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Abstract. The colored Jones polynomial associated to a knot admits an
expansion of knot invariants known as the large-color expansion or Melvin–
Morton–Rozansky expansion. We will show how this expansion can be derived
from the universal invariant arising from a Hopf algebra D, as introduced by
Bar-Natan and Van der Veen. We utilize a Mathematica implementation to
compute the universal invariant ZD(K) up to a certain order for a given knot
K, allowing for experimental verification of our theoretical results.

1. Introduction

The colored Jones polynomial Jn
K is an extension of the Jones polynomial [Jon85],

a knot invariant in three-dimensional space. It depends on a positive integer n,
which corresponds to the dimension of an irreducible representation of the quantum
group Uq(sl2). The colored Jones polynomial is an example of a so-called quantum
invariant, which typically arise from the representation theory of quantum groups
[Jim85, Kas95]

The Alexander polynomial is another invariant of knots in three-dimensional
space [Ale28]. It is a polynomial ∆K(T ) in one variable T that has clear roots in
the topology of the knot K.

Melvin and Morton conjectured a relationship between the colored Jones poly-
nomial Jn

K and Alexander polynomial ∆K. This was subsequently proven by Bar-
Natan and Garoufalidis [BNG96]. Rozansky later showed that the colored Jones
polynomial admits an expansion whose zeroth-order term is equal to the reciprocal
of the Alexander polynomial [Roz97, Roz98]. This expansion is known as the large-
color expansion or Melvin–Morton–Rozansky expansion (see Theorem 3.26). In her
PhD thesis, Overbay computed explicit expressions of the first- and second-order
terms (P K

1 and P K
2 resp.) for knots up to 10 crossings [Ove13].

In recent years, there has been a resurgence of interest in the large-color ex-
pansion, due to the development of the Gukov and Manolescu series FK(x, q), for
which an expansion in terms of the large-color expansion has been conjectured
[Par20, GM21]. Moreover, the Melvin–Morton expansion has been used to study
the similarly defined unified invariant [MW24].

Recently, Bar-Natan and Van der Veen introduced a new knot invariant ZD based
on a ribbon Hopf algebra D, that dominates the universal quantum sl2 invariant
and hence all colored Jones polynomials [BV21]. A fundamental part of their con-
struction was to consider an algebra D over Q[ϵ]JhK, instead of the usual QJhK (see
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2 BOUDEWIJN BOSCH

Definition 3.17). The new variable ϵ does not play the same role as h in the quant-
ized enveloping algebras of Drinfeld–Jimbo type. One significant distinction is that
ϵ is absent from the definition of the co-product.

By considering generating functions in terms of perturbed Gaussians, they were
able to expand ZD(K) in orders of ϵ with terms ρK

i,j (i, j ≥ 0), q.v. Theorem 3.27.
This expansion closely resembles the large-color expansion of the colored Jones poly-
nomial. Because the knot invariant ZD(K) originates from the universal invariant
— as opposed to the more common Reshetikhin–Turaev invariant — its topolo-
gical interpretation is tractable due to its good behavior under tangle operations,
strand doubling and reversal. Furthermore, a Mathematica implementation has
been developed to compute ZD(K) efficiently, making calculations straightforward
and convenient.

Based on both the theory of quantum invariants, the Kontsevich invariant and
experiments, the invariants ρK

k,0 were conjectured to be equivalent to the higher-
order knot invariants of the large-color expansion as introduced by Rozansky. In
this paper, we will prove the following:

Theorem 1.1. The polynomials ρK
1,0 and P K

1 are equal.

Moreover, we show that the large-color expansion can be obtained from ZD(K)
for any order. Using the Mathematica implementation to compute ZD(K) up to a
specified order of ϵ, we provide experimental verification of this result.

1.1. Organization of the paper. In Section 2 of this paper, we recall the defin-
ition of the universal invariant associated to rotational tangle diagrams. We intro-
duce the concept of “twisting” the universal R-matrix, which allows for different
choices of universal R-matrices. It is proven that the universal invariant of tangles
varies through conjugation based on whether the standard R-matrix or its twisted
counterpart is chosen.

In Section 3 we provide a brief review of Uh(sl2), together with an elaboration
of its Verma modules. We proceed by showing that the universal R-matrix derived
from the Drinfeld double Dsl2 can be “twisted” to the universal R-matrix of Uh(sl2).
By establishing an isomorphism between Dsl2 and the algebra D, an explicit relation
between ρK

1,0 and P K
1 can then be inferred.

In the final Section 4, the Mathematica program by Bar-Natan and Van der Veen
is used to experimentally verify the relation between the knot invariant ZD(K) and
the large-color expansion of the colored Jones polynomial.

Acknowledgments. The author would like to thank Roland van der Veen for
many helpful discussions and suggestions on the content of this paper.

2. The universal invariant and twisting

In this section, we will examine oriented and framed tangles that can be easily
represented as rotational, mainly following [Bec24]. Additionally, we will define the
universal invariant and discuss the operation of “twisting.” The universal invari-
ant is shown to remain unchanged modulo conjugation regardless of whether the
standard universal R-matrix or its twisted counterpart is chosen.
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2.1. Tangles. A (framed, oriented) tangle is a compact 1-manifold properly em-
bedded in I3 such that the boundary of the embedded 1-manifold consists of distinct
points in {0} × I × {0, 1}. A tangle is said to be framed when it is equipped with
a non-singular normal vector field that equals (0, −1, 0) at all the endpoints. Two
(framed) tangles are referred to as isotopic if they can be transformed into one
another through an isotopy of I3 while preserving their boundary points.

To any tangle we associate a source s(γ) ∈ Mon(±) := Mon(+, −) which is a
word in + and −, that should be read along the oriented interval I × {0} × {1},
where we associate the sign + (resp. −) to any boundary point of γ when the strand
at that point is downwards (resp. upwards) oriented. The target t(γ) ∈ Mon(±) of
γ is defined in a similar way.

We define the strict monoidal category T of tangles by setting its objects to
Mon(±) and its morphisms HomT (s, t) to isotopy classes of tangles γ with source
s = s(γ) and target t = t(γ). The composition γ ◦ γ′ of tangles γ and γ′ with
t(γ′) = s(γ) is obtained by stacking γ′ on top of γ. The identity is the trivial tangle
with vertical strands, trivial framing and a compatible orientation. The tensor
product in T is defined by the juxtaposition of tangles.

The category of tangles T contains a subcategory of upwards tangles with ob-
jects Mon(+) ⊂ Mon(±) and morphisms consting of upwards oriented open tangles.
An upwards tangle K ∈ Hom(+, +) is referred to as a long knot. A standard clos-
ure process exists, resulting in a one-to-one relationship between the subcategories
of long knots and closed knots. Studying long knots instead of closed knots has
algebraic benefits, which shall be utilized in the upcoming sections.

Instead of working with the conventional generators of morphisms in T using
cups and caps, we will introduce an alternative approach involving a variant of
Morse diagrams of tangles. From this perspective, it will be necessary to keep track
of the rotational number of the strands within the diagram. A tangle diagram D
corresponding to a tangle γ is said to be a rotational tangle diagram if
(1) γ is an upwards tangle.
(2) all crossings in D are upwards oriented, and all maxima and minima appear in

pairs in the following two forms:

The rotational diagrams are regarded up to planar isotopy that preserve all maxima
and minima. Any tangle diagram can be transformed into a rotational tangle dia-
gram through the application of local planar isotopies, as has been shown in [Bec24].
In fact, rotational tangle diagrams are related by rotational Reidemeister moves,
for which we also refer to [Bec24].
Proposition 2.1.ß

upwards tangles
in
(
I3) ™

isotopy =

ß
upwards tangle
diagrams in I2

™
planar isotopy and
Reidemeister moves

=

ß
rotational tangles

in I2

™
planar isotopy and
Reidemeister moves
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Proof. See [Bec24, Corollary 2.3]. □

2.2. The universal invariant. Let (A, R, κ) be a topological ribbon Hopf algebra
with unit 1 ∈ A and balancing element κ. The universal R-matrix is given by
R =

∑
i αi ⊗ βi with its inverse R−1 =

∑
i ᾱi ⊗ β̄i.

In the following we restrict to the study of open upwards tangles with ordered
tangle components. In order to define the universal invariant, an n-component
open tangle L = L1 ∪ · · · ∪ Ln has to be broken apart in terms of cups, caps
and crossings. On each strand of these generators, beads are placed, representing
elements elements of the ribbon Hopf algebra A. In particular, one places “alpha”
on the overstrand, and “beta” on the understrand. The beads are labelled in
accordance with the figure below:

(2.1)

Let be ZA(L)(k) the product of the labels of the beads from right to left along the
orientation of the strand k. The universal invariant of L associated to the ribbon
Hopf algebra A is

ZA(L) :=
∑

ZA(L)(1)⊗̂ · · · ⊗̂ZA(L)(n) ∈ A⊗̂ · · · ⊗̂A

where the sum is taken over all the subindices in R±1.
As the name suggests, the universal invariant is preserved under Reidemeister

moves and is therefore an invariant of tangles [Oht02][Thm. 4.5].

Example 2.2. Let K be the trefoil as illustrated below. Note that we have already
decorated the crossings and closures in accordance with the prescription above.

The universal invariant, associated to the trefoil, is given by

Z(K) =
∑
i,j,k

βkαjβiκ
−1αkβjαi.



THE LARGE-COLOR EXPANSION DERIVED FROM THE UNIVERSAL INVARIANT 5

The universal invariant recovers the Reshetikhin–Turaev invariant. As to see
why this is the case, consider the ribbon category of tangles TModA by coloring the
tangle components with elements of the space of finite-rank left A-modules denoted
by ModA. Recall that the Reshetikhin–Turaev functor RT : TModA

−→ ModA

induces an invariant of upwards tangles. Indeed, label each tangle component k
with Vk ∈ ModA, together with an action of A given by ρVk

(A). Write σ for the
permutation induced by L. We have

RTL (V1, . . . , Vn)
= σ∗ ◦

(
ρV1⊗̂ · · · ⊗̂ρVn

)
(ZA(L)) ∈ HomA

(
V1⊗̂ · · · ⊗̂Vn, Vσ(1)⊗̂ · · · ⊗̂Vσ(n)

)
where σ∗ : V1⊗̂ · · · ⊗̂Vn −→ Vσ(1)⊗̂ · · · ⊗̂Vσ(n) is induced by σ, permuting the vector
spaces in the tensor factors. Now, as any link L is the closure cl(L) of a string link,
the quantum trace trV

q (x) := trV (κx) relates the universal invariant of L with its
closure cl(L) via the formula

RTcl(L) (V1, . . . , Vn) =
(
trV1

q ⊗̂ · · · ⊗̂ trVn
q

)
(ZA(L)) .

We note that for modules of infinite rank, it would be impossible to take the trace
in the manner described above.

2.3. The twisted R-matrix. Given a ribbon Hopf algebra (A, R =
∑

i αi ⊗ βi, κ)
over a field k, it is possible to define another universal R-matrix Ř that gives rise
to the same universal invariant of long knots and satisfies Yang-Baxter equation.
To define this new universal R-matrix we introduce the following.

Definition 2.3. An element φ ∈ A is called a twisting element if satisfies the
conditions

[φ, κ] = 0
φαi = δiαiφ

φβi = δ−1
i βiφ

φᾱi = δiᾱiφ

φβ̄i = δ−1
i β̄iφ

for some δi ∈ k.

It is often the case that the balancing element κ is itself a twisting element.
However, as we shall see, the twisting element of choice will be a slightly deformed
version of κ. For example, in the case of Uh(sl2) over QJhK, we have κ = Exp(hH),
while choosing φ = Exp(hµH), for some µ ∈ Q.

Definition 2.4. Given a twisting element φ and a universal R-matrix R, the twisted
R-matrix is defined as

Ř = (1 ⊗ φ−1)R(φ ⊗ 1).
We say that Ř is related to R by twisting.

Remark 2.5. Let P (x ⊗ y) = y ⊗ x be the interchanging map. Note that

P ◦ Ř = (φ−1 ⊗ 1)P ◦ R(φ ⊗ 1).

Hence, the actions of P ◦ R and P ◦ Ř on a module V ⊗ V differ by a conjugation
with (φ−1 ⊗ 1).



6 BOUDEWIJN BOSCH

Recall that in the definition of the universal invariant, the universal R-matrix
R =

∑
i αi ⊗ βi and its inverse R−1 =

∑
i ᾱi ⊗ β̄i are associated to the positive and

negative crossings in the following manner.

(2.2)

The twisted R-matrix is expressed as Ř =
∑

i αiφ ⊗ φ−1βi with inverse equal to
Ř−1 =

∑
i φ−1ᾱi⊗β̄iφ. We define another universal invariant, denoted by Ž, where

Ř and Ř−1 are associated to the positive and negative crossing, instead of R and
R−1. Pictorially, the element φ (resp. φ−1) is represented as a black (resp. white)
dot, as illustrated below.

To ease some of the notation, crossings containing only the “alpha” and “beta” are
replaced with a box, while the elements φ, φ−1 are placed at the corners. From the
definition of the twisting element φ, it is clear that

Ř =
∑

i

αiφ ⊗ φ−1βi =
∑

i

φαi ⊗ βiφ
−1.

In diagrammatic form, this can be expressed a

This identity also holds for the dotted box, associated to Ř−1.

Lemma 2.6. We have

(φ±k ⊗ 1)
(∑

i

αiφ
n ⊗ φ−nβi

)
=
(∑

i

αiφ
n±k ⊗ φ−(n±k)βi

)
(1 ⊗ φ±k),

implying

where, in the figure, we write a + (resp. −) when the dot on the left strand is black
(resp. white). A similar expression holds for the the dotted box.

Proof. From the defining relations of the twisting element, we find

(φ±k ⊗ 1)
(∑

i

αiφ
n ⊗ φ−nβi

)
=

∑
i

φ±kαiφ
n ⊗ φ±kφ−(n±k)βi
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=
(∑

i

αiφ
n±k ⊗ φ−(n±k)βiφ

±k

)
.

In the expression above, αi (resp. βi) can be replaced with ᾱi (resp. β̄i). □

Example 2.7. Consider the following braid.

B =

We associate ŽA(B) to this braid, as described above. Note that there are no
elements φ or φ−1 present on the first strand. On the second strand, the first black
dot counted from below can be moved along the strand toward the second white dot
using Lemma 2.3. These black and white dots then cancel. Due to the application
of Lemma 2.3, the dots on the third strand are labeled by 2, meaning that φ2 and
φ−2 lie on the right-hand corners of the gray square adjacent to the second and
third strand. By another application of Lemma 2.3, these dots can be moved to
the end of the strand, leading to a labeling of 3 in the fourth strand. By repeated
application of Lemma 2.3 we see that ŽA(B) is related to ZA(B) by a conjugation
with 1 ⊗ φ ⊗ · · · ⊗ φ4

Theorem 2.8. Let BN be a braid of N strands and ŽA(BN ) be the universal
invariant, obtained by replacing the R-matrix R with the twisted R-matrix Ř. Then
ŽA(BN ) is related to ZA(BN ) by conjugation with 1 ⊗ φ ⊗ · · · ⊗ φN−1.

Proof. The steps of Example 2.7 can be performed for any braid, where one has to
perform either of following operations:

• cancel black and white dots that are directly next to another;
• apply Lemma 2.3 to move the black dot along the strand toward the white

dot;
• apply Lemma 2.3 to move the black (resp. white) dot up (resp. down)

toward the end of the strand.
This way, one ends up with zero dots on the first strand, one white (resp. black)
dot at the lower (resp. upper) end of the second strand, etc. □

Corollary 2.9. Let K be a long knot. Then ZA(K) = φℓŽA(K)φ−ℓ for some ℓ ∈ Z.

Proof. Let BN be the braid of N strands whose partial closure (leaving one strand
open) is equal to the knot K. By Theorem 2.8, we know that ŽA(BN ) is related
to ZA(BN ) by conjugation with 1 ⊗ φ ⊗ · · · ⊗ φN−1. The invariant of the closure
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can be computed through multiplication of the appropriate tensor factors with an
element κ in between. Since [φ, κ] = 0, we see that the elements φk and φ−k cancel
in every closure. Thus, ZA(K) = φℓŽA(K)φ−ℓ for some ℓ ∈ Z. □

3. Perturbed knot invariants

In this section, we will give a short overview of the algebra Uh(sl2) together with
its Verma modules, following [Kas95]. Next, we will demonstrate how the universal
R-matrix of the Drinfeld double Dsl2 can be transformed to match the R-matrix
of Uh(sl2) through twisting. By establishing an isomorphism between Dsl2 and the
algebra D, we can then compare different perturbative expansions.

3.1. A review of Uq(sl2) and the colored Jones polynomial. Consider the
3-dimensional vector space sl2 over the field C with preferred basis H, E, F and Lie
bracket [H, E] = 2E, [H, F ] = −2F and [E, F ] = H. In terms of matrices, the Lie
algebra is represented as

E =
Å

0 1
0 0

ã
, F =

Å
0 0
1 0

ã
, H =

Å
1 0
0 −1

ã
.

It is standard to extend this Lie algebra to the universal enveloping algebra denoted
by U := U(sl2). We hereby upgrade the Lie algebra to an associative algebra over
C with the same generators and relations as sl2.

Let k be a field of characteristic zero. The quantum group Uq := Uq(sl2) is the
algebra over k(q1/2) with generator E, F, K, K−1 and relations

KK−1 = K−1K = 1
KEK−1 = q2E, KFK−1 = q−2F,

[E, F ] = K−K−1

q−q−1 .

Set [n]q := qn−q−n

q−q . The algebra is endowed with the structure of a Hopf algebra:

∆(E) = 1 ⊗ E + E ⊗ K ϵ(E) = 0 S(E) = −EK−1

∆(F ) = K−1 ⊗ F + F ⊗ 1 ϵ(F ) = 0 S(F ) = −KF
∆(K) = K ⊗ K ϵ(K) = 0 S(K) = K−1.

The universal R-matrix only converges in the topological algebra Uh := Uh(sl2)
over kJhK with q = eh and K = qH . It is given by

R =
∞∑

n=0

(q − q−1)n

[n]q! q
H⊗H

2 + n(n−1)
2 En ⊗ F n (3.1)

=
∞∑

n=0

(q − q−1)n

[n]q! q
n(n−1)

2 (Eq−H)n ⊗ (qHF )nq
H⊗H

2 ,

with inverse

R−1 =
∞∑

n=0

(q−1 − q)n

[n]q! q− n(n−1)
2 En ⊗ F nq− H⊗H

2 .

Furthermore, the ribbon element is v := K−1u where u =
∑

S(β)α if R =
∑

α⊗β.
This leads to the following.

Theorem 3.1. The triple (Uh(sl2), R, v) forms a topological ribbon Hopf algebra,
with balancing element qH .
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Proof. See [Oht02, Theorem 4.14]. □

Notation 3.2. Let α ∈ {±1}. Define the map ια : Uh −→ Uh

E 7→ q−H(α−1)/2F F 7→ EqH(α−1)/2 H 7→ −H h 7→ αh.

It is clear that ια is an automorphism of algebras. Moreover, we note that
ι−1(R) = P ◦ R−1 ι−1(R−1) = P ◦ R.

Let K be a 0-framed long knot with mirror image K. Using to the definition of
the universal invariant, together with equation (2.1), we can establish the following
proposition.

Proposition 3.3. We have ι−1(ZUh
(K)) = ZUh

(K).

One key advantage of considering long knots over closed knots is demonstrated
by the following theorem.

Theorem 3.4. The universal invariant ZUh
(K) lies in the center of Uh.

Proof. See [Hab06, Proposition 8.2]. □

Fix a scalar λ ̸= 0. It is possible to construct the Verma module of highest
weight λ of Uq(sl2). As shown in [Kas95], one finds an infinite-dimensional vector
space Mq(λ) over k(q1/2) with basis {vi}i∈N upon which Uq(sl2) acts by

Kvp = λq−2pvp, K−1vp = λ−1q2pvp,

Evp+1 = q−pλ − qpλ−1

q − q−1 vp, Fvp = [p + 1]qvp+1

Ev0 = 0.

Note that M(λ) cannot be simple when λ is of the form ±qn where n is a non-
negative integer. A rescaling of vectors yields

Kvp = λq−2pvp, K−1vp = λ−1q2pvp,

Evp+1 = [p + 1]qvp, Fvp = q−pλ − qpλ−1

q − q−1 vp+1

Ev0 = 0.

(3.2)

The Verma module can equally well be understood in the h-formal sense, in
which case it is not a vector space over k(q1/2) but instead an algebra over kJhK
with an action of Uh(sl2). This module is denoted by Mh(λ), with the following
actions

Hmp = (λ − 2p)mp, Em0 = 0

Emp+1 = [p + 1]qmp, Fmp = q−p+λ − qp−λ

q − q−1 mp+1.
(3.3)

The element m0 ∈ Mh(λ) will be called the highest weight vector.
Let ε ∈ {±1}. Up to isomorphism, there exists a unique simple Uq-module

of dimension n + 1 that is generated by a highest weight vector of weight εqn.
Moreover, it is a quotient of the Verma module Mq(εqn). We denote this module
by Vq(ε, n), with Uq action given by

Kvp = εqn−2pvp Evp = ε[p]qvp−1 Fvp−1 = [n − p − 1]qvp.
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As with the Verma module, Vq(ε, n) has an interpretation as a Uh(sl2)-module,
which shall be denoted by Vh(ε, n).

Remark 3.5. The universal R-matrix for the quantum group Uq is not be well-
defined, but there is a well-defined R-matrix action on the Uq-module Vq(1, n) ⊗
Vq(1, n). This is because when the Cartan part q

1
2 H⊗H acts on a vector, the variable

q can be reintroduced as follows:
q

1
2 H⊗Hvi ⊗ vj = q

1
2 (n−2i)(n−2j)vi ⊗ vj .

The following proposition is based on [Wil22][Proposition 42].

Proposition 3.6. Let m ∈ Mh(λ) with λ ̸= 0 or m ∈ Vh(ε, n). There exists a
β ∈ kJhK such that ZUh

(K)m = βm.

From Theorem 3.4, we know that ZUh
(K) lies in the center of Uh. Let us check the

statement for a basis element mi ∈ Mh(λ). We have HZUh
(K)mi = ZUh

(K)Hmi =
(λ − 2i)ZUh

(K)mi. Hence, there exists a βi ∈ kJhK such that ZUh
mi = βimi. With

this, we find that
EZUh

(K)mi+1 = βi+1Emi+1 = βi+1[i + 1]qmi.

On the other hand, we also have
EZUh

(K)mi+1 = ZUh
(K)Emi+1 = [i + 1]qZUh

mi = βi[i + 1]qmi.

Thus, we conclude βi+1 = βi. Defining β := βi yields the proposition for when
m ∈ Mh(λ). The same argument holds for when m ∈ Vh(ε, n).

Definition 3.7. The colored Jones polynomial of K is defined as
[n]qJn

K(q) := trVn−1
q RTVn−1(K)

where Vn := Vq(1, n) is the (n + 1)-dimensional Uq(sl2)-module defined above.

Proposition 3.8. Let v0 ∈ Vh(1, n − 1). The following equality holds:
Jn

K(eh)v0 = ZUh
(K)v0.

Proof. Since ZUh
lies in the center of Uh, there exists a λ ∈ kJhK such that ZUh

vi =
λvi for all i = 0, . . . , n − 1. Set q = eh. By definition, we have

trVh(1,n−1)
q RTVh(1,n−1)(K) =

n−1∑
i=0

qHZUh
vi = λ

n−1∑
i=0

qn−1−2i.

On the other hand, we have

[n]q = qn − q−n

q − q−1 = 1
q

qn − q−n

1 − q−2 = 1
q

(qn − q−n)(1 + q−2 + q−4 + . . . ) =
n−1∑
i=0

qn−1−2i.

Thus λ = Jn
K(eh). □

This suggests the following definition.

Definition 3.9. Let m0 ∈ Mh(λ) be the highest weight vector. The colored Jones
function JK is defined as

JK(λ, h)m0 := ZUh
(K)m0.

The colored Jones function can be viewed as an analytic continuation of the
colored Jones polynomial. In [Wil22] this has been related to the ADO polynomials.
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Proposition 3.10. The following equality holds:

Jn
K(eh) = JK(n − 1, h).

Proof. By setting λ = n − 1 in the module Mh(λ) one obtains a module, which
contains a simple submodule that is equal Vh(1, n − 1). This simple submodule
contains the the highest weight vector m0, which is labeled as v0 ∈ Vh(1, n−1). □

3.2. The Drinfeld double Dsl2 . In the previous subsection, we described the
standard approach to Uh(sl2). The algebra Uh(sl2) is commonly constucted from
the Drinfeld double by quotienting out an ideal. This subsection diverges by re-
taining this ideal, granting us an additional central element, which shall be of use
in the forthcoming sections.

The topological Drinfeld double Dsl2 is a topological algebra over kJhK with
generators

[H, E] = 2E [‹H, E] = −2E

[H, F ] = −2F [‹H, F ] = 2F

[E, F ] = qH − qH̃

q − q−1 [H, ‹H] = 0,

and an R-matrix and balancing element

RDsl2
=

∞∑
n=0

(q − q)n

[n]q! q
−H⊗H̃

2 + n(n−1)
2 En ⊗ F n, κ = q

H
2 − H̃

2 .

Based on the information provided, it is possible to construct a knot invariant,
by using the definition of the universal invariant as introduced in Section 2.2. As
opposed to Uh(sl2), we now have a new central element at our disposal, given by

−2c := H + ‹H.

It is clear from the equation above that setting c = 0 yields the Uh(sl2) universal
R-matrix. Thus, we say that the universal invariant ZDsl2

dominates universal
quantum sl2 invariant, and hence all colored Jones polynomials. To explicitly find
the relation between ZDsl2

and Zsl2 , without merely setting c = 0, it will be useful
to introduce a new set of generators given by

H ′ = H + c = −‹H − c E′ = E F ′ = ehcF,

which admit a Uh(sl2) algebra structure:

[H ′, E′] = 2E′ [H ′, F ′] = −2F ′ [E′, F ′] = qH′ − q−H′

q − q−1 .

With these generators, it is clear that κ = qH′ . Define

ŘDsl2
:=

∞∑
n=0

(q − q−1)n

[n]q! q
H′⊗H′

2 + n(n−1)
2 E′n ⊗ F ′n. (3.4)

In terms of the generators E′, F ′ and H ′, this element is equal to the universal
Uh(sl2) R-matrix, as introduced in (3.1). In fact, this element can be related to the
universal Dsl2 R-matrix, as is illustrated by the following.
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Proposition 3.11. The following identity holds

q
1
2 c⊗cq

1
2 c⊗H′

RDsl2
q− 1

2 H′⊗c = ŘDsl2
.

Proof. Note that q
1
2 H′⊗c(E ⊗ F )q− 1

2 H′⊗c = (E ⊗ ehcF ). From this, we find

RDsl2

=
∞∑

n=0

(q − q−1)n

[n]q! q
H⊗(H+2c)

2 + n(n−1)
2 En ⊗ F n

=
∞∑

n=0

(q − q−1)n

[n]q! q
(H′−c)⊗(H′+c)

2 + n(n−1)
2 En ⊗ F n

= q− 1
2 c⊗c

∞∑
n=0

(q − q−1)n

[n]q! q
H′⊗H′

2 + 1
2 H′⊗c− 1

2 c⊗H′+ n(n−1)
2 En ⊗ F n

= q− 1
2 c⊗cq− 1

2 c⊗H′

( ∞∑
n=0

(q − q−1)n

[n]q! q
H′⊗H′

2 + n(n−1)
2 En ⊗ (ehcF )n

)
q

1
2 H′⊗c. □

Notation 3.12. We extend the map ια : Uh −→ Uh from Notation 3.2 to a map
ι̃ : Dsl2 −→ Dsl2 given by

E′ 7→ q−H′(α−1)/2F ′ F ′ 7→ E′qH′(α−1)/2 H ′ 7→ −H ′ h 7→ αh c 7→ c.

Given the fact that the generators H ′, E′, F ′ admit a Uh(sl2) algebra structure,
it is rather straightforward to set-up a simple module for Dsl2 , where c acts as a
scalar. This is done by following the approach of Section 3.1.

Proposition 3.13. Let µ ∈ k. There exists a module Dsl2-module, denoted by
M̃h(λ, µ), with basis {mi}i∈N, upon which Dsl2 acts by

H ′mp = (λ − 2p)mp, cmp = µmp

E′mp+1 = [p + 1]qmp, F ′mp = q−p+λ − qp−λ

q − q−1 mp+1

E′m0 = 0.

Moreover, the simple Uq-module of dimension n+1, denoted by Vn, can be upgraded
to a Dsl2-module spanned by the same vector v0, . . . , vn, , upon which Dsl2 acts by

H ′vp = (n − 2p)vp E′vp = [p]qvp−1 F ′vp−1 = [n − p − 1]qvp cvp = µvp.

This module is denoted by ‹Vh(n, µ).

Define the knot invariant ŽDsl2
using the universal R-matrix Ř as in (3.4). From

the fact that Dsl2 has a set of generators that admit a Uh(sl2) algebra structure, it
makes sense that the universal Dsl2 invariant, acting on a highest weight vector of
M̃h(λ, µ), reduces to the colored Jones function. This is exemplified by the following
proposition.

Proposition 3.14. Let K be a 0-framed long knot and let m0 ∈ M̃h(λ, µ) be the
highest weight vector. The following equalities hold:

JK(λ, eh)m0 = ŽDsl2
(K)m0 = ZDsl2

(K)m0.
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Proof. Recall that the generators H ′, E′, F ′ admit a Uh(sl2) structure. Since the
R-matrix ŘDsl2

and κ̌ are equal to the Uh(sl2) R-matrix and balancing element,
the first equality follows from Proposition 3.10.

Note that q
1
2 c⊗H′

mi = q
1
2 µ⊗H′

mi and q− 1
2 H′⊗cmi = q− 1

2 H′⊗µmi for any i ∈ N.
Thus, in the expression ŽDsl2

(K)m0, the R-matrix ŘDsl2
is related to RDsl2

by
twisting and a factor q

1
2 µ2 . The factor vanishes due to the fact that K is a 0-

framed knot. The second equality now follows with the aid of Corollary 2.9 and
Theorem 3.4. □

3.3. The algebra D. Both the algebras Uh and Dsl2 are far too large to allow
for a computational efficient universal invariant of knots. To simplify quantum
invariants without passing to representations, it was proposed in [BV21] to simplify
the underlying algebra itself. This can be achieved by setting the field k = Q(ϵ)
and performing a change of basis. The introduction of a cut-off variable ϵ allows
us to perform computations up to a specified order in ϵ.

Warning 3.15. The parameter ϵ should not be confused with the more common
quantization parameter h. Expansions in h yields finite type invariants. Depending
on the chosen generators, the expansion in ϵ is more powerful. As we shall see, a
particular choice of basis gives rise to the Alexander polynomial in the zeroth order
of ϵ, which already encodes infinitely many finite type invariants.

Notation 3.16. Let us define the modified quantum integers as

{n}q := 1 − qn

1 − q
.

It is readily shown that these modified quantum integers are related to the quantum
integer [n]q via

[n]q = q−n+1{n}q2 .

Moreover, set
qϵ = exp(ϵh).

Definition 3.17. The algebra D over Q(ϵ) is h-adically generated by y, b, a, x with
relations

xy = qϵyx + 1 − AB
h

[a, x] = x [b, x] = ϵx

[a, y] = −y [b, y] = −ϵy [a, b] = 0.

Alternatively, the algebra can be described using generators y, t, a, x, where we set
t = b − ϵa.

Theorem 3.18. The algebra D can be endowed with a structure of a topological
ribbon Hopf algebra over Q(ϵ)JhK, whereby

∆(x) = 1 ⊗ x + x ⊗ A ϵ(x) = 0 S(x) = −A−1x
∆(y) = 1 ⊗ y + y ⊗ B ϵ(y) = 0 S(y) = −yB−1

∆(a) = a ⊗ 1 + 1 ⊗ a ϵ(a) = 0 S(a) = −a
∆(b) = b ⊗ 1 + 1 ⊗ b ϵ(a) = 0 S(b) = −b,

with
A := exp(−ϵha) B := exp(−hb).
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The universal R-matrix and the balancing element are given by

R =
∞∑

m,n=0

hm+n

{m}qϵ
!n!y

mbn ⊗ anxm κ = (AB) 1
2

where we take the positive square root in the sense of power series in h.

Proof. See [BV21][Theorem 29]. □

Remark 3.19. The generators y, b, a, x spell Yang-Baxter in the universal R-matrix.

The algebra D is constructed as a Drinfeld double of an algebra B given by the
relation [y, b] = ϵy. The construction follows the same approach as the construction
of Dsl2 as described in [CP95]. Similar to Dsl2 , the algebra D has the benefit that
the center is generated by two central elements instead of one. Alongside the
previously mentioned central element t ∈ D, the following also holds.

Proposition 3.20. The element W = yA−1x + qϵA−1+AT− 1
2 (1+T)(qϵ+1)

h(qϵ−1) is central
and satisfies W = yx + g(a, t) mod h for some power series in g.

Proof. See [BV21][Theorem 49]. □

Proposition 3.21. The map ϕ : D −→ Dsl2 , given by
b 7→ −ϵH/2 y 7→ E

a 7→ ‹H/2 x 7→ q−q−1

2hϵ−1 q−H̃F
h 7→ 2hϵ−1,

is an isomorphism of ribbon Hopf Q(ϵ)-algebras. In particular, this implies that

ϕ(t) = −ϵH/2 − ϵ‹H/2 = ϵc

ϕ (W) =
Å

ϵ(q − q−1)
2h

ã(
EF +

qqH̃ + q−1qH − 1
2 (1 + qH+H̃)(q + q−1)

(q − q−1)2

)
.

Proof. First let us consider the algebra structure. It should be clear that the
relations

[a, x] = x [b, x] = ϵx [a, y] = −y [b, y] = −ϵy [a, b] = 0
give rise to the relations

[H, E] = 2E [H, F ] = −2F [‹H, E] = −2E [‹H, F ] = 2F [H, ‹H] = 0
under the map ϕ. Moreover, we have

ϕ(xy − qϵyx) = q − q−1

2hϵ−1 q−H̃FE − q − q−1

2hϵ−1 q2Eq−H̃F

= −q − q−1

2hϵ−1 q−H̃ [E, F ].

On the other hand, we find

ϕ

Å1 − AB
h

ã
= 1 − q−H̃qH

2hϵ−1 .

Thus, we confirm find that [E, F ] = qH −qH̃

q−q−1 .
The other identities follow from direct computation similar to the one above. □
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Notation 3.22. The universal invariant arising from the algebra D and related to a
long knot K shall be denoted by ZD(K).

Corollary 3.23. Let m0 be the highest weight vector in M̃h(λ, µ). The following
equality holds

JK(λ, h)m0 = ϕ(ZD(K))m0.

Proof. This is a direct consequence of Proposition 3.14. □

Remark 3.24. The action of ϕ(ZD(K)) on m0 ∈ M̃h(λ, µ) is independent of µ. Thus,
we may freely choose any µ ∈ Q(ϵ), and still obtain the same knot invariant.

In the previous sections, we emphasized the practicality of the availability of
two generators of the center instead of just one. This mainly arises from the way
in which the knot invariant ZD(K) can be expanded, as will become clear in The-
orem 3.27. To relate the terms of this expansion to the terms of the large-color
expansion, it shall be necessary to compute the action of the central elements ϕ(W)
and ϕ(T) on the highest weight vector of the module M̃h(λ, µ).

Let σ ∈ {±1}.

Proposition 3.25. Let m0 ∈ M̃h(λ, σλ) be the highest weight vector. We have

ϕ(W)m0 = σϵ

4h
(1 − q−2σλ)m0

ϕ(T)m0 = q−2σλm0.

Moreover,

(ι̃α ◦ ϕ) (W) m0 = σαϵ

4h
(1 − q−2ασλ)m0

(ι̃α ◦ ϕ)(T)m0 = q−2ασλm0.

Proof. By using the module structure as given in Proposition 3.13, together with
the image of W as given in Proposition 3.21, we find

ϕ(W)m0 = ϵ

2h

qσ + q−σ(2λ+1) − 1
2 (1 + q−2σλ)(q + q−1)

q − q−1 m0

= σϵ

4h
(1 − q−2σλ)m0.

This proves the first identity. The second identity is obvious.
For the third identity, we note that

(ια ◦ ϕ)(W)m0

=
Å

ϵ(q − q−1)
2h

ã(
q−αcE′F ′

+
qαq−αH′−αc + q−αqαH′−αc − 1

2 (1 + q−2αc)(q + q−1)
(q − q−1)2

)
m0

=
Å

ϵ(q − q−1)
2h

ã
q−αc

(
qH′ − q−H′

q − q−1

+
qαq−αH′ + q−αqαH′ − 1

2 (qαc + q−αc)(q + q−1)
(q − q−1)2

)
m0
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= σαϵ

4h
(1 − q−2ασλ)m0.

The final equality is also obvious. □

3.4. The large-color expansion. After studying Melvin–Morton’s work on the
expansion of the colored Jones polynomials [MM95], Rozansky conjectured and then
showed the existence of a rational expansion of these polynomials with denominators
being powers of the Alexander polynomial [Roz97, Roz98].

Let K be a 0-framed long knot.

Theorem 3.26 (The large-color expansion). There exist symmetric Laurent poly-
nomials

P K
i ∈ Z[t, t−1], i ≥ 0

such that

Jn
K(q) =

∞∑
i=0

P K
i

(
q2n
)

∆2i+1
K (q2n)

(q2 − 1)i ∈ QJq2 − 1K,

where P 0
K(t) = 1.

Whereas Rozansky has shown the existence of the polynomials P K
i , explicit ex-

pressions of P K
1 and P K

2 for knots up to 10 crossings were found by Overbay [Ove13].
On the other hand, in [BV21] a new approach to universal quantum knot invariants
was developed, emphasizing the role of generating functions instead of generators
and relations. With the aid of Hopf algebra techniques, the authors expanded the
universal invariant ZD(K) in terms of ϵ.

Theorem 3.27. Let T = e−ht. There exist polynomials ρK
k,j ∈ Z[T, T−1] such that

ZD(K) = 1
∆K

exp

Ñ
∞∑

k=1
ϵkhk

2k∑
j=0

ρK
k,j

hjWj

∆2k−j
K

é
.

By considering the Seifert surface of a knot, it is possible to show that the knot
invariant ρK

1,1 is proportional to the derivative of the Alexander polynomial. This
is summarized in the following proposition.

Proposition 3.28. The following equalities hold:
i) ρK

1,1(T ) = 2T
1−T

d
dT ∆K(T )

ii) ρK
1,2(T ) = 0.

Proof. See [BV21][Theorem 53]. □

In fact, the values for ρK
2,1 and ρK

2,2 have been computed in [Bec24], which also
turn out to be proportional to higher order derivatives of the Alexander polynomial
or ρ1,0. As in [Ove13], explicit expressions have been given for the polynomials ρK

i,0
in [BV21] for knots up to ten crossings.

Due to a difference in convention in the literature, where possibly the mirror
image of knots are considered, it will be useful to establish the following.

Proposition 3.29. JK(λ, h) = JK(−λ, −h).

Proof. Let m0 ∈ M̃h(λ, σλ) be the highest weight vector. Recall that JK(λ, h)m0 =
ϕ(ZD(K))m0. Moreover, (ι−1◦ϕ)(ZD(K))m0 = JK(λ, h)m0. The universal invariant
ZD(K) is generated by central elements T, W ∈ D. From Proposition 3.25 it is clear
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that the eigenvalues of ϕ(W) and ϕ(T) on a vector m0 ∈ M̃h(λ, λ) are equal to the
eigenvalues of (ι−1 ◦ ϕ)(W) and (ι−1 ◦ ϕ)(T) on a vector m′

0 ∈ M̃h(λ, −λ). Since
ι−1(h) = −h, we conclude that JK(λ, h) = JK(−λ, −h). □

In [BV21], a relation between the knot polynomials in Theorem 3.26 and The-
orem 3.27 was conjectured. In the following theorem, we prove this relation for the
first-order polynomials.

Theorem 3.30. The polynomials ρK
1,0 and P K

1 are equal.

Proof. To show the equality, we will combine Corollary 3.23 and Proposition 3.25.
Let us first write ZD(K) into a more convenient form:

ZD(K) = 1
∆K

∞∑
k=0

hkϵk
2k∑

j=0
ρ̃K

k,j

hjWj

∆2k−j
K

.

Note that ρ̃K
0,0 = 1, ρK

1,0 = ρ̃K
1,0 and ρK

1,1 = ρ̃1,1. Let m0 ∈ M̃h(λ, σλ) be the highest
weight vector, with σ ∈ {±1}. Also set T = q−2σλ. Using Proposition 3.25, we find

JK(λ, eh)m0 = ϕ(ZD(K))m0

= 1
∆K(T )

∞∑
k=0

(2h)k
2k∑

j=0
ρ̃K

k,j(T ) (2h)jϵ−jϕ(W)j

∆2k−j
K (T )

m0

=
Å 1

∆K(T ) + 2(ρ1,0(T ) + Tσ∆K(T )∆′
K)

∆3
K(T ) h + . . .

ã
m0.

In the last line, the dots represent higher orders in h while keeping q−2σλ fixed. We
now set σ = −1 and λ = n − 1. Using the fact that

1
∆K(q2n−2) = 1

∆K(q2n) + 2q2n∆′
K(q2n)

∆(q2n)2 h + . . . ,

we now find
Jn

K(eh)m0 = JK(n − 1, eh)m0

=
Å 1

∆K(q2n) + 2ρ1,0(q2n)
∆3

K(q2n) h + . . .

ã
m0.

Comparing this to Theorem 3.26 yields the desired expression. □

4. Experimental verification

Bar-Natan and Van der Veen developed a Mathematica program to allow for an
efficient computation of the knot invariant ZD up to any order in ϵ. This can be
found at http://www.rolandvdv.nl/PG/. We will employ this program alongside
Corollary 3.23 and Proposition 3.25 to match their expansion in ϵ with Overbay’s
computation of the first few orders of the large-color expansion.

Let m0 ∈ M̃h(λ, −λ) be the highest weight vector. Per Proposition 3.25, we have
(ι̃1 ◦ ϕ)(ZD(K))m0 = JK(λ, h)m0.

Precisely this identity shall be used to reduce the expansion of ZD(K) in terms of ϵ,
to the large-color expansion. In the Mathematica program, the output of ZD(K) is
provided in a “normal ordered” form. Thus, we only require the following identities

(ι̃1 ◦ ϕ)(xy)m0 = 0, (4.1)

http://www.rolandvdv.nl/PG/
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(ι̃1 ◦ ϕ)(a)m0 = 0, (4.2)
(ι̃1 ◦ ϕ)(T)m0 = q2λm0. (4.3)

Corollary 3.23 shall be verified experimentally for the trefoil. Up to second order
in ϵ, we find:

In[ ]:= ZD = Z@Knot[3, 1] /. {{}→{1}[0, 0, x_] → x} // Normal

» 4

Out[ ]=
T

1 - T + T2
+

a -2 T + 2 T3

1 - 2 T + 3 T2 - 2 T3 + T4
+

-2 T + 3 T2 - 2 T3 + T4

1 - 3 T + 6 T2 - 7 T3 + 6 T4 - 3 T5 + T6
+

-2 T - 2 T2 x y

1 - 2 T + 3 T2 - 2 T3 + T4
ϵ +

a2 2 T + 2 T2 - 12 T3 + 2 T4 + 2 T5

1 - 3 T + 6 T2 - 7 T3 + 6 T4 - 3 T5 + T6
+

a 4 T - 4 T2 - 14 T3 + 16 T4 - 10 T5 + 4 T6

1 - 4 T + 10 T2 - 16 T3 + 19 T4 - 16 T5 + 10 T6 - 4 T7 + T8
+

4 T - 11 T2 + 6 T3 - 2 T5 + 4 T6 - 2 T7 + T8

2 - 10 T + 30 T2 - 60 T3 + 90 T4 - 102 T5 + 90 T6 - 60 T7 + 30 T8 - 10 T9 + 2 T10
+

a 4 T + 12 T2 - 12 T3 - 8 T4 x y

1 - 3 T + 6 T2 - 7 T3 + 6 T4 - 3 T5 + T6
+

2 T - 2 T2 - 4 T3 - 4 T4 - 2 T5 + 2 T6 x y

1 - 4 T + 10 T2 - 16 T3 + 19 T4 - 16 T5 + 10 T6 - 4 T7 + T8
+

3 T + 9 T2 + 3 T3 x2 y2

1 - 3 T + 6 T2 - 7 T3 + 6 T4 - 3 T5 + T6
ϵ2

To compare this to the colored Jones polynomial, we will set xy = 0, a = 0 and
T = Tq2, consistent with (4.1), (4.2) and (4.3). This leads to:

In[ ]:= q = Exp[h];

In[ ]:= Series[ZD /. {x → 0, a → 0, T → q2 T, ϵ → 2 h}, {h, 0, 2}]

Out[ ]=
T

1 - T + T
2
-
2 T - 2 T

2 + 2 T
3 - 2 T

4 + T
5 h

(1 - T + T
2)3

+
2 T - 4 T

2 + 7 T
3 - 12 T

4 + 18 T
5 - 12 T

6 + 7 T
7 - 4 T

8 + T
9 h2

(1 - T + T
2)5

+ O[h]3

We can compare this to the result by Overbay [Ove13]:

Δ =
T

1 - T + T2

-1

;

p1 = T-2 - 2 T-1 + 2 - 2 T + T2;

p2 = -T-2 + T-1 + 1 + T - T2;

In[ ]:= Series
1

Δ +
p1

Δ3
(q2 - 1) +

p2

Δ5
(q2 - 1)2, {h, 0, 2}

Out[ ]=
T

1 - T + T
2
+
2 T

3 2 + 1

T
2
- 2

T
- 2 T + T

2 h

(1 - T + T
2)3

+
2 T 1 - 4 T + 7 T

2 - 12 T
3 + 18 T

4 - 12 T
5 + 7 T

6 - 4 T
7 + T

8 h2

(1 - T + T
2)5

+ O[h]3

Notice that both these results match up to a sign difference in the second term.
This is due to a difference in convention. Indeed, Overbay uses the mirror image
version of the knots that are used in the Mathematica program. With the use of
Proposition 3.29, this sign difference can be explained.
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