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Vortex information of scalar pair production in circularly polarized field is investigated in the multiphoton
regime. We find that vortex orientation is related to the intrinsic orbital angular momentum of created particles
associating with the helicity of absorbed photons, while the magnitude of the orbital angular momentum, i.e., the
topology charge is determined by the number of absorbed photons. Moreover, the properties of particle creation
and vortices formation can be understood by analyzing the pair production process in quasiparticle representation.
This study provides new insights into the angular momentum transfer from field to particle in the scalar pair
production process. It is expected that there are similar findings about vortex features for different spin alignment
in electron-positron pair production in strong fields via the topology charge as a new freedom.

PACS numbers: 12.20.Ds, 03.65.Pm, 02.60.-x

I. INTRODUCTION

The phenomenon of electron-positron pair production in
vacuum [1–8] is closely analogous to ionization in atomic
physics [9–13]. Both processes are including above-threshold
ionization, harmonic generation in perturbative multipho-
ton process [14–17] and the non-perturbative tunneling pro-
cess [3, 8, 18, 19]. Besides, pairs production and ionization
driven by varying dynamic fields exhibit many similar effects
in momentum space, including a series of multiphoton peaks in
single circularly polarized field [20–24], and spiral structures
in two counter-rotating electric field with time delay [25–32].

Wavefield phase front singularities, vortices, and associated
non-integral phases have been introduced and studied in many
academic papers [33–39]. In the study of the photodetachment,
phase vortices naturally appear in the electronic eigenstates of
atoms, resulting in vortex structures in momentum space [40].
Recent research has found that vortex structures also appear in
pairs production via the Sauter-Schwinger process [41, 42].

Moreover, in the perturbative multiphoton regime, the cre-
ated particles exhibit distinct angular momentum features that
are inherited from the photon helicity [20, 22, 43]. This sug-
gests that the angular momentum of the created particles pos-
sesses intrinsic properties that may result in singularities in
the amplitude phase, e.g., the vortices of the particle carry a
quantized orbital angular momentum [38, 44, 45]. This moti-
vates our interest in studying vortices in pairs production in
multiphoton-dominated processes under circularly polarized
fields. For simplicity, we will consider relativistic scalar par-
ticle without spin. This is because that the wave packets with
orbital angular momentum (OAM) exhibit fundamental topo-
logical and dynamical characteristics that have traditionally
been associated primarily with spin [46].

In this work, the particle distribution function in momentum
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space is obtained by solving the Klein-Gordon equation and
can be further reduced to a two-level system. We find that the
vortex structures and the topological charge magnitude are de-
termined by the absorbed photons. Additionally, the evolution
of vortices is investigated in the quasiparticle representation,
which shows that momentum spectra not only exhibit the spiral
structure but also the phase distribution shows the transition
from the spiral pattern to the multi-vortex structures.

It should be noted that the natural units are employed
throughout this paper with ℏ = c = 1.

This paper is organized as follows. In Sec. II, the external
field and particle distribution function are introduced, while the
description of the vortex is reviewed. In Sec. III, the numerical
results are presented. Finally, a brief summary is given in
Sec. IV.

II. THEORETICAL MODEL

We adopt the following idealized model of circularly polar-
ized electric field:

E (t) = E sin4 (ωt/2N)
[
cos (ωt) ex + δ sin (ωt) ey

]
, (1)

where E gives the external field amplitude in units of the critical
field Ecr = m2/e, ω is the frequency, N is the number of
cycles, and 0 ≤ t ≤ 2Nπ/ω. The polarization vector ex and
ey are along the x and y directions, respectively. The laser
pulse propagates along the ez axis, with |δ| representing the
ellipticity, constrained by −1 ≤ δ ≤ 1. For linear polarization,
δ = 0, while circular polarization corresponds to |δ| = 1. The
sign of δ determines the helicity, where δ = +1 indicates right-
handed circular polarization, and δ = −1 indicates left-handed
circular polarization.

When we neglect the backreaction, we can solve the Klein-
Gordon equation for the scalar pairs production in the back-
ground electric field E (t) in Eq. (1), along with the associated
gauge potential A (t), and E (t) = −Ȧ (t). A natural formal-
ism for this analysis is provided by Bogoliubov transforma-
tions [47].
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Given the initial creation and annihilation operators ap, b
†
p,

the Bogoliubov transformation coefficients αp (t) , βp (t)
relate these operators to their time-dependent forms
ãp (t) , b̃†−p (t) [48–50][

ãp (t)
b̃†−p (t)

]
=

[
αp (t) β∗p (t)
βp (t) α∗p (t)

] [
ap
b†−p

]
, (2)

where
∣∣∣βp (t)

∣∣∣2 is the density of the created particles with canon-

ical momentum p. The bosonic statistics require
∣∣∣αp (t)

∣∣∣2 −∣∣∣βp (t)
∣∣∣2 = 1. The time-dependent Bogoliubov coefficients

satisfy the following relations [29]:

dαp (t)
dt

= −Ωp (t) βp (t) e2i
∫ t

dτωp(τ),

dβp (t)
dt

= −Ωp (t)αp (t) e−2i
∫ t

dτωp(τ), (3)

where Ωp (t) = −ω̇p (t)/2ωp (t). The time evolution of the sys-
tem can be directly expressed in terms of the Bogoliubov coef-
ficients, whose dynamics are described by a two-level system.
By setting cα,p = e−i

∫ t
dτωp(τ)αp (t), cβ,p = ei

∫ t
dτωp(τ)βp (t),

the evolution equation takes the form [50]

i
d
dt

[
cα,p (t)
cβ,p (t)

]
=

[
ωp (t) −iΩp (t)
−iΩp (t) −ωp (t)

] [
cα,p
cβ,p

]
, (4)

where ωp (t) =
√

m2 + q2 (t) =
√

m2 + [p − eA (t)]2 denotes
the single-particle energy with kinetic momentum q (t) given
by q (t) = p − eA (t). The single-particle distribution function
in momentum space is expressed as

f (p) = |cβ,p|2. (5)

It can be verified that the distribution function can be reduced
to the well-known quantum Vlasov equation (QVE) [51, 52]

d
dt

f (p, t) =
1
2
Ωp (t)

∫ t

−∞

dt′Ωp
(
t′
) { [

1 + 2 f
(
p, t′
)]
×

cos
[
2Θ
(
p, t′, t

)] }
, (6)

where Θ (p, t′, t) =
∫ t

t′ dτωp (τ).
In the following of this part, let us review the vortex struc-

tures of a complex function. In quantum mechanics, probabil-
ity fluid inherently possess vortices [38, 40]. Vortex lines are
closed loops or continuous curves in three-dimensional momen-
tum space [30, 37, 46, 53, 54]. While the complex probability
amplitudes cβ,p vanish along these lines, the phase of the ampli-
tudes around them changes from 0 to 2πl, where the integer l =
±1, ±2, ... is the topological charge. In contrast, the nodes form
surfaces with vanishing probability, where the phase of cβ,p
jumps ±π [24]. Note that in the two-dimensional plane, vortex
lines are usually visualized as individual points, while nodal
surfaces behave as curves with zero probability [30, 42, 55].

We define the gauge-invariant Berry connection of the com-
plex function cβ,p in momentum space [24, 30, 41]

A =
Re
(
c∗β,p
[
−i∇p

]
cβ,p
)

|cβ,p|2
= ∇p

(
arg
[
cβ,p
])
, (7)

where ∇p represents the gradient with respect to the momen-
tum p. The integral along an arbitrary closed curve C around
a singularity of the phase satisfies the following quantized
condition ∫

C

A · dp = 2πl. (8)

In optics, the topological charge l means of intrinsic orbital
angular momentum (IOAM) [44, 45]. The semiclassical analy-
sis for particle packets also shows that the IOAM of a particle
is closely related to the Berry connection [46, 54]. In this inves-
tigation, taking the primary absorption of photon for example,
we find that the number of photons absorbed by the created
particles can be presented in the phase. This reveals the angu-
lar momentum characteristics of the created particles to some
degree. The momentum spectra and the phase arg

[
cβ,p
]
/ (2π)

in momentum space are shown in Figs. 1. From Fig. 1 we can
find that the shape of momentum spectrum as well as the phase
are similar to the intensity spectrum and phase of the Laguerre-
Gaussian beam [39, 56]. For the single photon absorption
mode [see Figs. 1(a) and (d)], single vortex appears. For two-
and three-photon absorption mode [see Figs. 1(b), (c), (e), and
(f)], those corresponds to two and three vortices generated,
respectively. Most notably, the radius of the absorption ring on
the momentum spectrum increases as the number of absorbed
photons increases, which is consistent with the phenomenon
that large topological charge in the Laguerre-Gaussian mode
correspond to large bright ring.

III. NUMERICAL REASULTS

In the following numerical calculation, the field amplitude is
E = 0.05Ecr, the number of field cycles N = 20, the frequency
ω = 0.55m, and the ellipticity |δ| = 1. These field config-
urations give the Keldysh parameter of γ = mω/eE = 11,
indicating that the system is in the perturbative multiphoton
regime [9, 21]. In this regime, the particle-antiparticle pairs
not only absorb an unit energy ω from each photon but also
the pairs obtain angular momentum by one [20]. Interestingly,
multiphoton scalar pairs production are constrained by angular
momentum conservation, which means that the probability of
particle creation vanishes at zero momentum in multiphoton
process.

The momentum of the created particles in an oscillating
external field can be expressed as pn =

√
(nω/2)2 − m∗2, where

m∗ ≈ m
√

1 + 1/4γ2 is the effective mass, and n is the number
of absorbed photons [57]. For a clearer presentation of the
multiphoton ring structure in the momentum spectra, it is more
convenient to present |cβ,p|. The number density of particle can
be determined using Eq. (5). Both distributions give the same
position of p for the n-photon absorption.
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FIG. 1: Particle distribution function |cβ,p|2 labeled by (a), (b), and (c) as well as the phase arg
[
cβ,p
]
/ (2π) labeled by (d), (e), and (f) for

ω = 2m, 1m, and 0.7m for circular polarization with δ = 1. From left to right are corresponding to one-, two-, and three-photon absorption.

A. Control of vortex by the helicity

The magnitude of |cβ,p| and the phase arg
[
cβ,p
]
/ (2π) in mul-

tiphoton pair production are shown in Fig. 2. The distributions
of the created particles in the polarized plane show observable
consistency for δ = ±1 [see Figs. 2(a) and (b)] in that the left-
and right- photon have the same energy for the configuration
in Eq. (1). Moreover, from Figs. 2(a) and (b), it can be seen
that the process corresponding to nmin-photon absorption is
often accompanied by (nmin + s)-photon absorption as well,
where nmin = ⌈

2m
ω
⌉ = 4 with the ceiling function ⌈·⌉. The

bright rings from inner to outer in Figs. 2(a) and (b) represent
four-, five-, six-, and seven-photon absorption which corre-
spond to s = 0, 1, 2, and 3, respectively. The similarity in
the shape of the momentum spectra to atomic ionization, espe-
cially in above-threshold ionization spectra, could be found in
Refs. [16, 58, 59].

We also find that the vortex direction is counterclockwise in
a left-handed field and clockwise in a right-handed field [see
Figs. 2(c) and (d)]. This is because the helicity of the photon, as
an intrinsic property, can be transferred to the particle’s OAM.
This OAM is intrinsic, with a status equivalent to the particle’s
spin. Quantum mechanics’ superposition principle requires
that the wave function of the created particles be a superposi-
tion of various possible wave packets with angular momentum
modes [38, 46]. Thus, the wave function of the created par-
ticle can be formally written as ψ =

∑
l ψl =

∑
l|cβ,p|e−il(pr)ϕ

with pr =
√

p2
x + p2

y + p2
z . Such expansion reveals that ψl with

nonzero l contain a screw dislocation of the wavefront on the
wave packet ψl ∝ e−il(pr)ϕ, that is they contain a phase vortex

FIG. 2: The magnitude of the probability amplitude |cβ,p| for (a) and
(b), as well as the phase arg

[
cβ,p
]
/ (2π) for (c) and (d) in circularly

polarized fields. (a) and (c) correspond to δ = 1 as well as (b) and (d)
correspond to δ = −1.

of strength l.
Using the eigenequations for the l model, one can easily

obtain Lzψl = i ∂
∂ϕ
ψl = l (pr)ψl, which has a similar local geo-

metric structure to that of Eq. (7). This more clearly shows the
consistency between the topological charge and the quantum
OAM. When the particles absorb n left-handed photons, the
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helicity of the particle is −l = n, otherwise it is +l = n. Thus,
the topological charge serve as a form of IOAM can directly
demonstrates that the final-state particle wave packet is born
with a distinctly spiral wavefront structure in multiphoton pairs
production even in the absence of the spiral structure in the
momentum spectra.

More significantly, this property enables the manipulation
of the particle IOAM by the external field. The wave of the
created particles with different spiral wavefronts can be easily
obtained by changing the chirality of the external field.

B. Control of vortex by the absorbed photons

Based on energy conservation, we can derive an approxi-
mate theoretical expression for the topological charge: l′ (pr) =
2
ω

√
m∗2 + p2

r . Fig. 3 gives the relationship between the topo-
logical charge and the number of absorbed photons with the
change of the radial momentum pr. From Fig. 3 we find that
the approximate theoretical expression, l′ (pr), gives a better
description and the theoretical predication is better in the high
energy regime. Additionally, the number of absorbed photons
and the topological charge are almost perfectly matched.

FIG. 3: Topological charge (blue staired lines) using Eq. (8) and the
absorbed photons (black crosses) as a function of pr for δ = 1 at
pz = 0. The black vetical dashed lines give the position of kinetic
momentum which correspond to the multiphoton peaks. The red curve
is the predication of topological charge by using energy conservation.

The relationship between the photon number and the topo-
logical charge shows that when the created particles also have
z-direction momentum pz , 0, leading to the larger pr, the
number of absorbed photons may increase, and thus large
IOAM particles can be obtained. For example, when the parti-
cles propagate along z-direction with pz = 0.8m, the number of
absorbed photons increase, leading to an increase in the num-
ber of topological charges as well, i.e., l→ l+ 1. This property
gives us two methods of obtaining large IOAM. Either particles
with different topological charges can be obtained at different
particles’ ejected directions for a constant pz, or particles with
large topological charges can be captured in the direction along

the pulse propagation when we focus on the strongest n-photon
ring.

More interestingly, a simple relationship for s = 0 between
topological charge and external field frequency can also be eas-
ily generalized as follows: l ∝ ω−1 or specifically l = ⌈2m∗/ω⌉,
which is an inevitable result for the topological charge to be
IOAM, see Fig. 1.

C. Time evolution of the vortex

For a better understanding of the vortex structures, let us
investigate the evolution of the particle and topological charge
in the quasiparticle representation. In external fields, the cre-
ated particles evolving over time undergo three stages in the
external field as created particle-antiparticle plasma (PAP): the
quasiparticle PAP (QPAP) stage, the transient stage, and the
residual PAP (RPAP). Note that the geometric phase of wave
function of particle acquired in the time evolution plays a key
role to lead the nonlinear variation of topological charge in
these three stages.

Under the external field Eq. (1), scalar pairs have the van-
ishing yield at zero momentum for multiphoton absorption. It
reminds us that we can plot the time evolution of the created
quasiparticles or/and particle distribution f (t) for choosing two
typical momentum cases of (0.456m, 0) and (0,−0.456m) on
the four-photon ring, which distinguish from (0, 0). The results
are illustrated in Fig. 4.

From Fig. 4, we observe that the interval between the peaks
in the intermediate region of the QPAP stage is half a cy-
cle of the field, i.e., π/ω. It is understood as below. Taking
(px, py) = (0.456m, 0), for example, the distribution func-
tion approximately satisfies f (t) ∼ (q ·E)2 ≈ px

2E2
x for

py = 0 in QPAP stage due to Ex ∝ cos (ωt) , Ey ∝ sin (ωt)
and Ax ∝ sin (ωt) , Ay ∝ − cos (ωt). The evolution of the en-
velope increases when time increases, and E2

x ∝ cos2 (ωt).
Therefore, the neighboring peaks in the red curve in Fig. 2,
which denotes the created particles distribution f (t), possess
the time interval of π/ω.

From Figs. 4(a), (b), and (c), we can see that the momentum
spectra of the created particles appears with two peaks similar
to the Bessel-Gaussian model [60, 61]. The corresponding
phase also presents the spiral wave structures [see Figs. 4(e),
(f), and (g)]. The above behavior can be understood with the
help of the view point of nonlinear dynamical system [62].

In fact we can rewrite Eq. (4) by considering the complex
form of them as cβ,p (t) = C exp (iS 1) while cα,p (t) ≈ exp (iS 2)
since that |cα,p(t)|2 − |cβ,p(t)|2 = 1 and C ≪ 1.

On one hand, the evolution equation of the momentum dis-
tribution is determined by the amplitude Ċ = −Ωp (t) cos (S ),
where S = S 1 + S 2 and Ωp ∝ p ·E. It indicates that the ex-
tremal minimum can be achieved at either p ·E = 0 or p = 0.
The former case, p ·E = 0, gives the lower yield at t = 17.4m−1

along a line with angle θ = arctan
(
py/px

)
= 165◦ which corre-

sponds to white line in the momentum spectrum, while p = 0
shows the result of vanishing pair production at any moment
t, which is consistent with the requirement of angular momen-
tum conservation. Obviously the other extremal maximum
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QPAP

RPAP

FIG. 4: Particle distribution f (t) at different momentum position that correspond to red and black curves as well as the momentum spectra that
correspond to (a)-(d) and the phase distribution that correspond to (e)-(h) at the different moment. (a), (b), (c), (e), (f), (g) are QPAP stage. The
transient stage corresponds to (d) and (h). The white and orange curves are the lower and higher yield position in (a)-(c). The ellipticity is δ = 1.

with high pair yield would appear in direction of p ∥ E at
75◦ which corresponds to orange line, see Fig. 4(a). Similarly,
the lower yields at t = 119.6m−1, 174.8m−1 are 78◦ and 198◦,
and the higher yields are 168◦ and 108◦, see the white lines
and orange lines in Figs. 4(b) and (c). This is because that
the amplitude C is approximately trigonometric function for

the fixed qr =
√

q2
x + q2

y as the momentum space azimuth θ
changes at the fixed moment t∗, there are two extreme values,
corresponding to two peaks along the orange curve that is the
external field direction. Along the perpendicular direction of
electric field, there are two zeros points. When field is either
turned off or close to end when Ex, Ey ∼ 0, then Ωp ∼ 0 for
all (px, py), then it produces the different circles for different

fixed qr =
√

q2
x + q2

y in the momentum spectrum, which form
the shape of rings, see Figs. 2(a) and (b) and also Fig. 4(d).

On the other hand, the phase evolution equation meets that
Ṡ = 2ωp+Ωp sin (S )/C. At specific moment t∗, we can obtain
a constant A(t∗) so that also a constant ωp. Thus for the fixed
kinetic momentum qr, the phase S is approximately circular
in momentum space as θ changes when the time approaches
the end of the field, where Ωp ∼ 0, see Figs. 2(c) and (d)
and also Fig. 4(h). In cases of earlier time, however, due to
the impact of nonlinear effect of Ωp, it actually produces the

spiral line of Archimedes-like for specific qr. For example,
the spiral structure is very obvious for the neighbor region of
momentum origin (0, 0), where dqr/dθ > 0, see Figs. 4(e), (f)
and (g). Additionally there are a set of other complex vortex-
like substructure that around the central spiral structure, which
seems to be an interference pattern between different phases
under different momentum.

Interestingly, during the period from t = 174.8m−1 to t1,
the QPAP state becomes unstable and the spiral structure in
momentum spectra appears in Fig. 4(c). This can be seen
as a modulation of the field by the vacuum fluctuate in the
region [52]. The tail of the phase spiral becomes elongated
and denser due to the quantum mechanical phase continuous
accumulation in the real-particles wave function, as shown in
Fig. 4(g).

In the transient stage from t1 to t2, the beard shape of the par-
ticle spectra is enhanced by the oscillatory effect due to QPAP
unstable, as indicated by the orange arrow in the Fig. 4. The
vacuum fluctuations cause the spiral arms in the momentum
spectra to elongate and rapidly converge to a ring structure.
Multiple topological charges also manifest in the phase spectra.
The modulation disappears, when the external field weaken.
The transient process fully enters the RPAP region, and the
shape of momentum spectra and the vortex structures are the
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same as in Figs. 2(a) and (c).

IV. SUMMARY

In this study, we numerically investigate the vortex structure
induced by rotating electric fields, as well as the evolution
of the vortices and momentum spectra in the quasiparticle
representation.

The vortex direction of the final particle is determined by
the polarization of the field, suggesting that the topological
charge associated with the vortex reflects the IOAM properties
of the particle. The vortex serves as a form of the IOAM
of the particle, which is transferred from the photons of the
external field. The transfer of angular momentum from n
photons to the pairs results in a vortex or topological charge of
the particle equal to n. The study shows that both the structure
and magnitude of the IOAM can be controlled by the external
field. In the quasiparticle representation, we also study the time
evolution of the vortex. It is found that the vortex structure
remains stable during the QPAP stage. In the transient stage,
the vacuum rise and fall leads to the instability of the vortex.
Once entering the RPAP region, the momentum spectra of the

particle and the vortex structure will rapidly converge to the
created particle of the final states.

This work suggests that the transfer of angular momentum
in spinless scalar particles during the multiphoton process can
be extend to the angular momentum transfer in multiphoton
electron-positron pair production with spin. In spinor QED,
however, angular momentum conservation may cause the num-
ber of vortices in spin-parallel alignment particles to be differ-
ent from that in spin-antiparallel alignment. Furthermore, the
present study also indicates that the topology charge associated
to the vortex as a new freedom provides a potential opportunity
to detect or/and control the pair production behaviors.
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and H. Walther, Above-threshold ionization: from classical fea-
tures to quantum effects, Adv. At. Mol. Opt. Phys. 48 (2002)

35.
[15] M. Klaiber, K. Z. Hatsagortsyan and C. H. Keitel, Above-

threshold ionization beyond the dipole approximation, Phys.
Rev. A 71, 033408 (2005).

[16] C. Müller, K. Z. Hatsagortsyan, M. Ruf, S. J. Müller, H. G. Het-
zheim, M. C. Kohler and C. H. Keitel, Relativistic nonpertur-
bative above-threshold phenomena in strong laser fields, Laser
Phys. 19, 1743 (2009).

[17] I. A. Aleksandrov, A. D. Panferov and S. A. Smolyansky, Radi-
ation signal accompanying the Schwinger effect, Phys. Rev. A
103, 053107 (2021).

[18] A. Eckey, M. Klaiber, A. B. Voitkiv, and C. Müller, Relativistic
strong-field ionization of hydrogenlike atomic systems in con-
stant crossed electromagnetic fields, Phys. Rev. A 107, 033113
(2023).

[19] M. Klaiber, K. Z. Hatsagortsyan, C. H. Keitel, Atomic po-
larization and Stark-shift in relativistic strong field ionization,
[arXiv.2403.11285 [physics.atom-ph]].

[20] C. Kohlfürst, Spin states in multiphoton pair production for
circularly polarized light, Phys. Rev. D 99, 096017 (2019).

[21] A. Blinne and H. Gies, Pair production in rotating electric fields,
Phys. Rev. D 89, 085001 (2014).

[22] Z. L. Li, D. Lu, B. S. Xie, B. F. Shen, L. B. Fu and J. Liu,
Nonperturbative signatures in pair production for general elliptic
polarized fields, Europhys. Lett. 110, 51001 (2015).

[23] F. Fillion-Gourdeau, F. Hebenstreit, D. Gagnon and S. MacLean,
Pulse shape optimization for electron-positron production in
rotating fields, Phys. Rev. D 96, 016012 (2017).
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