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COMPONENTWISE LINEAR SYMBOLIC POWERS OF EDGE
IDEALS AND MINH’S CONJECTURE

ANTONINO FICARRA, SOMAYEH MORADI, TIM ROMER

ABSTRACT. In this paper, we study the componentwise linearity of symbolic pow-
ers of edge ideals. We propose the conjecture that all symbolic powers of the edge
ideal of a cochordal graph are componentwise linear. This conjecture is verified
for some families of cochordal graphs, including complements of block graphs and
complements of proper interval graphs. As a corollary, Minh’s conjecture is estab-
lished for such families. Moreover, we show that I(G)(® is componentwise linear,
for any cochordal graph G.

INTRODUCTION

Let S = K|z, ..., z,] be the standard graded polynomial ring over a field K. By
a classical result of Cutkosky, Herzog and Trung [5], and independently Kodiyalam
[18], the regularity of powers of a graded ideal I C S is an eventually linear function.
This had a great impact on the study of homological invariants of powers of graded
ideals. A prominent trend in commutative algebra is to explicitly determine this
function for combinatorially defined monomial ideals. For instance, consider a finite
simple graph G with the vertex set V(G) = {z1,...,z,} and edge set E(G). The
edge ideal of G is the squarefree monomial ideal of the polynomial ring S defined as
I(G) = (zzj : {x;,z;} € E(G)). Then, there exist integers ky > 0 and ¢ > 0 such
that reg I(G)* = 2k + ¢ for all k > ko. Determining the integers ky and c in terms
of combinatorics of G is a problem of great interest. In recent years, the study of
symbolic powers of monomial ideals, and in particular, edge ideals, has also gained
significant attention, see for instance [4}, [7l, [11], (17, (19}, 20}, 211, 22} 25], 26], 27] and the
references therein. While the regularity of symbolic powers of monomial ideals is
known to be a quasi-linear function [14, Corollary 3.3], its precise behavior remains
mysterious. In this context, N.C. Minh raised the following

Conjecture A. Let I(G) be the edge ideal of a simple graph G. Then
reg I(G)*® = reg I(G)*,
for all k > 1.

If this conjecture holds, then reg I(G)*) would be also an eventually linear func-
tion, a result that would be both surprising and impactful. Thus far, Conjecture [Al
has been proved when k = 2,3 for any graph [20], and for few families of graphs, in-
cluding bipartite graphs [30], chordal graphs [27], unicyclic graphs [25] and Cameron-
Walker graphs [26]. Note that reg I(G)* > 2k for all k. Therefore, if Conjecture [Alis
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true, then reg I(G)*® > 2k for all k. This naturally leads to the question: for which
graphs G does the equality reg I(G)*) = 2k hold for all k? In particular, in this
case I(G) itself must have linear resolution. By Froberg’s seminal work [10], this is
equivalent to G' being a cochordal graph, meaning that the complementary graph
G° of G is chordal. Moreover, an intriguing result of Herzog, Hibi and Zheng [15]
establishes that if 7(G) has linear resolution, then I(G)* has linear resolution for all
k > 1. This is further equivalent to I(G)* having linear quotients for all k& > 1.

Now, let I(G) be an edge ideal with linear resolution. In general, the symbolic
powers I(G)*) are not equigenerated, so one cannot expect that they have linear
resolution, like in the case of the ordinary powers. However, based on several com-
putational evidence, we expect that each graded component of I(G)* has linear
resolution, i.e., I(G)* is componentwise linear. Componentwise linear ideals were
introduced in [12] by Herzog and Hibi, as those homogeneous ideals I C S whose all
graded components [, have linear resolution. Recall that the j* graded component
of I is the ideal generated by all homogeneous elements of degree j belonging to I.
Componentwise linear ideals are characterized by the remarkable property that their
graded Betti numbers are equal to those of their generic initial ideals [1].

These aforementioned considerations on edge ideals of cochordal graphs led us to
formulate the following

Conjecture B. Let I(G) be the edge ideal of a simple graph G. Assume that 1(G)
has linear resolution. Then I(G)*) is componentwise linear for all k > 1.

It follows from Theorem [[1] in Section [ that for any cochordal graph G, the
highest generating degree of I(G)*) is 2k. Since the highest generating degree of a
componentwise linear ideal I is equal to reg I [13, Corollary 8.2.14], if Conjecture [Bl
is true, then Conjecture [Alis true for any cochordal graph G. Our main goal in this
paper is to address Conjectures [Al and [Bl

In Section [I] using a description of the symbolic Rees algebra of the edge ideal of
a perfect graph G due to Villarreal [32], we determine in Theorem [[.1lthe generating
degrees of I(G)(™ for any perfect graph G and any positive integer m. In particular,
it turns out that the highest degree of a minimal generator of I(G)™ is 2m, and
if G is cochordal then reg I(G)™ > reg I(G)™ (see Corollary [L2). Furthermore,
we obtain an explicit formula for the Waldschmidt constant of the edge ideal of a
perfect graph, recovering a result of Bocci et al. [4, Theorem 6.7(i)].

In Section 2, Conjecture [Blis proved for the graphs whose complements are one
of the following graphs:

(a) Block graphs,

(b) Proper interval graphs,

(¢) G is a chordal graph with the property that any vertex in G belongs to at
most two maximal cliques of G.

Indeed, we prove a more general result. Let G be one of the graphs in (a), (b) or
(c), and let Ass I[(G) = {P,..., Py} be the set of associated primes of I(G). Then
I(G)®) = O, PF. Theorem 2.3 shows that ([, P is componentwise linear for

any positive integers ki, ..., k,,. In the literature, such ideals are called intersection
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of Veronese ideals, and their componentwise linearity was first studied by Francisco
and Van Tuyl [9]. Another family of such ideals with the componentwise linear
property was given in [23] Theorem 2.4]. Theorem presents several new such
families. We expect that for any cochordal graph G, the ideal (), 1) PFP s
componentwise linear for any positive integers kp.

A monomial ideal I C S has componentwise linear quotients if I;y has linear
quotients for all j. These ideals are componentwise linear. To prove Theorem [2.3]
we show that 1(G)*) has componentwise linear quotients. A conjecture by Soleyman
Jahan and Zheng [31] states that if I has componentwise linear quotients, then I
has linear quotients. This conjecture is widely open, and has been solved only in
some special cases [2], 3], [§]. Given these facts, along with the proof of Theorem 23]
we expect that the following more general statement than Conjecture [Bl holds true.

Conjecture C. Let I(G) be the edge ideal of a simple graph G. Assume that I(G)
has linear resolution. Then I(G)*) has linear quotients for all k > 1.

In Theorem 3.5 we show that Conjecture [Cl holds for & = 2. The proof is based
on Theorem [[Tj(a) and some splittings of the ¢-clique ideals of G.

1. THE GENERATING DEGREES OF SYMBOLIC POWERS OF EDGE IDEALS OF
PERFECT GRAPHS

In this section, the generating degrees of I(G)™ are studied, when G is a perfect
graph. As a result, we derive an inequality in Conjecture [A] for cochordal graphs.
We begin the discussion with some definitions and notation. Throughout, G is a
finite simple graph. The vertex set and the edge set of G are denoted by V(G) and
E(G), respectively.

A graph G is called chordal if it has no induced cycles of length » > 3, and G
is called cochordal, if the complementary graph G° of G is chordal. Here, G¢ is
the graph with the same vertex set as G whose edges are the non-edges of G. A
graph G is called a perfect graph, if G and G° do not contain induced odd cycles
of length r > 3. The family of perfect graphs contains for instance the families
of bipartite graphs, weakly chordal graphs (and in particular chordal graphs and
cochordal graphs) and comparability graphs of posets.

For a subset A C V(G), the induced subgraph of G on A is denoted by G[A].
A cliqgue of G is a subset C' C V(G) such that the induced subgraph G[C] is a
complete graph. A clique of size r is called an r-clique. The maximum cardinality
of the cliques of G is denoted by w(G) and is called the cliqgue number of G.

Villarreal in [32, Corollary 3.3] gave a description for the symbolic Rees algebra

R,(I(G)=Sa I(G)(l)t DD I(G)(i)ti @ - CS[t]
of I(G), when G is a perfect graph in terms of the cliques of G, as follows:
Rs(I(G)) = K[xpt" : Fis an (r + 1)-clique of G, (1)
where xp = [[, cp 7i-
For a positive integer r, the r-clique ideal of G was defined in [24] as

K,.(G) = (xg : F' is an r-clique of G).
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When w(G) = 1, we have I(G) = (0). So excluding this case, in the following
theorem we assume that w(G) > 2.

Theorem 1.1. Let G be a perfect graph with the clique number w = w(G) > 2.
Then, for allm > 1,

(a) I(G)™ =3 K, (G)K,,(G) -+~ Ky, (G), where the sum is taken over all in-
tegers 1 < j < m and all integers sy, ...,s; such that 2 < s; < w for all i,
and sy + -+ s; =m+J.

() Boa(I(G)™) # 0 if and only if d = m + j with [m/(w—1)] < j < m.

Proof. (a) It follows from equation (I]) that
I(G)(m)tm - Z K, (G)K,(G)-- .Ksj(G)t(sl—1)+---+(sj_1)7

where the sum is taken over all integers sq,...,s; > 2 for some j such that (s; —
1)+ ---4+(s; —1) = m. This is equivalent to sy +---+s; =m+jand 2 <s; <w
for all 4, since K,(G) = (0) for s; > w. Moreover, from the inequalities s; > 2, we
obtain 25 < Y7_, s; = m+ j and hence j < m.

(b) First we prove the ‘if” statement. Let ¢ = [m/(w —1)], and ¢ < 7 < m be an
integer. We need to show that I(G)™ has a minimal generator of degree m + j.

First we claim that there exist integers si,...,s; such that 2 < s; < w for all
i, and 81 + -+ s; = m + j. We prove this by induction on j. The first step of
induction is j = ¢. If w — 1 divides m, then m = (w — 1)g. Thus m + ¢ = wq and
hence m +¢q = s; + --- + s,, where s; = --- = s, = w. Now, assume that w — 1
does not divide m. Then m = (w —1)(¢ — 1) + r, where 0 < r < w — 1, and so
m+q=(q—1)w+r+1=s+---+s, wheres; =wfor1 <i<g—1lands,=r+1
with 2 < s, < w. So the claim is proved for j = q.

Now, let j be an integer with ¢ < j < m, and assume inductively that there exist
integers si, ..., S;j—1, with 2 < s; < w, such that Zf:_ll si=m+(j—1). Since j < m,
there exist 1 <4 < j—1 such that s; > 2. Otherwise, /-1 s; = 2(j—1) = m+(j—1).
This implies that j < m = j—1, which is a contradiction. Therefore, we may assume
that s;_; > 2. Then

j—1 Jj—2 J
m+j:ZSleIZSi+(8j—1—1)+2:ZSQa
i=1 i=1 i=1

where s, = s; for 1 <i < j—2 s;_lzsj_l—land 5922. We have 2 < s, < w for
all 1 <17 < 7. So the claim is proved.

Next, let ¢ < 7 < m be an integer. We present a monomial f of degree m + j and
show that it is a minimal generator of I(G)™. Let 2 < 57 < 55 < --- < s; <w be
integers such that m +j = 327_ s;. Let V(G) = {x1,...,2,}. Consider a minimal
monomial generator u € K, (G). Without loss of generality, we may assume that
w=T]Z; z;. Then {1,...,z,} forms a clique in G. Let u, = [, z; for 1 < < j.
Then by (a),

f=wusuj € K\ (G)K,,(G) - K, (G) C I(G)™.
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We show that f is a minimal generator of I(G)™). Suppose that this is not the case.

Then there exists a minimal monomial generator f’ of I(G)™ such that f’ divides f

and deg(f’) = m+j' for some integer j' < j. We have f' € Ky (G)Ky (G)--- Ky (G)
J

for integers 2 < s7,..., 8 <w with m + j' = i,:1 sh.

Let f = 29 ---2% and f' = 2% --- 2. We have b; < q; for all i. Moreover,

b; < j' for all 7 since f’is the product of j' squarefree monomials. Furthermore,

S1 S2 Sj—1 Sj
, -
F=qI«hCIT <™ IT «hC T @ (2)
=1 i=s1+1 i=8j72+1 i=8j71+1
with the convention that if s, = sx4q for some h, then ;20 ] J=" — 1. From

equation (2)) we see that a; = 0 for ¢ > s; and a; = p, for any s;_, +1 <1i < s] —pt1s

where 1 < p < j and so = 0. We can write f' = gh where g = J ! “a: and
h=T1I- . 3+1+1x Then
3’ n
> s = deg(f') =deg(g) +deg(h) < j'sipat+ Y. b (3)
i=1 i=s;_j141+1

Moreover, since a; = 0 for 7 > s; and a; = p, for any s;_, +1 <@ < s5;_p41, where
1 <p <7, we have

. < D
i:ijj’+1+l i:ijj’+1+1
< (5" = D(sj—jrr2 = 8j—jrr1) + o+ 3(s5-2 — 5-3) (4)
+2(sjo1 — sj-2) + (55 — 85-1)
-1
= Y Usjoe = 55-0)-
/=1
We have
j -1 j' =2 j -1 j =2

Zg(sj—@rl — Sj-e) = Z (C+1)sj-¢— Zﬁs] e= ZSJ = (" = Dsjjrpa- (5)

From equatlons @), @) and (IE) we see that
m‘l']_ZS <]8] ]+1+Z$J g— )Sj —j+1 = Sj+8j_1+"‘+8j_j/+1.

Since Y27, s; = m+ j, we conclude that ZZ;{ si<m+j—(m+j')=j—j. Since
s; > 0 for all 7, this implies that s; = 1 for all 1 < i < j—j’, which is a contradiction.

‘Only if’: Assume that I(G)"™ has a minimal monomial generator of degree d.
By (a), we have d = m + j for some positive integer j < m. Moreover, there exist
integers si,...,s; such that 2 < s; < w for all ¢, and sy +--- 4+ s; = m + j. Then
m+j < jw. Thus m < j(w — 1), which implies that [m/(w —1)] < j. O
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As a corollary of Theorem [Tl we obtain an inequality in Conjecture [Al for the
family of cochordal graphs.

Corollary 1.2. Let G be a perfect graph. Then reg I(G)™ > 2m for allm > 1. In
particular, if G is cochordal, then reg I(G)™ > reg I(G)™.

Proof. By Theorem [LTI(b), we have 8g, (I(G)™) # 0, which proves the first state-
ment. Noting that any cochordal graph is a perfect graph, the second statement
follows from the first statement and [15, Theorem 3.2], where it is shown that for a
cochordal graph G, the ideal I(G)™ has linear resolution. O

In the following example, for the given graph GG, we present some minimal mono-
mial generators of the 6™ symbolic power of I(G) in each degree m + j, where
[m/(w—=1)] <j<m.

Example 1.3. Let GG be the graph depicted below.

X1
Te X2
X5 €3
Ty
G

Since G and G have no induced odd cycles of length r» > 4, it follows that G
is a perfect graph. Note that w = w(G) = 3. Consider the ideal I = I(G)®©.
Then it follows from Theorem [T that £y 4(I) # 0 if and only if d = 6 + j, where
3=[m/(w—1)] <j <m = 6. Hence, the minimal generators of I appear in degrees
9,10,11 and 12. Let d = 9. As the proof of Theorem [[. T suggests, we may write 9 =
3+3+3, and choose a clique of size 3 in G, say {zo, x3, 17}. Hence, u = (zyx327)% is a
minimal generator of I of degree 9. Similarly, 10 = 2+2+3+3, and (zox3)*(222377)*
is a minimal generator of degree 10. The monomials (xow3)*(z2x327) and (zow3)°
are minimal generators of I of degrees 11 and 12.

For a homogeneous ideal I C S, let a(I) denote the initial degree of I, that is
the minimum integer d such that I; # 0. The Waldschmidt constant of I is then
defined to be a(I) = lim,,_e a(I™)/m. The following corollary of Theorem [I]
recovers [4, Theorem 6.7(i)].

Corollary 1.4. Let G be a perfect graph with the clique number w = w(G) > 2, and
let I =1(G). Then, a(l) = w/(w —1).

Proof. By Theorem [LT} o(I(G)™) = m + [m/(w — 1)] = [mw/(w — 1)]. Thus

m—r00 m w—l.

(D) = lim fmw/(w—-1)]  w
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2. COMPONENTWISE LINEARITY OF SYMBOLIC POWERS OF EDGE IDEALS

This section focuses on resolving Conjecture [Bl for several classes of graphs. To
set the stage for the main result, we provide a brief review of some key concepts.

A vertex x of a graph G is called a simplicial vertex of G if its (open) neighborhood
Ng(z) = {y € V(G) : {z,y} € E(G)} is a clique of G. A perfect elimination
ordering of G is an ordering xy > --- > x,, on the vertex set of G such that z; is a
simplicial vertex of the induced subgraph G; = G[{x;, i1, ..., x,}] for all i. By a
classical result due to Dirac [6], G is a chordal graph, if and only if, G has a perfect
elimination ordering.

A graph G is called a proper interval graph, if there exists a labeling {z1, ..., z,}
on the vertex set of G such that for any i < j < k, {z;, 2} € E(G) implies that
{z;,z;} € E(G) and {z;, 2} € E(G). It can be seen that z; > ... > z, is a perfect
elimination ordering of G. Hence, any proper interval graph is chordal.

A cut vertex of a connected graph G is a vertex x € V(@) such that G \ = is not
connected. A block of a graph G is a maximal induced subgraph B of G with the
property that it is connected and contains no cut vertex. A graph G is called a block
graph if all of its blocks are cliques of GG. For instance, any forest is a block graph.
In the sequel we use the following characterization of block graphs, for which we
refer to [16].

Proposition 2.1. A graph G is a block graph if and only if G is chordal and any
two maximal cliques of G have at most one vertex in common.

Here is a typical example of a block graph.

For an integer n, we set [n] = {1,2,...,n}. Given a non-empty subset A of [n]
and a monomial u = z{" --- 29" € S, we set Py = (z; : 1 € A) and ug = [[;c 4 27"
The following simple lemma will be used several times.

Lemma 2.2. Let Ay, ..., A, be non-empty subsets of [n], k1, ..., kn be positive in-
tegers and let u = x{* - - - 2% € S be a monomial of degree d. Then, u € (-, P[Zi]\Ai
if and only if

deg(ua,) <d—k;, foralll <i<m.
7



Proof. We have u € P[I;j}\Ai if and only if 34, @5 = ki. Since Y a4, a5 = d —

Y ica, @, the previous inequality holds if and only if deg(ua,) = > ca, a5 < d— ki
[

Recall that an independent set of G is a subset A of V(G) such that no two
vertices of A are adjacent in GG. The set of all independent sets of GG is a simplicial
complex Ag, called the independence complex of G. A wvertex cover of GG is a subset
C' C V(@) which intersects each edge of G. A minimal set with such property is
called a minimal vertex cover of G.

As customary, if A is a simplicial complex, we denote by F(A) the set consisting
of the facets of A. Then

(A" = (1 Aja
)

AeF(Aq

Indeed, Po € AssI(G) if and only if C' is a minimal vertex cover of G, which
means that C' = [n] \ A for a maximal independent set A € F(As). Notice that any
maximal independent set A € F(Ag) is a maximal clique of G¢. We will use this
basic fact several times.

A homogeneous ideal I C S is called componentwise linear, if the ideal

Iigy = (f € I, f is homogeneous of degree d)

has linear resolution for any positive integer d. A useful approach to show that an
ideal is componentwise linear is to show that it has (componentwise) linear quotients.
Indeed, ideals with (componentwise) linear quotients are componentwise linear [13]
Theorem 8.2.15]. Recall that a monomial ideal I has linear quotients if the minimal
generators of I can be ordered as uq, . .., us such that for each 1 = 2,..., s, the ideal
(ug,...,u;—1) : (u;) is generated by variables. In the following, for two monomials u
and v, we set u : v = u/ ged(u,v). Notice that (uq,...,ui—1) @ (u;) = (u; :u; |1 <
j<i—1).

Theorem 2.3. Let G be one of the following graphs:

(a) Complement of a block graph,

(b) Complement of a proper interval graph,

(¢) G is a cochordal graph with the property that any vertex in G belongs to at
most two mazimal independent sets of G.

Then ﬂAeF(AG) P[]:;]“\A 18 componentwise linear, for any positive integers k. In par-
ticular, 1(G)* is componentwise linear for all k.

Proof. Let J = (¢ F(Ae) P[';'}“\ 4~ We show that Jy has linear quotients for all d,
which will imply that Jig has linear resolution. If Jig = 0, there is nothing to
prove. So we assume that Jig # 0. Under any of the assumptions (a), (b) or (c),
the graph G is cochordal. Let xy > --- > z,, be a perfect elimination order of G¢,

ai

and consider the lex order > on Jig, induced by this order. Let u = 27" -- -z and

v =25 - 2% be two generators of Jqy of degree d, with u > v. Let i be the integer
with a; > b; and a; = b; for j < i. By assumption z; is a simplicial vertex of the
8



graph H; = G°l{z;, Z;41,...,2,}]. Notice that since v and v have the same degree,
there exists an integer ¢ > ¢ such that b, > 0. We set

L= {l’g € NHZ(:L',) Dby > O}

Clearly, L C {x;11,...,%,}. First assume that L = (). Let ¢t be an integer > i
such that b, > 0. We set w = z;v/z;. Obviously, w > v, w : v = z; and x;
divides u : v. Since degw = d, it remains to show that w € J. By Lemma 2.2]
deg(ua) < d—ka and deg(va) < d—ky, for any A € F(Ag). Using Lemma[2.2 once
again, we need to show that deg(wa) < d—kx for any A € F(Ag). Let A € F(Ag).
If x; ¢ A, then deg(w,) < deg(va) < d — k4. Suppose now that x; € A. Since
A is a maximal clique of G, it follows that A N {z;41,..., 2.} € Np,(z;). Let
w = a7 ---af». Then ¢; = b; for j < i, and ¢; = b; + 1 < @;. Moreover, from the
inclusion A N {xis1,...,2,} € Np,(z;) and that L = 0, it follows that ¢; = 0 for
any j > i with z; € A. Therefore, deg(wa) < deg(ua) < d — ka, as desired.

Now, suppose that L is non-empty. Let ¢ be the minimal integer such that x; € L.
We set w = z;v/z;. Write w = 7' - - - 2é». We have

b +1 if j =1,
cj = by —1 if j =t (6)
b; otherwise.

We need to show that deg(wa) < d — ky for any A € F(Ag). Let A € F(Ag).
If x; ¢ A, then as before, deg(wa) < deg(va) < d — k4. Now, suppose that z; € A.
Next we discuss each of the cases (a), (b) and (c).

(a) Since ) # L C Ny, (z;), we have | Ny, [z;]| > 2, where Ny, [x;] = Ny, (x;)U{z;}.
By Proposition 2] for any other maximal clique B # A of G° which contains z; we
have AN B = {z;}. Therefore, Ny, [z;] is contained in precisely one maximal clique
C of G° Let C" = C'\ Ny, (x;) and let B # C be an arbitrary maximal clique of
G° containing z;. We claim that C', B C {xy,...,2;}. Indeed, if z; € C’ for some
j > i, then x; € Ny, (z;), which is impossible. Similarly, if z; € B for some j > i,
then x; € Ny, (x;) and {z;,z;} € BN C which is not possible by Proposition 2.11

Now, we show that deg(wa) < d — k. First assume that A = C. Notice that
x¢ € Ng,(z;) € C. Then by (@) we have deg(w¢) = deg(ve) < d — ke. Otherwise,
if A # C, then as was shown above, A C {x,...,2;}. Since ¢; = b; = a; for j <1
and ¢; = b; + 1 < a;, by (@) we have deg(w,) < deg(ua) < d — k4.

(b) If x4 ¢ A, then z; ¢ A for any j > ¢, since G° is a proper interval graph and
i <t <j. Inother words, A C {x; : i—s < j <t—1} for some non-negative integer
s. We have ¢y = a4 for any ¢ < i, and ¢; = b; +1 < a;. Moreover, by the choice of ¢ it
follows that for any x, € A with £ > 7, ¢, = by = 0. So deg(wa) < deg(uas) < d—ka.
If 2, € A, then deg(wa) = (b + 1) + (by — 1) + deg(wa\(z;,2,)) = deg(va) < d — ka.

(c) By our assumption z; belongs to at most two maximal cliques of G¢. If A
is the only maximal clique which contains z;, then L C Ng,[x;] € A. Therefore,
z; € A and hence

deg(wa) = (b; + 1) + (by — 1) + deg(way ay,2,1) = deg(va) < d — ka.
9



Now, suppose x; belongs to two maximal cliques of G¢, say A; and A,. We may
assume that Ny, [z;] C Ay. Then deg(wa,) < deg(va,) < d—ka, because t € A;y. If
Ay N Ny, (z;) = 0, then deg(wa,) < deg(ua,) < d— ka, because Ay C {z1,...,2;}.
Now, suppose that Ay N Ny, (x;) # 0. If by = 0 for all z, € Ay N Ny, (x;), then
deg(wa,) < deg(ua,) < d — ka,. Therefore, in this case deg(ws) < d — ky for

A€ {A;, Ao}
Finally, if b, > 0 for some x;, € Ay N Ny, (z;), we redefine w as w = x;(v/x;), where
t = (. Tt follows that deg(wa) < d — ky for A € {A;y, Ay}, as desired. O

The following picture gives an example of a chordal graph G whose complement
G° satisfies condition (c) in Theorem [2.3] but is neither a block graph nor a proper
interval graph.

Corollary 2.4. Let G be one of the graphs considered in Theorem [2.3. Then,
reg [(G)*¥) = reg I(G)* = 2k for all k.

Proof. Since I(G)™® is componentwise linear, by [13, Corollary 8.2.14], reg I(G)®)
is equal to the highest degree of a minimal generator of I(G)*. By Theorem [T}
this degree is 2k. The equality reg I(G)* = 2k holds by [I5, Theorem 3.2]. O

Let G; and Gy be graphs on disjoint vertex sets. The join of G; and G5 is
defined as the graph G, * G2 with the vertex set V(G;) U V(G3) and the edge set
E(Gh)UE(Go)U{{z,y} : v € V(G1),y € V(G2)}. One can define the join operation
inductively for any finite number of graphs on disjoint vertex sets.

Corollary 2.5. Let G = G *---x G,, where each G; belongs to one of the families
of graphs in Theorem[Z.3. Then reg I(G)*) = reg I(G)* = 2k for all k.

Proof. By [19, Theorem 3.2] and Corollary 2.4]

reg I(G)® = max{reg [(G;) —i+k : 1<i<k1<j<r}=2k
On the other hand, the graph G° is the disjoint union of GY, ..., G¢. Therefore it is
chordal. Hence, [I5, Theorem 3.2] implies that reg I(G)* = 2k. O

3. THE SECOND SYMBOLIC POWER OF EDGE IDEALS

In this section, we address Conjectures [Bl and [C] for the second symbolic power of
edge ideals. We prove that I(G)® has linear quotients if G is a cochordal graph.

To this end, let G be a cochordal graph. Since G is perfect, Theorem [T implies
that

I(G)? = K4(G)+1(G)% (7)
10



We will need the following technical lemmas. For a monomial ideal I, the unique
set of minimal monomial generators of I is denoted by G(I).

Lemma 3.1. Let Iy, ..., 1I; be equigenerated monomial ideals with linear quotients,
with a(l;) = d; and dy < --- < d;. Suppose that the following property is satisfied:

() For all w € G(I;) and v € G(I;) with i < j and deg(u : v) > 1, there exists a
monomial w belonging to

(LU---UlLi_)U{w e G(I;) : w > v in the linear quotients order of 1;}
such that deg(w : v) =1 and w : v divides u : v.
Then I =1 + - - -+ I; has linear quotients.

Proof. We prove the statement by induction on ¢ > 1. For t = 1, there is nothing
to prove. Let t > 2. To simplify the notation, we set J =1, +---+I; 1, L = I, and
I = J + L. By induction, J has linear quotients. If L C J, then I = J and there is

nothing to prove. Suppose now that L & J. Let uq,...,u, and vy,..., v, be linear
quotients orders of J and L, respectively. Since .J is generated in degrees dy, ..., d;_1
and L is generated in degree dy, it follows that G(I) = G(J) U {v;,,...,v;,}, for a
certain k > 1 and 1 < j; < --- < jp < /L. We claim that ui,...,up,vj,...,v; is a
linear quotients order of I. Since uq, ..., u,, is already a linear quotients order, it is
enough to show that
(ul, vy Uy Uy v e e 7Uji71) O
is generated by variables for all i. For later use, let H = (u1,. .., Up, V1, ..., 0-1).

Consider a generator v, : vj. Then, there exists s < j; such that vs : v;, = x,
and z,, divides v;, : v;,. If s = j, for some ¢, then we are done. Otherwise, v, is not
a minimal generator and there exists u;, which divides vs. Then wuy, : v;, is not one
and it divides v, : v;;, = x,. Hence uy, : v;, = 2, and we are done.

Consider now a generator u, : v;,. If deg(u, : v;,) = 1, we are done. Otherwise,
if deg(u, : vj;) > 1, the property (*) implies that there exists w € H such that

w : vj, = T, and z, divides u, : v;,. Since H = (uy,...,Un,Vj,...,0; ,), there
exists w’ € {uy, ..., Um,vj,...,vj, ,} such that w’ divides w. Then w' : vj, divides
w v, = xp. Since w’,v;, € G(I), it follows that w' : v;, = x,, and this concludes
the proof. O

Lemma 3.2. Let © € X be a variable, [ C S = K[X] and I, C K[X \ {z}] be
monomial ideals with linear quotients such that Iy C I,. Suppose that G(xI,) C G(I).
Then I = xIy + Iy has again linear quotients.

Proof. Let uq,...,u,, and vq,...,v, be linear quotients order of I; and I,, respec-
tively. If I = «I; there is nothing to prove. Otherwise, G(I) = G(xI;) U G(I3), since
I, C K[X \ {z}]. We claim that zus, ..., 2Up,v1,...,v is a linear quotients order
of I. To this end, since zuq, ..., zu,, is a linear quotients order, it is enough to show
that (zuy,...,TUpy,v1,...,0;_1) : v; is generated by variables for all . Consider a
generator v, : v;. Then, there exists s < ¢ such that v, : v; = 7, and z,, divides v, : v;
and we are done. Now, consider a generator zu, : v;. From I, C K[X \ {z}], we
know that the variable z divides zu, : v;. Since v; € Iy C I, there exists w € G(I;)

which divides v;. Thus zw € G(I), xw : v; = x and we are done. O
11



Another lemma which is required is the following

Lemma 3.3. Let [ = I(G) be an edge ideal with linear quotients and let P C S be
a monomial prime ideal. Then PI has linear quotients.

Proof. Up to a relabeling, we may assume P = (xy,...,2;). Let uy,...,u, be a
linear quotients order of I. We proceed by induction on m. If m =1, zjuq, ..., zuq
is a linear quotients order of PI. Let m > 1 and L = (uy,...,Up_1). Then
I = (L,u,), L is again an edge ideal with linear quotients and so by induction PL
has a linear quotients order, say, vi,...,v5. Let @j, U, ..., T Un, with 1 < j; <
-+ < js < t, be the monomials in G(PI)\ G(PL). We claim that

Voo oy Uy TjiUmy + + o5 Tj,Um (8)
is a linear quotients order of PI. Since by induction, vy,..., v, is a linear quotients
order of PL, it remains to show that (vy,..., Un, Tj,Um, ..., Tj,  Up) @ TjUny 1S gen-

erated by variables for all 1 <7 < s. It is clear that x; u,, : z;u, = ;, is a variable
for all 1 < p < 4. Consider now the monomial v, : z;,u,. Then v, = z,u, for
some 1 < p <t and some 1 < ¢ < m. If deg(v; : z;u,,) = 1, there is nothing to
prove. Suppose that deg(vs : xj,uy,) > 2. Let u, = x,z,. Then at least one of the
variables z, and x; divides vy : Uy, say x,. Consider ug : u,,. Since I has linear
quotients, there exists k& < m such that u; : u,, is a variable that divides v, : uy,
and so uy : uy, divides z,x,. If ug : uy, = x,, then z;u; : x;,u, = x,. Notice that
xj,ur, € G(PL). So in this case we are done. Now, assume that uy : u,, = z,. If x,
divides vy : j,u,, then the same argument as before can be applied. Now, suppose
that z, does not divide v, : @, u,. Then vy : x4, = x,2,. Since ug : Up, = Ts, Ts
does not divide u,,. These imply that j; = s and hence w;, divides z;,u,,. Therefore,
TpUy © Tj U = T, divides vy @ 2j,uy,, and zpyu, € G(PL). O

The following remark will be needed in the proof of Theorem

Remark 3.4. Let I = I(G) be an edge ideal with linear quotients and let P =
(j,-..,x;,) C S be a monomial prime ideal. Let uy, ..., u, be a linear quotients
order of I. Then G(PI) = {vi,...,vn} C {zjuq: 1 <p <t,1 < g <m}. Consider
the following order of monomials

Tj Uy > - > T U > TjUg > e > LUy > e > Ty Uy > > LUy, (9)

Notice that each vy is equal to at least one monomial z;,u, in the above list. We call
xj,uq = vy the standard presentation of v, if x; u, is the biggest monomial equal to
ve in the order ([@). Then, the order (@) induces a total order > on G(PI) defined
for any vy, vs € G(PI) by setting v, > v, if the standard presentation of v, is bigger
than the standard presentation of vg in the order (). It follows from the proof of
Lemma that PI has linear quotients with respect to the order >. Indeed, in
the ordering (§]), one may assume by induction that vy, ..., v, is the desired order.
Since xj, Up,, - . ., Tj, Uy, belong to G(PI)\ G(PL), it follows that they are standard
presentations, and so (§)) is the desired linear quotients order of P1I.

The following result strengthens a result by Minh et al. [20, Theorem 3.3] in the

case that GG is a cochordal graph.
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Theorem 3.5. Let G be a cochordal graph. Then I(G)® has linear quotients. In
particular, reg I1(G)?) = reg I(G)? = 4.

Proof. Let x1 > --- > x, be a perfect elimination order of G°. We prove the
theorem by induction on n > 2. If n = 2, then V(G) = {x1, 22}, and I(G) = (0) or
I(G) = (z129) and I(G)® = I(G)? = (z222) has linear quotients.

Suppose now n > 2. Let Gy = G\ {z1} and G2 = G[Ng(z1)]. Then, by the proof
of [24, Theorem 3.2] we have

1(G)? = (01K1(Gy))* + 21 K1(G2)I(Gh) + 1(Gh)?, (10)
K3(G) = $1](G2)+K3(G1), (11)

with I(Gy) C K1(Gs), K3(G1) C I(Gs), and these four ideals appearing in the
inclusion relations have linear quotients.
We set P = K;(G3), and note that P is a monomial prime ideal. Then, by (),

(DIID and (Dj:l)v
I(G)® = 2,[I(Gy) + 2, P? + PI(Gy)] + I(G1)®. (12)

Let G(P) = V(G2) = {xj,,...,2;}. We may assume that 1 < j; <--- < j, <n.
Then the linear quotient orders of PI(G) are determined as in the Remark 3.4l On
the set G(x; P?) we fix the lex order induced by x1 > 25 > - -+ > x,,. Obviously, this
is a linear quotients order of x; P2

Set ]1 = [(Gg), [2 = LU1P2, [3 = P[(Gl), and L = [1 + [2 + ]3. Since ]1,[2,[3 are
equigenerated with linear quotients (see Lemma B3]), by Lemma Bl it is enough
to show that L satisfies the property (x). For this aim, let v € G(I;) and v € G(1,),
with h < ¢, such that deg(u : v) > 1.

Suppose h = 1. Hence u = x;z; € I(Gs) with z; > z; and z;,x; € P. We have
¢{=2orl=3.

Suppose ¢ = 2. Then v = z1(xpz,) € x1P? with z, > x,. Since deg(u : v) > 1,
we have u : v = u = x;x; and p # i,j. Note that z,,z,,z;,2; € G(P) = V(Ga).
If z; > x,, then w = z1(x;2y) € I, and w > v in the linear quotients order of
I,. Moreover, w : v = z; divides u : v, as wanted. Otherwise, suppose z, > x;.
We claim that xz,z; € I(G2) or z,x; € I(G2). Suppose this is not the case, then
{zp, xi}, {xp, x;} € E(G°). Since x, is a simplicial vertex of G[z,, Tpt1, . .., 2,] and
x, > x; > x;, it would follow that {z;,z;} € E(G°), which is absurd. Therefore,
xpr; € I(Gy) or xp,x; € I(Ge). I, for instance, w = z,z; € I(G3), then w : v = x;
divides u : v and the property (x) is again satisfied. Otherwise, if w = x,z; € I(G3),
once again w : v = z; divides u : v and the property (*) is satisfied.

Suppose £ = 3. Then v = z,(x,z,) € PI(Gy) with z, € P and z,z, € G(I(G1)).
We assume that v = x,(z,x,) is the standard presentation of v. Since deg(u : v) > 1,
thenu :v=wandsop #1,j. lfz; > x,, then w = z;(x,25) € G(PI(G1)), andw > v
in the linear quotients order of PI(G;) by Remark B4l Then w : v = z; divides
w : v, and the property (*) is verified in such a case. Suppose now z, > x; > z;. As
shown before, z,x; € I(G2) or z,x; € I(G). If w = x,2; € I(Gy), then w : v = ;
divides w : v and the property (x) is satisfied. We proceed similarly if x,2; € I(Gs).

13



Suppose now h = 2. Then ¢ = 3. In this case z; divides u : v, and v = z,(x;z;)
with x, € P and z;x; € I(Gy). Since I(G1) C P, we may assume that x; € P. Then
w = z1(zpx;) € G(x1 P?), w: v =2y divides u : v, and the property (*) is satisfied.

Hence, L has linear quotients. Notice that I(G)? = zL+1(G1)®. By induction,
I(G1)® has linear quotients. Since I(G,) C P and K3(G,) C I(Gs), equation (1)
implies that I(G;)® C L. We claim that G(x;L) C G(I(G)®). Then, Lemma
implies that 1(G)® has linear quotients, as desired.

Suppose that G(x1L) \ G(I(G)®) # (). Then, there exist monomials u € G(z; L)
and v € G(I1(G1)?) such that v divides u properly. Since 2L, I(G;)® are generated
in degrees three and four, we have deg(u) = 4 and deg(v) = 3. Equation (I2]) implies
that u € 22 P>+ 2, PI(Gy). If u = 23 (xpz,) with z,x, € P?, since v € K|z, ..., 2,
then v should divide z,x,, which is not possible. Otherwise, if u € 1 PI(G;), then
v should divide u/xy = z,(z;x;), where z, € P and x;x; € I(G;). Since deg(v) = 3,
from the equation I(G;)® = K3(G;) + I(G1)? we have u/x; = v € K3(G;). Thus
u=mv € 11K3(G1) C x11(G>), against the fact that u € G(z1L). Hence G(x1L) C
G(I(G)?¥), and this concludes the proof. O
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