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THE LARGE-COLOR EXPANSION DERIVED FROM THE
UNIVERSAL INVARIANT

BOUDEWIJN BOSCH

ABSTRACT. The colored Jones polynomial associated to a knot admits an
expansion of knot invariants known as the large-color expansion or Melvin—
Morton-Rozansky expansion. We will show how this expansion can be derived
from the universal invariant arising from a Hopf algebra D, as introduced by
Bar-Natan and Van der Veen. We utilize a Mathematica implementation to
compute the universal invariant Zp(XC) up to a certain order for a given knot
KC, allowing for experimental verification of our theoretical results.

1. INTRODUCTION

The colored Jones polynomial J¢ is an extension of the Jones polynomial [Jon85],
a knot invariant in three-dimensional space. It depends on a positive integer n,
which corresponds to the dimension of an irreducible representation of the quantum
group Uy (slz). The colored Jones polynomial is an example of a so-called quantum
invariant, which typically arise from the representation theory of quantum groups
[Jim&5, Kas95]

The Alexander polynomial is another invariant of knots in three-dimensional
space [Ale28]. Tt is a polynomial Ax(T) in one variable T' that has clear roots in
the topology of the knot K.

Melvin and Morton conjectured a relationship between the colored Jones poly-
nomial Jg¢ and Alexander polynomial Ax. This was subsequently proven by Bar-
Natan and Garoufalidis [BNGY6]. Rozansky later showed that the colored Jones
polynomial admits an expansion whose zeroth-order term is equal to the reciprocal
of the Alexander polynomial [R0z97, Roz98]. This expansion is known as the large-
color expansion or Melvin—Morton—Rozansky expansion (see Theorem 3.26). In her
PhD thesis, Overbay computed explicit expressions of the first- and second-order
terms (P and PJ resp.) for knots up to 10 crossings [Ovel3].

In recent years, there has been a resurgence of interest in the large-color ex-
pansion, due to the development of the Gukov and Manolescu series F(z,q), for
which an expansion in terms of the large-color expansion has been conjectured
[Par20, GM21]. Moreover, the Melvin-Morton expansion has been used to study
the similarly defined wnified invariant [MW24].

Recently, Bar-Natan and Van der Veen introduced a new knot invariant Zp based
on a ribbon Hopf algebra D, that dominates the universal quantum sl invariant
and hence all colored Jones polynomials [BV21]. A fundamental part of their con-
struction was to consider an algebra I over Q[e][h], instead of the usual Q[h] (see
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Definition 3.17). The new variable € does not play the same role as h in the quant-
ized enveloping algebras of Drinfeld-Jimbo type. One significant distinction is that
€ is absent from the definition of the co-product.

By considering generating functions in terms of perturbed Gaussians, they were
able to expand Zp(K) in orders of € with terms pfj (i,7 > 0), q.v. Theorem 3.27.
This expansion closely resembles the large-color expansion of the colored Jones poly-
nomial. Because the knot invariant Zp(K) originates from the universal invariant
— as opposed to the more common Reshetikhin-Turaev invariant — its topolo-
gical interpretation is tractable due to its good behavior under tangle operations,
strand doubling and reversal. Furthermore, a Mathematica implementation has
been developed to compute Zp(K) efficiently, making calculations straightforward
and convenient.

Based on both the theory of quantum invariants, the Kontsevich invariant and
experiments, the invariants p’,f)o were conjectured to be equivalent to the higher-
order knot invariants of the large-color expansion as introduced by Rozansky. In
this paper, we will prove the following:

Theorem 1.1. The polynomials pfo and PF are equal.

Moreover, we show that the large-color expansion can be obtained from Zp(K)
for any order. Using the Mathematica implementation to compute Zp(K) up to a
specified order of €, we provide experimental verification of this result.

1.1. Organization of the paper. In Section 2 of this paper, we recall the defin-
ition of the universal invariant associated to rotational tangle diagrams. We intro-
duce the concept of “twisting” the universal R-matrix, which allows for different
choices of universal R-matrices. It is proven that the universal invariant of tangles
varies through conjugation based on whether the standard R-matrix or its twisted
counterpart is chosen.

In Section 3 we provide a brief review of Uy, (sly), together with an elaboration
of its Verma modules. We proceed by showing that the universal R-matrix derived
from the Drinfeld double D4, can be “twisted” to the universal R-matrix of Uy, (slz).
By establishing an isomorphism between D, and the algebra ID, an explicit relation
between pfo and PF can then be inferred.

In the final Section 4, the Mathematica program by Bar-Natan and Van der Veen
is used to experimentally verify the relation between the knot invariant Zp(X) and
the large-color expansion of the colored Jones polynomial.

Acknowledgments. The author would like to thank Roland van der Veen for
many helpful discussions and suggestions on the content of this paper.

2. THE UNIVERSAL INVARIANT AND TWISTING

In this section, we will examine oriented and framed tangles that can be easily
represented as rotational, mainly following [Bec24]. Additionally, we will define the
universal invariant and discuss the operation of “twisting.” The universal invari-
ant is shown to remain unchanged modulo conjugation regardless of whether the
standard universal R-matrix or its twisted counterpart is chosen.
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2.1. Tangles. A (framed, oriented) tangle is a compact 1-manifold properly em-
bedded in I® such that the boundary of the embedded 1-manifold consists of distinct
points in {0} x I x {0,1}. A tangle is said to be framed when it is equipped with
a non-singular normal vector field that equals (0,—1,0) at all the endpoints. Two
(framed) tangles are referred to as isotopic if they can be transformed into one
another through an isotopy of I® while preserving their boundary points.

To any tangle we associate a source s(y) € Mon(+) := Mon(+, —) which is a
word in + and —, that should be read along the oriented interval I x {0} x {1},
where we associate the sign + (resp. —) to any boundary point of v when the strand
at that point is downwards (resp. upwards) oriented. The target ¢(+y) € Mon(+) of
v is defined in a similar way.

We define the strict monoidal category T of tangles by setting its objects to
Mon(#) and its morphisms Homy (s, t) to isotopy classes of tangles v with source
s = s(y) and target t = t(y). The composition v o 4’ of tangles v and +" with
t(y") = s(y) is obtained by stacking 7" on top of . The identity is the trivial tangle
with vertical strands, trivial framing and a compatible orientation. The tensor
product in 7T is defined by the juxtaposition of tangles.

The category of tangles 7 contains a subcategory of upwards tangles with ob-
jects Mon(+) C Mon(#) and morphisms consting of upwards oriented open tangles.
An upwards tangle K € Hom(+, +) is referred to as a long knot. A standard clos-
ure process exists, resulting in a one-to-one relationship between the subcategories
of long knots and closed knots. Studying long knots instead of closed knots has
algebraic benefits, which shall be utilized in the upcoming sections.

Instead of working with the conventional generators of morphisms in 7 using
cups and caps, we will introduce an alternative approach involving a variant of
Morse diagrams of tangles. From this perspective, it will be necessary to keep track
of the rotational number of the strands within the diagram. A tangle diagram D
corresponding to a tangle v is said to be a rotational tangle diagram if
(1) ~ is an upwards tangle.

(2) all crossings in D are upwards oriented, and all maxima and minima appear in
pairs in the following two forms:

and minima. Any tangle diagram can be transformed into a rotational tangle dia-
gram through the application of local planar isotopies, as has been shown in [Bec24].
In fact, rotational tangle diagrams are related by rotational Reidemeister moves,
for which we also refer to [Bec24].

Proposition 2.1.
{ upwards tangles } { upwards tangle } { rotational tangles }
in (13) diagrams in I? in I?
isotopy planar isotopy and ~ planar isotopy and
Reidemeister moves Reidemeister moves
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Proof. See [Bec24, Corollary 2.3]. O

2.2. The universal invariant. Let (A, R, k) be a topological ribbon Hopf algebra
with unit 1 € A and balancing element k. The universal R-matrix is given by
R=73,a; ® 3 with its inverse R~' =3, a; ® Bi.

In the following we restrict to the study of open upwards tangles with ordered
tangle components. In order to define the universal invariant, an n-component
open tangle L = Ly U---U L, has to be broken apart in terms of cups, caps
and crossings. On each strand of these generators, beads are placed, representing
elements elements of the ribbon Hopf algebra A. In particular, one places “alpha”
on the overstrand, and “beta” on the understrand. The beads are labelled in
accordance with the figure below:

Let be Z(L) ) the product of the labels of the beads from right to left along the
orientation of the strand k. The universal invariant of L associated to the ribbon
Hopf algebra A is

Za(L) =) Za(L)@y®+ - &Za(L) () € AG -+~ HA
where the sum is taken over all the subindices in R*!.

As the name suggests, the universal invariant is preserved under Reidemeister
moves and is therefore an invariant of tangles [Oht02][Thm. 4.5].

Example 2.2. Let K be the trefoil as illustrated below. Note that we have already
decorated the crossings and closures in accordance with the prescription above.

The universal invariant, associated to the trefoil, is given by

Z(K) = Bra;Bir aBjo.

4,3,k
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The universal invariant recovers the Reshetikhin—-Turaev invariant. As to see
why this is the case, consider the ribbon category of tangles Tyoa, by coloring the
tangle components with elements of the space of finite-rank left A-modules denoted
by Moda. Recall that the Reshetikhin-Turaev functor RT: Tyoa, — Moda
induces an invariant of upwards tangles. Indeed, label each tangle component k
with V3, € Mody, together with an action of A given by py, (A). Write o for the
permutation induced by L. We have

RTy, (Vi,...,Vy)

= 0x O (PV1® e ®an) (ZA(L)) S HOHIA (‘/1® T ®Vn7 Vo‘(l)® T ®Vo(n))
where 0,: Vi& - ®V,, — VU(1)® e ®Vo(n) is induced by o, permuting the vector
spaces in the tensor factors. Now, as any link L is the closure cl(L) of a string link,

the quantum trace tr; (z) := tr" (k) relates the universal invariant of L with its
closure cl(L) via the formula

RTay (Vi,..., Vo) = (tr)* @@ty ) (Za(L)).
We note that for modules of infinite rank, it would be impossible to take the trace

in the manner described above.

2.3. The twisted R-matrix. Given a ribbon Hopf algebra (A,R =", a; ® 5, k)
over a field k, it is possible to define another universal R-matrix R that gives rise
to the same universal invariant of long knots and satisfies Yang-Baxter equation.
To define this new universal R-matrix we introduce the following.

Definition 2.3. An element ¢ € A is called a twisting element if satisfies the
conditions
[p, ] =0
pa; = i
0B =6, Bip
pa; = d;a;p
0B =67 'Bip
for some d; € k.
It is often the case that the balancing element k is itself a twisting element.
However, as we shall see, the twisting element of choice will be a slightly deformed

version of k. For example, in the case of Uy (sly) over Q[h], we have k = Exp(hH),
while choosing ¢ = Exp(huH ), for some p € Q.

Definition 2.4. Given a twisting element ¢ and a universal R-matrix R, the twisted
R-matriz is defined as

R=(12¢ HR(p®1).
We say that R is related to R by twisting.
Remark 2.5. Let P(xr ® y) = y ® x be the interchanging map. Note that
PoR=(o"'®1)PoR(p®1).

Hence, the actions of Po R and P o R on a module V @ V differ by a conjugation
with (p~! ® 1).
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Recall that in the definition of the universal invariant, the universal R-matrix
R =73, a; ®f; and its inverse R 1= >; @; ® fB; are associated to the positive and
negative crossings in the following manner.

N

The twisted R-matrix is expressed as R = D ® ©~13; with inverse equal to
R 1= > ¢ 'a; @ Bip. We define another universal invariant, denoted by 7, where

R and R™! are associated to the positive and negative crossing, instead of R and
R~L. Pictorially, the element ¢ (resp. ¢~ ') is represented as a black (resp. white)
dot, as illustrated below.

To ease some of the notation, crossings containing only the “alpha” and “beta” are
replaced with a box, while the elements ¢, ¢! are placed at the corners. From the
definition of the twisting element ¢, it is clear that

R=) ip®@¢ 8= ;@ pip "

K2

In diagrammatic form, this can be expressed a

::\ /=

Q;
This identity also holds for the dotted box, associated to R

Lemma 2.6. We have

(e e1) (Z " @ Sﬁnﬁz) = (Z a;i " ® Sﬁ(nik)ﬂz) (1@ ¢**),
implying

N
n ke n+ k

n | n+k

kc?

where, in the figure, we write a + (resp. —) when the dot on the left strand is black
(resp. white). A similar expression holds for the the dotted box.

Proof. From the defining relations of the twisting element, we find

(P ®1) (Z " ® w‘”&) = T @ ptRpT (1 ER B,
i i
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— (Z ai@nﬂ:k ® @_(nik)ﬂi@ik> )
In the expression above, ; (resp. ;) can be replaced with &; (resp. f;). a

Example 2.7. Consider the following braid.

AN ~ N N ~
]
B =
— ¢

We associate Z A(B) to this braid, as described above. Note that there are no
elements ¢ or ¢! present on the first strand. On the second strand, the first black
dot counted from below can be moved along the strand toward the second white dot
using Lemma 2.3. These black and white dots then cancel. Due to the application
of Lemma 2.3, the dots on the third strand are labeled by 2, meaning that »? and
2 lie on the right-hand corners of the gray square adjacent to the second and
third strand. By another application of Lemma 2.3, these dots can be moved to
the end of the strand, leading to a labeling of 3 in the fourth strand. By repeated
application of Lemma 2.3 we see that Z4(B) is related to Z4(B) by a conjugation
with1® p® - ® p?

Theorem 2.8. Let By be a braid of N strands and ZA(BN) be the universal
invariant, obtained by replacing the R-matriz R with the twisted R-matriz R. Then
ZA(By) is related to Z,(By) by conjugation with 1 ® ¢ @ -+ ® @V 1.

Proof. The steps of Example 2.7 can be performed for any braid, where one has to
perform either of following operations:
e cancel black and white dots that are directly next to another;
e apply Lemma 2.3 to move the black dot along the strand toward the white
dot;
e apply Lemma 2.3 to move the black (resp. white) dot up (resp. down)
toward the end of the strand.
This way, one ends up with zero dots on the first strand, one white (resp. black)
dot at the lower (resp. upper) end of the second strand, etc. (I

Corollary 2.9. Let K be a long knot. Then Za(K) = o' Z4(K)e ™" for some { € Z.

Proof. Let By be the braid of N strands whose partial closure (leaving one strand
open) is equal to the knot K. By Theorem 2.8, we know that Z4(By) is related
to Za(By) by conjugation with 1 ® ¢ ® - -+ ® V=1, The invariant of the closure
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can be computed through multiplication of the appropriate tensor factors with an
element  in between. Since [, k] = 0, we see that the elements ¢* and =% cancel

in every closure. Thus, Z4(K) = ¢*Z4(K)e ! for some ¢ € Z. O

3. PERTURBED KNOT INVARIANTS

In this section, we will give a short overview of the algebra U}, (sl2) together with
its Verma modules, following [Kas95]. Next, we will demonstrate how the universal
R-matrix of the Drinfeld double D,(, can be transformed to match the R-matrix
of Up(sly) through twisting. By establishing an isomorphism between D4, and the
algebra D, we can then compare different perturbative expansions.

3.1. A review of U,(slz) and the colored Jones polynomial. Consider the
3-dimensional vector space sly over the field C with preferred basis H, F, F' and Lie
bracket [H,E| = 2F, [H,F| = —2F and [E, F] = H. In terms of matrices, the Lie
algebra is represented as

(0 e-(00) ()

It is standard to extend this Lie algebra to the universal enveloping algebra denoted
by U := U(sly). We hereby upgrade the Lie algebra to an associative algebra over
C with the same generators and relations as sls.

Let k be a field of characteristic zero. The quantum group U, := Ugy(sly) is the
algebra over k(¢'/?) with generator E, F, K, K~' and relations

KK'=K'K=1
KEK-'=¢F, KFK-!'=q2F

_ K-K!
B, F] = =5

Set [n]q = %. The algebra is endowed with the structure of a Hopf algebra:

AEY=19 E+ E®K ¢E)=0 S(E)=-EK™!
)

AF)=K'@F+F®1 e¢F)=0 S(F)=-KF
AK)=K®K e(K)=0 S(K)=K'
The universal R-matrix only converges in the topological algebra Uy := Up(sls)
over k[h] with ¢ = e" and K = ¢¥. It is given by
> _ ,—1\n e
R=Y" (a—¢ )" ' )" S 2D p o o (3.1)
o [n]g!
NS (q_q—l)n aln-1) —H\n H n, HOH
:ZT(] T (B T) (@ F)'q
n=0 a:
with inverse
i -1 _ n n(n—
R—l _ Z (q Q) (]_7( 5 1)‘En ®an— H§)H

n=0

Furthermore, the ribbon element is v := K ~'u where u = Y. S(B)aif R =Y a®f.
This leads to the following.

Theorem 3.1. The triple (Uy(slz), R,v) forms a topological ribbon Hopf algebra,
with balancing element g™ .
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Proof. See [Oht02, Theorem 4.14]. O
Notation 3.2. Let a € {£1}. Define the map to: U, — Uy
By g Hle=02p  py pgtle=D/2 gy _H  hs ah.
It is clear that ¢, is an automorphism of algebras. Moreover, we note that
t1(R)=PoR* 1+ (RY)=PoR

Let K be a O-framed long knot with mirror image K. Using to the definition of
the universal invariant, together with equation (2.1), we can establish the following
proposition.

Proposition 3.3. We have t_1(Zy, (K)) = Zy, (K).

One key advantage of considering long knots over closed knots is demonstrated
by the following theorem.

Theorem 3.4. The universal invariant Zy, (K) lies in the center of Uy,.

Proof. See [Hab06, Proposition 8.2]. O

Fix a scalar A # 0. It is possible to construct the Verma module of highest
weight A of U,(sl2). As shown in [Kas95], one finds an infinite-dimensional vector
space M,(\) over k(q'/?) with basis {v;};en upon which U, (sly) acts by

Kv, = A\q¢"*v,, K v, =\"1¢* v,
g PN —g"A!

q—q1 Up,  Fup =[p+1]qvps1

Evpir =
EUQ =0.

Note that M (A) cannot be simple when A is of the form +¢" where n is a non-
negative integer. A rescaling of vectors yields

Kv, = )\q_Q%p, K_lvp = A_1q2pvp,

—P)\ —gP)\ !
Evpir = [p+ Ugvp, Fup = %%-&-1 (3:2)
E’UO =0.

The Verma module can equally well be understood in the h-formal sense, in
which case it is not a vector space over k(q'/?) but instead an algebra over k[h]
with an action of Up(sly). This module is denoted by Mj (), with the following
actions

Hmy, =\ —2p)m,, Emo=0

g PN — gp— (3.3)
T

The element mg € Mp(\) will be called the highest weight vector.

Let ¢ € {£1}. Up to isomorphism, there exists a unique simple U,-module
of dimension n + 1 that is generated by a highest weight vector of weight e¢™.
Moreover, it is a quotient of the Verma module M,(e¢™). We denote this module
by V4(e,n), with Uy, action given by

Empiq = [p+1gmy, Fmy=

Kuv, = eq" v, Evy, = e[plqvp—1 Fo,_1=[n—p—1]4vp.
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As with the Verma module, V,(e,n) has an interpretation as a Up(slz)-module,
which shall be denoted by V4, (g, n).

Remark 3.5. The universal R-matrix for the quantum group U, is not be well-

defined, but there is a well-defined R-matrix action on the Uj-module V,(1,n) ®

H®H

V4(1,m). This is because when the Cartan part q% acts on a vector, the variable

q can be reintroduced as follows:
GFHOH Y, @ vy = g3 (20 (0=20) gy @
The following proposition is based on [Wil22][Proposition 42].

Proposition 3.6. Let m € My(\) with A # 0 or m € Vy(e,n). There exists a
B € k[h] such that Zy, (KK)m = Bm.

From Theorem 3.4, we know that Zy, (K) lies in the center of Up,. Let us check the
statement for a basis element m; € My (\). We have H Zy, (K)m; = Zy, (K)Hm,; =
(A —20)Zy, (K)m,;. Hence, there exists a 8; € k[h] such that Zy, m; = f;m;. With
this, we find that

EZy, (K)mit1 = Bit1Emiy1 = Bipa [t + 1]gm,.
On the other hand, we also have
EZUh (IC)mZ-H = ZUh (IC)EmiJrl = [Z + l]qZUhmi = ﬁi [Z + 1}qmi.

Thus, we conclude 8;+1 = f;. Defining 8 := f; yields the proposition for when
m € Mp(X). The same argument holds for when m € V, (e, n).

Definition 3.7. The colored Jones polynomial of K is defined as
(7R (q) := trg"* RTy, _, (K)
where V,, := V,(1,n) is the (n + 1)-dimensional U, (slz)-module defined above.
Proposition 3.8. Let vg € Vi,(1,n — 1). The following equality holds:
J2 (Mo = Zu, (K)vo.

Proof. Since Zy, lies in the center of Uy, there exists a A € k[h] such that Zy, v; =
Av; for all i = 0,...,n — 1. Set ¢ = . By definition, we have

n—1 n—1
=0 =0

On the other hand, we have

n n-1

qn _ q—n 1 qn —q 1 B Ly 4 o
[n]q = — = = ("= g ) =)
q-4q q1-q q —

Thus A = JZ(eh). O

This suggests the following definition.
Definition 3.9. Let mg € Mj,(\) be the highest weight vector. The colored Jones

function Jg is defined as
J)c ()\7 h)mo = ZUh (K)mo

The colored Jones function can be viewed as an analytic continuation of the
colored Jones polynomial. In [Wil22] this has been related to the ADO polynomials.
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Proposition 3.10. The following equality holds:
JR(eM) =T (n—1,h).

Proof. By setting A = n — 1 in the module M}, () one obtains a module, which
contains a simple submodule that is equal Vj,(1,n — 1). This simple submodule
contains the the highest weight vector mg, which is labeled as vy € V3 (1,n—1). O

3.2. The Drinfeld double ®,,. In the previous subsection, we described the
standard approach to Uy (slz). The algebra Up(sly) is commonly constucted from
the Drinfeld double by quotienting out an ideal. This subsection diverges by re-
taining this ideal, granting us an additional central element, which shall be of use
in the forthcoming sections.

The topological Drinfeld double Dy, is a topological algebra over k[h] with
generators

[H,E] =2E [H,E] = —2E
[H,F] = —2F [H,F] =2F
H_  H
g —4q T
g F=1 "9 H,H] =0,
B, )= = [H, H]
and an R-matrix and balancing element
— (¢ —q)" -neii nc-n n_E
Rm[z:;Wq 2 TETOFT, K=gq2z =.

Based on the information provided, it is possible to construct a knot invariant,
by using the definition of the universal invariant as introduced in Section 2.2. As
opposed to Uy (slz), we now have a new central element at our disposal, given by

—20::H—|—ﬁ.

It is clear from the equation above that setting ¢ = 0 yields the Uy, (sl2) universal
R-matrix. Thus, we say that the universal invariant Zp, , dominates universal
quantum sly invariant, and hence all colored Jones polynomials. To explicitly find
the relation between Zp,  and Zs,, without merely setting ¢ = 0, it will be useful
to introduce a new set of generators given by

H=H+c=-H-¢c E=E F =¢c“F

which admit a Uy (sly) algebra structure:

H _ —H
[H',E)=2E [, F)=-2F (B =1 "9_
q9—dq
With these generators, it is clear that x = ¢ ". Define
. e (q - qil)" H'@H' | n(n—1)
Ro,, =3 ooy ¢ T BT F (3.4)

"0 []q!

In terms of the generators E’, F' and H’, this element is equal to the universal

Uy, (sly) R-matrix, as introduced in (3.1). In fact, this element can be related to the
universal ®g, R-matrix, as is illustrated by the following.
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Proposition 3.11. The following identity holds
q%c@)cq%c@H’R@s[Q q—%H/@)c _ R/Ds[z_
Proof. Note that ¢2H'®¢(E @ F)q~2#'®¢ = (E ® ehF). From this, we find
Ry

slo

> —_ 71” c n(n—
:Z(q ) PR 20 o

0 —1\n
_ Z (g—q7 ") (Hl,c)g(H’+c)+n(n271) o

ngfﬂ+%H/®c—%c®H'+7n(n;l)En ® F"

— q—%c@)cq—%c@H’ Z (q - q_l)nqw_i_wEn ® (eth>n q%H/@’C. 0
ne0 [n]q!

Notation 3.12. We extend the map to: U, —> Up from Notation 3.2 to a map
Ut Dg, — Dy, given by

E' vy g Hle=D2p pry prgie=0/2 gy gt hiesah oeese

Given the fact that the generators H’, E', F’ admit a Up(slz) algebra structure,
it is rather straightforward to set-up a simple module for ®4,, where ¢ acts as a
scalar. This is done by following the approach of Section 3.1.

Proposition 3.13. Let p € k. There exists a module ®q1,-module, denoted by
My (A, 1), with basis {m;}ien, upon which Dgy, acts by

H'my, = (\=2p)m,, cmy,=pm,
q—p-s-k — qp—A

E'myy = [p+1gmy, F'my = q—q!

Mp+1

E/mo =0.
Moreover, the simple Ug-module of dimension n+1, denoted by V,,, can be upgraded
to a g1, -module spanned by the same vector v, ..., vy, , upon which g, acts by

H'v, = (n — 2p)v, E'v, = [plgvp—1 Flo,_1=[n—p—1],v, cvp = .
This module is denoted by vh(n,u).

Define the knot invariant 295,2 using the universal R-matrix R as in (3.4). From
the fact that D4, has a set of generators that admit a Uy, (sl2) algebra structure, it
makes sense that the universal ., invariant, acting on a highest weight vector of

Mh()\, 1), reduces to the colored Jones function. This is exemplified by the following
proposition.

Proposition 3.14. Let K be a 0-framed long knot and let mgy € Mh(A,u) be the
highest weight vector. The following equalities hold:

T\ e"ymo = Zo,, (K)mo = Zo,,, (K)mo.
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Proof. Recall that the generators H', E', F’ admit a Uj(slz) structure. Since the
R-matrix ]:2@5,2 and K are equal to the Uy (sly) R-matrix and balancing element,
the first equality follows from Proposition 3.10.

Note that ¢2°®H m; = q2#®H 1, and ¢~ 28 ®em, = ¢~ 2H @, for any i € N.
Thus, in the expression 295[2 (K)mg, the R-matrix R@ﬁ,z is related to Ro,,, by
twisting and a factor q%“g. The factor vanishes due to the fact that I is a 0-

framed knot. The second equality now follows with the aid of Corollary 2.9 and
Theorem 3.4. O

3.3. The algebra D. Both the algebras Uj and ©., are far too large to allow
for a computational efficient universal invariant of knots. To simplify quantum
invariants without passing to representations, it was proposed in [BV21] to simplify
the underlying algebra itself. This can be achieved by setting the field £ = Q(e)
and performing a change of basis. The introduction of a cut-off variable e allows
us to perform computations up to a specified order in e.

Warning 3.15. The parameter e¢ should not be confused with the more common
quantization parameter h. Expansions in h yields finite type invariants. Depending
on the chosen generators, the expansion in € is more powerful. As we shall see, a
particular choice of basis gives rise to the Alexander polynomial in the zeroth order
of €, which already encodes infinitely many finite type invariants.

Notation 3.16. Let us define the modified quantum integers as

1—q"

It is readily shown that these modified quantum integers are related to the quantum
integer [n], via

[n]q = qinﬂ{”}q?'

Moreover, set
ge = exp(eh).
Definition 3.17. The algebra D over Q(e) is h-adically generated by y, b, a,x with
relations
1-AB
h

[a,y]=—y [b,y]=—ey [a,b]=0.

Xy = qyX + [a,x] =x [b,x] =ex

Alternatively, the algebra can be described using generators y, t, a, x, where we set
t=b —ea.

Theorem 3.18. The algebra D can be endowed with a structure of a topological
ribbon Hopf algebra over Q(e)[h], whereby

Ax)=1@x+x®A €x)=0 Skx) =-A"1x
Aly)=1ey+y®B e(y)=0 S(y)=-yB™!
Ala)=a®l+1®a e€ea)=0 S(a)=-a
Ab)=b®1+1®b €ea)=0 S(b)=—Db,

with
A :=exp(—cha) B := exp(—hb).
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The universal R-matriz and the balancing element are given by

= pmtn mypn n,m E
R= 2 Gog ™™o e (any

where we take the positive square root in the sense of power series in h.
Proof. See [BV21][Theorem 29]. O
Remark 3.19. The generators y, b, a, x spell Yang-Baxter in the universal R-matrix.

The algebra D is constructed as a Drinfeld double of an algebra B given by the
relation [y, b] = ey. The construction follows the same approach as the construction
of Dy, as described in [CP95]. Similar to Dsy,, the algebra D has the benefit that
the center is generated by two central elements instead of one. Alongside the
previously mentioned central element t € D, the following also holds.

geAT AT L (14 T)(gc+1)

Proposition 3.20. The element W = yA~ x4+ R is central
and satisfies W = yx + g(a,t) mod h for some power series in g.
Proof. See [BV21][Theorem 49]. O

Proposition 3.21. The map ¢: D — Dgqy,, given by
b— —eH/2 y— FE
a—s H/2 X > %;g:fq‘HF
h— 2he L,

is an isomorphism of ribbon Hopf Q(€)-algebras. In particular, this implies that
b(t) = —eH/2 — eH /2 = ec
—qg ! H | ~1,H _ 1] H+H -1
6 (W) = (E(q q )) o) A B i AU Na+a )\
2h (¢g—q1)?

Proof. First let us consider the algebra structure. It should be clear that the
relations

[a7x] =X [b7X] =& [a7 y] =Y [b7y] a4 [aa b] =0
give rise to the relations
[H E|=2E [H,F]=-2F [H,E]=-2E [H,F|=2F [H H =0

under the map ¢. Moreover, we have

1 1
q—q ' 7 q—q _F
O(xy = qoyX) = o —q "FE = ¢ Eq"'F
-1
a—q' 7
= — 2h]671 q H[E7F].

On the other hand, we find

¢(1_AB) B 1—q_ﬁqH
h 2he1

Thus, we confirm find that [E, F| = qu_ggH.
The other identities follow from direct computation similar to the one above. [
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Notation 3.22. The universal invariant arising from the algebra D and related to a
long knot /C shall be denoted by Zp(K).

Corollary 3.23. Let mq be the highest weight vector in Mh()\, w). The following
equality holds
J}C(A, h)mo = (b(Z]D)(IC))mO

Proof. This is a direct consequence of Proposition 3.14. O

Remark 3.24. The action of ¢(Zp(K)) on mg € Mh()\, ) is independent of p. Thus,
we may freely choose any u € Q(e), and still obtain the same knot invariant.

In the previous sections, we emphasized the practicality of the availability of
two generators of the center instead of just one. This mainly arises from the way
in which the knot invariant Zp(XC) can be expanded, as will become clear in The-
orem 3.27. To relate the terms of this expansion to the terms of the large-color
expansion, it shall be necessary to compute the action of the central elements ¢(W)
and ¢(T) on the highest weight vector of the module M, (A ).

Let o € {£1}.

Proposition 3.25. Let mg € Mh()\7 o)) be the highest weight vector. We have
o€
— 1 _ —20A
H(W)mo = T-(1 = 472Ny
¢(T)mo = g7 m.

Moreover,

(Za o Qﬁ) (W) mo = %(1 _ q—QQUA)mO

(Ta © $)(T)mo = ¢~ mo.

Proof. By using the module structure as given in Proposition 3.13, together with
the image of W as given in Proposition 3.21, we find
€ ¢° + q70(2/\+1) _ %(1 4 q720')\)(q + qfl)
W = —
»(W)mg o A mo
o€
—_ 1 _ —20)\ .
4h( q )mo
This proves the first identity. The second identity is obvious.
For the third identity, we note that

(ta © ®)(W)mg

- (o) (e

qaqfaH’fac + q*aan’,ac o %(1 4 q72ac)(q + q1)>m
0

+

(q—q1)?2

_ (e(q - q‘1)> o ¢ —q M
2h qg—qt

¢ ! — 5™+ ) g+
+ mo

(q—q71)?
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oae
1=
4h (

The final equality is also obvious. (Il

_2“‘7>‘)m0.

3.4. The large-color expansion. After studying Melvin-Morton’s work on the
expansion of the colored Jones polynomials [MM95], Rozansky conjectured and then
showed the existence of a rational expansion of these polynomials with denominators
being powers of the Alexander polynomial [Roz97, Roz98].

Let K be a 0-framed long knot.

Theorem 3.26 (The large-color expansion). There exist symmetric Laurent poly-
nomials
Prezt,t™], i>0
such that
0 i U i
Ji(q) = Z A2z‘+$(qzl)(q2 —-1)" € Q¢* — 1],
i=0 7K
where PR(t) = 1.

Whereas Rozansky has shown the existence of the polynomials PX, explicit ex-
pressions of P} and PJ* for knots up to 10 crossings were found by Overbay [Ovel3].
On the other hand, in [BV21] a new approach to universal quantum knot invariants
was developed, emphasizing the role of generating functions instead of generators
and relations. With the aid of Hopf algebra techniques, the authors expanded the
universal invariant Zp(K) in terms of e.

Theorem 3.27. Let T = e~ "t. There exist polynomials pk’c’j € Z|T,T71] such that

9] 2k ; ;
_ 1 kp k x MW/
Zp(K) = A P ];6 h ;Pk,j‘w

By considering the Seifert surface of a knot, it is possible to show that the knot
invariant p’fl is proportional to the derivative of the Alexander polynomial. This
is summarized in the following proposition.

Proposition 3.28. The following equalities hold:

) PET) = 25 {5 Ac(T)

i) o5 (T) = 0.
Proof. See [BV21][Theorem 53]. O

In fact, the values for ,0’2%1 and ,0’2%2 have been computed in [Bec24], which also
turn out to be proportional to higher order derivatives of the Alexander polynomial
or p1,0- As in [Ovel3], explicit expressions have been given for the polynomials pfo
in [BV21] for knots up to ten crossings.

Due to a difference in convention in the literature, where possibly the mirror
image of knots are considered, it will be useful to establish the following.

Proposition 3.29. J(\ k) = J (=X, —h).
Proof. Let mg € M, (X, o) be the highest weight vector. Recall that Jxc (A, h)mg =

#(Zp(K))mg. Moreover, (t_10¢)(Zp(K))mo = Ji(X, h)mg. The universal invariant
Zp(K) is generated by central elements T, W € D. From Proposition 3.25 it is clear
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that the eigenvalues of $(W) and ¢(T) on a vector mg € Mh(/\, A) are equal to the
eigenvalues of (1_1 0 ¢)(W) and (1_1 0 ¢)(T) on a vector my, € Mp(\, —\). Since
t—1(h) = —h, we conclude that J=(\, h) = Jx (=X, —h). O

In [BV21], a relation between the knot polynomials in Theorem 3.26 and The-
orem 3.27 was conjectured. In the following theorem, we prove this relation for the
first-order polynomials.

Theorem 3.30. The polynomials p’fo and P are equal.

Proof. To show the equality, we will combine Corollary 3.23 and Proposition 3.25.
Let us first write Zp(K) into a more convenient form:
2%k

hiWJ
k_k ~IC
]D) A]C Zh jz% ijlzck g

Note that jfo = 1, plg = plp and pf°) = p11. Let mg € My,(X, oA be the highest
weight vector, with o € {£1}. Also set T = ¢~2°*. Using Proposition 3.25, we find

I\, eMymo = ¢(Zp(K))mo

JR—-— 2k 2h e~ p(W)J
= Al 1;) ZO —A% o mo
(1 2(p10(T) + ToAx(T)AY)

In the last line, the dots represent higher orders in h while keeping ¢~2* fixed. We
now set 0 = —1 and A = n — 1. Using the fact that
1 1 2¢*" A (4°")

- ht...,
A)C(q2n—2) A/C (an) A(q2n)2

we now find

J,’C’(eh)mo =Jx(n -1, eh)mo

_ 1 2p1,0(4°")
‘(A;c(q?nﬁAt%O( i)

Comparing this to Theorem 3.26 yields the desired expression. O

4. EXPERIMENTAL VERIFICATION

Bar-Natan and Van der Veen developed a Mathematica program to allow for an
efficient computation of the knot invariant Zp up to any order in e. This can be
found at http://www.rolandvdv.nl/PG/. We will employ this program alongside
Corollary 3.23 and Proposition 3.25 to match their expansion in € with Overbay’s
computation of the first few orders of the large-color expansion.

Let mg € Mp (A, —A) be the highest weight vector. Per Proposition 3.25, we have

(Zl o ¢)(ZD(IC))m0 = J)C()\, h)mo
Precisely this identity shall be used to reduce the expansion of Zp(K) in terms of e,

to the large-color expansion. In the Mathematica program, the output of Zp(K) is
provided in a “normal ordered” form. Thus, we only require the following identities

(i1 0 @) (xy)mo = 0, (4.1)


http://www.rolandvdv.nl/PG/
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(1o ¢)(a)mo =0, (4.2)
(i1 0 #)(T)mo = ¢**my. (4.3)
Corollary 3.23 shall be verified experimentally for the trefoil. Up to second order
in €, we find:

Zp = Z@Knot[3, 1]/. {Eg,yle, 0, x_1- x} // Normal

4

T [ a(-2T+2T13) . —2T+3T2-2T3+T* . (-2T7-27%)xy ]+
1-T+T2 (1-2T+3T2-2T34+T% 1-3T+6T2-7T346T*=3T5+T°¢ 1-2T+3T2-2T3+T*
a?(2T+2T2-12T3 42T +27°) a(4T-4T2-14T+16T - 10T°+4T°)
[1—3T+6T2—7T3+6T4—3T5+T5+1—4T+10T2—16T3+19T4—16T5+10T5—4T7+T8

4T-11T24+6T3-2T544T6-2T7 4+ T8 a(4T+12T2-12T3-8T%)xy

2-10T+30T2-60T3+90T*-102T°+90 T -60T  +30T8-10T°+2T® 1-3T+6T?-7T3+6T4-3T°+T°

(27-2T12-4T73-4T"-2T5+27%)xy (3T+9T12+37%)x%y? ]
+

1-4T+10T2-16T3+19T*-16T°+10 T =4T +T® 1-3T+6T2-7T3+6T*-3T°+T°

To compare this to the colored Jones polynomial, we will set xy = 0, a = 0 and
T = Tq?, consistent with (4.1), (4.2) and (4.3). This leads to:
q = Exp[h];
Series[zp /. {x 20, a0, T q?T, €= 2h}, {h, 0, 2}]
T 2(T-2T2+2T3 =274+ T9)h  2(T-4T2+7T3-12T*+18T° - 12T+ 7T -4 T+ T%) h?

- + +0[h)®
1-T+T? (1-T+T12)3 (1-T+T?)?° [h]

We can compare this to the result by Overbay [Ovel3]:

T -1
o-( i
1-T+T2

Pr=T2=2T 42-2T+T%;
P2 ==T 24T 4+14+T-T%;

1 P. P
Series[— +— (= 1)+ — (- 1), {n, 0, z}]
A A s

T 2T (24 5 -2-2T+T)h  2T(1-4T+7T2-12T3+18T =12 T8+ 715~ 4T + T8) h2 o
+ + + 0[h
1-T+T? (1-T+T12)3 (1-T+T1?)°

Notice that both these results match up to a sign difference in the second term.
This is due to a difference in convention. Indeed, Overbay uses the mirror image
version of the knots that are used in the Mathematica program. With the use of
Proposition 3.29, this sign difference can be explained.
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