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Validity of the Fröhlich model for a mobile impurity in a Bose-Einstein condensate
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We analyze the many-body Hamiltonian describing a mobile impurity immersed in a Bose-Einstein
condensate (BEC). Using exact unitary transformations and rigorous error estimates, we show the
validity of the Bogoliubov-Fröhlich Hamiltonian for the Bose polaron in the regime of moderately
strong, repulsive interactions with a dilute BEC. Moreover, we calculate analytically the universal
logarithmic correction to the ground state energy that arises from an impurity mediated phonon-
phonon interaction.

INTRODUCTION

The concept of a polaron, a quasi-particle formed
through the interaction of an impurity with a medium,
is ubiquitous in condensed matter physics [1, 2]. Among
the many examples, the Bose polaron stands out by the
degree of control over the interactions allowed by cold
atomic gases. For this reason, it is seen as a possible
platform for the simulation of polaron physics in anal-
ogous systems, and in particular allows to access the
large-coupling regime [3–5]. The system also serves a
similar role for theory, as a many-body quantum sys-
tem whose constituents are simple enough that one can
understand its complex behavior and effective degrees
of freedom from first principles and has thus attracted
considerable attention [6–18]. For the same reason, the
rigorous justification of the effective description of fluctu-
ations in dilute Bose gases by Bogoliubov phonons is an
active area of mathematical research [19–33], with recent
results also considering impurities [34–36].

Polarons are often modeled by the Fröhlich Hamilto-
nian, in which the impurity interacts with the field of
low-energy excitations of the medium by linear coupling.
However, the validity of this model for the Bose polaron
has been questioned [9]. Given the importance of the
Bose polaron as a model system, it is crucial to un-
derstand precisely the regime of validity of the Fröhlich
Hamiltonian and control the modelling errors. In this
letter we give conditions under which the Fröhlich Hamil-
tonian provides a good approximation to the full many-
body spectrum of a dilute Bose gas with an impurity, and
provide rigorous error estimates. This allows the model
to be used with a great deal of confidence, and certifies
the analogies to systems with a similar Hamiltonian.

We find that the total energy of the system has a log-
arithmic correction to the mean-field terms that is still
universal, i.e., depends on the interaction only via the
impurity-boson scattering length. Compared to similar
terms in the pure Bose gas [37–40], it might be more
accessible experimentally, by tuning the impurity-boson
interaction.

We consider an impurity interacting with a dilute Bose
gas (̺Ba

3
BB ≪ 1; ̺B is the boson density, aBB the boson-

boson scattering length) at zero temperature. Both
the boson-boson and boson-impurity interactions are as-
sumed to be repulsive. In this situation, the relevant
low-energy excitations are the Bogoliubov phonons. In
order for the Fröhlich Hamiltonian to provide a good ap-
proximation, the impurity-boson interaction should not
be so strong as to deplete the Bose-Einstein condensate.
On the other hand, it should also be strong enough that
the impurity-phonon interaction cannot simply be ne-
glected. This corresponds to the regime in which the
dimensionless polaronic coupling, which we express in
terms of the scattering lengths and the healing length
ξ = 1/

√
8π̺BBaBB of the Bose gas as

α = a2IBξ̺B =
a2IB

8πaBBξ

is of order one (definitions in [2, 6] differ by a factor of
8π). That is, the impurity-boson interaction has consid-
erably longer range than the boson-boson interaction. In
experiments probing the strong-coupling regime of the
Bose polaron [3–5], this corresponds to moderate inter-
actions.

THE MODEL

We now give a concrete model realizing the situation
described above and for which we will derive an asymp-
totic expansion of the eigenvalues in ̺Ba

3
BB ≪ 1, featur-

ing the Bogoliubov-Fröhlich Hamiltonian.
We consider a single impurity interacting with N

bosons in a box of size L = ξ with periodic boundary con-
ditions at zero temperature. In units where ~ = ξ = 1,
and also the impurity mass is M = 1, the Hamiltonian is

Ĥ = 1
2 P̂

2+

N
∑

j=1

p̂2
j

2m
+

∑

1≤i<j≤N

VBB(xi−xj)+

N
∑

j=1

VIB(X−xj),

where uppercase letters denote quantities pertaining to
the impurity, lower case letters those of the bosons. As
8πaBB/ξ = N−1, we write

VBB(x) = N2ṼBB(Nx), (1)
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where now ãBB = NaBB = 1/8π (cf. the definition [41]).
Similarly, aIB/ξ =

√
αN−1/2 and we write

VIB(X) = NṼIB(
√
NX) (2)

with ãIB =
√
NaIB =

√
α. We consider ṼBB, ṼIB to be

fixed while we make asymptotic expansions in N .
We will compare the Hamiltonian Ĥ with the effective

Fröhlich Hamiltonian, given by

ĤBF = 1
2 P̂

2 +
∑

k 6=0

ωkb
†
k
bk

+
2π

√
α

µ

∑

k 6=0

e−iX·k

√

k2

2mωk
(b†

k
+ b−k) (3)

where µ−1 = 1 + m−1 is the reduced mass, b†
k
, bk cre-

ate and annihilate Bogoliubov phonons, whose dispersion
relation is

ωk =
√

k2/(2m)(k2/2m+ 8πNaBB/m) = 1
2m

√

k4 + 2k2.

Note that the expression (3) requires renormaliza-
tion [42], so what we really mean by ĤBF is the renormal-
ized version of (3) (constructed in [36, 42] and explained
below).

Asymptotic energy

Theorem 1. Let ṼBB, ṼIB be positive, have finite sup-

port and be square-integrable, and assume Bose–Einstein

condensation occurs. Then, as N = ξ/(8πaBB) → ∞ the

ground state energy in units of 1/ξ2 is

E0 =
1

4m
N +

2π

µ

√
αN1/2

− 16πα2

µ

(

µ−1 arcsinµ−
√

1− µ2
)

logN +O(1).

Moreover, the excited eigenvalues satisfy

En − E0 = EBF
n − EBF

0 +O(N−δ)

for some δ > 0.

In this expansion, the leading term corresponds to the
usual Gross-Pitaevskii energy 4πaBB̺

2
BL

3. The following
term is the analogue for the boson-impurity interaction
8πaIB̺B̺IL

3. The term of order logN arises from an
effective phonon-phonon interaction mediated by the im-
purity, and thus vanishes in the limit of a heavy impurity,
M → ∞. Such a term has been observed in the context
of the Fröhlich-Hamiltonian [8, 42], and our study shows
that it is the leading correction to the mean-field approx-
imation. Similar terms can be found in the expansion of
the energy in aBB/ξ (without impurity) [37–40], and in
aIB/ξ [9], but in our parameter regime these are of lower
order (N−1 logN , resp. N−1/2 logN). This energy shift

may thus be much easier to detect experimentally than
the corresponding terms in the pure Bose gas, which so
far is only theoretical. Indeed, the shift is even larger
than the Lee-Huang-Yang [43] term, which is of order
one in our units and has been observed [44–47].

The 2+1–body problem

The contribution to E0 of order logN can be under-
stood as a three-body effect due to the interaction of the
impurity and two bosons, like the similar term for the
pure Bose gas [37–39]. We now give a heuristic derivation
of its value by considering only the 2+1–body problem.
An account in the N -body problem, and its relation to
the renormalization of the Bogoliubov-Fröhlich Hamilto-
nian will be given later.

In relative coordinates ri = X−xi, i = 1, 2, the Hamil-
tonian with VBB = 0 is

Ĥ2+1 = − 1
2µ (∆r1

+∆r2
)+∇r1

·∇r2
+VIB(r1)+VIB(r2).

Given the short range aIB = N−1/2
√
α of the interaction,

two-body effects will dominate and we make the ansatz
Ψ(r1, r2) = f(r1)f(r2) for a low-energy state, with f
normalized, periodic. Calculating the energy yields

〈Ψ, Ĥ2+1Ψ〉 = − 1

µ

∫

f(r)∆f(r) + 2

∫

VIB(r)f(r)
2d3r,

(4)
as the term with ∇r1

· ∇r2
integrates to zero. The min-

imizer f of the right hand side solves a periodized ver-
sion of the zero-energy scattering equation (f ∝ 1 + ϕIB

from (9)). Inserting this into (4) gives the leading con-
tribution to the energy 2E2-bd ∼ 4πN−1/2

√
α/µ. In

order to obtain a more precise result, we refine the
ansatz by taking into account 3-body effects, Ψ(r1, r2) =
f(r1)f(r2)Φ(r1, r2), where Φ is normalized and differs
significantly from one only where r1, r2 . aIB. Then, the
mixed derivatives no longer integrate to zero and play
the role of an effective potential

Veff(r1, r2) = ∇f(r1) · ∇f(r2). (5)

Minimizing in Φ, the three-body contribution is a gener-
alized scattering energy of Veff [48]. It evaluates approx-
imately to

E3-bd ≈
∑

k1,k2

(k1 · k2)
2|f̂(k1)|2|f̂(k2)|2

1
2µ (k

2
1 + k22) + k1 · k2

≈ 32πα2µ−1
(

µ−1 arcsinµ−
√

1− µ2
)

N−2 logN.

The term in the expansion of the N -body energy is ob-
tained by multiplying E3-bd by N2/2, or the number of
boson pairs.
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DERIVATION OF THE FRÖHLICH

HAMILTONIAN

To compare the N -body and the Bogoliubov-Fröhlich
Hamiltonian we will conjugate Ĥ by a series of unitary
transformations.

We start by rewriting the Hamiltonian in second quan-
tization and separate the condensate particles with k = 0
from the excitations with k 6= 0, which yields

Ĥ = 1
2N0(N0 − 1)V̂BB(0) +N0V̂IB(0) (6a)

+ 1
2 P̂

2 +
1

2m

∑

k 6=0

k2 (6b)

+N0

∑

k 6=0

(V̂BB(k) + V̂BB(0))a
†
k
ak (6c)

+
1

2

√

N0(N0 − 1)
∑

k 6=0

V̂BB(k)aka−k + h.c. (6d)

+
√

N0

∑

k 6=0

V̂IB(k)e
−iX·kak + h.c. (6e)

+
∑

k,ℓ 6=0

V̂IB(k)e
−iX·ka†

k+ℓ
aℓ (6f)

+
1

2

√

N0

∑

k,ℓ 6=0

V̂BB(k)a
†
k+ℓ

akaℓ + h.c. (6g)

+
1

2

∑

k,ℓ, 6=0

V̂BB(k)a
†
k+ℓ

a†
ℓ
amam−k (6h)

where N0 = N −∑

k 6=0 a
†
k
ak is the number of conden-

sate particles.

Our condensation hypothesis on ṼBB means that on
low-energy states N0 ≥ N − c

√
N . In view of the scal-

ing relations (1)–(2), we are thus tempted to neglect the
terms (6f)–(6h). We would then arrive at a Fröhlich-type
Hamiltonian and an energy expansion similar to The-
orem 1. However, these would feature V̂BB(0), V̂IB(0)
instead of the scattering lengths aBB, aIB and thus be
incorrect even at the leading order. Because interactions
in Ĥ are strong on short length scales, particles correlate
to balance the kinetic energy with the interaction. As a
result, although most modes have a momentum of order
one (that is, ξ−1 in our units), a vanishing number of
them have large momenta and are responsible for a shift
in energy to leading order. We first need to factor out
the short scale correlation structure, making the scatter-
ing length appear in the couplings instead of the bare
potentials and changing the kinetic energy from order N
to order one on low energy states.

After this first step, we are left with quadratic and
linear terms acting on low momenta, which up to a scalar

contributions is essentially an ultraviolet cutoff version of

ĤBog = 1
2 P̂

2 +
1

2m

∑

k 6=0

(

k2 + 8πNaBB

)

a†
k
ak

+
1

2m

∑

k 6=0

4πNaBB

(

a†
k
a†−k

+ aka−k

)

+
1

2µ

∑

k 6=0

8π
√
NaIBe

−iX·k
(

a†
k
+ a−k

)

(7)

and which is equivalent to the Bogoliubov-Fröhlich
Hamiltonian (3) by passing to the phonon cre-

ation/annihilation operators b†
k
, bk, cf. (13).

Finally, we can renormalize this operator and ob-
tain the correct energy expansion including the logN -
contribution.

Approximate diagonalization

Large momenta are those with k & N τ , for some small
0 < τ < 1/2. The unitary transformations are obtained
by exponentiating linear, quadratic and cubic operators

Uq = exp
(

1
2

∑

k>Nτ

NϕBB(k)aka−k − h.c.
)

,

Uc = exp
(

∑

k>Nτ

ℓ≤Nτ

χ(N+)
√
NϕBB(k)a

†
k+ℓ

a†−k
aℓ − h.c.

)

,

UW = exp
(

∑

k>Nτ

√
NϕIB(k)e

−iX·ka†
k
− h.c.

)

,

where NϕBB and NϕIB are approximate zero-energy
scattering solutions with periodic boundary conditions

1
mk2ϕBB(k) +

∑

ℓ 6=0

V̂BB(k − ℓ)ϕBB(ℓ) = −V̂BB(k), (8)

1
2µk

2ϕIB(k) +
∑

ℓ 6=0

V̂IB(k − ℓ)ϕIB(ℓ) = −V̂IB(k) (9)

for k 6= 0, and χ(N+) truncates the excitation number.
The transformations Uq and Uc take care of creation

and annihilation of the so-called hard and soft pairs of
bosons with large momenta (the sum of which is either
zero or small) and the map UW deals with the large mo-
mentum scattering between the bosons and the impurity.
From the equation (8), we see that ϕBB(k)

behaves similarly to −V̂BB(k)/(mk2), and thus
∑

k>Nτ |NϕBB(k)|2 ∼ N−τ . The unitaries are
therefore close to the identity. However, since, e.g.,
∑

k>Nτ k2|NϕBB(k)|2 ∼ N , they affect the energy to
leading order.
In order to evaluate the action of the unitaries on the

Hamiltonian, we use the exact adjoint expansion

e−BAeB = A+ [A,B] +

∫ 1

0

du

∫ u

0

dte−tB[[A,B], B]etB .
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The renormalization of the energy and the couplings
becomes apparent when evaluating these commutators
and simplifying the result using the scattering equa-
tions (8), (9). The error terms are small relative to the ki-
netic operators in (6c) and the positive interaction terms
(6f), (6h).
For this reason we need to first implement Uq to renor-

malize the order N of the energy, followed by UW which
renormalizes the order N1/2. At this stage the kinetic
energy will be of order N τ on low energy states and we
can implement Uc. Let us explain this in more detail.
First Bogoliubov transformation. This transforma-

tion implements the correlations due to hard boson pairs.
It acts non-trivially on the boson Hamiltonian, namely
on the terms (6b),(6d) and (6h). Using the scattering
equation (8) leads to the replacements

1
2N

2V̂BB(0) 7→ 2πN2aBB/m = N/(4m)

(6d) 7→ 1

4m

∑

0<k<Nτ

(a†
k
a†−k

+ aka−k)−
1

2m
N+,

and extracts the energy contribution
∑

0<k<Nτ

(4πNaBB)2

mk2 corresponding to the correc-
tion to the Born approximation which will renormalize
the Bogoliubov Hamiltonian [27, 43]. After this step,
the impurity-boson interaction becomes dominant and
the kinetic energy is of order N1/2 on low energy states.
Weyl transformation. The next transformation plays

a similar role to Uq, but for VIB instead of VBB. For fixed

X, it is a Weyl transformation, mapping U †
W akUW =

ak+
√
NϕIB(k)e

−iX·k. The action of this unitary on the
boson-boson interaction is essentially negligible, and the
action on the kinetic and impurity-boson terms (6e) and
(6f) has the effect of replacing

NV̂IB(0) 7→ 2πNaIB/µ = 2π
√
αN/µ (10)

(6e) 7→ 2π
√
α

µ

∑

0<k<Nτ

e−iX·ka†
k
+ h.c. (11)

and adding a correction term
∑

0<k<Nτ
8π2α
µk2 . The action

on P̂ 2 also gives rise to new interaction terms, including

N

2

∑

k,ℓ>Nτ

ϕIB(k)(k · ℓ)ϕIB(ℓ)e
−iX·(k+ℓ)a†

k
a†
ℓ
+ h.c. (12)

which corresponds to the effective three-body potential
(5) and will contribute to the logN -term.
Cubic transformation Now that the kinetic energy is

of order N τ , we can perform the cubic transformation,
whose role is to take into account correlations of soft
boson pairs. Acting mainly on the terms (6b),(6g) and
(6h), it factors out contributions from the cubic term and
renormalizes the diagonal quadratic terms of the boson-
boson interaction

(6d) 7→ 1

2m
16πaBBNN+ =

1

m
N+.

Renormalization of the Fröhlich Hamiltonian

At this stage, ignoring cubic and quartic contributions,
the resulting Hamiltonian is unitarily equivalent to ĤBog

cut off at momentum N τ , via a Weyl transformation sim-
ilar to U †

W .
The renormalization at the order N τ its ultraviolet di-

vergence is performed again via a Bogoliubov and a Weyl
transformation, which are however not perturbations of
the identity.
Second Bogoliubov transformation. To diagonalize

the boson Hamiltonian, we define the usual phonon op-
erators

bk = ukak + vka
†
k
, b†

k
= uka

†
k
+ vkak, (13)

with uk = cosh(θk), vk = sinh(θk) for θk =
1
2 log(k

2/(2mωk)) if k < N τ ; otherwise θk = 0. The

Bogoliubov Hamiltonian becomes
∑

k
ωkb

†
k
bk plus its

ground state energy of order N τ , which combines with
the scalar term created by Uq to yield the usual Lee-
Huang-Yang [43] correction term, which is of order one
in our regime. The linear coupling between impurity and
the bosons changes to

(11) 7→ 2π
√
α

µ

∑

0<k<Nτ

√

k2

2mωk
e−iX·kb†

k
+ h.c. .

The transformation also creates terms of the form
∑

k,ℓ V̂IB(k)uk+ℓvℓb
†
k+ℓ

b†
ℓ
from the quadratic interaction

term (6d), which are responsible for the logarithmic cor-
rection to the energy found in [9]. In our case this is of the
lower order N−1/2 logN , due to the decay of vk ∼ k−2

for large k (compare [36, Lem.4.25]).
Second Weyl transform. We can now finish regular-

izing the linear terms (11) with another Weyl trans-
form, taking into account the correct dispersion relation
ω for low-energy phonon-impurity scattering. Its action
is given by

bk 7→ bk + e−iX·k 2π
√
α

µ(12k
2 + ωk)

√

k2

2mωk
. (14)

This extracts a scalar of order N τ which combines with
the one created by UW , yielding again a contribution
of order one. It also transforms the linear terms (11)
to more regular quadratic terms, completing the ones in
(12). Calling U the product of all the unitary trans-
formations and taking w(k) equal to 2π

√
αk/(µ(12k

2 +

ωk)
√
2mωk) for k ≤ N τ , and

√
NϕIB for k > N τ , we

obtain up to small errors

U †ĤU ≈ 1

4m
N +

2π

µ

√
αN1/2 + E + K̂ (15)

+
1

2

∑

k,ℓ 6=0

w(k)(k · ℓ)w(ℓ)e−iX·(k+ℓ)b†
k
b†
ℓ
+ h.c.+ R̂,
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where E is a scalar of order one,

K̂ = 1
2 P̂

2 +
∑

k

ωkb
†
k
bk +

∑

k,ℓ 6=0

V̂IB(k)e
−iX·kb†

k+ℓ
bℓ,

and R̂ is the additional interaction term

R̂ =
∑

k,ℓ 6=0

w(k)(k · ℓ)w(ℓ)e−iX·(k+ℓ)b†
k
b−ℓ

+
∑

k 6=0

w(k)e−iX·kb†
k
P̂ + h.c. .

Renormalization of U †ĤU The Hamiltonian (15) can
be renormalized non-perturbatively [36, 42]. The terms
responsible for the divergence are those creating or anni-
hilating pairs of phonons. To deal with these, we set

G =− 1

2K̂

∑

k,ℓ 6=0

w(k)(k · ℓ)w(ℓ)e−iX·(k+ℓ)b†
k
b†
ℓ
,

and rewrite the Hamiltonian as

(1−G†)K̂(1−G)−G†K̂G+ R̂,

which eliminates the problematic interaction terms. The
new term G†K̂G contains the divergent self energy.
Putting this term into normal order, we find the scalar

〈∅|Ĝ†K̂−1Ĝ|∅〉 ≈ 1

2

∑

k,ℓ 6=0

w(k)2w(ℓ)2(k · ℓ)2
1
2 |k + ℓ|2 + ωk + ωℓ

plus corrections of order one due to V̂IB(k). Evaluating
the sum for large N yields the logN -term from Theo-
rem 1. One easily confirms that 〈∅|R̂†K̂−1R̂|∅〉 is of
order one, i.e, R̂ is not singular. The normal ordered
term :G†K̂G: no longer suffers from singularities and
gives a finite operator also for N = ∞ (since it con-
tains an additional factor of K̂−1). This is also true for
R̂. We thus have a limiting operator for N → ∞ that
is unitarily equivalent to the renormalized Bogoliubov-
Fröhlich Hamiltonian via the inverse of the Weyl transfor-
mation (14). Note that the term with V̂IB(k) disappears
from K̂ in the limit. This term gives a global energy
shift order one, but does not change the differences of
eigenvalues.
The proof of Theorem 1 relies on min-max formulas

which require bounds on various error terms accumulated
in the calculations. As we have explained, these are small
relative to the kinetic energies, and the positive interac-
tion terms (6h), (6f). They may thus be neglected for
a lower bound on the energy. An upper bound is ob-
tained by constructing trial states using the eigenvectors
of the Bogoliubov-Fröhlich Hamiltonian and the unitary
transformations.

CONCLUSION

We have obtained an expansion of the energy for a di-
lute Bose gas coupled to an impurity with effective cou-
pling α ∼ 1. By analyzing precisely the renormalization

of the model parameters due to the emergence of a point-
potential, we have shown the presence of a correction due
to an effective three-body interaction. We have also es-
tablished that the excitation spectrum is accurately de-
scribed by the Bogoliubov-Fröhlich Hamiltonian.
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model: application to impurity-BEC problem, Sci. Rep.
5, 12124 (2015).

[9] R. Christensen, J. Levinsen, and G. Bruun, Quasipar-
ticle properties of a mobile impurity in a Bose-Einstein
condensate, Phys. Rev. Lett. 115, 160401 (2015).

[10] Y. Shchadilova, R. Schmidt, F. Grusdt, and E. Dem-
ler, Quantum dynamics of ultracold Bose polarons,
Phys. Rev. Lett. 117, 113002 (2016).

[11] F. Grusdt, R. Schmidt, Y. E. Shchadilova, and E. Demler,
Strong-coupling Bose polarons in a Bose-Einstein con-
densate, Phys. Rev. A 96, 013607 (2017).

mailto:jonas.lampart@u-bourgogne.fr
mailto:triay@math.lmu.de 
https://doi.org/10.1103/PhysRevLett.117.055302
https://doi.org/10.1103/PhysRevLett.117.055301
https://doi.org/10.1103/PhysRevLett.117.113002
https://doi.org/10.1103/PhysRevA.96.013607


6

[12] M. Drescher, M. Salmhofer, and T. Enss, Real-space
dynamics of attractive and repulsive polarons in Bose-
Einstein condensates, Phys. Rev. A 99, 023601 (2019).

[13] T. Ichmoukhamedov and J. Tempere, Feynman path-
integral treatment of the Bose polaron beyond the
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[27] C. Boccato, C. Brennecke, S. Cenatiempo, and
B. Schlein, Bogoliubov theory in the Gross-Pitaevskii
limit, Acta Math. 222, 219 (2019).

[28] S. Fournais and J. P. Solovej, The energy of dilute Bose
gases, Ann. Math. (2) 192, 893 (2020).

[29] S. Fournais and J. P. Solovej, The energy of dilute Bose
gases II: The general case, Invent. Math. 232, 863 (2023).

[30] P. T. Nam and A. Triay, Bogoliubov excitation spectrum
of trapped Bose gases in the Gross-Pitaevskii regime,
J. Math. Pures Appl. (9) 176, 18 (2023).

[31] C. Brennecke, B. Schlein, and S. Schraven, Bogoliubov
theory for trapped bosons in the Gross-Pitaevskii regime,
Ann. H. Poincaré 23, 1583 (2022).

[32] F. Haberberger, C. Hainzl, P. T. Nam, R. Seiringer, and
A. Triay, The free energy of dilute Bose gases at low

temperatures, arXiv preprint arXiv:2304.02405 (2023).
[33] C. Caraci, J. Oldenburg, and B. Schlein, Quantum fluc-

tuations of many-body dynamics around the Gross–
Pitaevskii equation, Ann. Inst. Henri Poincaré C (2024).
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