity induces a small off-diagonal com-
ponent gxy, which are of opposite signs along the two
diagonal crystalline directions. Nevertheless, the result-
ing volume form

√
g is four-fold symmetric around the

impurity site, and we find that the variation of gµν and√
g generally becomes more long ranged as the impu-

rity strength Uimp increases, and oscillates in a way that
mimics the Friedel oscillation. Finally, the Ricci scalar
R shows a four-fold symmetric pattern that spatially os-
cillates between positive and negative values, indicating
a modulation of positive and negative curvature depend-
ing on the distance away from the impurity. The Ricci
scalar strongly depends on Uimp, suggesting the feasibil-
ity of engineering the curvature by Uimp. The spatial
integration of

√
g R that gives the Euler characteristic

in Eq. (10) is always zero (up to numerical precision),
leading to the conclusion that a single impurity does not
change the topology of the manifold.
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C. Lattice model of Chern insulator

As an example of insulators, we examine the lattice
model of Chern insulators given by32,33

H =
∑
x

t
{
−ic†xscx+axp + ic†x+axscxp + h.c.

}
+
∑
x

t
{
−c†xscx+ayp + c†x+ayscxp + h.c.

}
+
∑
x

∑
δ={x,y}

t′
{
−c†xscx+aδs + c†xpcx+aδp + h.c.

}
+
∑
x

(M + 4t′)
{
c†xscxs − c†xpcxp

}
, (45)

where σ = {s, p} are the orbitals. The effect of disorder
has been an intriguing issue for this model, especially
whether the topological invariant remains unchanged in
the presence of disorder, which can be investigated by
the Chern marker28,34–38 that is also constructed from
the projector in Eq. (3).

We consider the parameters t = 1.0, t′ = 1.0, and
M = −2 for the topologically nontrivial phase, and
M = 2 for the topologically trivial phase, and calculate
the density-averaged matric gµν and the resulting differ-
ential geometrical quantities as given in Fig. 4. Once
again the diagonal element gxx is of the order of unity,
and is not much influenced by the presence of impurity,
yet the impurity does induce a small off-diagonal ele-
ment gxy. These quantities, as well as the volume form√
g, decay rapidly to the homogeneous value as moving

away from the impurity site without much oscillation,
which seem to inherit from the fact that insulators do not
have a characteristic length scale other than the lattice
constant itself. The resulting Ricci scalar R is relatively
short ranged compared to the metals for the same reason.
Once again we find that the spatial integration of

√
g R is

zero up to numerical precision, suggesting that the Euler
characteristic remains zero in the presence of the sin-
gle impurity. Finally, all these features remain roughly
the same in both the topologically nontrivial and trivial
phases, so we do not expect these differential geometrical
properties to be able to distinguish the topological phases
of matter. Nevertheless, we emphasize that these geomet-
rical properties themselves define a real space topology
described by the Euler characteristic, and can be readily
engineered by the impurities.

V. CONCLUSIONS

In summary, we propose a local state formalism that
allows to introduce the notion of quantum geometry to
the real space of solids. We observe that by applying
the projector to filled states on a specific lattice site,
or by applying the electron annihilation operator on the
ground state, one can construct a quantum state whose
wave function is localized around the designated lattice

site. The overlap of two such states at neighboring lattice
sites defines a real space quantum metric, from which one
can introduce various differential geometrical quantities
like Riemann tensor and Ricci scalar to characterize the
real space Euclidean manifold. In continuous and homo-
geneous systems, the density-averaged quantum metric
is given by the momentum variance of electrons, indicat-
ing the possibility of experimentally detect the metric by
ARPES. In crystalline systems, the presence of disorder
distorts the spatial profile of the metric and deforms the
manifold, offering the possibility of engineering the real
space quantum geometry by disorder. We anticipate that
our formalism should be ubiquitously applicable to any
fermionic systems in arbitrary dimensions, and may be
generalized to investigate more exotic systems like super-
conductors or strongly correlated systems, which would
enable the investigation of quantum geometry under the
influence of both inhomogeneity and interactions. These
interesting issues await to be further explored.

Appendix A: Properties of the real space quantum
geometric tensor

The normalized local state |ψσ(x)⟩ in Eq. (4) allows to
introduce the quantum geometric tensor Tµν , whose real
part is the quantum metric gµν , and we denote its imag-
inary part by Ωµν , which have the generic expressions
in continuous systems when the displacement δx → 0 is
infinitesimal

Tµν(x, σ) = ⟨∂µψσ|∂νψσ⟩ − ⟨∂µψσ|ψσ⟩⟨ψσ|∂νψσ⟩,

= gµν(x, σ)−
i

2
Ωµν(x, σ),

gµν(x, σ) =
1

2
⟨∂µψσ|∂νψσ⟩+

1

2
⟨∂νψσ|∂µψσ⟩

−⟨∂µψσ|ψσ⟩⟨ψσ|∂νψσ⟩,
Ωµν(x, σ) = i∂µψσ|∂νψσ⟩ − i⟨∂νψσ|∂µψσ⟩. (A1)

We can always put these quantitites into matrix product
forms by introducing a two-column matrix

eν(x, σ) = (|ψσ⟩, |∂νψσ⟩) =

 ψσ,1 ∂νψσ,1

ψσ,2 ∂νψσ,2

...
...

 ,

det e†µeν = det

(
⟨ψσ|ψσ⟩ ⟨ψσ|∂νψσ⟩

⟨∂µψσ|ψσ⟩ ⟨∂µψσ|∂νψσ⟩

)
, (A2)

where ψσi are the entries to the vector |ψσ⟩, the quanti-
ties in Eq. (A1) can be written as matrix products

Tµν(σ) = det e†µeν ,

gµν(σ) = Re
[
det e†µeν

]
,

Ωµν(σ) = −2 Im
[
det e†µeν

]
. (A3)

Note that this formalism is generic and applied to other
properly normalized quantum state |ψ(λ)⟩ depending on
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whatever continuous parameter λ, in which case ∂µ =
∂/∂λµ.
Alternative to the formula in Eq. (A2), for the real

space quantum metric introduced in the present work,
one may also define a two-column matrix directly from
the normalized wave function

ε†ν(x, σ) =


a∗1σ(x) ∂νa

∗
1σ(x)

a∗2σ(x) ∂νa
∗
2σ(x)

...
...

a∗nmaxσ(x) ∂νa
∗
nmaxσ(x)

 ≡ (û∗
σ, ∂ν û

∗
σ) ,

(A4)

where the unit vector û∗
σ that satisfies ûT

σ · û∗
σ = 1 is

simply the array of the normalized wave function a∗nσ(x).
In terms of these quantities, one has

Tµν(σ) = det

(
ûT
σ · û∗

σ ûT
σ · ∂ν û∗

σ

∂µû
T
σ · û∗

σ ∂µû
T
σ · ∂ν û∗

σ

)
= det εµε

†
ν ,

gµν(σ) = Re
[
det εµε

†
ν

]
,

Ωµν(σ) = −2Im
[
det εµε

†
ν

]
, (A5)

which also renders a vielbein-like form30 in terms of
εν(σ). Note that the εν(σ) in Eq. (A5) is not the same
as the eν(σ) in Eq. (A2), although they both result in a
vielbein-like form for gµν . In practice, whether εν(σ) or
eν(σ) is more useful depends on the problem one encoun-
ters in practical calculations. As a final remark, although
our real space quantum metric appears somewhat analo-
gous to Einstein’s spacetime metric, they have different
units. The elements of Einstein’s spacetime metric are
unitless numbers, while our real space quantum metric
has the unit of inverse meter square [gµν ] = 1/m2 as can
be seen from its very definition in Eq. (8).

We now remark on the physical interpretation of the
quantum geometric tensor Tµν and its imaginary part
Ωµν . Firstly, the overlap in Eq. (8) can as well be ex-
pressed by Tµν

|⟨ψσ(x)|ψσ(x+ δx)⟩| = 1− 1

2
Tµν(x, σ)δx

µδxν ,(A6)

since the imaginary part sums to zero. Hence one may
interpret Tµν as a more generalized complex metric. On
the other hand, it should be noted that Ωµν is not a
Berry curvature as usually defined, since the local state
|ψσ(x)⟩ is not an eigenstate of some Hamiltonian. This
can be seen by noticing that the very definition of the
Berry phase concerns an eigenstate |n(R)⟩ of a Hamilto-
nian H(R) satisfying H(R)|n(R)⟩ = En(R)|n(R)⟩ and

depending on some external parameter R. When the pa-
rameterR is taken along some closed trajectory in the pa-
rameter space, the eigenstate accumulates a Berry phase
γn =

∮
dR⟨n(R)|i∇R|n(R)⟩ that can be written as the

integration of Berry curvature ∇R × ⟨n(R)|i∇R|n(R)⟩
over the area enclosed by the trajectory.39,40 Analo-
gously, one may vary the parameter x along some closed
trajectory in real space and calculate the evolution of
our local state |ψσ(x)⟩. However, since |ψσ(x)⟩ is not an
eigenstate of some real space HamiltonianH(x), this pro-
cess will not generate the Berry phase discussed above,
nor does Ωµν in Eq. (A1) have the physical meaning as
a Berry curvature. Thus Ωµν is merely the imaginary
part of Tµν defined from the overlap of the local state
in Eq. (A6) that does not have much significance in our
theory.

Appendix B: Implementing quantum metric on
discrete lattice sites

The real space of crystalline systems is not a smooth
manifold, since the positions x are only defined on dis-
crete lattice sites and the displacement δx cannot be in-
finitesimal. Nevertheless, below we elaborate that quan-
tum metric can still be implemented on such a discretized
space, using the lattice vectors as the smallest increment
possible δx = a. Firstly, since our local state is correctly
normalized ⟨ψσ(x)|ψσ(x)⟩ = 1, the overlap of two such
states defined on any two sites x and x+ a must be less
than unity

|⟨ψσ(x)|ψσ(x+ a)⟩| ≤ 1. (B1)

Hence if the separation a is sufficiently small, one must
be able to expand the overlap by a series of powers of
a. Secondly, if the system is translationally invariant
without disorder, then

|⟨ψσ(x)|ψσ(x+ a)⟩| = |⟨ψσ(x− a)|ψσ(x)⟩|
= |⟨ψσ(x)|ψσ(x− a)⟩|, (B2)

so the series must contain only even powers of a. The
leading order is the second order, whose coefficient is then
naturally identified as the quantum metric.

To formulate the quantum metric rigorously, we as-
sume aD-dimensional orthorhombic, tetragonal, or cubic
lattice with lattice vector aµ = aµµ̂ in the µ-direction,
and employ discrete Taylor expansion with central differ-
ence up to second order
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|ψσ(x+ a)⟩ = |ψσ(x)⟩+
1

2

∑
µ

[|ψσ(x+ aµ)⟩ − |ψσ(x− aµ)⟩] +A,

A ≡ 1

8

∑
µν

[|ψσ(x+ aµ + aν)⟩ − |ψσ(x+ aµ − aν)⟩ − |ψσ(x− aµ + aν)⟩+ |ψσ(x− aµ − aν)⟩] . (B3)

The overlap is then calculated by

|⟨ψσ(x)|ψσ(x+ a)⟩|2

= 1 +
1

2

∑
µ

[⟨ψσ(x)|ψσ(x+ aµ)⟩ − ⟨ψσ(x)|ψσ(x− aµ)⟩+ ⟨ψσ(x+ aµ)|ψσ(x)⟩ − ⟨ψσ(x− aµ)|ψσ(x)⟩]

+
1

8
⟨ψσ(x)|A+

1

8
A†|ψσ(x)⟩

+
1

4

∑
µν

[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] |ψσ(x)⟩⟨ψσ(x)| [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩] +O(a3) ≡ 1− gµνa
µaν ,(B4)

which defines the leading order correction to the overlap gµνa
µaν . We observe that if one demands |ψσ(x+ a)⟩ to be

also normalized up to second order in aµ, then using Eq. (B3) yields

⟨ψσ(x+ a)|ψσ(x+ a)⟩ = 1

+
1

2

∑
µ

[⟨ψσ(x)|ψσ(x+ aµ)⟩ − ⟨ψσ(x)|ψσ(x− aµ)⟩+ ⟨ψσ(x+ aµ)|ψσ(x)⟩ − ⟨ψσ(x− aµ)|ψσ(x)⟩]

+
1

8
⟨ψσ(x)|A+

1

8
A†|ψσ(x)⟩+

1

4

∑
µν

[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩] +O(a3), (B5)

and hence the second line of the order O(a) and the third line of the order O(a2) of this equation must vanish
individually. Putting these observations back to Eq. (B4), we obtain

gµνa
µaν =

1

4

∑
µν

[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩]

−1

4

∑
µν

[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] |ψσ(x)⟩⟨ψσ(x)| [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩] . (B6)

This leads to the formula for the quantum metric on the lattice

gµν(x, σ) =
1

8aµaν
[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩]

+
1

8aµaν
[⟨ψσ(x+ aν)| − ⟨ψσ(x− aν)|] [|ψσ(x+ aµ)⟩ − |ψσ(x− aµ)⟩]

− 1

4aµaν
[⟨ψσ(x+ aµ)| − ⟨ψσ(x− aµ)|] |ψσ(x)⟩⟨ψσ(x)| [|ψσ(x+ aν)⟩ − |ψσ(x− aν)⟩]

=
1

8aµaν

∑
n

[anσ(x+ aµ)− anσ(x− aµ)] [a∗nσ(x+ aν)− a∗nσ(x− aν)]

+
1

8aµaν

∑
n

[anσ(x+ aν)− anσ(x− aν)] [a∗nσ(x+ aµ)− a∗nσ(x− aµ)]

− 1

4aµaν

{∑
n

[anσ(x+ aµ)− anσ(x− aµ)] a∗nσ(x)

}{∑
n′

an′σ(x)| [a∗n′σ(x+ aν)− a∗n′σ(x− aν)]

}
, (B7)

that correctly sums to Eq. (B6), is symmetric in the two
indices µ and ν, and recovers the usual derivative ex-
pression in the continuous limit aµ → 0. Equation (B7)

serves as a concrete numerical recipe to calculate the met-
ric on discrete lattice points of a rectangular lattice. The
formula also suggests to implement the derivative ∂µ on
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discrete lattice sites by the central difference, so we adopt
the central difference in the calculation of all the differ-
ential geometrical properties given in Eq. (9), allowing
them to be defined on discrete lattice sites.

The metric in Eq. (B7) is invariant under the inver-
sion of the increment δx = aµ → δx = −aµ, meaning
that |⟨ψσ(x)|ψσ(x+ a)⟩| and |⟨ψσ(x)|ψσ(x− a)⟩| give
the same quantum distance under this central difference
formalism. This is in line with the usual definition of
distance in differential geometry ds2 = gµνδx

µδxν in a
small region around x that should be the same under
δx = aµ → δx = −aµ provided aµ is small enough.
Moreover, the pattern of the metric is symmetric around
the impurity site as shown in Fig. 4. Alternatively, one
may use the forward or backward difference to expand
the |ψσ(x+ a)⟩ in Eq. (B3). For instance, under the for-

ward difference

|ψσ(x+ a)⟩ = |ψσ(x)⟩
+

∑
µ

[|ψσ(x+ aµ)⟩ − |ψσ(x)⟩] +A′,(B8)

and follow the same recipe above to construct the metric.
However, the metric constructed this way changes under
the inversion of the increment δx = aµ → δx = −aµ,
which does not agree with the usual requirement in dif-
ferential geometry, and moreover the spatial profile of the
metric is not symmetric around the impurity site. Thus
we disregard the forward and backward difference scenar-
ios, and use only the central difference scenario presented
above.
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