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Abstract

Despite the dominant role of deep models in machine learning, limitations persist, including overcon-
fident predictions, susceptibility to adversarial attacks, and underestimation of variability in predictions.
The Bayesian paradigm provides a natural framework to overcome such issues and has become the gold
standard for uncertainty estimation with deep models, also providing improved accuracy and a frame-
work for tuning critical hyperparameters. However, exact Bayesian inference is challenging, typically
involving variational algorithms that impose strong independence and distributional assumptions. More-
over, existing methods are sensitive to the architectural choice of the network. We address these issues
by constructing a relaxed version of the standard feed-forward rectified neural network, and employing
Polya-Gamma data augmentation tricks to render a conditionally linear and Gaussian model. Addition-
ally, we use sparsity-promoting priors on the weights of the neural network for data-driven architectural
design. To approximate the posterior, we derive a variational inference algorithm that avoids distribu-
tional assumptions and independence across layers and is a faster alternative to the usual Markov Chain
Monte Carlo schemes.

Keywords: Bayesian neural networks, variational inference, uncertainty quantification, shrinkage priors.

1 Introduction

Neural networks (NNs) are effective deep models that play a dominant role in machine learning and have
achieved remarkable success across various domains including medicine and biological sciences Jumper et al.
(2021); Yu et al. (2021), natural language processing Mikolov et al. (2013); Touvron et al. (2023), computer
vision and image analysis Dosovitskiy et al. (2020), data privacy and security Yang et al. (2019) and beyond.
However, modern machine learning applications often lack reliable, if not any, uncertainty estimates Guo
et al. (2017); Gal (2016); Ashukha et al. (2020). Classical deep models are easily fooled and are susceptible
to adversarial attacks Szegedy et al. (2014); Nguyen et al. (2015); Zong et al. (2024), and even when the
adversarial attacks fail, the saliency interpretations of deep neural networks (DNNs) are rather brittle Car-
bone et al. (2022). When data variations leading to out-of-distribution (OOD) shifts occur neural networks
often fail to generalize well Hein et al. (2019); Zhang et al. (2024); Ashukha et al. (2020). Moreover, stan-
dard neural networks usually lack intuitive interpretation and explainability and so are regarded as black
boxes Lipton (2018). To address these challenges, Bayesian neural networks (BNNs) have emerged as a
compelling extension of conventional neural networks (for a review, see e.g. Jospin et al. (2022); Arbel et al.
(2023)). While finite (non-Bayesian) deep ensembles of independent neural networks have been shown to
improve prediction and uncertainty estimates Lakshminarayanan et al. (2017), the Bayesian approach creates
infinite ensembles of deep neural networks. The advantage of this approach is that it controls the model
complexity and builds regularization into the model by marginalizing out the parameters. Indeed, Bayesian
neural networks have become the gold standard for uncertainty estimation in the context of data-driven
decision-making and in safety-critical applications, where robustness and calibration are crucial McAllister
et al. (2017); Carbone et al. (2020); Gruver et al. (2023); Yang et al. (2024); Klarner et al. (2023).

A core problem of Bayesian machine learning lies in performing the inference; in practice, the posterior
distribution of the model’s parameters given observations is not available in the closed form and direct sam-
pling from the posterior is computationally expensive, meaning one has to employ approximate Bayesian
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inference. Markov chain Monte Carlo (MCMC) is a gold standard solution since it produces draws, which
are asymptotically exact samples from the posterior but for large data sets or complex models with multi-
modal posteriors it can be prohibitively slow. Variational inference Hinton and van Camp (1993); Jordan
et al. (1999) (VI) instead utilizes optimization rather than sampling making it a more computationally
effective method suitable for high-dimensional problems. VI approximates the posterior with the closest
(most commonly, in terms of the Kullback—Leibler divergence) member of some tractable variational fam-
ily of distributions taken as close as possible to the true posterior Blei et al. (2017). Recently, several
variational algorithms and methods have been proposed and proven to achieve desirable consistency and
predictive performance Bai et al. (2020); Zhang et al. (2018); Castillo and Egels (2024); Yang et al. (2020);
Chérief-Abdellatif (2020).

In this paper, we follow the setup of Smith et al. (2021) and introduce a bow tie neural network, where
a stochastic relaxation of the rectified linear unit (ReLU) activation function leads to a model amendable
to the Polya-Gamma (PG) data augmentation trick Polson et al. (2013) and results in conditionally linear
and Gaussian stochastic activations. Additionally, on the weights of the network, we place sparsity-inducing
priors, which are known for their ability to provide improvement in the predictive performance of Bayesian
deep models; not only do sparse models ease the storage and computational burden, they also improve the
calibration and may recover the potential sparse structure of the target function Polson and Rockova (2018);
Bai et al. (2020); Griffin and Brown (2021); Law and Zankin (2022); Ray and Szabo (2022). Specifically,
we consider sparsity-inducing global-local normal-generalized inverse Gaussians (N-GIG) priors Polson and
Scott (2012). Section 2 describes the bow tie model with shrinkage priors and implementation of PG data
augmentation. Having constructed the bow tie neural network, we propose a (block) structured mean-field
family for the approximate variational posterior which is flexible enough and doesn’t require assumptions on
the distributional form of each component as well as on independence across layers. For the chosen family,
coordinate ascent variation inference (CAVI) Bishop (2016) can be performed, with all variational updates
available in the closed form. Whilst continuous shrinkage priors result in more tractable computations,
they do not incur exact zeros on the neural network’s weights. We address this issue by implementing a
simple post-process node selection algorithm controlled by the empirical Bayesian false discovery rate (FDR).
Finally, we derive the predictive distribution and propose improving the accuracy and uncertainty estimation
by considering ensembles of variational approximations obtained by running several parallel variational
algorithms with different random starting points. In this way, our approach accounts for the multimodality
of the posterior distributions arising in Bayesian deep models. Section 3 derives the inference algorithm,
variable selection procedure and predictive distribution. We evaluate our method on a range of classical
regression tasks as well as synthetic regression tasks and demonstrate its competitiveness compared to
alternative well-known Bayesian algorithms in Section 4 .

2 Bayesian Augmented Bow Tie Neural Network with Shrinkage

2.1 Bow tie neural networks

We begin by describing the class of recently proposed bow tie networks Smith et al. (2021), which are deep
generative models that generalize feed-forward rectified linear neural networks with stochastic activations.
Let x,, € R0 be the inputs, y, € RPL+1 be the outputs and a,, = {a,;}, with a,; € RP" be the latent
activations at each of the L intermediate layers. For notational purposes, assume a, o = X,. The model
assumes:

yn|anaxnaeNN(yn|Zn,L+17EL+1) fOI‘TLZI,...,N,
where

an’l\znyl, 0 ~N (f(zn,l)7 El) , with Zp,| = Wlanyl,l +b;, for [= 1,..., L+1. (1)

Here f(z) is a nonlinear activation function applied elementwise and the parameters 8 = (W, by, El)f:ﬁl
consist of the weights W; € RP1XPi-1 hiases b; € RP' and covariance matrices 3; € RP1*Pr,

1We provide a Python implementation of our model at https://github.com/sheinkmana/V_bowtie_NN.
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Figure 1: Conditional distribution of a given the input z for various settings of the temperature 7" and
noise 7, with the conditional mean in Equation (3) (solid line), conditional variance in Equation (4) (shaded
region) and samples from the conditional distribution in Equation (2) (points).

Note that Equation (1) is a stochastic relaxation of the standard feed-forward NN, which is recovered in
the limiting case when X; — 0 for [ = 1,..., L. Instead of relying on local gradient-based algorithms, Smith
et al. (2021) introduces another relaxation of the model and employs a Polya-Gamma data augmentation
trick Polson et al. (2013) to render the model conditionally linear with Gaussian activations. Specifically,
consider the ReLU activation function f(z) = max(0,z). It can alternatively be written as a product of z
and a binary function ~, i.e. f(z) = vz where v = 1(z > 0). In this way, v determines whether the node is
activated (7 = 1) or not (y = 0). In a similar fashion, the additional stochastic relaxation replaces f(zy,;)
with v, © 25, ¢

an,l|zn,l7 In,l, 0 ~N (PYn,l © Zn,l, El) )
ind
Yntd ~ Bern (o (2n,,4/T)),

where T > 0 is the temperature parameter, o(z) = exp(x)/(1 + exp(z)) is the logistic function and ©®
represents the elementwise product. Thus, the nodes are turned off or on stochastically depending on their
input. Note that after marginalizing over the binary activations, the latent variables a,, are distributed as a
mixture of two normals:

an tdl %m0, 0 ~ 0(zn0.a/ TN (znia, i a) + (L= 0(2n,0,4/T)) N (0,77 4) , (2)

where the variance 7712,d is the (d, d)th element of ¥;, and

Elan,i,a|2n1,d,0] = E[E[an,1.al2n.1,d, Yn,1,d: 0]) = E[Vn,1,d%n,1,d]
=0(2n,1,d/T)2n1,d, (3)

V(an,1,alzn,1,a,0) = E[V(an1,alzntd Y1, 0)] + V(E[an1,dl2n,1,d, Yn,i,d, 0])
=Enia + V(n.1.d%n.1,4)
=i a+ 71,40 (zn1.a/T) (1 = 0(2n0,4/T)) - (4)

We display the conditional distribution of a4 in Figure 1, for different combinations of the temperature
parameter 7' and variance nﬁd. The ReLU activation is recoverd in the case of T' = 0 and nﬁd = 0, while
other choices of T" and 7]2 4 generalize the ReLU. The density resembles a bow tie, hence the name of the
model.

2.2 Shrinkage Priors

Prior elicitation in Bayesian neural networks is challenging, as understanding how the high-dimensional
weights map to the functions implemented by the network is not trivial. Standard Gaussian priors are often
a default choice, also due to their link with ¢5 regularization in maximum a posteriori (MAP) inference;
indeed, such priors were used in Smith et al. (2021). For an overview and discusson on priors in Bayesian
neural networks, see Fortuin (2022).



We take an alternative approach to the Gaussian priors of Smith et al. (2021) in order to sparsify our
model. Sparsity-inducing priors ease the problem of storage and computational costs, have been shown to
provide improvement in the predictive performance of deep models, and can provide a data-driven approach
to selecting the width and depth, easing the difficult task of specifying the network architecture. For these
reasons, such priors have been considered in a large number of works to produce sparse BNNs. For classical
proposals on the two-group discrete mixture priors with a point mass at zero (referred to as spike-and-
slab priors) in high-dimensional regression, see George and McCulloch (1993); Mitchell and Beauchamp
(1988). More recently, many consider spike-and-slab priors on the neural network weights and provide
both theoretical guarantees and demonstrate empirical improvements Blundell et al. (2015); Polson and
Rockova (2018); Bai et al. (2020); Sun et al. (2022); Lee and Lee (2022). As an alternative to spike-and-
slab priors, shrinkage priors employ a single distribution to approximate the spike-and-slab shape, yet are
more computationally attractive, as they avoid exploring the space of all possible models (corresponding
to selecting subsets of inputs/nodes). Moreover, (nearly) optimal theoretical guarantees of spike-and-slab
priors can still be obtained with shrinkage priors in the linear regression setting Song and Liang (2023).
A popular choice of shrinkage prior is the horseshoe Carvalho et al. (2009); Piironen and Vehtari (2017),
and imposing regularized horseshoe priors on the BNN weights combined with a structured variational
approximation provides competitive empirical results Ghosh et al. (2018). Another example arising in neural
networks is a Gaussian scale mixture prior with automatic relevance determination, which when combined
with suitable approximate Bayesian inference is equivalent to introducing dropout regularization in NN
Nalisnick et al. (2019). Recently, Castillo and Egels (2024) shows that a suitably rescaled heavy-tailed prior
on the neural network weights achieves automatic adaptation, simultaneously to both the intrinsic dimension
and smoothness of the underlying function, and near-optimal minimax contraction rates of the fractional
posterior distribution and its mean-field variational approximation.

In this work, we focus on a class of continuous shrinkage priors, namely, global-local normal scale-mixtures
with generalized inverse Gaussian shrinkage priors on the scale parameters, referred to as global-local normal-
generalized inverse Gaussian priors Griffin and Brown (2021). Global-local scale-mixtures aim to shrink less
important weights whilst leaving large ones, which is achieved through a global parameter controlling the
overall shrinkage, with the local parameters allowing deviations at the level of individual nodes Polson and
Scott (2012); Bhadra et al. (2019). This choice of priors is also motivated by the theoretical guarantees for
high-dimensional regression Song and Liang (2023); Griffin and Brown (2010); Polson et al. (2013), for a
survey on global-local shrinkage methods we refer to Griffin and Brown (2021).

The N-GIG priors on the weights have the following hierarchical structure:

D, D;_1
P(Wily, 1) = H H N (Wi,a,a:10, itbr,a,ar) (5)
d=1 d'=1
Dl Dl*l
P(yp) = [T T GIC (Vraa | Moes Soc.ts Moct) » (6)
d=1 d'=1
P(7;) = GIG (71 | Vglob; Gglobs Aglob) ; (7)

where 7; is the global shrinkage parameter for layer [ and 1); 4,4 is the local shrinkage parameter for each
weight. The generalized inverse Gaussian (GIG) prior is given by:

GIG (0 1,6.3) x o~ exp (=500 4 220)).

with parameters v, §, and A; for a proper prior, v > 0if 6 = 0 or v < 0 if A = 0. In Equation (6), we
allow the GIG parameters for the local scale parameters 1); 4,4 to vary across layers to adjust local shrinkage
for wider layers. Furthermore, to encourage more shrinkage for larger depth and width, we scale the global
parameters 7; with respect to L and the local parameters ¢, 4 4 with respect to D, (details of our approach
are provided Appendix C.1).

When the global shrinkage parameter 7; is fixed, examples of the marginal distribution for w; 4,4 include
Laplace Park and Casella (2008), Student-t (ST) Tipping (2001), Normal-Gamma (NG) Caron and Doucet
(2008); Griffin and Brown (2010), Normal inverse Gaussian (NIG) Caron and Doucet (2008). Each example



has a different tail behavior, inducing different forms of shrinkage (see Table 1 for a overview and Figure 2
(a) for a visualization). Note that if the prior is polynomial-tailed, then for large signals the amount of
shrinkage is mitigated even given small 7; Polson and Scott (2012). The global shrinkage parameter 7; leads

Table 1: Examples with the class of N-GIG priors.

Marginal for w; 4,4 when 7; is fixed
Student-T Laplace NG NIG
Mixing IG Gamma Gamma 1Gauss
distribution
Parameters v<0,6>0,A=0 v=16=0,A v,0 =0, 1/:%767/\
Tail polynomial-tailed exponential-tailed exponential-tailed exponential-tailed
behavior

to a non-separable penalty for the weights within the same layer, i.e. after integrating out 7;, the weights
within the same layer are dependent. This is illustrated in Figure 2 (b), which provides contour plots for
the joint marginal distribution of two weights, within the same layer (dependence, left column) and across
different layers (independence, right column), for the two choice of IG and Gamma mixing priors. Figure 2
(b) also highlights how the variance depends on the width of the layer, with more hidden units and smaller
variance for the second layer compared to the first.

—— Inverse Gamma
—— Gamma
— Inverse Gaussian

Wi, d, ar

(a) Marginal prior for the weights. (b) Joint prior for the weights.

Figure 2: Illustration of the prior on the weights. (a) the marginal density of the weights for different choices
within the GIG family. (b) the joint prior on two weights within the same layer (left) and across layers
(right) for the two choices of IG (top) and Gamma (bottom) mixing priors.

The opposite effects of varying width and depth in deep neural networks are studied in Vladimirova
et al. (2021); while depth accentuates a model’s non-Gaussianity, the width makes models increasingly
Gaussian. Indeed, infinitely wide BNNs are closely related to Gaussian processes (GPs), typically relying
on appropriately scaled i.i.d. Gaussian weights Neal (2012); Lee et al. (2018); Matthews et al. (2018) and
relaxing these assumptions, e.g. through ordering, constraints, heavy tails, or bottlenecks, results in non-
Gaussian limits, such as stable processes Peluchetti et al. (2020), deep GPs Agrawal et al. (2020) or more
exotic processes Sell and Singh (2023); Chada et al. (2022). The sparsity promoting priors in Equations (5)
to (7) provide a framework for the data to inform on the width and depth of the network.

2.3 Polya-Gamma Data Augmentation

As in Smith et al. (2021), we employ Polya-Gamma data augmentation Polson et al. (2013) to render the
model conditionally linear and Gaussian. First, recall the definition of the Polya-Gamma distribution with
parameters b > 0 and ¢ € R, denoted PG(b, ¢). The random variable X ~ PG(b, c) if

o0

1 9k
on? 2= (k — 1/2)% + 2/4n?’

I

X where gy, % Gam(b, 1).




The key identity that we use is:

w22

exp(2)® o
(1—|—§X(pzz))b =27 exp(r@z)/0 exp(—T)p(w)do.)7 (8)
where k = a — b/2 and p(w) = PG(w|b,0). The integral is a Gaussian kernel, thus if 2 = w’x, conditioned
on the latent variable w, w has a Gaussian distribution and conditioned on w, w has a PG distribution.
While to sample from the PG distribution, one can use the alternating series method of Devroye (2006),
all finite moments of the PG random variables are available in closed form and that becomes useful for
expectation-maximization or variational Bayes algorithms. Specifically, for ¢ > 0

Efw] = b exp(c) -1

~ 2c1+exple) ©)

Moreover, the PG distribution is closed under convolution with the same scale parameter; if w; ~ PG(by, ¢)
and wy ~ PG(bg, ¢), then wy + wy ~ PG(by + be, ¢).

2.4 Augmented Model

The model described in Section 2.1 augmented with stochastic activations a = (a,,;) and binary activations
Y = (V) is:

N
N (Yn ‘ Zn,L+1, 2L+1) H HN (an,l | Yn,l © Zn 1, El)

n=11[=1

p(y,a,v|0) =

=

)

t exp(zn7l7d/T)’Yn,l,d

X )
. 1+ exp(zn,1.a/T)

d

Then using the Equation (8), the last term can be written as:

2
exp(2zn,1,q/T )b 1 (Hn 1,d%n,l d) o Wn,l,d%n 1.d
)by -9 )by sty o )by d ,
e 0 B A e W C I e s

where wy, ;14 ~ PG(1,0) and Ky 1d = Yn,1,a — 1/2. Thus, introducing the additional augmented variables
w = (wn,1,4), we arrive at the augmented model:

N N
p(ya a777w|0) X H N (yn | Zn,L+1, Z]L+1) H HN (an,l | In,l O) Zn,l, El)
n=1 n=1[=1
Dy 2
Kn,l,d%n,l,d Wn,l,d%n 1,d
X H exp -7 exp T o2 P(Wml,d)-
d=1

To ease computations, the covariance matrices are assumed to be diagonal ¥; = diag(n?,, ... n} p,)> and

the variances are denoted by n; = (771271, e ni p,)- Additionally, we assume conjugate priors for the variances
7)Zd “ IG(af,Bh) for 1 = 1,...,L and 77%+1,d w IG(av, Bo) and for the biases by 4 “ N(0,s3). Here, we
consider different prior parameters af}, 8 for the variance terms associated to the hidden layers in comparison
to the prior parameters «q, 8y for the final layer. In particular, ag, 8y are chosen to reflect uncertainty in
noise, while o, 8% are chosen so that prior concentrates on small values and realizations of the stochastic
activation function are more similar to the ReLU.

A graphical model of the bow tie BNN with stochastic relaxation and shrinkage priors is displayed in
Figure 3, and the posterior distribution over both the model parameters and latent variables is:

N N L
p(a777wvwa ba n, ¢7T) X H N (yn | Zn,L+1, z]L+1) H HN (an,l | In,l © Zn,l, Z]l)

n=1 n=1[=1
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Figure 3: Directed Acyclic Graph of the model.

Dy 2
Kn,l,d%n,l,d Wn,l,d%n 1.d
exp -7 exXp T o2 P(Wn,1,a)

=F
=

n=11=1d=1
N L D B
n,l,d
XHH Bern(*ynld|a( ,1; ))
n=11=1d=1
D41 L D
X IG(n%H,d | &g, Bo) H H IG(’I?,d ‘ Ofgaﬂ(}f)
d=1 I=1d=1
L D Dy
X H H N(br,a | 0,s5) x H N (Wi, a,4:10, i1, d,a:)
=1 \d=1 d’'=1
L Dl Dl—l
x [T | G1G (71 | vgios Sgiobs Agion) [T 1T GIG ($ra.00 | Moc.ts Bioe,ts Aoc.)
1=1 d=1d'=1

3 Inference

3.1 Variational Bayes

While Markov chain Monte Carlo is considered the gold-standard tool for approximating posterior distribu-
tions in Bayesian modelling due its asymptotic guarantees, MCMC algorithms can be prohibitively slow when
the model dimension and sample size are large. An alternative fast approximate Bayesian inference method
known as wvariational inference has gained popularity in the literature Ormerod and Wand (2010); Zhang
et al. (2018), due to both the explosion in the amount of data collected and use of highly parametrized models
for increased flexibility. VI has been shown to yield reasonably accurate approximations in several problems
as well as desirable frequentist properties. Namely, consistency and asymptotic normality of VI are studied
in Wang and Blei (2019), theoretical guarantees for optimal contraction rates of variational posteriors under
certain assumptions appear in several recent works Zhang and Gao (2020); Alquier and Ridgway (2020);
Bhattacharya et al. (2023); Yang et al. (2020) and contraction rates as well as model selection consistency
in mixtures are considered in Chérief-Abdellatif (2020).

Several works focus on properties of VI approximation in sparse models: oracle contraction rates of a



mean-field VI in the case of high-dimensional regression are established in Ray and Szabo (2022) and in the
case of the neural networks with spike-and-slab priors, contraction rates of variational posteriors are studied
in Bai et al. (2020). More recently, near-optimal contraction rates of the mean-field VI approximations are
obtained in the context of neural networks with heavy-tailed priors on the weights Castillo and Egels (2024).
We refer readers interested in the caveats of VI to Yao et al. (2018).

Consider fitting a model parameterized by 6 to the observed data D. In variational inference, the true
posterior p(@ | D) is approximated by a density ¢(0) taken from a family of distributions F that minimizes
the Kullback-Leibler divergence between the approximate and true posterior, or equivalently maximizes the
evidence lower bound (ELBO)

p(6,D)
ELBO =E [log ( . 10
4 q(0) (o
A common choice for F is the mean-field family on a partition {61,...,0;} of 8, assuming that the

variational posterior factorizes over (blocks) of latent variables: ¢(0) = H}le q;(0;), where J < dim(0).
Without any further parametric assumptions, it has been shown Hinton and van Camp (1993); MacKay
(1995); Jordan et al. (1999) that the optimal choice for each product component g; is

qj(6;) < exp [E_g, log (p(6,D))] , (11)

where the above expectation is taken with respect to ] e ¢;:(0;/). The process of sweeping through the
components of the partition and updating one at a time via Equation (11) is known as coordinate ascent
variational inference (CAVI). Wand et al. (2011) studies CAVI’s performance and improvement techniques
in the case of elaborate distributions. Limitations of the mean-field assumption can be found in Wand et al.
(2011); Neville et al. (2014); Coker et al. (2022).

We specify the mean-field family for the approximate variational posterior:

q(a,v,w,W,b,n,¢,7) = q(a)q(7)q(w)g(W, b)g(n)q(¥)q(T).

Note that the assumption on the family above could be referred to as the strucutred mean-field assumtion.
Importantly, unlike existing variational algorithms for BNNs, we do not make any assumptions on indepen-
dence of parameters between layers. The calculation of each component of the variational posterior is given
in the Appendix A, where using Equation (11) we obtain the following update steps.

Global shrinkage parameters: the parameters 7 are independent across layers (and can be updated in
parallel) with a GIG variational posterior:

L+1
q(T) = H GIG (Tl | ﬁglob,l,nglob,l,)\glob) ,
!

where for l =1,...,L+1,

D, D1

. DD, _ : 1
Vglob,l = Vglob — 5 1 and 5g10b,l = 5;10'3 + E E E |:wl P d,:| E |:VVl2,d,d’:| .
d d’ e

Local shrinkage parameters: the parameters 1 are independent across and within layers (and can be
updated in parallel) with a GIG variational posterior:

L+1 D, Dy_y
a) =111 11 cic <wl,d,d’ | ﬁloc,l,d,d',5loc,l,d,du/\10c,l> )
1 d d
where for i =1,...,L+1,d=1,...,D;,d =1,...,D;_q,
. 1 A 1 9 9
Plocld.d’ = Vioel ~ 5 and  diocd,ar = {/E - E [W},d,d,} + Ojoe -



Covariance matrix: the diagonal elements of the covariance matrix 7); are independent across and within
layers (and can be updated in parallel) with an inverse-Gamma variational posterior:

L+1 Dy

qm) = [ TG0 | avas Bra),
d

l

where for the hidden layers [ =1, ..., L, the updated variational parameters for d = 1,..., D; are given by

Q4 = aS + o0
1 ~
Bra= B+ 3 Z (E [anid] — E[vniqd E {Wl,d] E [511,171}) +E [ Uyl d} —E [an,l,d]2

N
1 7 = ~ ~ ~ ~ ~ "
+5 D Efnd T (IE [W{dwl,d} E [an7l_1a£l_1]) B [y Tr (IE {Wfd} E [led} E[&,,1]E [aﬁl_l]) .
And for the final layer, the updated variational parameters for d = 1,..., Dy are given by

ar41,d = Qo + o

1 ~ - 2
Prera=Pot 5 > (yn,d -E [WL-i-l,d} E[an,L])

N
+ ;;Tf <E [Werl,dWLJrl,d} E [%,LﬁgL]) —Tr (E[WLJrl,d]TE[WLJrl,d]E[an,L]ErZL])

Note that in the above, W, 4 represents the d-th row of the weight matrix W,;. Additionally, for [ =

., L+1 we introduce the notation Wl,d = (b1,a, Wi ,4) and W = (b, W) and let the vector a,,; represent

the stochastic activation augmented with an entry of one, i.e. a,; = (1,a,, IO,

Weights and biases: the weights and biases are independent across layers and within layer, independent
across the D; regression problems, with a Gaussian variational posterior:

L+1 Dy

= H HN (Wl,d | ml,d,Bz,d) ;
I d

where for the hidden layers [ = 1,..., L, the updated variational parameters for d = 1,..., D; are given by

)

N
1 S
B =D+ (TQE [wn,t,d] + E [(m,a) %] E hn,z,d]) E [a,18,, 4],
n

N
- 1 1
m/, =Bq (ZE [(1,0) %) E [Yn,1,a) E [an,1,d@n,1-1] + T]E [an,1—1] <]E [(Yn.1d] — 2)) ,

and for the final layer, the updated variational parameters for d = 1,..., D41 are given by

N
BZ-IH,d DL+1 atE [(WLH d) ZE an,L 418, L+1]

mj ;4 =Bri14E [(p41,4)” (Zyn [@n,1+1 > ,
where for [ =1,...,L+1land d=1,..., D,

D7 = ding (55 E [ TE [vida] . B TE vk, ]).



Polya-Gamma augmented variables: w are independent across observations n = 1,..., N, layers [ =
1,...,L, and width d = 1,..., D;, with a Polya-Gamma variational posterior:

N L D

gw)=[[TIT]PCwnrall Ansa), (12)
n 1 d

with updated variational parameters:

A= (0 (B [WE W] B [, ))

Note that simulating from or evaluating the density of the PG is not necessary, and the CAVI updates of
the other parameters only require computing the expectation of w with respect to the variational posterior
in Equation (12), which is straightforward to compute (Equation (9)).

Binary activations: -~ are independent across observations n =1,..., N, layers [ = 1,..., L, and width
d=1,...,D;, with a Bernoulli variational posterior:
N L D

q(v) = HHHBGYH (Y, | Prjia) s (13)
n I d
with

E [ni]
Pn,l,d =0 | —

We illustrate the variational posterior of « for the toy example of Section 4.1 in Figure 4.

o (0 [T E [ 1811 ]) 4 2] (0] B s s+ L[] 2 [}) |

Stochastic activations: a are independent across observations n = 1,..., N and conditionally Gaussian
given the previous layer with variational posterior:

N L
q(a) - H HN (an,l | tn,l + Mn,lan,lfla Sn,l) 5 (]-4)
n=11=1
where denote a, o = X,,S,, = Sr and the updated variational parameters for n = 1,...,N and [ =

1,...,L—1are

D1
el _ 1
S, =X =ML S M+ ) (E E [vni+1,4] + 75 E [wn,z+1,d]> E[Wi1aWisa]

e 7712+1,d T?
. Din 1
tnt =St | My 1S, liatnisr + 3 E[ya] OE [by] + T > E[W 4] (E [Yni41,a] — 2) -
d=1
A 1 1
- ; (E Pora E [Yn,141,d] + TQ]E[wn,lJrl,d]) E[Wiy1,abis1,d] |,

Mn,l = Sn,lﬁllil]E ['Yn,l] 1%,_1 op [Wl] )
it = diag (B [2] .. E [n74])

And for the final layer withn=1,...,N and [ = L,

E [Wzﬂ,deH,d] ’
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Figure 4: Variational posterior for p, 14 (on the left) and an 14 (in the middle), joint distribution of
(@n1,ds Qn,2,¢) (on the right) in the case of the toy example of Section 4 and particular values of d,d’.

Diy1

tnr =SL Z E
M,z =S.E ' E[ynr]1h, | O E[W,],
ﬁ]zl = diag (E [ngﬂ yoo s B [nZ’QDLD .

Figure 4 illustrates on the toy example of Section 4.1 how the variational posterior of the stochastic activations
(middle) resembles a smoothed, noisy ReLU. Due the independence assumption between the stochastic and
binary activations, the potentially bimodal bow tie distribution (Equation (2)) is approximated with a
unimodal Gaussian in the variational framework, which may better approximate the true posterior when the
temperature is not too large relative to the noise (see Figure 1). In addition, the proposed approximation
has the advantage of avoiding explicit assumptions of independence between layers, allowing to capture the
dependence between the stochastic activations of across layers visualized for the toy example in Figure 4
(right).

The corresponding optimization objective, i.e. the ELBO in Equation (10), is available in the closed form
and provided in the Appendix B.

77L ., [W€+1,dbL+1,d] +E [W€+1,d] yn,d) + ﬁlilE [(Yn,L] ©E[br] | ,
+1,

3.2 VI with EM

The hyperparameters can play a crucial role in Bayesian neural networks. When dealing with the sparsity-
inducing priors setting an excessively large scale parameter weakens the shrinkage effects, whilst choosing a
scale parameter that is too small may wipe out the effects of the important hidden nodes. Manually picking
suitable values is challenging, and instead, we seek a more efficient strategy, utilizing the similarity between
the variational and expectation-mazimization (EM) algorithms. Specifically, we investigate the hybrid scheme
combining VI with an EM step Osborne et al. (2022) so that the steps of the CAVI algorithm proceed with
the EM update to set the hyperparameter for global shrinkage variable 7. Due to weak identifiability, we
do not jointly update global and local hyperparameters. Let hgion represent dgioh Or Aglob and consider the
ELBO treated as a function of hglon, then the optimal values as approximate MAP estimates are:

hgion = arg max Ego,[ELBO],

where

L+1
Egi0,[ELBO] = Z log(GIG(7; | vglob, glob7)\glob)‘|
=1

= (L + 1) (Vglob (IOg(Aglob) - IOg(églob)) — log (ZKVglob(AgIObéglob)))

+ LE:H(Vglob — 1E[logn] — (5210b15 { ] + AiobE [Tl])
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In the case of the IG priors, one’s aim is to set optimal g0, in the case of the Gamma and IGauss
priors, the parameters of interest are Ago,. We provide specific examples of the shrinkage parameters and
the corresponding optimal values in Appendix D.2. The result of combining CAVI and the EM algorithm is
described in Algorithm 1.

Algorithm 1 VI with EM

Require: Initialize hyperparameters
while ELBO has not converged do
for/=1,...,L do
update Vgiob,; and dgion,;  {parameters of 7;}
update vige i d,0r and diocq,0r  {parameters of ¥ g4 ford=1...D;, & =1...D;_1}
update a; q and 5 4 {parameters of g ford=1...D;}
update A, ;4 {parameter of w, ;4 ford=1...D;, n=1...N}
end for
update Vgioh, r+1 and dgiop,z+1  {parameters of 7741}
update Vioe, p4+1,d,¢’ and Oioc,n+1,d,0  {parameters of Yp4q 40 ford=1...D,, d =1...Dp}
update ary1.4 and Bry1 4 ford=1...D,
for(=1,...,L do
update S,,;, M, ; and t,,; {parameters of a,,; forn=1...N }
end for
forl{=1,...,L do
update B; 4 and m; 4  {parameters of (b; 4, W; 4) ford=1...D;}
update p,;q {parameter of v, ;4 ford=1...D;, n=1...N}
end for
update Bri1,g and mp11 4 {parameters of (br41,4, Wr41,4) ford=1...Dy}
update hglor,  {EM for global hyperparameter}
end while

3.3 Inferring the Network Structure

The choice of the network architecture has significant practical implications on the generalization of the
model, and so sparsity-promoting priors for the network weights have emerged as promising approach to
allow for a data-driven choice of architecture. Instead of the classical two-group discrete mixture priors,
in this article, we focus on a class of continuous shrinkage priors. While this results in more tractable
computations, it also implies non-zero posterior means and draws and doesn’t lead to automatic network
architecture selection. Several post-processing methods have been proposed to yield a sparse solution (see
e.g.Piironen et al. (2020); Li and Pati (2017); Griffin (2024) ). The method known as decoupling shrinkage
and selection (DSS) Hahn and Carvalho (2015) obtains sparse estimates of the weights by minimizing the
sum of the predictive loss function with a parsimony-inducing penalty. An alternative approach is the the
penalized credible regions (PenCR) method Zhang et al. (2021), which identifies the "sparsest" solution in
posterior credible regions corresponding to different levels; it is shown to perform well in the case of global-
local shrinkage priors and under certain assumptions, PenCR produces the same results as DSS. Similarly,
we propose to make use of credible intervals to select nodes. Following Li and Lin (2010), we implement
an automatic credible interval criterion which selects a node as long as its credible interval doesn’t cover
zero. Specifically, recall that the variational posterior of the weights is Wi 44 ~ N(m}’}i d,,Bl%7 x) for
l=1,...,.L,d=1,...,D;,,d =1,...,D;_1, where mm and Bm denote the subsets of the mean m; 4 and
covariance matrix B; 4 corresponding to the weights. Then, we obtain sparse weights W\Ld,d/ with sparse
variational distribution (}\(bhd,\?\\/l,d) for somel € L C{1,...,L+1}, de€ D, C{l,...,D;},d € D;_; C
{1,...,D;_1}, defined by setting:

W {N (mm’d,, (Bm) d’d’) if max (Q(Wl,d,d/ > O), Q(Wl,d,d’ < 0)) > R,
ld,d ™~

do otherwise,
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where Q(Wl,d,d/ < 0) =1- Q(VVl,d,d’ > O) = @(—mm’d,/, / (Bm)d’d’)'
The threshold k is chosen to control the Bayesian false discovery rate, which is calculated as

D Zl,d,d’(]‘ - Ql,d.d’)l(gl,d_d/ > [Q)
doraa HQuaa > K)

with Q; 4. = max (Q(Wy a.ar > 0),Q(Wy.a,er < 0)). Specifically, for a specified error rate «, & is set to satisfy
FDR(k) < a. Algorithm 2 describes the node selection procedure which begins with ordering Q; 4.4 in the
descending order and going down through the thresholds to assign s to the smallest Q; 4.4 such that its false
discovery rate doesn’t exceed .

Algorithm 2 Node selection algorithm

Require: I:{th.d’ |l:1...L, dil...DH_l, dlil...Dl}.
k= max(Z)
I=T\k
if Pﬁ(max(I)) < o then
k= max(Z)
I=T\k
else
break
end if
for l:].L, dzl...Dl+1, d/:]....Dl do
if Ql,d7d’ > k then

Wiga ~N (mm’d” (Bl%) d'd/)
else
VVl,d,d’ =0 a.s.
end if
end for
for [=L+1,...2,d=1,...D;, do
if W, q =0 a.s. then
ﬁ/\l—l,d’,d =0a.s.V d/ = 1, ey Dl,1
else
if Wlde',d =0a.s.V d/ = 17 N ,Dl,1 then
th =0 a.s.
end if
end if
end for .
Ensure: q(b;,q,Wiq), l€ L, d€ Dy, d € Dj_;.

Once we sweep through Q; 4.4/, we do a backwards pass to remove the nodes with no connections. If the
node has no outgoing connections then all the incoming connections need to be removed, and conversely, if
the node has no incoming connections, then all the outgoing connections can be removed. An example of
the network resulting after applying the Algorithm 2 is illustrated by the Figure 7.

3.4 Predictions

For a new x,, the predictive distribution of y, given the data is approximated as:

p(ys | %, D) = /p(Y* | x+,0,D)p(0 | D,x,)d6

= /p(y* | a*,W’ban)p(a*aW7b7"7 ‘ D,X*)da* debd"?
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= /p(y* | a., W, b,n)q(a.)q(W,b)q(n) da, dW db dn

= /N (v« | Wopias o + b1, Br41) ¢(as,)g(Weti,bry1)g(meti1) da, AW 1 dbri dnryr. (15)

Equation (15) requires first computing the approximate variational predictive distributions g(a.), ¢(v.) and
g(w,), which are updated in a similar way to Section 3.1.

Specifically, the stochastic activations are conditionally Gaussian given the previous layer with variational
predictive distribution:

L
q(a*) = HN (a*,l | t*J + M*Ja*,l_l, S*J) R
=1

where a, g = x,. For the final layer, we have:

s;}L =35 t..=E[v ] 0EbLl; M.,=E[. )1},  0E[W.].

For all other layers Il =1,...,L — 1, we have:

Dy
_ 1 1
o1 =3 = MI ST M+ D (B | | Elyeral + B weinal | E[Wi g Wil
] Mt1,4
Dy
t.; =S, [ MT z+1S* It + 2 'E[v.1] OE[b] — Z E E [v«,1,4| E [Wl:,;rl,dbl+1,d]
e 77l+1 d
Dl+1 1 1 Dl+1
T Z E[Wii4 (E [Vea+1,a] — 2) ~ T2 dz_:l E [wii41,a) E[Wit1,abit1,d] |
M. =S.; 3 'E [, ] 15, OE[W].
The binary activations are independent across layers [ = 1,...,L and width d = 1,...,D;, with a
Bernoulli variational predictive distribution:
L D

= H H Bern (Vai.d | prt.d) (16)
I d

with
E 771_,(12 ~ ~ —~ 1 [~
Ps,l,d =0 <— [2 } Tr (E [W?:dwl,d} E [5*,1—1531—1]) +E [7717(12} E [Wl,d] Ela.i-1ax1,4] + TE [Wl,d] Ela.;-1] | .
Finally, the Polya-Gamma augmented variables are independent across layers [ = 1,...,L and width
d=1,...,D;, with a Polya-Gamma variational predictive distribution:

L Dy

Q(w*) = HHPG(W*,l,d | 1a A*,l,d)) (17)
1 d

with updated variational parameters:

Acsa= (0 (5 [WE WL B 2,007, )

Thus, before computing predictions, we first iterate to update the variational predictive distributions of
a., Vx, and w,. The corresponding ELBO (dervived in the Appendix B.2) is monitored for convergence.
While a closed-form expression for the integral in Equation (15) is unavailable, generating samples from the
variational predictive is straightforward;

9 N (ye [ WLl + b 3, ). (18)
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for j =1,...J, where (ngl’b(lﬂ)rl) ~ q<WL+labL+1)a n(L{)H ~ Q(T]L+1)7 and aij,l) | ai],l)fl ~ q(a*,l|a*,l*1)
forl=1,...,L, are iid draws from the variational posterior. These samples can be used to obtain a Monte
Carlo approximation to investigate potential non-normality in the predictive distribution in Equation (15)
and to compute credible intervals based on the highest posterior density region.

We can also compute the expectation and variance of y, in closed-form. Specifically, the expectation of
vy« under the variational predictive distribution is:

E[y* | Xy D] ~ EQL+1 [WLJrl]]EQx,L [a*,L] + ]EQL+1 [bL+1]7 (19)

where recursively

EQ*,L [a*,L] = EQ*,L—I [Eq(a*,L\a*,L—ﬂ[a*’LH = t*,L + M*7LEQ*,L71 [a*,Lfl]'

Similarly, the variational variance of y, is

Var [y*7d ‘ Xy D} ~ Va‘rQLJrl [WL+1,da*7L + bL+1,d] + ]ELIL+1 [n%-i-l,d] )
where the first term represents the signal variance and is computed as

Va’rQL+1 [WLJrl,da*,L + bL+1,d] = EQL+1 [(WLJrl,da*,L + bL+1,d)2] - (EQL+1 [WL+lvd} EQL [a*qL] + EQL+1 [bLJrlyd])2
=Tr <E4L+1 [W€+l,dWL+1,d} EQL [a*,LazL} - ]E‘IL+1 [WLJrlyd]T E‘IL+1 [WLJrl,d] EQL [a*yL] EQL [a*;L]T)
+ VaTQL+1 (bLJrl»d) + 2COV¢1L+1 (WL+1,d7 bL+1,d)E¢IL [a*vL] s

which requires the recursive computation:

Eq, [acral ] =S, o+t ptl +2M, 1By, [aw 1] tD, + My L Eq, , [aspal M.

Sparse prediction. To save on both computation and storage, the variational predictive distribution can
be computed based on the sparse variational posterior (Section 3.3). For a new data point x,, we obtain
expectation and variance of y, by first computing the sparse versions of variational predictive distributions
q(a.), q(v+) and g(w,) as in Equations (14), (16) and (17) by plugging ¢(b; 4, \/7\\71,,1) instead of the ¢(b; 4, Wi.4),
which only requires updates for the subset of nodes with nonzero weights.

3.5 Ensembles of Variational Approximations

While the variational algorithm described in Section 3.1 increases the ELBO at each epoch, the ELBO is a
non-convex function of the variational parameters and only convergence to a local optimum is guaranteed.
Due to identifiability issues, the posterior distribution of a Bayesian neural network is highly multimodal,
and exploring this posterior is notoriously challenging Papamarkou et al. (2022). A single variational approx-
imation tends to concentrate around one mode and can understate posterior uncertainty. Several approaches
have been proposed to overcome such issues. Recently, Ohn and Lin (2024) introduce adaptive variational
inference which achieves optimal posterior contraction rate and model selection consistency by considering
several variational approximations obtained in different models. Yao et al. (2022) introduce an approach
which uses parallel runs of inference algorithms to cover as many modes of the posterior distribution as
possible and then combines these using Bayesian stacking.

In a similar but simpler fashion to the above proposal, we consider an ensemble of variational approxima-
tions, obtained by running in parallel the variational algorithm multiple times with different random starting
points. In this case, letting £ = 1,..., K index the different variational approximations, we compute the
weight wy, associated with each approximation in accordance with the optimization objective, the ELBO:

wy, x exp (ELBOg) .

We can interpret this as a Bayesian model averaging across the K different models/approximations.
While in an ideal setting, the weights would be proportional to the marginal likelihood for each model, the
use of the ELBO is motivated as it provides a lower bound to the marginal likelihood and can be computed
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in closed form. Next, we compute predictions by taking a weighted average of the predictive distributions
of each model (given in Equation (19)), that is

K

E[y* | X*aD] ~ ZwkEQk[Y* | X*’DL
k=1

where each expectation is taken with respect to g (the kth variational approximation). Similarly, we can
compute the variance as

K K K 2
Var(y. | x.,D) = Zwk Varg, (y« | x«, D) + Zwk (Equly« | x*7D])2 - (Z wiBq, [y« | X*-’D}> :
k=1 k=1 k=1

The following approach has the potential to improve both predictive accuracy and uncertainty quantification.
Once again, we can investigate the variational predictive distribution (beyond the mean and variance) by
first sampling a model with probability (ws,...,wk) and then given that selected model k, generating a
sample y, from the kth variational predictive distribution (as described in Equation (18)).

4 Experiments

We evaluate the variational bow tie neural network (VBNN) on several datasets. First, we consider a simple
nonlinear synthetic example to compare with a ground truth. We then validate VBNN on the diabetes dataset,
first considered in Efron et al. (2004) to demonstrate the least angle regression (LARS) algorithm for variable
selection, and subsequently, used in different proposals for sparsity-promoting priors and algorithms (e.g.
Park and Casella (2008); Li and Lin (2010)). Lastly, we consider a range of popular regression datasets from
the UCI Machine Learning Repository M. et al. (2007).

The importance of suitable initialization choice in NNs is well known Wenzel et al. (2020); Daniely
et al. (2016); He et al. (2015), and we design two possible random initialization schemes of the VBNN;
which are described in Appendix C.1 and used in all experiments. Convergence of the ELBO is monitored
during the training and prediction stages, where if three consecutive measurements of ELBO for training
differ by less than the specified threshold, the phase is stopped and the model moves to the prediction
stage, where we proceed similarly. In most experiments, the thresholds during the training and prediction
stages are set, respectively, to le — 5 and le — 4. We compare the performance of VBNN to two popular
variational frameworks under the mean-field assumption: the stochastic variational inference approximation
(SVI) implemented in Numpyro Phan et al. (2019), and Bayes by Backprop (BBB) Blundell et al. (2015)
implemented with Pytorch. For all the datasets, we evaluate the performance over 10 random splits, where
we use 90% of the data for the training and 10% for testing the model. We normalize the input but do not
re-scale the output, we record the root mean squared error (RMSE), the predictive negative log-likelihood of
the test data (NLL) and the empirical coverage, see Appendix C for additional implementation details and
the definition of each metric.

4.1 Simulated example

We construct a synthetic dataset generated by first uniformly sampling a two-dimensional input vector
Xp = (Tp1,Tn,2), With @, ¢ ~ Unif([—2,2]), and assume only the first feature influences the output: y, =
f(@n1) + €n = 0.1z] | + 10sin(zy,1) + €,, where €, ~ N(0,0.5). Then, the dataset consisting of N = 300
observations is used to investigate the performance of VBNN compared to the SVI and BBB baselines as
we increase the number of hidden layers, setting L = 1,2 or 5, whilst keeping the number of hidden units in
each layer fixed to Dy = 20.

In general, for this simple non-linear example, the performance tends to deteriorate with increasing
architecture complexity (larger depth), and the VBNN is the most robust to this choice (see Figure 5, which
compares the performance of three of the models as a function of depth). In addition, as the number of
hidden layers increases, SVI and BBB provide overly wide credible intervals while VBNN more closely aligns
with the desired coverage (see Figure 6, which illustrates the empirical coverages for the observations).
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Figure 5: Performance on the simulated dataset as the depth increases. VBNN is more robust to the choice
of depth and overparameterization.
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Figure 6: Empirical coverage for the observations for the simulated dataset for three different settings of
network’s depth.

For each depth, Figure 7 illustrates the predictive means and uncertainties computed for the observations
as well as DAGs of networks’ structures obtained after the post-process node selection algorithm described
in Section 3.3, where the Bayesian false discovery rate is constrained by setting the error rate to o = 0.01.
The sparsity-promoting prior combined with the node selection algorithm can effectively prune the over-
parametrized neural networks; for example, the sparse one-layer neural network contains only 11 hidden
nodes with 30 total edges/weights from the initial Dy = 20 with 60 total edges/weights. Moreover, the
estimated regression function and credible intervals both from the variational predictive and the sparse
variation predictive distribution, recover the true function well. In this way, VBNN provides an effective
tool to reduce predictive computational complexity and storage as well as ease interpretation. Note that the
predictions show no relation with the coordinate zo (Figure 7d), recovering the true function, but some of
the connections from x5 are still present in the sparse network, due to identifiability issues, although with
overall low weight (Figure 7e).

4.2 Diabetes example

The diabetes data consists of n = 442 entries obtained for p = 10 input variables, the response is a quantitative
measurement of disease progression. The predictors are age, sex, body mass index, average blood pressure
and six blood serum measurements and the goal is to determine which of these are relevant for forecasting
diabetes progression.

We fit a neural network with one hidden layer L = 1 and Dy = 20 and perform the node selection
algorithm with the FDR bounded by a = 0.01. Figure 8 illustrates the shrinkage and node selection and
compares the coefficients of the Lasso linear model with cross-validation (LassoCV) to the original and the
sparsified weights of our model. Predictors with considerable effect obtained by both models coincide, whilst
some of the variables the Lasso model excludes (e.g. age) are still present in the VBNN’s estimates. Compared
with Lasso, VBNN has the advtange of learning potential nonlinear relationships between disease progression
and the predictors, which is explored in Figure 9, illustrating the predictive means and uncertainty of the
observations of VBNN for four of the predictors (with all other predictors are fixed to their mean) compared to
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Figure 7: Predictive means and uncertainty estimates computed for the observations and the architecture of
the network for the bound on the FDR « = 0.01 for different settings of network’s depth.

the predictions of Lasso. While the uncertainty is wide, the results suggest potential nonlinear relationships,
e.g. with lamotrigine and age, the latter of which is not selected in Lasso.

Moreover, Figure 9 highlights how predictions obtained from the sparse version of the variational pre-
dictive distribution almost overlap, thus providing a reasonable, cheaper approximation. However, we note
that predictive performance is only slightly improved with VBNN (see Table 2 and supplementary Figure 10
in Appendix C.3).

Table 2: RMSE, NLL and coverage for diabetes dataset.

RMSE NLL Coverage
LassoCV  53.7+.5 54+.13 .96+.03
VBNN 5294+4 544+.09 .964+.03
SVI 55.£5 6.5+.5 .634+.07
BBB 5424+ .1 54+.08 .94+ .02

4.3 UCI regression datasets

Lastly, we consider publicly available datasets from the UCI Machine Learning Repository M. et al. (2007):
Boston housing Harrison and Rubinfeld (1978), Energy Tsanas and Xifara (2012), Yacht dynamics J. et al.
(2013), Concrete compressive strength Yeh (2007) and Concrete slump test Yeh (2009) (see Appendix C.4 for
the description of the datasets). For all of the UCI regression tasks, we fit a neural network with one hidden
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Figure 8: Coeflicients of LassoCV regression (on the left), predictive means of the weights of the neural
network (in the middle) and predictive means of the sparse weights obtained for o = 0.01 (on the right).
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Figure 9: Slices of the predictive mean and uncertainty for observations for four predictors obtained by
VBNN with and without node selection and by Lasso with cross-validation.

layer and Dy = 50 hidden units. Table 3 compares RMSE, NLL and empirical coverage of the observations,
for VBNN, SVI and BBB baselines. Our model is more consistent in performance across various datasets
than the SVI baseline and is comparable to BBB. In terms of the coverage and uncertainty quantification,
VBNN performs consistently well across all datasets in contrast to the other models.

Table 3: RMSE, NLL and Coverage for UCI datasets.

Dataset RMSE NLL Coverage
VBNN SVI BBB VBNN SVI BBB VBNN SVI BBB
Slump 6.99+14 7.02+£10 683+£152 337+.2 397+.6 433+13 92+.06 .75+.1 84+.14
Yacht 1.34+£.3 1.73+£.44 1.02+.32 1.74+.19 2.08+.12 9+ .49 96+.03 .99+.02 .99+.02
Boston 3.17+.5 325+.54 3.18+1.13 259+.14 295+.4 269+ .42 96+.03 .82+.04 .87+.04
Energy 1.29+.19 235+.26 1.88+.33 1.7+.14 231+.14 143+.19 .98+.01 .89+.03 .99+.01
Concrete 6.6+ .45 6.04+.66 5.7+.71 3.31+£.07 322+.09 3.09+0.22 .96+.02 .97+.02 .94+.03

5 Discussion

In this paper, we presented a variational bow tie neural network (VBNN) that is amendable to Polya-gamma
data augmentation so that the variational inference can be performed via the CAVI algorithm. While the
idea of the stochastic relaxation described in Section 2.1 was introduced in Smith et al. (2021), the novelty
of our model is in the employment of the variational inference techniques as well as sparsity-inducing priors.
Namely, we implement continuous global-local shrinkage priors and propose a post-process technique for
node selection. Additionally, we consider an improvement of the classical CAVI algorithm by adding EM
steps for critical hyperparameters. In this way, we enrich the class of models which are handled within the
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structured mean-field paradigm. We provide all the necessary (computations), techniques, and illustrative
experiments demonstrating the utility of the model.

At each iteration, CAVI has to cycle through the entire data set, which can be computationally expensive
and inefficient for large sample sizes. An alternative to coordinate ascent is gradient-based optimization and
a future direction of this research will extend the algorithm by employing Stochastic variational inference
Hoffman et al. (2013) and subsampling. Moreover, an extension to other output types, such as classifica-
tion tasks, will be developed through additional Polya-gamma augmentation techniques Durante and Rigon
(2019).
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A Derivations of the Variational Posterior

Global shrinkage parameters. Using Equation (11), the variational posterior for the global shrinkage
parameters is:
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Local shrinkage parameters. Similarly, the variational posterior for the local shrinkage parameters is:
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Covariance matrix. Under the assumption of a diagonal covariance matrix, with parameters 7; =
(i1, -1 p,), the variational posterior is:
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For the parameters 3; 4, we must compute the sum of squares terms. For the last layer | = L + 1, this
term, for each data point n, is given by:

N
E [(yn,d - Zn,L+1,d)2} = Z (Yna —E[Wri14]Efa, ] — E [bL+1,dD2

n
N

+) E[by14 —E bri1,a)® +2E [br11,aWrs1,d) E[an L] — 2E [br 41,4 E[Wri1,4) E [an, 1]

N
+2 Z Tr (E (W1, 1 Wiri1d Elanzal [ ]) = Tr (E[WT,, o E[Wr 14 Ela,]E[al ]).

Instead, for an intermediate layer [ = 1,..., L, the sum of squares term, for each data point n, is given
by:

N
E [(@nta = nta znia)’| = 3 Elansal = E Dot E bl = B [nd E[Wea Efan 1)

n
N

+ ZE [ai,l,d] E [an,l,d]2 +E[yn,1,4 E [blz,d] —-E [’Yn,z,d}2 E [bhdf

n
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N
+ ZE ['Yn,l,d] Tr (E [Wdelyd] E [37171_1a£l_1]) — ]E [’yn,l,df Tr (E [le:d] ]E [th] [anyl_lagl_l])

n

+ QZE Y1) E [b1,aWial [an,i—1] — ]E[’Yn,z,d}QE[bl,d]E[Wl,d] [an,i—1] -

Weights and biases. The variational posterior for the weights and biases is:

N L
) o exp < logHN Yn | Wigians +brat, o) [[ T[N @ni | 0 © (Wian,1 +by), %)
n 1
A (Yn,t,d = 5)Zn,1,d W l,d%n 1,4
X exp log H H H —T €xp T or2
n 1l d
Dy Di_y L+1 D,

L+1
xexp | E [log [T IT NWiaal0,noraa)| | [T []N(eal0,s5)
l d da’ l d

N
1 1 _
o Hexp (IE {log T > exp (E [—5 (yn —Wiiianr —bri)” ELJlrl (yn — Wirpian o — bL+1):|)

1|

1 1 _
X HHGXP <E [log \/E]> exp (E {(—5 (Ant — YnaWiani—1 — Yuub))" 27 (ang — Yo Wian -1 — ’Yn,zbl)>])

I n

L N Dl 1 2
(Ynta — 5) (Wi gani—1 + bia) wWnid (Widani—1+bia)
AT e (2] § oxp (& [~ o
L+1 D; D11 1 1 L+1 Dy
l d,d’
X ex ——" E|=|E ex
] ( B L/,Ld,d,])nn ( )

l
Therefore, using also the fact that X; is diagonal, we have that the variational posterior factorizes as
qg(b,W) = LH Hd 14(bi,a, Wy q). We consider the terms q(b; q, Wi q) for the intermediate layers | =
., L and q(bLH}d, W 41,q) for the last layer separately.
Starting with the last layer L 4+ 1, we first introduce the matrix

DZ+1 4 = diag (SEZ}E [TEL] E [wiil,d,l} yooos B [TL7+11] E {wZil,d,DL}) .

Then, for the variational posterior of the weights and biases for the dth dimension of the final layer, we only
need to consider the relevant terms:

1= -1 x-T 1 2
q(br+1,a, Wrg1,d4) x exp *§WL+1,dDL+1,dWL+1,d — §E [(ML41,4) Z]E (yn d— WL+1 dan L)

E [77—2 ] N N
1~ 4 = Lr1d| [~ S —~ —~ ~
o exp *§WL+1,dDLi1,de+1,d ——— (WL+1,d <§ E [an,Lag,L]> Wi i14a—2Wriia (E ynE [an,L]>>

n

N
1 (= -~ _ —~ -
X exp (_2 <WL+1,d (DL+1 at E 77L+1 d ZE [an Lan L]) W%Jrl,d —2E [nLil,d] WLJrl,d <Z ynE [an,L]>>>
1/ = —~ _
o< exp (—5 (WL+1,dBLi1,dWE+1,d — 2WL+1,dBL}r1,dm€+1,d)) )

where

N
BL+1 d _Dz}rl,d +E [(77L+1,d)_2} ZE [5n,L5£,L] )

n
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N
mj 4 =Bri1.dE [(n+1.0) 7% (Z YnE [5n,L]> .

n

Thus, completing the square, we have that
q(br+1,a, Wr41,4) =N (WL+1,d | mL+1,d,BL+1,d) .

L, we can similarly obtain the variational posterior of the

Next, for the intermediate layers | = 1,...,
D;. We introduce the matrices

weights and biases g(b;,q, Wi ¢) for dimensions d=1,...,
D = diag (sg % E [ E[vida] o B[ E (Y ])

and consider the terms relevant to derive each ¢(b; 4, Wy, q) separately:

N
1~ 1 —~ L —
q(br.a, Wi.q) o exp (—2Wl,le’le7:d — 5z Wi (ZE [wWnt.a] E [an,llaz;llg Wi,

+ l‘7\71,01 <ZE[%,z,d]E [5n,l—1]> - %Wl,d (ZE [5n,z—1]>>

n

E {’71 d} —~ —~ N
(ZE V2 1.d] an,llang}) W/, +E [ﬂfj] Wi (ZE [(Yn,i,a] E [an,l,dan,l1]>

T

1 /— L~ e —
X exp (2 (Wl,de,;le:d - 2ledBlijd)> ’

where
N

1 L
B =D+ ((TQE wn.i,al +E [(m,a) %] E [%,z,d]) E [an,z1a£7z1]> 7

s

N
f, = B (Z (5 L™ P B a4 78 1) (B - i>>) |

n

Again, completing the square, we obtain the Gaussian variational posterior

q(br,a, Wia) = N ((br,a, Wiq) | myq4,Biq).

The variational posterior of the augmented variables is

N L D Wt dZn L
logHHHexp o2 p(Wn,1,a)

Wn,l,dzn,l,d
T o2 P(Wn,i,d)-

Augmented variables.

q(w )0<6Xp<

Thus, they are independent across width, depth, and observations, with

1
a(nid) = PGwnia | 17\ [E[2,])
=PG(wni,a | 1, An1,4),

where
1

At = (0 (8 [WE W) & [a0 8T, ])
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Binary activation. The variational posterior of the binary activations is:

N L D
1ogHHN (nt | Yot © 21, 1) + log (HHﬂex %zdzmd)ﬂ)

N L D,
1 ml.d(Wigan—1+b
aHHHexp(znng[ww%,l,mman,z-l+bz,d>>2}+EV i),
n 1 ’

T
l

q(y )0<eXI)<

Therefore, the variational posterior ¢() factories across observations n = 1,..., N, layers I =1,..., L, and
dimensions of the layer d = 1,. .., D;, with each factor ¢(7y,,,q4) given by:

1 _ ~ 2 ~ 1 ~
q(Yn,1,d) X exp (_QE [m,ﬂ (’Yi,z,dE [(Wl,dan,l—l> ] — 29n,1,4E [an,l,sz,dan,lq}) + T’Yn,z,dE [Wl,dan,lfl])

E [7];’3] T 7 ~ ~T —2 < - 1 —~ -
ocexp | i | =5 Tr (E [Wl,dWl,d] E [an,lflan,lfl]) +E [m,d} E [Wl,d] E[an,1—1an,1,q] + TE [Wl,d] E[@an,-1]

< exp (%,5,4071 (Pn,ia))

where o is the logistic function and
Pn,l,d =0 (]E [7’]17‘(12] (—% Tr (E [W{dwl,d] E [5n,l_1551_1]) +E [Wl,d] E [5n,l_1an,17d]) + %E [Wl,d] E [5n71_1}> .

Then noticing that =1 (p) = log(p(1 — p)~!) and combining separate factors of the variational posterior of
the binary activations, we obtain:

Yn,l,d
Pri,d (1= pni.a)

O( 1=Yn,i,d

x Bern (Vn,1,d | pni,d) -

s’:]z :':]2
~Hy s

L
Il
L
Il
Stochastic activation. The variational posterior of the stochastic activation is

N N L
log H N (yn | Zn,L+15 "7L+1) + log H H N (an,l | Yn,l © Zn 1, nl)

)

] [(yn,d -Wirii4a, 1 — bL+1,d)2}

g(a) oc exp (IE

N L D

2
+logHHHeX %ld—l)’z”ld)exp(_%)
DL+1
O<He><10 ZE[
L D
Alon (53250 [
Lo
XHexp(ZZ
. 4

77L+1 d

:

{ anid — Yn,i,d (Wigan -1+ bl,d))ﬂ)

) |

1 2
% i,d — ) Zndd  WnldZn 14

2772
n
Therefore, the variational posterior of the stochastic activations factories across observations n = 1,..., N
and we derive ¢(a,,) separately. For each layer | = 1,..., L, we introduce the following diagonal matrix
‘Zl_l = diag (IE [771_12] s, B [nl_EQ)zD and consider the relevant terms of the variational posterior:

Dpt1

1
q(an) o exp —§a,TL’L Z E

E (Wi 4Witid] ans

T’L+1 d
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Dyr 1
1
X exp (‘asz,L > E l 5 ] (E[Wiiigbrria] —E[Wiiig]yna)
Ni+1,d

1 - .
X exp (—2 (az;LEZIamL - 2357[/2;1 ((E [’Yn,L] 1%[171 ) an -1+ E ")’n L] OFE [bL]))>

h
L

1 o o
x [T exp (—2 (aﬁlzl 'a,, —2al 3" ((IE (] 1D,_, ©E[Wi]) a1 + E [yn] G]E[bz]))>

E [Yn,1,d] E [W/gWia] an— 1)))

D
1
(—af,z_l <ZE [772 E [vn,1,a E [ngbl,do)
d=1 l,d
1 &
37{,1—1 T ZE[Wn,l,d]E [ngwl,d] an -1
d=1

-1 1Z ZI [ l’d] L [7n7l,d] ! ar) E E [Wn L, d VV 1 dbl d]
2) 1
d=1

The variational posterior of the stochastic activations does not factories into independent blocks, however
it does have a structured sequential factorization ¢(a,) = Hlel ¢(an; | an;—1).And, we can derive the
variational factor g(a,,r | an,r—1) by only considering the terms with a, ;. First, introduce the matrices
Sy, and M, 1, and a vectors t,, 1

-
Il
—

X

—
g
S

N
Il
_

X

—
G
3

N
I
-

x

—=
[¢]
w
S

N
Il
-

N
Il
_

X
—

[©]

o]

ol
RS

. Drpi1 1
S;}L =5ty Z E [ 5 1 E (Wi aWiiid

(-E [W€+1,dbL+1,d] +E [W€+1,d} Yn,a) | + 37'E [y, ] ©E[br] |,

D1 1
tn,L = Sn,L Z E [ D)

Ni+1,d

Moz =S 3 E[yn )15, O E[W,].

Then we consider relevant terms of the variational posterior:
1 _ _
q(an, | an,r—1) o exp (—2 (aZ,LSn,lLa",L —2a) ;S (tnr + Mn,Lan,L—l))>
1 _
X exp (—2 (an, — (bn, + Mn,Lan,Lq))T Sn,lL (an,r — (tn,L + Mn,Lan,Ll))) X
1 _
X exp (2 (tn,L + Mn,Lan,Lfl)T Sn,lL (tn,L + Mn,Lan,Ll)>

1 _
x N(an,r | tnr + My ra, —1,5,,1) X €xp <2 (tn, + Mn,Lan,L—l)T Sn}L (tn,r + Mn,Lan,L—l)) ;

where the first term in the equation above provides g(a, r | a, —1) and the second terms is relevant for
computing the subsequent g(a, r—1 | a,,—2). Recursively repeating a similar procedure for l = L—1,...,1,
we are then able to obtain each of the variational posteriors ¢(a,; | a,;—1). Each time we define S,, ;, M,, ;
and t,; as follows:

Dij1 Diyy1
_ S _ 1
S, =3 =M., 1S, M+ Z P ] E [Vn,141,a] + Tz Z E [wnit1,d) | E[Wit1.gWit1.d
d=1 I+1,d d=1
D1
T -1 &1 1 T 1
tng =Sni | My, 18, 11 bna + 3 Elyng] ©E[by] + T Z E[Witia (Emis,d] — 3
d=1
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M, =S E E[yni] 15, OE[W)].

1
E[ng+1.d] + 7 B lwnit 1.l E[W{i1abivral |
771+1d

Then substituting the above into the terms of the variational posterior containing a,, ;:

1

q(an, [ ani—1) oc exp (—2 (an,i — (g + Mpgan-1))" S, 1 (any — (b + Mn,zan,l1))>

1 _
X exp <2 (tn, + Mn,lan,lfl)T Snj (tn, + Mn,zan,zﬂ)
1 T e
o« N (an,l | tn + Mn,lan,l—h Sn,l) X exp (2 (tn,l + Mn,lan,l—l) Snj (tn,l + Mn,lan,l—l)) .

Finally, we combine the terms ¢(a,,; | an—1) for i =1,..., L+ 1 and get the variational posterior of the
stochastic activation

N L
OC H HN an,l | tn,l + Mn,lan,lflv Sn,l) .

n=1[=1

B ELBO computation
B.1 ELBO for training

Recall, that optimal variational parameters maximize the ELBO function of Equation (10) which for our
model is:

ELBO = E[logp(y,a,v,w|W,b, X)] + E [log p(W|tp, T)] + E [log p(1))] + E [log p(T)]
+ E[log p(b)] + E [log p(%)] — E [log ¢(a)] — E [log ¢(v)] — E [log g(w)]
— E[log ¢(W,b)] — E[log g(n)] — E[log ¢(¢)] — E [log ¢(7)] .

Similar to the variational update, we compute the terms of the ELBO corresponding to different blocks
of parameters separately.

ELBO of 7. First, consider the terms of the ELBO containing the global shrinkage parameters:

L41
E [log p() —logq(7)] = Z E [log GIG (71 | Vglob, Gglob, Aglob) — log GIG (Tz\ﬁglob,l, dglob, 1 Aglob)}

=1
1 1 g Ol)
E og ( glob,l — ) < ( gl l )\21 l))

L+1 1 5
=C, + Z E llog veleb ! oxp (—2 < glob | )\210b77>>

=1

L+1
1
=Cr+ Z DDy E[log7] +E [ (5globz 5§10b)] )

where the normalizing constant is

Lt1

Cr = Z(Vglob — Uglob,1) 10g(Aglob) 4 Pglob,1 108(dglob,i) — Vglob 10g(Jglob)
=1
L+1

+ Z log(Kﬁglob,z ()‘gIOnglOb,l)) - log(Kl’glob (AéglOb))'
=1
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ELBO of v. Similarly, the terms of the ELBO containing the local shrinkage parameters are

L+1 Dy Dy_1
E [log p(3) —log g(¥)] = Cy + Y > > E[log GIG ($r.a.a | Vioe,d; dtoc,is Moc,1)]
=1 d=1d'=1
L+1 D; Dy

- Z Z Z E {bg GIG (W,d,d'\ﬁloc,l,d,du Sloc,z,d,d',/\loc,lﬂ

=1 d=1d'=1

L+1 D; Di—1 1 52
oc,1—1 foc,!
~cor 555 8 oo (-4 (et ) )]
1=1 d=1d'=1 Ld,d
L+1 Dy Dy R X 1 52
Yioc,l,d,d’ — 1 l,d,d
- Z Z Z E |log ( v ) exp ( < ;C —+ )\120c,11l)z,d,d/>>]
I=1 d=1 d'=1 Ld,d
L+1 Dy Dy 4 1
Oyt 2SS Elogviau] +B [ } (Bt — der)
2 e Vrd.a
where the normalizing constant is
L+1 Dy Di—1
= Z Z Z (Moc,t = Dioc,,d,dr) 108(Moc,1) + Proc,1,d,dr 108(d10¢,1,d,d7) — Vioc,1 108(d10c,1)
I=1 d=1 d'=1
L+1 Dy Dy
+ Z Z Z log(Kf’loc,l,d,d/ (Ag10b6100717d7d/)) - log(Kvlocﬁl ()\loc,l6loc,l))~
I=1 d=1 d'=1

ELBO of . As before, the covariance matrix matrix is assumed to be diagonal so that the relevant ELBO

is:
E log p(X) — log q(n)]
L D, Dpia L+1 Dy
=Cp+ > > EloglG(n}ylaf. 85)] + Y E[logIG(n7 glao, Bo)] = D Y E [logIG(n? 4 | ar.as Bra)]
=1 d=1 d=1 1 d
L D, Dr i1
=Ch+ Z Z (al,d - ao) [1og m d] Z (@41, —ao)E [log 7]1%+1,d]
1 d d=1
L D 1 Dpia 1
YN Ba—B)E ||+ D (Bryra—Bo)E
=1 d=1 l.d d=1 UL+1 d
N L+1 Dy L D 1 Dyp 1 1
~0y+ S5 Rl + 305 (o= )2 | -+ X s e ]
I=1 d=1 ld d=1 L+1.d
where the normalizing constant is
L D
Cp=>_> aflog By — arqlog B4+ logT(arq4) — logT'(af)
=1 d=1
Dri1
+ > aglog By — apy1,alog Brir.a +logT(ai1,q) — logT(an).

d=1

ELBO of (W,b).
Recall, previously introduced matrices D; 4 = diag (562,E [Tlil] E {wlj(il)l} ooy B [Tlil] E {wljdl,Dl,l}) and
denote further D?’d = diag (5(2), TIYL,d1,- - - ,Tl¢17d7D171). Then the ELBO of weights and biases is:

E [log p(W|¢, 7)] + E [log p(b)] — E [log (W, b)]
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E [ng (Wl,d|0aD?,d)} - Z ZE [IOgN (Wz,d \ ml,d,Bz,dﬂ
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N
Il
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Il
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= 5Ms 1M

1 1~ 1~
-2 exp <—2Wl’d (D?,d) le:d>:|

N~
+ |l
_
=
|_||—|
—
o
UQ
&_

~M

o

1 /— s T
log |By.a|™ 7 exp ( 3 (Wz,d - ml,d) 357; (Wl,d — ml,d) )}

~
4

I
(7

—~ —~ —~ —~ T
E [log|Byal] - E [log (IDf4])] ~ E [Wi.a(D},) ' WT,| +E {(WW —my0) By (Wia— i) ]

~
+ =
—

D,
>
1 Dy o . D,
=3 > ) log|Byal — E [log (D7 4])] — Tr (E [lejdwl,d} E [(ng)_l]) £y o
1 d l
1 L+1 Dy o D1 X .
=3 Z Z log [Byq| — Tr (E [WZsz,d] Dl,d) - Z E[logYraa] | — 5 Z Dy (log 52 + Dy_1E [log ] — 1) .
I d — l

ELBO of a, v and w. The remaining terms of the ELBO are the ones with stochastic and binary
activations and additional augmented variables:

E [logp(y,a,v,w|W,b, X)] — E [log ¢(a)] — E [log ¢()] — E [log g(w)]

N Dri1 N L D
= Z Z E logN (ynd | Zn, 41,4 Xr41,d)] + Z Z ZE [log N (ani,d | Yn,a © Zn,1,d, Zi,a)]
n=1 d=1 n=11l=1d=1

D,

> E

d=1

+
-
M= D1

Wi 1.d22
log (exp (Pt ) exp (—’;’“};"“d PG(wna] 1.0)

E[logN (an; | tn,; + M, a0 -1, Sn,)]

hE

n=1 =1
N L D
=Y > "> "EllogBern (n1.d | pnt.a)l + E[log PG(wnia | 1, An.a)]
n=11=1 d=1
N Driy
1 ND
= Z E [log(n7 11,4)”"/* exp (‘22 (Yn,a — Wry1dan1 — bL+1,d)2>‘| - % log(2m)
n=1 d=1 NL+1,d
N L D I
+ ZZ E llog(nf,d)l/z exp (-2 5 (an,t,d — Y, © (Wigan i1+ bia) )] NZDZ log(2)
n=11=1d=1 "ia
LN L D 1 | N L D
+= Z Z Z [(% d— ) (Wigan -1+ bl,d)] ~ o7 Z Z ZE [Wn,l,d (Wiaan -1+ bz,d)z}
n=1[=1 d=1 n=11=1d=1

Mz

L
1 _
ZE IOg |Sn l| 2 €xXp <_ (an L= tn = M JQn — l)T Snj (an,l - tn,l - Mn,lan,l1)>:|

2
n=1 =1
N L D N L D
PG(wnld | 1 0)
— n.l.d 10g Pn 1—p, log(1 — py, E |log
Dy,

Ch l B ] (52,0 = 20 [W o1 B ] + T (B [WVV} E [an,Lag,L]))
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N LD 1 -
) Z ZZE o (E [a? ;4] = 2E [yn1.4) E [Wl,d} E [an,lflan,l,d]>
n=1 =1 d=1 ia
LN LD 1
9 Z Z El—=|E [% 1a) T (E {Wz dWl d] E [5n,l—153;l—1]>
n=1 =1 d=1 ia
L+1 L D

N L
> Bflognt ] 5 33 Ellognita] + 533 los(iSn)
dzl =1 d=1 =11=

>

D <; <pn L ;) E {Wz,d] E [, 1] — %E [Wn.1.d] (Tr (E [WdeVz,d} E [ﬁn,zﬁg,ll])))
1

SAPEA AL And
- Z Z Prt,d 108 pni.d + (1 = pnia) log(l — pnia) — 5 B [wn,1,a] + 10g(COSh(#)) + Ca,
n=11=1d=1

where the normalizing constant is

L
ND
C, = —% log(27) — NZ D;log(2)

Total ELBO Then, we can sum the derived above parts to get the total ELBO of our model:

L1
1717/« ) . )
ELBO = const. + Z §E {?z} (5§10b,z - 6;10b> + (Dgiob,1 10g(dglob,1) + 10g(K s, (AglobOglob,1))
=1

L+1 D; Dy
+ Z Z Z Lﬁz d d'jl (6120€,l,d,d/ - 51200,1) + ﬁloc,l,d,d’ 1Og((sloc,l,d,d’) + log(K'gloc,l,d,d’ ()‘loc’lélocal’dvd/))
=1 d=1 d’'=1
L+1 D 1 T 1
+ E - —arqlo +5 Liog|B —E[bi 4+ E[—]E{ }EwQ ,
; ; } (51 d 50) 1,a1og Bi,a g |Bi.a| — e (b7 4] dlZ:l . P (Wi g.4/]
1 1 Dy B 2
+3 > log(Sni) — 5 s (ZE |:(yn 4= [WLH,d] E [amL]) })
= d=1 n=1

N
> 5
n=1 1
Dy 1 N
Z]E 5 Z Tr ((BL+1,d + mL+1,dm€+1,4) E [én,LéZ,L]) —Tr (mL+1,dm€+1,dE [an,L] E [QZ,L])
d=1 NMo+1,d n=1
L

D, N
1 1 ~ - 2
5 E [2] (Z (pn,l,dE [Wl,d] Efan-1] —E [an,z,d]) +E[a},; 4 —E [an,l,d]2>
1=1 d=1 1,d n=1
1 L Dy 1 N
-3 Z E |:77%d:| (Z Pn,a Tr ((Bl,d + mz,dmZd) E [5n,17155171]) — poiaTr (ml,dmlqjd]E [An,—1]E [5511])>
=1 d=1 ) n=1

L Dy 1 N B
- Z E |:172:| ( Pn,i,dE [Wl,d] (E[an,d Elan,i-1] —E [an,l,dén,ll})>
1| \n

=1

i% (pn,l,d - %) (E [Wl,d] E [én,lfl}) — T;QE [wWn,1,d] (TT ((Bl,d + ml,dmlq:d) E [én,l—lég,l—l]))
d=1

2
An,l d

N L
- Z Z (Pni,alog pni,a + (1 — pnia)log(l = pnia)) — 3 E [wn,1,a] + log(cosh(Ay 1.4/2)).

Note that when implementing VI with EM scheme, we adjust the formula above by adding the term which
arises in the normalizing constant C, defined when computing the ELBO of global shrinkage parameters,
specifically, we add

ELBOgym = (L + 1) (Vglob (1Og(>‘glob) - log(aglob)) — log (KVglob (AgIObéglob)))
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L+1

1
+ > (Vg1ob — DE [log 7] — §AglobE (7] — v 10g(Aglob)-
=1

B.2 ELBO for prediction

To obtain the posterior predictive distribution, we compute the approximate variational predictive distribu-
tions of a, v, and w, with the objective function being the ELBO of Equation (10). Thus, in the predictive
step of our algorithm, we monitor the convergence of the ELBO of a,, «, and w,, which we derive as follows:

E [log p(ax, v+, w«|W, b, X)] — E [log g(a.)] — E [log ¢(v+)] — E [log g(w-)]

L Dy 2
* >k w* Z*
= ZZE [log N (ax1,d | Ye,d © Zs,1,d, X1,a)] + E |log (exp (W) exp <—’l2’(;2’l’d> PG(wn,i,4 | 1,0))]
1=1 d=1
L Dy
—ZE [log N (2., | tu,i + M. as—1,841) ZZ [log Bern (vx,1,a | px,1,a)] + E[log PG(ws,i,a | 1, Ax1,a)])
=1 d=1
T [ 1
=-3 ZZE —— (E [ai,l,d] — 2E [y4,1,a] E [Wl } E [é*J—la*,l,d})
=1a=1 L|'Ma
1 1 1\ s
) ZZ]E log 17 a Zlog [S..il) + T ZZ <p*,z,d - 5) E [Wl,d] E[a.;-1]
1=1 d=1 1=1 d=1
1 G 1 1 -
—3 Z E 2 E [y 4] + T2 B [we,a] | Tr (]E [Wfdwl,d] E [5*,1—15{,1—1])
1=1 d=1 ld

Z (p+,1,a10g ps,1,a + (1 — pui,a) log(1 — pai,a))
d=

Lok A2 1d L A
+ZZ SO0 [ward] — ZZlog cosh( *ld))—&—const
1=1 d=1 1=1 d=1
1 1 - 2
=-3 Z E 2] ((p*,l,d]E [Wl,d] Efla.; 1] - E [a*,l,d]) +E[a14] - E[a*»lvd]Q)
1=1 d=1 M,d
R I P 2 T o T
—5 Z E de:| (P*,l,d Tr ((Bl,d + mz,dmz,d> E [a*,z—1a*,l_1D — pi,a 1T (ml,dmz,dE [as,i—1] E [a*,z_1]))
1=1 d—1 )
33 E |- E W, q| (E Ela E 3 L Nog 2
;dzl [Wid] (P*,l,d [ l,d} (Ela.,q) Ela.-1] [a*,l,da*,l—l])) +3 [log nj.4]
1& L Dy 1\ e _ 1 -
+3 Zlog(|S*,z|) + Z T <p*,z,d - 5) E [Wld] E[a. 1] + 572 (E [wx,1,4]) T (E [Wl W, d] E [5*,1715*,171])
=1 =1 d=1
L Dy
- Z <p* 1dlog puia+ (1 = paga)log(l — puia) — —2E [wa 1,a] + log(cosh( ))> + const
1=1 d=1

C Experiments

C.1 Initialization schemes

Initialization plays an important role in the ability of Bayesian inference algorithms to effectively approximate
the posterior. This is especially true in variational schemes for complex posteriors (such as for BNNs), which
are only guaranteed to converge to local optimum. We design two possible variations of random yet effective
initialization schemes. To simplify the exposition, we describe the procedure in the case of Inverse Gamma
shrinkage priors, for which A = 0 and the selection of the scale parameters  determines the level of shrinkage.
Note that during the training step, we employ the expectation-maximization algorithm to set an optimal
dglob, Whilst the value of d;oc,; remains the fixed. To encourage more shrinkage for larger depth, we assume
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dglob x 1/ VL, and to encourage shrinkage for larger width set dloc,y x 1/4/D;. Given specified values of
Vioes Vglob Olocs Oglob, al, ag, B, By, we first re-scale the shrinkage parameters to scale appropriately

J, lob 5100
Sglob = —=, loc,l = ——=) Vioc,l = Vioc,
glo \/Z oc, Dl_l oc, oc
and the initialization steps are:
Algorithm 3 Initialization
Require: Training inputs x,,, n =1,..., N; choice of mode laplace or spike-slab

Zn,0 = Xn
fori=1...L, do
set A = 0.05 % (max (2, ;—1) — min(z,,;-1))
ford=1...D; do
if laplace then

2
mmd, ~ Laplace (O, -Dl1> ,

end if.
if spike-slab then

2 1
my g ~ TN (O, Dll) + (1 —m)dp, where m = Hi\/m’
end if.
s = (81,...,8p,_,), where sg ~ Unif([min(z, ;—1,0/) — A, max(zn 1—1,0’) + Aar]),
mﬁd = —mm& m; g = (m;’)d,mm) ,
end for.
b w
Prjd =0 (ml’d - n;l*dz"’l_1> d=1,...,D,
M, = m}’V ® anlEl, where by 1 we denote a vector of ones,
tn, =m) © pui,
Zn, = My 1Zp -1 + by,
end for.

Ensure: M,, ;,t,;,my4forl=1,...,L,d=1,...,D; and zr.

1. Covariance for biases and weights: B; g = 0.011p, ,4q forl=1,...,L+1,d=1,...D,.
2. Covariance for stochastic activation: S,,; =0.01Ip, forn=1,...,N, [ =1,...,L.

3. Variational parameters for 1: Set ap41,4 = o, a1,q = ozg and Br4+1,0a = Bo, Br,da = B[}.

N

. Variational parameters for 7, 1:

Yioc,l,d,d’” = Vloc,l; Vglob,l = Vglob,
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dglob,l ~ \/2(Vglob,l — 1IG (Vg1ob,15 Oglob),

Oloc,l,d,d’ ~ \/2(Vloc,l,d,d’ — DIG (Moc,1,d,d’» Oloc,1)-

5. Use Algorithm 3 to initialize the variational means of the weights and biases for all intermediate layers,
and the variational means of the stochastic activations and the variational parameters of the binary
activations.

6. Variational mean of the weights and biases for the last layer my; is obtained as a solution of fitting

D, ridge regressions with inputs zz and outputs yg.

C.2 Implementation details

When comparing the performance of our method to already existing ones we implement the following model
in Numpyro:

y ~N(Wri1ReLU(zz) + b, %), where X ~1G(2,0,)Ip,,

2
7] = WlReLU(zl_l) + by, Wl,d,d/ ~ N (0, UB/’Y ) s bl,d ~ N(O, 0’5’)/),
-1

where z,, o = xp,, v ~1G(2,1) and I =1,...,L, d=1,...D;, d =1,...,D;_1. The choice of o, oy and o}
is made in accordance with «yg, so and dioc i, respectively. For experiments with SVI we use Adam optimizer
with learning rate set to 0.001 and maximum number of iterations varying from 5000 to 20000 depending on
the dataset and depth of the network. Additionally, we consider the Bayes by Backprop model of Blundell
et al. (2015) and adapt its Pytorch implementation from the publicly available repository Javier (2019). For
all experiments with BBB we set the learning rate to 0.01 and maximum number of epochs varies from 500
to 1000.

Suppose that the data on which we evaluate the predictive performance consists of IV points and the true
target is y*, then recorded evaluation metrics are RMSE, NLL and EC and are computed as follows:

1 N
RMSE = | Z (v, — Elyg))?,

N
1 .
NLL = Y “log N(y;, | Elyg], Var(ys))

EC — #{y* € [Q((‘);_\?Q:ang.g?s]}.

where the predicted observations are y° and the corresponding quantiles are denoted as ¢°. When com-
puting quantiles to obtain empirical coverage and illustrating the uncertainty in Section 4 and below in
Appendix C.3, we rely on the Gaussian approximation.

C.3 Supplementary material to the diabetes example.

Figure 10 supplements Table 2 and the diabetes example in Section 4.2. Here, in the case of VBNN, BBB and
SVI models we provide the uncertainty of the observations and in the case of the LassoCV we provide residual
standard deviation. Additionally, we illustrate the sparse prediction and the uncertainty obtained from sparse
weights of the VBNN, which largely coincide with the original prediction and uncertainty estimates. Whilst
the coverage estimates for observations of VBNN and BBB are comparable, the SVI underestimates the
uncertainty and provides a dramatically lower coverage for observations.
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Figure 10: Predictive mean and the uncertainty estimates for the observations for three of the predictors
with considerable contribution.

C.4 Supplementary information on the datasets

Boston housing Harrison and Rubinfeld (1978): n = 506,p = 13, the predictors are per capita crime rate
by town, the proportion of residential land zoned for lots over 25,000 sq.ft., the proportion of non-retail
business acres per town, Charles River dummy variable, nitrite oxides concentration, average number of
rooms per dwelling, the proportion of owner-occupied, units built before 1940, weighted distances to five
Boston employment centres, index of accessibility to radial highways, full-value property-tax rate, the pupil-
teacher ratio by town, the quantitative measure of systemic racism as a factor in house pricing, lower status
of the population; the response of interest is the median value of owner-occupied homes. The Boston housing
dataset is among the most popular pip available datasets, and with respect to variable selection it was
considered in e.g. Schifer and Chopin (2013).

Energy Tsanas and Xifara (2012): n = 768,p = 8, the predictors are relative compactness, surface area,
wall area, roof area, overall height, orientation, glazing area, and glazing area distribution, and the task is
to predict the heating load of residential buildings.

Yacht dynamics J. et al. (2013): n = 308,p = 6, the predictors are long position, prismatic coefficient,
length-displacement ratio, bean-draught ratio length-bean ratio and froude number, and the task is to model
the residuary resistance per unit weight of displacement for a yacht hull.

Concrete compressive strength Yeh (2007): n = 1030,p = 8, the predictors are cement, furnace slag, fly
ash, water, superplasticizer, coarse aggregate, fine aggregate and the age of testing, and the response variable
is the compressive strength of concrete. This is also considered from the variable selection perspective in
several works including Schifer and Chopin (2013); Griffin (2024).

Concrete slump test Yeh (2009): n = 103,p = 7, the predictors are concrete ingredients, namely cement,
furnace slag, fly ash, water, superplasticizer, coarse aggregate, and fine aggregate and the task is to predict
slump of concrete.

D Review of relevant distributions

D.1 Generalized Inverse Gaussian

The Generalized Inverse Gaussian has density:

e [126.3) = 5l e (;w?/x ¥ A%:)) ,
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where K, () is the modified Bessel function of the second kind. The GIG prior requires v > 0 if 6 = 0 and
v < 0if A =0 for a proper prior. Then the expectations arising in computations throughout this paper are:

_ 6K1/ I(Aé)

Ele] = )\KJ:(M) ’
11 AK, (M) 2w
L]qu)ﬁ'

Often, it is sensible to consider special cases of the GIG, which include:
1. Inverse Gamma: when A = 0, the GIG reduces to the IG with density:

v 2
bl 108) = sz () e (-3 ).

where v < 0 and § > 0. This can also be re-written in terms of the more standard parametrization of
the IG:

ol a.f) = £ 1/ e (2.

where @ = —v > 0 and 8 = 62/2 > 0. Note that if w ~ N(0,7) and 7 ~ IG(a, 3), this implies a marginal
student t-prior on w with degrees of freedom dof = 2 = —2v and scale s = \/8/a = §//—2v. For
example, setting ¥ = —1.5 would correspond to dof = 3 and v = —2.5 is equivalent to dof = 5.

The relevant expectations for the VI updates and ELBO computation include:

_ B -
Bl = 1= 5,12

1 a —2v
et -5

where 1) is the logarithmic derivative of the gamma function (a.k.a. digamma function).

2. Gamma: when §2 = 0, the GIG reduces to the Gamma with density:
)\2y )\2
~ v—1 (_733)7
2'T'(v)

plx v, \) = 2" exp(=

where v > 0, rewriting in the standard parametrization with a = v and 8 = \?/2:

pla | a,B) = B == a*"  exp(—f),

b
[(a)

where o = v > 0 and 8 = A\2/2 > 0. Similarly, the relevant expectations are:

2

Engzé,
11 8 N

ELJ Ta-1 2(w-1)

Note that if w ~ N(0,7) and 7 ~ Gam(1, 3), this implies a marginal Laplace prior on w (i.e. Bayesian
Lasso Park and Casella (2008)) with scale s = 1/y/28 = 1/A.

3. Inverse Gaussian (IGaus): when v = —1/2, the GIG reduces to the Inverse Gaussian with density:

) o [ Az —6)?
2ma3 P 2x ’
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where setting a = §/A > 0 and 8 = 62 > 0 we derive

The relevant expectations for the VI updates and ELBO computation include:

Note that if w ~ N(0,7) and 7 ~ IGaus(a, ), the marginal distribution is of the form Caron and

Doucet (2008):
1 2 +w})?
p(wy) = — (5‘5101%) exp (ﬁa ) K, ((5 awk) )

A _1 by 1
= Do) (7 1) F K (5 (52+wk)z>.

Nl

D.2 EM update for different cases of global-local priors

As discussed above, the special cases of the GIG include Inverse Gamma, Gamma and Inverse Gaussian
distributions, we derive the EM updates in each of the special cases of priors:

1. Inverse Gamma: when the global shrinkage parameter has an Inverse Gamma distribution, then
L+1

Vglob,l
5g10b = arginax < glob Z 6% - L + 1)Vglob log(églob)> )
1=1 ~slob,l

L+1 -
Z Vglob,l

2
1=1 6g10b,l

2. Gamma: similarly, when global shrinkage parameter is Gamma:

W=

Nl

6glob = ((L + 1)Vglob)

L+l s
Oglob,1 K vy 141 (Aglob,10glob,1)
Aglob, 1 K uyon.1 (Aglob,10glob,1)

1
L+1 -3
<Z 5glob,lKug10b,z+1()\glob,l5glob,z))

' Aglob 1 K001 (Aglob,19g10b,1)

Aglob = argmax (4(L + 1) vglob l0g(Aglob) glob

[N

Aglob = (2(L + 1)Vgob)

3. Inverse Gaussian: if the global shrinkage parameter is Inverse Gaussian, then

L+l s
Ig1ob, 1 K ugon 141 (Aglob,10glob,1)
VglUbJKVglob,z ()‘glob,l(sglob,l )

Aglob = argmax (2(L + 1) Aglobdglob — glob

L+1

—1
Oglob, 1 Ky +1()\g10b 19slob,1)

Alb:2L+16]b g 5 glob,l 5 5 .
& ( g ; Velob, i Kvgion,1 (Aglob,10glob,1)
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