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Abstract

We prove new instances of Halin’s end degree conjecture within ZFC. In
particular, we prove that there is a proper class of cardinals x for which Haliln’s
end-degree conjecture holds. This answers two questions posed by Geschke,
Kurkofka, Melcher and Pitz in 2023. Furthermore, we comment on the re-
lationship between Halin’s conjecture and the Singular Cardinal Hypothesis,
deriving consistency strength from failures of the former. We also show that
Halin’s conjecture fails on finite intervals of successors of singular cardinals in
Meremovich’s model.

1 Introduction

In the study of infinite graphs, the notion of ends is an endeavor to give a notion of
“direction” to undirected graphs, by adding “vertices at infinity”. Namely, an end of
a graph is represented by rays that are connected by infinitely many vertex-disjoint
paths.

Continuing the work from [1], we search for special configurations inside the ends
of an underlying graph. In particular, such configurations will contain stars of rays.
It was shown in [I] that this might depend on a measure of how sparse the rays of
an end are — i.e., on their degree.

In a graph G, a ray is a one-way infinite path, whose infinite connected subgraphs
are called its tails. Say that two of its rays r and " are equivalent if they are infinitely
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connected. The degree deg(e) of an end ¢ is the maximum cardinality of a collection
of pairwise disjoint rays in .

Observing that prototypes of ends of any prescribed degree are given by the
Cartesian product of a sufficiently large connected graph with a ray, Halin proved
his famous grid theorem (see [1]):

Halin’s grid Theorem. FEvery graph with an end of infinite degree contains a sub-
division of the hexagonal quarter grid whose rays belong to that end.

In order to generalize Halin’s grid theorem to higher cardinals Halin introduced
the notion of a ray graph, as follows:

Given a set R of disjoint equivalent rays in a graph G, we call a graph H with
vertex set R a ray graph in G iff there exists a set P of independent R-paths (inde-
pendent paths with precisely their end-vertices on rays from R) in G such that for
each edge RS of H there are infinitely many disjoint R—S paths in P. Given an end ¢
in a graph G, a ray graph for ¢ is a connected ray graph in G on a degree-witnessing
subset of €.

Let Halin’s conjecture for k, HC(k), be the following statement:

“For any graph, if an end has degree x, then it contains a ray graph”.

Halin’s end-degree Conjecture. HC is the statement that HC(k) holds for every
K.

The following Theorem was proven in [1], and it was conjectured that it encom-
passes all cases that could be decided in ZFC alone, regarding HC(k).

Theorem (Geschke et al [1]). The following two assertions about HC(k) are provable
in ZFC:

(1) HC(R,,) holds for all n € w,

(2) HC(k) fails for all k with cf(k) € {u" : cf(1) = w}; in particular, HC(R;) fails.
Furthermore, the following assertions about HC(k) are consistent:

(3) Under GCH, HC(k) holds for all cardinals not excluded by (2).

(4) However, for all x with cf(k) € {N, | w < a < w;} it is consistent with
ZFC + CH that HC(k) fails, and similarly also for all k strictly greater than
the least cardinal p with p = R,



Question. [I, Question 1] Is Halin’s conjecture true for some x > R, 7 [I, Question
3] More generally, is it true that for every cardinal s there is f(k) > x, such that
every end ¢ of degree f(k) contains a connected ray graph of size k7

We answer both questions positively. One can see that already Lemma 2.21implies
that HC holds for a proper class of cardinals. Furthermore, we could decide the status
of HC depending on a cardinal functional, 7, that partitions the class of all cardinals
into a family of intervals indexed by the ordinals.

A cardinal « is said @-strong iff 4 < k, whenever 1 < k. So, for example, ¢* is
the smallest w-strong cardinal. In Section [ we shall prove the following theorem:

Theorem 1.1. There exists 7 : ON — CARD, a partition of the class of cardinals
into intervals indexed in the ordinals, with the following property: if x > ¢ is any
cardinal and ~ is an ordinal such that <(7) is not a fixed-point of the R-function:

(1) if k€ (O(y), (v + 1)], then
(a) HC(k) holds if k € (9(7),3(7)™] and cf(v) # w; and
(b) HC(k) fails if k € (O()*,9(y + 1)] or cf(y) = w.

(2) HC(k) holds if and only if HC(cf(x)) holds, whenever x = 9(v) is a singular
cardinal and + is a limit ordinal.

(3) HC(k) holds for all regular cardinals x that are fixed-points of the function 9.

In particular, it follows from the item (1) that HC holds in the interval (c, ¢*];
and it fails in the interval [¢T*™! (¢T@)«].

2 Making stars of rays out of combs and spines

Let € be an end of a graph G = (V, FE) and U < V disjoint from €. An (g, U)-comb
is a set of the form R U D, where R is a ray that belongs to € and D is a collection
of independent paths with ending points in R and U.

Theorem. Let € be an end of a graph G and R be a x-sized collection of disjoint
rays belonging ¢.

(1) Comb’s lemma. If U is a countable set of vertices, and C is an uncountable
collection of internally disjoint (e, U)-combs of G, then ¢ contains a |C|-star of
rays whose leaf rays are the spines of (a subset of) combs in C; and



(2) The greedy lemma. if cf(x) > Yy, then there exists a set of vertices U of G,
and a k-sized collection C of internally disjoint (¢, U)-combs of G, such that
|U| < k and all spines of C are in R.

A (X, k)-graph is a bipartite graph G = (A, B, E), where

v

E is the edge-relation on the set of vertices A U B;

v

Al =A<k =|BJ;

v

(A x {b}) n E is infinite, for every b € B; and
» °NE=B*nE = —ie., Aand B are both independent sets.

These graphs will naturally arise from sets of vertices and families of internally
disjoint combs whose spines are contained in a prefixed collection of rays that are
all members of the same end. This will be sufficient to obtain positive instances for
Halin’s end-degree conjecture.

Let R be a & sized collection of disjoint rays belonging to an end ¢ of a graph
G = (V, E) such that cf(x) > N;. Let U be a set of vertices of G such that |[U| = A < k
and C be a k-sized collection of internally disjoint (e, U)-combs of G, with all spines
in R. From this, we define the corresponding (A, x)-graph on (U, C), (U, S(C), E), as
follows:

» S(C) is the collection of all spines of all combs in C; and

» (v,r) € E if, and only if, r is the spine of a (¢, U)-comb ¢ € C such that v is
the teeth of c.

Lemma 2.1. Let (A, B, E) be a (A, k)-graph such that (A x {b}) n E is countable,
for every b e B.

(1) If k is a regular cardinal, cf(\) = w and k is w-strong, then there exists a
(No, k)-subgraph of (A, B, E).

(2) [I, Lemma 4.4] If cf(X) > w and cf k # cf A, then there is a (X, k)-subgraph of
(A, B, E) for some N < A

(3) If Kk is a w-strong cardinal, A < c¢f(k), then there exists a (N, x)-subgraph of
(A, B, E).

(4) If K is a w-strong cardinal, then there exists a (X, x)-subgraph of (A, B, E) or
there is a collection of disjoint (R, #5)-subgraphs such that {6s | 8 < cf(x)} is
cofinal in x and for every § < cf(k) it holds that 3 is regular and w-strong.
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Proof. (1) We will find v < & such that A < v and v* = v. We have two cases:
k = 0T for some cardinal # or x is a weakly inaccessible cardinal. On the first case
we let v = 6. On the second case, let © be a cardinal such that A < y < k and
p < k. We have ¥ = v and by Ko6nig’s Lemma, it follows that cf(r) > w. Hence
in both cases we have A\ < v and * = v.

Thus A\ < v¥ = 0. By the pigeonhole’s principle it follows that there exists A" <
A such that |A’| = Ng and B’ € B such that |B’| = |B| =k and A" = (A x {b}) n E,
for all be B'. Thus (A’, B’) is our desired (Rg, k)-subgraph of (A, B).

(3) By (2) there is (A’, B', E') a (XN, k)-subgraph of (A, B, E') such that X < A. If
cf(N) = w, then by (1) we can find a (Ro, k)-subgraph of (A, B', E'). If c¢f(X\) > w,
we can apply (2) again. Iterating this process, since there is no infinitely decreasing
sequence of ordinals, we will find finitely many steps a (Rg, x)-subgraph of (A, B, F).

(4) We follow [1, Lemma 4.6]:

Recursively choose disjoint (R, u14)-subgraphs (Ag, Bg) of (A, B) for 3 < cf s as
follows: Given some fixed i < cf k with pairwise disjoint (A,, B,) already selected
for all a < 3, let

Aj = A\ U A, and Bj:= {b € B\ U B, | N(b) n Aj is inﬁnite} :

a<f a<f

If | By| < &, then since | J{Aa | @ < B}| < cf &, the subgraph (U{A, | a < 8}, B\Bj})
of (A, B) would contain an (X, x)-subgraph by (3) of Lemma 1], contradicting our
initial assumption. Therefore, we may choose Bj < Bj of size M§> and by (1) of
Lemma 2Tl obtain an (Rg, y15 )-subgraph (Ag, Bg) of (A, B) disjoint from all (A, Ba)
for ao < 3 as desired. O

We are ready to prove Lemma 2.2
Lemma 2.2. HC(k) holds for all w-strong regular cardinals .

Proof. Let G = (V, E)) be a graph with an end ¢ of degree k. Let R € € be a family
of pairwise disjoint rays such that |R| = k. Since k > w; and cf(k) = K, by the
greedy Lemma , there exists U < V and C such that |U| = XA <k, |C| = x and C is a
collection of internally disjoint (¢, U)-combs in G with all spines in R. Now consider
the corresponding (A, k)-graph on (U,C), (U, S(C), E).

If |U| = Ny, then, by Comb’s lemma, there exists a ray graph contained in . If
|U| > RN, setting A = |U| we consider two cases: The first case is cf(\) = w, then by
(1) of Lemma 2.1l we may find a (U’,C’) a (R, x)-subgraph of (U, C) to which we can
apply Lemma 2l and obtain a ray graph. The second case is c¢f(A) > w. In this case,



we may apply (2) of Lemma 2] and obtain (U”,C") with |U”| < X a (X, k)-subgraph
of (U,C). Iterated applications of (2) of Lemma [2.1] produces a finite decreasing
sequence of cardinals which stops when we find a (ﬁ , 5) which is a (Ng, k)-bipartite
sub-graph of (U,C) and again Comb’s Lemma ensures that there exists a ray graph
as we sought. O

Corollary 2.3. HC ((p¥)*™) holds for every natural n > 1 (in particular, for every
(2w)+n — c+n).

Proof. Note that (u*)*" is w-strong, for every natural n > 1. O

Lemma 2.4. HC(k) holds whenever x is an w-strong cardinal such that wy < cf(k) <
x and HC(cf(x)) holds.

Proof. Suppose that HC(cf(x) hods and {pg | < cf(k)) be an increasing cofinal
sequence of cardinals in x such that for each § < cf(k) it holds that (ug)” = pus.
Given a graph G and an end ¢ with deg(e) = k let F < ¢ be such that |F| = x and
the rays in F are mutally disjoint.

We consider two cases cf(k) = w and cf(k) > w.

For the first case, cf(k) = w, we use the argument from [I, Proposition 5.3]: For
each n < w = cf(k) let S, € F be a ray graph of cardinality p, with center R,.
Notice that 4 rays in S, are disjoint from (J 5.5y U Uscef(x) [s, since the last has
cardinality < g ;. Therefore, we can find a set of e-(J,_ R, internally disjoint
comb’s. Hence by the Comb’s lemma we can find a star of rays in G of cardinality
K.

For the second case, ¢f(k) > wy, we adpat the argument from [1l, Theorem 5.4]

Let € be an end of G with deg(e) = k. We may assume that x is singular and
cf(k) > Ny, Hence, by the Greedy Lemma, there are some set of vertices U < V(G)
with |U| < k and a rk-sized family C of internally disjoint e-U combs. Consider
the (|U], k)-minor H = (U,C) of G where we contract the interior of every e-U
comb C' € C. By item (4) of Lemma 2.1, H contains either an (Ro, x)-subgraph
(in which case we are done by item (1) of Lemma 21)) and the Comb’s Lemma, or
a collection of disjoint (N, fz)-subgraphs for {#s | i < cfk} cofinal in x with all
05 > max{N,;1, cf(x)} regular and w-strong.

Consider one (R, 03)-subgraph Hgz. As kg is w-strong, it follows that 2% <
s and the regularity of 65 that there is a complete (N, 8s)-subgraph Hj; < Hp.
Uncontracting the -side of Hj to combs and applying Comb’s Lemma inside the
resulting subgraph of G (in which by construction all spines of the combs are still
equivalent) gives a star of rays Sg of size 63. By construction, any two such stars are
disjoint.



Now, we apply HC(cf(x)) to the collection R of all center rays of the Ss to obtain

a star of rays S of size cf (k) with leaf rays in R. Keeping only those Sz whose centre

ray is a leaf ray of S, we may assume that S has precisely R as set of leaf rays. Since

|S| < |Ss| for all 4, we may assume that each Sg meets S only in the former’s centre
ray. Then S U [ J{Ss | f < cf(k)} yields a connected ray graph of size k.

U

3 HC on an interval-partition of the cardinals

In this section, we introduce the cardinal function = that will assist in determining
when HC holds or fails. This function naturally arises from the operator pp,,, from
Shelah’s PCF theory. This operator acts on singular cardinalls and, w-strong singular
cardinals, with some extra requirements, it allows us to assign the truth values for
HC in an interval-partition of all cardinals. For instance, by resorting to the operator
pp,, we can map the intervals whose cardinals have scales, which we know, by [Il
Theorem 8.1; Proposition 7.4], implies the failure of HC for these cardinals.

We will need some elementary definitions from PCF theory. Namely, given an
ideal J, on w, a set of regular cardinals a = {v,, | n € w}, indexed in increasing order,
and functions f,g e [ ], ., K, we write f <; g iff

{vea: flv)=gv)}e

Let A :=sup(a). A collection X = (f,)a<s of elements of ||
iff there exists an ideal I, on w, such that

KEQ

new Vn 18 @ K-scale on A

» every bounded subset of w belongs to J;
» for all v, B < K such that o < 3, we have that f, <; f3; and

» for all g € [] . vn, there is o < k such that g <; fa.

new

Then the operator pp,,(A) is defined as
pp,,(A) = sup{x | there is a r-scale for A}

We will need the following result from PCF theory:

Theorem. [5, Ch II §5, Ch IX §2] Suppose that A is a w-strong cardinal and cf(\) =
w. Then pp,(N) < A“. Moreover, if A is not a fixed-point of the R-function, then
pp,(A) = A¥; and pp,(A) is not a weakly inaccessible cardinal.



The following result is key for this section, it tells how the existence of k-scales
for A implies that HC(x) fails.

Theorem (Counterexample from scales).

(1) [, Theorem 8.1] Let T" be a A-tree with s tops X, and G be any sparse T-
graph such that the corresponding (A, k)-graph on (7<%, X), (T'u X, F), has
no (Ng, k)-subgraphs. Then the ray inflation GEN of G does not have a ray
graph of cardinality ' for every regular ' such that A < k' < k. It follows
that HC(x') fails for any such cardinal .

(2) [1, Proposition 7.4] Let A be a singular cardinal of countable cofinality. Given
any k-scale X, the corresponding tree T) with tops X gives rise to a (A, k)-graph
that has no (R, x)-subgraph.

The statement of (1) in Theorem (Counterexample from scales) is stronger than
what is presented in [I, Theorem 8.1]. However, the proof provided in [I] also
establishes this stronger result.

Lemma 3.1. Suppose that £ and p are cardinals such that wy < cf(k) < K, g < K
and cf (k) < cf(u). If there is a increasing sequence of regular cardinals greater than
i, {fo | a < cf(k)), cofinal in k such that for every a < cf(k) there is a graph G,
with exactly one end ¢,, deg(e,) = o with no ray graph of cardinality > pu. Then
HC(k) fails.

Proof. We will build a graph G with an end ¢ of degree x with no ray graph of
size k. Suppose that the graphs G, from our hypothesis are mutally disjoint. Let
r = {r, | n € w} be a set disjoint from each G, for a € cf(r). We start defining
our graph G by adding {r,,r,41} to the set of edges of the graph for every n € w.
For each a < cf(k), we fix a ray t, € G, and add the vertices {(r,, (ta)n} to G
for every a < cf(k) and every n € w. That concludes our definition of G, which
is a (k,{|Ga| | a € cf(k)})-star. It readly follows that G has only one end ¢ and
deg(e) = k.

Suppose that Fy < ¢ is a collection of parwise disjoint rays with |Fy| = k. Suppose
towards a contradiction that there is F < Fy with |F| = & and a family of paths P
such that (F,P) is a ray graph of G. We will find an o < cf(k) such that there is a
ray graph in g, N F of size k.

The hypothesis that cf(u) > cf(x) implies that there is o < cf(k) such that |R n
£o| = . We will find a ray graph of e, of cardinality > p reaching a contradiction.

We consider two cases, on the first case we suppose that t, ¢ F. Given 2z, 21, wp, wq
mutually disjoint elements of F n g,, such that there are p, s € P that p connects 2z
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to 21 and s connects wy to wy, pnr # Jand snr # . Then pnrns = ¢, since
P is a family of independent paths. Therefore the set of pair of rays zg, 2; € F such
that there exists a path p € P connecting zy to z; and p nr # J is a countable set.
Then we let R = to be the set of w € ¢, N F such that for every u € ¢, n F for all
p € P that connects u to w we have that pnr = . Welet C ={pe P |p < G,}.
Then (R,C) is a ray graph in ¢, of cardinality x that we seek.

On the second case we assume that ¢, € F. We let C be the paths of the form
p N G, such that p connects rays vy, v; € £,. From the construction of G, it follows
that p N G, also connectes vy to v1. Since |e, N F| = &, if R = ¢, F, then it follows
that (R,C) is a ray graph in G,, of cardinality s that we seek.

In both cases we reach a contradiction to our hypothesis that G, has no ray graph
of cardinality x > pu. O

Proof of Theorem 1.1 The function 7 : ON — CARD is defined such that, for every
ordinal f:

-

2 if =0
¢ T
A(B) =< ((y)™9)Y  if B =~ + 1 for some ordinal v such that cf(~y) # Ry
() if 3 =+ 1 for some limit ordinal y such that cf() = N,
| Uaes M) if B is a limit ordinal

Case (1) (a): Suppose £ < I(y + 1)*“. An easy induction argument proves that
for 6 € [A(y + 1),3(y + 1)) we have that 0“ = 0. It follows, by Lemma 2.2 that
for all k €]3(y + 1),7(y + 1)**[ we have HC(k). It follows from Lemma [2.4] that
HC((y)™) holds.

Case (1)(b): We consider four subcases of (1)(b). First, suppose cf(y) # Xy and
k€ (), 9(y+ 1))). By Theorem [ applied to 9(y)™ we have that

PP, (1)) = () ™) =y + 1)

Thus we can find 7 € (9(7)*,9(y + 1)) such that 7 > k and there is a 7-scale for
()™, We can apply Bl to 7 and obtain a graph G wich witnesses that HC(k) fails.
For the second subcase of (1)(b), suppose that cf(y) # Ny and k = (y + 1)). If
there is a (v + 1)-scale for 2(7)*¥, it follows as in the previous case that —HC'(k),
otherwise from Theorem Blit follows that 9(+1) is not a weakly inaccessible cardinal
and hence it is a singular cardinal. We can apply Lemma Bl and obtain —HC' (k).

9



For the third subcase of (1)(b), suppose cf(y) = w and x € (7(y),(y+1)). From
our hypothesis that 9(7) is not a fixed-point of the X function we can apply Theorem
Bl to 9(y) and by the definition of 3(y + 1), in the case cf(vy) = w, we obtain

PP, (V7)) =37)? =y + 1)

Applying Theorem Bl it follows that HC(k) fails.

For the forth and last subcase of (1)(b), suppose that £ = (v + 1), if there is a
9(7y + 1)-scale for 7(7) it follows as in the previous case that HC'(k) fails. Otherwise
9(v + 1) is a singular cardinals and by Lemma [B.] it follows that HC(k) fails.

Case (2): Note that for yu < k = () we have u* < k. Suppose that cf(k) # w,
since HC(cf(k)), we must have cf(x) = wy. Applying Lemma [2.4] we obtain HC(k).

Case(3): Follows from Lemma 2.2 O

4 A word about SCH and its relation to HC

In this section we discuss what values the function 9 assumes in certain models of
ZFC. We intend to conciliate the result in Theorem [I] in particular item (4), with
Theorem [[.T] and Lemma 2.2]

Remark 1. If w < a < wy, by results due to Magidor and Shelah [3], assuming large
cardinals, it is consistent that GCH holds below R, and XY = R,.;. In this context
we have 9(1) = ¢ = N; and 7(2) = XY = N,,;. Applying Theorem [[T] it follows
that HC(k) fails for every x € (7(1)7¥,9(2)] = (R, R¥] and HC(k) holds for every
k€ ((1),(1)“] = (N, R,].

Remark 2. If 4 is the first fixed-point of the N-function with rank w and k > p,
then it is consistent, modulo large cardinals, that GCH holds below p and p* > k.

The Singular Cardinal Hypothesis above X\ states the following:
SCHsy: ¢ < X and %) = g+ for every k > X such that 2¢(%) < .

As a consequence of the next corollary, we will derive large cardinal strength from
failures of HC.

Corollary 4.1. If SCH-, holds, then HC(k) holds for all successor cardinal x such
that x > X and are not of the form u* for some p such that cf(u) = w.
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Proof. Suppose that u* =k > A = (¢)* where cf(u) # w. Then p > ¢ and by SCH
above A it follows that pu* = p. Therefore, by Lemma 2.2, HC(u") holds. O

The following corollary is an immediate consequence of Gitik’s landmark result
[2] on the consistency strength of the negation of SCH.

Corollary 4.2. Suppose that HC(k*) fails for some x* such that cf(k) # w and
kt > ¢. Then there is a inner model M with a measurable cardinal 6 such that

oM (9) = fr+M,

Note that if x is w-strong, then HC(x) is not affected by x“. On the other hand,
in this case, k¥ will affect HC(xk™") depending on wether x* > k*".

Corollary 4.3. Suppose SCH holds above x. If 4 > k* and cf(u) is not of the form
0t with cf(d) = w, then HC(p) holds.

Theorem 4.4. Suppose there is a class of strong cardinals, then given n € w it is
consistent that for every cardinal p it holds that HC(u“**) fails for every k < n.

Proof. Assuming large cardinals by [4] for every n € w it is consistent that 2* = \"

holds for every cardinal \.
Let k = pu™ for some cardinal . Then cf(k) = w and 0 < k implies

v < =20 =9tk < v —

These inequality shows that x is w-strong.
For a = {u*" | n € w}, it follows from Theorem [3 that

K* = pp, (k) = K7
Applying Theorem Counterexamples from scales it follows that HC(x™™) fails for
every m such that 1 <m < k. O
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